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ABSTRACT

Recent works attribute the capability of in-context learning (ICL) in large pre-
trained language models to implicitly simulating and fine-tuning an internal model
(e.g., linear or 2-layer MLP) during inference. However, such constructions require
large memory overhead, which makes simulation of more sophisticated internal
models intractable. In this work, we propose a new efficient construction, Trans-
former in Transformer (in short, TINT), that allows a transformer to simulate
and fine-tune more complex models during inference (e.g., pre-trained language
models). In particular, we introduce innovative approximation techniques that
allow a TINT model with less than 2 billion parameters to simulate and fine-tune
a 125 million parameter transformer model within a single forward pass. TINT
accommodates many common transformer variants and its design ideas also im-
prove the efficiency of past instantiations of simple models inside transformers. We
conduct end-to-end experiments to validate the internal fine-tuning procedure of
TINT on various language modeling and downstream tasks. For example, even with
a limited one-step budget, we observe TINT for a OPT-125M model improves
performance by 4 − 16% absolute on average compared to OPT-125M. These
findings suggest that large pre-trained language models are capable of performing
intricate subroutines. To facilitate further work, a modular and extensible codebase
for TINT is included.

1 INTRODUCTION

Transformers (Vaswani et al., 2017) have brought about a revolution in language modeling, and scaling
model size has enabled significant advancements in capabilities (Brown et al., 2020; Chowdhery
et al., 2022). One such capability (Wei et al., 2022) is in-context learning (ICL), where language
models “learn” from given training exemplars in the context and subsequently predict the label of a
test example within a single inference pass.

Several works (Akyurek et al., 2022; Dai et al., 2022; von Oswald et al., 2022) propose that ICL
occurs when the large (“simulator”) model mimics and trains a smaller and simpler auxiliary model
—such as a linear or 2-layer MLP model— on the in-context data. A crucial limitation of previous
works is the large number of parameters needed for a simulator to perform such a complex subroutine
during its forward pass, which restricts the simulator to performing very few training steps on fairly
simple models. For example, simulating training of a linear layer can require tens of millions of
parameters (Akyurek et al., 2022), and extending the simulator to train a larger model would require
a simulator with trillions of parameters.

The current work shows that minor modifications to the standard transformer architecture allow it to
efficiently simulate and approximately train an internal auxiliary transformer during a single inference
pass (Section 2). We call our architecture Transformer in Transformer, or TINT in short. We show
how TINT can internally simulate and train several popular and capable Transformer models such
as GPT (Radford et al., 2019), OPT (Zhang et al., 2022), and other variants (Touvron et al., 2023;
Scao et al., 2022). TINT requires fewer than two billion parameters to internally simulate and update
an auxiliary transformer with 125 million parameters (e.g., GPT-2 or OPT-125M). The scale of
our construction is crucial to its significance, as it suggests that even transformers of moderate scale
can explicitly learn from context during inference. TINT can also be understood as a meta-learning
architecture (Finn et al., 2017; Kirsch et al., 2022). As our experiments show, TINT can adapt a small
pre-trained model on-the-fly using just the first few tokens of a given context.

1



Under review as a conference paper at ICLR 2024

Forward Modules

Last (ℓth) Backward Module

Forward Modules For Evaluation

…

…v1 v2 vK …e1 e2 e3 e4 e5 eT
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Gradient of loss wrt. y∂y

①

②③

①

Masked input embeddingse

Figure 1: The overall structure of TINT. Each Forward, Backward, and Descent module is represented
using combinations of linear, self-attention, layernorm, and activation layers. The input consists
of prefix embeddings, that represent relevant auxiliary model parameters in each layer, input token
embeddings, and a binary prefix mask to separate the train and evaluation segments of the input.
Auxiliary model parameters are updated in the descent module using the training part, and the updated
prefix tokens are transferred to the forward modules via residual connections for evaluating the rest.

We validate our approach with end-to-end experiments on many language modeling and downstream
tasks. Results demonstrate that a TINT model constructed to simulate and tune an OPT-125M model
leads to a perplexity reduction of 0.3 to 0.7 points in language modeling. Additionally, TINT learns
from in-context exemplars in the few-shot setting, resulting in an absolute gain of 12% to 16% over
the auxiliary model. TINT can also learn from the context tokens of the evaluation inputs in the
zero-shot setting, leading to an absolute performance improvement of up to 4% when no explicit
exemplars are provided (Section 3.2). To the best of our knowledge, TINT is the first simulator to
undergo such a comprehensive end-to-end evaluation on standard language tasks. In contrast, previous
studies primarily conducted probing tests on transformers pre-trained using synthetic datasets or
lacked empirical validation (Akyurek et al., 2022; von Oswald et al., 2022; Giannou et al., 2023),
likely due to the immense scale required by their constructions.

To summarize, our work improves over prior works in three crucial ways.

1. Expressiveness: We allow the auxiliary model to be a complex, general-purpose transformer,
which requires significant technical innovation beyond past work using linear and MLP auxiliary
models. TINT can internally simulate and train popular moderate- and large-scale transformers,
including OPT (Zhang et al., 2022), LLaMA (Touvron et al., 2023), BLOOM (Scao et al., 2022),
and Pythia (Biderman et al., 2023).

2. Efficiency: We focus on making TINT orders of magnitude smaller, reducing the construction size
from trillions of parameters to a few billion, despite simulating much complex auxiliary models.
This efficiency is driven by a number of approximations (see Section 2.2).

3. Empirical Validation: TINT can match the performance of fine-tuning the auxiliary model
explicitly, thereby validating the approximations used in the construction. In addition, we provide
an extensible codebase for further training and evaluation of our proposed architecture (Section 3).

2 OUR CONSTRUCTION

2.1 OVERVIEW

We design a transformer architecture, dubbed TINT, to perform the forward, backward, and parameter
update operations of a smaller so-called auxiliary model over the course of a single inference pass
(Figure 1). The first few layers of TINT simulate the forward pass, and then backpropagation and
gradient updates are performed in parallel in the next several layers of the model. The final layers of
TINT simulate another forward pass through the auxiliary model with the updated parameters, and
TINT directly outputs the result. This procedure requires that TINT has (1) read and write access to
the auxiliary model weights, and (2) read access to labelled training data.
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For (1), we read from and write to the token embeddings of the first few tokens in the input (i.e., prefix
embeddings, see Definition 2.1 and Section 2.3). For (2), we designate the first few input tokens as
training data. If the input contains in-context demonstrations, then TINT performs a natural operation:
training on in-context demonstrations and testing on the last example. However, the input can also be
standard text tokens without additional formatting or labelling, in which case TINT performs gradient
descent to adapt to the first few tokens in a context before being evaluated on the rest of the context.
This procedure is known as dynamic evaluation, which we describe in further detail in Section 3.1.

2.2 KEY COMPONENTS

Due to space constraints, we defer a complete description of the TINT to the appendix. Here, we detail
the modifications and approximations introduced in our architecture to enable efficient simulation of
training an internal auxiliary model. Experiments in Section 3 verify that these approximations do
not harm performance. Numbers in parentheses indicate the parameter saving factor when relevant.

1. Prefix embeddings (5× compared to Wei et al. (2021); Perez et al. (2021)): As described in
Section 2.3, we use the token embeddings of the first few inputs (i.e., the prefix, see Definition 2.1)
to represent the relevant auxiliary model weights at each layer.

2. Hsim-split linear operations (Hsim×): We parallelize expensive linear operations by splitting
them across attention heads (Section 2.4).

3. Linear attention: We use linear attention modules to perform the forward, backward, and gradient
operations for an auxiliary model linear layer. Softmax attention also suffices but requires more
parameters and incurs an approximation error (Theorem 2.5). We use softmax attention modules
to simulate the auxiliary model attention modules in TINT.

4. First order gradients (4×): We use the first-order term of the gradient for layer normalization
and activation functions (Section 2.5).

5. Only train the value vectors of the attention (5×): We only update and backpropagate through
the value vectors of the attention layers. TINT is designed to simulate only a few steps of
training the auxiliary model, so we expect this approximation not to drastically modify the final
performance. Our experiments in Tables 1 and 2 validate that it does not hurt performance.
Moreover, in Theorem 2.13, we formally show that under certain conditions, backpropagating
through just the value vectors can be arbitrarily accurate to standard backpropagation.

6. Parameter sharing (3× or 4×): We save 3× parameters by applying the same forward module
in TINT to simulate the query, key, and value computation of the auxiliary model’s self-attention
module (Section 2.7). Similarly, we divide the feedforward layer in the auxiliary model into 4
sub-layers and save 4× parameters by employing a single TINT module to simulate each sub-layer.

Notation: Let D denote the embedding dimension for a token and T denote the length of an input
sequence. H denotes the number of attention heads. With the exception of contextual embeddings,
we use subscripts to indicate if the quantity is from TINT or from the auxiliary model. For example,
Daux refers to the embedding dimension and Dsim refers to the TINT embedding dimension. For
contextual embeddings, we use e

(ℓ)
t ∈ RDsim to denote activations in TINT and x

(ℓ)
t ∈ RDaux to

denote activations in the auxiliary model, where ℓ is the layer and t is the sequence position. When
convenient, we drop the superscript that represents the layer index and the subscript that represents
the position index. For a matrix A, aj refers to its jth row, and for any vector b, bj refers to its jth
element. TINT uses one-hot positional embeddings {pTINT

i ∈ RTsim}i≤Tsim . For illustration, we ignore
the bias parameters here but discuss them in the appendix.

2.3 OPERATING ON AN AUXILIARY MODEL WITH PREFIX EMBEDDINGS

The straightforward way to simulate the forward pass of the auxiliary model would be to store its
weights in the simulator’s weights and run a forward pass as usual. However, this gives the simulator
no way to update the weights of the auxiliary model, since the simulator cannot modify its own
weights during a forward pass. The only way to update the auxiliary model weights is by storing
them in model activations that can be accessed and modified over the course of a forward pass.
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<latexit sha1_base64="D+PT0HdVBP9NKFgzR4YTmegMuH0=">AAACBHicbVC5TsNAEF1zhnAZKNNYREhUwY64yggoKAMihxQba73ZJKusD+2OUSLLBQ2/QkMBQrR8BB1/wzpxAQlPGunpvRnNzPMiziSY5re2sLi0vLJaWCuub2xubes7u00ZxoLQBgl5KNoelpSzgDaAAaftSFDse5y2vOFl5rceqJAsDO5gHFHHx/2A9RjBoCRXL9k+hoHnJbfpfXLl2kBHkOB4lB5VU1cvmxVzAmOeWDkpoxx1V/+yuyGJfRoA4VjKjmVG4CRYACOcpkU7ljTCZIj7tKNogH0qnWTyRGocKKVr9EKhKgBjov6eSLAv5dj3VGd2spz1MvE/rxND79xJWBDFQAMyXdSLuQGhkSVidJmgBPhYEUwEU7caZIAFJqByK6oQrNmX50mzWrFOKyc3x+XaRR5HAZXQPjpEFjpDNXSN6qiBCHpEz+gVvWlP2ov2rn1MWxe0fGYP/YH2+QNoYZiY</latexit>

RDaux/2
<latexit sha1_base64="pfOpb8WsWBm0Uqn8im74Fhp8TVM=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiTF17KoC5dV7AOaGCbTaTt08mDmRlpCwI2/4saFIm79CXf+jZM2C209cOFwzr3ce48XcSbBNL+1wsLi0vJKcbW0tr6xuaVv7zRlGAtCGyTkoWh7WFLOAtoABpy2I0Gx73Ha8oaXmd96oEKyMLiDcUQdH/cD1mMEg5Jcfc/2MQw8L7lN75PqlWsDHUGC41GaunrZrJgTGPPEykkZ5ai7+pfdDUns0wAIx1J2LDMCJ8ECGOE0LdmxpBEmQ9ynHUUD7FPpJJMfUuNQKV2jFwpVARgT9fdEgn0px76nOrOL5ayXif95nRh6507CgigGGpDpol7MDQiNLBCjywQlwMeKYCKYutUgAywwARVbSYVgzb48T5rVinVaObk5Ltcu8jiKaB8doCNkoTNUQ9eojhqIoEf0jF7Rm/akvWjv2se0taDlM7voD7TPH+7amF8=</latexit>

R2Daux

Query

<latexit sha1_base64="PGhSx5KLsEvjaIy6kRzifp7yMt0=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclYn4WhbduKxgH9BOSybNtKGZzJBkLGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WHBtXPfbWVldW9/YLGwVt3d29/ZLB4cNHSWKsjqNRKRaPtFMcMnqhhvBWrFiJPQFa/qju8xvPjGleSQfzSRmXkgGkgecEmOlbickZugH6Xjaw13cK5XdijsDWiY4J2XIUeuVvjr9iCYhk4YKonUbu7HxUqIMp4JNi51Es5jQERmwtqWShEx76Sz1FJ1apY+CSNknDZqpvzdSEmo9CX07maXUi14m/ue1ExPceCmXcWKYpPNDQSKQiVBWAepzxagRE0sIVdxmRXRIFKHGFlW0JeDFLy+TxnkFX1UuHy7K1du8jgIcwwmcAYZrqMI91KAOFBQ8wyu8OWPnxXl3PuajK06+cwR/4Hz+AFjSkmw=</latexit>

w1
1

<latexit sha1_base64="bkCORPljh6VgQU7MONrKd+LuLuM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTF17LoxmUF+4A2LZPppB06mYSZiaWE/ocbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3uUv99hOVioXiUc8i6gZ4JJjPCNZG6vcCrMeen0znA6dfG5QrdtXOgFaJk5MK5GgMyl+9YUjigApNOFaq69iRdhMsNSOczku9WNEIkwke0a6hAgdUuUmWeo7OjDJEfijNExpl6u+NBAdKzQLPTKYp1bKXiv953Vj7N27CRBRrKsjikB9zpEOUVoCGTFKi+cwQTCQzWREZY4mJNkWVTAnO8pdXSatWda6qlw8XlfptXkcRTuAUzsGBa6jDPTSgCQQkPMMrvFlT68V6tz4WowUr3zmGP7A+fwBaVpJt</latexit>

w2
1

<latexit sha1_base64="Clqf7y03xI4KBJzh9jvV+rFMjdM=">AAAB9XicbVC7TsMwFL0pr1JeAUYWiwqJqUp4jxUsjEWiD6lNK8d1WquOE9kOVRX1P1gYQIiVf2Hjb3DaDNByJEtH59yre3z8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7oLvObT1QqFolHPYmpF+KBYAEjWBup2wmxHvpBOp723O55zy47FWcGtEzcnJQhR61nf3X6EUlCKjThWKm268TaS7HUjHA6LXUSRWNMRnhA24YKHFLlpbPUU3RilD4KImme0Gim/t5IcajUJPTNZJZSLXqZ+J/XTnRw46VMxImmgswPBQlHOkJZBajPJCWaTwzBRDKTFZEhlphoU1TJlOAufnmZNM4q7lXl8uGiXL3N6yjCERzDKbhwDVW4hxrUgYCEZ3iFN2tsvVjv1sd8tGDlO4fwB9bnD1vakm4=</latexit>

w3
1

<latexit sha1_base64="HKNNu92N2/kMvPV/O8VlEmMZZq8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTF17LoxmUF+4A2LZPppB06mYSZiaWE/ocbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3uUv99hOVioXiUc8i6gZ4JJjPCNZG6vcCrMeen0zng1rfGZQrdtXOgFaJk5MK5GgMyl+9YUjigApNOFaq69iRdhMsNSOczku9WNEIkwke0a6hAgdUuUmWeo7OjDJEfijNExpl6u+NBAdKzQLPTKYp1bKXiv953Vj7N27CRBRrKsjikB9zpEOUVoCGTFKi+cwQTCQzWREZY4mJNkWVTAnO8pdXSatWda6qlw8XlfptXkcRTuAUzsGBa6jDPTSgCQQkPMMrvFlT68V6tz4WowUr3zmGP7A+fwBaWJJt</latexit>

w1
2

<latexit sha1_base64="EwxIItqadZpnFqmdHsyWH5UQjU0=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTF17LoxmUF+4A2LZPppB06mYSZiaWE/ocbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3uUv99hOVioXiUc8i6gZ4JJjPCNZG6vcCrMeen0zng1q/NihX7KqdAa0SJycVyNEYlL96w5DEARWacKxU17Ej7SZYakY4nZd6saIRJhM8ol1DBQ6ocpMs9RydGWWI/FCaJzTK1N8bCQ6UmgWemUxTqmUvFf/zurH2b9yEiSjWVJDFIT/mSIcorQANmaRE85khmEhmsiIyxhITbYoqmRKc5S+vklat6lxVLx8uKvXbvI4inMApnIMD11CHe2hAEwhIeIZXeLOm1ov1bn0sRgtWvnMMf2B9/gBb3JJu</latexit>

w2
2

<latexit sha1_base64="xFmm75Slb2bMMW9j9cBwsTqvFAY=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxRWYQH0uiG5eYyCOBgXRKBxo6nUnbkZAJ/+HGhca49V/c+Td2YBYKnqTJyTn35p4eL+JMadv+tnJr6xubW/ntws7u3v5B8fCoqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vfJf6rScqFQvFo55G1A3wUDCfEayN1OsGWI88P5nM+pXeRb9Yssv2HGiVOBkpQYZ6v/jVHYQkDqjQhGOlOo4daTfBUjPC6azQjRWNMBnjIe0YKnBAlZvMU8/QmVEGyA+leUKjufp7I8GBUtPAM5NpSrXspeJ/XifW/o2bMBHFmgqyOOTHHOkQpRWgAZOUaD41BBPJTFZERlhiok1RBVOCs/zlVdKslJ2r8uVDtVS7zerIwwmcwjk4cA01uIc6NICAhGd4hTdrYr1Y79bHYjRnZTvH8AfW5w9dYJJv</latexit>

w3
2

<latexit sha1_base64="CwdxfBTxtKPZ11JJnOg6RR6D9uw=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEfC2LunBZwT6grWEynbRDJ5MwM1FLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zPEiRqWy7W+jMDe/sLhUXC6trK6tb5ibWw0ZxgKTOg5ZKFoekoRRTuqKKkZakSAo8BhpesOLzG/eESFpyG/UKCLdAPU59SlGSkuuudMJkBp4fnKfusmlm6D4IU1vHdcs2xV7DGuWODkpQ46aa351eiGOA8IVZkjKtmNHqpsgoShmJC11YkkihIeoT9qachQQ2U3G+VNrXys9yw+FflxZY/X3RoICKUeBpyeztHLay8T/vHas/LNuQnkUK8Lx5JAfM0uFVlaG1aOCYMVGmiAsqM5q4QESCCtdWUmX4Ex/eZY0DivOSeX4+qhcPc/rKMIu7MEBOHAKVbiCGtQBwyM8wyu8GU/Gi/FufExGC0a+sw1/YHz+AMuWlp0=</latexit>

w1
Daux

<latexit sha1_base64="qyryFYHPBZVZNBuBL9OKS95+aks=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyUpvpZFXbisYB/QxjCZTtqhkwczE7XELPwVNy4UcetvuPNvnLRdaOuBgcM593LPHC/mTCrL+jbm5hcWl5YLK8XVtfWNTXNruyGjRBBaJxGPRMvDknIW0rpiitNWLCgOPE6b3uAi95t3VEgWhTdqGFMnwL2Q+YxgpSXX3O0EWPU9P73P3PTSTXHykGW3FdcsWWVrBDRL7AkpwQQ11/zqdCOSBDRUhGMp27YVKyfFQjHCaVbsJJLGmAxwj7Y1DXFApZOO8mfoQCtd5EdCv1Chkfp7I8WBlMPA05N5Wjnt5eJ/XjtR/pmTsjBOFA3J+JCfcKQilJeBukxQovhQE0wE01kR6WOBidKVFXUJ9vSXZ0mjUrZPysfXR6Xq+aSOAuzBPhyCDadQhSuoQR0IPMIzvMKb8WS8GO/Gx3h0zpjs7MAfGJ8/zRqWng==</latexit>

w2
Daux

<latexit sha1_base64="sGh5tC3Z2FChoJ12D91gLmW5EnM=">AAAB/3icbVC7TsMwFL3hWcorgMTCYlEhMVUJ77ECBsYi0YfUlshxndaq85DtAFXIwK+wMIAQK7/Bxt/gtBmg5UiWjs65V/f4uBFnUlnWtzEzOze/sFhYKi6vrK6tmxubdRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwBxeZ37ijQrIwuFHDiHZ83AuYxwhWWnLM7baPVd/1kvvUSS6dBMcPaXp76Jglq2yNgKaJnZMS5Kg65le7G5LYp4EiHEvZsq1IdRIsFCOcpsV2LGmEyQD3aEvTAPtUdpJR/hTtaaWLvFDoFyg0Un9vJNiXcui7ejJLKye9TPzPa8XKO+skLIhiRQMyPuTFHKkQZWWgLhOUKD7UBBPBdFZE+lhgonRlRV2CPfnlaVI/KNsn5ePro1LlPK+jADuwC/tgwylU4AqqUAMCj/AMr/BmPBkvxrvxMR6dMfKdLfgD4/MHzp6Wnw==</latexit>

w3
Daux

<latexit sha1_base64="PGhSx5KLsEvjaIy6kRzifp7yMt0=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclYn4WhbduKxgH9BOSybNtKGZzJBkLGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WHBtXPfbWVldW9/YLGwVt3d29/ZLB4cNHSWKsjqNRKRaPtFMcMnqhhvBWrFiJPQFa/qju8xvPjGleSQfzSRmXkgGkgecEmOlbickZugH6Xjaw13cK5XdijsDWiY4J2XIUeuVvjr9iCYhk4YKonUbu7HxUqIMp4JNi51Es5jQERmwtqWShEx76Sz1FJ1apY+CSNknDZqpvzdSEmo9CX07maXUi14m/ue1ExPceCmXcWKYpPNDQSKQiVBWAepzxagRE0sIVdxmRXRIFKHGFlW0JeDFLy+TxnkFX1UuHy7K1du8jgIcwwmcAYZrqMI91KAOFBQ8wyu8OWPnxXl3PuajK06+cwR/4Hz+AFjSkmw=</latexit>

w1
1

<latexit sha1_base64="bkCORPljh6VgQU7MONrKd+LuLuM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTF17LoxmUF+4A2LZPppB06mYSZiaWE/ocbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3uUv99hOVioXiUc8i6gZ4JJjPCNZG6vcCrMeen0znA6dfG5QrdtXOgFaJk5MK5GgMyl+9YUjigApNOFaq69iRdhMsNSOczku9WNEIkwke0a6hAgdUuUmWeo7OjDJEfijNExpl6u+NBAdKzQLPTKYp1bKXiv953Vj7N27CRBRrKsjikB9zpEOUVoCGTFKi+cwQTCQzWREZY4mJNkWVTAnO8pdXSatWda6qlw8XlfptXkcRTuAUzsGBa6jDPTSgCQQkPMMrvFlT68V6tz4WowUr3zmGP7A+fwBaVpJt</latexit>

w2
1

<latexit sha1_base64="Clqf7y03xI4KBJzh9jvV+rFMjdM=">AAAB9XicbVC7TsMwFL0pr1JeAUYWiwqJqUp4jxUsjEWiD6lNK8d1WquOE9kOVRX1P1gYQIiVf2Hjb3DaDNByJEtH59yre3z8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7oLvObT1QqFolHPYmpF+KBYAEjWBup2wmxHvpBOp723O55zy47FWcGtEzcnJQhR61nf3X6EUlCKjThWKm268TaS7HUjHA6LXUSRWNMRnhA24YKHFLlpbPUU3RilD4KImme0Gim/t5IcajUJPTNZJZSLXqZ+J/XTnRw46VMxImmgswPBQlHOkJZBajPJCWaTwzBRDKTFZEhlphoU1TJlOAufnmZNM4q7lXl8uGiXL3N6yjCERzDKbhwDVW4hxrUgYCEZ3iFN2tsvVjv1sd8tGDlO4fwB9bnD1vakm4=</latexit>

w3
1

<latexit sha1_base64="HKNNu92N2/kMvPV/O8VlEmMZZq8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTF17LoxmUF+4A2LZPppB06mYSZiaWE/ocbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3uUv99hOVioXiUc8i6gZ4JJjPCNZG6vcCrMeen0zng1rfGZQrdtXOgFaJk5MK5GgMyl+9YUjigApNOFaq69iRdhMsNSOczku9WNEIkwke0a6hAgdUuUmWeo7OjDJEfijNExpl6u+NBAdKzQLPTKYp1bKXiv953Vj7N27CRBRrKsjikB9zpEOUVoCGTFKi+cwQTCQzWREZY4mJNkWVTAnO8pdXSatWda6qlw8XlfptXkcRTuAUzsGBa6jDPTSgCQQkPMMrvFlT68V6tz4WowUr3zmGP7A+fwBaWJJt</latexit>

w1
2

<latexit sha1_base64="EwxIItqadZpnFqmdHsyWH5UQjU0=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTF17LoxmUF+4A2LZPppB06mYSZiaWE/ocbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3uUv99hOVioXiUc8i6gZ4JJjPCNZG6vcCrMeen0zng1q/NihX7KqdAa0SJycVyNEYlL96w5DEARWacKxU17Ej7SZYakY4nZd6saIRJhM8ol1DBQ6ocpMs9RydGWWI/FCaJzTK1N8bCQ6UmgWemUxTqmUvFf/zurH2b9yEiSjWVJDFIT/mSIcorQANmaRE85khmEhmsiIyxhITbYoqmRKc5S+vklat6lxVLx8uKvXbvI4inMApnIMD11CHe2hAEwhIeIZXeLOm1ov1bn0sRgtWvnMMf2B9/gBb3JJu</latexit>

w2
2

<latexit sha1_base64="xFmm75Slb2bMMW9j9cBwsTqvFAY=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxRWYQH0uiG5eYyCOBgXRKBxo6nUnbkZAJ/+HGhca49V/c+Td2YBYKnqTJyTn35p4eL+JMadv+tnJr6xubW/ntws7u3v5B8fCoqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vfJf6rScqFQvFo55G1A3wUDCfEayN1OsGWI88P5nM+pXeRb9Yssv2HGiVOBkpQYZ6v/jVHYQkDqjQhGOlOo4daTfBUjPC6azQjRWNMBnjIe0YKnBAlZvMU8/QmVEGyA+leUKjufp7I8GBUtPAM5NpSrXspeJ/XifW/o2bMBHFmgqyOOTHHOkQpRWgAZOUaD41BBPJTFZERlhiok1RBVOCs/zlVdKslJ2r8uVDtVS7zerIwwmcwjk4cA01uIc6NICAhGd4hTdrYr1Y79bHYjRnZTvH8AfW5w9dYJJv</latexit>

w3
2

<latexit sha1_base64="CwdxfBTxtKPZ11JJnOg6RR6D9uw=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEfC2LunBZwT6grWEynbRDJ5MwM1FLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zPEiRqWy7W+jMDe/sLhUXC6trK6tb5ibWw0ZxgKTOg5ZKFoekoRRTuqKKkZakSAo8BhpesOLzG/eESFpyG/UKCLdAPU59SlGSkuuudMJkBp4fnKfusmlm6D4IU1vHdcs2xV7DGuWODkpQ46aa351eiGOA8IVZkjKtmNHqpsgoShmJC11YkkihIeoT9qachQQ2U3G+VNrXys9yw+FflxZY/X3RoICKUeBpyeztHLay8T/vHas/LNuQnkUK8Lx5JAfM0uFVlaG1aOCYMVGmiAsqM5q4QESCCtdWUmX4Ex/eZY0DivOSeX4+qhcPc/rKMIu7MEBOHAKVbiCGtQBwyM8wyu8GU/Gi/FufExGC0a+sw1/YHz+AMuWlp0=</latexit>

w1
Daux

<latexit sha1_base64="qyryFYHPBZVZNBuBL9OKS95+aks=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyUpvpZFXbisYB/QxjCZTtqhkwczE7XELPwVNy4UcetvuPNvnLRdaOuBgcM593LPHC/mTCrL+jbm5hcWl5YLK8XVtfWNTXNruyGjRBBaJxGPRMvDknIW0rpiitNWLCgOPE6b3uAi95t3VEgWhTdqGFMnwL2Q+YxgpSXX3O0EWPU9P73P3PTSTXHykGW3FdcsWWVrBDRL7AkpwQQ11/zqdCOSBDRUhGMp27YVKyfFQjHCaVbsJJLGmAxwj7Y1DXFApZOO8mfoQCtd5EdCv1Chkfp7I8WBlMPA05N5Wjnt5eJ/XjtR/pmTsjBOFA3J+JCfcKQilJeBukxQovhQE0wE01kR6WOBidKVFXUJ9vSXZ0mjUrZPysfXR6Xq+aSOAuzBPhyCDadQhSuoQR0IPMIzvMKb8WS8GO/Gx3h0zpjs7MAfGJ8/zRqWng==</latexit>

w2
Daux

<latexit sha1_base64="sGh5tC3Z2FChoJ12D91gLmW5EnM=">AAAB/3icbVC7TsMwFL3hWcorgMTCYlEhMVUJ77ECBsYi0YfUlshxndaq85DtAFXIwK+wMIAQK7/Bxt/gtBmg5UiWjs65V/f4uBFnUlnWtzEzOze/sFhYKi6vrK6tmxubdRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwBxeZ37ijQrIwuFHDiHZ83AuYxwhWWnLM7baPVd/1kvvUSS6dBMcPaXp76Jglq2yNgKaJnZMS5Kg65le7G5LYp4EiHEvZsq1IdRIsFCOcpsV2LGmEyQD3aEvTAPtUdpJR/hTtaaWLvFDoFyg0Un9vJNiXcui7ejJLKye9TPzPa8XKO+skLIhiRQMyPuTFHKkQZWWgLhOUKD7UBBPBdFZE+lhgonRlRV2CPfnlaVI/KNsn5ePro1LlPK+jADuwC/tgwylU4AqqUAMCj/AMr/BmPBkvxrvxMR6dMfKdLfgD4/MHzp6Wnw==</latexit>

w3
Daux

<latexit sha1_base64="PhI3r/LZa+9TIu2xbUepgSHqUIg=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KIt6WRTcuK9gLtCFMppN26GQSZiZiCdn4Km5cKOLWx3Dn2zhtI2jrDwMf/zmHOecPEs6Udpwva2FxaXlltbRWXt/Y3Nq2d3abKk4loQ0S81i2A6woZ4I2NNOcthNJcRRw2gqG1+N6655KxWJxp0cJ9SLcFyxkBGtj+fZ+N8J6EIRZK0c/+JD72rcrTtWZCM2DW0AFCtV9+7Pbi0kaUaEJx0p1XCfRXoalZoTTvNxNFU0wGeI+7RgUOKLKyyYH5OjIOD0UxtI8odHE/T2R4UipURSYzvGOarY2Nv+rdVIdXnoZE0mqqSDTj8KUIx2jcRqoxyQlmo8MYCKZ2RWRAZaYaJNZ2YTgzp48D82TqntePbs9rdSuijhKcACHcAwuXEANbqAODSCQwxO8wKv1aD1bb9b7tHXBKmb24I+sj29ZC5bp</latexit>

Wxt
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Figure 2: TINT simulates the forward pass of a linear layer as a H-head (H = 6 here) attention
layer, with parameters of the auxiliary model as the key, the encodings of input tokens as the query,
and the positional one-hot vector of the prefix embeddings as the value. We omitted the identical
transformation for key, query, and value matrices for simplicity.

Wei et al. (2021); Perez et al. (2021) model the simulator after a Turing machine, where each
e
(ℓ)
t ∈ RDsim acts as a workspace for operations, and data is copied between workspaces and memory

using attention operations. Memory can either be allocated in a token embedding, thereby increasing
the embedding size Dsim (Akyurek et al., 2022), or passed into the model as additional tokens,
thereby increasing the simulator’s input sequence length Tsim. Both strategies increase the size of
the construction, and using attention modules for copy operations results in a drastic scaling. For
example, if Daux = 768, a dot product with weight w ∈ R768, i.e. ⟨w,x

(ℓ)
t ⟩, requires at least 8.7

million parameters in the simulator1.

Alternatively, storing memory as context tokens and allowing the attention modules to attend to those
tokens removes the need for copying operations (Giannou et al., 2023). Then, a dot product with
weight w ∈ R768, i.e. ⟨w,x

(ℓ)
t ⟩, requires 1.7 million parameters only. Naive implementation is

problematic since the TINT attention module grows quadratically with the sequence length Tsim. We
thus define prefix embeddings in TINT to contain only the relevant auxiliary parameters at each layer.

Definition 2.1 (Prefix Embeddings). {v(ℓ)
j }Kj=1 denotes the K prefix embeddings at the ℓth layer in

TINT. These contain relevant auxiliary model weights or simulated activations.

Prefix embeddings permit efficient parallelizaton across attention heads while keeping the embedding
dimension Dsim small, as we demonstrate below.

2.4 STACKING IN PREFIX-TOKENS, HSIM-SPLIT LINEAR OPERATIONS AND LINEAR ATTENTION

We motivate three parameter-efficient techniques using a Daux ×Daux linear layer as a case study.
The linear layer is applied token-wise, so we consider a single position t without loss of generality.

Definition 2.2 (Linear layer). For a weight W ∈ RDaux×Daux , a linear layer takes x ∈ RDaux as input
and outputs y = Wx.

Stacking: We compute ⟨wi,xt⟩ for all i ∈ [Daux], where wi denotes the ith row of W . To do
so, the TINT input embedding et must contain xt in its first Daux coordinates, and the weights
{wi} are in prefix embeddings {vj} (Definition 2.1). A first attempt is to put each wi in its own
vi vector, which requires K = Daux prefix embeddings at the start of the sequence. For GPT-2,
Daux = 768, so this strategy will not allow the TINT to accept many standard language context
tokens; moreover, the attention modules in the TINT will grow quadratically with input length.
Therefore, we stack S weights on top of each other to form each prefix embedding vi. S drives a
trade-off between the embedding dimension of the TINT, Dsim := DauxS, and the context length to
the TINT, Tsim := K + Taux. We set S = 4.

