arXiv:2311.00465v1 [math.OC] 1 Nov 2023

Asynchronous SGD on Graphs: a Unified Framework for
Asynchronous Decentralized and Federated Optimization

Mathieu Even
Inria - ENS Paris

Abstract

Decentralized and asynchronous communica-
tions are two popular techniques to speedup
communication complexity of distributed
machine learning, by respectively removing
the dependency over a central orchestrator
and the need for synchronization. Yet, com-
bining these two techniques together still re-
mains a challenge. In this paper, we take
a step in this direction and introduce Asyn-
chronous SGD on Graphs (AGRAF SGD) —
a general algorithmic framework that cov-
ers asynchronous versions of many popu-
lar algorithms including SGD, Decentralized
SGD, Local SGD, FedBuff, thanks to its re-
laxed communication and computation as-
sumptions. We provide rates of convergence
under much milder assumptions than previ-
ous decentralized asynchronous works, while
still recovering or even improving over the
best know results for all the algorithms cov-
ered.

1 Introduction

We consider solving stochastic optimization problems
that are distributed amongst n agents (indexed by a
set V) who can compute stochastic gradients in par-
allel. This includes classical federated setups, such as
distributed and federated learning. Depending on the
application, agents have access to either same shared
data distribution or a different agent-specific distri-
butions. In recent years, such stochastic optimiza-
tion problems have continued to grow rapidly in size,
both in terms of the dimension d of the optimiza-
tion variable—i.e., the number of model parameters
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in machine learning—and in terms of the quantity of
data—i.e., the number of data samples m being used
over all agents. With d and m regularly reaching the
hundreds or thousands of billions [Chowdhery et al.,
2022, Touvron et al., 2023], it is increasingly necessary
to use parallel optimization algorithms to handle the
large scale.

With communication cost being one of the ma-
jor bottlenecks of parallel optimization algorithms,
there are several directions aimed to improve com-
munication efficiency. Amongst the others (such as
local update steps [Stich, 2019, Woodworth et al.,
2020] and communication compression [Alistarh et al.,
2017, Koloskova et al., 2019]), decentralization and
asynchrony are the two popular techniques for re-
ducing the communication time. Decentralization
[Koloskova et al., 2020, Lian et al., 2017a] eliminates
the dependency on the central server—frequently a
major bottleneck in distributed learning—while nat-
urally amplifying privacy guarantees [Cyflers et al.,
2022]. Asynchrony Recht et al. [2011], Baudet [1978],
Tsitsiklis et al. [1986] shortens the time per com-
putation rounds and allows more updates to be
made during the same period of time. It aims
to overcome several possible sources of delays:
nodes may have heterogeneous hardware with differ-
ent computational throughputs [Kairouz et al., 2019,
Horvath et al., 2021], network latency can slow the
communication of gradients, and nodes may even just
drop out [Ryabinin et al., 2021]. Moreover, slower
“straggler” compute nodes can arise in many natu-
ral parallel settings, including training ML models us-
ing multiple GPUs [Chen et al., 2016] or in the cloud;
sensitivity to these stragglers poses a serious problem
for synchronous algorithms, that depend on the slow-
est agent. In decentralized synchronous optimization
where communication times between pairs of nodes
may be heterogeneous, the algorithm can even be fur-
ther slowed down by straggling communication links.

Combining both decentralization and asynchrony
is a challenging problem, and it is only recently
that this question has risen a surge of interest
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[Assran and Rabbat, 2021, Bornstein et al., 2023,
Luo et al., 2020, Liu et al., 2022, Nadiradze et al.,
2021, Even et al., 2021¢, Zhang and You, 2021]. These
works are however restricted to a given communication
protocol and static topologies [Assran and Rabbat,
2021, Lian et al.,, 2015, Bornstein et al., 2023,
Nadiradze et al., 2021, Even et al., 2021c], no com-
munication delays [Lian et al., 2015, Bornstein et al.,
2023, Nadiradze et al., 2021], or their analyses rely
on an upper-bound on the maximal computation
delay [Assran and Rabbat, 2021, Lian et al., 2017b,
Bornstein et al., 2023, Luo et al., 2020, Liu et al.,
2022, Nadiradze et al., 2021, Zhang and You, 2021,
Wu et al., 2023]. In this work we aim to circumvent
these shortcomings. We study an asynchronous
version of decentralized SGD in a unified framework
that relaxes overly strong communication assump-
tions imposed by prior works. Our framework covers
time-varying topologies, arbitrary computation orders
and local update steps. We prove an improved rates
of convergence under such a weaker communication
assumptions, covering and improving asynchronous
versions of many common distributed and federated
algorithms.

1.1 Contributions

(i) We introduce AGRAF SGD (Asynchronous SGD
on graphs), a unified formulation of an asynchronous
version of the synchronous Decentralized SGD as
formulated by Koloskova et al. [2020]. One of the
strengths of AGRAF SGD is that it formally takes the
form of a simple sequence (Equation (3)), allowing for
an effective theoretical analysis, while covering asyn-
chronous versions of many distributed algorithms such
as Asynchronous SGD, Decentralized SGD, FedAvg or
FedBuff.

(ii) We analyze the AGRAF SGD sequence under vari-
ous combinations of convexity, non-convexity, smooth-
ness and Lispchitzness assumptions. We use a re-
laxed communication assumption that only imposes
that the different topologies mix in a given window of
time, while our computation assumption depends on
whether the local functions are homogeneous or het-
erogeneous. In special cases, our rates recover best
known rates of Minibatch SGD, Asynchronous SGD
or Decentralized SGD, while for Asynchronous Decen-
tralized SGD, our rates improve the previous works by
up to factors of order n?, under relaxed assumptions
(as summarized in Table 1).

(iii) Finally, we show that AGRAF SGD allows to
efficiently handle communication delays in decentral-
ized optimization, by introducing Decentralized SGD
on Loss Networks. We show that the assumptions re-
quired in our analysis are satisfied by this algorithm,

giving explicit rates of convergence that depend on
the underlying graph topology, pairwise communica-
tion delays, and each device computation time.

1.2 Related works

Asynchronous optimization. Asynchronous opti-
mization has a long history. In the 1970s, Baudet
[1978] considered shared-memory asynchronous fixed-
point iterations, and an early convergence result for
Asynchronous SGD was established by Tsitsiklis et al.
[1986]. Recent analysis typically relies on bounded
delays [Agarwal and Duchi, 2011, Recht et al., 2011,
Lian et al., 2015, Stich and Karimireddy, 2020], while
some algorithms try to adapt to the delays
[Sra et al., 2016, Zheng et al., 2017, Mishchenko et al.,
2018, Koloskova et al., 2022, Mishchenko et al., 2022,
Feyzmahdavian and Johansson, 2021], in order to de-
pend only on an average delay. For more exam-
ples of stochastic asynchronous algorithms, we refer
readers to the surveys by Ben-Nun and Hoefler [2019)],
Assran et al. [2020]. More closely related to our anal-
ysis techniques, Mania et al. [2017] proposed and uti-
lized the analysis tool of virtual iterates for Asyn-
chronous SGD under bounded delays, extended by
Koloskova et al. [2020], Mishchenko et al. [2022] who
proved that Asynchronous SGD performs well under
arbitrary delays. We adapt this proof approach to de-
centralized optimization in order to obtain some ro-
bustness towards large delays and introduce a differ-
ent virtual sequence for the averaged model over all
the nodes.

Decentralized SGD and asynchrony. Decentral-
ized SGD [Koloskova et al., 2022, e.g.] consists in
iterations where at every time step, all nodes per-
form local SGD steps, and communicate their local
model with their neighbors in a graph (that may
vary with time, but that needs to mix in an ergodic
way). The closest works to ours Lian et al. [2017D],
Bornstein et al. [2023] proposed asynchronous versions
of decentralized SGD where at each iteration, one
node vy, is sampled independently from the past (with
fixed probabilities), and this node performs a local
stochastic gradient step and an averaging operation
with its neighbors. We extend their sequence and re-
sults to a more general (due to relaxed communica-
tion and computation assumptions) asynchronous ver-
sion of decentralized SGD, that keeps the “unified”
point of view of the work of Koloskova et al. [2020].
Assran and Rabbat [2021] considers asymmetric com-
munications (push sum) and all the agents performing
computations at every iterations in a synchronous way,
Nadiradze et al. [2021] considers quantized pairwise
communications as in the historical gossip algorithm
[Boyd et al., 2006], but no communication nor com-
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putation delays, while Luo et al. [2020], Agarwal et al.
[2009] do not provide convergence guarantees. Orthog-
onally, Even et al. [2021c] consider both communica-
tion and computation delays in a continuized frame-
work [Even et al., 2021a], allowing more degrees of
freedom for the algorithm and the analysis, but their
work does not apply to modern ML tasks; still, our
Loss Network section relates to this line of work due
to the introduction of continuous-time physical delays.

2 AGRAF Algorithmic Framework

In this section we present AGRAF SGD—our algorith-
mic framework for asynchronous decentralized SGD—
and give examples of existing popular algorithms that
it can cover.

2.1 Asychronous SGD on graphs

We consider a connected undirected graph G = (V, €)!
on a set of nodes V = {1,...,n}. Let the function
fo : R4 — R of agent v € V be defined as

fo(z) == E[Fy(z,&)]

where D, is some local distribution. Let the global
objective function f : R — R be defined as follows,
and consider the optimization problem

;Iel%}t {f(x) = Z Qva(x)} ) (2)

veY

&~D,, zeRY (1)

for some non-negative weights (g,) that sum to 1. We
classically assume that node v in the graph has ac-
cess to unbiased stochastic gradients of f, (of the form
F,(z,&)). The standard goal of decentralized opti-
mization is to minimize f using only local computa-
tions and communications (only neighboring nodes in
the graph can communicate).

Notations. Standard small letters (z,g,y, z, etc) are
for vectors in R?. Capital letters (mostly W) are for
matrices in RV*V. Bold letters x, g, . .. are for concate-
nated vectors in RY*4 that we write as X = (7, )yey-
For some vector z € R?, we denote x € RV*? the
concatenated vector such that x, = z for all v € V.
1 € RY is the vector with all entries equal to 1. For
x € RV*? we denote x = %]l]l—rx.

In this paper we study a general scheme for asy-
chronous SGD on graphs (AGRAF) which is
summarized in Algorithm 1: workers asynchronously
perform local SGD steps (lines 3-4), while an under-
lying linear communication algorithm is running
without incurring communication delays (line 7). A

!Since we consider varying topologies, this graph should
be thought as the union of graphs considered over time.

Algorithm 1 Asynchronous SGD on graph G
(AGRAF SGD)

1: Input: z° € R?, 2, = z° for v € V initialized
local variables, stepsize v > 0

2: forv eV, do

3: Upon finishing computation of a stochastic gra-
dient VF(%,,&,) at some previous local current
state x,,

Ty — Ty — 'yVFv(jv,éU) .

4: Compute VF,(z,,&,) for £ ~ D, indepen-
dently from the past, at current state x,,.

5: end for

6: while procedure still running do

7 Run any linear communication algorithm
on graph G incurring no communication delay.

8: end while

linear communication algorithm on graph G implies
that any communication update can be formulated as
x, = Wx_ where x,,x_ € RV*? are respectively the
global state after and before the communication up-
date, and W € RV*V is a communication matrix
with W, ., being zero for disconnected nodes v, w, i.e.
Wy w # 0 iff {v,w} € £.

Since every agent asynchronously works at their own
speed and communicates in a decentralized way, there
is no global state. Keeping track of a global ordering of
the iterates involving both computation and commu-
nication updates is thus a challenge. In the next sub-
section we address this challenge and propose a way
to effectively cast Algorithm 1 into equations with or-
dered updates. This reformulation is a key novelty of
our work. It allows for an improved theoretical analy-
sis with better rates together with relaxed communica-
tion and computations assumptions, allowing AGRAF
SGD to cover asynchronous versions of many popular
distributed and federated algorithms.

