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Abstract

Current frontier large-language models rely on reasoning to achieve state-of-the-
art performance. Many existing interpretability methods are limited in this area,
as standard methods have been designed to study single forward passes of a
model rather than the multi-token computational steps that unfold during reasoning.
We argue that analyzing reasoning traces at the sentence level is a promising
approach to understanding reasoning processes. We introduce a black-box method
that measures each sentence’s counterfactual importance by repeatedly sampling
replacement sentences from the model, filtering for semantically different ones, and
continuing the chain of thought from that point onwards to quantify the sentence’s
impact on the distribution of final answers. We discover that certain sentences can
have an outsized impact on the trajectory of the reasoning trace and final answer. We
term these sentences thought anchors. These are generally planning or uncertainty
management sentences, and specialized attention heads consistently attend from
subsequent sentences to thought anchors. We further show that examining sentence-
sentence causal links within a reasoning trace gives insight into a model’s behavior.
Such information can be used to predict a problem’s difficulty and the extent
different question domains involve sequential or diffuse reasoning. As a proof-of-
concept, we demonstrate that our techniques together provide a practical toolkit
for analyzing reasoning models by conducting a detailed case study of how the
model solves a difficult math problem, finding that our techniques yield a consistent
picture of the reasoning trace’s structure. We provide an open-source tool (thought+
anchors.com) for visualizing the outputs of our methods on further problems. The
convergence across our methods shows the potential of sentence-level analysis for
a deeper understanding of reasoning models.

1 Introduction

Training large language models to reason with chain-of-thought [Reynolds and McDonell, 2021} Nye
et al., 2021}, [Wei et al.,|2023] has led to significant advances in capabilities [[OpenAl, 2024]. The
resulting reasoning traces are regularly used in safety research [Baker et al.,[2025| [Shah et al., 2025]],
but there has been little work adapting interpretability methods to this new paradigm (though see
[Venhoff et al.,[2025| |Goodfire, [2025]]). Traditional mechanistic interpretability [|Olah et al., {2020,
Olah, 2022|] methods often focus on a single forward pass of the model: understanding layer-by-layer
activations and how these translate into a final output [Wang et al., |2022| [Heimersheim and Janiak,
2023|,|Hanna et al., 2023]]. However, this framework is too fine-grained for autoregressive reasoning
models, which consume their own output tokens.

A core step in many interpretability strategies is to decompose the model into smaller parts that can be
analyzed independently [Lindsey et al.,|2025]]. A natural decomposition for chain-of-thought is into
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Figure 1: Summary of our methods for principled attribution to important sentences in reasoning
traces.A. An example reasoning trace with sentences labeled per our taxoBo®@wr proposed
methods are: black-box resampling, receiver heads, and attention suppr€s#\atirected acyclic
graph among sentences prepared by one of our techniques, made available open source.

individual sentences and how they depend on each other. Interpretations of neural network behavior
operate at varying levels of abstraction [Geiger éf al., 2021,|2025], and sentence-level explanations
strike an intermediate abstraction depth. Compared to tokens, sentences are more coherent and often
coincide with reasoning steps extracted by an LILM [Venhoff éf al., 2025, Arcuschin et al|, 2025].
Compared to paragraphs, sentences are less likely to con ate reasoning steps and may serve as an
effective target for linking different steps.

Prior work has established that CoT contains reasoning steps performing distinct functions. Back-
tracking sentences (e.gWait...” ) cause the model to revisit earlier conclusions, which boosts
answer accuracy [Muennighoff etlal., 2025]. Other research has distinguished sentences based on
whether they retrieve new information or execute deduction with existing information [Venhoff

et al., 2025]. Hence, reasoning may follow an overarching structure, where computational goals are
generated, revised, and pursued. Yet, approaches for mapping this high-level structure are limited.