1The copy attention will require 1.7 million pdarameters, while the dot product with a feedforward module
(following Akyurek et al. (2022)) will require > 7 million parameters.
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Attention Module: We use a self-attention module in TINT to compute the matrix-vector product.
We modify the usual attention layer to also include the one-hot position embeddings {pTINT

i ∈
RTsim}i≤Tsim . Here, we use a single attention head (see Definition A.1 for multi-head attention).

Definition 2.3 (TINT self-attention with single head). For parameters {W TINT
Q ,W TINT

K ,W TINT
V ∈

RDsim×Dsim}, {W p
Q,W

p
K ,W p

V ∈ RDsim×Tsim}, the self-attention layer with single attention head
and a function fattn : RTsim → RTsim takes a sequence {êt ∈ RDsim}t≤Tsim as input and outputs
{ẽt ∈ RDsim}t≤Tsim , such that

ẽt =
∑

j≤Tsim

at,jvj , where at,j = fattn(Kqt)j ,

qt = W TINT
Q êt +W p

Qpt, kt = W TINT
K êt +W p

Kpt, vt = W TINT
V êt +W p

V pt for all t ≤ Tsim,

and K ∈ RTsim×Dsim is the key matrix defined with its rows as {kt}t≤Tsim .

qt,kt,vt are the query, key, and value vectors at position t, and at,j is the attention score between
tokens at position t and j. fattn can be either linear or softmax functions, and the corresponding
layers are referred to as linear and softmax self-attention respectively.
Remark 2.4. In order to compute and backpropagate the loss during inference, the self-attention
layers in TINT need to be non-causal on the first few tokens of the input.2 Explicit masks apply
bidirectional attention to the input to backpropagate auxiliary self-attention layers (Section 2.6).

TINT Linear Forward module (Figure 2): A first attempt would be to use different attention
heads to operate on different rows; however, this uses S attention heads whereas large transformers
usually have many more heads. Moreover, the output from the multi-head attention would need to be
reorganized by a Dsim ×Dsim linear layer before it could be reduced efficiently via summation. We
instead parallelize across more attention heads to ensure the resulting output can easily be compiled:
crucially, we shard each individual weight into S′ parts. We set S and S′ such that Hsim = S × S′,
using all available heads to parallelize the dot products.

Hsim-split linear operations (Appendix B.1): The output resulting from the attention module has
shape (Dsim/Hsim) × Hsim and is sparse. To complete linear forward pass, we need to sum and
aggregate the appropriate terms to form a Dsim-length vector with Wx in the first Daux coordinates.
Straightforwardly summing along an axis aggregates incorrect terms, since the model was sharded.
Rearranging the entire matrix to enable easy summation requires an additional Dsim ×Dsim linear
layer. But we can save a Hsim× parameters by leveraging the local structure of the attention output.
We space out the results across the Dsim/Hsim rows and then sum along the Hsim columns to get the
desired Dsim-length vector. This requires D2

sim/Hsim +DsimHsim parameters. Note that leveraging
local structure also compresses the constructions for the TINT’s backpropagation modules of layer
normalization and activation operations (Appendices D and E).

Linear Attention: The above construction uses a linear attention mechanism instead of the canonical
softmax. Here, we show that any linear attention module with bounded entries can be approximated
by softmax attention with a few additional parameters. Thus, we often use linear attention in TINT.

Theorem 2.5 (Informal, c.f. Theorem A.2). For any ϵ > 0, B > 0, and a linear attention module
with H heads and bounded parameters, there exists a softmax attention module with 2Hsim attention
heads and 4× additional parameters, such that on every sequence of inputs with B-bounded norm,
the output sequences of the softmax attention and the linear attention differ by O(ϵ) at each position.

2.5 FIRST ORDER GRADIENTS FOR LAYER NORMALIZATION

Below, we show that computing exact gradients for layer normalization is expensive, so we efficiently
approximate backpropagation by computing the dominating term.

Definition 2.6. [Layer Normalization] Define a normalization function f : Rd → Rd that performs
f(x) = (x − µ)/σ, where µ and σ are the mean and standard deviation of x, respectively. Then,
layer normalization with parameters γ, b ∈ RDaux takes as input x ∈ RDaux and outputs y ∈ RDaux ,
which is computed as z = f(x),y = γ ⊙ z + b.

2Similar prefix models have been developed in (Raffel et al., 2020; Liu et al., 2018).
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Definition 2.7. [Exact Gradient for Layer Normalization] Using notations in Definition 2.6, given the
gradient of the loss w.r.t the output of the Layer Normalization ∂y , backpropagation computes ∂x as

∂x = (∂z −Daux
−1

Daux∑

i=1

∂zi − ⟨∂z, z⟩z)/σ ∂z = γ ⊙ ∂y.

Exact backpropagation is expensive because ⟨∂z, z⟩z requires using at least two sequential MLPs. We
thus approximate it with a first-order Taylor expansion, which is entry-wise close to the true gradient.

Definition 2.8. [ϵ-approximate Layer Normalization Gradient] With notations defined above, this
layer takes ∂y,x ∈ RDaux as input and outputs ∂̂x = 1

ϵ (f(x+ ϵγ ⊙ ∂y)− f(x)).

Theorem 2.9 (Informal, c.f. Thm D.1). With bounded ℓ2-norms of x, ∂y , γ, b,
∥∥∥∂x − ∂̂x

∥∥∥
∞
≤ O(ϵ).

This approximation only works for symmetric Jacobian, so it does not apply when backpropagating
the linear and self-attention layers. We use a TINT module with 2 linear layers, separated by Group
Normalization (Wu and He, 2018), to compute ∂̂x, resulting in a 4× parameter reduction.

2.6 BACKPROPAGATION THROUGH ATTENTION VALUE VECTORS

For simplicity, we show a single head self-attention layer (multi-head attention is in Appendix C). The
self-attention in the auxiliary model is the same as in TINT (Definition 2.3) without a position vector.

Definition 2.10 (Auxiliary model softmax self-attention). A self-attention layer with parameters
{WQ,WK ,WV } takes a sequence {xt}t≤Taux and outputs a sequence {yt}t≤Taux , such that

yt =
∑

j

at,jvj , with at,j = softmax(Kqt)j , qt = WQxt, kt = WKxt, vt = WV xt,

for all t ≤ Taux, and K ∈ RTaux×Daux defined with rows {kt}Taux
t=1.

Definition 2.11 (Exact gradient for softmax self-attention). Given the gradients of the loss w.r.t the
output sequence {∂yt}Tt=1, backpropagation computes {∂xt}Tt=1, with

∂xt
= W⊤

Q ∂qt
+W⊤

K ∂kt
+W⊤

V ∂vt
, ∂vt

=
∑

j

aj,t∂yj
,

∂qt
:=
∑

j

at,j((∂yt
)⊤vj)[kj −

∑

j′

at,j′kj′ ], ∂kt
:=
∑

j

at,j((∂yt
)⊤(vj −

∑

j′

at,j′vj′))qj

for all t ≤ Taux, with K ∈ RTaux×Daux defined with rows {kt}Taux
t=1.

The computation of ∂qt :=
∑

j at,j((∂yt)
⊤vj)[kj−

∑
j′ at,j′kj′ ] (and similarly ∂kt ) requires at least

2 self-attention layers and an MLP layer , as we must compute and multiply attention scores at,j and
(∂yt

)⊤vj before computing ∂qt
. Thus, we only update the self-attention using the gradients w.r.t. vt.

Definition 2.12 (Approximate Self-Attention Backpropagation). With the notations defined above,
this layer takes a sequence {∂yt ∈ RDaux}t≤Taux and {xt ∈ RDaux}t≤Taux as input and outputs
{∂̂xt
}t≤T , with ∂̂xt

= W⊤
V ∂vt

, where ∂vt
=
∑

j aj,t∂yj
.

We formally show that when the attention head for each position pays a lot of attention to a single
token (i.e., behaves like hard attention (Perez et al., 2021)), ∂̂xt

is entry-wise close to ∂xt
for all t.

Computing {∂̂xt
}Tt=1 instead of {∂xt

}Tt=1 induces a 5× parameter reduction.

Theorem 2.13 (Informal, c.f. Theorem C.4). If on input sequence {xt}t≤Taux , the attention scores
are ε-close to a hard-attention at each position, then for all t, ∥∂xt − ∂̂xt∥ ≤ O(ε).
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Review: goes	to	absurd	lengths.
Sentiment:	Negative

Example	1

Review:	contains	no	wit	,	only	labored	gags	.
Sentiment:	Negative

Example	2

Review:	the	greatest	musicians
Sentiment:	Positive

Example	3

Review: goes	to	absurd	lengths.
Sentiment:	Negative

Review:	contains	no	wit	,	only	labored	gags	.
Sentiment:	Negative

Review:	the	greatest	musicians
Sentiment:	Positive

Example	1
Single Multi.

Figure 3: This illustration showcases different settings in few-shot learning (k = 3) using TINT. The
Single mode (left) has one example for each input, and the auxiliary model is updated with a batch of
inputs. The Multi. mode (right) concatenates all examples to form a single input. For Label loss,
only underlined label words are used for internal training, while full context loss includes all tokens.

2.7 PARAMETER SHARING IN THE TINT

Consider the self-attention layer (Section 2.6). The relevant TINT module performs linear operations
with WQ,WK ,WV to compute query, key, and value vectors at each position t (Definition 2.2) and
hence can be simulated with the Linear Forward module (Section 2.4). We additionally leverage
parameter sharing to apply a single Linear Forward module for each of the three computations, chang-
ing only the prefix embeddings to correspond to WQ, WK , or WV . Applying the same structure to
feed-forward linear layers results in a 4× reduction in the number of necessary modules (Appendix G).

3 EXPERIMENTS

We conduct experiments on TINT constructed using GPT2 and OPT-125M as auxiliary models to
validate that the approximations introduced (Section 2.2) do not significantly harm the capability of
TINT to simulate and train an internal model.

3.1 EXPERIMENTAL SETUP

We introduce dynamic evaluation (Krause et al., 2019), which updates the model with a segment of
the input and evaluates the updated model on the rest of the input.
Definition 3.1 (Dynamic Evaluation (Krause et al., 2019)). For a sequence s ∈ S of T tokens
s1, .., sT and hyperparameters i and η, dynamic evaluation of any model f with parameters θ ∈ Θ is
defined as follows. Let L : {S,Θ} → R be the cross-entropy language modeling loss. Compute

θ′ = θ − η∇θL((s1, ..., si), θ).
Then, the dynamic evaluation loss is L((si+1, ..., sT ), θ

′). For in-context learning, the first i examples
are used to update the parameters.

For example, suppose we perform dynamic evaluation with i = 5 using the cross-entropy objective on
Machine learning is a useful tool for solving problems. The red part is used to update the pre-trained
model, and the brown part is used for evaluation. This operation is equivalent to TINTinference,
which implicitly updates a model on the red portion during the forward pass and then evaluates the
updated model on the brown portion. Therefore, we use dynamic evaluation as a baseline for TINT:
matching dynamic evaluation performance provides strong evidence that TINT closely approximates
explicitly fine-tuning the auxiliary model.

Tasks: We perform language modeling experiments on Wikitext-103 (Merity et al., 2016) and
evaluate on 7 downstream tasks in zero-shot and few-shot settings: SST-2 (Socher et al., 2013), MR
(Pang and Lee, 2004), CR (Hu and Liu, 2004), MPQA (Wiebe et al., 2005), Amazon Polarity (Zhang
et al., 2015), AGNews (Zhang et al., 2015), and Subj (Pang and Lee, 2005).

Model: We compare a TINT model that tunes an OPT-125M pre-trained model internally to dynamic
evaluation of OPT-125M and standard evaluation of OPT-1.3B.3 Given a downstream task input

3Our construction is generally applicable to diverse variants of pre-trained language models (Appendix I).
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Table 1: Language modeling results on WIKITEXT-103. We use 30%, 50%, 70% and 90% of
sequences for training in dynamic eval and TINT and the rest of the sequence for evaluation.
TINT improves upon the auxiliary model perplexities by 0.3− 0.7 absolute on average. The small
perplexity difference between the TINTand dynamic evaluation suggests that the approximations
introduced in the descent algorithm (Section 2.2) can still effectively fine-tune the auxiliary model.

GPT2 OPT-125m

Training proportion 30% 50% 70% 90% 30% 50% 70% 90%

VANILLA MODEL 25.6 24.9 24.5 23.3 29.6 28.8 28.0 28.0
DYNA. EVAL 24.9 24.0 23.5 22.2 29.0 28.2 27.4 27.4
TINT 25.1 24.3 23.8 22.6 29.3 28.4 27.5 27.4

(e.g., a movie review), the model’s predicted label is computed as follows. First, we design a simple
task-specific prompt (e.g., “Sentiment:”) and select label words c1, ..., cn to serve as surrogates for
each class (e.g., “positive” and “negative”). Then, we provide the input along with the prompt to the
model, and the label word assigned the highest probability is treated as the model’s prediction. If using
calibration, then the probabilities are normalized using just the prompt as input.4 Mathematically, the
model’s prediction is computed as

No calibration: argmax
ci

Pr[ci | input, prompt] Calibration: argmax
ci

Pr[ci | input, prompt]
Pr[ci | prompt]

This is a widely used calibration technique (Holtzman et al., 2021) for prompting language models.

Settings (Figure 3): We explore the following settings in downstream tasks: 1) Single and Multi.:
We finetune the auxiliary model using either separate single examples or concatenated examples
within each input; 2) Label loss and full-context loss: We finetune on the loss either from only label
words or the entire context (Figure 3). We evaluate both zero-shot and few-shot settings, using the
context of the evaluation example and 32 training examples for internal learning respectively.

3.2 VERIFICATION OF TINT

In language modeling (Table 1), the perplexity decreases using TINT, especially as the training
proportion increases. For downstream tasks (Table 2), explicit internal training within TINT surpasses
vanilla zero-shot evaluation and in-context learning, even with a limited budget of a single forward
pass. Moreover, TINT achieves a performance comparable to dynamic evaluation, indicating that
the approximations made during its construction largely preserve its effectiveness for fine-tuning.
Though calibration may not always be beneficial in every setting,5 we observe that the efficacy of
TINT remains comparable to dynamic evaluation. Additionally, we find that TINT outperforms
or is on par with a similarly sized pre-trained model (OPT-1.3B) except in the calibrated few-shot
setting. This suggests that the capabilities of existing pre-trained models may be understood via the
simulation of smaller auxiliary models. Please refer to Appendix J for more experiment details.

4 RELATED WORK

Interpretability: Mechanistic interpretability works reverse-engineer the algorithms simulated
by these models (Elhage et al., 2021; Olsson et al., 2022; Wang et al., 2022; Nanda et al., 2023;
Chughtai et al., 2023). These works study local patterns, e.g. activations and attention heads, to
derive interpretable insights. Other works (Weiss et al., 2021; Lindner et al., 2023) use declarative
programs to algorithmically describe transformer models.

Transformer Expressivity: Perez et al. (2021); Pérez et al. (2019) show that Transformers with hard
attention are Turing complete, with Wei et al. (2021) showing statistically meaningful transformer
constructions for Turing machines for statistical learnability. In Section 2.3, we point out that this
scheme often results in gigantic constructions. To understand the behavior of moderate sized models,

4Calibration is not applied to the language modeling evaluation.
5Such inconsistencies in the calibration method have been observed in previous works (Brown et al., 2020).
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Table 2: Zero-shot and few-shot in-context learning results across 7 downstream tasks. All the
few-shot results are averaged over three training seeds. TINT consistently surpasses its auxiliary
model and achieves comparable performance to dynamic evaluation. TINT outperforms auxiliary
models by 3 − 4% and 12 − 16% absolute points on average in 0-shot and 32-shot experiments
respectively. TINT performs competitively with a similar-sized pre-trained model (OPT-1.3B) in both
0-shot and 32-shot settings. We show the standard deviation for few-shot settings in parentheses.

Model Shots Subj AGNews SST2 CR MR MPQA Amazon Avg.
Without Calibration

OPT-125M 0 64.0 66.0 70.5 64.5 71.0 68.0 76.5 68.6
OPT-1.3B 0 59.0 55.5 54.0 50.5 52.5 74.0 57.0 57.5
OPT-125M DYNA. EVAL 0 71.0 67.0 79.5 71.5 70.0 68.0 85.5 73.2
OPT-125M TINT 0 67.5 66.0 76.5 69.0 76.0 70.5 78.5 72.0

OPT-125M 32 58.7(4.9) 33.7(8.4) 50.8(1.2) 51.3(1.9) 50.0(0.0) 54.3(2.5) 55.0(6.7) 50.5(1.9)
OPT-1.3B 32 74.2(6.1) 71.3(5.3) 89.8(3.6) 71.5(4.5) 68.3(6.1) 81.7(3.3) 70.3(9.9) 75.3(0.4)
OPT-125M DYNA. EVAL 32 78.0(1.4) 66.7(1.6) 71.5(1.4) 73.7(3.3) 72.0(0.0) 80.7(0.6) 79.8(0.2) 74.6(2.7)
OPT-125M TINT 32 82.3(2.7) 69.3(0.9) 73.7(0.8) 75.7(1.9) 72.3(1.2) 83.2(1.0) 78.2(0.2) 76.4(0.7)

With Calibration
OPT-125M 0 64.0 66.0 53.0 54.5 52.5 55.5 58.0 57.6
OPT-1.3B 0 73.5 61.5 57.5 53.0 54.5 79.5 61.0 62.9
OPT-125M DYNA. EVAL 0 62.5 66.0 60.5 53.5 54.0 56.5 74.5 61.1
OPT-125M TINT 0 64.0 66.0 56.5 59.0 53.5 62.0 66.5 61.1

OPT-125M 32 83.5(2.4) 40.7(10.4) 50.8(0.8) 67.7(4.1) 57.7(10.8) 79.2(8.4) 56.0(8.1) 62.2(2.7)
OPT-1.3B 32 51.8(1.9) 66.2(3.1) 93.7(1.0) 82.8(2.8) 91.3(1.9) 83.5(2.5) 92.0(2.9) 80.2(0.7)
OPT-125M DYNA. EVAL 32 87.2(0.2) 67.2(0.6) 72.8(5.9) 73.3(2.6) 66.7(7.4) 81.5(3.7) 70.3(2.1) 74.1(2.9)
OPT-125M TINT 32 85.3(1.9) 67.3(0.6) 71.8(3.8) 70.7(1.9) 63.7(0.2) 83.5(1.6) 77.5(1.2) 74.3(1.4)

other works have investigated specific classes of algorithms, e.g. bounded-depth Dyck languages (Yao
et al., 2021), modular prefix sums (Anil et al., 2022), adders (Nanda et al., 2023), regular languages
(Bhattamishra et al., 2020), and sparse logical predicates (Edelman et al., 2022). Liu et al. (2023)
provide a unified theory to understand automata-like mechanisms within transformers.

Fast Weight Programmers (FWPs) enable input-dependent weight updates during inference. Ba et al.
(2016) connect self-attention and FWPs, and follow-up works (Schlag et al., 2021; Irie et al., 2021)
show the efficacy of self-attention layers to update linear and recurrent networks during inference.
Clark et al. (2022) added Fast Weights Layers (FWL) to a frozen pre-trained model, and efficiently
fine-tune FWL as the model processes the sequence.

Alternative Explanations for ICL: Some works study ICL using a Bayesian framework. Xie et al.
(2022) model pretraining data as a mixture of HMMs and cast ICL identifying one such component.
Hahn and Goyal (2023) later modeled language as a compositional grammar, and propose ICL as a
composition of operations. On the other hand, careful experiments in Chan et al. (2022) show that
data distributional properties (e.g. Zipf’s law) drive in-context learning in transformers.

Transfer learning: Our construction uses a pre-trained model to initialize a larger transformer, which
is similar to several other more empirically oriented works (Gong et al., 2019; Reddi et al., 2023).

5 DISCUSSION

We present a parameter-efficient construction TINT capable of simulating gradient descent on an
internal transformer modelduring inference. Using fewer than 2 billion parameters, it can simulate
fine-tuning a 125 million transformer (e.g., GPT-2) internally, dramatically reducing the scale required
by previous works. Language modeling and in-context learning experiments demonstrate that the
efficient approximations still allow the TINT to fine-tune the model. Our work emphasizes that the
inference behavior of complex models may rely on the training dynamics of smaller models. As such,
the existence of TINT has strong implications for interpretability and AI alignment research.

While our work represents a significant improvement over previous simulations in terms of auxiliary
model complexity, similar to prior research in this area, our insights into existing pre-trained models
are limited. Furthermore, we have not yet examined potential biases that may arise in the auxiliary
models due to one-step gradient descent. We plan to investigate these aspects in future work.

9



Under review as a conference paper at ICLR 2024

REFERENCES

Ekin Akyurek, Dale Schuurmans, Jacob Andreas, Tengyu Ma, and Denny Zhou. What learning algo-
rithm is in-context learning? investigations with linear models. arXiv preprint arXiv:2211.15661,
2022.

Cem Anil, Yuhuai Wu, Anders Andreassen, Aitor Lewkowycz, Vedant Misra, Vinay Ramasesh,
Ambrose Slone, Guy Gur-Ari, Ethan Dyer, and Behnam Neyshabur. Exploring length generalization
in large language models. arXiv preprint arXiv:2207.04901, 2022.

Jimmy Ba, Geoffrey Hinton, Volodymyr Mnih, Joel Z. Leibo, and Catalin Ionescu. Using fast weights
to attend to the recent past, 2016.

Satwik Bhattamishra, Kabir Ahuja, and Navin Goyal. On the ability and limitations of transformers
to recognize formal languages. arXiv preprint arXiv:2009.11264, 2020.

Stella Biderman, Hailey Schoelkopf, Quentin Gregory Anthony, Herbie Bradley, Kyle O’Brien, Eric
Hallahan, Mohammad Aflah Khan, Shivanshu Purohit, USVSN Sai Prashanth, Edward Raff, et al.
Pythia: A suite for analyzing large language models across training and scaling. In International
Conference on Machine Learning, pages 2397–2430. PMLR, 2023.

Tom Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared D Kaplan, Prafulla Dhariwal,
Arvind Neelakantan, Pranav Shyam, Girish Sastry, Amanda Askell, et al. Language models are
few-shot learners. Advances in neural information processing systems, 33:1877–1901, 2020.

Stephanie Chan, Adam Santoro, Andrew Lampinen, Jane Wang, Aaditya Singh, Pierre Richemond,
James McClelland, and Felix Hill. Data distributional properties drive emergent in-context learning
in transformers. Advances in Neural Information Processing Systems, 35:18878–18891, 2022.

Aakanksha Chowdhery, Sharan Narang, Jacob Devlin, Maarten Bosma, Gaurav Mishra, Adam
Roberts, Paul Barham, Hyung Won Chung, Charles Sutton, Sebastian Gehrmann, et al. Palm:
Scaling language modeling with pathways. arXiv preprint arXiv:2204.02311, 2022.

Bilal Chughtai, Lawrence Chan, and Neel Nanda. A toy model of universality: Reverse engineering
how networks learn group operations. arXiv preprint arXiv:2302.03025, 2023.

Kevin Clark, Kelvin Guu, Ming-Wei Chang, Panupong Pasupat, Geoffrey Hinton, and Mohammad
Norouzi. Meta-learning fast weight language models. In Proceedings of the 2022 Conference
on Empirical Methods in Natural Language Processing, pages 9751–9757, Abu Dhabi, United
Arab Emirates, December 2022. Association for Computational Linguistics. URL https://
aclanthology.org/2022.emnlp-main.661.

Damai Dai, Yutao Sun, Li Dong, Yaru Hao, Zhifang Sui, and Furu Wei. Why can gpt learn in-context?
language models secretly perform gradient descent as meta-optimizers, 2022.

Benjamin L Edelman, Surbhi Goel, Sham Kakade, and Cyril Zhang. Inductive biases and variable
creation in self-attention mechanisms. In International Conference on Machine Learning, pages
5793–5831. PMLR, 2022.

N Elhage, N Nanda, C Olsson, T Henighan, N Joseph, B Mann, A Askell, Y Bai, A Chen, T Conerly,
et al. A mathematical framework for transformer circuits. Transformer Circuits Thread, 2021.

Chelsea Finn, Pieter Abbeel, and Sergey Levine. Model-agnostic meta-learning for fast adaptation of
deep networks. In International conference on machine learning, pages 1126–1135. PMLR, 2017.

Angeliki Giannou, Shashank Rajput, Jy yong Sohn, Kangwook Lee, Jason D. Lee, and Dimitris
Papailiopoulos. Looped transformers as programmable computers, 2023.

Linyuan Gong, Di He, Zhuohan Li, Tao Qin, Liwei Wang, and Tieyan Liu. Efficient training of bert
by progressively stacking. In International conference on machine learning, pages 2337–2346.
PMLR, 2019.

Michael Hahn and Navin Goyal. A theory of emergent in-context learning as implicit structure
induction. arXiv preprint arXiv:2303.07971, 2023.

10

https://aclanthology.org/2022.emnlp-main.661
https://aclanthology.org/2022.emnlp-main.661


Under review as a conference paper at ICLR 2024

Dan Hendrycks and Kevin Gimpel. Gaussian error linear units (gelus). arXiv preprint
arXiv:1606.08415, 2016.

Ari Holtzman, Peter West, Vered Shwartz, Yejin Choi, and Luke Zettlemoyer. Surface form compe-
tition: Why the highest probability answer isn’t always right. arXiv preprint arXiv:2104.08315,
2021.

Minqing Hu and Bing Liu. Mining and summarizing customer reviews. In Proceedings of the tenth
ACM SIGKDD international conference on Knowledge discovery and data mining, pages 168–177,
2004.
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A ADDITIONAL NOTATIONS

We differentiate the parameters of the auxiliary model and TINT by using an explicit superscript TINT
for TINT parameters, for example, the weights of a linear layer in TINT will be represented by W TINT.
We use two operations throughout: SPLITh and VECTORIZE. Function SPLITh : Rd → Rh×⌊d/h⌋

takes an input x ∈ Rd and outputs H equal splits of x, for any arbitrary dimension d. Function
VECTORIZE : Rh×d → Rdh concatenates the elements of a sequence {xi ∈ Rd}i≤h into one single
vector, for any arbitrary d and h. Recall that for a matrix A, aj refers to its jth row, and for any
vector b, bj refers to its jth element. However, at a few places in the appendix, for typographical
reasons, for a matrix A, we have also used (A)j to refer to its jth row, and for any vector b, (b)j to
refer to its jth element.

TINTAttention Module We modify the usual attention module to include the position embeddings
{pTINT

i ∈ RTsim}i≤Tsim . In usual self-attention modules, the query, key, and value vectors at each
position are computed by token-wise linear transformations of the input embeddings. In TINT’s
Attention Module, we perform additional linear transformations on the position embeddings, using
parameters W p

Q,W
p
K ,W p

V , and decision vectors λQ, λK , λV ∈ RHsim decide whether to add these
transformed position vectors to the query, key, and value vectors of different attention heads. The
following definition generalizes single-head attention (Definition 2.3). For the following definition,
we use ê to represent input sequence and ẽ to represent the output sequence: we introduce these
general notations below to avoid confusion with the notations for token and prefix embeddings for
TINTillustrated in Figure 1.
Definition A.1 (TINT’s self-attention with Hsim heads). For parameters {W TINT

Q ,W TINT
K ,W TINT

V ∈
RDsim×Dsim}, {bTINT

Q , bTINT
K , bTINT

V ∈ RDsim}, {W p
Q,W

p
K ,W p

V ∈ RTsim×Dsim/Hsim} and
{λQ, λK , λV ∈ RHsim}, TINT self-attention with Hsim attention heads and a function fattn : RTsim →
RTsim takes a sequence {êt ∈ RDsim}t≤Tsim as input and outputs {ẽt ∈ RDsim}t≤Tsim , with

ẽt = VECTORIZE({
∑

j≤Tsim

aht,j ṽ
h
j )h}h≤Hsim), with aht,j = fattn(K̃

hq̃h
t )j

q̃h
t = SPLITH(qt)h + λQ

hW
p
Qp

TINT
t ; k̃h

t = SPLITH(kt)h + λK
h W p

KpTINT
t ;

ṽh
t = SPLITH(vt)h + λV

h W
p
v p

TINT
t .

Here, qt, kt, vt denote the query, key, and value vectors at each position t, computed as W TINT
Q êt +

bTINT
Q , W TINT

K êt + bTINT
K , and W TINT

V êt + bTINT
V respectively. K̃h ∈ RTsim×Dsim/Hsim is defined with

its rows as {k̃h
t }t≤Tsim for all h ≤ Hsim.

fattn can be either linear or softmax function.

Bounded parameters and input sequence: We define a linear self-attention layer to be Bw-
bounded, if the ℓ2 norms of all the parameters are bounded by Bw. Going by Definition A.1, this
implies

max{
∥∥W TINT

Q

∥∥
2
,
∥∥W TINT

K

∥∥
2
,
∥∥W TINT

V

∥∥
2
} ≤ Bw, max{

∥∥bTINT
Q

∥∥
2
,
∥∥bTINT

K

∥∥
2
,
∥∥bTINT

V

∥∥
2
} ≤ Bw

max{
∥∥∥W p

Q

∥∥∥
2
, ∥W p

K∥2 , ∥W
p
V ∥2} ≤ Bw, max{

∥∥λQ
∥∥
2
,
∥∥λK

∥∥
2
,
∥∥λV

∥∥
2
} ≤ Bw.
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Furthermore, we define an input sequence {êt}t≤Tsim to Bx-bounded, if ∥êt∥2 ≤ Bx for all t.

Recall from the main paper (Section 2.4), we used Linear TINT Self-Attention layer to represent the
linear operations of the auxiliary model. In the following theorem, we show that a linear attention
layer can be represented as a softmax attention layer that uses an additional attention head and an
extra token u, followed by a linear layer. Therefore, replacing softmax attention with linear attention
does not deviate too far from the canonical transformer. We use the Linear TINT Self-Attention
layers in several places throughout the model.
Theorem A.2. For any Bw > 0, consider a Bw-bounded linear self-attention layer that returns
{ẽlineart ∈ RD

sim}t≤Tsim on any input {êt ∈ RD
sim}t≤Tsim . Consider a softmax self-attention layer

with 2Hsim attention heads and an additional token u ∈ R2Dsim such that for any Bx-bounded
input {êt}t≤Tsim , it takes a modified input sequence {ē1, · · · , ēTsim ,u}, and returns {ẽsoftmax

t ∈
R2Dsim}t≤Tsim . Each modified input token ēt ∈ R2Dsim is obtained by concatenating additional 0s to
êt. Then, for any Bx > 0, and ϵ ≤ O(T−2

sim B−5
w B−5

x ), there exists WO ∈ RDsim×2Dsim and such a
softmax self-attention layer such that

∥∥∥WOẽ
softmax
t − ẽlineart

∥∥∥
2
≤ O(√ϵ),

for all t ≤ Tsim.

Proof. Consider an input sequence {xt}t≤Tsim . Let the attention scores of any linear head h ≤ Hsim

in the linear attention layer be given by {aht,j}j≤Tsim , at any given position t. Additionally, let the
value vectors for the linear attention be given by vt. To repeat our self-attention definition, the output
of the attention layer at any position t is given by VECTORIZE({ẽlinear,ht }h≤Hsim), where

ẽlinear,ht =
∑

j≤Tsim

aht,jv
h
j .

Under our assumption, Bw denotes the maximum ℓ2 norm of all the parameters in the linear self-
attention layer and Bx the maximum ℓ2 norm in the input sequence, i.e. maxt≤Tsim ∥xt∥2 ≤ Bx. With
a simple application of Cauchy-Schwartz inequality, we can show that maxj≤Tsim |aht,j | ≤ O(B2

wB
2
x),

and maxt≤Tsim

∥∥vh
t

∥∥
2
≤ O(BwBx).

For ϵ ≤ O(T−10/9
sim B

−40/9
w B

−40/9
x ), we can then use Lemma A.3 to represent for each t, j ≤ Tsim,

aht,j =
ϵ−3eϵat,j

∑
t′≤Tsim

e
ϵah

t,t′ + e−2 log ϵ
− ϵ−1 +O

(
ϵ(Tsim + aht,j)

)

:= ϵ−3softmax
(
{ϵaht,1, ϵaht,2, · · · , ϵaht,Tsim

,−2 log ϵ}
)
j
− ϵ−1 +O

(
ϵ0.9
)
.

Softmax attention construction: We define u, and the query and key parameters of the softmax
attention layer such that for the first Hsim attention heads, the query-key dot products for all the
attention heads between any pairs {(ēt, ēj)}t,j≤Tsim is given by {ϵaht,j}h≤Hsim , while being −2 log ϵ
between u and any token ēt, with t ≤ Tsim. For the rest of Hsim attention heads, the attention scores
are uniformly distributed across all pairs of tokens (attention score between any pair of tokens is
given by 1

Tsim+1 ).

We set the value parameters of the softmax attention layer such that at any position t ≤ Tsim, the
value vector is given by VECTORIZE({ϵ−3vt,vt}). The value vector returned for u contains all 0s.

Softmax attention computation: Consider an attention head h ≤ Hsim in the softmax attention
layer now. The output of the attention head at any position t ≤ Tsim is given by

ẽsoftmax,h
t =

∑

j≤Tsim

softmax
(
{ϵaht,1, ϵaht,2, · · · , ϵaht,Tsim

,−2 log ϵ}
)
j
ϵ−3vh

j

=
∑

j≤Tsim

(
aht,j + ϵ−1 +O(ϵ0.9)

)
vh
j .