2.2 The sequence studied

We denote by Ty = 0 the initialization time of the algo-
rithm and by {0 < Ty < T < ...} the times at which
the local computation updates are made. Note that
these are physical (continuous) times, and that several
agents may possibly finish their local computations at
the same time T}. We also assume that computational
updates are atomic. For some time 7', we denote as
T— the left limit (lim¢—7 <) and T+ the right limit
(lim—7¢>7). For time ¢ € RT (physical time), let
z,(t) € R? denote the state of the local variable at
time ¢, and let x(¢) = (2, (t))yey. Fork > 0and v € V,
let % denote the state of the local variable at node v
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at time T+ d.e., 28 = 2, (Th+) = limy7y 157, To(t)
and let x* = (2%),cy.

Communication updates. For k£ > 0, none to
plenty of communication updates may have happened
between the computational update times Ty and T4 .
We encode these communication updates by a single
matrix Wy: Wj is thus the product of all communi-
cation matrices corresponding to communication up-
dates between times T and Tx11. Hence, we can write:

X(Tk_,_l —) = WkX(Tk—l—) .

If no communication happened between two gradients
computed, we have Wy = I;. If there are r communi-
cations between times T+ and T} — that happened
at times T < Typ1 < ... < Tk, < Tiy1, denot-
ing by Wy, the communication matrix correspond-
ing to communication updates at time T} ,, we have
Wi =Wgy ...  Wia - Wi1. Note that for » = 0 this
product is taken equal to Ig.

Computation updates. For k > 1, let Z C V be the
set of nodes that finish computing stochastic gradients
VE, (i, €F) for v € T;, at time Ty—. The computation
updates, that are assumed to be atomic, then read:

xU(Tk+) :x'U(Tk_) —’YVF(i?S,gﬁ), v EIkv
where 7F = xﬁfl*T(k’v) and éffk 5;177(]6’@), for

T(k,v) > 0 the delay of this update that corresponds
to the number of computation updates performed
by other nodes during the computation of the local
stochastic gradient.

The sequence studied. Combining communication
and computation updates, the sequence generated by
Algorithm 1 follows the following recursion:

XM= Wyxh — gk, (3)

where ¢gf = 0 for w and g¢gF =

VF( k—T7(k,v) g'u k'u))

What is important to keep in mind is that the iter-
ates x**1 are taken at the time just after computation
updates (time Ti+) so that k denotes the number of
computation updates. Zj is the set of nodes that per-
form computation updates at iteration k, it can be any
subset of V, and ), _ |Zx| denotes the total number
of stochastic gradients computed up to iteration K by
all the agents. The matrix W} encodes all communi-
cations that happened between the k-th and (k+1)-th
computation updates (there can be any number such
communications, the more there are the more (W)
will mix).

¢ Ik7

2.3 AGRAF SGD is the right formulation of
Asynchronous Decentralized SGD

Recall that the Decentralized SGD algorithm
[Koloskova et al., 2022, e.g.] consists in iterations of
the form:

et =3"w {w} ak —VE,(zF e8), wev, (4)

wn~v

for communication matrices (W), satisfying As-
sumption 2. The question thus arises: how can
Decentralized SGD be turned into an asynchronous
algorithm? Previous works [Lian et al., 2017b,
Bornstein et al., 2023] proposed and analyzed schemes
that take the following form: at each iteration, one
node vy, is sampled independently from the past (with
fixed or lower bounded probability), and this node per-
forms a local stochastic gradient step together with an
averaging operation with its neighbors in the graph.
This results in updates of the form of AGRAF SGD,
for 7, = {vx} and W} a matrix that depends on vy
and that mixes (in mean) independently from the past
(E [Wi|Wo, ..., Wi_1] mixes well).

Leaving the analyses aside, this prior approach it too
restrictive: (i) communication assumptions do not al-
low varying topologies that may mix but only in the
long run, which may particularly be the case for asyn-
chronous algorithms, and (ii) computation assump-
tions do not allow for more than one worker to up-
date their value at the same time; having a sampling
assumption restricts the type of delays that the algo-
rithm can handle; and nodes that compute should not
necessarily be correlated to communicating edges since
this forbids the use of several local SGD steps.

AGRAF SGD thus appears as a natural way to
make Decentralized SGD asynchronous: nodes are not
forced to all perform computations at the same time
as in eq. (4), and having the relaxed communication
assumption (Assumption 2) allows any communication
order, especially when one considers W}, as a concate-
nation of all communications that may happen be-
tween two consecutive computations.

2.4 Some examples covered by AGRAF

We now give a few examples of algorithms (i.e. com-
munication and computation schedules) that can be
cast as AGRAF SGD. The three first are degenerate
cases.

Minibatch SGD and Asynchronous SGD are ob-
tained by setting Wy = %]lllT, and 7, = V and
Ty, = {vi} for some node vy, respectively.

Decentralized (local) SGD. Set Z;, = V and (W)
a sequence of gossip matrices to obtain Decentral-
ized SGD [Ram et al., 2010]. Note that in that case
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there are no computation delays, since this algorithm
is inherently synchronous and all nodes perform up-
dates at the same time. As done in Koloskova et al.
[2020], periodic communications are possible, allow-
ing to recover algorithms with several local gradient
steps between each communication round, such as Lo-
cal (Decentralized) SGD [Stich, 2019] or FedAvg
[McMahan et al., 2017].

Asynchronous Decentralized SGD. As explained
in Section 2.3, AGRAF SGD covers Asynchronous
Decentralized SGD beyond particular instances pre-
viously studied [Lian et al., 2017b, Bornstein et al.,
2023]. Furthermore, since we make relaxed communi-
cation/computation assumptions, we cover more gen-
eral decentralized algorithms that allow local gradi-
ent steps between communications, varying topolo-
gies, and arbitrary computations. As such, together
with covering an asynchronous version of Decentral-
ized SGD (4), we also cover asynchronous versions
of FedAvg orLocal SGD, together with FedBuff
[Nguyen et al., 2022].

Asynchronous SGD on Loss Networks. If com-
munication latencies are not negligible compared to
computational ones, designing an algorithm that is
asynchronous and decentralized becomes much more
challenging, as the naive implementation might lead
to deadlocks. In order to handle non-negligible com-
munication delays, we use loss metworks [Kelly,
1991] to enforce that the edges adjacent to “busy”
nodes are prohibited to be used for communicating?.
This enables us to design communication/computation
schemes that fit in the AGRAF framework, while not
violating the physical delay constrains. We introduce
these Loss Networks in Section 5.2: we define them
more thoroughly, and provide their ergodic mixing
properties with explicit constants that depend on the
graph topology and local communication and compu-
tation delays.

3 Assumptions and Notations

We consider solving the problem (2) under several
standard [see, e.g., Bubeck, 2015] combinations of con-
ditions on the objective F'. We denote the minimum
of f as f* := min,cpa f(z), an upper bound on the
initial suboptimality A > f(z") — f*, and an upper
bound on the initial distance to the minimizer D >
min {||zo — 2*|| : 2* € argmin, f(z)} that we assume
to exist. ||| denotes the Euclidean norm. A function F

2Loss Networks were initially introduced by F. Kelly to
model telecommunication networks, where the same mo-
bile phone cannot initiate another phone call while being
busy with another call. In our case, phone calls should be
thought as communicating with a neighbor.

is convex if for each z,y and subgradient g € OF (z),
we have F(y) > F(z) + (9,y — ). When F, and
fv are convex, we do not necessarily assume they are
differentiable, but we abuse notation and use V f,(x)
and VF,(z;£) to denote an arbitrary subgradient at
x. The loss F, is B- Lipschitz-continuous if for each
2,y and &, we have |F,(z;€) — P, (y;€)| < Bllz — ||
The objective f, is L-smooth if it is differentiable and
its gradient is L-Lipschitz-continuous. We also assume

the stochastic gradients have o2-bounded variance?.

There exists o2 such that for
V fo(z) and

< 0?2, where & ~ D,.

Assumption 1 (Noise).
allz andv € V, we have E [V, Fy(z,&,)] =

E[IIV£,(@) = VoFy (2 &)]

Graph, communications and mixing. We now
formulate the communication assumptions we will
make. For k > 0, as opposed to some previous Asyn-
chronous Decentralized SGD analyses [Lian et al.,
2017b, Bornstein et al., 2023], we do not want to as-
sume that Wy mixes well in mean (i.e., that the spec-
tral gap of E[Wy|Wo, ..., Wi_1] is non-null or some
other related assumption), since Wy may possibly be
the identity matrix. We use the least restrictive as-
sumption under which convergence of (synchronous)
decentralized SGD is established [Koloskova et al.,
2020], by assuming that if we wait enough communica-
tion updates, a consensus will ultimately be achieved.

Assumption 2 (Ergodic mixing). Wi1 =1 and there
exist p,k, > 0 such that we have Vk € N and Vx € RY:

2
s wesme sz <a-prix s o)

where for k¢ > 0, WkO = W,_, ...
Fr = a(xs,gs’l,Ws,l,s
step k.

Wit1 Wi, and
< k) is the filtration up to

This assumption makes it possible to consider any
“reasonable” communication scheme. In the rest of
the paper, when assuming that Assumption 2 holds
for some constants (p, k,), we write p = <1 pp (with
e = exp(1)), and this quantity is used in our main
results.

Heterogeneous and homogeneous settings,
sampling assumptions. Assuming that the se-
quence of nodes (Zj)r>o0 that iteratively perform local
updates is arbitrary makes it possible to encompass
all possible computation orderings and cover arbitrary
delays. It is much more general than assuming that
Iy, =V for all k (decentralized SGD) or Z, = {vy} for
v sampled independently from the past, as assumed
in most previous asynchronous decentralized works

generahzed to

<o +52||Vfu( I®.

3which can easﬂg/

E [V fo(x) = VaFo(z, €0l
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[Lian et al., 2015, Bornstein et al., 2023]. However,
if functions f, are not all equal and if the sequence
vk is arbitrary, convergence to the global function f
cannot be assured (some of the nodes v might sim-
ply never appear during training). We therefore need
to make some sampling assumption if we assume that
local functions can be heterogeneous. We will thus
assume either one the two following assuptions: (i)
the heterogeneous setting where local functions f, can
be different, but where we make some node-sampling
assumption for computations, and (ii) the homoge-
neous setting, where computations can be arbitrary,
but functions f, are all the same. Note that it is clas-
sical in asynchronous optimization to either assume (i)
or (ii); for instance, Asynchronous SGD with arbitrary
orderings is proved to converge only under such as-
sumptions [Mishchenko et al., 2022, Koloskova et al.,
2022]. However, Asynchronous Decentralized works
only assume that the sampling assumption (i) holds.
Formally, we summarize these into the following two
assumptions.

Assumption 3 (Heterogeneous setting). There exists
¢? such that the population variance satisfies:

Y wlVi@) = Vi@ <, veeR!.  (6)
veV
There exists p = (py)vey € [0,1]V such that

the sequence (Lyez, ) k>0 is 1i.d. distributed, with
PveIy) = py for all k > 0,v € V. We denote
Kp = pmj‘" ; Pmax = Max, py andp = Y oy, py Further-
more, we assume that p is proportional to q: p = Bq,
and since Y, g, = 1, we thus have 8 = np.

Assumption 4 (Homogeneous setting). All functions
fv satisfy f, = f. No assumption on (Zx)k>0-

4 General Convergence Analysis

We now turn to our main results: convergence guar-
antees for AGRAF SGD, under a variety of regular-
ity assumptions and settings. Note that in almost all
cases, our rates do not depend on any upper bound
on the maximal delays, which is a key feature of
our analysis. This is also the case for asynchronous
SGD [Koloskova et al., 2022, Mishchenko et al., 2022]
or a recent asynchronous decentralized SGD work
[Bornstein et al., 2023]. In this section, while pre-
senting the results, we will only compare our results
to degenerate baselines such as minibatch SGD, asyn-
chronous SGD or decentralized SGD, in order to give
simple arguments to show that our rates have expected
order of magnitudes, leaving more complex compar-
isons and applications to be developed in Section 5.
We first start with convex-Lipschitz losses. In this sec-
tion, all the rates are obtained for a constant step-
size « (that differs in each different case and is time-

horizon dependent), explicited in the proofs in the Ap-
pendix.