We propose that reasoning traces can be understood ththogbht anchors critical reasoning

steps that guide the trajectory of reasoning. We provide evidence for this type of anchoring based
on black-box evidence from resampling and white-box evidence based on attention patterns. By
measuring the causal dependencies between sentences via a masking approach, we further show how
a CoTs wider computational structure can be interpreted. These measures go beyond just reading a
CoT's text, providing a principled foundation for interpretability that sidesteps disputes about the
“faithfulness” of CoT text [Turpin et al., 2023, Korbak et al., 2025].

Section 2 and Section 3 introduce a black-box method for measuring the counterfactual impact of a
sentence on the model's nal answer and future sentences. We repeatedly resample reasoning traces
from the start of each sentence. Based on resampling data, we can quantify the counterfactual impact
of each sentence on the likelihood of any nal answer. Additionally, we can distinguish planning
sentences that initiate computations leading to some answer from sentences performing computations
necessary for the answer but which are predetermined. Section 4, adds a white-box method for
evaluating importance based on the sentences most attended. Our analyses reveal “receiver” heads
that narrow attention toward particular past “broadcasting” sentences. This provides a mechanistic
measure of importance, whose ndings converge with our resampling technique.

Section 5 and Section 6 present a method mapping the wider structure of the reasoning the causal
dependencies between pairs of CoT sentences. For each sentence in a trace, we intervene by masking
all attention to it from subsequent tokens or simply removing the sentence entirely. We then measure
the effect on subsequent token logits (KL divergence) compared to those generated without masking.
Averaging token effects by sentence, this strategy measures each sentence's direct causal effect on
each subsequent sentence.



Applying these techniques, our work suggests that analyzing reasoning through sentence-level units
introduces new domains through which reasoning models can be understood. Our work also opens
the door to more precise debugging of reasoning failures, identi cation of sources of unreliability,
and the development of techniques to enhance the reliability of reasoning models.

2 Quantifying sentence importance

Some sentences matter more than others, but which ones matter most depends on how we de ne and
measure importance. We frame sentence-level importance as a question of counterfactual in uence:
how does including or excluding a sentence affect subsequent steps and the model's nal output?

2.1 Model and dataset

Our analyses of sentence importance are based on the DeepSeek R1-Distill Qwen-14B model (48
layers) [DeepSeek, 2025]. We used a temperatufe6odnd a top-p value dd:95. We focus on the

MATH dataset [Hendrycks et al., 2021]. Our analysis hinges on variability in nal responses, so we
target 20 challenging but doable questions that are correctly solved 25-75% of the time, identi ed by
testing on 1,000 problems 10 times each. For each selected problem, we generated one correct and
one incorrect reasoning trace, producing 40 responses. The average response is 144.2 sentences (95%
Cl: [116.7, 171.8]) and 4208 tokens (95% ClI: [3479, 4937]). We focus only on sentences before the
model has converged on an answer (i.e., after which it gives the same response in >98% of resamples).
In Appendix B, we provide results from applying our techniqgues to the R1-Distill-Llama-8B model.

2.2 Forced answer importance

Earlier work has measured sentence importance by forcing a model to answer before completing its
reasoning trace [Lanham et al., 2023a]. We compared our approach to this existing technique: For
each sentence in a CoT, we interrupt the model and append text, inducing a nal oUtprefore,

the final answer is \boxed{ ”). Thisis done 100 times at each sentence position.

2.3 Importance via resampling

A limitation of the forced-answer approach is that a sentéhogay be necessary for some nal
answer but is consistently produced by the LLM late in the reasoning trace (e.g., a reliable arithmetic
statement). This means that forced answer accuracy will be low for all sentences®goeeluding
earlier step importance from being assessed.

Our approach evaluates importance by examining how a sentence may guide downstream sentences.

resampling to capture the extent sente@de uencesA. Speci cally, for a given sentencs,, we
generate a distribution over nal answers by generating 100 rollouts both without sef&etice base
condition, with rollouts of the forn$:;S>;:::;Si 1;Ti;:: ;TN ;Agi ), and another distribution with

To assess the utility of resampling, we rst conducted a brief case study.