16



Under review as a conference paper at ICLR 2024

This has an additional
∑

j≤Tsim

(
ϵ−1 +O(ϵ0.9)

)
vh
j , compared to ẽlinear,ht . However, consider the

output of the attention head Hsim + h at the same position:

ẽsoftmax,Hsim+h
t =

1

Tsim + 1

∑

j≤Tsim

vh
j .

Hence, we can use the output matrix WO to get ẽsoftmax,h
t − Tsim+1

ϵ ẽsoftmax,Hsim+h
t =∑

j≤Tsim

(
aht,j +O(ϵ0.9)

)
vh
j . The additional term O(ϵ0.9)∑j≤Tsim

vh
j can be further shown to be

O(ϵ0.5) small with the assumed bound of ϵ, since each vh
j is atmost O(BwBx) in ℓ2 norm with a

Cauchy Schwartz inequality.

Lemma A.3. For ϵ > 0, B > 0, and a sequence {a1, a2, · · · , aT } with each ai ∈ R and |ai| ≤ B,
the following holds true for all i ≤ T ,

ϵ−3eϵai

∑
t′≤T eϵat′ + e−2 log ϵ

= ai +
1

ϵ
+O

(
ϵ0.9
)
,

provided ϵ ≤ O(T−10/9B−20/9).

Proof. We will use the following first-order Taylor expansions:

ex = 1 + x+O(x2). (1)
1

1 + x
= 1−O(x). (2)

Hence, for any x≪ 1, x ≈ ex − 1.

Simplifying the L.H.S. of the desired bound, we have

ϵ−3eϵai

∑
t′≤T eϵat′ + e−2 log ϵ

=
ϵ−3(1 + ϵai +O(ϵ2a2i ))∑

t′≤T (1 + ϵat′ +O(ϵ2a2t′)) + e−2 log ϵ
(3)

=
ϵ−1 + ai +O(ϵa2i )∑

t′≤T (ϵ
2 + ϵ3at′ +O(ϵ4a2t′)) + 1

(4)

=
(
ϵ−1 + ai +O(ϵa2i )

) (
1 +O(ϵ2T )

)
(5)

= ϵ−1 + ai +O(ϵT + a2iTϵ
2 + a2iTϵ

3 + ϵa2i ) = ϵ−1 + ai +O(ϵ0.9).
We used taylor expansion of exponential function( Equation (1) ) in Equation (3) to get Equation (4),
and taylor expansion of inverse function(Equation (2)) to get Equation (5) from Equation (4). Fur-
thermore, with the lower bound assumption on ϵ,

∑
t′≤T (ϵ

2 + ϵ3at′ +O(ϵ4a2t′)) can be shown to be
atmost 3ϵ2T , which amounts to O(ϵ2T ) error in Equation (5). The final error bound has again been
simplified using the lower bound assumption on ϵ.

A.1 SIMULATING MULTIPLICATION FROM AKYUREK ET AL. (2022)

We refer to the multiplication strategy of Akyurek et al. (2022) at various places.
Lemma A.4. [Lemma 4 in Akyurek et al. (2022)] The GeLU Hendrycks and Gimpel (2016) nonlin-
earity can be used to perform multiplication: specifically,

√
π/2(GeLU(x+ y)−GeLU(y)) = xy +O(x3y3).

Thus, to represent an element-wise product or a dot product between two sub-vectors in a token
embedding, we can use a MLP with a GeLU activation.

B LINEAR LAYER

In the main paper, we defined the linear layer without the bias term for simplicity (Definition 2.2).
In this section, we will redefine the linear layer with the bias term and present a comprehensive
construction of the Linear Forward module.
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<latexit sha1_base64="PGhSx5KLsEvjaIy6kRzifp7yMt0=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclYn4WhbduKxgH9BOSybNtKGZzJBkLGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WHBtXPfbWVldW9/YLGwVt3d29/ZLB4cNHSWKsjqNRKRaPtFMcMnqhhvBWrFiJPQFa/qju8xvPjGleSQfzSRmXkgGkgecEmOlbickZugH6Xjaw13cK5XdijsDWiY4J2XIUeuVvjr9iCYhk4YKonUbu7HxUqIMp4JNi51Es5jQERmwtqWShEx76Sz1FJ1apY+CSNknDZqpvzdSEmo9CX07maXUi14m/ue1ExPceCmXcWKYpPNDQSKQiVBWAepzxagRE0sIVdxmRXRIFKHGFlW0JeDFLy+TxnkFX1UuHy7K1du8jgIcwwmcAYZrqMI91KAOFBQ8wyu8OWPnxXl3PuajK06+cwR/4Hz+AFjSkmw=</latexit>

w1
1

<latexit sha1_base64="bkCORPljh6VgQU7MONrKd+LuLuM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTF17LoxmUF+4A2LZPppB06mYSZiaWE/ocbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3uUv99hOVioXiUc8i6gZ4JJjPCNZG6vcCrMeen0znA6dfG5QrdtXOgFaJk5MK5GgMyl+9YUjigApNOFaq69iRdhMsNSOczku9WNEIkwke0a6hAgdUuUmWeo7OjDJEfijNExpl6u+NBAdKzQLPTKYp1bKXiv953Vj7N27CRBRrKsjikB9zpEOUVoCGTFKi+cwQTCQzWREZY4mJNkWVTAnO8pdXSatWda6qlw8XlfptXkcRTuAUzsGBa6jDPTSgCQQkPMMrvFlT68V6tz4WowUr3zmGP7A+fwBaVpJt</latexit>

w2
1

<latexit sha1_base64="Clqf7y03xI4KBJzh9jvV+rFMjdM=">AAAB9XicbVC7TsMwFL0pr1JeAUYWiwqJqUp4jxUsjEWiD6lNK8d1WquOE9kOVRX1P1gYQIiVf2Hjb3DaDNByJEtH59yre3z8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7oLvObT1QqFolHPYmpF+KBYAEjWBup2wmxHvpBOp723O55zy47FWcGtEzcnJQhR61nf3X6EUlCKjThWKm268TaS7HUjHA6LXUSRWNMRnhA24YKHFLlpbPUU3RilD4KImme0Gim/t5IcajUJPTNZJZSLXqZ+J/XTnRw46VMxImmgswPBQlHOkJZBajPJCWaTwzBRDKTFZEhlphoU1TJlOAufnmZNM4q7lXl8uGiXL3N6yjCERzDKbhwDVW4hxrUgYCEZ3iFN2tsvVjv1sd8tGDlO4fwB9bnD1vakm4=</latexit>

w3
1

<latexit sha1_base64="HKNNu92N2/kMvPV/O8VlEmMZZq8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTF17LoxmUF+4A2LZPppB06mYSZiaWE/ocbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3uUv99hOVioXiUc8i6gZ4JJjPCNZG6vcCrMeen0zng1rfGZQrdtXOgFaJk5MK5GgMyl+9YUjigApNOFaq69iRdhMsNSOczku9WNEIkwke0a6hAgdUuUmWeo7OjDJEfijNExpl6u+NBAdKzQLPTKYp1bKXiv953Vj7N27CRBRrKsjikB9zpEOUVoCGTFKi+cwQTCQzWREZY4mJNkWVTAnO8pdXSatWda6qlw8XlfptXkcRTuAUzsGBa6jDPTSgCQQkPMMrvFlT68V6tz4WowUr3zmGP7A+fwBaWJJt</latexit>

w1
2

<latexit sha1_base64="EwxIItqadZpnFqmdHsyWH5UQjU0=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTF17LoxmUF+4A2LZPppB06mYSZiaWE/ocbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3uUv99hOVioXiUc8i6gZ4JJjPCNZG6vcCrMeen0zng1q/NihX7KqdAa0SJycVyNEYlL96w5DEARWacKxU17Ej7SZYakY4nZd6saIRJhM8ol1DBQ6ocpMs9RydGWWI/FCaJzTK1N8bCQ6UmgWemUxTqmUvFf/zurH2b9yEiSjWVJDFIT/mSIcorQANmaRE85khmEhmsiIyxhITbYoqmRKc5S+vklat6lxVLx8uKvXbvI4inMApnIMD11CHe2hAEwhIeIZXeLOm1ov1bn0sRgtWvnMMf2B9/gBb3JJu</latexit>

w2
2

<latexit sha1_base64="xFmm75Slb2bMMW9j9cBwsTqvFAY=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxRWYQH0uiG5eYyCOBgXRKBxo6nUnbkZAJ/+HGhca49V/c+Td2YBYKnqTJyTn35p4eL+JMadv+tnJr6xubW/ntws7u3v5B8fCoqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vfJf6rScqFQvFo55G1A3wUDCfEayN1OsGWI88P5nM+pXeRb9Yssv2HGiVOBkpQYZ6v/jVHYQkDqjQhGOlOo4daTfBUjPC6azQjRWNMBnjIe0YKnBAlZvMU8/QmVEGyA+leUKjufp7I8GBUtPAM5NpSrXspeJ/XifW/o2bMBHFmgqyOOTHHOkQpRWgAZOUaD41BBPJTFZERlhiok1RBVOCs/zlVdKslJ2r8uVDtVS7zerIwwmcwjk4cA01uIc6NICAhGd4hTdrYr1Y79bHYjRnZTvH8AfW5w9dYJJv</latexit>

w3
2

Multi
head
Attn.

⊕
<latexit sha1_base64="hoJrbpKN2E5n8DIKfJFDj7dI998=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDoqIG3LWLZXdijsFWSReTsqQo9YtfXV6MUsjrpBJakzbcxP0M6pRMMnHxU5qeELZkPZ521JF7Ro/m947JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xw2s+ESlLkis0WhakkGJPJ86QnNGcoR5ZQpoW9lbAB1ZShjahoQ/DmX14kjdOKd1m5uD8vV2/yOApwCEdwAh5cQRXuoAZ1YCDhGV7hzXl0Xpx352PWuuTkMwfwB87nD4ZAj6U=</latexit>⇥3

<latexit sha1_base64="hoJrbpKN2E5n8DIKfJFDj7dI998=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDoqIG3LWLZXdijsFWSReTsqQo9YtfXV6MUsjrpBJakzbcxP0M6pRMMnHxU5qeELZkPZ521JF7Ro/m947JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xw2s+ESlLkis0WhakkGJPJ86QnNGcoR5ZQpoW9lbAB1ZShjahoQ/DmX14kjdOKd1m5uD8vV2/yOApwCEdwAh5cQRXuoAZ1YCDhGV7hzXl0Xpx352PWuuTkMwfwB87nD4ZAj6U=</latexit>⇥3

<latexit sha1_base64="J3Zn6LPhorrZQUDu7FXxnKUFcaA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuzsbDJmdmeZ6Q2EkH/w4kERr/6PN//GSbIHTSxoKKq66e4KUikMuu63s7K6tr6xWdgqbu/s7u2XDg4bRmWa8TpTUulWQA2XIuF1FCh5K9WcxoHkzWBwN/WbQ66NUMkjjlLux7SXiEgwilZqdIahQtMtld2KOwNZJl5OypCj1i19dULFspgnyCQ1pu25KfpjqlEwySfFTmZ4StmA9njb0oTG3Pjj2bUTcmqVkERK20qQzNTfE2MaGzOKA9sZU+ybRW8q/ue1M4xu/LFI0gx5wuaLokwSVGT6OgmF5gzlyBLKtLC3EtanmjK0ARVtCN7iy8ukcV7xriqXDxfl6m0eRwGO4QTOwINrqMI91KAODJ7gGV7hzVHOi/PufMxbV5x85gj+wPn8Ac6vj0w=</latexit>...

<latexit sha1_base64="J3Zn6LPhorrZQUDu7FXxnKUFcaA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuzsbDJmdmeZ6Q2EkH/w4kERr/6PN//GSbIHTSxoKKq66e4KUikMuu63s7K6tr6xWdgqbu/s7u2XDg4bRmWa8TpTUulWQA2XIuF1FCh5K9WcxoHkzWBwN/WbQ66NUMkjjlLux7SXiEgwilZqdIahQtMtld2KOwNZJl5OypCj1i19dULFspgnyCQ1pu25KfpjqlEwySfFTmZ4StmA9njb0oTG3Pjj2bUTcmqVkERK20qQzNTfE2MaGzOKA9sZU+ybRW8q/ue1M4xu/LFI0gx5wuaLokwSVGT6OgmF5gzlyBLKtLC3EtanmjK0ARVtCN7iy8ukcV7xriqXDxfl6m0eRwGO4QTOwINrqMI91KAODJ7gGV7hzVHOi/PufMxbV5x85gj+wPn8Ac6vj0w=</latexit>...

<latexit sha1_base64="x/mo7BSNXljfsemLZ3ZJAFCVvhs=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiS+l0VduKxiH9DEMJlO26GTBzM30hICbvwVNy4UcetPuPNvnLRZaOuBC4dz7uXee7yIMwmm+a0V5uYXFpeKy6WV1bX1DX1zqyHDWBBaJyEPRcvDknIW0Dow4LQVCYp9j9OmN7jM/OYDFZKFwR2MIur4uBewLiMYlOTqO7aPoe95yW16nxxduTbQISQ4Hqapq5fNijmGMUusnJRRjpqrf9mdkMQ+DYBwLGXbMiNwEiyAEU7Tkh1LGmEywD3aVjTAPpVOMv4hNfaV0jG6oVAVgDFWf08k2Jdy5HuqM7tYTnuZ+J/XjqF77iQsiGKgAZks6sbcgNDIAjE6TFACfKQIJoKpWw3SxwITULGVVAjW9MuzpHFYsU4rJzfH5epFHkcR7aI9dIAsdIaq6BrVUB0R9Iie0St60560F+1d+5i0FrR8Zhv9gfb5A/BrmGA=</latexit>

R3Daux

Query Key

— —
<latexit sha1_base64="+dW5tdz2N+N+y1HBZoldRk8EBKc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZw+ykNxkyO7vMzCphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmIyrNY3lvRgn6Ee1LHnJGjZWaT93MGz943VLZrbhTkEXi5aQMOWrd0lenF7M0QmmYoFq3PTcxfkaV4UzguNhJNSaUDWkf25ZKGqH2s+m5Y3JslR4JY2VLGjJVf09kNNJ6FAW2M6JmoOe9ifif105NeOVnXCapQclmi8JUEBOTye+kxxUyI0aWUKa4vZWwAVWUGZtQ0Ybgzb+8SBqnFe+icn53Vq5e53EU4BCO4AQ8uIQq3EIN6sBgCM/wCm9O4rw4787HrHXJyWcO4A+czx/4/49Y</latexit>

w1
1

— —
<latexit sha1_base64="wmT+tr4SyzIXtEFDAJ1mNgPHqCk=">AAAB73icbVDLTsMwENzwLOVV4MjFokLiVCUVr2MFF45Fog+pDZXjOq1Vxw62A6qi/gQXDiDEld/hxt/gtDlAy0grjWZ2tbsTxJxp47rfztLyyuraemGjuLm1vbNb2ttvapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj68xvPVKlmRR3ZhxTP8IDwUJGsLFS+6mXepP7arFXKrsVdwq0SLyclCFHvVf66vYlSSIqDOFY647nxsZPsTKMcDopdhNNY0xGeEA7lgocUe2n03sn6NgqfRRKZUsYNFV/T6Q40nocBbYzwmao571M/M/rJCa89FMm4sRQQWaLwoQjI1H2POozRYnhY0swUczeisgQK0yMjSgLwZt/eZE0qxXvvHJ2e1quXeVxFOAQjuAEPLiAGtxAHRpAgMMzvMKb8+C8OO/Ox6x1yclnDuAPnM8fMTmPbQ==</latexit>

w2
1

— —
<latexit sha1_base64="uqGREeh5LdtOlK3rI9R5mzxM4AE=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPux6AXjxHMAskYejo9SZOenqG7RglDPsKLB0W8+j3e/Bs7y0ETHxQ83quiql6QSGHQdb+d3NLyyupafr2wsbm1vVPc3aubONWM11gsY90MqOFSKF5DgZI3E81pFEjeCAY3Y7/xyLURsbrHYcL9iPaUCAWjaKXGUyfzRg+nnWLJLbsTkEXizUgJZqh2il/tbszSiCtkkhrT8twE/YxqFEzyUaGdGp5QNqA93rJU0YgbP5ucOyJHVumSMNa2FJKJ+nsio5ExwyiwnRHFvpn3xuJ/XivF8MrPhEpS5IpNF4WpJBiT8e+kKzRnKIeWUKaFvZWwPtWUoU2oYEPw5l9eJPWTsndRPr87K1WuZ3Hk4QAO4Rg8uIQK3EIVasBgAM/wCm9O4rw4787HtDXnzGb24Q+czx/8B49a</latexit>

w3
1

— —
— —

— —

<latexit sha1_base64="Oi6GZ10PJDnNF5v2jPLD+77yWFE=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSv45ELx4xcYEEVtItXWjotpu2qyEbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCPWJ5FK1Q6wpZ4L6hhlO24miOA45bYWjm6nfeqRKMynuzTihQYwHgkWMYGMl/6lXe/B65YpbdWdAy8TLSQVyNHrlr25fkjSmwhCOte54bmKCDCvDCKeTUjfVNMFkhAe0Y6nAMdVBNjt2gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95ndREV0HGRJIaKsh8UZRyZCSafo76TFFi+NgSTBSztyIyxAoTY/Mp2RC8xZeXSbNW9S6q53dnlfp1HkcRjuAYTsGDS6jDLTTABwIMnuEV3hzhvDjvzse8teDkM4fwB87nDzP5jk0=</latexit>

w1
2

<latexit sha1_base64="q/Mckf75YtFfrc+MCgsZzxZr33U=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2qyEbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU+92kOtV644VWcGvEzcnFQgR6NX/ur2Y5pGTBoqiNYd10mMnxFlOBVsUuqmmiWEjsiAdSyVJGLaz2bHTvCJVfo4jJUtafBM/T2RkUjrcRTYzoiYoV70puJ/Xic14ZWfcZmkhkk6XxSmApsYTz/Hfa4YNWJsCaGK21sxHRJFqLH5lGwI7uLLy6RZq7oX1fO7s0r9Oo+jCEdwDKfgwiXU4RYa4AEFDs/wCm9Iohf0jj7mrQWUzxzCH6DPHzV9jk4=</latexit>

w2
2

<latexit sha1_base64="LNF6wLVDqq+M3yA52Z64BR4Osjg=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4Irv4eSR68YiJCySwkm7pQkPb3bRdDdnwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VoT6JeaxaIdaUM0l9wwynrURRLEJOm+HwZuI3H6nSLJb3ZpTQQOC+ZBEj2FjJf+pWH067pbJbcadAi8TLSRly1Lulr04vJqmg0hCOtW57bmKCDCvDCKfjYifVNMFkiPu0banEguogmx47RsdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HyKNgRv/uVF0qhWvIvK+d1ZuXadx1GAQziCE/DgEmpwC3XwgQCDZ3iFN0c6L8678zFrXXLymQP4A+fzBzcBjk8=</latexit>

w3
2

Value

<latexit sha1_base64="pfOpb8WsWBm0Uqn8im74Fhp8TVM=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiTF17KoC5dV7AOaGCbTaTt08mDmRlpCwI2/4saFIm79CXf+jZM2C209cOFwzr3ce48XcSbBNL+1wsLi0vJKcbW0tr6xuaVv7zRlGAtCGyTkoWh7WFLOAtoABpy2I0Gx73Ha8oaXmd96oEKyMLiDcUQdH/cD1mMEg5Jcfc/2MQw8L7lN75PqlWsDHUGC41GaunrZrJgTGPPEykkZ5ai7+pfdDUns0wAIx1J2LDMCJ8ECGOE0LdmxpBEmQ9ynHUUD7FPpJJMfUuNQKV2jFwpVARgT9fdEgn0px76nOrOL5ayXif95nRh6507CgigGGpDpol7MDQiNLBCjywQlwMeKYCKYutUgAywwARVbSYVgzb48T5rVinVaObk5Ltcu8jiKaB8doCNkoTNUQ9eojhqIoEf0jF7Rm/akvWjv2se0taDlM7voD7TPH+7amF8=</latexit>

R2Daux
<latexit sha1_base64="D+PT0HdVBP9NKFgzR4YTmegMuH0=">AAACBHicbVC5TsNAEF1zhnAZKNNYREhUwY64yggoKAMihxQba73ZJKusD+2OUSLLBQ2/QkMBQrR8BB1/wzpxAQlPGunpvRnNzPMiziSY5re2sLi0vLJaWCuub2xubes7u00ZxoLQBgl5KNoelpSzgDaAAaftSFDse5y2vOFl5rceqJAsDO5gHFHHx/2A9RjBoCRXL9k+hoHnJbfpfXLl2kBHkOB4lB5VU1cvmxVzAmOeWDkpoxx1V/+yuyGJfRoA4VjKjmVG4CRYACOcpkU7ljTCZIj7tKNogH0qnWTyRGocKKVr9EKhKgBjov6eSLAv5dj3VGd2spz1MvE/rxND79xJWBDFQAMyXdSLuQGhkSVidJmgBPhYEUwEU7caZIAFJqByK6oQrNmX50mzWrFOKyc3x+XaRR5HAZXQPjpEFjpDNXSN6qiBCHpEz+gVvWlP2ov2rn1MWxe0fGYP/YH2+QNoYZiY</latexit>

RDaux/2

1st token

1st token

<latexit sha1_base64="kcWch46wvvdLz52QIuKDlUq1xQE=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiTia1l047KCfUATy2Q6aYdOHszcCCXkF9z4K25cKOLWnTv/xkkbQVsPDBzOuffOvceLBVdgWV9GaWl5ZXWtvF7Z2Nza3jF399oqSiRlLRqJSHY9opjgIWsBB8G6sWQk8ATreOOr3O/cM6l4FN7CJGZuQIYh9zkloKW+WXMCAiPPTzvZXepAFGfYiYkETkT6Y02yPmR9s2rVrSnwIrELUkUFmn3z0xlENAlYCFQQpXq2FYOb5rOpYFnFSRSLCR2TIetpGpKAKTedXpThI60MsB9J/ULAU/V3R0oCpSaBpyvzJdW8l4v/eb0E/As35WGcAAvp7CM/ERginMeDB1wyCmKiCaGS610xHRFJKOgQKzoEe/7kRdI+rttn9dObk2rjsoijjA7QIaohG52jBrpGTdRCFD2gJ/SCXo1H49l4M95npSWj6NlHf2B8fAO0r57a</latexit>

W>@yt

<latexit sha1_base64="hFes9c8WEs/Fb0NtFe08se7iNs4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkoivpZFNy4r2Ac0IUymk3boZBJmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHvv3Hv8mFGpLOvbqCwtr6yuVddrG5tb2zvm7l5XRonApIMjFom+jyRhlJOOooqRfiwICn1Gev7kpvB7D0RIGvF7lcbEDdGI04BipLTkmQcNJ0ZCUcQyJ0Rq7AdZmnsqP/Fsz6xbTWsKuEjsktRBibZnfjnDCCch4QozJOXAtmLlZsV4zEhecxJJYoQnaEQGmnIUEulm0xtyeKyVIQwioR9XcKr+7shQKGUa+rqy2FPOe4X4nzdIVHDlZpTHiSIczz4KEgZVBItA4JAKghVLNUFYUL0rxGMkEFY6tpoOwZ4/eZF0T5v2RfP87qzeui7jqIJDcAQawAaXoAVuQRt0AAaP4Bm8gjfjyXgx3o2PWWnFKHv2wR8Ynz9BjZft</latexit>

(@yt)1
<latexit sha1_base64="umJTKasx08qIpjEQRn3QbFYKMjg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUl8L4tuXFawD2hCmEwn7dDJJMxMhBACbvwVNy4UcetPuPNvnLRZaOuBgcM599659/gxo1JZ1rexsLi0vLJaWauub2xubZs7ux0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+uObwu8+ECFpxO9VGhM3RENOA4qR0pJn7tedGAlFEcucEKmRH2Rp7qn82Dv1zJrVsCaA88QuSQ2UaHnmlzOIcBISrjBDUvZtK1ZuVozHjORVJ5EkRniMhqSvKUchkW42uSGHR1oZwCAS+nEFJ+rvjgyFUqahryuLPeWsV4j/ef1EBVduRnmcKMLx9KMgYVBFsAgEDqggWLFUE4QF1btCPEICYaVjq+oQ7NmT50nnpGFfNM7vzmrN6zKOCjgAh6AObHAJmuAWtEAbYPAInsEreDOejBfj3fiYli4YZc8e+APj8wdElZfv</latexit>

(@yt)3

<latexit sha1_base64="Fj9aGwnK0vteixHAmTyxhaak2NM=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVgSpBvMYKGBiLRB9SE0WO67RWnYdsBxFZ+QMWfoWFAYRYWdn4G5y2AxSOdKWjc+7Vvff4CaNCWtaXUZqbX1hcKi9XVlbX1jfMza22iFOOSQvHLOZdHwnCaERakkpGugknKPQZ6fijy8Lv3BEuaBzdyiwhbogGEQ0oRlJLnrlfcxLEJUVMOSGSQz9QWe7J/MBTV55C6X0OD6Gde2bVqltjwL/EnpIqmKLpmZ9OP8ZpSCKJGRKiZ1uJdFWxCjOSV5xUkAThERqQnqYRColw1fifHO5ppQ+DmOuKJByrPycUCoXIQl93FjeLWa8Q//N6qQzOXUWjJJUkwpNFQcqgjGERDuxTTrBkmSYIc6pvhXiIOMJSR1jRIdizL/8l7aO6fVo/uTmuNi6mcZTBDtgFNWCDM9AA16AJWgCDB/AEXsCr8Wg8G2/G+6S1ZExntsEvGB/fHR2csw==</latexit>

(@yt)Daux�1
<latexit sha1_base64="1SSFXg+zfr2XrX0FL3A0jfK653c=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmKr2XRjcsK9gFNCJPppB06mYSZiRBCwI2/4saFIm79CXf+jZM2C209MHA459479x4/ZlQqy/o2lpZXVtfWKxvVza3tnV1zb78ro0Rg0sERi0TfR5IwyklHUcVIPxYEhT4jPX9yU/i9ByIkjfi9SmPihmjEaUAxUlryzMO6EyOhKGKZEyI19oMszT2Vn3pNz6xZDWsKuEjsktRAibZnfjnDCCch4QozJOXAtmLlZsV4zEhedRJJYoQnaEQGmnIUEulm0xtyeKKVIQwioR9XcKr+7shQKGUa+rqy2FPOe4X4nzdIVHDlZpTHiSIczz4KEgZVBItA4JAKghVLNUFYUL0rxGMkEFY6tqoOwZ4/eZF0mw37onF+d1ZrXZdxVMAROAZ1YINL0AK3oA06AINH8AxewZvxZLwY78bHrHTJKHsOwB8Ynz9DEZfu</latexit>

(@yt)2
<latexit sha1_base64="ZJDdRFaIKgcWbp+gIrE/xUjvqcE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkPpZFNy4r2Ac0IUymk3boZBJmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHvv3Hv8mFGpLOvbWFpeWV1br2xUN7e2d3bNvf2ujBKBSQdHLBJ9H0nCKCcdRRUj/VgQFPqM9PzJTeH3HoiQNOL3Ko2JG6IRpwHFSGnJMw/rToyEoohlTojU2A+yNPdUfuo1PbNmNawp4CKxS1IDJdqe+eUMI5yEhCvMkJQD24qVmxXjMSN51UkkiRGeoBEZaMpRSKSbTW/I4YlWhjCIhH5cwan6uyNDoZRp6OvKYk857xXif94gUcGVm1EeJ4pwPPsoSBhUESwCgUMqCFYs1QRhQfWuEI+RQFjp2Ko6BHv+5EXSPWvYF43zu2atdV3GUQFH4BjUgQ0uQQvcgjboAAwewTN4BW/Gk/FivBsfs9Ilo+w5AH9gfP4ARhmX8A==</latexit>

(@yt)4

<latexit sha1_base64="mpknnayZcg1rWo/+3fpLNjUk2Pw=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUWom5KIr2VRFy4r2Ac0IUymk3boZBJmJmIZsnfjr7hxoYhbf8Cdf+OkzUJbD1w4nHMv994TJJQIadvfRmlpeWV1rbxe2djc2t4xd/c6Ik45wm0U05j3AigwJQy3JZEU9xKOYRRQ3A3GV7nfvcdckJjdyUmCvQgOGQkJglJLvlmtuwnkkkCq3AjKURCqSebL7MhX176C6UOW+WbNbthTWIvEKUgNFGj55pc7iFEaYSYRhUL0HTuRnsrXIIqzipsKnEA0hkPc15TBCAtPTX/JrEOtDKww5rqYtKbq7wkFIyEmUaA783vFvJeL/3n9VIYXniIsSSVmaLYoTKklYysPxhoQjpGkE00g4kTfaqER5BBJHV9Fh+DMv7xIOscN56xxentSa14WcZTBAaiCOnDAOWiCG9ACbYDAI3gGr+DNeDJejHfjY9ZaMoqZffAHxucPYVOb7Q==</latexit>

(@yt)Daux

Figure 4: TINT simulates the backward pass of a linear layer as a H-head attention layer (H = 6
pictured), with the gradient of the loss w.r.t. linear layer output (∂yt

) as the query, the positional
one-hot vector of prefix embeddings as the key, and the parameters of the auxiliary model stored in
the prefix embeddings as the value. Similar to the Linear Forward module (Figure 2), we distribute
the dot product computations across all attention heads by sharding the vectors into S′ (S′ = 3 here)
parts. We omitted the identical transformation for query, and value matrices, and permutation-based
transformation for key matrix for illustration purposes.

Definition B.1 (Linear layer). For a weight W ∈ RDaux×Daux and bias b ∈ RDaux , a linear layer takes
x ∈ RDaux as input and outputs y = Wx+ b.

In the discussions below, we consider a linear layer in the auxiliary model with parameters {W , b}
that takes in input sequence x1, · · · ,xTaux and outputs y1, · · · ,yTaux , with yt = Wxt + b for each
t ≤ Taux. Since this involves a token-wise operation, we will present our constructed modules with a
general token position t and the prefix tokens {vj}.

TINT Linear Forward module Continuing our discussion from Section 2.4, we represent S
stacked rows of W as a prefix embedding. In addition, we store the bias b in the first prefix
embedding (v1).

Using a set of S′ unique attention heads in a TINT attention module (Definition A.1), we copy the
bias b to respective token embeddings and use a TINT linear layer to add the biases to the final output.

Auxiliary’s backpropagation through linear layer For a linear layer as defined in Definition B.1,
the linear backpropagation layer takes in the loss gradient w.r.t. output (∂y) and computes the loss
gradient w.r.t. input (∂x).

Definition B.2 (Linear backpropagation ). For a weight W ∈ RDaux×Daux , the linear backpropagation
layer takes ∂y ∈ RDaux as input and outputs ∂x = W⊤∂y .

TINT Linear backpropagation module This module will aim to simulate the auxiliary’s linear
backpropagation. The input embedding et to this module will contain the gradient of the loss w.r.t.
yt, i.e. ∂yt . As given in Definition B.2, this module will output the gradient of the loss w.r.t. xt,
given by ∂xt = W⊤∂yt .

We first use the residual connection to copy the prefix embeddings {vj} (i.e., the rows of W ) from
the forward propagation module. A straightforward construction would be to use the Linear Forward
module but with the columns of W stored in the prefix tokens, thereby simulating multiplication with
W⊤. However, such a construction requires applying attention to the prefix tokens, which increases
the size of the construction substantially.