Theorem 1 (Lipschitz-convex rate). Assume that
f is convex and that for almost all (i.e., with
probability 1) & ~ D, F,(-,£) is B-Lipschitz for
some B > 0, let D> |0 — 2*||°, and Frx =

[ (s T4 Soer, ot) - £,

1. In the homogeneous setting (Assumption 4),

B2D2np-1
Fr=0|, /22"
Zk<K |Z |
2. In the heterogeneous setting (Assumption 3),

o B2D? ( 8
Fr = — 7 X "M/Pmax(y/F +p- .
" Ek<K |Ik| i

We thus recover the well-known rate of minibatch
SGD for convex-Lipschitz losses, by setting p = 1 and
|Zx| = n, leading to the optimal rate O(y/B2D?/K)
[Nemirovsky and Yudin, 1983]. Asynchronous SGD
has also been studied under such assumptions, with
the rate O(y/B2D?n/K) that we recover here (p =1
and |Z;| = 1) [Mishchenko et al., 2022], that is min-
max optimal [Woodworth et al., 2018]. No rates under
the given assumptions existed for Decentralized (local)
SGD, that thus exhibits a rate of O(y/B?D?p~1/K).
Finally, adding the sampling assumption not only en-
ables to handle heterogeneous functions, but also leads
to improved rates: for well balanced weights (p, ~ p
and rp ~ 1) we have ny/pp—' instead of np~!, which
can improve the rate by a factor 1/4/n if O(1) agents
compute at the same time, which is usually the case in
the asynchronous setting. This phenomenon (better
rates under the sampling assumption) appears in all
our other rates below.

Theorem 2 (Lipschitz-smooth-convex rate). Assume
that f is convez, for almost all & ~ D, F(-,£) is B-
Lipschitz for some B > 0, f, is L-smooth, Assump-
tion 1 holds, and let D* > ||lzo — «*||>. In the homo-
geneous setting,

(som s 5 n) )

_ 0 Lp~'nD? 02 B?
Zk<K |Ik| Zk<K |Ik|
. <D2n, /L (B? + p_102)> ’

Zk<K |Ik|

E

For Lipschitz-smooth functions, setting p~' = 1 and
|Zi| = 1, we recover the exact same rates as Asyn-
chronous SGD under arbitrary delays, recently derived
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by Mishchenko et al. [2022], Koloskova et al. [2022],
and that do not depend on any upper bound on the
delays. These rates are thus extended to the more
general AGRAF SGD algorithm.

Theorem 3 (Smooth-convex). Assume that f is con-

vez, all f, are L-smooth, and let D* > ||zg — 2*||*.
1. In the homogeneous setting,
.
fr(som S 2) )
_o LD?*(np=! + \/MTmax) Do?
Z/KK |Ik| Zk<}< |Ik|
2/3
n D?.\/Lo2n2p—1
Zk<K |Ik| ,

7(k+1,v)

where Tmax = SUDg< K vey Do |Z¢| is an upper

bound on the maximal compute delay.

2. In the heterogeneous setting,

f (% éw’“) — f(w*)]

LD? /Ry (% + (ﬁ\/ﬁ)*l) . D2(02 + (2)
K npK

=0

D? \/LUmeax[f 1
pK

2
+ chmaxp2‘| ’

Removing the Lipschitz assumption, we are still able
to recover and extend the rates of Asynchronous SGD
with constant stepsizes. Note that under no sampling
assumption, this rate depends on \/nTyax instead of n
as in the previous two theorems; however, this depen-
dency is still better than depending on Ty ax Since we
always have T.x = n. We expect to be able to re-
move this dependency by the use of varying stepsizes
as was done for Asynchronous SGD (where stepsizes
scale as 1/(L7(k)), inversely proportional to the ac-
tual delay). However, such stepsizes cannot be used in
a fully decentralized setting, since a given node can-
not be aware of the iteration counter k£ and thus of
the delay 7(k). Note also that in the sampling case,
we have E [}, _j |Zk|]] = npK, so that the statisti-
cal rate is still reached. These comments also applies
to the non-convex and smooth setting below, for
which we fall back to showing that the algorithm will
find an approximate first-order stationary point of the
objective. We recover, as in the convex-smooth case
just above, the exact same rates as Koloskova et al.
[2020] for Decentralized (local) SGD.

Theorem 4 (Non-convex and smooth rates). Assume
that the functions f, are L-smooth.

1. In the homogeneous setting,

PRI

<K| k<K

<LFO( nTmax+n[371) <L(7'2Fb)é
~0 — +

K
LonkFy
K
2. In the heterogeneous setting,
1 a2
E l} > vs@h] ]

k<K
Fo(L + p)~1
_O<LF0\/—p(,, (Pv/P) )+(

E

Mﬁ+@ﬁw§

K K

+ LnFO \/Uzpmaxﬁ_l
K

2
¥ <2pmaxp—2> ’

Remark 1 (Heterogeneous without sampling). So
far, the heterogeneous setting was only considered
under a sampling assumption. In fact, generaliz-
ing [Mishchenko et al., 2022, Theorem 4] to AGRAF
SGD, under both heterogeneous functions with pop-
ulation variance ¢* (as in eq. (6)) and arbitrary or-
dering of the updates, the exact same rate as The-
orem 4.1 up to an additional term O(C?) could be ob-
tained.

5 Applications

5.1 Better rates for Asynchronous
Decentralized SGD

A first direct application of our theory is a better
analysis of Asynchronous Decentralized SGD. Com-
paring our analysis with those of Lian et al. [2017b],
Bornstein et al. [2023], we highlight that our work
handles arbitrary computation orders and delays in
the homogeneous settings, as opposed to Lian et al.
[2017b], Bornstein et al. [2023] that are only valid for
k, = 1 in Assumption 2 (which means that at any
step k, conditionally on the current state, the graph
of edges that can be sampled must be connected)
and under a sampling assumption. In both homoge-
neous and heterogeneous cases, our communication as-
sumptions are much less restrictive. Furthermore, un-
der similar computation and regularity assumptions as
Lian et al. [2017b], Bornstein et al. [2023] (sampling
and smooth losses, see last line of Table 1), our conver-
gence bound (Theorem 3.2) reaches a statistical rate
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Table 1: We compare the number of iterations required to reach the statistical regime O(c%/ 3", <k 1 Tx|) (if it is reached)
of previous Asynchronous Decentralized SGD works [Lian et al., 2017b, Bornstein et al., 2023] with our rates (Theorems 2
and 3). Strong communication assumption : Assumption 2 with k, = 1 and W}, independent from the past; Sampling
assumption : 7y = {v;} with vy i.i.d. sampled or P(v € Z) = po i.i.d. sampled. (¥ Bornstein et al. [2023] reaches

O(p~2\/o2/K) instead, after O(n?p~*) iterations.

Communication

Computation

# iterations before

Reference Assumption Assumption Regularity \/% regime
Lian et al. [2017b] Strong Sampling Smoothness O(max(np=4, 74..))
Bornstein et al. [2023] Strong Sampling Smoothness N.A.(@
Theorem 2.1 Assumption 2 Arbitrary Smooth-Lipschitz, Homogeneous O(n*p2)
Theorem 3.1 Assumption 2 Arbitrary Smooth, Homogeneous O(max(n*p=2, nTmax))
Theorem 3.2 Assumption 2 Sampling Smoothness O(n?p™4)

V2> ke 1Tkl after Y-, |Zi| = O(n?p~*), while

Bornstein et al. [2023] does not reach such a statisti-
cal rate and Lian et al. [2017b] reaches this rate after
K = O(max(np~*,721,,)) iterations. For the sake of

comparison, we take p of order 1 in our rates.

5.2 Asynchronous Decentralized SGD on
Loss Networks

The previous considerations and the AGRAF SGD
rates hold as long as there is no communication de-
lay. The following question then arises: given a com-
munication graph G = (V, ) with communication de-
lays 7, ) and computation delays 7, for v € V and
{v,w} € &, can we reverse-engineer and build commu-
nication/computation schemes that fit in the AGRAF
SGD framework and that do not break the communi-
cation and computation constraints? Can we analyze
such a scheme and prove that it mixes well (in the
sense that Assumption 2 holds, for explicit values of

prkp) ?

Overview of the Loss Network scheme. Start-
ing with Z, = {vg,wr} € &, and communication
matrices Wy, corresponding to an averaging along
the edge {vg,wyr} as a baseline (i.e., Wy = Iy —

(evk 7ewk )(evk 7811%)

where (e,) is the canonical ba-
sis of RY) as a baseline, choosing a sequence Zj, such
that there is no induced communication delays be-
comes tricky. While assuming that {vg,ws} is sam-
pled independently from the past with fixed proba-
bility [Lian et al., 2017b] is amenable for the analysis
(since then Assumption 2 directly holds for k, = 1),
this can incur communication delays if for instance the
same node is sampled in two consecutive updates.

To alleviate this issue, we remove the independence be-
tween sampled edges in the following way: we impose
that nodes that are already involved in a communi-
cation are tagged as busy, and that busy nodes can-
not be involved in new communications. Then once

a node finishes a computation, it can then choose a
new neighbor (who is not busy) to start communicat-
ing with. Doing so, the induced communication matri-
ces are no longer independent, as they follow a Markov
process. This scheme is inspired by Loss-Networks,
introduced in [Kelly, 1991] to model telecommunica-
tion networks, in which an edge in the graph models a
phone communication that can happen; since a phone
cannot make several calls in parallel, once involved in
a communication with some neighboring node it can-
not be called by another neighbor while it is busy; this
is exactly the same process we use, phone calls being
replaced by model communications.

How to schedule such a process ? If nodes start
a new communication right after they finish their last
one, the process can end up in deadlock and thus does
not mix at all: this is for instance the case on the cycle
or line graphs with an even number of nodes [Kelly,
1991]. We thus need to introduce some randomness
and some waiting times. We proceed as follows and use
exponential random waiting times as in Kelly [1991].

(i) Once a node v finishes a communication, it waits
a time T, ~ Exp(p,) (exponential random variable, of
intensity p,).

(ii) If v is still not busy after this waiting time, v
samples some neighboring node w ~ v with probability
Pio

p—;w} to communicate with, for >°, D{v,w} = Po-

(iii) If w is busy, this procedure restarts at (i), else
both v and w become busy and can communicate.
Once they are busy, they cannot communicate with
other nodes. The communication between v and w
consists in averaging local values by setting z,, x,, to
(xy + Ty)/2. When this is done, they each perform
a local (eventually delayed) gradient step, and then
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become non-busy. Overall, the k' update reads:

xﬁ:l _ :zrffk ﬂ;x’fuk AVE, (xﬁgf(vk,k),gﬁgf(vk,k)) :

(7)
and similarly at node wy. The procedure described
just above ((i)-(ii)-(iii)) to sample pairs of nodes
that iteratively perform computations and pairwise
communications can be instantiated locally, provided
nodes know when their neighbors in the graph are busy
— this can be relaxed by adding some “busy-checking”
operation. However, the key challenge here lies in that
the communication matrices (Wj)g>o induced by the
updates Equation (7) are not independent, and analyz-
ing some form of ergodic mixing time becomes highly
non-trivial. Still, using the randomness introduced in
this procedure through the exponential waiting times
and the sampling of neighbors, we are able to prove
that Assumption 2 holds, for values of p, k, that de-
pend on the physical delays.

Assumption 5 (Loss Network assumptions). There
exist Ty, T(y.w} € Rso? for v eV, {v,w} € € >0 such
that a communication between v and w takes a time
at most T(, wy, and computing a stochastic gradient at
node v takes a time at most T,.