2.4 Case study

We rst investigate the ef cacy of our sentence importance technique by applying it to one problem:
“When the base-16 numbé&6666 is written in base 2, how many base-2 digits (bits) does it have?”
(MATH Problem 4682; see Appendix C.1 for the CoT transcript). The resampling data shows
that from sentences 6-12, expected accuracy steadily declines, but sentence 13 causes accuracy to
drastically increase (indicated by the navy and red circles in Figure 2A).

The large accuracy uctuation motivates inspection of this part of the CoT. The model initially
considers thab6666¢ contains ve base-16 digits, and any base-16 digit can be represented with
four base-2 digits. Thus, the model considers the answer: 20 bits. However, this overlodks that
is 110G, rather tharD11G due to the leading zero. Interestingly, Sentence 12 mentahresking if
there's any leading zero that might affect the bit couggt Sentence 12 lowers the expected accuracy.
The uplift comes from Sentence 13, where the model decid&sateoulate the value 0666665 in



Figure 2: Accuracy over 100 rollouts at eaddft) token, (niddle) sentence, orright) paragraph.
Navy and red circles border the most importance sentence (Sentence 13) and are plotted in each graph
as a reference. For the token graph, resampling was only done on the rst 1,000 tokens of the CoT.

decimal” (see resample alternatives in Appendix C.2). Downstream reasoning computes the decimal
value 0f66666¢ and converts it to binary to arrive at the correct answer: 19 bits. The pivotal role of
Sentence 13 is instead missed if one examines forced-accuracy importance (Figure 2A). This case
study provides initial evidence that our resampling-based strategy identi es key moments in a CoT,
where impactful plans are set or modi ed.

Further analyses show the ef cacy of speci cally examining sentences. The sentence-level resampling
data mirrors the patterns seen resampling tokens but at a fraction of the cost (Figure 2B). Resampling
paragraphs leads to meaningfully less resolution (Figure 2C). Although future work may bene t from

de ning reasoning steps at adaptive scales, the current results suggest that considering sentences
provides high resolution while being cheaper than tokens.

3 Consistent patterns in sentence importance

3.1 Sentence taxonomy

To more systematically test whether reasoning is characterized by key sentences with outsized impacts,
we organized sentences into different categories and measured their causal impacts. We adopted the
framework by Venhoff et al. [2025], which describes distinct reasoning functions within a reasoning
trace. We de ne eight categories (see examples and frequencies in Appendix D):

. Problem Setup: Parsing or rephrasing the problem

Plan Generation: Stating or deciding on a plan of action, meta-reasoning

. Fact Retrieval: Recalling facts, formulas, problem details without computation

. Active Computation: Algebra, calculations, or other manipulations toward the answer
. Uncertainty Management: Expressing confusion, re-evaluating, including backtracking
. Result Consolidation: Aggregating intermediate results, summarizing, or preparing

. Self Checking: Verifying previous steps, checking calculations, and re-con rmations

. Final Answer Emission: Explicitly stating the nal answer

ONOUTAWN

Each sentence in the analyzed response is assigned to one of these categories using an LLM-based
auto-labeling approach (detailed in Appendix E). Categories that rarely appear are omitted from the
gures below. Residual-stream probes accurately distinguish categories (see Appendix F).

3.2 Counterfactual importance

We additionally formalize our approach to quantifying importance in a manner that can be applied to
any problem, including ones with any number of possible outcomes. We present two measures:

1. Resampling importance.We can compute the KL Divergence between the nal answer
distributions in the two conditions, i.emportance := Dg. [p(Agi )iip(As, )], providing
a scalar measure of how much senteScehanges the answer. We call thésampling
importance We include = 10 ° to avoid division by zero, but the below conclusions
remain consistent if instead performed using additive smoothing @:5 or 1:0).



Figure 3: The mean of each sentence categoryApf@rced-answer importance and)(counterfac-
tual importance, per the resampling method, plotted against the sentence category's mean position in
the reasoning trace. Only the 5 most common sentence types are shown (see Appendix H).