We instead perform the operation more efficiently by splitting it across attention heads. In particular,
once we view the operation as ∂xt

=
∑

i (∂yt
)i wi, we can see that the attention score between the

current token and the prefix token containing wi must be (∂yt
)i. Using value vectors as rows of W

returns the desired output. Similar to the Linear Forward module, we shard the weights into S′ parts
to parallelize across more attention heads. Please see Figure 4.
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<latexit sha1_base64="pfOpb8WsWBm0Uqn8im74Fhp8TVM=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiTF17KoC5dV7AOaGCbTaTt08mDmRlpCwI2/4saFIm79CXf+jZM2C209cOFwzr3ce48XcSbBNL+1wsLi0vJKcbW0tr6xuaVv7zRlGAtCGyTkoWh7WFLOAtoABpy2I0Gx73Ha8oaXmd96oEKyMLiDcUQdH/cD1mMEg5Jcfc/2MQw8L7lN75PqlWsDHUGC41GaunrZrJgTGPPEykkZ5ai7+pfdDUns0wAIx1J2LDMCJ8ECGOE0LdmxpBEmQ9ynHUUD7FPpJJMfUuNQKV2jFwpVARgT9fdEgn0px76nOrOL5ayXif95nRh6507CgigGGpDpol7MDQiNLBCjywQlwMeKYCKYutUgAywwARVbSYVgzb48T5rVinVaObk5Ltcu8jiKaB8doCNkoTNUQ9eojhqIoEf0jF7Rm/akvWjv2se0taDlM7voD7TPH+7amF8=</latexit>

R2Daux

<latexit sha1_base64="1u74K12jdBXtUZ5YfG+0DIwLSPI=">AAAB9XicbVDJSgNBFHzjGuMW9eilMQiewoy4HYNePEYwCyST0NPpSZr0LHS/UcOQ//DiQRGv/os3/8aeZA6aWNBQVL3Hqy4vlkKjbX9bS8srq2vrhY3i5tb2zm5pb7+ho0QxXmeRjFTLo5pLEfI6CpS8FStOA0/ypje6yfzmA1daROE9jmPuBnQQCl8wikbqdgKKQ89PnyY97Dq9Utmu2FOQReLkpAw5ar3SV6cfsSTgITJJtW47doxuShUKJvmk2Ek0jykb0QFvGxrSgGs3naaekGOj9IkfKfNCJFP190ZKA63HgWcms5R63svE/7x2gv6Vm4owTpCHbHbITyTBiGQVkL5QnKEcG0KZEiYrYUOqKENTVNGU4Mx/eZE0TivOReX87qxcvc7rKMAhHMEJOHAJVbiFGtSBgYJneIU369F6sd6tj9nokpXvHMAfWJ8/wG2SsA==</latexit>

x1
t

<latexit sha1_base64="9n2lVRx6M1xN34ewO6M81VOvaYQ=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVZLia1l047KCfUBfTKaTduhkEmZu1BL6H25cKOLWf3Hn3zhps9DWAwOHc+7lnjleJLhGx/m2ciura+sb+c3C1vbO7l5x/6Chw1hRVqehCFXLI5oJLlkdOQrWihQjgSdY0xvfpH7zgSnNQ3mPk4h1AzKU3OeUoJF6nYDgyPOTp2kfe5V+seSUnRnsZeJmpAQZav3iV2cQ0jhgEqkgWrddJ8JuQhRyKti00Ik1iwgdkyFrGypJwHQ3maWe2idGGdh+qMyTaM/U3xsJCbSeBJ6ZTFPqRS8V//PaMfpX3YTLKEYm6fyQHwsbQzutwB5wxSiKiSGEKm6y2nREFKFoiiqYEtzFLy+TRqXsXpTP785K1eusjjwcwTGcgguXUIVbqEEdKCh4hld4sx6tF+vd+piP5qxs5xD+wPr8AcHxkrE=</latexit>

x2
t

<latexit sha1_base64="h2/GtNjyN5PNr+SKZLw2Uvxg/cY=">AAAB9XicbVDJSgNBFHwTtxi3qEcvjUHwFGbcj0EvHiOYBbLR0+lJmvQsdL9Rw5D/8OJBEa/+izf/xp5kDppY0FBUvcerLjeSQqNtf1u5peWV1bX8emFjc2t7p7i7V9dhrBivsVCGqulSzaUIeA0FSt6MFKe+K3nDHd2kfuOBKy3C4B7HEe/4dBAITzCKRuq2fYpD10ueJj3snvaKJbtsT0EWiZOREmSo9opf7X7IYp8HyCTVuuXYEXYSqlAwySeFdqx5RNmIDnjL0ID6XHeSaeoJOTJKn3ihMi9AMlV/byTU13rsu2YyTannvVT8z2vF6F11EhFEMfKAzQ55sSQYkrQC0heKM5RjQyhTwmQlbEgVZWiKKpgSnPkvL5L6Sdm5KJ/fnZUq11kdeTiAQzgGBy6hArdQhRowUPAMr/BmPVov1rv1MRvNWdnOPvyB9fkDw3WSsg==</latexit>

x3
t

<latexit sha1_base64="1u74K12jdBXtUZ5YfG+0DIwLSPI=">AAAB9XicbVDJSgNBFHzjGuMW9eilMQiewoy4HYNePEYwCyST0NPpSZr0LHS/UcOQ//DiQRGv/os3/8aeZA6aWNBQVL3Hqy4vlkKjbX9bS8srq2vrhY3i5tb2zm5pb7+ho0QxXmeRjFTLo5pLEfI6CpS8FStOA0/ypje6yfzmA1daROE9jmPuBnQQCl8wikbqdgKKQ89PnyY97Dq9Utmu2FOQReLkpAw5ar3SV6cfsSTgITJJtW47doxuShUKJvmk2Ek0jykb0QFvGxrSgGs3naaekGOj9IkfKfNCJFP190ZKA63HgWcms5R63svE/7x2gv6Vm4owTpCHbHbITyTBiGQVkL5QnKEcG0KZEiYrYUOqKENTVNGU4Mx/eZE0TivOReX87qxcvc7rKMAhHMEJOHAJVbiFGtSBgYJneIU369F6sd6tj9nokpXvHMAfWJ8/wG2SsA==</latexit>

x1
t

<latexit sha1_base64="9n2lVRx6M1xN34ewO6M81VOvaYQ=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVZLia1l047KCfUBfTKaTduhkEmZu1BL6H25cKOLWf3Hn3zhps9DWAwOHc+7lnjleJLhGx/m2ciura+sb+c3C1vbO7l5x/6Chw1hRVqehCFXLI5oJLlkdOQrWihQjgSdY0xvfpH7zgSnNQ3mPk4h1AzKU3OeUoJF6nYDgyPOTp2kfe5V+seSUnRnsZeJmpAQZav3iV2cQ0jhgEqkgWrddJ8JuQhRyKti00Ik1iwgdkyFrGypJwHQ3maWe2idGGdh+qMyTaM/U3xsJCbSeBJ6ZTFPqRS8V//PaMfpX3YTLKEYm6fyQHwsbQzutwB5wxSiKiSGEKm6y2nREFKFoiiqYEtzFLy+TRqXsXpTP785K1eusjjwcwTGcgguXUIVbqEEdKCh4hld4sx6tF+vd+piP5qxs5xD+wPr8AcHxkrE=</latexit>

x2
t

<latexit sha1_base64="h2/GtNjyN5PNr+SKZLw2Uvxg/cY=">AAAB9XicbVDJSgNBFHwTtxi3qEcvjUHwFGbcj0EvHiOYBbLR0+lJmvQsdL9Rw5D/8OJBEa/+izf/xp5kDppY0FBUvcerLjeSQqNtf1u5peWV1bX8emFjc2t7p7i7V9dhrBivsVCGqulSzaUIeA0FSt6MFKe+K3nDHd2kfuOBKy3C4B7HEe/4dBAITzCKRuq2fYpD10ueJj3snvaKJbtsT0EWiZOREmSo9opf7X7IYp8HyCTVuuXYEXYSqlAwySeFdqx5RNmIDnjL0ID6XHeSaeoJOTJKn3ihMi9AMlV/byTU13rsu2YyTannvVT8z2vF6F11EhFEMfKAzQ55sSQYkrQC0heKM5RjQyhTwmQlbEgVZWiKKpgSnPkvL5L6Sdm5KJ/fnZUq11kdeTiAQzgGBy6hArdQhRowUPAMr/BmPVov1rv1MRvNWdnOPvyB9fkDw3WSsg==</latexit>

x3
t

Multi
head
Attn.

⊕

<latexit sha1_base64="x/mo7BSNXljfsemLZ3ZJAFCVvhs=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiS+l0VduKxiH9DEMJlO26GTBzM30hICbvwVNy4UcetPuPNvnLRZaOuBC4dz7uXee7yIMwmm+a0V5uYXFpeKy6WV1bX1DX1zqyHDWBBaJyEPRcvDknIW0Dow4LQVCYp9j9OmN7jM/OYDFZKFwR2MIur4uBewLiMYlOTqO7aPoe95yW16nxxduTbQISQ4Hqapq5fNijmGMUusnJRRjpqrf9mdkMQ+DYBwLGXbMiNwEiyAEU7Tkh1LGmEywD3aVjTAPpVOMv4hNfaV0jG6oVAVgDFWf08k2Jdy5HuqM7tYTnuZ+J/XjqF77iQsiGKgAZks6sbcgNDIAjE6TFACfKQIJoKpWw3SxwITULGVVAjW9MuzpHFYsU4rJzfH5epFHkcR7aI9dIAsdIaq6BrVUB0R9Iie0St60560F+1d+5i0FrR8Zhv9gfb5A/BrmGA=</latexit>

R3Daux

Key Query

— —
<latexit sha1_base64="+dW5tdz2N+N+y1HBZoldRk8EBKc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZw+ykNxkyO7vMzCphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmIyrNY3lvRgn6Ee1LHnJGjZWaT93MGz943VLZrbhTkEXi5aQMOWrd0lenF7M0QmmYoFq3PTcxfkaV4UzguNhJNSaUDWkf25ZKGqH2s+m5Y3JslR4JY2VLGjJVf09kNNJ6FAW2M6JmoOe9ifif105NeOVnXCapQclmi8JUEBOTye+kxxUyI0aWUKa4vZWwAVWUGZtQ0Ybgzb+8SBqnFe+icn53Vq5e53EU4BCO4AQ8uIQq3EIN6sBgCM/wCm9O4rw4787HrHXJyWcO4A+czx/4/49Y</latexit>

w1
1

— —
<latexit sha1_base64="wmT+tr4SyzIXtEFDAJ1mNgPHqCk=">AAAB73icbVDLTsMwENzwLOVV4MjFokLiVCUVr2MFF45Fog+pDZXjOq1Vxw62A6qi/gQXDiDEld/hxt/gtDlAy0grjWZ2tbsTxJxp47rfztLyyuraemGjuLm1vbNb2ttvapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj68xvPVKlmRR3ZhxTP8IDwUJGsLFS+6mXepP7arFXKrsVdwq0SLyclCFHvVf66vYlSSIqDOFY647nxsZPsTKMcDopdhNNY0xGeEA7lgocUe2n03sn6NgqfRRKZUsYNFV/T6Q40nocBbYzwmao571M/M/rJCa89FMm4sRQQWaLwoQjI1H2POozRYnhY0swUczeisgQK0yMjSgLwZt/eZE0qxXvvHJ2e1quXeVxFOAQjuAEPLiAGtxAHRpAgMMzvMKb8+C8OO/Ox6x1yclnDuAPnM8fMTmPbQ==</latexit>

w2
1

— —
<latexit sha1_base64="uqGREeh5LdtOlK3rI9R5mzxM4AE=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPux6AXjxHMAskYejo9SZOenqG7RglDPsKLB0W8+j3e/Bs7y0ETHxQ83quiql6QSGHQdb+d3NLyyupafr2wsbm1vVPc3aubONWM11gsY90MqOFSKF5DgZI3E81pFEjeCAY3Y7/xyLURsbrHYcL9iPaUCAWjaKXGUyfzRg+nnWLJLbsTkEXizUgJZqh2il/tbszSiCtkkhrT8twE/YxqFEzyUaGdGp5QNqA93rJU0YgbP5ucOyJHVumSMNa2FJKJ+nsio5ExwyiwnRHFvpn3xuJ/XivF8MrPhEpS5IpNF4WpJBiT8e+kKzRnKIeWUKaFvZWwPtWUoU2oYEPw5l9eJPWTsndRPr87K1WuZ3Hk4QAO4Rg8uIQK3EIVasBgAM/wCm9O4rw4787HtDXnzGb24Q+czx/8B49a</latexit>

w3
1

— —
— —

— —

<latexit sha1_base64="Oi6GZ10PJDnNF5v2jPLD+77yWFE=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSv45ELx4xcYEEVtItXWjotpu2qyEbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCPWJ5FK1Q6wpZ4L6hhlO24miOA45bYWjm6nfeqRKMynuzTihQYwHgkWMYGMl/6lXe/B65YpbdWdAy8TLSQVyNHrlr25fkjSmwhCOte54bmKCDCvDCKeTUjfVNMFkhAe0Y6nAMdVBNjt2gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95ndREV0HGRJIaKsh8UZRyZCSafo76TFFi+NgSTBSztyIyxAoTY/Mp2RC8xZeXSbNW9S6q53dnlfp1HkcRjuAYTsGDS6jDLTTABwIMnuEV3hzhvDjvzse8teDkM4fwB87nDzP5jk0=</latexit>

w1
2

<latexit sha1_base64="q/Mckf75YtFfrc+MCgsZzxZr33U=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2qyEbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU+92kOtV644VWcGvEzcnFQgR6NX/ur2Y5pGTBoqiNYd10mMnxFlOBVsUuqmmiWEjsiAdSyVJGLaz2bHTvCJVfo4jJUtafBM/T2RkUjrcRTYzoiYoV70puJ/Xic14ZWfcZmkhkk6XxSmApsYTz/Hfa4YNWJsCaGK21sxHRJFqLH5lGwI7uLLy6RZq7oX1fO7s0r9Oo+jCEdwDKfgwiXU4RYa4AEFDs/wCm9Iohf0jj7mrQWUzxzCH6DPHzV9jk4=</latexit>

w2
2

<latexit sha1_base64="LNF6wLVDqq+M3yA52Z64BR4Osjg=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4Irv4eSR68YiJCySwkm7pQkPb3bRdDdnwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VoT6JeaxaIdaUM0l9wwynrURRLEJOm+HwZuI3H6nSLJb3ZpTQQOC+ZBEj2FjJf+pWH067pbJbcadAi8TLSRly1Lulr04vJqmg0hCOtW57bmKCDCvDCKfjYifVNMFkiPu0banEguogmx47RsdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HyKNgRv/uVF0qhWvIvK+d1ZuXadx1GAQziCE/DgEmpwC3XwgQCDZ3iFN0c6L8678zFrXXLymQP4A+fzBzcBjk8=</latexit>

w3
2

Value

<latexit sha1_base64="D+PT0HdVBP9NKFgzR4YTmegMuH0=">AAACBHicbVC5TsNAEF1zhnAZKNNYREhUwY64yggoKAMihxQba73ZJKusD+2OUSLLBQ2/QkMBQrR8BB1/wzpxAQlPGunpvRnNzPMiziSY5re2sLi0vLJaWCuub2xubes7u00ZxoLQBgl5KNoelpSzgDaAAaftSFDse5y2vOFl5rceqJAsDO5gHFHHx/2A9RjBoCRXL9k+hoHnJbfpfXLl2kBHkOB4lB5VU1cvmxVzAmOeWDkpoxx1V/+yuyGJfRoA4VjKjmVG4CRYACOcpkU7ljTCZIj7tKNogH0qnWTyRGocKKVr9EKhKgBjov6eSLAv5dj3VGd2spz1MvE/rxND79xJWBDFQAMyXdSLuQGhkSVidJmgBPhYEUwEU7caZIAFJqByK6oQrNmX50mzWrFOKyc3x+XaRR5HAZXQPjpEFjpDNXSN6qiBCHpEz+gVvWlP2ov2rn1MWxe0fGYP/YH2+QNoYZiY</latexit>

RDaux/2

<latexit sha1_base64="KYZo43lBA1SVJCO7oqMSZazAvP4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURv45FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RRWVtfWN4qbpa3tnd298v5BQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hobuo3n1BpHstHM04wiOhA8j5n1FjJP+ugod1yxa26M5Bl4uWkAjnq3fJXpxezNEJpmKBatz03MUFGleFM4KTUSTUmlI3oANuWShqhDrLZsRNyYpUe6cfKljRkpv6eyGik9TgKbWdEzVAvelPxP6+dmv5NkHGZpAYlmy/qp4KYmEw/Jz2ukBkxtoQyxe2thA2poszYfEo2BG/x5WXSOK96V9XLh4tK7TaPowhHcAyn4ME11OAe6uADAw7P8ApvjnRenHfnY95acPKZQ/gD5/MHdfSOeQ==</latexit>�⌘<latexit sha1_base64="hoJrbpKN2E5n8DIKfJFDj7dI998=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDoqIG3LWLZXdijsFWSReTsqQo9YtfXV6MUsjrpBJakzbcxP0M6pRMMnHxU5qeELZkPZ521JF7Ro/m947JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xw2s+ESlLkis0WhakkGJPJ86QnNGcoR5ZQpoW9lbAB1ZShjahoQ/DmX14kjdOKd1m5uD8vV2/yOApwCEdwAh5cQRXuoAZ1YCDhGV7hzXl0Xpx352PWuuTkMwfwB87nD4ZAj6U=</latexit>⇥3

<latexit sha1_base64="hoJrbpKN2E5n8DIKfJFDj7dI998=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDoqIG3LWLZXdijsFWSReTsqQo9YtfXV6MUsjrpBJakzbcxP0M6pRMMnHxU5qeELZkPZ521JF7Ro/m947JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xw2s+ESlLkis0WhakkGJPJ86QnNGcoR5ZQpoW9lbAB1ZShjahoQ/DmX14kjdOKd1m5uD8vV2/yOApwCEdwAh5cQRXuoAZ1YCDhGV7hzXl0Xpx352PWuuTkMwfwB87nD4ZAj6U=</latexit>⇥3

<latexit sha1_base64="J3Zn6LPhorrZQUDu7FXxnKUFcaA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuzsbDJmdmeZ6Q2EkH/w4kERr/6PN//GSbIHTSxoKKq66e4KUikMuu63s7K6tr6xWdgqbu/s7u2XDg4bRmWa8TpTUulWQA2XIuF1FCh5K9WcxoHkzWBwN/WbQ66NUMkjjlLux7SXiEgwilZqdIahQtMtld2KOwNZJl5OypCj1i19dULFspgnyCQ1pu25KfpjqlEwySfFTmZ4StmA9njb0oTG3Pjj2bUTcmqVkERK20qQzNTfE2MaGzOKA9sZU+ybRW8q/ue1M4xu/LFI0gx5wuaLokwSVGT6OgmF5gzlyBLKtLC3EtanmjK0ARVtCN7iy8ukcV7xriqXDxfl6m0eRwGO4QTOwINrqMI91KAODJ7gGV7hzVHOi/PufMxbV5x85gj+wPn8Ac6vj0w=</latexit>...

<latexit sha1_base64="J3Zn6LPhorrZQUDu7FXxnKUFcaA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuzsbDJmdmeZ6Q2EkH/w4kERr/6PN//GSbIHTSxoKKq66e4KUikMuu63s7K6tr6xWdgqbu/s7u2XDg4bRmWa8TpTUulWQA2XIuF1FCh5K9WcxoHkzWBwN/WbQ66NUMkjjlLux7SXiEgwilZqdIahQtMtld2KOwNZJl5OypCj1i19dULFspgnyCQ1pu25KfpjqlEwySfFTmZ4StmA9njb0oTG3Pjj2bUTcmqVkERK20qQzNTfE2MaGzOKA9sZU+ybRW8q/ue1M4xu/LFI0gx5wuaLokwSVGT6OgmF5gzlyBLKtLC3EtanmjK0ARVtCN7iy8ukcV7xriqXDxfl6m0eRwGO4QTOwINrqMI91KAODJ7gGV7hzVHOi/PufMxbV5x85gj+wPn8Ac6vj0w=</latexit>...

<latexit sha1_base64="hFes9c8WEs/Fb0NtFe08se7iNs4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkoivpZFNy4r2Ac0IUymk3boZBJmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHvv3Hv8mFGpLOvbqCwtr6yuVddrG5tb2zvm7l5XRonApIMjFom+jyRhlJOOooqRfiwICn1Gev7kpvB7D0RIGvF7lcbEDdGI04BipLTkmQcNJ0ZCUcQyJ0Rq7AdZmnsqP/Fsz6xbTWsKuEjsktRBibZnfjnDCCch4QozJOXAtmLlZsV4zEhecxJJYoQnaEQGmnIUEulm0xtyeKyVIQwioR9XcKr+7shQKGUa+rqy2FPOe4X4nzdIVHDlZpTHiSIczz4KEgZVBItA4JAKghVLNUFYUL0rxGMkEFY6tpoOwZ4/eZF0T5v2RfP87qzeui7jqIJDcAQawAaXoAVuQRt0AAaP4Bm8gjfjyXgx3o2PWWnFKHv2wR8Ynz9BjZft</latexit>

(@yt)1
<latexit sha1_base64="umJTKasx08qIpjEQRn3QbFYKMjg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUl8L4tuXFawD2hCmEwn7dDJJMxMhBACbvwVNy4UcetPuPNvnLRZaOuBgcM599659/gxo1JZ1rexsLi0vLJaWauub2xubZs7ux0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+uObwu8+ECFpxO9VGhM3RENOA4qR0pJn7tedGAlFEcucEKmRH2Rp7qn82Dv1zJrVsCaA88QuSQ2UaHnmlzOIcBISrjBDUvZtK1ZuVozHjORVJ5EkRniMhqSvKUchkW42uSGHR1oZwCAS+nEFJ+rvjgyFUqahryuLPeWsV4j/ef1EBVduRnmcKMLx9KMgYVBFsAgEDqggWLFUE4QF1btCPEICYaVjq+oQ7NmT50nnpGFfNM7vzmrN6zKOCjgAh6AObHAJmuAWtEAbYPAInsEreDOejBfj3fiYli4YZc8e+APj8wdElZfv</latexit>

(@yt)3

<latexit sha1_base64="Fj9aGwnK0vteixHAmTyxhaak2NM=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVgSpBvMYKGBiLRB9SE0WO67RWnYdsBxFZ+QMWfoWFAYRYWdn4G5y2AxSOdKWjc+7Vvff4CaNCWtaXUZqbX1hcKi9XVlbX1jfMza22iFOOSQvHLOZdHwnCaERakkpGugknKPQZ6fijy8Lv3BEuaBzdyiwhbogGEQ0oRlJLnrlfcxLEJUVMOSGSQz9QWe7J/MBTV55C6X0OD6Gde2bVqltjwL/EnpIqmKLpmZ9OP8ZpSCKJGRKiZ1uJdFWxCjOSV5xUkAThERqQnqYRColw1fifHO5ppQ+DmOuKJByrPycUCoXIQl93FjeLWa8Q//N6qQzOXUWjJJUkwpNFQcqgjGERDuxTTrBkmSYIc6pvhXiIOMJSR1jRIdizL/8l7aO6fVo/uTmuNi6mcZTBDtgFNWCDM9AA16AJWgCDB/AEXsCr8Wg8G2/G+6S1ZExntsEvGB/fHR2csw==</latexit>

(@yt)Daux�1
<latexit sha1_base64="1SSFXg+zfr2XrX0FL3A0jfK653c=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmKr2XRjcsK9gFNCJPppB06mYSZiRBCwI2/4saFIm79CXf+jZM2C209MHA459479x4/ZlQqy/o2lpZXVtfWKxvVza3tnV1zb78ro0Rg0sERi0TfR5IwyklHUcVIPxYEhT4jPX9yU/i9ByIkjfi9SmPihmjEaUAxUlryzMO6EyOhKGKZEyI19oMszT2Vn3pNz6xZDWsKuEjsktRAibZnfjnDCCch4QozJOXAtmLlZsV4zEhedRJJYoQnaEQGmnIUEulm0xtyeKKVIQwioR9XcKr+7shQKGUa+rqy2FPOe4X4nzdIVHDlZpTHiSIczz4KEgZVBItA4JAKghVLNUFYUL0rxGMkEFY6tqoOwZ4/eZF0mw37onF+d1ZrXZdxVMAROAZ1YINL0AK3oA06AINH8AxewZvxZLwY78bHrHTJKHsOwB8Ynz9DEZfu</latexit>

(@yt)2
<latexit sha1_base64="ZJDdRFaIKgcWbp+gIrE/xUjvqcE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkPpZFNy4r2Ac0IUymk3boZBJmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHvv3Hv8mFGpLOvbWFpeWV1br2xUN7e2d3bNvf2ujBKBSQdHLBJ9H0nCKCcdRRUj/VgQFPqM9PzJTeH3HoiQNOL3Ko2JG6IRpwHFSGnJMw/rToyEoohlTojU2A+yNPdUfuo1PbNmNawp4CKxS1IDJdqe+eUMI5yEhCvMkJQD24qVmxXjMSN51UkkiRGeoBEZaMpRSKSbTW/I4YlWhjCIhH5cwan6uyNDoZRp6OvKYk857xXif94gUcGVm1EeJ4pwPPsoSBhUESwCgUMqCFYs1QRhQfWuEI+RQFjp2Ko6BHv+5EXSPWvYF43zu2atdV3GUQFH4BjUgQ0uQQvcgjboAAwewTN4BW/Gk/FivBsfs9Ilo+w5AH9gfP4ARhmX8A==</latexit>

(@yt)4

<latexit sha1_base64="mpknnayZcg1rWo/+3fpLNjUk2Pw=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUWom5KIr2VRFy4r2Ac0IUymk3boZBJmJmIZsnfjr7hxoYhbf8Cdf+OkzUJbD1w4nHMv994TJJQIadvfRmlpeWV1rbxe2djc2t4xd/c6Ik45wm0U05j3AigwJQy3JZEU9xKOYRRQ3A3GV7nfvcdckJjdyUmCvQgOGQkJglJLvlmtuwnkkkCq3AjKURCqSebL7MhX176C6UOW+WbNbthTWIvEKUgNFGj55pc7iFEaYSYRhUL0HTuRnsrXIIqzipsKnEA0hkPc15TBCAtPTX/JrEOtDKww5rqYtKbq7wkFIyEmUaA783vFvJeL/3n9VIYXniIsSSVmaLYoTKklYysPxhoQjpGkE00g4kTfaqER5BBJHV9Fh+DMv7xIOscN56xxentSa14WcZTBAaiCOnDAOWiCG9ACbYDAI3gGr+DNeDJejHfjY9ZaMoqZffAHxucPYVOb7Q==</latexit>

(@yt)Daux

tth	token tth	token

<latexit sha1_base64="QYtfUi59xYQuhRgohBhfuXpKjw4=">AAACIXicbVDJSgNBEO2JW4xb1KOXxiDEg2FGXHIMevEYwSyQiUNPpydp0rPQXSOGYX7Fi7/ixYMiuYk/Y08SQRMfFDzeq6KqnhsJrsA0P43c0vLK6lp+vbCxubW9U9zda6owlpQ1aChC2XaJYoIHrAEcBGtHkhHfFazlDq8zv/XApOJhcAejiHV90g+4xykBLTnF6onNgGBbxb6TQIrLdkQkcCIS2ycwcL1klDqQHjsW/hEetXBvOcWSWTEnwIvEmpESmqHuFMd2L6SxzwKggijVscwIukm2jQqWFuxYsYjQIemzjqYB8ZnqJpMPU3yklR72QqkrADxRf08kxFdq5Lu6M7tSzXuZ+J/XicGrdhMeRDGwgE4XebHAEOIsLtzjklEQI00IlVzfiumASEJBh1rQIVjzLy+S5mnFuqic356ValezOPLoAB2iMrLQJaqhG1RHDUTRE3pBb+jdeDZejQ9jPG3NGbOZffQHxtc3dKmkWA==</latexit>

�⌘
X

t

(@yt)1x
1
t

<latexit sha1_base64="I1tOs33aK1KSN9SZItfAz3w+K9g=">AAACIXicbVDJSgNBEO1xjXGLevTSGIR4MMwElxyDXjxGMAtk4tDT6Uma9Cx014hhmF/x4q948aBIbuLP2JNE0MQHBY/3qqiq50aCKzDNT2NpeWV1bT23kd/c2t7ZLeztN1UYS8oaNBShbLtEMcED1gAOgrUjyYjvCtZyh9eZ33pgUvEwuINRxLo+6Qfc45SAlpxC9dRmQLCtYt9JIMUlOyISOBGJ7RMYuF4ySh1ITxwL/wiPWrivOIWiWTYnwIvEmpEimqHuFMZ2L6SxzwKggijVscwIukm2jQqW5u1YsYjQIemzjqYB8ZnqJpMPU3yslR72QqkrADxRf08kxFdq5Lu6M7tSzXuZ+J/XicGrdhMeRDGwgE4XebHAEOIsLtzjklEQI00IlVzfiumASEJBh5rXIVjzLy+SZqVsXZTPb8+KtatZHDl0iI5QCVnoEtXQDaqjBqLoCb2gN/RuPBuvxocxnrYuGbOZA/QHxtc3di2kWQ==</latexit>

�⌘
X

t

(@yt)1x
2
t

<latexit sha1_base64="apDBFZVEsqnuV+/Syl/DI/TIqq4=">AAACIXicbVDJSgNBEO1xjXGLevTSGIR4MMy45hj04jGCWSATh55OT9KkZ6G7RgzD/IoXf8WLB0VyE3/GniSCJj4oeLxXRVU9NxJcgWl+GguLS8srq7m1/PrG5tZ2YWe3ocJYUlanoQhlyyWKCR6wOnAQrBVJRnxXsKY7uM785gOTiofBHQwj1vFJL+AepwS05BQqxzYDgm0V+04CKS7ZEZHAiUhsn0Df9ZJh6kB65Fj4R3jUwv2pUyiaZXMMPE+sKSmiKWpOYWR3Qxr7LAAqiFJty4ygk2TbqGBp3o4ViwgdkB5raxoQn6lOMv4wxYda6WIvlLoCwGP190RCfKWGvqs7syvVrJeJ/3ntGLxKJ+FBFAML6GSRFwsMIc7iwl0uGQUx1IRQyfWtmPaJJBR0qHkdgjX78jxpnJSti/L57VmxejWNI4f20QEqIQtdoiq6QTVURxQ9oRf0ht6NZ+PV+DBGk9YFYzqzh/7A+PoGd7GkWg==</latexit>

�⌘
X

t

(@yt)1x
3
t
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Figure 5: TINT computes the parameter gradients for a linear layer as a H-head attention layer
(H = 6 pictured), with the gradient of the loss w.r.t. linear layer output (∂yt) as the query, the
positional one-hot vector of prefix embeddings as the key, and the input to the linear layer (xt)
as the value. The auxiliary model parameters in the prefix embeddings are then updated using
a residual connection. Similar to the Linear Forward module (Figure 2), we distribute the dot
product computations across all attention heads, by sharding the vectors into S′ (S′ = 3 here)
parts. We omitted the identical transformation for query, and value matrices, and permutation-based
transformation for key matrix for simplicity.

Auxiliary’s linear descent update Finally, the linear descent layer updates the weight and the bias
parameters using a batch of inputs {xt}t≤Taux and the loss gradient w.r.t. the corresponding outputs
{∂yt
}t≤Taux .

Definition B.3 (Linear descent). For a weight W ∈ RDaux×Daux and a bias b ∈ RDaux , the linear
descent layer takes in a batch of inputs {xt ∈ RD

aux}t≤Taux and gradients {∂yt ∈ RD
aux}t≤Taux and

updates the parameters as follows:

W ←W − η
∑

t≤Taux

∂ytx
⊤
t ; b← b− η

∑

t≤Taux

∂yt .

TINT Linear descent module The input embedding et to this module will contain the gradient of
the loss w.r.t. yt, i.e. ∂yt

.

As in the Linear backpropagation module, the prefix tokens {vj} will contain the rows of W and
b, which have been copied from the Linear forward module using residual connections. Since, in
addition to the gradients, we also require the input to the linear layer, we will use residual connections
to copy the input {xt} to their respective embeddings {et}, from the Linear Forward module. As
given in Definition B.3, this module will update W and b using the gradient descent rule.

Focusing on wi, the descent update is given by wi ← wi − η
∑

t (∂yt)i xt. For the prefix token
vj that contains wi, the update term −η∑t (∂yt

)i xt can be expressed with an attention head that
represents the attention between the prefix token vj and any token et with score (∂yt

)i and value
−ηxt. The residual connection can then be used to update the weights wi in vj .

For the bias b, the descent update is give by b ← b − η
∑

t ∂yt . With b present in v1, we use one
attention head to represent the attention score between prefix token v1 and any token et as 1, with
the value being −η∂yt . The residual connection can then be used to update the weights b in v1.

The above process can be further parallelized across multiple attention heads, by sharding each
weight computation into S′ parts. Please see Figure 5.

B.1 HSIM-SPLIT OPERATION

We leverage local structure within the linear operations of TINT to make the construction smaller. We
build two Hsim-split operations to replace all the linear operations. We use dsim to denote Dsim/Hsim
in the following definitions.
Definition B.4 (Split-wise Hsim-split Linear operation). For weight and bias parameters W TINT ∈
RHsim×dsim×dsim ,BTINT ∈ RHsim×dsim , this layer takes in input e ∈ RDsim and returns ẽ =

VECTORIZE(S̃ +BTINT), with S̃ ∈ RHsim×dsim defined with rows {W TINT
h SPLITHsim(e)h}h≤Hsim .
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Definition B.5 (Dimension-wise Hsim-split Linear operation). For weight and bias parameters
W TINT ∈ Rdsim×Hsim×Hsim ,BTINT ∈ Rdsim×Hsim , this layer takes in input e ∈ RDsim , defines S ∈
Rdsim×Hsim with columns {SPLITHsim(e)h}h≤Hsim , and returns ẽ = VECTORIZE((S̃ + BTINT)⊤),
where S̃ ∈ Rdsim×Hsim is defined with rows {W TINT

d sTINT
d }d≤dsim .

We find that we can replace all the linear operations with a splitwise Hsim-split Linear operation
followed by a dimensionwise Hsim-split Linear operation, and an additional splitwise Hsim-split Linear
operation, if necessary. A linear operation on Dsim-dimensional space involves D2

sim parameters,
while its replacement requires D2

sim/Hsim + 2DsimHsim parameters, effectively reducing the total
number of necessary parameters by Hsim.

We motivate the Hsim-split linear operations with an example. We consider the Linear Forward
module in Figure 2 for simulating a linear operation with parameters W ∈ RDaux×Daux and no biases.
For simplicity of presentation, we assume Daux is divisible by 4. We stack 2 rows of weights per
prefix embedding. We distribute the dot-product computation across the Hsim = 6 attention heads, by
sharding each weight into 3 parts. Since we require to have enough space to store all the sharded
computation from the linear attention heads, we require Dsim = 3Daux (we get 3 values for each of
the Daux weights in W ). For presentation, for a given vector v ∈ RDaux , we represent SPLIT3(v)i by
vi for all 1 ≤ i ≤ 3.