Theorem 5. Under Assumption 5, assume that

Plow}y = min (maxuNll, T@hw} ’ 2(max(du,di)fl)72vﬁw} ) ’
where d, is the degree of node v and T£U7w} = T{pw} t+
max(7y, Tw). Let A be the spectral gap (smallest non-
null eigenvalue of the weighted Laplacian) of the graph

G with weights A{y .y = min“gi“—ﬁ?“*“, {v,w} € &,
eec e

where d is the maz degree in the graph. Then, As-
sumption 2 is verified for £~ = O(A).

Given a graph G with physical communication and
computation latencies {TU, T{v_’w}} (Assumption 5), we
are thus able to exhibit a communication scheme that
satisfies communication and computation constraints,
while still fitting in the framework of AGRAF SGD
under the assumptions used in our convergence rates.
Crucially, the mixing constant A explicitly depends on
the graph and the delays, through the smallest non-
null eigenvalue of the weighted graph Laplacian, with
explicit weights Ar, ,,) on the edges. These weights de-
pend on local delays: having straggler nodes or edges
do not slow down communication or computations, if
there are fast edges/nodes that are dense enough in the
graph. To further highlight the importance of having
weights A, ,,) that only depend on the local delays,
this can be put in perspective of Asynchronous SGD,
that is proved to depend only on the averaged com-
putation delay %Z L rather than the max delay

veEV T,
[Koloskova et al., 2022, Mishchenko et al., 2018]. For

47'”,7-{”@} are physical continuous-time delays.

decentralized optimization over a given graph, depend-
ing on the averaged communication delays wouldn’t
make sense since all communication paths need to be
taken into account; hence, the counterpart to the mean
delay in the graph is a weighted Laplacian, with
weights on edge {v, w} that are function of local de-
lays, instead of a max delay which is the asynchronous
speedup [Even et al., 2021¢|]. Disclaimer. The proof
of Theorem 5 is adapted from that of Even et al.
[2021b], an unpublished work by a subset of the au-
thors.

Conclusion

We introduced a unifying framework for studying
asynchronous and decentralized algorithms; our anal-
ysis recovers and improves over that of previous asyn-
chronous decentralized SGD works, while being much
more general. The flexibility of our framework further-
more enables us to leverage an asynchronous speedup
under communication and computation delays, by the
introduction of Loss Networks and new analysis tools,
thus providing a non-trivial sampling scheme that
still satisfies the ergodic mixing property introduced
by Koloskova et al. [2020].
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A Equivalence of two ergodic mixing assumptions

The following assumption is a consequence of Assumption 2: if Assumption 2 holds for some 7, p, then Assump-
tion 6 holds for p = c£ where c is some numerical constant. In fact, as we prove in Proposition 1, they are both
equivalent, but the following proves to be easier to handle in the analysis.

Assumption 6. W1 = 1 and there exist p such that we have Yk, € N and Vx € RV :

2
|Fk

E MW(]“’“M)X - l]l]lTx
n

2

1
<201 -p)¥||x— —117x
n

Proposition 1. Assumptions 2 and 6 are equivalent, in the following sense.

1. If Assumption 2 holds for some p € [0,1] and for some k, € N*, then Assumptions 6 holds for p = c#-, for
¢ > 0 some numerical constant.

2. If Assumption 6 holds for some p € [0,1], then Assumption 2 holds for any p € (0,1) and k, =

[%W (< £ for p, p small).

Proof. We first prove 1. Assume that Assumption 2 holds for some p, k,. If Assumption 2 holds for p it holds
for any p’ < p, so that we can assume without loss of generality that p < 1 — /2. Let k,¢ € N and x € RY.
Using Assumption 2 Lkipj, we have that:

2 2

1
E x— —11"Tx
n

HW(k:k+e)X _ l]lﬂTX
n

[Wo, ..., Wk] <(1- p)2L£/ka

ThUS, (1 - p)2L€/kPJ < (1 - p)2(€/kp_l) < (1jp)2 (1 - p)2€/1kp' Then7 ﬁ
e— p

(1 — c£)?* for ¢ € (0,1) some numerical constant (c = <), since £ < 1.
P P

<2 and (1 — p)2/ke < e=2t0/k0 <

We now prove 2. Assume that Assumption 6 holds for p > 0, and let p > 0. We have:

2 2

. 1 1
E [HW“@-W)X - Z11"x x—~=11"x| |,
n n

|W07"'7Wk‘| g(l_p)2

provided that ¢ satisfies:
21— )2 < (1- ).

This is satisfied for: L
Lin(2) In(1 — p)

Wi-p)
and thus Assumption 5 holds for p and k, = {W—‘. O
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B Preliminaries for our convergence rates

For k > 0, , and for any £k > 0 and v € V:
next(k,v) =inf{{ > k, v € Iy}, prev(k,v)=sup{{ <k,veZ;}U{0}, 7(k,v)=Fk—prev(k+1,v).

In other words, at a given iteration k, next(k,v) is the iteration at which the node v will finish computing its
current gradient, prev(k,v) is the iteration at which the node v started computing its current gradient, and
7(k,v) is the current computational delay of node v at time k.

Let also 7% — %Zvev xv € R? and g = (]lvel_kV};wv(xgrev(}’c,v)7 Erev(k,v)), so that xF+1 = Wyx* — ,ng'

B.1 Virtual iterate sequence to handle delays

As in Mishchenko et al. [2022], the delay analysis relies on the study of a virtual sequence. Noticing that

gt =gk — 2% T, gffT(k’”) and mimicking the analysis of asynchronous SGD, we introduce the sequence
{i:k, k> 1} that lives in R?, defined through the following recursion:
£k+1:§7k—%295, &1 = Zo 9.
vELy UEV
We then have, for all k > 1
sk ;Z'k — _1 gprev(k,v) )
vEV\Zg

The difference H:i:k - i:kH can thus be easily bounded.

Lemma 1 (Virtual iterates control). If stochastic gradients are bounded by a constant B > 0, we have:
2" = 2| <B. (9)
In the general case,

E|

ik _ jkuﬂ < 27'72 (02 + ZE |:vav(x$rev(v,k))H2:|> . (10)
vey

Proof. Equation (9) is proved using a triangle inequality, while Equation (10) is a direct application of
[Stich and Karimireddy, 2019, Lemma 15]. O

B.2 Consensus control

Lemma 2 (Consensus control). We have:

S Bl x| <200 3 1+ 2 Y Y B[] (1)

k<K k<K k<K vEL
<% Y I+ 7Y S E[Ivaehl] (12)
k<K k<K veT)

If the stochastic gradients are bounded by some B > 0,

2 B
SB[t - < T 3 . (13)

k<K k<K

Proof. Under Assumption 2, we can bound the variations of x* —%* (here, x* = 11 "x*). Using Cauchy-Schwarz
inequality, for a,, > 0 scalars and b,, € RP vectors, we have:

) (sem).
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We now apply this to x¥ — xF = —~ Z W(m k)(g™ —g™) to obtain:

2

E|lx* - < = B

k
~ Z W(m:k) (gm _:gm)
m=0

k k
<Y =p) S (- p) [HW“” g -z ]
m1:0k m=0 2
2 ~k—m &m
<:; 3 (=) E g™ 1]

leading to, if stochastic gradients are bounded by B

2 P2
Bl - xt* < T S0 - )z
<k

and thus:

SB[k - x| < 273 A

k<K k<K

We also have, using a bias-variance decomposition (not exactly, since the g are not independent, but using the
martingale version as in [Stich and Karimireddy, 2021, Lemma 15]):

2

k
Eka _ )—ckHQ —F ~ Z W(m:k)(gqu-(m) _:gm)

m=0
4 2
<2202 571 - o) Tl + Z S E {\Iva(xgm—T<mvv>>)\\ ] :
<k VEL,

so that:

S Bl - <20 S ml+ 2 Y Y E[[vaek )]

k<K k<K k<K veTy

C Loss Networks analysis
Disclaimer. This proof is adapted from that of Even et al. [2021b], an unpublished work by a subset of the
authors.

In this section, we prove Theorem 5 and provide some more information on loss networks. The updates of
decentralized SGD on loss networks write as:

k k
$k+l _ Loy, + Loy, —AVF, k( k—7(vi,k) §k ‘r(vk,k))
Vg 2 v
Iﬁ;gl _ T 5 VFUUC( —7(wg,k) é-k (W, k))

(ev), —€w— k)(euk —ew_1)

leading to x**1 = Wix* — 4gF, for W, = Wipewony = Iy — , and g* the corresponding
delayed gradlents Note then that this takes the same form as the AGRAF SGD sequence.

Definition 1 (Poisson point process (P.p.p.)). A Poisson point process of intensity p > 0 is a random
discrete subset P of Rxq that can be written as P = {To <Th < ... < Ty < ...}, where (T — Ti—1)k>1 are i.i.d.
exponential random variables of mean %.
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Boyd et al. [2006] consider a model (without any delay) for gossip algorithms, where updates are that of Equa-
tion (14) without the gradient steps, and these updates happen at the times of Poisson point processes (a
P.p.p. of intensity py, ., for an update along {v,w}). Consequently, W}, is independent from the past, and

P (Wk = W{v,w}) X P{v,w}-

The P.p.p. model considered in Boyd et al. [2006] where the updates are performed at the times of Poisson point
processes is particularly amenable to analysis, but it assumes that communications and computations are done
instantaneously. Thus, actual implementations differ from its underlying assumptions, unless further synchrony is
assumed. To alleviate this issue, with pairwise communications ruled by point processes as a baseline, we consider
a protocol in which nodes are tagged as busy when they are already engaged in an update, and communications
between busy nodes are forbidden. Our model is inspired from classical Loss Network models [Kelly, 1991],
in which edges are activated following the same procedure as in the P.p.p. model, with a P.p.p. of intensity
P{v,w}- Note that we do not consider these intensities to be constraints of the problem, but rather parameters
of the algorithm, that can be tuned. Each node has an exponential clock of intensity pv% > wew P{o,w}- At each
clock-ticking, if v is not busy, it selects a neighbor w with probability p{v w}/ D wmn Pluw}- If w is not busy, v
and w compute and exchange information, becoming busy for a duration 7/ v . We can think of this procedure
as classical gossip on an underlying random graph that follows a Markov-Chain process. The difference between
our communication model on Loss Networks and the P.p.p. model lies in that in our case, Wy is not independent
on the past. In fact, we have:

1 v,w not busy at time Ty }P{v,w
]P)({’Uk,’wk} = {v,w}|]—'k) = { i ot y at t W P {v,w} 7
Z{u,u/}eg {u,u’ not busy at time T,c}p{mu/}

leading to complicated intricacies between the matrices (W), that we need to handle.

Proving Theorem 5 requires to show that there exist p, k, (that need to be computed) such that for any k > 0,
x € RY,

2 <12
E [HW{WMPLWMP& o Wiy (% H |]'—k} < =p)lx—x|

Our proof of Theorem 5 follows three main steps: ) Deriving convergence results for more general communication
schemes than loss networks, under deterministic assumptions on the activations. ii) Adapting Step i) to stochastic
assumptions on the delays. i) Deriving high-probability upper-bounds on the delays between two activations
in loss networks in order to fall under the assumptions of Step i).

C.1 Descent lemma under deterministic assumptions on the activations

We consider general activation processes Py, .}, where we define Py, 1 as Pryw) = {Tk : {vr, wr} = {v,w}},
and these times are called activation times of edge {v,w}. When edge {v,w} is activated, the update
described in (14) is performed. The delay of an edge is defined as its (random) waiting time between two
activations. Two ergodicity-like conditions on the delays are needed: (i) edges activated regularly enough and
(1) incident edges must not be activated too many times.

We now formally introduce these assumptions. We consider discrete time in this section: more precisely, k € N
stands for the k-th edge activation.