2. Counterfactual importance. The problem with resampling importance is thaTifis
identical or similar tdS; then we do not get much information about whet8gis important
or not. Therefore, we writ& 6 T if two sentences$ andT are dissimilar, de ned as
having embeddings with a cosine similarity less than the median value across all sentence
pairs in our dataset (see Appendix G for details). Therefore, we can deweterfactual
importanceby conditioning oriT; 6 S;;i.e.,importance= DKL[p(AgijTi 6 S))jip(As, )]

Because we resample all steps after a given sen@neee avoid the aforementioned limitation of
forced-answering. We also provide empirical evidence that the prinaiplecterfactual importance

de nition in 1-3 above is useful, by comparing it to the resampling importance in Appendix I. As a
comparison, we also evaludtaced answer importandeased on this KL divergence strategy.

3.3 Results

Plan generationand uncertainty managemetre.g., backtracking) sentences consistently show
higher counterfactual importance than other categoriedadigeretrievalor active computatiotisee

Figure 3B). This supports the view that high-level organizational sentences anchor, organize, and steer
the reasoning trajectory. These ndings deviate from the analysis of forced answer importance, which
instead implicateactive computatioms producing the greatest distributional shifts (Figure 3A). The
forced-answer approach entirely neglects the importance of planning that in uences other sentences,
which we argue is more meaningful for understanding the trajectory of a reasoning trace.

4 The mechanistic roots of importance

We hypothesize that important sentences may receive heightened attention from downstream sentences.
Although attention weights do not necessarily imply causal links (see Section 5), heightened attention

is a plausible mechanism by which important sentences in uence subsequent sentences. We conjecture
further that a high focus on important sentences may be driven by speci ¢ attention heads, and by
tracking such heads, we may pinpoint key sentences.

We assessed the degree different heads narrow attention toward particular sentences. First, for each
reasoning trace, we averaged each attention head's token-token attention weight matrix to form a
sentence-sentence matrix, where each element is the mean across all pairs of tokens between two
sentences. Based on each attention matrix, we computed the mean of its columns below the diagonal
to measure the extent each sentence receives attention from all downstream sentences; averaged
only among pairs at least four sentences apart to focus on distant connections. This generates a
distribution for each head (e.qg., Figure 4A), and the extent each head narrows attention toward speci ¢
sentences can be quanti ed as its distribution's kurtosis (computed for each reasoning trace, then



Figure 4:A. Lines show the vertical attention scores for each sentence by the 40 different heads in
layer 36. Head 6 has been highlighted as a receiver head, and its corresponding attention weight
matrix is shown for reference. Its prominent spikes cause the distribution to have a high kitosis.
Histogram of these kurtosis values across all attention heads, median across all reasoning traces.

averaged across traces). Plotting each head's kurtosis reveals that some attention heads strongly
narrow attention toward speci ¢, possibly important, sentences in the reasoning trace (Figure 4B).

4.1 The identi cation of receiver heads

We refer to attention heads that narrow attention toward speci ¢ sententeseiver heads” These

heads are more common in later layers (Appendix J). To formally assess the existence of receiver
heads, we tested whether some attention heads consistently operate in this role by measuring the
split-half reliability of heads' kurtosis scores. We found a strong head-by-head correlatiaB4)

between kurtosis scores computed for half of the problems with kurtosis scores for the other half
of problems. Thus, some attention heads consistently operate as receiver heads, albeit with some
heterogeneity across responses in which heads narrow attention most.

Receiver heads usually direct attention toward the same sentences. Among the 16 heads with the
highest kurtoses, we computed the sentence-by-sentence correlation between the vertical-attention
scores for each pair of heads; calculated separately for each reasoning trace, then averaged. This
produced an large correlation (mean .56). Thus, receiver heads generally attend the same sentences
(for reference, the average correlation among any heads i85). This convergence across receiver
heads is consistent with the existence of sentence importance, which these heads identify.