Now, consider the final linear operation responsible for combining the output of the attention heads.
The output, after the linear operation, should contain Wxt in the first Daux coordinates. At any
position t, if we stack the output of the linear attention heads as rows of a matrix St ∈ RHsim×Dsim/Hsim

we get

St =




⟨w1
1,x

1
t ⟩ ⟨w1

3,x
1
t ⟩ ⟨w1

5,x
1
t ⟩ · · · ⟨w1

Daux−1,x
1
t ⟩

⟨w2
1,x

2
t ⟩ ⟨w2

3,x
2
t ⟩ ⟨w2

5,x
2
t ⟩ · · · ⟨w2

Daux−1,x
2
t ⟩

⟨w3
1,x

3
t ⟩ ⟨w3

3,x
3
t ⟩ ⟨w3

5,x
3
t ⟩ · · · ⟨w3

Daux−1,x
3
t ⟩

⟨w1
2,x

1
t ⟩ ⟨w1

4,x
1
t ⟩ ⟨w1

6,x
1
t ⟩ · · · ⟨w1

Daux
,x1

t ⟩
⟨w2

2,x
2
t ⟩ ⟨w2

4,x
2
t ⟩ ⟨w2

6,x
2
t ⟩ · · · ⟨w2

Daux
,x2

t ⟩
⟨w3

2,x
3
t ⟩ ⟨w3

4,x
3
t ⟩ ⟨w3

6,x
3
t ⟩ · · · ⟨w3

Daux
,x3

t ⟩




Note that for each j ≤ Daux, we have ⟨wj ,xt⟩ =
∑3

i=1⟨wi
j ,x

i
t⟩. Thus, with a column-wise linear

operation on St, we can sum the relevant elements in each column to get

Scol
t =



⟨w1,xt⟩ ⟨w3,xt⟩ · · · ⟨wDaux/2−1,xt⟩ 0 0 · · · 0
⟨w2,xt⟩ ⟨w4,xt⟩ · · · ⟨wDaux/2,xt⟩ 0 0 · · · 0

0 0 · · · 0 ⟨wDaux/2+1,xt⟩ ⟨wDaux/2+3,xt⟩ · · · ⟨wDaux−1,xt⟩
0 0 · · · 0 ⟨wDaux/2+2,xt⟩ ⟨wDaux/2+4,xt⟩ · · · ⟨wDaux ,xt⟩
0 0 · · · 0 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0




A row-wise linear operation on Scol
t can space out the non-zero elements in the matrix and give us

Srow
t =



⟨w1,xt⟩ 0 ⟨w3,xt⟩ 0 · · · ⟨wDaux/2−1,xt⟩ 0
0 ⟨w2,xt⟩ 0 ⟨w4,xt⟩ · · · 0 ⟨wDaux/2,xt⟩

⟨wDaux/2+1,xt⟩ 0 ⟨wDaux/2+3,xt⟩ 0 · · · ⟨wDaux−1,xt⟩ 0
0 ⟨wDaux/2+2,xt⟩ 0 ⟨wDaux/2+4,xt⟩ · · · 0 ⟨wDaux ,xt⟩
0 0 · · · 0 · · · 0 0
0 0 · · · 0 · · · 0 0



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Linear Forward 
Module (Figure 2)
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<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="citKG8sJsXbshhQC0CTVCiwHufw=">AAACBnicbVDLSsNAFL2pr1pfUZciDBZBEEoivpZFN4KbCvYBbQmT6aQdOnkwMxFLyMqNv+LGhSJu/QZ3/o2TNoK2Hhg4c8693HuPG3EmlWV9GYW5+YXFpeJyaWV1bX3D3NxqyDAWhNZJyEPRcrGknAW0rpjitBUJin2X06Y7vMz85h0VkoXBrRpFtOvjfsA8RrDSkmPudnysBq6XNFPnGv187lMnUYd26phlq2KNgWaJnZMy5Kg55menF5LYp4EiHEvZtq1IdRMsFCOcpqVOLGmEyRD3aVvTAPtUdpPxGSna10oPeaHQL1BorP7uSLAv5ch3dWW2p5z2MvE/rx0r77ybsCCKFQ3IZJAXc6RClGWCekxQovhIE0wE07siMsACE6WTK+kQ7OmTZ0njqGKfVk5ujsvVizyOIuzAHhyADWdQhSuoQR0IPMATvMCr8Wg8G2/G+6S0YOQ92/AHxsc3eJGZIw==</latexit>

WKxt+1

<latexit sha1_base64="9OipdMllnC1sGId6Alan/Ve8Ak0=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUR8LYtuBDcV7APaECbTSTt08mDmRiwhCzf+ihsXirj1I9z5N07aCNp6YODMOfdy7z1eLLgCy/oyFhaXlldWS2vl9Y3NrW1zZ7elokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6zP32HZOKR+EtjGPmBGQQcp9TAlpyzUovIDD0/LSdudf453OfuSlkrlm1atYEeJ7YBamiAg3X/Oz1I5oELAQqiFJd24rBSYkETgXLyr1EsZjQERmwrqYhCZhy0skRGT7QSh/7kdQvBDxRf3ekJFBqHHi6Mt9SzXq5+J/XTcA/d1IexgmwkE4H+YnAEOE8EdznklEQY00IlVzviumQSEJB51bWIdizJ8+T1lHNPq2d3BxX6xdFHCVUQfvoENnoDNXRFWqgJqLoAT2hF/RqPBrPxpvxPi1dMIqePfQHxsc3jTWYsw==</latexit>

WKxt
<latexit sha1_base64="af0QjTJ7AttrVXeh8jazLTQkCBE=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBjSURX8uiG8FNBfuAtoTJdNIOnTyYmYglZOXGX3HjQhG3foM7/8ZJG0FbDwycOede7r3HjTiTyrK+jMLc/MLiUnG5tLK6tr5hbm41ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXmZ+844KycLgVo0i2vVxP2AeI1hpyTF3Oz5WA9dLmqlzjX4+96mTqEM7dcyyVbHGQLPEzkkZctQc87PTC0ns00ARjqVs21akugkWihFO01InljTCZIj7tK1pgH0qu8n4jBTta6WHvFDoFyg0Vn93JNiXcuS7ujLbU057mfif146Vd95NWBDFigZkMsiLOVIhyjJBPSYoUXykCSaC6V0RGWCBidLJlXQI9vTJs6RxVLFPKyc3x+XqRR5HEXZgDw7AhjOowhXUoA4EHuAJXuDVeDSejTfjfVJaMPKebfgD4+Mbe52ZJQ==</latexit>

WKxt�1

<latexit sha1_base64="IZr7b1b9m9sh6zO4wqRUm+eUw4I=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWBLxtSy6cVnBPqANYTKdtEMnD2ZuxBKycuOvuHGhiFu/wZ1/46SNoK0HBs6ccy/33uPFgiuwrC9jbn5hcWm5tFJeXVvf2DS3tpsqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARrecOr3G/dMal4FN7CKGZOQPoh9zkloCXX3OsGBAaen7Yyt4l/PveZm8KRnblmxapaY+BZYhekggrUXfOz24toErAQqCBKdWwrBiclEjgVLCt3E8ViQoekzzqahiRgyknHZ2T4QCs97EdSvxDwWP3dkZJAqVHg6cp8TzXt5eJ/XicB/8JJeRgnwEI6GeQnAkOE80xwj0tGQYw0IVRyvSumAyIJBZ1cWYdgT588S5rHVfusenpzUqldFnGU0C7aR4fIRueohq5RHTUQRQ/oCb2gV+PReDbejPdJ6ZxR9OygPzA+vgGNBJkw</latexit>

WV xt�1
<latexit sha1_base64="7I9Y2KB67KmyodAfyKqHxRamOJo=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiTia1l047KCfUAbwmQ6aYdOHszciCVk4cZfceNCEbd+hDv/xkkbQVsPDJw5517uvceLBVdgWV9GaWl5ZXWtvF7Z2Nza3jF399oqSiRlLRqJSHY9opjgIWsBB8G6sWQk8ATreOOr3O/cMal4FN7CJGZOQIYh9zkloCXXrPYDAiPPTzuZ28Y/n/vMTSFzzZpVt6bAi8QuSA0VaLrmZ38Q0SRgIVBBlOrZVgxOSiRwKlhW6SeKxYSOyZD1NA1JwJSTTo/I8KFWBtiPpH4h4Kn6uyMlgVKTwNOV+ZZq3svF/7xeAv6Fk/IwToCFdDbITwSGCOeJ4AGXjIKYaEKo5HpXTEdEEgo6t4oOwZ4/eZG0j+v2Wf305qTWuCziKKMqOkBHyEbnqIGuURO1EEUP6Am9oFfj0Xg23oz3WWnJKHr20R8YH9+ehpi+</latexit>

WV xt
<latexit sha1_base64="nDQxg6PCWvoQ+vILTR4NbNI7KoY=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEEoSTia1l047KCfUAbwmQ6aYdOHszciCVk5cZfceNCEbd+gzv/xkkbQVsPDJw5517uvceLBVdgWV/G3PzC4tJyaaW8ura+sWlubTdVlEjKGjQSkWx7RDHBQ9YADoK1Y8lI4AnW8oZXud+6Y1LxKLyFUcycgPRD7nNKQEuuudcNCAw8P21lbhP/fO4zN4UjO3PNilW1xsCzxC5IBRWou+ZntxfRJGAhUEGU6thWDE5KJHAqWFbuJorFhA5Jn3U0DUnAlJOOz8jwgVZ62I+kfiHgsfq7IyWBUqPA05X5nmray8X/vE4C/oWT8jBOgIV0MshPBIYI55ngHpeMghhpQqjkeldMB0QSCjq5sg7Bnj55ljSPq/ZZ9fTmpFK7LOIooV20jw6Rjc5RDV2jOmogih7QE3pBr8aj8Wy8Ge+T0jmj6NlBf2B8fAOJ+Jku</latexit>

WV xt+1

Multihead
Attn.

Query

Key

Value

<latexit sha1_base64="7620RrtxW8YvvrfQ2huAe6E+9fA=">AAACC3icbVDJSgNBEO2JW4xb1KOXJkHwFGbE7SIEvXiMkA0ycejp9CRNeha6a8TQzN2Lv+LFgyJe/QFv/o2d5aCJDwoe71VRVc9PBFdg299Wbml5ZXUtv17Y2Nza3inu7jVVnErKGjQWsWz7RDHBI9YADoK1E8lI6AvW8ofXY791z6TicVSHUcK6IelHPOCUgJG8YsnV2A0JDPxAjzIPsJt5Gi6d7E7XPU3ShyzzimW7Yk+AF4kzI2U0Q80rfrm9mKYhi4AKolTHsRPoaiKBU8GygpsqlhA6JH3WMTQiIVNdPfklw4dG6eEglqYiwBP194QmoVKj0Ded47PVvDcW//M6KQQXXc2jJAUW0emiIBUYYjwOBve4ZBTEyBBCJTe3YjogklAw8RVMCM78y4ukeVxxziqntyfl6tUsjjw6QCV0hBx0jqroBtVQA1H0iJ7RK3qznqwX6936mLbmrNnMPvoD6/MH0uebkw==</latexit>

{yt}Taux
t=1

<latexit sha1_base64="0Trm7pPY9KaOOY+y+QnXZtShUHY=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPqAdSia904ZmMmOSKZSh3+HGhSJu/Rh3/o2ZtgttPRA4nHMv9+QEieDauO63s7K6tr6xWdgqbu/s7u2XDg4bOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxje5X5zhErzWD6acYJ+RPuSh5xRYyW/E1EzCMIMJ11DuqWyW3GnIMvEm5MyzFHrlr46vZilEUrDBNW67bmJ8TOqDGcCJ8VOqjGhbEj72LZU0gi1n01DT8ipVXokjJV90pCp+nsjo5HW4yiwk3lIvejl4n9eOzXhjZ9xmaQGJZsdClNBTEzyBkiPK2RGjC2hTHGblbABVZQZ21PRluAtfnmZNM4r3lXl8uGiXL2d11GAYziBM/DgGqpwDzWoA4MneIZXeHNGzovz7nzMRlec+c4R/IHz+QPQn5Ik</latexit>et
<latexit sha1_base64="NvX76vPwWEgYojOTvOCRqgpSgOE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEEoSTia1l047KCfUAbymQ6aYdOJmHmRikxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjx4JrcJxva2l5ZXVtvbRR3tza3tm1K3stHSWKsiaNRKQ6PtFMcMmawEGwTqwYCX3B2v74JvfbD0xpHsl7mMTMC8lQ8oBTAkbq25VeSGDkBynL+imcuBnu21Wn5kyBF4lbkCoq0OjbX71BRJOQSaCCaN11nRi8lCjgVLCs3Es0iwkdkyHrGipJyLSXTqNn+MgoAxxEyjwJeKr+3khJqPUk9M1kHlTPe7n4n9dNILjyUi7jBJiks0NBIjBEOO8BD7hiFMTEEEIVN1kxHRFFKJi2yqYEd/7Li6R1WnMvaud3Z9X6dVFHCR2gQ3SMXHSJ6ugWNVATUfSIntErerOerBfr3fqYjS5Zxc4++gPr8wf3VpPR</latexit>et+1

<latexit sha1_base64="KcJxZnB/nZtm3r8EiXC/nt9SurE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHcWBLxtSy6cVnBPqANZTKdtEMnkzBzo5SYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98zxY8E1OM63tbS8srq2Xtoob25t7+zalb2WjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98k/vtB6Y0j+Q9TGLmhWQoecApASP17UovJDDyg5Rl/RRO3Az37apTc6bAi8QtSBUVaPTtr94goknIJFBBtO66TgxeShRwKlhW7iWaxYSOyZB1DZUkZNpLp9EzfGSUAQ4iZZ4EPFV/b6Qk1HoS+mYyD6rnvVz8z+smEFx5KZdxAkzS2aEgERginPeAB1wxCmJiCKGKm6yYjogiFExbZVOCO//lRdI6rbkXtfO7s2r9uqijhA7QITpGLrpEdXSLGqiJKHpEz+gVvVlP1ov1bn3MRpesYmcf/YH1+QP6ZJPT</latexit>et�1

Figure 6: TINT simulates the forward pass of a self-attention layer of the auxiliary model with a
Linear Forward module (Figure 2) and a TINT softmax attention layer (Definition A.1). The Linear
Forward module computes the query, key, and value vectors using a Linear Forward module on
the current embeddings, changing the prefix embeddings to correspond to WQ, WK , and WK

respectively.

Finally, a column-wise linear operation on Srow
t helps to get the non-zero elements in the correct

order.

S̄col
t =



⟨w1,xt⟩ ⟨w2,xt⟩ ⟨w3,xt⟩ ⟨w4,xt⟩ · · · ⟨wDaux/2−1,xt⟩ ⟨wDaux/2,xt⟩
⟨wDaux/2+1,xt⟩ ⟨wDaux/2+2,xt⟩ ⟨wDaux/2+3,xt⟩ ⟨wDaux/2+4,xt⟩ · · · ⟨wDaux−1,xt⟩ ⟨wDaux ,xt⟩

0 0 0 0 · · · 0 0
...

...
...

... · · ·
...

...
0 0 0 0 · · · 0 0




The desired output is then given by VECTORIZE({s̄colt,j }}Daux
j=1), which contains Wxt in the first

Daux coordinates. The operations that convert St to Scol
t and Srow

t to S̄row
t represents a split-wise

6-split linear operation, while the operation that converts Scol
t to Srow

t represents a dimension-wise
6-split linear operation. A naive linear operation on the output of the attention heads would require
D2

sim parameters, while its replacement requires D2
sim/6 parameters to represent a dimension-wise

6-split linear operation, and an additional 12Dsim parameters to represent the split-wise 6-split linear
operations.

C SELF-ATTENTION LAYER

We first introduce multi-head attention, generalizing single-head attention (Definition 2.10).
Definition C.1 (Auxiliary self-attention with Haux heads). For query, key, and value weights
WQ,WK ,WV ∈ RDaux×Daux and bias bQ, bK , bV ∈ RDaux , a self-attention layer with Haux at-
tention heads and a function fattn : RTaux → RTaux takes a sequence {xt ∈ RDaux}t≤Taux as input and
outputs {yt}t≤Taux , with

yt = VECTORIZE({
∑

j≤Taux

aht,jv
h
j }h≤Haux). (6)

aht,j is defined as the attention score of head h between tokens at positions t and j, and is given by

aht,j = softmax(Khqh
t )j . (7)

Here, qt, kt, vt denote the query, key, and value vectors at each position t, computed as WQxt +
bQ, WKxt + bK , and WV xt + bV respectively. In addition, qh

t ,k
h
t ,v

h
t denote SPLITHaux(qt)h,

SPLITHaux(kt)h, and SPLITHaux(vt)h respectively for all t ≤ Taux, and h ≤ Haux. Kh ∈ RTaux×Daux

is defined with its rows as {kh
t }t≤Taux for all h ≤ Haux.
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<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
<latexit sha1_base64="T/8ipW7HhCGWck5eMMHVWxTqQuo=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBjSURX8uiG5ct2Ae0IUymk3bo5MHMRCwhKzf+ihsXirj1G9z5N07aCtp6YODMOfdy7z1ezJlUlvVlFBYWl5ZXiqultfWNzS1ze6cpo0QQ2iARj0Tbw5JyFtKGYorTdiwoDjxOW97wOvdbd1RIFoW3ahRTJ8D9kPmMYKUl19zvBlgNPD9tZW4d/XzuMzdVx3bmmmWrYo2B5ok9JWWYouaan91eRJKAhopwLGXHtmLlpFgoRjjNSt1E0hiTIe7TjqYhDqh00vEZGTrUSg/5kdAvVGis/u5IcSDlKPB0Zb6nnPVy8T+vkyj/0klZGCeKhmQyyE84UhHKM0E9JihRfKQJJoLpXREZYIGJ0smVdAj27MnzpHlSsc8rZ/XTcvVqGkcR9uAAjsCGC6jCDdSgAQQe4Ale4NV4NJ6NN+N9Ulowpj278AfGxzeFG5kr</latexit>

WQxt�1

<latexit sha1_base64="af0QjTJ7AttrVXeh8jazLTQkCBE=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBjSURX8uiG8FNBfuAtoTJdNIOnTyYmYglZOXGX3HjQhG3foM7/8ZJG0FbDwycOede7r3HjTiTyrK+jMLc/MLiUnG5tLK6tr5hbm41ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXmZ+844KycLgVo0i2vVxP2AeI1hpyTF3Oz5WA9dLmqlzjX4+96mTqEM7dcyyVbHGQLPEzkkZctQc87PTC0ns00ARjqVs21akugkWihFO01InljTCZIj7tK1pgH0qu8n4jBTta6WHvFDoFyg0Vn93JNiXcuS7ujLbU057mfif146Vd95NWBDFigZkMsiLOVIhyjJBPSYoUXykCSaC6V0RGWCBidLJlXQI9vTJs6RxVLFPKyc3x+XqRR5HEXZgDw7AhjOowhXUoA4EHuAJXuDVeDSejTfjfVJaMPKebfgD4+Mbe52ZJQ==</latexit>

WKxt�1

<latexit sha1_base64="69/8hVFIZ59/nHscevaLxzT6glY=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkoivpZFNy4r2Ac0IUymk3boZBJmboQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Dtz5gQJZwps+9uoLC2vrK5V12sbm1vbO+buXkfFqSS0TWIey16AFeVM0DYw4LSXSIqjgNNuML4p/O4DlYrF4h4mCfUiPBQsZASDlnzzwE2wBIZ55kYYRkGYTXIfct+s2w17CmuROCWpoxIt3/xyBzFJIyqAcKxU37ET8LLibsJpXnNTRRNMxnhI+5oKHFHlZdP8uXWslYEVxlIfAdZU/b2R4UipSRToySKkmvcK8T+vn0J45WVMJClQQWYPhSm3ILaKMqwBk5QAn2iCiWQ6q0VGWGICurKaLsGZ//Ii6Zw2nIvG+d1ZvXld1lFFh+gInSAHXaImukUt1EYEPaJn9IrejCfjxXg3PmajFaPc2Ud/YHz+ADcZluQ=</latexit>

@yt

<latexit sha1_base64="hJc7lBloOsJly6BkFaeRlQKrV/Y=">AAACA3icbVDLSsNAFJ34rPUVdaebYBHcWBLxtSy6cVnBPqAJYTKdtEMnkzBzI5QQcOOvuHGhiFt/wp1/46TNQlsPDBzOuffOvSdIOFNg29/GwuLS8spqZa26vrG5tW3u7LZVnEpCWyTmsewGWFHOBG0BA067iaQ4CjjtBKObwu88UKlYLO5hnFAvwgPBQkYwaMk3990ES2CYZ26EYRiE2Tj3Mzhx8tw3a3bdnsCaJ05JaqhE0ze/3H5M0ogKIBwr1XPsBLysmE84zatuqmiCyQgPaE9TgSOqvGxyQ24daaVvhbHUT4A1UX93ZDhSahwFurJYVM16hfif10shvPIyJpIUqCDTj8KUWxBbRSBWn0lKgI81wUQyvatFhlhiAjq2qg7BmT15nrRP685F/fzurNa4LuOooAN0iI6Rgy5RA92iJmohgh7RM3pFb8aT8WK8Gx/T0gWj7NlDf2B8/gD5AJhi</latexit>

@yt�1
<latexit sha1_base64="zUSgJGMgvxb8J8UyOvYYEJEi87U=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUR8LYtuXLZgH9CGMJlO2qGTBzM3YglZuPFX3LhQxK0f4c6/cdJG0NYDA2fOuZd77/FiwRVY1pextLyyurZe2ihvbm3v7Jp7+20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vPF17nfumFQ8Cm9hEjMnIMOQ+5wS0JJrVvoBgZHnp53MbeKfz33mppC5ZtWqWVPgRWIXpIoKNFzzsz+IaBKwEKggSvVsKwYnJRI4FSwr9xPFYkLHZMh6moYkYMpJp0dk+EgrA+xHUr8Q8FT93ZGSQKlJ4OnKfEs17+Xif14vAf/SSXkYJ8BCOhvkJwJDhPNE8IBLRkFMNCFUcr0rpiMiCQWdW1mHYM+fvEjaJzX7vHbWPK3Wr4o4SqiCDtExstEFqqMb1EAtRNEDekIv6NV4NJ6NN+N9VrpkFD0H6A+Mj2+Wp5i5</latexit>

WQxt

<latexit sha1_base64="9OipdMllnC1sGId6Alan/Ve8Ak0=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUR8LYtuBDcV7APaECbTSTt08mDmRiwhCzf+ihsXirj1I9z5N07aCNp6YODMOfdy7z1eLLgCy/oyFhaXlldWS2vl9Y3NrW1zZ7elokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6zP32HZOKR+EtjGPmBGQQcp9TAlpyzUovIDD0/LSdudf453OfuSlkrlm1atYEeJ7YBamiAg3X/Oz1I5oELAQqiFJd24rBSYkETgXLyr1EsZjQERmwrqYhCZhy0skRGT7QSh/7kdQvBDxRf3ekJFBqHHi6Mt9SzXq5+J/XTcA/d1IexgmwkE4H+YnAEOE8EdznklEQY00IlVzviumQSEJB51bWIdizJ8+T1lHNPq2d3BxX6xdFHCVUQfvoENnoDNXRFWqgJqLoAT2hF/RqPBrPxpvxPi1dMIqePfQHxsc3jTWYsw==</latexit>

WKxt

<latexit sha1_base64="j+cOp9xW6elVJhyHsYDNrr6wj0E=">AAACA3icbVDLSsNAFJ34rPUVdaebYBEEoSTia1l047KCfUATwmQ6aYdOJmHmRigh4MZfceNCEbf+hDv/xkmbhbYeGDicc++de0+QcKbAtr+NhcWl5ZXVylp1fWNza9vc2W2rOJWEtkjMY9kNsKKcCdoCBpx2E0lxFHDaCUY3hd95oFKxWNzDOKFehAeChYxg0JJv7rsJlsAwz9wIwzAIs3HuZ3Di5Llv1uy6PYE1T5yS1FCJpm9+uf2YpBEVQDhWqufYCXhZMZ9wmlfdVNEEkxEe0J6mAkdUednkhtw60krfCmOpnwBrov7uyHCk1DgKdGWxqJr1CvE/r5dCeOVlTCQpUEGmH4UptyC2ikCsPpOUAB9rgolkeleLDLHEBHRsVR2CM3vyPGmf1p2L+vndWa1xXcZRQQfoEB0jB12iBrpFTdRCBD2iZ/SK3own48V4Nz6mpQtG2bOH/sD4/AH18phg</latexit>

@yt+1
<latexit sha1_base64="+Cc75ADQQPzGKRR4kXf4IEL6dx4=">AAACBnicbVDLSsNAFL2pr1pfUZciDBZBEEoivpZFNy5bsA9oQ5hMJ+3QyYOZiVhCVm78FTcuFHHrN7jzb5y0FbT1wMCZc+7l3nu8mDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5TRokgtEEiHom2hyXlLKQNxRSn7VhQHHictrzhde637qiQLApv1SimToD7IfMZwUpLrrnfDbAaeH7aytw6+vncZ26qju3MNctWxRoDzRN7SsowRc01P7u9iCQBDRXhWMqObcXKSbFQjHCalbqJpDEmQ9ynHU1DHFDppOMzMnSolR7yI6FfqNBY/d2R4kDKUeDpynxPOevl4n9eJ1H+pZOyME4UDclkkJ9wpCKUZ4J6TFCi+EgTTATTuyIywAITpZMr6RDs2ZPnSfOkYp9Xzuqn5erVNI4i7MEBHIENF1CFG6hBAwg8wBO8wKvxaDwbb8b7pLRgTHt24Q+Mj2+CD5kp</latexit>

WQxt+1

<latexit sha1_base64="citKG8sJsXbshhQC0CTVCiwHufw=">AAACBnicbVDLSsNAFL2pr1pfUZciDBZBEEoivpZFN4KbCvYBbQmT6aQdOnkwMxFLyMqNv+LGhSJu/QZ3/o2TNoK2Hhg4c8693HuPG3EmlWV9GYW5+YXFpeJyaWV1bX3D3NxqyDAWhNZJyEPRcrGknAW0rpjitBUJin2X06Y7vMz85h0VkoXBrRpFtOvjfsA8RrDSkmPudnysBq6XNFPnGv187lMnUYd26phlq2KNgWaJnZMy5Kg55menF5LYp4EiHEvZtq1IdRMsFCOcpqVOLGmEyRD3aVvTAPtUdpPxGSna10oPeaHQL1BorP7uSLAv5ch3dWW2p5z2MvE/rx0r77ybsCCKFQ3IZJAXc6RClGWCekxQovhIE0wE07siMsACE6WTK+kQ7OmTZ0njqGKfVk5ujsvVizyOIuzAHhyADWdQhSuoQR0IPMATvMCr8Wg8G2/G+6S0YOQ92/AHxsc3eJGZIw==</latexit>

WKxt+1

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

Multi
head
Attn.
(x2)

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="T/8ipW7HhCGWck5eMMHVWxTqQuo=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBjSURX8uiG5ct2Ae0IUymk3bo5MHMRCwhKzf+ihsXirj1G9z5N07aCtp6YODMOfdy7z1ezJlUlvVlFBYWl5ZXiqultfWNzS1ze6cpo0QQ2iARj0Tbw5JyFtKGYorTdiwoDjxOW97wOvdbd1RIFoW3ahRTJ8D9kPmMYKUl19zvBlgNPD9tZW4d/XzuMzdVx3bmmmWrYo2B5ok9JWWYouaan91eRJKAhopwLGXHtmLlpFgoRjjNSt1E0hiTIe7TjqYhDqh00vEZGTrUSg/5kdAvVGis/u5IcSDlKPB0Zb6nnPVy8T+vkyj/0klZGCeKhmQyyE84UhHKM0E9JihRfKQJJoLpXREZYIGJ0smVdAj27MnzpHlSsc8rZ/XTcvVqGkcR9uAAjsCGC6jCDdSgAQQe4Ale4NV4NJ6NN+N9Ulowpj278AfGxzeFG5kr</latexit>

WQxt�1
<latexit sha1_base64="zUSgJGMgvxb8J8UyOvYYEJEi87U=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUR8LYtuXLZgH9CGMJlO2qGTBzM3YglZuPFX3LhQxK0f4c6/cdJG0NYDA2fOuZd77/FiwRVY1pextLyyurZe2ihvbm3v7Jp7+20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vPF17nfumFQ8Cm9hEjMnIMOQ+5wS0JJrVvoBgZHnp53MbeKfz33mppC5ZtWqWVPgRWIXpIoKNFzzsz+IaBKwEKggSvVsKwYnJRI4FSwr9xPFYkLHZMh6moYkYMpJp0dk+EgrA+xHUr8Q8FT93ZGSQKlJ4OnKfEs17+Xif14vAf/SSXkYJ8BCOhvkJwJDhPNE8IBLRkFMNCFUcr0rpiMiCQWdW1mHYM+fvEjaJzX7vHbWPK3Wr4o4SqiCDtExstEFqqMb1EAtRNEDekIv6NV4NJ6NN+N9VrpkFD0H6A+Mj2+Wp5i5</latexit>

WQxt
<latexit sha1_base64="+Cc75ADQQPzGKRR4kXf4IEL6dx4=">AAACBnicbVDLSsNAFL2pr1pfUZciDBZBEEoivpZFNy5bsA9oQ5hMJ+3QyYOZiVhCVm78FTcuFHHrN7jzb5y0FbT1wMCZc+7l3nu8mDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5TRokgtEEiHom2hyXlLKQNxRSn7VhQHHictrzhde637qiQLApv1SimToD7IfMZwUpLrrnfDbAaeH7aytw6+vncZ26qju3MNctWxRoDzRN7SsowRc01P7u9iCQBDRXhWMqObcXKSbFQjHCalbqJpDEmQ9ynHU1DHFDppOMzMnSolR7yI6FfqNBY/d2R4kDKUeDpynxPOevl4n9eJ1H+pZOyME4UDclkkJ9wpCKUZ4J6TFCi+EgTTATTuyIywAITpZMr6RDs2ZPnSfOkYp9Xzuqn5erVNI4i7MEBHIENF1CFG6hBAwg8wBO8wKvxaDwbb8b7pLRgTHt24Q+Mj2+CD5kp</latexit>

WQxt+1

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="citKG8sJsXbshhQC0CTVCiwHufw=">AAACBnicbVDLSsNAFL2pr1pfUZciDBZBEEoivpZFN4KbCvYBbQmT6aQdOnkwMxFLyMqNv+LGhSJu/QZ3/o2TNoK2Hhg4c8693HuPG3EmlWV9GYW5+YXFpeJyaWV1bX3D3NxqyDAWhNZJyEPRcrGknAW0rpjitBUJin2X06Y7vMz85h0VkoXBrRpFtOvjfsA8RrDSkmPudnysBq6XNFPnGv187lMnUYd26phlq2KNgWaJnZMy5Kg55menF5LYp4EiHEvZtq1IdRMsFCOcpqVOLGmEyRD3aVvTAPtUdpPxGSna10oPeaHQL1BorP7uSLAv5ch3dWW2p5z2MvE/rx0r77ybsCCKFQ3IZJAXc6RClGWCekxQovhIE0wE07siMsACE6WTK+kQ7OmTZ0njqGKfVk5ujsvVizyOIuzAHhyADWdQhSuoQR0IPMATvMCr8Wg8G2/G+6S0YOQ92/AHxsc3eJGZIw==</latexit>

WKxt+1
<latexit sha1_base64="9OipdMllnC1sGId6Alan/Ve8Ak0=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUR8LYtuBDcV7APaECbTSTt08mDmRiwhCzf+ihsXirj1I9z5N07aCNp6YODMOfdy7z1eLLgCy/oyFhaXlldWS2vl9Y3NrW1zZ7elokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6zP32HZOKR+EtjGPmBGQQcp9TAlpyzUovIDD0/LSdudf453OfuSlkrlm1atYEeJ7YBamiAg3X/Oz1I5oELAQqiFJd24rBSYkETgXLyr1EsZjQERmwrqYhCZhy0skRGT7QSh/7kdQvBDxRf3ekJFBqHHi6Mt9SzXq5+J/XTcA/d1IexgmwkE4H+YnAEOE8EdznklEQY00IlVzviumQSEJB51bWIdizJ8+T1lHNPq2d3BxX6xdFHCVUQfvoENnoDNXRFWqgJqLoAT2hF/RqPBrPxpvxPi1dMIqePfQHxsc3jTWYsw==</latexit>

WKxt

<latexit sha1_base64="af0QjTJ7AttrVXeh8jazLTQkCBE=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBjSURX8uiG8FNBfuAtoTJdNIOnTyYmYglZOXGX3HjQhG3foM7/8ZJG0FbDwycOede7r3HjTiTyrK+jMLc/MLiUnG5tLK6tr5hbm41ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXmZ+844KycLgVo0i2vVxP2AeI1hpyTF3Oz5WA9dLmqlzjX4+96mTqEM7dcyyVbHGQLPEzkkZctQc87PTC0ns00ARjqVs21akugkWihFO01InljTCZIj7tK1pgH0qu8n4jBTta6WHvFDoFyg0Vn93JNiXcuS7ujLbU057mfif146Vd95NWBDFigZkMsiLOVIhyjJBPSYoUXykCSaC6V0RGWCBidLJlXQI9vTJs6RxVLFPKyc3x+XqRR5HEXZgDw7AhjOowhXUoA4EHuAJXuDVeDSejTfjfVJaMPKebfgD4+Mbe52ZJQ==</latexit>

WKxt�1

Query

Value

Key

<latexit sha1_base64="hJc7lBloOsJly6BkFaeRlQKrV/Y=">AAACA3icbVDLSsNAFJ34rPUVdaebYBHcWBLxtSy6cVnBPqAJYTKdtEMnkzBzI5QQcOOvuHGhiFt/wp1/46TNQlsPDBzOuffOvSdIOFNg29/GwuLS8spqZa26vrG5tW3u7LZVnEpCWyTmsewGWFHOBG0BA067iaQ4CjjtBKObwu88UKlYLO5hnFAvwgPBQkYwaMk3990ES2CYZ26EYRiE2Tj3Mzhx8tw3a3bdnsCaJ05JaqhE0ze/3H5M0ogKIBwr1XPsBLysmE84zatuqmiCyQgPaE9TgSOqvGxyQ24daaVvhbHUT4A1UX93ZDhSahwFurJYVM16hfif10shvPIyJpIUqCDTj8KUWxBbRSBWn0lKgI81wUQyvatFhlhiAjq2qg7BmT15nrRP685F/fzurNa4LuOooAN0iI6Rgy5RA92iJmohgh7RM3pFb8aT8WK8Gx/T0gWj7NlDf2B8/gD5AJhi</latexit>

@yt�1

<latexit sha1_base64="69/8hVFIZ59/nHscevaLxzT6glY=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkoivpZFNy4r2Ac0IUymk3boZBJmboQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Dtz5gQJZwps+9uoLC2vrK5V12sbm1vbO+buXkfFqSS0TWIey16AFeVM0DYw4LSXSIqjgNNuML4p/O4DlYrF4h4mCfUiPBQsZASDlnzzwE2wBIZ55kYYRkGYTXIfct+s2w17CmuROCWpoxIt3/xyBzFJIyqAcKxU37ET8LLibsJpXnNTRRNMxnhI+5oKHFHlZdP8uXWslYEVxlIfAdZU/b2R4UipSRToySKkmvcK8T+vn0J45WVMJClQQWYPhSm3ILaKMqwBk5QAn2iCiWQ6q0VGWGICurKaLsGZ//Ii6Zw2nIvG+d1ZvXld1lFFh+gInSAHXaImukUt1EYEPaJn9IrejCfjxXg3PmajFaPc2Ud/YHz+ADcZluQ=</latexit>

@yt

<latexit sha1_base64="j+cOp9xW6elVJhyHsYDNrr6wj0E=">AAACA3icbVDLSsNAFJ34rPUVdaebYBEEoSTia1l047KCfUATwmQ6aYdOJmHmRigh4MZfceNCEbf+hDv/xkmbhbYeGDicc++de0+QcKbAtr+NhcWl5ZXVylp1fWNza9vc2W2rOJWEtkjMY9kNsKKcCdoCBpx2E0lxFHDaCUY3hd95oFKxWNzDOKFehAeChYxg0JJv7rsJlsAwz9wIwzAIs3HuZ3Di5Llv1uy6PYE1T5yS1FCJpm9+uf2YpBEVQDhWqufYCXhZMZ9wmlfdVNEEkxEe0J6mAkdUednkhtw60krfCmOpnwBrov7uyHCk1DgKdGWxqJr1CvE/r5dCeOVlTCQpUEGmH4UptyC2ikCsPpOUAB9rgolkeleLDLHEBHRsVR2CM3vyPGmf1p2L+vndWa1xXcZRQQfoEB0jB12iBrpFTdRCBD2iZ/SK3own48V4Nz6mpQtG2bOH/sD4/AH18phg</latexit>

@yt+1
<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
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Figure 7: The gradient w.r.t. the value vectors {∂vt
} (Definition C.2) forms the integral component

for both TINT self-attention backward and descent update modules. TINT computes {∂vt
} using a

softmax attention and a linear attention layer. We first use residual connections to copy the query and
key vectors to the current embeddings from the TINT Self-attention Forward module (Figure 6). The
softmax attention layer re-computes the attention scores {aht,j} between all token pairs {(t, j)} and
stores them in the token embeddings. The linear attention layer uses the one-hot position embeddings
of the input tokens as the query to use the transposed attention scores {ahj,t} for all token pairs {(t, j)}
and use the gradients {∂yt

} as the value vectors to compute {∂vt
}.