Definition 2. Consider a communication scheme with edge-activation point processes Py, .y Let k= 0,1,2, ...
index the consecutive edge activations. Let £ € N, {v,w} and {u,u'} € E. Let kgy 1y < Liywy such that ki, wy <
k < {iy.wy be consecutive activation times (in discrete time) of {v,w}. Denote Ty w1 (k) = iy} — K{v,w) — 1 the
total number of edge activations between the two consecutive activations of {v,w}. Denote N({u,u'}, {v,w}, k)
the number of activations of edge {v,w} in the activations {5y wy, S{v,wy + 1y towy — 1}

Assumption 7 (Delay Assumptions). There evist T € N*, a,b > 0, and £y, ,} > 0,{v,w} € E such that, for
the quantities and the communication scheme in Definition 2:

1. For all k € N, all edges are activated between iterations k and k+1T — 1.
2. Vk 2 0,Y({v,w}) € E,T(ywy(k) < alpywy: ({v,w}) is activated at least every aly, .y activations.

3. Yk = 0,Y({v,w}), {u,w'}) € E such that ({u,u'}) ~ ({v,w}), N({u,u'}, {v,w}, k) < (ZZ{“:}}]
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Assumption (1) is implied by Assumption (2) if T' = max{y,w}) {{v,w}- Taking £, as a deterministic upper-
bound on the delays of edge ({v,w}) between two activations in continuous time is sufficient to have Assumption
(2) and (3), with some normalizing constant a, and b such that £y, ,,3/b is a lower-bound on these delays.

The main technical difficulty lies in the fact that at a defined activation time ¢, some nodes are not available:
at any time k > 0, Z({v_’w})eE not busy Wi usually differs from Z{v_’w} Do, Wiw,w) (and Z({v_’w})eE not busy Wk
may have a null spectral gap) as in Markov-Chain Gradient Descent [Even, 2023], thus making an analysis such
as in the P.p.p. model impossible. To alleviate this difficulty, in order to make sure that all edges are taken
into account when performing the averaging, the Lyapunov function Ay that we study considers the value of the
objective for T' consecutive activation times. It is defined as follows:

1 k+T—-1 2
Wk e N Ak(x) = — 3 HW<W>(X_5<)H . xeRY.

T
t=k
The first step of the proof of Theorem 5 consists in proving the following.

Theorem 6. Consider a general communication scheme as in Definition 2, that satisfies Assumption 7 for
constants £y, y,a,b > 0,. Let 7y be the smallest positive eigenvalue of the Laplacian of the graph G with weights:

Ofosar
_ -1 {uw,uw'}
Vo) = w0y Ty TS
where C = m. Then we have, for all k,¢ € N:

Arpe(x) < (1=9)" Ap(x).

Proof. We fix x € RY,k,£. To prove this intermediate theorem, we need to study every matrix multiplication
involved. At iteration k, not every coordinates is available, hence the need to study the impact of 7" multiplications
together.

A gradient step alongside edge {v,w} only involves edges in its neighborhood (thanks to the sparsity of the
matrix A), a key element that will need to be explicited. The proof involves three main steps.

Before that, we need to introduce edge dual variables. Matrix multiplications by matrices like Wy, ,,) aim at
minimizing the function F(y) = £ > y,(y» — #y)?, which is minimized at y = X. A standard way to deal with
the constraint z; = ... = x,, is to use a dual formulation, by introducing a dual variable A\ € R¢ indexed by
the edges. We first introduce a matrix A € RV*¢ such that Ker(AT) = Vect(I) where I is the constant vector
(1,...,1)T. A is chosen such that:

V{v,w} € E, Aegywy = Hivwi (o — €w)- (15)
for some non-null constants iy, .,3. We define fig, .y = —pify,w} for this writing to be consistent. This matrix
A is a square root of the laplacian of the graph weighted by vy, .} = u%v,w}' The constraint z1 = ... = x,, can

then be written AT2 = 0. The dual problem reads as follows:

min F(y) = min max F(y) — (ATy, \).
YERV,ATy=0 (y) YERY AeR® (y) < Y >

Let F%(\) := F*(A\) = Fa()\) for A € RE*4 where F* is the Fenchel conjugate of F. Now, notice that for our
particular form of F', we in fact have F* = F'. The dual problem reads

min F(y) = max —F4()).

YERY y1=...=yn AER®

Thus F()) is to be minimized over the dual variable A € R®.

We now make a parallel between pairwise operations between adjacent nodes in the network and coordinate
gradient steps on F'i. As F3(\) = maxyecpy —F(y) + (A\,y), to any A € R¢ a primal variable y € RY is
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uniquely associated through the formula VF(y) = A\. The partial derivative of F’ with respect to coordinate
{v,w} € € of X reads :

Vo FAN) = (Aequ,uy) TV (AN) = p1g0,0y (Vg5 (AN)w) = Vi, (AN)w)) |

where we denote g, (y) : 3(y — z,)?. Consider then the following step of coordinate gradient descent for F on
coordinate {v, w} of A\, performed when edge {v, w} is activated at iteration k (corresponding to time T%), and

where Uy, ) = e{v,w}eg—v,w}:

A (Ak)- (16)

At1 = Akl —
{v,w}

Denoting y, = A\; € RY, we obtain the following formula for updating coordinates v and w of y when {v,w}
activated:

1 1

Yo, k+1 = Yo,k — g(yvk - ywk) = E(yvkywk) = Yw,k+1 - (17)

Thus, yk ka is equivalent to Agy1 = A — TQ—V{vk wit Fi (Ak), which is easier to study. Also, notice
Vi Wi
that this is the consensus distance exctly: F'}(\) = F(y) for y = AX.
Hence, Ap(x) = F(y*) = F;(\) here y* = AN is obtained with the recursion A+l = ¢ —
Z?l—}v{vk,wk}Fz (AF), with initialisation y° = x: we thus study this sequence.
Vi Wi

Step 1: First, notice that F} is u%v w}” smooth along every coordinate {v,w}, so that using local smoothness,

for all {v,w} € € and A € R¥, for v < 7=, we have:
{“k wk}
FAA = Vi FA(N) = Fa(A) < 47”%1, AV (18)
H{o,wy
Applying Equation (18), where {v,, wy} is the ¢** activated edge:
* * 1 *
FRNH = FA(\) < —427||V{w,w}FA()\é)||2' (19)
{ve,wed
Hence, summing;:
1 1 .
Ak+1 <Ag — T Z 427”v{w,wtz}FA()‘e)”2 ) (20)

k<e<k+T T {ve,we}
Notice that:

Z > IIV{v,w}FZ(V)HQ:% Y IVEIQ)I? = 04l (21)

L<k+T {v,w}e& k<L<k+T

’ﬂl'—‘

04 is the strong convexity parameter of F’; which is equal tolower bounded by )\mm (AT A), which itself is exactly
the smallest positive non-null eigenvalue of the graph Laplacian with weights p? (o0} Hence, if an inequality of
the type

cC1
77 2 2 Ve FAO)P < 7oV o FAQO)IP (22)
k<O<k+T {v,w}e& {vz we}

holds, we have using strong convexity:

c x
A1 S Ak = > IVEAQA)IP < (1= Coa)Ay. (23)
k<b<k+T

We thus need to tune correctly the u%v w! and C in order to have (22) verified.

Step 2: We are looking for necessary conditions for (22) to hold. In the left term, every coordinate is present
at each time /. However, in the right hand side of the inequality, just the activated one is present. We will need
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to compensate this with a bigger factor in front of the gradients. In order to compare these quantities, we need
to introduce upper bound inequalities on ||V, 1 Fi(A(s))[|?, that only make activated coordinates intervene.
Let s € {t,...,t + T — 1}, and suppose that there exists t <r < s <7+t <t+T —1 such that {v,w} is
activated at times r and r + £y, 3. Thanks to the asumption on T', either one of these integers exists. If the
other one doesn’t, replace it with ¢ for r, and by ¢t + 7" — 1 for 7 + ty, ). Thanks to our asumptions, we know
that t{, .y < alfy ). We have the following basic inequalities:

IV o,y A < IV 10,y FAAE)] + IV 0,3 FAA(S)) = Vo, FAAM))]])? (24)

<
<20V iy FAAE)I? + 1V 0,y FA)) = Vi FAA@)[?)- (25)

The quantity ||V (y.w1 F4(A(S) = ViwwFi(A(r))]|? then needs to be controlled. We use the following lemma.

Lemma 3. For \,\ € R¢, and {v,w} € E, we have:

IV 0ur FAN) = V 0,y FANIP < 80,0y 13,0y > Bt P = My 17 (26)
(fwu D~ ({o,0})

Proof. First, notice that V, w} FA(N) = pifo,w} (Vi ((AN)y) — Vg5 ((AN)w)). Then:

IV£5((AN)o) = VLS ((AN)w)ll = [[(AA = X))ol (smoothness)
= H Z ,UJ{'U,,u/}(A - /\/){u,u’}H

{u,u'}~{v,w}
< D @ =2l
{u,u'}~{v,w}
Conclude by taking the square and summing for v and w. O
Using this with A = A(s) and X = A(r):
IV to,wy FAG)? < 201V o,y FAA))|® (27)
2
H v,w *
2wy Y N({oewd) {o,wh g Vi w FAOR)IP (28)
r<k<r+ti, wy {ve,wr }
<20V o,y FA ()12 (29)
low) | Pow) . 2
2wy D, [T 7V ot FAAR))| (30)
r<k<r4t, .} {orwid | Hogwi}

The advantage of this last expression is that only activated quantities are present on the right hand side.

Step 3: The last step of the proof consists in summing the last inequality for t < ¢ < t + T, {v,w} € E.
When summing, each ||V, w1 F4(A(k))||? appears on the right hand-side of the inequality, with a factor upper-
bounded by (here instead of {vy,wy} we write ({v, w})):

be{u,u’} p’%u,u’}
2(1[{1,1“,} + 2d{v,w} Z af{uyu/} 7 ’u2 . (31)

{u,u'}~{v,w} {v,w} {v,w}
We want the expression above multiplied by C' defined in Step 1 to be upper-bounded by Egl—, in order for

{v.w)
(22) to be verified. This is possible if and only if:
bl 1
2 {ww'} 2

C | 4aliy,wylify,wy + 4d o w) Z a ’Vm-‘ Cluuw Y luuy | < 3 (32)

{u,u }~{v,w}
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where C' is defined in step 1 of the proof. This is equivalent to:

be?

uu/}

N
0|~

2
Clalpuitfony +dwy D, 07
{u,u }~{v,w} {vw}

if V{u, u'} ~ {v, w}, gy < by wy,

{u u'}

Liv,w bliyw . . .
where we bounded {bé{{ : /}}] by 2 é{{ ’/}} here. We here see that in this case, if

1 min é{u u'}

33
2€{v,w} {u, 'U/} {U w} g{'u w} ( )

2 _
Pivwy =

with 8a + 8d2,,,b < C~1, our inequality holds. However, our inequality on the ceil operator seems not to work

in the general case. Let’s take {u, u’} a neighbor of {v,w} such that £, .y > blyyuy. As Ly wy > by,
we have (bf{{“—‘“;}] = 1, leading to a( {{“ u }V{u u/}u{u wy = aﬁ{uyu/}u%uyu,} < a < ab. Hence, our result still holds.

Conclusion: We have our result for C' = ; and a laplacian weighted with local communication

1
2a+8d2,,..a

e{u u’}

constraints: ,u%v’w} = X Ny 0/}~ {v,w} T . The final rate thus depends on the smallest eigenvalue of

1
22{1},111}
the laplacian weighted by:

1 1 1 Ly, Wy

2a + 82,,ab Lonaz 20(o 0y i ofow} Cipm
This ends the proof of Theorem 6. O

(34)

C.2 Adding stochasticity

We now prove the following result.

Theorem 7 (Adding Stochasticity ). Assume that, for all k € N, there exists a Firr—1-measurable event Ay,
such that P(Ag|Fr) = % almost surely, and that under Ay, Assumption 7 holds for allk << k+T —1. Then,
we have the following bound on Ak (x):

1 s 3 [27]
Bt < (-7 +3) 7 B,
where v is defined in Theorem 6.