Attentional narrowing toward particular sentences may be a feature speci cally of reasoning models
that enhances their performance. Comparing R1-Distill-Qwen-14B (reasoning) and Qwen-14B (base)
suggests that the reasoning model's receiver heads will narrow attention toward singular sentences to
a greater degree (Appendix K). Furthermore, ablating receiver heads leads to a greater reduction in
accuracy than ablating self-attention heads at random (Appendix L). Altogether, these ndings are
consistent with receiver heads and thought-anchor sentences playing special roles in reasoning.

4.2 Links to counterfactual importance and sentence types

Plan generatioranduncertainty managemeséentences consistently receive the most attention via
receiver heads (Figure 5), whereagive computatiosentences receive relatively minimal attention
(ts>4.0,ps <.001 per paired t-tests comparing the mean receiver-head score for the former two versus
the later two categories). These ndings demonstrate a parallel between the receiver head ndings
here and the earlier results on the sentence types yielding the highest counterfactual importance.



Figure 5: The boxplot shows the average top-32 receiver-head score for each sentence type. The
boxes correspond to the interquartile range across different reasoning traces.

5 Sentence-sentence causal links

5.1 Approach

We next focused on how key sentences in uence speci ¢ subsequent sentences. We used a sentence-
masking strategy, suppressing all attention (all heads) to a given sentence and examining how this
impacts future sentences, measured using the KL divergence between token logits with or without
masking. The overall effect on a future sentence is the average of its token log-KL divergences. We
normalize this score by subtracting the latter sentence's average causal effect from all prior sentences.
Suppressing attention is mostly equivalent to omitting a sentence from a CoT, only differing in
positional embeddings; computing the causal graph as so can be done with LLM APIs that return
logits without exposing attention. Appendix M provides pseudocode for generating the causal graph.

Our masking approach assumes (i) token logits capture a sentence's semantic content and (i)
masking sentences does not problematically induce out-of-distribution behavior. We evaluated these
assumptions by correlating the sentence-sentence scores with those from an alternative strategy
based on our counterfactual resampling method, which assesses how res&nplithgT; (S6 T)

in uences the likelihood of5; appearing. This measure positively correlates with the scores from the
masking- & logits-based strategy (detailed further in appendix N), suggesting that logits indeed track
semantics despite simulating out-of-distribution behavior. We continue with the sentence-masking
approach because it require400x less compute than resampling, increasing scalability.

5.2 Case study

We begin with a small-scale investigation to provide intuition for our sentence-sentence measure and
motivate more systematic tests. We continue our initial case study (Section 2.4), but here, we focus on
three local maxima in the sentence-masking graph (Figure 6), which align closely with the sentences
implicated as important by receiver-heads (see further details on the case study in Appendix C.3):

» (Sentences: 12 43) After suggesting the answer “20 bits”, the model decides to begin
verifying it (Sentence 12). Veri cation leads to a different solution, “19 bits” (Sentence 43).
Between these key sentences, most of the intermediate text is performing arithmetic.

* (Sentences: 44 65)Noticing the discrepancy (Sentence 44), the model decides to check
its calculations. It nds that they are correct, and the discrepancy remains (Sentence 65).

» (Sentences: 12 66) The model realizes that its initial suspicion about leading zeroes
(Sentence 12) is justi ed and states that this is the reason for the discrepancy (Sentence 66).

These connections point to an interpretable scaffold re ecting computations on the pursuit of interme-
diate results, the execution of self-correction subroutines, and the synthesis of prior statements.



Figure 6: For the correct-answer CoT of Problem #4682, the matrix shows the effect of masking one
sentence (x-axis) on a future sentence's logits (y-axis). Darker colors indicate higher values.

5.3 Open source interface

We released an open source interface (thought-anchors.com) for visualizing reasoning traces and
comparing alternative rollouts. We show our proof-of-concept interface in Figure 1C, where important
sentences are represented by larger nodes and causal connections between sentences are shown with
dashed gray lines. The tool aims to bene t interpretability and unwanted behavior debugging.