In the discussions below, we consider a self-attention layer in the auxiliary model with parameters
{WQ, bQ,WK , bK ,WV , bV } that takes in input sequence x1, · · · ,xTaux and outputs y1, · · · ,yTaux ,
with {yt}Taux

t=1 given by (6). As in the definition, qt,kt,vt denote the query, key, and value vectors
for position t. We will use TINT self-attention modules in order to simulate the operations on the
auxiliary’s self-attention layer. To do so, we will need Hsim ≥ Haux in the corresponding TINT
self-attention modules.

TINT Self-attention forward module The input embedding to this module et at each position
t will contain xt in its first Daux coordinates. The self-attention module can be divided into four
sub-operations: Computation of (a) query vectors {qt}t≤T , (b) key vectors {kt}t≤T , (c) value vectors
{vt}t≤T , and (d) {yt}t≤T using (6). Please see Figure 6.

• Sub-operations (a): The computation of query vector qt := WQxt + bQ at each position t
is a linear operation involving parameters WQ, bQ. Thus, we can first feed in the stacked
rows of WQ and bQ onto the prefix embeddings {vj}. We use a Linear Forward module
(Appendix B) on the current embeddings and the prefix embeddings to get embedding eqt at
each position t that contains qt in the first Daux coordinates.

• Sub-operations (b, c): Similar to (a), we feed in the stacked rows of the necessary parameters
onto the prefix embeddings {vj}, and call two Linear Forward Modules (Appendix B)
independently to get embeddings ekt , and evt containing kt and vt respectively.
We now combine the embeddings eqt , ekt , and evt to get an embedding et that contain
qt,kt,vt in the first 3Daux coordinates.

• Sub-operation (d): Finally, we call a TINT self-attention module (Definition A.1) on our
current embeddings {et}t≤T to compute {yt}t≤T . The query, key, and value parameters in
the self-attention module contain sub-Identity blocks that pick out the relevant information
from qt,kt,vt stored in et.

Remark: Sub-operations (a), (b), and (c) can be represented as a single linear operation with a
weight W ∈ R3Daux×Daux by concatenating the rows of {WQ,WK ,WV } and a bias b ∈ R3Daux

that concatenates {bQ, bK , bV }. Thus, they can be simulated with a single Linear Forward Module,
with W , b fed into the prefix embeddings. However, we decide to separate them in order to limit
the number of prefix embeddings and the embedding size. E.g. for GPT-2, Daux = 768. This
demands either a 3× increase in the embedding size in TINT or a 3× increase in the number of
prefix embeddings. Hence, in order to minimize the parameter cost, we call Linear Forward Module
separately to compute qt, kt, and vt at each position t.
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Auxiliary’s backpropagation through self-attention For an auxiliary self-attention layer as de-
fined in Definition C.1, the backpropagation layer takes in the loss gradient w.r.t. output ({∂yt

}t≤Taux )
and computes the loss gradient w.r.t. input token ({∂xt

}t≤Taux ).

Definition C.2. [Auxiliary self-attention backpropagation] For query, key, and value weights
WQ,WK ,WV ∈ RDaux×Daux and bias bQ, bK , bV ∈ RDaux , the backpropagation layer correspond-
ing to a self-attention layer with Haux attention heads takes a sequence {∂yt

∈ RDaux}t≤Taux and
{xt ∈ RDaux}t≤Taux as input and outputs {∂xt}t≤Taux , with

∂xt
= W⊤

Q ∂qt
+W⊤

K ∂kt
+W⊤

V ∂vt
, with

∂qt
= VECTORIZE({

∑

j

aht,j((∂yh
t
)⊤vh

j )[k
h
j −

∑

j′

aht,j′k
h
j′ ]}h≤Haux);

∂kt
= VECTORIZE({

∑

j

ahj,tq
h
j [(∂yh

j
)⊤(vh

t −
∑

j′

ahj,j′v
h
j′)]}h≤Haux);

∂vt
= VECTORIZE({

∑

j

ahj,t∂yh
j
}h≤Haux)

Here, qt, kt, and vt refer to query, key, and value vectors at each position t, with the attention scores
{aht,j}t,j≤Taux,h≤Haux .

Complexity of true backpropagation The much-involved computation in the above operation is
due to the computation of ∂qt

and ∂kt
at each position t. For the following discussion, we assume

that our current embeddings et contain qt,kt,vt, in addition to the gradient ∂yt
. The computation

of ∂qt
(and similarly ∂kt

) at any position t involves the following sequential computations and the
necessary TINT modules.

• {{∂yh
t
)⊤vh

j }j≤Taux}h≤Haux with a TINT linear self-attention module (Definition A.1), with
atleast Haux attention heads that represent the attention score between et and any other token
ej , by {(∂yh

t
)⊤vh

j }h≤Haux .

• Attention scores {aht,j}h≤Haux , which requires a TINT softmax self-attention module (Defi-
nition A.1), with at least Haux heads, that uses the already present {qt,kt,vt} in the current
embeddings et to re-compute the attention scores.

• {aht,j(∂yh
t
)⊤vh

j }h≤Haux for all j ≤ Taux by multiplying the attention scores {aht,j}h≤Haux with
{(∂yh

t
)⊤vh

j }h≤Haux using an MLP layer (Lemma A.4). Furthermore, {∑j a
h
t,jk

h
j }h≤Haux

needs to be computed in parallel as well, with additional attention heads.

• ∂yt
with a TINT linear self-attention module (Definition A.1), with atleast Haux at-

tention heads that represent the attention score between any token ej and et by
{aht,j(∂yh

t
)⊤vh

j }h≤Haux , with value vectors given by {kh
j −

∑
j′ a

h
t,j′k

h
j′}h≤Haux .

The sequential computation requires the simulator to store {{∂yh
t
)⊤vh

j }j≤Taux}h≤Haux and
{aht,j}h≤Haux in the token embedding et, which requires an additional 2TauxHaux embedding di-
mension size. To avoid the much-involved computation for the true gradient propagation, we instead
only use the gradients w.r.t. vt.

Approximate auxiliary self-attention backpropagation We formally extend the definition of
approximate gradients {∂xt

}Taux
t=1 from Definition 2.12 to multi-head attention in Definition C.6.

In the upcoming theorem, we formally show that if on a given sequence {xt}t≤Taux , for all token
positions all the attention heads in a self-attention layer primarily attend to a single token, then the
approximate gradient ∂̂xt is close to the true gradient ∂xt at each position t.

Definition C.3 (ε-hard attention head). For the Self-Attention layer of Haux heads in Definition C.1,
on a given input sequence {xt}Taux

t=1, an attention head h ≤ Haux is defined to be ε-hard on the input
sequence, if for all positions t ≤ Taux, there exists a position t0 ≤ Taux such that aht,t0 ≥ 1− ε.
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<latexit sha1_base64="RCtZFZAVZM+cFm9JnJTTtAUDCGU=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFcSEmKr2XRjcsK9gFtDJPppB06mYSZiVpCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjxmVyra/jaXlldW19dJGeXNre2fX3Ku0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPr3O/80CEpBG/U5OYuCEachpQjJSWPLPSD5Ea+UH6mHlp+8TJ7uueWbVr9hTWInEKUoUCTc/86g8inISEK8yQlD3HjpWbIqEoZiQr9xNJYoTHaEh6mnIUEumm0+yZdaSVgRVEQj+urKn6eyNFoZST0NeTeVI57+Xif14vUcGlm1IeJ4pwPDsUJMxSkZUXYQ2oIFixiSYIC6qzWniEBMJK11XWJTjzX14k7XrNOa+d3Z5WG1dFHSU4gEM4BgcuoAE30IQWYHiCZ3iFNyMzXox342M2umQUO/vwB8bnD7xclEA=</latexit>

w2
V,1

<latexit sha1_base64="U39Fox8kKgpOriJB8Uui0dUeHSs=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJL4XhbduKxgH9DGMJlO2qGTBzMTtYT8ihsXirj1R9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bC4tLyyurpbXy+sbm1ra5U2nJKBGENknEI9HxsKSchbSpmOK0EwuKA4/Ttje6zv32AxWSReGdGsfUCfAgZD4jWGnJNSu9AKuh56ePmZu2juzs/sQ1q1bNmgDNE7sgVSjQcM2vXj8iSUBDRTiWsmtbsXJSLBQjnGblXiJpjMkID2hX0xAHVDrpJHuGDrTSR34k9AsVmqi/N1IcSDkOPD2ZJ5WzXi7+53UT5V86KQvjRNGQTA/5CUcqQnkRqM8EJYqPNcFEMJ0VkSEWmChdV1mXYM9+eZ60jmv2ee3s9rRavyrqKMEe7MMh2HABdbiBBjSBwBM8wyu8GZnxYrwbH9PRBaPY2YU/MD5/AL3glEE=</latexit>

w3
V,1

<latexit sha1_base64="X1lOXW44bi+daHg564NqN/NEUos=">AAACAXicbVDLSsNAFL3xWesr6kZwEyyCCymJ+FoWdeGygn1AW8NkOmmHTiZhZqKWEDf+ihsXirj1L9z5N07aLLT1wIXDOfdy7z1exKhUtv1tzMzOzS8sFpaKyyura+vmxmZdhrHApIZDFoqmhyRhlJOaooqRZiQICjxGGt7gIvMbd0RIGvIbNYxIJ0A9Tn2KkdKSa263A6T6np/cp25SP7h0ExQ/pOmt45olu2yPYE0TJyclyFF1za92N8RxQLjCDEnZcuxIdRIkFMWMpMV2LEmE8AD1SEtTjgIiO8nog9Ta00rX8kOhiytrpP6eSFAg5TDwdGd2r5z0MvE/rxUr/6yTUB7FinA8XuTHzFKhlcVhdakgWLGhJggLqm+1cB8JhJUOrahDcCZfnib1w7JzUj6+PipVzvM4CrADu7APDpxCBa6gCjXA8AjP8ApvxpPxYrwbH+PWGSOf2YI/MD5/AOqhlzM=</latexit>

w1
V,Daux

<latexit sha1_base64="1qIfz2+j1CNZfWgVvQVe20e2q3A=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXEhJiq9lURcuK9gHtDFMppN26GQSZiZqCXHjr7hxoYhb/8Kdf+OkzUJbD1w4nHMv997jRYxKZVnfRmFufmFxqbhcWlldW98wN7eaMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGF5nfuiNC0pDfqFFEnAD1OfUpRkpLrrnTDZAaeH5yn7pJ8/DSTVD8kKa3VdcsWxVrDDhL7JyUQY66a351eyGOA8IVZkjKjm1FykmQUBQzkpa6sSQRwkPUJx1NOQqIdJLxBync10oP+qHQxRUcq78nEhRIOQo83ZndK6e9TPzP68TKP3MSyqNYEY4ni/yYQRXCLA7Yo4JgxUaaICyovhXiARIIKx1aSYdgT788S5rVin1SOb4+KtfO8ziKYBfsgQNgg1NQA1egDhoAg0fwDF7Bm/FkvBjvxsektWDkM9vgD4zPH+wllzQ=</latexit>

w2
V,Daux

<latexit sha1_base64="IO+3M2kdycdPmCDubR52ckzRHeU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXEhJfC+LunBZwT6gjWEynbRDJ5MwM1FLiBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4vYlQqy/o2CjOzc/MLxcXS0vLK6pq5vtGQYSwwqeOQhaLlIUkY5aSuqGKkFQmCAo+Rpje4yPzmHRGShvxGDSPiBKjHqU8xUlpyza1OgFTf85P71E0a+5duguKHNL09dM2yVbFGgNPEzkkZ5Ki55lenG+I4IFxhhqRs21aknAQJRTEjaakTSxIhPEA90taUo4BIJxl9kMJdrXShHwpdXMGR+nsiQYGUw8DTndm9ctLLxP+8dqz8MyehPIoV4Xi8yI8ZVCHM4oBdKghWbKgJwoLqWyHuI4Gw0qGVdAj25MvTpHFQsU8qx9dH5ep5HkcRbIMdsAdscAqq4ArUQB1g8AiewSt4M56MF+Pd+Bi3Fox8ZhP8gfH5A+2plzU=</latexit>

w3
V,Daux

…v1 vK

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="+oLnfAG3AnCFSDzgFMEkCRkpY08=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBjSURX8uiG5cV7AOaUCbTSTt08mDmplBCwI2/4saFIm79CXf+jZM2C209MHA459479x4vFlyBZX0bpaXlldW18nplY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y1uc789ZlLxKHyASczcgAxC7nNKQEs988CJiQROROoEBIaen46zXgqndpb1zKpVs6bAi8QuSBUVaPTML6cf0SRgIVBBlOraVgxums+ngmUVJ1EsJnREBqyraUgCptx0ekOGj7XSx34k9QsBT9XfHSkJlJoEnq7MF1XzXi7+53UT8K/dlIdxAiyks4/8RGCIcB4I7nPJKIiJJoRKrnfFdEgkoaBjq+gQ7PmTF0nrrGZf1i7uz6v1myKOMjpER+gE2egK1dEdaqAmougRPaNX9GY8GS/Gu/ExKy0ZRc8++gPj8wf0XJhf</latexit>

@vt�1

<latexit sha1_base64="eu4T6RFEwEjX9hApshcMPdHDtIM=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEVyURX8uiG5cV7AOaECbTSTt08mBmUighbvwVNy4UcetfuPNvnLRZaOuBgcM599659/gJZ1JZ1rextLyyurZe2ahubm3v7Jp7+20Zp4LQFol5LLo+lpSziLYUU5x2E0Fx6HPa8Ue3hd8ZUyFZHD2oSULdEA8iFjCClZY889BJsFAM88wJsRr6QTbOvUzluWfWrLo1BVokdklqUKLpmV9OPyZpSCNFOJayZ1uJcrNiOuE0rzqppAkmIzygPU0jHFLpZtMLcnSilT4KYqFfpNBU/d2R4VDKSejrymJNOe8V4n9eL1XBtZuxKEkVjcjsoyDlSMWoiAP1maBE8YkmmAimd0VkiAUmSodW1SHY8ycvkvZZ3b6sX9yf1xo3ZRwVOIJjOAUbrqABd9CEFhB4hGd4hTfjyXgx3o2PWemSUfYcwB8Ynz8H+5ft</latexit>

@vt

<latexit sha1_base64="cMDIteWLvs8fAHihqpaMXCruuOk=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBEEoivpZFNy4r2Ac0oUymk3bo5MHMTaGEgBt/xY0LRdz6E+78GydtFtp6YOBwzr137j1eLLgCy/o2SkvLK6tr5fXKxubW9o65u9dSUSIpa9JIRLLjEcUED1kTOAjWiSUjgSdY2xvd5n57zKTiUfgAk5i5ARmE3OeUgJZ65oETEwmciNQJCAw9Px1nvRRO7SzrmVWrZk2BF4ldkCoq0OiZX04/oknAQqCCKNW1rRjcNJ9PBcsqTqJYTOiIDFhX05AETLnp9IYMH2ulj/1I6hcCnqq/O1ISKDUJPF2ZL6rmvVz8z+sm4F+7KQ/jBFhIZx/5icAQ4TwQ3OeSURATTQiVXO+K6ZBIQkHHVtEh2PMnL5LWWc2+rF3cn1frN0UcZXSIjtAJstEVqqM71EBNRNEjekav6M14Ml6Md+NjVloyip599AfG5w/xTphd</latexit>

@vt+1

<latexit sha1_base64="0Trm7pPY9KaOOY+y+QnXZtShUHY=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPqAdSia904ZmMmOSKZSh3+HGhSJu/Rh3/o2ZtgttPRA4nHMv9+QEieDauO63s7K6tr6xWdgqbu/s7u2XDg4bOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxje5X5zhErzWD6acYJ+RPuSh5xRYyW/E1EzCMIMJ11DuqWyW3GnIMvEm5MyzFHrlr46vZilEUrDBNW67bmJ8TOqDGcCJ8VOqjGhbEj72LZU0gi1n01DT8ipVXokjJV90pCp+nsjo5HW4yiwk3lIvejl4n9eOzXhjZ9xmaQGJZsdClNBTEzyBkiPK2RGjC2hTHGblbABVZQZ21PRluAtfnmZNM4r3lXl8uGiXL2d11GAYziBM/DgGqpwDzWoA4MneIZXeHNGzovz7nzMRlec+c4R/IHz+QPQn5Ik</latexit>et
<latexit sha1_base64="NvX76vPwWEgYojOTvOCRqgpSgOE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEEoSTia1l047KCfUAbymQ6aYdOJmHmRikxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjx4JrcJxva2l5ZXVtvbRR3tza3tm1K3stHSWKsiaNRKQ6PtFMcMmawEGwTqwYCX3B2v74JvfbD0xpHsl7mMTMC8lQ8oBTAkbq25VeSGDkBynL+imcuBnu21Wn5kyBF4lbkCoq0OjbX71BRJOQSaCCaN11nRi8lCjgVLCs3Es0iwkdkyHrGipJyLSXTqNn+MgoAxxEyjwJeKr+3khJqPUk9M1kHlTPe7n4n9dNILjyUi7jBJiks0NBIjBEOO8BD7hiFMTEEEIVN1kxHRFFKJi2yqYEd/7Li6R1WnMvaud3Z9X6dVFHCR2gQ3SMXHSJ6ugWNVATUfSIntErerOerBfr3fqYjS5Zxc4++gPr8wf3VpPR</latexit>et+1

<latexit sha1_base64="KcJxZnB/nZtm3r8EiXC/nt9SurE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHcWBLxtSy6cVnBPqANZTKdtEMnkzBzo5SYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98zxY8E1OM63tbS8srq2Xtoob25t7+zalb2WjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98k/vtB6Y0j+Q9TGLmhWQoecApASP17UovJDDyg5Rl/RRO3Az37apTc6bAi8QtSBUVaPTtr94goknIJFBBtO66TgxeShRwKlhW7iWaxYSOyZB1DZUkZNpLp9EzfGSUAQ4iZZ4EPFV/b6Qk1HoS+mYyD6rnvVz8z+smEFx5KZdxAkzS2aEgERginPeAB1wxCmJiCKGKm6yYjogiFExbZVOCO//lRdI6rbkXtfO7s2r9uqijhA7QITpGLrpEdXSLGqiJKHpEz+gVvVlP1ov1bn3MRpesYmcf/YH1+QP6ZJPT</latexit>et�1

<latexit sha1_base64="ThCO7RbsWJexuUGTMPiBFJ1v5E8="></latexit>

{ ˆ@xt = W>
V @vt}Taux

t=1

Figure 8: TINT simulates the backward pass of a self-attention layer of the auxiliary model using a
Linear Backward module (Figure 4). The input embeddings contain the gradient of the loss w.r.t. the
value vectors (∂vt

) computed in Figure 7. The value matrix WV is encoded in the prefix embeddings.
We call the Linear Backward module on this sequence.

<latexit sha1_base64="J3Zn6LPhorrZQUDu7FXxnKUFcaA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuzsbDJmdmeZ6Q2EkH/w4kERr/6PN//GSbIHTSxoKKq66e4KUikMuu63s7K6tr6xWdgqbu/s7u2XDg4bRmWa8TpTUulWQA2XIuF1FCh5K9WcxoHkzWBwN/WbQ66NUMkjjlLux7SXiEgwilZqdIahQtMtld2KOwNZJl5OypCj1i19dULFspgnyCQ1pu25KfpjqlEwySfFTmZ4StmA9njb0oTG3Pjj2bUTcmqVkERK20qQzNTfE2MaGzOKA9sZU+ybRW8q/ue1M4xu/LFI0gx5wuaLokwSVGT6OgmF5gzlyBLKtLC3EtanmjK0ARVtCN7iy8ukcV7xriqXDxfl6m0eRwGO4QTOwINrqMI91KAODJ7gGV7hzVHOi/PufMxbV5x85gj+wPn8Ac6vj0w=</latexit>...
<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

Linear Descent Module

<latexit sha1_base64="uH/T1JfVXlKKzYZlSz4TkILcEEY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZREfC2LblxWsA9oY5hMJ+3QyYOZiVpCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1j7lbbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3O/80CFZFF4pyYxdQI8DJnPCFZacs1qP8Bq5PnpY+am7WM7u7dds2bVrSnQIrELUoMCTdf86g8ikgQ0VIRjKXu2FSsnxUIxwmlW6SeSxpiM8ZD2NA1xQKWTTrNn6FArA+RHQr9Qoan6eyPFgZSTwNOTeVI57+Xif14vUf6lk7IwThQNyeyQn3CkIpQXgQZMUKL4RBNMBNNZERlhgYnSdVV0Cfb8lxdJ+6Run9fPbk9rjauijjLswwEcgQ0X0IAbaEILCDzBM7zCm5EZL8a78TEbLRnFzh78gfH5A7rYlD8=</latexit>

w1
V,1

<latexit sha1_base64="dV/coMoXFT/aR4N7UbKKCa3eiks=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFcSEmKr2XRjcsK9gFtDJPppB06mYSZiVpCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjxmVyra/jaXlldW19dJGeXNre2fX3Ku0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPr3O/80CEpBG/U5OYuCEachpQjJSWPLPSD5Ea+UH6mHlp+6Se3TueWbVr9hTWInEKUoUCTc/86g8inISEK8yQlD3HjpWbIqEoZiQr9xNJYoTHaEh6mnIUEumm0+yZdaSVgRVEQj+urKn6eyNFoZST0NeTeVI57+Xif14vUcGlm1IeJ4pwPDsUJMxSkZUXYQ2oIFixiSYIC6qzWniEBMJK11XWJTjzX14k7XrNOa+d3Z5WG1dFHSU4gEM4BgcuoAE30IQWYHiCZ3iFNyMzXox342M2umQUO/vwB8bnD7xflEA=</latexit>

w1
V,2

<latexit sha1_base64="9egoahk4WyZ6y++cVtDSXw+FJxs=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFcSEmKr2XRjcsK9gFtDJPppB06mYSZiVpCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjxmVyra/jaXlldW19dJGeXNre2fX3Ku0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPr3O/80CEpBG/U5OYuCEachpQjJSWPLPSD5Ea+UH6mHlp+6Se3dc9s2rX7CmsReIUpAoFmp751R9EOAkJV5ghKXuOHSs3RUJRzEhW7ieSxAiP0ZD0NOUoJNJNp9kz60grAyuIhH5cWVP190aKQiknoa8n86Ry3svF/7xeooJLN6U8ThTheHYoSJilIisvwhpQQbBiE00QFlRntfAICYSVrqusS3Dmv7xI2vWac147uz2tNq6KOkpwAIdwDA5cQANuoAktwPAEz/AKb0ZmvBjvxsdsdMkodvbhD4zPH73jlEE=</latexit>

w2
V,2

<latexit sha1_base64="AzuhZ/Hxn2+J3c9dmgQ1D5kteDI=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZSkPpdFNy4r2Ae0sUymk3bo5MHMRC0hv+LGhSJu/RF3/o2TNgttPTBwOOde7pnjRpxJZVnfRmFpeWV1rbhe2tjc2t4xd8stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c1yz8dq5HrJY9pPWse19P6kb1asqjUFWiR2TiqQo9E3v3qDkMQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNPsKTrUygB5odAvUGiq/t5IsC/lxHf1ZJZUznuZ+J/XjZV36SQsiGJFAzI75MUcqRBlRaABE5QoPtEEE8F0VkRGWGCidF0lXYI9/+VF0qpV7fPq2e1ppX6V11GEfTiAI7DhAupwAw1oAoEneIZXeDNS48V4Nz5mowUj39mDPzA+fwC/Z5RC</latexit>

w3
V,2

<latexit sha1_base64="RCtZFZAVZM+cFm9JnJTTtAUDCGU=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFcSEmKr2XRjcsK9gFtDJPppB06mYSZiVpCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjxmVyra/jaXlldW19dJGeXNre2fX3Ku0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPr3O/80CEpBG/U5OYuCEachpQjJSWPLPSD5Ea+UH6mHlp+8TJ7uueWbVr9hTWInEKUoUCTc/86g8inISEK8yQlD3HjpWbIqEoZiQr9xNJYoTHaEh6mnIUEumm0+yZdaSVgRVEQj+urKn6eyNFoZST0NeTeVI57+Xif14vUcGlm1IeJ4pwPDsUJMxSkZUXYQ2oIFixiSYIC6qzWniEBMJK11XWJTjzX14k7XrNOa+d3Z5WG1dFHSU4gEM4BgcuoAE30IQWYHiCZ3iFNyMzXox342M2umQUO/vwB8bnD7xclEA=</latexit>

w2
V,1

<latexit sha1_base64="U39Fox8kKgpOriJB8Uui0dUeHSs=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJL4XhbduKxgH9DGMJlO2qGTBzMTtYT8ihsXirj1R9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bC4tLyyurpbXy+sbm1ra5U2nJKBGENknEI9HxsKSchbSpmOK0EwuKA4/Ttje6zv32AxWSReGdGsfUCfAgZD4jWGnJNSu9AKuh56ePmZu2juzs/sQ1q1bNmgDNE7sgVSjQcM2vXj8iSUBDRTiWsmtbsXJSLBQjnGblXiJpjMkID2hX0xAHVDrpJHuGDrTSR34k9AsVmqi/N1IcSDkOPD2ZJ5WzXi7+53UT5V86KQvjRNGQTA/5CUcqQnkRqM8EJYqPNcFEMJ0VkSEWmChdV1mXYM9+eZ60jmv2ee3s9rRavyrqKMEe7MMh2HABdbiBBjSBwBM8wyu8GZnxYrwbH9PRBaPY2YU/MD5/AL3glEE=</latexit>
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Figure 9: TINT simulates the backward pass of the self-attention layer in the auxiliary model by
employing the Linear Descent module (Figure 5). The input embeddings consist of the gradient of
the loss with respect to the value vectors (∂vt

) computed in Figure 7. Additionally, we incorporate
a residual connection to copy the input from the Self-attention Forward module (Figure 6) into xt.
Before invoking the Linear Descent module, we represent the value parameters (WV ) into the prefix
embeddings. TINT simulates the backward pass of a self-attention layer of the auxiliary model using
a Linear Descent module (Figure 5).
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Theorem C.4. With the notations in Definitions 2.12, C.1 and C.2, if on a given input sequence
{xt}Taux

t=1, with its query, key, and value vectors {qt,kt,vt}Taux
t=1, all the Haux attention heads are

ε-hard for some ε > 0, then for a given sequence of gradients {∂yt
}Taux
t=1,

∥∂qt
∥2 , ∥∂kt

∥2 ≤ O(εB2
xB

2
wBy), for all t ≤ Taux,

where Bx = maxt≤Taux ∥xt∥2, By = maxt≤Taux ∥∂yt
∥2, and Bw =

max{∥WK∥2 , ∥WQ∥2 , ∥WV ∥2 , ∥bV ∥2 , ∥bK∥2 , ∥bV ∥2}.

This implies, for each position t,
∥∥∥∂̂xt − ∂xt

∥∥∥
2
≤ O(εB2

xB
3
wBy).

TINT Self-attention backpropagation module The input embeddings et contain ∂yt
in the first

Daux coordinates. Since we require to re-compute the attention scores {aht,j}j≤Taux,h≤Haux , we need
to copy the query, key, and value vectors qt, kt, and vt from the TINT self-attention Forward module
at each position t. Furthermore, we use the residual connection to copy the prefix embeddings {vj},
which contain the rows of WV , from the TINT self-attention Forward module.

The operation can be divided into three sub-operations: Computing (a) attention scores {aht,j}h≤Haux

for all j ≤ Taux, at each position t, (b) ∂vt from {aht,j}h≤Haux and ∂yt , and (c) ∂̂xt from ∂vt .

• Sub-operation (a): Since, the current embeddings et contain qt,kt, we can simply call a
self-attention attention module to compute the attention scores {aht,j}h≤Haux for all j ≤ T
and store them in the current embeddings. We further retain ∂yt

and vt for further operations
using residual connections.

• Sub-operation (b): With the current embeddings et containing the attention scores
{aht,j}h≤Haux for all j ≤ T , and the gradient ∂yt

, we can compute ∂vt
using a TINT

linear self-attention module with atleast Haux attention heads, that represent the attention
scores between tokens et and ej for any j as {ahj,t}h≤Haux and use SPLITHaux(∂yt

) as their
value vectors.

• Sub-operation (c): And finally, the computation of ∂̂xt
is identical to the backpropagation

through a linear layer, with parameters WV and bV . Hence, we call a Linear backpropa-
gation module on the current embeddings, that contain ∂yt

and the prefix embeddings that
contain WV and bV .

Separating sub-operations (a) and (b) The operation for computing ∂vt
in Definition 2.12 looks

very similar to the computation of yt in Equation (6). However, the major difference is that instead of
the attention scores being {aht,j}h≤Haux between token t and any token j, we need the attention scores
to be {ahj,t}h≤Haux . Thus, unless our model allows a transpose operation on the attention scores, we
need to first store them in our embeddings and then use an additional self-attention module that can
pick the right attention scores between tokens using position embeddings. Please see Figure 8.

Auxiliary’s value descent update Similar to the complexity of true backpropagation, the descent
updates for WQ, bQ,WK , bK are quite expensive to express with the transformer layers. Hence, we
focus simply on updating on WV , bV , while keeping the others fixed.

Definition C.5 (Auxiliary self-attention value descent). For query, key, and value weights
WQ,WK ,WV ∈ RDaux×Daux and bias bQ, bK , bV ∈ RDaux , the value descent layer correspond-
ing to a self-attention layer with Haux attention heads and any function fattn : RTaux → RTaux takes
in a batch of gradients {∂yt

∈ RDaux}t≤Taux and inputs {xt ∈ RDaux}t≤Taux and updates WV , bV as
follows:

WV ←WV − η
∑

t≤Taux

∂vt
x⊤
t , bV ← bV − η

∑

t≤Taux

∂vt
,

where ∂vt
= VECTORIZE({

∑

j

ahj,t∂yh
j
}h≤Haux)

Here, vt refers to value vectors at each position t, as defined in Definition C.1.
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TINT Self-attention descent module The input embeddings contain ∂vt
in the first Daux coordi-

nates, from the TINT self-attention backpropagation module. Furthermore, the prefix embeddings
{vj} contain the stacked rows of WV and bV , continuing from the TINT self-attention backpropaga-
tion module.