Proof. Using the same arguments as in the proof of Theorem 6, we obtain:
E[Ai1 — Ay Fe, A < —0 Ay (35)

However, this is not enough to conclude. Under AY, we only know that A;;; < A; (our local coordinate gradient
steps cannot increase distance to the optimum). Hence:

E[At+1|]:t] < (1 — O'HAt)At. (36)
And then, by induction:
t—1
E[A;] < E[P;A¢], where P, = H(1 —ola). (37)
s=0

However, no direct bound on P; exists. The interdependencies on the events A; make it impossible for an
induction to prove a bound of the form < (1 — ¢/2)!. However, the logarithm of the product seems easier to
study:

log(Py) =log(1 =) Y Ia,. (38)
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giving us Elog(P;) < log(1 — 0)t/2, as P(4;) > 1/2. We are thus going to make a study in probability. For
teN, let X; = % ZHT*l I4,. Using Markov-type inequalities conditionnaly on F; gives:

s=t

Thus, we have: E[Hi:?_l (1-14,0)|F] < 2(1—0)7/3 + 2. We then know how to control T' consecutive factors

of the product P;. Skipping the next T terms, we have:

t+3T—-1 [t+7—1 t+27T—-1 t+37T-1
E|l I] (1—]1,450)]_E II 0-1a0) [ A-La0) ] (1—11Asa)] (40)
s=t L s=t s=t+T s=t+2T
[t+7T—1 t+37T—1
<E| J[ a-1s0) ] (1_}1Asa)] (41)
L s=t s=t+42T
[t+7T—1 t+37T—1
<E| [] (1—HA30)IEF“+2T{ 1T (1—11,430)}] (42)
L s=t s=t+2T

as in the last right hand side, the first big product is F;or-measurable (our asumption on the A states that
they are Fyyp_1-measurable). Then, using inequality E [Hiif_l(l — T4, 0)|]—}} <11 -0)7/3 + 2 twice, with
t and t 4 2T, we get:

t+T—1
II @-14.0) G(l —o)T/3 4 %)

s=t
2
1 3
<(-a-)T34+2) .

Proceeding the same way by induction leads us to:

t+3T—-1
E[ 1T (1_HA30)] <E

s=t

g\ lt/@D)]
) , (43)

1
<[(=(1- T/3 4 2
E[P;] ( 4(1 o) + 1
which is the desired bound. O

From the proof, we thus have the following corollary.

Corollary 1. Assume that, for all k € N, there exists a Fpir—1-measurable event Ay, such that P(Ag|Fy) = %
almost surely, and that under Ay, Assumption 7 holds for all k < £ < k+T — 1. Then, we have the following
bound on Ak(x), for any k > 0:

1 3
Elbusar (I < (10-2)7° + 3 ) B GIR].
where v is defined in Theorem 6.

C.3 Expliciting the constants in the loss networks model we consider

We now need to compute and tune the constants introduced in Theorem 6 for the assumptions of Theorem 7 to
hold in our Loss Network model. We begin by the following lemma, inspired by queuing theory arguments, that
upper bound the probability that an edge stays inactivated for a long period of time.

Note that we here come back to continuous time, to study the loss network model. What is important to keep
in mind is that an edge cannot be occupied for a time longer than Tgmw}.
Lemma 4. Let 6 € (0,1). For any to > 0, {v,w} € E, if the Poisson intensities are such that pg, ., =
2max(d1i,dj)—1 (Tgv,w})il and Tv/nam({vv ’LU}) = MaX iy u }~{v,w} T&L,u’}’ let:

log(6~")
log(l —(1—e 1)e !

é{v,w} = ) (p{iul)w} + T7/naz({v7 w})) .

We have:
P({v,w} not activated in [to,to + €1y wi][Ft,) < 6. (44)
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Proof of Lemma 4. Let {v,w} € E and t; > 0 fixed. We use tools from queuing theory [Tanner, 1995,
M /M /oo/oo queues| in order to compute the probability that edge {v,w} is activable at a time t or not. More
formally, we define a process Ny, .} (t) with values in N, such that Ny, .} (to) = 1 if {v,w} non-available at time
to and 0 otherwise. Then, when an edge {u, u'} such that {u,u'} ~ {v, w} is activated, we make an increment of 1
on Ny, .1 (t) (a customer arrives). This customer stays for a time Tiuﬁu,} and when he leaves, Ny, .} is decreased

by 1. Thus Ny, 3 = 0 a.s., and if Ny, ,3 = 0, then edge {v, w} is available. For ¢ > maxyy v/}~ fuv,w} Tiuﬁu/} + to,
N{y,w}(t) follows a Poisson law of parameter Z{u,u/}w{v,w} p{%u/}%u’u/}. For any ¢ > maxyy, y/}~{v,w} Tiu,u/}*'to:

P({v,w} available at time #|F;,) > P(N;(t) =0) =exp(— Y Pluw}Tuw))-
{u, v }~{v,w}

That leads to taking pyy .y = %W(T{u u/}) ! for all edges, in order to have
P({v,w} available at time ¢|F,) > 1/e.

Then, P({v, w} rings in [t,t —|—p{7v1w}]) =1-e7}, giving:

P({v,w} activated in [to, to + Tyyax ({v, w}) —l—p{*vl’w}“}'to) = P({v,w} rings in [t,t —l—p{*vl’w}])
x P({v,w} available at time ¢|F,, {v, w} rings at a time ¢ € [to + Th . ({V, w}), to + Topax ({v, w}) _|_p{—vlw}])
>(1—e et

where we use the memoriless property of exponential random variables. Take k € N such that (1—(1—e~1)e™1)* <
d, leading to k = log(6|E|)/log(1 — (1 — e 1)e™1). Let

f{v w} = k(p{y w} + mam({v7w}))'

Then we have a.s.:
P({v,w} not activated in [to, to + £1y,w}]|Fty) < 0. (45)

O

Let t € N be fixed, and B; be the event: "in the activations t,¢t+1,...,t+7 — 1, all edges are activated”. Let then
Ci({v,w}, s) for t < s < t+T be the event min(Ty, 1 (s),t +T — 5,5 —t) < alyy ) and Dy({u,u'}, {v,w}, s)
be the event N({u,u'}, {v,w},s) < [bl{yw}/liuwy], where N({u,u'}, {v,w},s) is the number of activations of
{u,u'} between two activations of {v, w}, around time s, where we only take into account the activations between
activations ¢ and ¢t + T — 1. Let then A; = B N (Nfu,w}, {v,wye B t<s<t+7Ct({v, w}, 8) N Di({u, u'}, {v, w}, s)).

We want P(A;) > 1/2 for correct constants a,b,T and fy,,} (that can differ from 7' in order to
apply Theorems 6 and 7. Note that this event is Fiyr_j-measurable, as desired. We ﬁrst study the
length of time £y, .,y edge {v,w} must wait in order to be activated with high probability (high meaning more
that 1— 12|E|) This result is Lemma 4. Then, we use this length to determine the constants T', a, b, £, .,y needed.

Lemma 5. For any continuous time to > 0, {v,w} € £, if pry.wy = WMH(T@ w})_ and 7}, 4. ({v, w}) =

MAX {0}l v,w} Tiyurys €8 ow} = %@{U wy + Taw({0, w})). We have, almost surely:

1

P({v,w} not activated in [to,to + iy ][ Ft,) < ek

(46)

Proof of Lemma 4. Let {v,w} € E and ¢, > 0 fixed. We use tools from queuing theory [Tanner, 1995
(M/M/oo/oo queues) in order to compute the probability that edge {v,w} is activable at a time ¢ or not.
More formally, we define a process Ny, ,,}(t) with values in N, such that Ny, .3(to) = 1 if {v, w} non-available
at time ¢y and 0 otherwise. Then, when an edge {u,u'}, {u, v’} ~ {v,w} is activated, we make an increment of
1 on Ny} (t) (a customer arrives). This customer stays for a time T£u7u,} and when he leaves we make Ny, )
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decrease by 1. We have Ny, ,,3 = 0 a.s., and if Ny, 3 = 0, {v,w} is available. For t > max(y v/}~ {v,w} Tiuﬁu,}-i-to,
N{y,w}(t) follows a Poisson law of parameter Z{u,u’}w{v,w} p{u,u’}%u,u/}' For any t > max(y, v/}~ {v,w} Tiuﬁu,}-i-toi

P({v,w} available at time t|F;,) = P(N;(t) = 0) = exp(— Z Plua} T{uu))- (47)
{u,u }~{v,w}
That leads to taking pr, ., = %W(T&u)u,})_l for all edges, in order to have

P({v,w} available at time ¢|F;,) > 1/e. Then, P({v,w} rings in [t,¢ +p{*vlw}]) =1—¢ !, giving:

P({v,w} activated in [to, to + Trpax ({v, w}) + P{_Ul,w}H]:to) = P({v,w} rings in [t,t + p{_vl)w}]) (48)
x P({v,w} available at time ¢|F3,, {v,w} rings at a time (49)
£ € [to + {020}t + T ({0, 0)) + P ) (50)
>(1—eNe (51)

where we use the fact that exponential random variables have no memory. Take k € N such that (1 — (1 —
e He HF G‘E‘ leading to k ~ log(6|E|)/log(1 — (1 —e™)e™t). Let £yy 0y = k(p{v wy T 7} aw({v,w})). Then

we have a.s.:

P({v,w} not activated in [to, to + €1y wy]|Fty) < ﬁ (52)
O

Bounding T: A direct application of Lemma 4 leads, with L = maxy, .} £{v,0}, to:
(53)

{v,w} {'U w}

Indeed, for all {v,w}, not being activated in activations t,¢ + 1,...,t + T — 1 means not being activated for a
continuous interval of time of length more than £y, ,,;. Hence:

P(3({v,w}) € E: ({v,w}) not activated in {¢,....,t + T — 1}|F;) (54)
Z P(({v,w}) not activated in {¢,....t + T — 1}|F;) (55)
{v,w}€eFE
Z P(({v,w}) not activated in [t,t + £y, w3]|Ft) (56)
{v,w}€eFE
1
= 1/6. (58)

Bounding T, ,,3: Applying Lemma 4 with 12| E|T instead of 6| E| leads to controlling all the inactivation lengths
by a length £, ., with a probability more than 1 —1/(12|E|T). Let {v,w} € E'and s € N, t < s <t +T.
Let a > 0 to tune later. Denote by dy, 3 (s) the (random) inactivation time of {v,w}, around iteration s. Note
that conditionnaly on the inactivation period &y, w1 (5), T{v,w}(s) is dominated in law by a Poisson variable of
parameter I8y, .,}(s), hence line (60):

P(T{U,w}(s) 2 af,{v,w}|]_—t) < P(T{U,w}(s) 2 aﬂ,{v,w}"rt’&{vyw} < gl{v,w}) X P((S{U7w} < gl{v,w}) +P(5{'U7w} > gl{v,w})

(59)
. / 1
< P(Poisson(Ily, ) = aly, ) + BT (where I = Z Plo,w}) (60)
{v,w}e€
1 1
< 61
RIET T 12]E[T (61)
1
_ 62

for some a > 0 big enough, to determine with the following large deviation inequality:
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Lemma 6 (A Large Deviation Inequality on discrete Poisson variables.). Let Z ~ Poisson()\), for some A > 0.
Then, for all uw > 0:
P(Z > u) < exp(—u+ Ale — 1)). (63)

This large deviation leads to taking a = 2el for (61) to be true. Finally, we get:

1

STETT (64)

P(T{'U,’LU}(S) > Oég/{'u,w}lj:t) <

Bounding N({u,u'},{v,w},s): If 6(y 0wy (s) < £, ), this random variable is dominated by a Poisson variable
of parameter py,, u/}f (o0} Hence, still with Lemma 6, with probability more than 1 — m, we can bound
({uv ’U,/}, {’U, ’LU}) by € 10g(12|E|2T) + p{u,u’}g{v,w} (6 - 1) < 26p{u,u’}L{v,w}'