6 Systematic differences in sentence-sentence relationships

The case study demonstrates that pivotal moments within a CoT — e.g., where a conclusion is posed,
where a decision is made about the next steps to answering a question, or where a discrepancy with
earlier information is identi ed — are sensitive to historic information in the CoT and/or exert impacts

far downstream. We next investigated how causal graphs may shed light on questions about reasoning
in LLMs generally. Speci cally, we ask: How many examining sentence-sentence links shed light on
model con dence during reasoning? Relatedly, why do some problem domains like mathematics
display stronger uplift in reasoning compared to non-reasoning models?

We hypothesize that strong linkages between nearby sentences re ect a coherent logical ow and
well-formed plan, so each sentence causes the next, whereas distant linkages re ect uncertainty and
backtracking. Despite occasional long-range connections, we further hypothesize that successful
mathematical CoTs are speci cally characterized by strong close links between sequential sentences,
whereby planning statements sharply structure the CoT. Domains related to mathematics may uniquely
lend themselves to such rmly-structured reasoning, whereas CoTs for other topics (e.g., history or
biology) may solve problems principally by scanning a wide latent space in a less structured fashion.

6.1 Methods

We pivoted to analyzing MMLU problems [Hendrycks et al., 2020], so that we could contrast problem
domains. We also switched to Qwen3-30b-a3b, so that we could leverage a serverless LLM provider
that outputs token logits, which allowed scaling up our analysis to thousands of CoTs. We ran
Qwen3-30b-a3b in non-reasoning mode on all 15,638 MMLU questions to identify challenging



problems where non-reasoning accuracy is under 50% (per answer logits). This corresponds to 3,651
problems, and for 2,492 of these questions, the model answers correctly when using reasoning at
least once across ten passes. We computed each correct CoT's causaMy@rhcts = 90.1).

We compared graphs on the strength of their causal links at different distances between sentences.
We speci cally computed the mean attention-suppression effect at diskafoceeach graphro. m
sentences) forak 7. This corresponds to the mean of a matriketh subdiagonal. We consider
subdiagonals only up t§ to reduce noise by ensuring that the mean is computed among an adequate
number of elements (e.g., the-th subdiagonal would be just the single bottom-leftmost element).

6.2 Results

The distance of causal effects tracks question dif culty. Computing correlations within-subject,
we nd that questions with high average accuracy elicit CoTs with stronger close-range links and
weaker long-range links (Figure 7A). In addition, subjects where average accuracy is high overall
tend to produce CoTs with stronger close links<( :44; p < :001; Figure 7B) and weaker long

links (r = :54;p < :001Figure 7C). The strongest levels of accuracy were seen in problems
requiring mathematical thinking (e.g., mathematics & physics). As hypothesized, these areas also
yielded CoTs with stronger close-range connections and weaker long-range connections (two-sample
t-testjtjs > 10; ps < :001; Figure 7D). Although these analyses do not mgaeh generatiorand
uncertainty managemefithought anchors) sentences directly, the present ndings speak to their
potential structural roles and overall shed light on the nature of successful reasoning.

Figure 7: A. For each distanck, we computed the correlation between a question's avetage
distance causal effect in one CoT and the question's mean reasoning accuracy across t& CoTs.

& C. Scatterplot shows each subject's average close-rdngel(2) and long-rangek(= 16-64)

was plotted against its average reasoning accur@cyox-plots showing the spread of average
close-range and long-range causal effects for different question domains; each point represents one
CoT, and black circles represent means.



7 Related work

Reasoning advances and unfaithfulness in LLMs. CoT reasoning, optimized using reinforcement
learning, has driven major capabilities improvements in large language models [Wei et al., 2023, Nye
et al., 2021, Reynolds and McDonell, 2021].

This reasoning paradigm introduces novel safety challenges. Experiments inducing unfaithful
reasoning have led some to raise concerns about the interpretability of CoT text [Lanham et al., 2023b,
Chen et al., 2025], although others have argued that CoT text generally is a meaningful representation,
particularly for dif cult tasks [Korbak et al., 2025]. By showing how sentence types, categorized
based on their text, differ in their resampling and receiver-head importance, our ndings endorse the
meaningfulness and interpretability of CoT text.