Since we further need the input xt to the auxiliary self-attention layer under consideration, we use
residual connections to copy xt from the TINT self-attention Forward module at each position t.

The updates of WV and bV are equivalent to the parameter update in a linear layer, involving
gradients {∂vt

} and input {xt}. Thus, we call a Linear descent module on the current embeddings
and the prefix embeddings to get the updated value parameters. Please see Figure 9.

C.1 APPROXIMATE AUXILIARY SELF-ATTENTION BACKPROPAGATION

Definition C.6. For query, key, and value weights WQ,WK ,WV ∈ RDaux×Daux and bias
bQ, bK , bV ∈ RDaux , the approximate backpropagation layer corresponding to a self-attention layer
with Haux attention heads takes a sequence {∂yt

∈ RDaux}t≤Taux and {xt ∈ RDaux}t≤Taux as input and
outputs {∂xt

:= VECTORIZE({∂xh
t
}h≤Haux)}t≤Taux , with

∂̂xt
= W⊤

V ∂vt
, where ∂vt

= VECTORIZE({
∑

j

ahj,t∂yh
j
}h≤Haux)

Here, qt, kt, and vt refer to query, key, and value vectors at each position t, as defined in Defini-
tion C.1, with the attention scores {aht,j}t,j≤Taux,h≤Haux defined in Equation (7).

C.2 PROOFS OF THEOREMS AND GRADIENT DEFINITIONS

We restate the theorems and definitions, before presenting their proofs for easy referencing.
Definition C.2. [Auxiliary self-attention backpropagation] For query, key, and value weights
WQ,WK ,WV ∈ RDaux×Daux and bias bQ, bK , bV ∈ RDaux , the backpropagation layer correspond-
ing to a self-attention layer with Haux attention heads takes a sequence {∂yt

∈ RDaux}t≤Taux and
{xt ∈ RDaux}t≤Taux as input and outputs {∂xt

}t≤Taux , with

∂xt
= W⊤

Q ∂qt
+W⊤

K ∂kt
+W⊤

V ∂vt
, with

∂qt
= VECTORIZE({

∑

j

aht,j((∂yh
t
)⊤vh

j )[k
h
j −

∑

j′

aht,j′k
h
j′ ]}h≤Haux);

∂kt
= VECTORIZE({

∑

j

ahj,tq
h
j [(∂yh

j
)⊤(vh

t −
∑

j′

ahj,j′v
h
j′)]}h≤Haux);

∂vt
= VECTORIZE({

∑

j

ahj,t∂yh
j
}h≤Haux)

Here, qt, kt, and vt refer to query, key, and value vectors at each position t, with the attention scores
{aht,j}t,j≤Taux,h≤Haux .

Derivation of gradient in Definition C.2. Recalling the definition of yt from Definition C.1,

yt = VECTORIZE({
∑

j≤Taux

aht,jv
h
j }h≤Haux); aht,j = softmax(Khqh

t )j ,

qt = WQxt + bQ kt = WKxt + bK , vt = WV xt + bV .

qh
t ,k

h
t ,v

h
t denote SPLITHaux(qt)h, SPLITHaux(kt)h, and SPLITHaux(vt)h respectively for all t ≤ Taux,

and h ≤ Haux. Kh ∈ RTaux×Daux is defined with its rows as {kh
t }t≤Taux for all h ≤ Haux.

We explain the proof for an arbitrary token position t. With the application of the chain rule, we have

∂xt
= (

∂qt
∂xt

)⊤∂qt
+ (

∂kt

∂xt
)⊤∂kt

+ (
∂vt

∂xt
)⊤∂vt

= W⊤
Q ∂qt

+W⊤
K ∂kt

+W⊤
V ∂vt

,

where the second step follows from the definitions of qt,kt, and vt respectively.
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Computation of ∂qt
: With the SPLIT operation of qt across Haux heads for the computation of

yt, the computation of the backpropagated gradient ∂qt
itself needs to be split across Haux heads.

Furthermore, query vector qt only affects yt, implying ∂yt′
∂qt

= 0 for any t′ ̸= t. Thus, we have for
any head h ≤ Haux, if yh

t represents the output of attention head h, given by
∑

j≤Taux
aht,jv

h
j ,

∂qh
t
= (

∂yh
t

∂qh
t

)⊤∂yh
t

=
∑

j≤Taux

⟨vh
j , ∂yh

t
⟩
∂aht,j
∂qh

t

=
∑

j≤Taux

⟨vh
j , ∂yh

t
⟩ ∂

∂qh
t

(
e⟨k

h
j ,q

h
t ⟩

∑
t′≤Taux

e⟨k
h
t′ ,q

h
t ⟩

)
(8)

=
∑

j≤Taux

⟨vh
j , ∂yh

t
⟩


 1
∑

t′≤Taux
e⟨k

h
t′ ,q

h
t ⟩

∂e⟨k
h
j ,q

h
t ⟩

∂qh
t

−
(

e⟨k
h
j ,q

h
t ⟩

(
∑

t′≤Taux
e⟨k

h
t′ ,q

h
t ⟩)2

) ∑

j′≤Taux

∂e⟨k
h
j′ ,q

h
t ⟩

∂qh
t




(9)

=
∑

j≤Taux

⟨vh
j , ∂yh

t
⟩



(

e⟨k
h
j ,q

h
t ⟩

∑
t′≤Taux

e⟨k
h
t′ ,q

h
t ⟩

)
kh
j −

(
e⟨k

h
j ,q

h
t ⟩

∑
t′≤Taux

e⟨k
h
t′ ,q

h
t ⟩

) ∑

j′≤Taux

(
e⟨k

h
j′ ,q

h
t ⟩

∑
t′≤Taux

e⟨k
h
t′ ,q

h
t ⟩

)
kh
j′




(10)

=
∑

j≤Taux

aht,j⟨vh
j , ∂yh

t
⟩


kh

j −
∑

j′≤Taux

aht,j′k
h
j′


 .

In Equation (8), we have expanded the definition of softmax in aht,j := softmax(Khqh
t )j in order

to better motivate the derivative of aht,j w.r.t. qh
t . Finally, ∂qt

is given by VECTORIZE({∂qh
t
}h≤Haux).

Computation of ∂kt: Continuing as the computation of ∂qt , we split the computation of ∂kt

across the Haux attention heads. However, unlike qt, kt affects yj for all j ≤ Taux. For any head
h ≤ Haux, we follow the chain-rule step by step to get

∂kh
t
=
∑

j≤Taux

(
∂yh

j

∂kh
t

)⊤∂yh
j
=
∑

j≤Taux

(
∂
∑

j′≤Taux
aj,j′v

h
j′

∂kh
t

)⊤

∂yh
j

=
∑

j≤Taux

⟨vh
t , ∂yh

j
⟩
∂ahj,t
∂kh

t

+
∑

j≤Taux

∑

j′≤Taux;j′ ̸=t

⟨vh
j′ , ∂yh

j
⟩
∂ahj,j′

∂kh
t

(11)

=
∑

j≤Taux

⟨vh
t , ∂yh

j
⟩ ∂

∂kh
t

(
e⟨k

h
t ,q

h
j ⟩

∑
t′≤Taux

e⟨k
h
t′ ,q

h
j ⟩

)
(12)

+
∑

j≤Taux

∑

j′≤Taux;j′ ̸=t

⟨vh
j′ , ∂yh

j
⟩ ∂

∂kh
t

(
e⟨k

h
j′ ,q

h
j ⟩

∑
t′≤Taux

e⟨k
h
t′ ,q

h
j ⟩

)
(13)

=
∑

j≤Taux

⟨vh
t , ∂yh

j
⟩



(

e⟨k
h
t ,q

h
j ⟩

∑
t′≤Taux

e⟨k
h
t′ ,q

h
j ⟩

)
qh
j −

(
e⟨k

h
t ,q

h
j ⟩

∑
t′≤Taux

e⟨k
h
t′ ,q

h
j ⟩

)2

qh
j


 (14)

−
∑

j≤Taux

∑

j′≤Taux;j′ ̸=t

⟨vh
j′ , ∂yh

j
⟩
(

e⟨k
h
j′ ,q

h
j ⟩

∑
t′≤Taux

e⟨k
h
t′ ,q

h
j ⟩

)(
e⟨k

h
t ,q

h
j ⟩

∑
t′≤Taux

e⟨k
h
t′ ,q

h
j ⟩

)
qh
j (15)

=
∑

j≤Taux

⟨vh
t , ∂yh

j
⟩(ahj,t − (ahj,t)

2)qh
j −

∑

j≤Taux

∑

j′≤Taux;j′ ̸=t

⟨vh
j′ , ∂yh

j
⟩ahj,j′ahj,tqh

j

=
∑

j≤Taux

ahj,t⟨∂yh
j
,vh

t −
∑

j′

ahj,j′v
h
j′⟩qh

j
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In Equation (11), we separate the inside sum into two components, since the derivative w.r.t. kh
t

differ for the two components, as outlined in the derivation of Equation (14) from Equation (12), and
Equation (15) from Equation (13). We have skipped a step going from Equations (12) and (13) to
Equations (14) and (15) due to typographical simplicity. The skipped step is extremely similar to
Equation (9) in the derivation of ∂qh

t
. Finally, ∂kt

is given by VECTORIZE({∂kh
t
}h≤Haux).

Computation of ∂vt
: Similar to the gradient computation of qt, the computation of ∂vt

needs to be
split across the Haux attention heads. However, like kt, vt affects yj for all j ≤ Taux. For any head
h ≤ Haux, we follow the chain-rule step by step to get

∂vh
t
=
∑

j≤Taux

(
∂yh

j

∂vh
t

)⊤∂yh
j
=
∑

j≤Taux

(
∂
∑

j′≤Taux
aj,j′v

h
j′

∂vh
t

)⊤

∂yh
j
=
∑

j≤Taux

ahj,t∂yh
j

Theorem C.4. With the notations in Definitions 2.12, C.1 and C.2, if on a given input sequence
{xt}Taux

t=1, with its query, key, and value vectors {qt,kt,vt}Taux
t=1, all the Haux attention heads are

ε-hard for some ε > 0, then for a given sequence of gradients {∂yt
}Taux
t=1,

∥∂qt
∥2 , ∥∂kt

∥2 ≤ O(εB2
xB

2
wBy), for all t ≤ Taux,

where Bx = maxt≤Taux ∥xt∥2, By = maxt≤Taux ∥∂yt
∥2, and Bw =

max{∥WK∥2 , ∥WQ∥2 , ∥WV ∥2 , ∥bV ∥2 , ∥bK∥2 , ∥bV ∥2}.

This implies, for each position t,
∥∥∥∂̂xt − ∂xt

∥∥∥
2
≤ O(εB2

xB
3
wBy).

Proof of Theorem C.4. For typographical simplicity, we discuss the proof at an arbitrary position t.
Recall the definition of an ε-hard attention head from Definition C.3. An attention head is defined to
be ε-hard on an input sequence {xt}Taux

t=1, if for each position t, there exists a position t0 such that the
attention score at,t0 ≥ 1− ε.

For the proof, we simply focus on ∂qt
, and the proof for ∂kt

follows like-wise.

Bounds on qt: Recalling the definition of ∂qt
from Definition C.2, we have

∂qt
= VECTORIZE({

∑

j

aht,j((∂yh
t
)⊤vh

j )[k
h
j −

∑

j′

aht,j′k
h
j′ ]}h≤Haux).

Focusing on a head h ≤ Haux, define ∂qh
t
=
∑

j a
h
t,j((∂yh

t
)⊤vh

j )[k
h
j −

∑
j′ a

h
t,j′k

h
j′ ] and t0 ≤ Taux

as the token position where the qt attends the most to, i.e. aht,t0 ≥ 1− ε and
∑

j≤Taux;j ̸=t0
aht,j ≤ ε.

Then,

∥∥∥∂qh
t

∥∥∥
2
=

∥∥∥∥∥∥
∑

j

aht,j((∂yh
t
)⊤vh

j )[k
h
j −

∑

j′

aht,j′k
h
j′ ]

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
aht,t0((∂yh

t
)⊤vh

t0)[k
h
t0 −

∑

j′

aht,j′k
h
j′ ] +

∑

j ̸=t0

aht,j((∂yh
t
)⊤vh

j )[k
h
j −

∑

j′

aht,j′k
h
j′ ]

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
aht,t0((∂yh

t
)⊤vh

t0)[k
h
t0 −

∑

j′

aht,j′k
h
j′ ]

∥∥∥∥∥∥
2︸ ︷︷ ︸

Term1

+

∥∥∥∥∥∥
∑

j ̸=t0

aht,j((∂yh
t
)⊤vh

j )[k
h
j −

∑

j′

aht,j′k
h
j′ ]

∥∥∥∥∥∥
2︸ ︷︷ ︸

Term2

,

where the final step uses a Cauchy-Schwartz inequality. We focus on the two terms separately.

28



Under review as a conference paper at ICLR 2024

1. Term1: Focusing on kh
t0 −

∑
j′ a

h
t,j′k

h
j′ , we have

∥∥∥∥∥∥
kh
t0 −

∑

j′

aht,j′k
h
j′

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
(1− at,t0)k

h
t0 −

∑

j′ ̸=t0

aht,j′k
h
j′

∥∥∥∥∥∥
2

≤ (1− at,t0)
∥∥kh

t0

∥∥
2
+
∑

j′ ̸=t0

aht,j′
∥∥kh

j′

∥∥
2

≤ ((1− at,t0) +
∑

j′ ̸=t0

aht,j′)max
j

∥∥kh
j

∥∥
2

≤ 2εmax
j

∥∥kh
j

∥∥
2
. (16)

We use a Cauchy-Schwartz inequality in the second and third steps and the attention head
behavior in the final step.

Hence, Term1 can now be bounded as follows:
∥∥∥∥∥∥
aht,t0((∂yh

t
)⊤vh

t0)[k
h
t0 −

∑

j′

aht,j′k
h
j′ ]

∥∥∥∥∥∥
2

= aht,t0

∣∣∣(∂yh
t
)⊤vh

t0

∣∣∣

∥∥∥∥∥∥
kh
t0 −

∑

j′

aht,j′k
h
j′

∥∥∥∥∥∥
2

,

≤ 2ε
∥∥∥∂yh

t

∥∥∥
2

∥∥vh
t0

∥∥
2
max

j

∥∥kh
j

∥∥
2
.

In the final step, in addition to the bound from Equation (16), we use a Cauchy-Schwartz
inequality to bound

∣∣∣(∂yh
t
)⊤vh

t0

∣∣∣ and bound the attention score aht,t0 by 1.

2. Term2: Focusing on kh
j −

∑
j′ a

h
t,j′k

h
j′ for any j ≤ Taux, we have using two Cauchy-

Schwartz inequalities:
∥∥∥∥∥∥
kh
j −

∑

j′

aht,j′k
h
j′

∥∥∥∥∥∥
2

≤
∥∥kh

j

∥∥
2
+

∥∥∥∥∥∥
∑

j′

aht,j′k
h
j′

∥∥∥∥∥∥
2

≤ (1 +
∑

j′

aht,j′)max
j′

∥∥kh
j′

∥∥
2
= 2max

j′

∥∥kh
j′

∥∥
2
.

(17)

Hence,
∥∥∥∥∥∥
∑

j ̸=t0

aht,j((∂yh
t
)⊤vh

j )[k
h
j −

∑

j′

aht,j′k
h
j′ ]

∥∥∥∥∥∥
2

≤


∑

j ̸=t0

aht,j


max

j

∣∣∣(∂yh
t
)⊤vh

j

∣∣∣

∥∥∥∥∥∥
kh
j −

∑

j′

aht,j′k
h
j′

∥∥∥∥∥∥
2

≤ 2ε
∥∥∥∂yh

t

∥∥∥
2

(
max

j

∥∥vh
j

∥∥
2

)(
max
j′

∥∥kh
j′

∥∥
2

)
.

In the final step, in addition to the bound from Equation (17), we use a Cauchy-Schwartz
inequality to bound

∣∣∣(∂yh
t
)⊤vh

j

∣∣∣ and use the ε-hard behavior of the attention head to bound
∑

j ̸=t0
aht,j .

Combining the bounds on both terms, we have
∥∥∥∂qh

t

∥∥∥
2
≤ 2ε

∥∥∥∂yh
t

∥∥∥
2

∥∥vh
t0

∥∥
2
max

j

∥∥kh
j

∥∥
2
+ 2ε

∥∥∥∂yh
t

∥∥∥
2

(
max

j

∥∥vh
j

∥∥
2

)(
max
j′

∥∥kh
j′

∥∥
2

)

≤ 4ε
∥∥∥∂yh

t

∥∥∥
2

(
max

j

∥∥vh
j

∥∥
2

)(
max
j′

∥∥kh
j′

∥∥
2

)
.

We bound the remaining terms as follows.

•
∥∥∥∂yh

t

∥∥∥
2
≤ By , under the bounded assumption of the gradients.
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• For any j ≤ Taux, we have
∥∥kh

j

∥∥
2
≤ ∥kj∥2 since kj = VECTORIZE({kh′

j }h′∈Haux).
Furthermore, from the defintion of the key vector kj , ∥kj∥2 = ∥WKxj + bK∥2 ≤∥WK∥2 ∥xj∥2 + ∥bK∥2 with a Cauchy-Schwartz inequality. Under the bounded assump-
tions of WK , bK and input xj , we have ∥kj∥2 ≤ Bw(1 +Bx).

• Similar procedure can be followed for bounding maxj
∥∥vh

j

∥∥
2
.

Thus, we have
∥∥∥∂qh

t

∥∥∥
2
≤ 4ε

∥∥∥∂yh
t

∥∥∥
2

(
maxj

∥∥vh
j

∥∥
2

)(
maxj′

∥∥kh
j′

∥∥
2

)
≤ 4εB2

w(1 +Bx)
2By.

Bounds on
∥∥∥∂̂xt − ∂xt

∥∥∥
2
: From the definitons of ∂̂xt and ∂xt from Definitions 2.12 and C.6, we

have

∥∥∥∂̂xt − ∂xt

∥∥∥
2
=
∥∥W⊤

K ∂kt +W⊤
Q ∂qt

∥∥
2
≤ ∥WK∥2 ∥∂kt∥2 + ∥WQ∥2 ∥∂qt∥2

≤ 8εB3
w(1 +Bx)

2By = O(εB3
wB

2
xBy),

where we use Cauchy-schwartz inequality in the second step. We use the assumed bounds on
∥WQ∥2 , ∥WK∥2, and the computed bounds on ∥∂qt

∥2 , ∥∂kt
∥2 in the pre-final step.

D LAYER NORMALIZATION

We repeat the definition of layer normalization from the main paper below.
Definition 2.6. [Layer Normalization] Define a normalization function f : Rd → Rd that performs
f(x) = (x − µ)/σ, where µ and σ are the mean and standard deviation of x, respectively. Then,
layer normalization with parameters γ, b ∈ RDaux takes as input x ∈ RDaux and outputs y ∈ RDaux ,
which is computed as z = f(x),y = γ ⊙ z + b.

In the discussions below, we consider a layer normalization layer in the auxiliary model with
parameters {γ, b} that takes in input sequence x1, · · · ,xTaux and outputs y1, · · · ,yTaux , with yt =
γ⊙ zt + b; zt = f(xt) for each t ≤ Taux. Since this involves a token-wise operation, we will present
our constructed modules with a general token position t and the prefix tokens {vj}. We will use Wγ

as a diagonal matrix in RDaux×Daux , containing γ on its main diagonal.

TINT Layer normalization Forward module The input embedding to this module et will contain
xt in its first Daux coordinates. The layer normalization computation can be divided into two sub-
operations: (a) application of f , and (b) linear computation using γ, b. We will present a TINT
module for each sub-operation.

We can represent the function f using a layer normalization operation itself, with its weight and bias
parameters set as 1 and 0 respectively. However, since the relevant input exists only in the first Daux
coordinates, the operation on the first Daux coordinates needs to be independent of the rest of the
coordinates. To do so, we instead use Group normalization (Definition D.3) on et, with groups of
size Daux.

Now, the embedding et contains f(xt) in its first Daux coordinates. The second sub-operation can
then be viewed as a Linear Layer computation, i.e. yt = Wγxt+b. Hence, we simply stack the rows
of Wγ and bγ onto the prefix tokens {vj} and call the TINT Linear Forward module (Appendix B).

Auxiliary’s gradient backpropagation through layer normalization With the definition of layer
normalization and the normalization function f in Definition 2.6, the auxiliary’s backpropagation
operation takes in the loss gradient w.r.t. output (∂y) and computes the loss gradient w.r.t. input (∂x).
Definition 2.7. [Exact Gradient for Layer Normalization] Using notations in Definition 2.6, given the
gradient of the loss w.r.t the output of the Layer Normalization ∂y , backpropagation computes ∂x as

∂x = (∂z −Daux
−1

Daux∑

i=1

∂zi − ⟨∂z, z⟩z)/σ ∂z = γ ⊙ ∂y.
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Complexity of true backpropagation The above operation is computation heavy since it involves
computing (a) ∂z , (b) f(∂z), (c) ⟨∂z, z⟩z, and (d) multiplying by a factor of 1

σ . ⟨∂z, z⟩z in itself
will require two MLP layers, following Lemma A.4. In order to reduce the number of layers, we turn
to first-order Taylor expansion for approximating the above operation.

Definition 2.8. [ϵ-approximate Layer Normalization Gradient] With notations defined above, this
layer takes ∂y,x ∈ RDaux as input and outputs ∂̂x = 1

ϵ (f(x+ ϵγ ⊙ ∂y)− f(x)).

The following theorem shows that the first-order gradient is a good approximation of the true gradient,
and in the limit of ϵ tending to 0, the approximation error tends to 0 as well.

Theorem D.1. For any ϵ > 0, and a layer normalization layer with parameters γ, b ∈ RDaux , for an
input x ∈ RDaux and gradient ∂y ∈ RDaux ,

∥∥∥∂̂x − ∂x

∥∥∥
2
≤ O(ϵD3/2

aux σ
−2 ∥γ∥22 ∥∂y∥

2
2),

where σ denotes the standard deviation of x. ∂x, ∂̂x have been computed from x, ∂y and ϵ using
Definitions 2.7 and 2.8.

TINT Layer normalization backpropagation module The input embeddings et contain ∂yt
at

each position t in the first Daux coordinates. Since we further need the input to the auxiliary’s layer
normalization layer under consideration, we copy xt from the TINT Layer normalization Forward
module at each position t using residual connections. Furthermore, residual connections have been
used to copy the contents of the prefix tokens {vj} from the Layer normalization Forward module,
which contain Wγ , b. Recall that for ease of presentation, we use zt to represent f(xt).

We set ϵ as a hyperparameter and return ∂̂x as the output of this module. The computation of ∂̂x
can be divided into two sub-operations: (a) computation of ∂zt

:= γ ⊙ ∂yt
, and (b) computation of

1
ϵ (f(xt + ϵ∂zt)− f(xt)). We represent each sub-operation as a TINT module.

To compute ∂zt
:= γ ⊙ ∂yt

= Wγ∂yt
, we can observe that the required operation is identical to

backpropagating through a linear layer with parameters Wγ and b. Hence, we simply call the Linear
Backpropagation module on the current embeddings. We use residual connections to retain xt at
each location t, and the contents of the prefix tokens {vj}.
Now, the embedding et contains ∂zt

and xt. In order to backpropagate through f , we first use a linear
layer to compute xt + ϵ∂zt

and retain xt. Following the same procedure as the Forward module, we
use a Group normalization layer with weight and bias parameters 1 and 0 respectively, to compute
f(xt + ϵ∂zt

) and f(xt). Finally, we use a linear layer to compute 1
ϵ (f(xt + ϵ∂zt

)− f(xt)).

Auxiliary’s Descent update And finally, the auxiliary’s descent operation updates parameters γ, b
using a batch of inputs {xt}t≤T and the loss gradient w.r.t. the corresponding outputs {∂yt

}t≤T .

Definition D.2 (Auxiliary’s layer normalization descent). For parameters γ, b ∈ RDaux , descent
update takes in a batch of inputs {xt ∈ RDaux}t≤Taux and gradients {∂yt

∈ RDaux}t≤Taux and updates
the parameters as follows:

γ ← γ − η
∑

t≤Taux

∂yt ⊙ zt; b← b− η
∑

t≤Taux

∂yt ,

where zt represents f(xt).

The update of γ involves an elementwise multiplication between ∂yt and zt, which requires an MLP
layer (Lemma A.4). With the prefix tokens containing the rows of Wγ and b, we instead consider the
update of b alone with the descent update.

TINT Layer normalization descent module The input embeddings contain ∂yt
in the first Daux

coordinates. The prefix tokens contain Wγ , b, which have been copied from the Forward module
using residual connections. The update of b is identical to the auxiliary’s descent update through a
linear layer. Hence, we apply a TINT Linear descent module to the current embeddings, updating
only the bias b and switching off the update to Wγ .
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D.1 ADDITIONAL DEFINITIONS

We describe TINT group normalization layer below, which we use in different modules to simulate
the auxiliary’s layer normalization operations.

Definition D.3 (TINT Daux-Group normalization). Define a normalization function f : Rd → Rd that
performs f(x) = (x− µ)/σ, where µ and σ are the mean and standard deviation of x, respectively.
Then, Daux-Group RMSnorm with parameters γTINT, bTINT ∈ RDaux takes as input x ∈ RDsim and
outputs y = VECTORIZE({yh ∈ RDaux}h≤⌊Dsim/Daux⌋), with

yh = γTINT ⊙ f(xh) + bTINT,

where xh = SPLIT⌊Dsim/Daux⌋(x)h.

D.2 PROOF OF THEOREMS AND GRADIENT DEFINITIONS

We restate the theorems and definitions, before presenting their proofs for easy referencing.

Definition 2.7. [Exact Gradient for Layer Normalization] Using notations in Definition 2.6, given the
gradient of the loss w.r.t the output of the Layer Normalization ∂y , backpropagation computes ∂x as

∂x = (∂z −Daux
−1

Daux∑

i=1

∂zi − ⟨∂z, z⟩z)/σ ∂z = γ ⊙ ∂y.

Derivation of gradient in Definition 2.7 . With the normalization function f and parameters x, b ∈
RDaux , recall from Definition 2.6 that given an input x ∈ RDaux , a layer normalization layer returns
y = γ ⊙ z + b; z = f(x). Let µ and σ denote the mean and standard deviation of x. They can be
computed as

µ =
1

Daux

Daux∑

i=1

xi, σ =

√√√√ 1

Daux

Daux∑

i=1

(xi − µ)2.

With the chain rule, we can compute ∂x from ∂y as follows.

∂x = (
∂z

∂x
)⊤∂z; with ∂z = (

∂y

∂z
)⊤∂y. (18)

Since y = γ ⊙ z + b, we have ∂y
∂z = Wγ , where Wγ represents a diagonal matrix with γ on the

main diagonal. Thus, ∂z = Wγ∂y = γ ⊙ ∂y.

With z = f(x) = x−µ
σ , we have

∂z

∂x
=

∂

∂x

(
x− µ

σ

)
=

1

σ

∂x

∂x
− 1

σ

∂µ

∂x
− (x− µ)

σ2

(
∂σ

∂x

)⊤

=
1

σ

(
I − 1

Daux
11⊤ − zz⊤

)
. (19)

In the final step, we require ∂µ
∂x and ∂σ

∂x , which are computed as follows.

• ∂µ
∂x ∈ RDaux with its jth element given by

(
∂µ

∂x

)

j

=
∂µ

∂xj
=

∂

∂xj
(

1

Daux

Daux∑

i=1

xi) =
1

Daux
.
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• ∂σ
∂x ∈ RDaux with its jth element given by

(
∂σ

∂x

)

j

=
∂σ

∂xj
=

∂

∂xj



√√√√ 1

Daux

Daux∑

i=1

(xi − µ)2




=
1√∑Daux

i=1 (xi − µ)2

Daux∑

i=1

(xi − µ)
∂(xi − µ)

∂xj

=
1√∑Daux

i=1 (xi − µ)2

(
(xj − µ)− 1

Daux

Daux∑

i=1

(xi − µ)

)
=

xj − µ

σ
:= zj ,

where we have re-utilized the ∂µ
∂x in the pre-final step.

Hence, from Equation (18),

∂x = (
∂z

∂x
)⊤∂z =

1

σ

(
I − 1

Daux
11⊤ − zz⊤

)
∂z =

1

σ

(
∂z −

1

Daux
⟨1, ∂z⟩1− ⟨z, ∂z⟩z

)
.

We repeat Theorem D.1 for easier reference.
Theorem D.1. For any ϵ > 0, and a layer normalization layer with parameters γ, b ∈ RDaux , for an
input x ∈ RDaux and gradient ∂y ∈ RDaux ,

∥∥∥∂̂x − ∂x

∥∥∥
2
≤ O(ϵD3/2

aux σ
−2 ∥γ∥22 ∥∂y∥

2
2),

where σ denotes the standard deviation of x. ∂x, ∂̂x have been computed from x, ∂y and ϵ using
Definitions 2.7 and 2.8.

Proof of Theorem D.1 . With the normalization function f and parameters x, b ∈ RDaux , recall from
Definition 2.6 that given an input x ∈ RDaux , a layer normalization layer returns y = γ ⊙ z + b; z =
f(x). Let µ and σ denote the mean and standard deviation of x. They can be computed as

µ =
1

Daux

Daux∑

i=1

xi, σ =

√√√√ 1

Daux

Daux∑

i=1

(xi − µ)2.

We will refer to ∂z
∂x from Equation (19) and the formulation of ∂x from Equation (18) for our current

proof. To recall, they are

∂z

∂x
=

1

σ

(
I − 1

Daux
11⊤ − zz⊤

)
, ∂x = (

∂z

∂x
)⊤∂z.

Using a second-order Taylor expansion of the normalization function f around x, we have

f(x+ ϵ∂z) = f(x) + ϵ
∂f(x)

∂x
∂z +

∫ ϵ

0

∂⊤
z

∂

∂xθ

(
∂f(xθ)

∂xθ

)
∂zθdθ

= f(x) + ϵ
∂f(x)

∂x
∂z −

∫ ϵ

0

1

σ2
θ

(
∥∂z∥22 −

1

Daux

Daux∑

i=1

(⟨1, ∂z⟩)2 − (⟨zθ, ∂z⟩)2zθ
)
θdθ,

where xθ represents x+ θ∂z, zθ = f(xθ). The second step follows similar steps for computing ∂z
∂x

in Equation (19). We avoid this computation since we only need to make sure that the second-order
term is bounded. Furthermore, if ϵ ≤ O

(
σ√

Daux∥∂z∥2

)
, we can show the ℓ2-norm of the second-order

term can be bounded by O(ϵ2D3/2
aux σ−2 ∥∂z∥22). We avoid this computation as well.
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Thus, from the above formulation, we have

lim
ϵ→0

f(x+ ϵ∂z)− f(x)

ϵ
=

∂f(x)

∂x
∂z =

(
∂f(x)

∂x

)⊤
∂z = ∂x.

The pre-final step follows from Equation (19), where ∂f(x)
∂x = ∂z

∂x = 1
σ

(
I − 1

Daux
11⊤ − zz⊤

)
can

be shown to be symmetric. The final step follows from the gradient formulation in Equation (18).
Including the error term, we have the final bound as∥∥∥∥

f(x+ ϵ∂z)− f(x)

ϵ
− ∂x

∥∥∥∥
2

≤ O(ϵD3/2
aux σ

−2 ∥∂z∥22).

Using ∂z = γ ⊙ ∂y and a Cauchy-Schwartz inequality gives the final bound.

E ACTIVATION LAYER

Definition E.1 (Auxiliary activation). For a continuous function σact : R→ R, an activation layer
takes x ∈ RDaux as input and outputs y = σact(x) with yi = σact(xi) for all i ≤ Daux.

In the discussions below, we consider an activation layer in the auxiliary model with activation
function σact that takes in input sequence x1, · · · ,xTaux and outputs y1, · · · ,yTaux , with yt = σact(xt)
for each t ≤ Taux. Since this involves a token-wise operation, we will present our constructed
modules with a general token position t. Since no parameters of the auxiliary model are involved in
this operation, the prefix tokens {vj} contain 0 in the following modules.

TINT Activation Forward module The embedding et contains xt in its first Daux indices. We
simply pass the embeddings into activation σact, which returns σact(xt) in its first Daux indices.

Auxiliary’s backpropagation through activation With the definition in Definition E.1, the auxil-
iary’s backpropagation takes in the loss gradient w.r.t. output (∂y) and computes the loss gradient
w.r.t. input (∂x). We further assume that the derivative of σact is well-defined everywhere. This
assumption includes non-differentiable activation functions with well-defined derivatives like ReLU .
Definition E.2 (Auxiliary activation backpropagation). For a continuous function σact : R → R,
with a well-defined derivative σ′

act(x) = ∂σact(x)/∂x for each x ∈ R, the backpropagation takes
∂y,x ∈ RDaux as input and outputs

∂x = σ′
act(x)⊙ ∂y,

where σ′
act(x) ∈ RDaux with σ′

act(x)i = σ′
act(xi) at each i ≤ Daux.

Complexity of true backpropagation The above operation is computation heavy since it involves
σ′

act(x) ⊙ ∂y. As mentioned for the layer normalization module, the element-wise multiplication
between σ′

act(x) and ∂y will require an MLP module following Lemma A.4. Furthermore, it involves
changing the activation function in TINT in specific modules to σ′

act. To circumvent this, we instead
turn to a first-order Taylor approximation.
Definition E.3 (Approximate Activation backpropagation). For a continuous function σact : R→ R
and a hyperparameter ϵ, the layer takes ∂y,x ∈ RDaux as input and outputs

∂̂x =
1

ϵ
(σact(x+ ϵ∂y)− σact(x)) .