Explicit writing of the union bound on Af: AY = B¢ U (Ugu,wy {o,wreBics<t+rCi({v, w}, 5)¢ U
Dy({u,u'}, {v,w},s)¢) € Fiyr—1. Thanks to the previous considerations, we have that P*t(BS) < 1/6 with (58),
PFe(Cy({v, w},8)¢) < W with (64) and P(Dy({u,u'}, {v,w},s)°|F) < W, for the following constants and
weights:

~ _1 .
* 7wy = Plow) = min( ({v w})’ 2(max(dl,d —1) 7] -

Tmax {v,w}

_ - log(6| 1) .
o T'=2Imaxjy wyep Tiv,w} 1og(1—(g1—efl)efl)v

_ log(6| E|T) .
e = 26[1()g(1—g(1——671)671)’

_ log(6| E|T)
* b= 2 ey

The union bound is the following:

PP (AY) <P7(B)+ Y BTG ({o,w}9))) + D PP (U De({u, u'} {v, w}, 5)9) (65)
s,{v,w} s,{v,w}
< 1/6+ |E|T/(6|E|T) x (66)
< 1/2. (67)
The rate of convergence «y is then defined as the smallest non null eigenvalue of the laplacian of the graph,
weighted by:

P{v,w} mln{u u }~{v,w} q—{{: ;U,}} min{uyu/}w{vyw} Pu,u’} (68)
Viyw =
vy = 8a(1 + d2b) et (6IE[T)(1+ 2 (6[E]T)2) X, yee Plu'y

C.4 Concluding

What we have proved so far, is that for any k& > 0, any x € RY, we have:

1 3
Elbuiar 1A < (10-2)7°+ ) Blel7],
where 7 is defined in Equation (68). Then, Agiar(x) > 5||W©OF+21) (x — X)H and Ag(x) < 5||WOR)( 5()”2
so that applying this for £ = 0, almost surely conditionned on Fy,

B |[wesnoe— 17| < (G -0+ 3 ) Bl 1)

3
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Now, noticing that our analysis holds almost surely for any configuration Fy, doing a time translation and
starting from a configuration Fj for any k, we get that:

1 3 _
B [ 0] 17 < (30070 + 2) Bl - <P,

so that Assumption 2 holds for p = (1 — (1 —~)?/3),k, = 2T, and hence kﬁ = O(v), which leads to Theorem 5:

mm{u w'y~o{v,w} Plu,u’} )
A3 tu uyee Plu,u’y

v is the eigengap of the graph, with weights of order (9(
D Proof of Theorem 1: Convex-Lipchitz case

D.1 Homogeneous setting, Lipschitz (bounded gradients) and convex without sampling

Proof. Studying the virtual sequence, we expand:

- 2 ~ 2 2’}/ R fy
E[ ka—x*H ]:IE :vk—:v*H - Z(va(xﬁ),xk —2 ng

vELy vETLy

R A2 2y o, 2 _ 2y k4

< |[Ja* - 2| = 2L S (VA k), 2k - )+ ST (V) b - )+ 2L (VA (k) 2t - 8)

vETL vETLy vETLy

2B2I 2

el || 7

n2

where we used the Lipschitz assumption, EgF = V £, (z¥) and boundness of gradients. Denote:

2y *
- ZWMI’S)% —a")

vEL
k2 kN ok ~k
T2 - ? Z <va(.’liv),fl',u - >
vETLy
2
= TN (Vo (ak), 2k — iF)
n vETLy

Using convexity of f,

DS (k) - £,

vETLy

Using the Lipschitz assumption and Equation (9) that controls H:Ek -

272 B?|1|
e

T3 <

Using the Lipschitz assumption and our consensus bound from Equation (13), we bound T5:

S i< Y 2P SR [k -4

k<K k<K vET
2vB
<> T2 JE [t - =]
k<K
v*B* p k_ gk
) P E[ ]
k;"ﬂ BE | ="
342 B2
LN
np
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Consequently, denoting 7 = I and summing over k < K,

20> S E[f(ah) - fla)] <E[[° —o*|*] + 2 B2 (BITk] + 20+ 3057) S il
k<K vETy k<K

<E[[2° - 2*|] +n*B2 (3n+30571) D Zul.
k<K

Dividing by 20>,  x [Zk|,

E{ 500—90*”2} B2 »
e Sl 2 2 @) >] SOl Tz ),
and
E{:@O—x*‘ﬂgnx — —2172 Vf(0),2% —2*) +n*G?*/n
veY

S

provided that K > n. Optimizing over 7, we obtain that for n = ,/ Wi%ﬁ*)’

2B2D2(3n+ 2np—1)
<Zk<K| k| Z Z ) ] s? Zk<K |Ik| .

k=0 vely

D.2 Lipschitz (bounded gradients) and convex with sampling

Proof. Taking the proof just above, we still have

QBQI 2
IE[ e —x*]ﬂ gE[ j:k—:zr*H2+le+T2k+T3 +%.
We have, using convexity and then Lipschitzness:
k Z Vfo(x x —z¥)
vEL
2y x
< _W Z Pva(wﬁ) - f(LL' )
vETLY,
2y -~ _
= ST o ful@) = F@) + fulah) — £
vEL
2y —k * k ok
vETLY,
so that
2vp _k 273
E[TF] < -—=(E — f(z*) o2k —
) < -LESGH) - 1 S plok — 2t

veY

< —Q%ﬁ(lEf(f’“) — Fa) + %ﬂnxk =

‘We then have that:
Z 27Bpmax\/—||x _XkH 2\/—7 ’B? pmax K Z |Ik

n
k<K k<K
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Then,

22 B2
—

T3

N

We handle the consensus term differently. For some o > 0 to be fix later, and taking the expectation condition-

nally on x*,

SEM <Y S E [z—auvm’;)\!z + =t - ’“!ﬂ

k<K k<K veTy,
2B?|T.
<y LA S ek -2t
k<K an n veY
v2B? QP
< W Z |I;g|+ dex Z EHX —XkH
k<K k<K
2 R2
< (7 B apmdx 2’7 B ) Z |Ik|
on Y

We set a = 1/4/Pmaxp 2, so that:

"yQBQ
Y E[TH] <2 X by x Y [Tl
k<K " k<K

The rest of the proof then follows as before, and we obtain

B2D? K
E € - * =0 (n + (pmax)l/znﬁ_l + n3/2pm' X )
<Ek<K |Z| kzo U;k ) k< 1Tl § k< 1Tl
To conclude, we notice that ﬁK\IkI is of order 1/p where p = % D vey- O

E Proof of Theorem 2: smooth-Lipschitz-convex rates

E.1 Smooth-Lipschitz-convex rates without sampling, homogeneous case

Proof. As before, we have:

202\ Tk | + V°E|| S ez, Voleh)||”

]E[gﬁ’““—x*HQ}gE[gz’“—x*HQ+T1+T§+T3}+V 5 ;
n
with
T = — Z Vfo(z x —z¥)
'UEIk
2
Ty ==L J Z (V fo(xh), ok — z*)
’UGZk
2y
T3: n Z<va >
vETLY

First, using convexity of f, = f,

_2% Z(fv(x v = Z ))

vELy 'UGIk
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Using Assumption 6 we have, where C' > 0 can be arbitrary:

E (1] < 2L 37 B[Vl - 2]

vETy
L C
L E(IVIEhIT + ' | X Ik~ ]
vEL vz,
2LC~ X y -
S - e+l 2]
We also have:
1< 10 Y Irah) + 5li# - ))
vEL
<X(21c +7232|I| |
< Z 5 1n)
Thus,
20,2 2
DS @) - ) < B [ -] B o - o] + T I S ol - )
- Ve
c
+ ST B [(7ah) - f@)] + LB [ - 7]
veTy
+ (200 3 (o )+ 18 1m).
vEL

Summing over k < K and using Lemma 2, we obtain:

DS Y @) - 1) < B[] -] + L2 3 @+ 220 +9) 33 G - 1)

k<K veETLy k<K k<K veETLy

SB2
+ 2 éE [ka _ikm + Vc_n |Z|

k<K k<K
) *o? 2yp~'n v k2], V°B?
@[ 20—+ T 1+ )Y T+ Y B[ -2 + = Y i
n? C h<I k<K Cn Cn k<K
(2c+ +— )Y > (Ef(e 7).
k<K vETy
Hence, provided that 2C' 4 v + %2 < 2L, which is verified for C = =~ and v < ﬁ X 1+2p —5=—7, we have:
. _ 8L~3
%Z Z(Ef(xf)—f(x*))gE[ :100—:10*H2}-i-7 Z (14 16Lyp 'n) Z |Z| + 75 Z Zk]

k<K vETLy k<K k<K

leading to, for n = v/n:
E|[° - o]

E[ <2k<K |I/€| ,;)U;kx ) a = nZk<K |Ik|

m, we thus obtain that:

2 (somE B e

+n0? +n* (16Lo*n*p " + 8LB*n?) .

Optimizing over n < ﬁ X

Ek<K |Ik|

2/3
N D2 VIB? T Lo?nZ5 1]
Soher Tkl N ek 1Tl

o ( LD?np™! Do?

O
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E.2 Smooth-Lipschitz-convex rates with sampling, heterogeneous case

Proof. We have:

2.2 2 ky[|2
akt1 2 ok 2 2y ky ok v oo | k| + 4 EHZvEI va(xv)H
E[[# -2 ’] <E [l2" - o*|* = 2 Y (VA k) #F - o) | + Sk :
vELy
and we will handle the middle term differently than before. Using ——Zvezk<v folah), 2% — a*) =

- 2% > vz, (Vo (zk), 2k —2*)— 277 > ver, (Vo k), 2% —2¥) and then convexity for the first term and smoothness
for the second, we obtain:

S S (VA ), - ) <—2§ > (fm ola) =51 3 1) 1 U>—§||x5—:ek )
VELy

vEL) vELy
S SPAC )+ IS ek -
'UEIk vETLy

Taking the expectation wrt Zj:

— Z<va<x’;>,f’f—x*>] <2 (o)~ o) + 223 ok

vELy veV veV
2 2vL max _ L
< -2 (st >—f<x*>>+%ll =4
veV
2 D 2vL max _ || & _
= ZIP (k) — pa)) + 2 kx| 2yt -
Then, for the variance term, we need to bound IEHZUGIk Vio(z H For any (z)vey, we have
|:HZ'L)€Ik Z'UH :| = E [ZU,U’GV ]l’UEV]l’U €V<Z’U72U >} = Zv;ﬁv’ev ]lUEVpUpU’<ZU7ZU’> + ZUGVP’UHZ’UH2 <
EveVpU”ZUH2 + HZUEVP'UZ'UH2' And finally, using convexity of the squared norm, vevpvsz2 <
nﬁzvevaHzUHQ. Hence, we have
2
Elk va'u( va’va H + Zp'uva
vELy veV veV
Thus, plugging this in the first inequality,
2 . . . . 202\ | + VE|> ez Viu(x
200 556 - 1) < B [ = = 1 ]+ [ EEERLE T e, TG ]
+ B | TR okt oyt - 2t
—E [ka _X*H? — [|&F _x*m V2o + % ey DBV o(ay H + 92 Eeer poVio(a )H
n2
B R R

Then, using smoothness, we have that f(zF) — f(z*) < f(2F) — f(z*) + (Vf(@%), 2% — z%) + &||zF — 2F|| <

2
2(4(24) - (@) +2L]}2* — 2%, leading to
2% (5 (4) — f(a")) < D2 (5(64) — fla)) + L2023 — 54|

. 29205 + 207 (£, Pl T ola)||* + | V1))

— X

<2E [ %k
4y Lpmax ka
n

2] + =

+E —ikHQ—i—SwLpHﬁvk—ka] .
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We have Hﬁck — :Ek||2 < 7232. Now,

I

S VAT <22 || Vholah) = VL) + ]| V£, ()

veY veY
< 2L % — %P + 23 [V ()|
veY
< 2L pmasz —ka —|—2np||Vf || + 2np¢* .