The following theorems show that under mild assumptions on the activation function and the input,
gradient pair, the first-order gradient is a good approximation to the true gradient.
Theorem E.4. For any ϵ > 0, By, Bact > 0, consider a second-order differentiable activation
function σact : R→ R, with ∂2σact(x)/∂(x

2) bounded by Bact for each x ∈ R. Then, for any input
x ∈ RDaux and gradient ∂y ∈ RDaux with ∥∂y∥2 ≤ By , the following holds true:

∥∥∥∂x − ∂̂x

∥∥∥
2
≤ O(BactB

2
yϵ),

where ∂x, ∂̂x have been defined using x, ∂y , and ϵ in Definitions E.2 and E.3.
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For ReLU activation, which is not second-order differentiable at 0, we instead bound the difference
between ∂x, ∂̂x by defining some form of alignment between input and gradient pair x, ∂y .

Definition E.5 ((ϵ, ρ)-alignment). Input and gradient x, ∂y ∈ RDaux are said to be (ϵ, ρ)-aligned, if
there exist a set C ⊆ [Daux], with |C| ≥ (1− ρ)Daux, such that for each i in C, |xi| > ϵ |(∂y)i| .

ϵ controls the fraction of coordinates where |xi| ≤ ϵ |(∂y)i|. As ϵ→ 0, ρ→ 0 as well for bounded
gradients.

Example E.6. For any Bmin, Bmax > 0, all inputs x that satisfy mini |xi| > Bmin , and gradients
∂y that satisfy maxj |(∂y)j | ≤ Bmax, are (Bmin/Bmax, 0)-aligned.

Theorem E.7. For any ϵ, ρ > 0 and By > 0, for any input x ∈ RDaux and gradient ∂y ∈ RDaux , with
∥∂y∥∞ ≤ By , that are (ϵ, ρ)-aligned by Definition E.5,

∥∥∥∂x − ∂̂x

∥∥∥
2
≤ O(By

√
ρDaux).

where ∂x, ∂̂x have been defined using x, ∂y , ϵ and σact = ReLU in Definitions E.2 and E.3.

TINT Activation backpropagation module The input embeddings contain ∂yt in the first Daux
embeddings. With the requirement of the activation layer input for gradient, we copy xt from the
Forward module at each position t. We set ϵ as a hyper-parameter and return ∂̂xt as the output of this
module.

∂̂xt
will be computed using a single-layer MLP with activation σact as follows. The first linear layer

of the MLP will be used to compute xt + ϵ∂yt
and xt. After the activation σact, the embedding et

contains σact(xt + ϵ∂yt
) and σact(xt). The final linear layer of the MLP will be used to compute

1
ϵ (σact(xt + ϵ∂yt)− σact(xt)).

E.1 PROOFS OF THEOREMS

We restate the theorems, before presenting their proofs for easy referencing.

Theorem E.4. For any ϵ > 0, By, Bact > 0, consider a second-order differentiable activation
function σact : R→ R, with ∂2σact(x)/∂(x

2) bounded by Bact for each x ∈ R. Then, for any input
x ∈ RDaux and gradient ∂y ∈ RDaux with ∥∂y∥2 ≤ By , the following holds true:

∥∥∥∂x − ∂̂x

∥∥∥
2
≤ O(BactB

2
yϵ),

where ∂x, ∂̂x have been defined using x, ∂y , and ϵ in Definitions E.2 and E.3.

Proof. The proof follows along the lines of Theorem D.1. Recall that given an input x, the activation
layer outputs y = σact(x), where the function σact is applied coordinate-wise on x. Given input x
and the output gradient ∂y , the gradient w.r.t. the input is given by ∂x = σ′

act(x)⊙ ∂y , where the σ′
act

function is also applied coordinate wise to x. We defined ∂̂x as an ϵ-approximate gradient, given by
1
ϵ (σact(x+ ϵ∂y)− σact(x)). Since both σact and σ′

act are applied coordinate-wise, we can look at the
coordinate-wise difference between ∂x and ∂̂x.

Consider an arbitrary coordinate i ≤ Daux. Under the assumption that σact is second-order differen-
tiable, we have

(∂̂x)i =
1

ϵ
(σact(xi + ϵ(∂y)i)− σact(xi))

= σ′
act(xi)(∂y)i +

1

ϵ

∫ ϵ

θ=0

∂2σact(xθ)

∂x2
θ

(∂y)
2
i θdθ

= σ′
act(xi)(∂y)i +O(ϵBact(∂y)

2
i ),

where xθ represents xi + θ(∂y)i in the second step. In the final step, we utilize the upper bound
assumption on ∂2σact(x)

∂x2 .
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Thus, (∂x)i − (∂̂x)i = O(ϵBact(∂y)
2
i ), and so

∥∥∥∂x − ∂̂x

∥∥∥
2
= O(ϵBact

Daux∑

i=1

(∂y)
2
i ) = O(ϵBact ∥∂y∥22) ≤ O(ϵBactB

2
y).

Example E.6. For any Bmin, Bmax > 0, all inputs x that satisfy mini |xi| > Bmin , and gradients
∂y that satisfy maxj |(∂y)j | ≤ Bmax, are (Bmin/Bmax, 0)-aligned.

Proof. Recall the definition of (ϵ, ρ)-alignment from Definition E.5. Input and gradient x, ∂y ∈ RDaux

are said to be (ϵ, ρ)-aligned, if there exist a set C ⊆ [Daux], with |C| ≥ (1 − ρ)Daux, such that for
each i in C, |xi| > ϵ |(∂y)i| .
Consider an arbitrary coordinate i ≤ Daux. We have |xi| > ϵ |(∂y)i| for any ϵ < |xi| / |(∂y)i|. Under
the assumption that |xi| > Bmin, and |(∂y)i| ≤ Bmax, a bound of Bmin/Bmax suffices.

Theorem E.7. For any ϵ, ρ > 0 and By > 0, for any input x ∈ RDaux and gradient ∂y ∈ RDaux , with
∥∂y∥∞ ≤ By , that are (ϵ, ρ)-aligned by Definition E.5,

∥∥∥∂x − ∂̂x

∥∥∥
2
≤ O(By

√
ρDaux).

where ∂x, ∂̂x have been defined using x, ∂y , ϵ and σact = ReLU in Definitions E.2 and E.3.

Proof. Recall that given an input x, the activation layer outputs y = σact(x), where the function σact
is applied coordinate-wise on x. Given input x and the output gradient ∂y, the gradient w.r.t. the
input is given by ∂x = σ′

act(x)⊙ ∂y , where the σ′
act function is also applied coordinate wise to x. We

defined ∂̂x as an ϵ-approximate gradient, given by 1
ϵ (σact(x+ ϵ∂y)− σact(x)). Since both σact and

σ′
act are applied coordinate-wise, we can look at the coordinate-wise difference between ∂x and ∂̂x.

For ReLU activation, σ′
act(x) = sign(x) for all x ∈ R \ {0}, with σ′

act(0) = 1 to avoid ambiguity.

Going by the definition of (ϵ, ρ)-alignment of the input and gradient from Definition E.5, we have
a set C with |C| ≥ (1 − ρ)Daux such that for each i ∈ Daux, |xi| > ϵ |(∂y)i|. For all coordinates
i ∈ C, we can then observe that sign(xi + ϵ(∂y)i) = sign(xi), implying

σact(xi + ϵ(∂y)i)− σact(xi) = ϵ(∂y)iσ
′
act(xi) = ϵ(∂x)i

For coordinates i /∈ C, we have three possible cases:

• sign(xi) = sign(xi+ϵ(∂y)i): In this case, we can again show σact(xi+ϵ(∂y)i)−σact(xi) =
ϵ(∂y)iσ

′
act(xi) = ϵ(∂x)i.

• sign(xi) = 0, sign(xi + ϵ(∂y)i) = 1: In this case, we have σ′
act(xi) = 0, and so (∂x)i = 0.

Additionally, sign((∂y)i) = 1, and so

|σact(xi + ϵ(∂y)i)− σact(xi)− ϵ(∂x)i| = |xi + ϵ(∂y)i| ≤ ϵ |(∂y)i| ,

where in the final step, we use the fact that xi < 0 and |xi| < ϵ |(∂y)i| .

• sign(xi) = 1, sign(xi + ϵ(∂y)i) = 0: In this case, we have σ′
act(xi) = 1, and so (∂x)i =

(∂y)i. Additionally, sign((∂y)i) = 0, and so

|σact(xi + ϵ(∂y)i)− σact(xi)− ϵ(∂x)i| = |−xi − ϵ(∂y)i| ≤ |ϵ(∂y)i| ,

where in the final step, we use the fact that xi ≥ 0 and |xi| < ϵ |(∂y)i| .
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Thus, from the above discussion, we have

∥∥∥∂x − ∂̂x

∥∥∥
2
=

1

ϵ

(
Daux∑

i=1

(σact(xi + ϵ(∂y)i)− σact(xi)− ϵ(∂x)i)
2

)1/2

=
1

ϵ

(∑

i/∈C

(σact(xi + ϵ(∂y)i)− σact(xi)− ϵ(∂x)i)
2

)1/2

≤
(∑

i/∈C

(∂y)
2
i

)1/2

≤
√

ρDaux

√
max
i/∈C

(∂y)2i ≤
√

ρDauxBy.

The final step includes a simple Cauchy Schwartz inequality and the desired bound comes from the
assumed bound on ∥∂y∥2.

F LANGUAGE MODEL HEAD

Additionally, we provide a description of the gradient computation for the loss function that involves
the language model head. This computation entails performing a softmax operation over the entire
vocabulary. If V denotes the vocabulary set of the auxiliary model, and E ∈ R|V|×Daux denotes the
embedding matrix of the auxiliary model, we directly utilize the embedding matrix for the auto-
regressive loss in the TINT. Additionally, we do not update the embedding matrix of the auxiliary
model; instead, we solely backpropagate the gradients through the language model head. Recent
work in (Kumar et al., 2022) has shown that keeping the embedding matrix fixed while updating the
model can stabilize SGD. We demonstrate that the backpropagated gradients can be expressed as the
combination of the language model head and a self-attention layer.

Definition F.1 (KL-loss gradient through auxiliary’s language model head). Given an embedding
matrix E ∈ R|V |×Daux , the language model head takes in input x ∈ RDaux and a target distribution
q ∈ R|V | and returns gradient ∂x ∈ RDaux , with ∂x = E⊤ (softmax(Ex)− q) .

In the autoregressive loss on a sequence of tokens, the target output distribution at any position is the
next occurring token. If {xun

t }Taux
t=1 denote the uncontextualized embeddings of a sequence of tokens

after encoding them via the embedding matrix, and {xt}Taux
t=1 denote their contextualized embeddings

after passing through the auxiliary model, then the gradient ∂xt at any position t can be simplified as
E⊤softmax(Ext)− xun

t+1. We illustrate the involved TINT module w.r.t. an arbitrary position t.

TINT autoregressive loss gradient module The current embedding et contains the contextualized
embedding xt in its first Daux coordinates. Furthermore, et includes the uncontextualized embedding
xun
t , copied from the input layer using residual connections. The prefix tokens vj are assigned a

value of 0 and do not participate in the subsequent computations.

The loss computation can be decomposed into two sub-operations: (a) computing yt :=
E⊤softmax(Ext), and (b) calculating ∂xt = yt − xun

t+1.

For the first sub-operation, we use a feed-forward layer with softmax activation, with hidden and
output weights E and E⊤ respectively, that takes in the first Daux of et and returns yt in the first
Daux coordinates. We retain xun

t using a residual connection.

The final sub-operation can be interpreted as a TINT self-attention layer. With et containing both
yt and xun

t , we use a linear self-attention layer (Definition A.1) with two attention heads. The first
attention head assigns an attention score of 1 to pairs {(t, t+1)}t≤Taux−1, while assigning an attention
score of 0 to the remaining pairs. At any position t, −xun

t is considered the value vector. The second
attention head assigns an attention score of 1 to pairs {(t, t)}t≤Taux , while assigning an attention score
of 0 to the remaining pairs. At any position t, yt is considered the value vector. The outputs of both
attention heads are subsequently combined using a linear layer.
Remark F.2. We conducted experiments using mean-squared loss and Quad loss Saunshi et al. (2020),
which do not necessitate softmax computations for gradient computation. As an example, in the
case of mean-squared loss, if our objective is to minimize 1

2

∑T
t=1

∥∥xt − xun
t+1

∥∥2, the gradient can
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be computed as ∂xt
= xt − xun

t+1. Similarly, in the case of Quad loss, the gradient is ∂xt
=

1
|V |
∑

i ei − xun
t+1. However, in all of our language model experiments (Section 3), both gradients

resulted in minimal improvement in perplexity compared to the auxiliary model. Therefore, we
continue utilizing the standard KL loss for optimization.
Remark F.3. For ease of implementation in the codebase, we utilize a dedicated loss module that
takes in yt,x

un
t+1 as input and directly computes ∂xt = yt − xun

t+1.

G PARAMETER SHARING

Feed-forward layer of auxiliary model: In a standard auxiliary transformer, like GPT-2, the feed-
forward layer is a token-wise operation that takes in an input x ∈ RDaux and returns y = Aσ(Wx),
with A ∈ RDaux×4Daux and W ∈ R4Daux×Daux . A naive construction of the TINTto simulate its
forward operation will have 2 Linear Forward modules (Section 2.4), separated by an activation.
However, this requires 4× more prefix embeddings to represent the parameters, compared to other
linear operations in the auxiliary transformer that use RDaux×Daux weight parameters.

To avoid this, we can instead break down the computation into 4 sub-feed-forward layers, each with
its own parameters {{W i,Ai}}1≤i≤4. Here {W i}1≤i≤4 represent 4-shards of the rows of W , and
{Ai}1≤i≤4 represent 4-shards of the columns of A.

The forward, backward, and descent operations on these 4 sub-feed-forward layers can be effec-
tively parallelized. For example, the forward operation of each layer can be simulated by a single
TINTmodule, consisting of two Linear Forward modules and activation, changing only the prefix
embeddings to correspond to {{W i,Ai}}1≤i≤4.

H ADDITIONAL MODULES

We describe the forward, backward, and decent update operations of additional modules, used in
different model families, like LLaMA Touvron et al. (2023) and BLOOM Scao et al. (2022). We
discuss the simulation of these modules, using similar TINT modules.

H.1 ROOT MEAN SQUARE NORMALIZATION (RMSNORM)

The operation of RMSnorm Zhang and Sennrich (2019) is very similar to layer normalization.

Definition H.1 (RMSnorm). For an arbitrary dimension d, define a normalization function f : Rd →
Rd that performs f(x) = x/RMS(x), where RMS(x) = (

∑d
i=1 x

2
i )

1/2. Then, RMSnorm with
parameters γ, b ∈ RDaux takes as input x ∈ RDaux and outputs y ∈ RDaux , which is computed as
z = f(x),y = γ ⊙ z + b.

The extreme similarity between RMSnorm and layer normalization (Definition 2.6) helps us create
similar TINT modules as described in Appendix D, where instead of Group normalization layers, we
use Group RMSnorm layers described below.

Definition H.2 (TINT Daux-Group RMSnorm). For an arbitrary dimension d, define a normalization
function f : Rd → Rd that performs f(x) = x/RMS(x), where RMS(x) = (

∑d
i=1 x

2
i )

1/2. Then,
Daux-Group RMSnorm with parameters γTINT, bTINT ∈ RDaux takes as input x ∈ RDsim and outputs
y = VECTORIZE({yh ∈ RDaux}h≤⌊Dsim/Daux⌋), with

yh = γTINT ⊙ f(xh) + bTINT,

where xh = SPLIT⌊Dsim/Daux⌋(x)h.

H.2 ATTENTION VARIANTS

In order to incorporate additional attention variants, e.g. Attention with Linear Biases (ALiBi) Press
et al. (2021), and rotary position embeddings Su et al. (2021), we can change the definition of softmax
attention layer in Definition A.1 likewise.
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H.3 GATED LINEAR UNITS (GLUS)

We describe the operations of GLUs Shazeer (2020) using similar GLU units available to the TINT.
Definition H.3. For parameters W ,V ,W o ∈ RDaux×Daux , and biases bW , bV , bW o ∈ RDaux , a GLU
layer with activation σact : R→ R, takes input x ∈ RDaux and outputs ŷ ∈ RDaux , with

y = (Wx+ bW )⊙ σact(V x+ bV ); ŷ = W oy + bW o .

Typical GLUs have 8/3×Daux as a hidden dimension (i.e. the dimension of y). We can use similar
parameter-sharing techniques discussed for feed-forward layers (Appendix G) with the TINT modules
presented here. Furthermore, since ŷ can be expressed as a combination of the gated operation and a
linear operation, we focus on the computation of y here.

For the discussion below, we consider a GLU (without the output linear layer) in the auxiliary model,
with parameters W ,V , bW , bV , that takes in input sequence x1, · · · ,xT and outputs y1, · · · ,yT ,
with yt = (Wxt + bW ) ⊙ σact(V xt + bV ) for each t ≤ Tsim. Since this involves a token-wise
operation, we will present our constructed modules with a general token position t and the prefix
tokens {vj}.

TINT GLU Forward module The embedding et contains xt in its first Daux coordinates. The
output yt can be computed using three sub-operations: (a) linear operation for Wxt + bW , (b) linear
operation for V xt + bV , and (c) gate operation to get (Wxt + bW )⊙ σact(V xt + bV ).

We use three TINT modules, representing each sub-operation.

(a) Wxt + bW is a linear operation, hence we can use a TINT Linear Forward module
(Appendix B) with the current embedding et and {vj} containing W , bW to get embedding
ẽt containing Wxt + bW in its first Daux coordinates.

(b) V xt + bV is a linear operation, hence we can similarly use a TINT Linear Forward module
(Appendix B) with the embedding et and {vj} containing WV , bV to get embedding êt
containing V xt + bV in its first Daux coordinates.
êt and ẽt are now combined to get an embedding et that contains Wxt + bW ,V xt + bV
in its first 2Daux coordinates.

(c) Finally, we can use a TINT GLU layer that can carry out the elementwise multiplication of
Wxt + bW , σact(V xt + bV ) to get yt in the first Daux coordinates.

Parameter Sharing: Since (a) and (b) involve a Linear Forward module, we can additionally leverage
parameter sharing to apply a single Linear Forward module for each of the two computations,
changing only the prefix embeddings to correspond to W , bW , or WV , bV .

Auxiliary GLU backpropagation For the GLU layer defined in Definition H.3, the backpropa-
gation layer takes in the loss gradient w.r.t. output (∂y) and computes the loss gradient w.r.t. input
(∂x).
Definition H.4 (Auxiliary GLU backpropagation). For the weights W ,V ∈ RDaux×Daux , the
backpropagation layer takes ∂y ∈ RDaux as input and outputs ∂x ∈ RDaux , with ∂x = W⊤∂̂x+V ⊤∂̃x,
where

∂̂x = ∂y ⊙ σact(V x+ bV ); ∂̃x = σ′
act(V x+ bV )⊙ ∂y ⊙ (Wx+ bW ).

A direct computation of ∂̃x involves changing the activation function to σ′
act. Following a similar

strategy for backpropagation through an activation layer (Appendix E), we instead use a first-order
Taylor expansion to approximate ∂̃x.
Definition H.5 (Auxiliary GLU approximate backpropagation). For a hyper-parameter ϵ > 0, for the
weights W ,V ∈ RDaux×Daux , the approximate backpropagation layer takes ∂y ∈ RDaux as input and

outputs ∂x ∈ RDaux , with ∂x = W⊤∂̂x + V ⊤̂̃∂x, where

∂̂x = ∂y ⊙ σact(V x+ bV )

̂̃
∂x = σact(V x+ bV + ϵ∂y)⊙

1

ϵ
(Wx+ bW )− σact(V x+ bV )⊙

1

ϵ
(Wx+ bW ).
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TINT GLU backpropagation module The current embedding contains ∂yt
in its first Daux coordi-

nates. Furthermore, since we need Wxt + bW and V xt + bV in the gradient computations, we copy
them from the Forward module using residual connections. We discuss the computation of W⊤∂̂xt

and V ⊤ ̂̃∂xt as separate sub-modules acting on the same embedding et in parallel.

1. The computation of W⊤x̂t involves two sub-operations: (a) gate operation to get x̂t :=
∂yt
⊙ σact(V xt + bV ), and (b) linear backward operation to get W⊤x̂t. Since for this

operation, we require W , we copy the contents of the prefix embeddings containing W , bW
from the Forward module.

(a) Since the current embedding et contains both ∂yt
and Wxt + bW , we can use a TINT

GLU layer to get an embedding ê
(1)
t that contains ∂̂xt

.
(b) The final linear backward operation can be performed by using a TINT Linear back-

propagation module (Appendix B) with the embeddings ê(1)t and the prefix embeddings.
The final embedding êt contains W⊤x̂t in the first Daux coordinates.

2. The computation of V ⊤̂̃xt involves four sub-operations: (a) gate operation to get 1
ϵ (Wxt +

bW )⊙σact(V xt+bV + ϵ∂yt
), (b) gate operation to get 1

ϵ (Wxt+bW )⊙σact(V xt+bV ),

(c) a linear layer to compute ̂̃xt, (c) linear backward operation to get V ⊤̂̃xt. Since for this
operation, we require V , we copy the contents of the prefix embeddings containing V , bV
from the Forward module.

(a) Since the current embedding et contains ∂yt
, V xt + bW and Wxt + bW , we can use

two TINT GLU layers to get an embedding ẽ
(1)
t that contains both 1

ϵ (Wxt + bW )⊙
σact(V xt + bV + ϵ∂yt) and 1

ϵ (Wxt + bW )⊙ σact(V xt + bV ).

(b) A linear later on ẽ
(1)
t can then return an embedding ẽ

(2)
t containing ̂̃xt in the first Daux

coordinates.
(c) The final operation can be performed by using a TINT Linear backpropagation module

(Appendix B) with the embeddings ê2t and the prefix embeddings containing V , bV .
The final embedding ẽt contains V ⊤̂̃xt in the first Daux coordinates.

After the two parallel computations, we can sum up êt and ẽt to get an embedding et containing ∂xt

(Definition H.5) in the first Daux coordinates.

Auxiliary GLU descent Finally, the auxiliary’s descent updates the weight and the bias parameters
using a batch of inputs {xt}t≤T and the loss gradient w.r.t. the corresponding outputs {∂yt}t≤T .

Definition H.6 (Auxiliary GLU descent ). For weights W ,V ∈ RDaux×Daux and bias bW , bV ∈
RDaux , the linear descent layer takes in a batch of inputs {xt ∈ RDaux}t≤Taux and gradients {∂yt ∈
RDaux}t≤Taux and updates the parameters as follows:

W ←W − η
∑

t≤Taux

∂̂xt
x⊤
t ; bW ← bW − η

∑

t≤Taux

∂̂xt
,

V ← V − η
∑

t≤Taux

∂̃xt
x⊤
t ; bV ← bV − η

∑

t≤Taux

∂̃xt
,

where ∂̂xt
and ∂̃xt

have been computed as Definition H.4.

Due to similar concerns as gradient backpropagation, we instead use ̂̃∂xt
(Definition H.5) in place of

∂̃xt for each t ≤ Taux to update V , bV .

TINT GLU descent module We discuss the two descent operations separately.

1. Update of W , bW : We start with the embeddings ê(1)t from the backpropagation module,
that contain ∂̂xt in the first Daux coordinates.
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For the update, we additionally require the input to the auxiliary GLU layer under con-
sideration, and hence we copy xt from the Forward module using residual connections.
Furthermore, we copy the contents of the prefix embeddings that contain W , bW from the
Forward module.
With both ∂̂xt and xt in the embeddings, the necessary operation turns out to be the descent
update of a linear layer with parameters W , bW . That implies, we can call a TINT Linear
descent module (Appendix B) on the current embeddings and prefix embeddings to get the
desired update.

2. We start with the embeddings ẽ(2)t from the backpropagation module, that contain ˜̂∂xt
in the

first Daux coordinates.
For the update, we additionally require the input to the auxiliary GLU layer under con-
sideration, and hence we copy xt from the forward module using residual connections.
Furthermore, we copy the contents of the prefix embeddings that contain V , bV from the
Forward module.

With both ˜̂∂xt and xt in the embeddings, the necessary operation turns out to be the descent
update of a linear layer with parameters V , bV . That implies we can call a TINT Linear
descent module on the current embeddings and prefix embeddings to get the desired update.

Parameter sharing: Since both the descent updates involve a Linear descent module, we can addition-
ally leverage parameter sharing to apply a single TINT Linear descent module for each of the two
computations, changing the input to correspond to {ê(1)t } and prefix to correspond to W , bW , or the
input to correspond to {ẽ(2)t } and prefix to correspond to V , bV respectively.
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I CONSTRUCTION OF OTHER VARIANTS OF PRE-TRAINED MODELS

Table 3: Number of parameters of TINT for the forward, backward, and gradient update operations
on various modules. For simplicity, we have ignored biases in the following computation. We
set Hsim = 12 for OPT-125M and Hsim = 16 for the other models, Dsim = 4Daux for all the
models, and Tsim = Taux +K, with Taux = 2048 for OPT models, and K = Daux/4. Q = 4Qsplit +
3TsimDsim/Hsim, where Qsplit =

1
Hsim

(Dsim)
2 +HsimDsim, denotes the number of parameters in a

TINT Linear Forward module (Section 2.4).

Module Size

Module Name Forward Backward Descent Total

Linear layer Q Q Q 3Q
Layer norms Q Q+ 2DsimHsim Q 3Q+ 2DsimHsim
Self-Attention 2Q 2Q 2Q 6Q
Activation Qsplit 2DsimHsim 0 Qsplit + 2DsimHsim

Self-Attention block 4Q 4Q+ 2DsimHsim 4Q 12Q+ 2DsimHsim
Feed-forward block 3Q 3Q+ 4DsimHsim 3Q 9Q+ 4DsimHsim
Transformer block 7Q 7Q+ 6DsimHsim 7Q 21Q+ 6DsimHsim
Transformer 7QL+ LQsplit (7Q+ 6DsimHsim)L 7QL (21Q+ 6DsimHsim)L

OPT-125M 0.4B 0.4B 0.4B 1.2B
OPT-350M 1.2B 1.1B 1.1B 3.4B
OPT-1.3B 3.7B 3.6B 3.5B 10.8B
OPT-2.7B 7.4B 7.2B 7.2B 21.8B

Though we only conduct experiments on an OPT-125M model, our construction is generally applica-
ble to diverse variants of pre-trained language models. Table 3 highlights many types of modules and
the required size and computation for each. The size of a constructed model is influenced by various
factors, including the number of layers, and embedding dimension in the auxiliary.

J EXPERIMENTS

Computing environment: All the experiments are conducted on a single A100 80G GPU.

Hyperparameters: In the few-shot setting, we employ three different random seeds to select distinct
sets of training examples. Grid search is performed for each seed to determine the optimal learning
rate for both constructed models and dynamic evaluation. The learning rates considered for the
learning rate hyperparameter in the descent update operations in TINT are 1e− 3, 1e− 4, 1e− 5. 6

Additionally, we explore various layer-step combinations to allocate a fixed budget for one full
forward pass. Specifically, we update the top 3 layers for 4 steps, the top 6 layers for 3 steps, or 12
layers for 1 step.

Results of different settings. Table 4 displays the results of few-shot learning with calibration
across various settings, encompassing different loss types, input formats, and layer-step configurations.
Our analysis reveals that employing a label-only loss, utilizing a single-example input format, and
updating all layers of the internal model for a single step yield the most favorable average result. The
performance of the multi-example format is disadvantaged when dealing with tasks of long sequences
such as Amazon Polarity. In general, we observe that calibrated results tend to be more consistent
and stable.

K BROADER IMPACTS

Our findings suggest that existing transformer-based language models possess the ability to learn
and adapt to context by internally fine-tuning a complex model even during inference. Consequently,

6When utilizing the full-context loss, the learning rates considered are 1e− 5, 1e− 6, and 1e − 7 due to
gradient summations in TINT.
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Table 4: Few-shot (k = 32) results with different loss types, input formats, and layer-step configura-
tions with a fixed compute budget, with calibration.

Loss Type Format Layer Step Subj AGNews SST2 CR MR MPQA Amazon Avg.
Label Single 12 1 66.0(1.9) 64.7(0.2) 68.7(1.3) 69.0(0.7) 63.7(0.2) 82.8(0.5) 73.7(0.6) 69.8(0.1)

Single 6 2 62.7(0.2) 66.3(0.2) 68.3(6.1) 67.2(0.2) 61.8(1.6) 81.0(3.6) 74.3(0.5) 68.8(1.4)
Single 3 4 63.5(0.0) 67.2(0.8) 62.5(0.4) 68.7(1.4) 61.7(0.6) 76.8(3.3) 75.2(0.8) 67.9(0.8)

Multi. 12 1 83.2(2.5) 43.7(6.6) 60.7(5.7) 70.3(6.1) 62.8(8.9) 84.2(1.6) 66.3(12.3) 67.3(0.9)
Multi. 6 2 83.5(2.9) 43.2(8.4) 52.0(1.5) 70.5(6.0) 58.5(11.3) 82.0(0.4) 55.8(7.6) 63.6(2.7)
Multi. 3 4 84.0(2.3) 42.3(8.4) 51.5(1.8) 68.2(4.6) 58.5(12.0) 80.2(2.1) 58.5(7.9) 63.3(3.0)

Full-context Single 12 1 64.5(0.4) 65.8(0.2) 63.2(0.9) 67.3(0.5) 60.8(1.4) 73.5(0.8) 75.0(0.4) 67.2(0.1)
Single 6 2 66.7(2.0) 66.0(0.4) 62.7(0.6) 70.5(2.1) 59.7(0.9) 77.7(2.2) 76.0(0.0) 68.5(0.4)
Single 3 4 64.0(0.0) 65.8(0.6) 65.0(1.9) 67.3(0.2) 59.5(0.4) 74.2(1.3) 77.0(1.9) 67.5(0.8)

Multi. 12 1 83.8(2.9) 41.0(10.6) 51.2(0.8) 68.0(4.5) 58.3(11.1) 79.0(3.6) 56.0(8.1) 62.5(2.8)
Multi. 6 2 85.3(1.9) 41.2(10.7) 51.2(1.3) 67.7(4.5) 57.7(10.8) 79.2(3.7) 55.8(7.9) 62.6(2.6)
Multi. 3 4 83.3(2.5) 41.7(11.3) 51.0(1.1) 68.2(4.7) 57.7(10.8) 79.0(3.2) 56.0(8.1) 62.4(2.8)

Table 5: Few-shot (k = 32) results with different loss types, input formats, and layer-step configura-
tions with a fixed compute budget, without calibration.

Loss Type Format Layer Step Subj AGNews SST2 CR MR MPQA Amazon Avg.
Label Single 12 1 63.3(0.2) 65.7(0.2) 71.3(0.6) 65.0(1.4) 70.7(0.9) 65.0(0.0) 76.7(0.2) 68.2(0.1)

Single 6 2 63.5(0.0) 65.2(0.5) 73.3(1.3) 68.5(3.7) 71.3(0.2) 66.0(0.0) 77.5(0.4) 69.3(0.3)
Single 3 4 64.2(0.2) 66.5(1.1) 73.2(0.6) 75.7(0.5) 72.0(0.0) 83.2(1.0) 78.0(0.4) 73.2(0.1)

Multi. 12 1 64.5(7.8) 35.5(7.4) 56.8(9.7) 63.0(6.7) 58.7(8.9) 75.2(10.8) 62.2(8.3) 59.4(0.6)
Multi. 6 2 77.7(7.0) 35.5(7.4) 57.0(9.9) 60.0(6.3) 52.3(2.1) 58.5(6.1) 55.8(7.9) 56.7(2.6)
Multi. 3 4 67.5(11.5) 38.5(8.2) 55.3(5.2) 67.0(3.5) 61.0(8.0) 65.2(11.2) 62.5(8.9) 59.6(1.3)

Full-context Single 12 1 65.5(1.1) 66.5(0.0) 70.7(0.2) 64.8(0.5) 72.0(1.4) 67.0(0.0) 76.5(0.0) 69.0(0.3)
Single 6 2 64.7(0.6) 66.2(0.2) 71.2(0.2) 65.3(0.6) 71.5(0.4) 67.0(0.0) 76.7(0.2) 68.9(0.0)
Single 3 4 64.2(0.2) 66.2(0.2) 71.3(0.2) 64.7(0.2) 71.0(0.0) 67.0(0.0) 76.5(0.0) 68.7(0.0)

Multi. 12 1 62.2(7.5) 33.8(8.3) 52.2(3.1) 52.8(4.0) 50.8(1.2) 55.8(4.3) 55.3(7.2) 51.9(2.2)
Multi. 6 2 60.0(5.5) 33.7(8.4) 50.8(1.2) 52.2(2.4) 50.2(0.2) 54.3(2.5) 55.0(6.7) 50.9(1.8)
Multi. 3 4 58.7(4.9) 33.7(8.4) 50.8(1.2) 51.3(1.9) 50.0(0.0) 54.3(2.5) 55.3(7.2) 50.6(2.0)

although users are unable to directly modify deployed models, these models may still undergo
dynamic updates while processing a context left-to-right, resulting in previously unseen behavior by
the time the model reaches the end of the context. This has significant implications for the field of
model alignment. It is challenging to impose restrictions on a model that can perform such dynamics
updates internally, so malicious content can influence the output of deployed models.

Alternatively, we recognize the potential benefits of pre-training constructed models that integrate
explicit fine-tuning mechanisms. By embedding the functionalities typically achieved through
explicit fine-tuning, such as detecting malicious content and intent within the models themselves,
the need for external modules can be mitigated. Pre-training the constructed model may offer a
self-contained solution for ensuring safe and responsible language processing without relying on
external dependencies.
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