Then,

2
+ 2

2

2
Z pvva(xk)

veY

20> " pViu(ah)

veV

Z pv(va(xﬁ) - va(jk))

veY

< 2np)?||VA@)||* + 2009) 3 po||(V fulah) = Vo (@)

veV

<2mp)?| V@) + 20p) 3 po L2k — 2|
veyY

< 20p)?| V£ (@) + 2(np)pman L2 || x* — %*||”

Thus, this leads to:

2y2(02 + 2C2)np + 8v2n2p?||V £ ()|

2P (g (a4) ~ fa) < 28 &5~ |P — ] +

47y Lpmax 272L2pma><(1 + nﬁ)
(Lo | 2 L oL+ b))

n2

K|+ syLfat - 24

+E|

We now use the following lemma.

Lemma 7. For stepsizes v < #, we have:

SB[l - =] < 49%0% npk +87%572 Y [V + 1697 7np 3 (V@) +¢?).

k<K veV k<K

Proof of the lemma. Denoting Cx = >, E [Hx — ka } and using Lemma 2, we have

Ck<2’yap12|zk|+ Z]E ZHVf gh=7(h0) w
k<K k<K lvez,

< 27%0%p InpK + 8v%p 22 |V fu(z° || —|— Z va |:||va )| ]

veY k<K vey

2
I

using Zk<K Zvezk va( T U)) ‘ < Zk<K Zvelk ||va($k + Zvev ||va ”

S ev o ||V £k H} < 22@1% [Hm WF] + 2T erneB [V @) - Vb))
2np¢? + 2npE||V f (2F H + 2L2pmax ? which leads to:

Cx <2905~ npK+4’yp2Z||va ’ +8”yp2npz |Vf H2+<2)
veV k<K

+ 8'72L2pmaxﬁ_2CK ,

leading to the desired result for v < ;77— \/pf

Then,

<
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Using Lemma 1 and Lemma 7, we thus have:

RS (B4~ ) < 28 [ ] + PHTEEE gty S |90 )]
k<K <K

+E + 8v3LB*pK

4y Lpmax 272L2pm' X _k|2
( + =) [ =

n n

k<K

2(.2 2\ 5
%0 —x*\ﬂ L e J;% PE | 125 Y E [HVf(gz’f)yﬂ + +8y°LB%K
k<K

<2IE[

4”y a? I npK+8’y p -2 Z ||va + 1672[’72”13 Z (va(jk)HQ + <2)

4_67meax[
n vey k<K

212(0” + 20°)pK

n

:2]E[5<0

=X |*] + (Bv2LB+ 969 L2pmanin ) D E[£(a¥) - f(a*)] +
k<K

4872 Lpmaxp 2
+ 7K (SLB% + 24L0%punasdp™ " + 96 L paxp?) + — bl TS |G (70

vey
Hence, for stepsizes satisfying 8yLp + 9672 L%pnaxpp 2 < p, which is verified for v < min (16%, #), we
obtain:
2IE{ )A(O—X*H2:| Iy (o2 2
x +2¢°)K _ _
> (EfE) - f@h) < - 4+ D2 | 21 (SLEB? + 24 L0 pra™ + 6L pina2)
k<K P "
487meaxp 2 Z ”
Vfu(Z

veY

Optimizing over v < min (LL 14L\/m7 L) this leads to:

LD? (2 4 /Pzg=p! 2(p2 1 (2 2 2 3 P —13
= > (Ef@EF) - fah) =0 (” P ) D2(o? +¢7) | [D VIB?+ Lo pmaxp ' + LPmaxp

+ — —
Py K npK pK

p lpmdx )
LS [vn@) ) |

UEV

F  Proof of Theorem 3: smooth-convex case

F.1 Homogeneous without sampling

Proof. As before, we have:

202\ Tk | + °E|| S ez, Voleb)||”
n2

E|

Gl _ :c*]ﬂ <E [ 4k

—ﬂW+ﬂ+ﬁ+R%ﬂ

)

with

ZVfU x—x)

'UEIk

2
Tf:VZVfU ), xk — )

vETLY

Ty = 20 S (Vi ah), 2 - 1),

vELy



Asynchronous SGD on Graphs

We will bound 77,75 as in the proof with the Lipschitz assumption. For the term T3, using convexity and
k 2)
Y k * 2y° 2 k—7(v,k) 2
< (206 ) (Flay) = f@) + FoTel (0 + Y |V ™7 9)|)

veV

vETLY,

2’72 272 k—7(v,k) 2
< ——= - 7(v, .
< ZLimo? + 2 (200 Y (k) - @) + Cn|Ik|§ev:HVf(xv )

vETLy

Lemma 1:

vy 2 1 _ ~
BT < L(CY |9’ + FE]2" -2

vEL

for v < 1/(nL). Then,
next(v,k+1)—1

ORAD BN Al S S SN \1¢51 D SR

k<K vey VeV k<K:weTy =k

<tmax Y Y. |VFEh|

veEV E<K:vweIy

< 2LTmax Z Z f(‘rﬁ) - f((E*),

veEV k<K:wETL)

where Tmax is an upper bound on the maximal compute delay defined as Timax = sSupj. g ZneXt vikt1)—1 |Ze|.

Thus,

2,2 2

vELy vET
+ 2O S R[5 — @] + LB [ - 5]
vETLY
2
+ 2 Lm0+ 2 (200 3D () - 1) + 2zl || w ke[,
veY

vEL

Summing over k < K, using Lemma 2 and our bound on T3, we obtain:

2% Z Z(Ef(xﬁ)_f(x*)) <E|: iO_I*H2:| 37 0' k;(|zk|+_(20+ v+ 2Tmax7 k;(y; Ef

k<K veTy
g E_ ok|?
+ Y B [ =
k<K

A 2 2 9~ 5—1 ~ 3 B2
<E[[#0 - 2| + 1+ W’O HY i+ Y %]E [l = (1] + =
k<K k<K
2y L 2Tmax
+%(2C+”y+ T Z 3 (Ef(e ),
k<K veZy

using Lemma 7 to handle the sum of the terms ka — 5(’“”2.

: 2Tmaxy? | 42 - <A x—1
Hence, provided that 2C + v + =22l + 7 < 2L’ which is verified for C = L and v < 57 X Ty e

we have:
2.2

P - || + L (3416175 ') Y I
" k<K

Ly Y ®fGh) - f@) <E|

k<K vETy

leading to, for n =~ /n:

(s £7) e

E|[2° - o]

< —t————— + 300 +*16Lo*n*p .
772k<K |Ik|
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Optimizing over n <

1 1 ; .
i X ner v Ve thus obtain that:

El (mmmz Zw)‘ =)

D?,/Lo2n2p—1

_ 0 (LD2 np !+ /M Tmax)

2/3)

k=0 vely, Zk<K |Z| Zk<K |Ik| Zk<K |Z|
O
F.2 Heterogeneous setting under sampling
Proof. As in the Lipschitz case, we have:
2vnp B R 12 2v%(0? +2¢%)p
TN (B - fah) 2[R0 - x|*] + s - YR v r@)|]
k<K k<K
+E lLLP‘“a" DN [ 0 778 I N [ 21 .
n
k<K k<K
Since losses are no longer assumed to be Lipschitz, we cannot bound this last term E [Zk <K Hx -z } by
~2B?. However, using Lemma 1,
B3 - | < 220K 2 5 5 o]
= n n vt '
k<K vEV k<K
Then,
2
E lz Z vav(xgrev(’u,k))H 1 = Z Z E ||Vf,u || ]lvezk(next(k ’U) kﬁ):|
vEV k<K vEV k<K
1
- T E[ITAGHI x - xp)
veEV k<K - Pv
r 2
=Y Y E||IVAEDI]
vev k<K
— > > nE[IvAEHI]
p“““ vEV k<K
since the random variables ||V f,(z || 1,ez, and next(k,v) — k are independent, E [1,e7,] = p, (Bernoulli
random variable) and E [next(k, v) = p% (geometric random variable). And then, as we proved before,
k2 _ AT _
Y vey ke k Dol [HVfU H } 2L2pm,w”x’C —ka + 2anVf(:vk)H + 2np¢2. Consequently,

DI S (© (") - ) < 28

2/ 2 25K
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32175 3 252
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6Pmin
32L%prax

provided that v < . Plugging Lemma 7 in here, we obtain:

_X*H2:| T 27 (0’ + 2< )Z_) (4,_)/213_'_ 3273L_pmax Z E va(jk)HQ]
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For 8vy2Lp + 192v3 L2pnaxpp 2 + 6473 LD p"“"‘ < vp which is verified for v < min (24L, 24L\/m 14L\/pmx>

Pmin

we have:
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so that
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Optimizing over admissible v’s leads to:

2 1 Pmax pmax —1 g\
LS @16 - ) =0 | (o = VBer) | [ ) | [0 I e Eap? |
K B K npK K
k<K /
O
G Proof of Theorem 4: smooth non-convex case
G.1 Homogeneous without sampling
Proof. Using L-smoothness and a virtual sequence & defined in Section B.1, we have
Ly? ’
Bt f(@1) < J@%) = 2 37 (V@) VI@h) +5 5 | 0Tl +E| Y V(e (69)
vELy vET

::Tl

We separately estimate the middle term as

1= =L N (VFEH), VEEh) = =2 3 (VIE) V) + 1 Y (V) - Vi) V@)
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1 1 L? 1 A
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<L 5 i - B s+ B2 5 b a7 2B e
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where we used that for any vectors a,b € R? it holds that —(a,b) = —1 lal® — z 161> + 2la— b||* and also it

holds that 2(a,b) < ||al|® + v~ ||b]|* for any v > 0 and we chose y = 2.
We further use Lemma 1 to estimate the last term

7, L2 2123 2
1< -2 Y [osad) - B v ||2+2—JHX’“—X’“HQ+%("“ZEU\va@?”“””“’)HD
veY

vEL

Putting this estimate of T7 back into (69) we get

. . L~y202|T, L~? 7
B f(#) < £ + LB IS o) - L ST s - B o)
vELy vELy
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Using that v < 47 we estimate
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veY

Taking the full expectation and summing over all the iterations k, we get

7 L2
> Bl s < 6 - - 2 Y SRR + 2 Y B k- x|

k<K k<K vELy k<K

Ly?o? Zk<K |Z | 2L 7
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For the third term we use Lemma 2, and for the last term we use that

next(v,k+1)—1

Z|Ik|ZHVf(IErCV(U’k))H2§Z S oviEht Y

k<K =y VeV k<K weTy, =k
2
<Tmax Y >, |[VFED)
veEV k<K:w€ETy
ncxt (v,k+1)—1

where Tiax is an upper bound on the maximal compute delay defined as Timax = SUp, g > e |Z¢|. For
estimating the third term with Lemma 2, we also use that
2
> Yu|[eaeen]< ¥ S Efwach]
k<K veTy k<K veTy
We therefore get
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We further use that the stepsize v < g ( ——+p)
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Denoting T' = ), _ x |Zi| and tuning over the stepsize vy, we get
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G.2 Heterogeneous with sampling
Proof. Using L-smoothness of f,
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Since E>° o7, va(’ ) = np Vf(@F), and E|Zi| = np. We further use that EY ||x§—5ck||2 =

2 vey Po HI - ka < Pmax HX - XkH Therefore,

Ak

ypL? _
— —-X
2

p L2 max
n<-2|viEh)| + — F|* 4 T |t —

Putting this back to (70) and summing it up over K, we get
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We use calculations from Section E.2 to further estimate the last term
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We further use Lemma 1 to estimate the term with E ||§:k — ikHQ:
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And we use calculations from Section F.2 estimating
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And (71) to estimate the last term. Therefore we get
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And
D 2 272~
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Taking the stepsize v < min{ - 510> T6L pmx} we get:
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We conclude as in the smooth convex case by tuning the stepsize and getting rid of the
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