Importance of individual steps. A variety of prior techniques that can be used for CoT interpretabil-

ity have been developed, and these likewise have suggested that a subset of steps disproportionately
drive the nal answer — e.g., ndings based on Shapley values [Gao, 2023], ROSCOE metrics
[Golovneva et al., 2023], gradient-based scores [Wu et al., 2023], and resampling at fork tokens
[Bigelow et al., 2024]. Complementing these, our approach provides a more principled framework
for understanding how reasoning traces are constructed around key sentences.

8 Discussion and Limitations

This work presents initial steps towards a principled decomposition of reasoning traces with a focus
on identifying thought anchors: sentences with outsized importance on the model's nal response,
speci c future sentences, and downstream reasoning trajectory. We have also begun unpacking the
attentional mechanisms associated with these important sentences. We expect that understanding
thought anchors will be critical for interpreting reasoning models and ensuring their safety.

While some research raises valid concerns that CoT text can be unfaithful to the model's underlying
computation [Lanham et al., 2023b, Chen et al., 2025], our results show CoT text is mechanis-
tically relevant and interpretable. For example, sentences categoripd@hageneration and
uncertainty management consistently exhibit higher counterfactual importance in our resampling
analyses and receive more focused attention from receiver heads. This demonstrates a link between
what a sentence says and its functional role in the computation, and this type of correspondence
supports arguments on the value of CoT legibility [Korbak et al., 2025].

A limitation of our resampling approach is its computational cost. We resampled 100 times per
sentence to achieve fairly precise estimates (in terms of nal-answer accuracy, 95% CI corresponds
to at worst  10%), which was suf cient to identify pivotal moments in the case study (Figure 2A).
However, for analyses focusing on aggregate patterns across many CoTs, fewer resamples for any
one CoT may suf ce. Future work could develop adaptive resampling strategies that allocate the
computational budget to pivotal moments in the trace, maximizing precision while minimizing cost.

We view this as preliminary work. Our analyses require re nement to fully grapple with how
downstream sentences may be overdetermined by different trajectories in a reasoning trace or
independent suf cient causes. Additionally, we do not formally examine the role of error correction.
Our receiver-head analyses are confounded by a sentence's position in the reasoning trace (see
Appendix C.4). Further, our attention-suppression work is limited because it effectively requires the
model to process out-of-distribution information.

Despite these limitations, we believe that we have demonstrated that our metrics are an advance on
prior work, interrupting models and forcing nal answers. The surprising degree of shared structure
we have found across our three methods illustrates the potential value of future work in this area and
points to the possibility of more powerful interpretability techniques to come.
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A Evaluating importance (KL) while smoothing

The identi ed link between sentence's category and its forced-answer or counterfactual importances
were also measured while smoothing the nal-answer distribution associated with each sentence.
Smoothing was performed when computing the KL divergence between the two distribution and
constitutes replacing the= 10 ° term (originally used to avoid division by zero) with= 1:0
(Laplace smoothing) or = 0:5 (smoothing with Jeffrey's prior).

Let P(A(s), ) andp(Asg, ) be the empirical distributions over a setofpossible nal answersA, derived
from N rollouts (e.g.N =100). LetCO (a) andCg, (a) be the obsegyed counts for a speci c answer
a2 A in the intervention and base cond|t|0ns respectively, such thgf CO (a) = N. Additive
smoothing with a parameteris applied to derive smoothed probablllthas ‘andq , from these

counts: 2 ()
P (@)= N + K N + K
The smoothed KL divergencB,,, , is then computed using these non-zero probabilities:

) X p (a)
Dy, [P(AL)jip(As)] = . p (a)log 7@

and g (a) =

This method replaces the use of a smatlor. The smoothing parameters used are 1:0 (Laplace
smoothing) and = 0:5 (Jeffreys prior).

With either level of smoothing, the same patterns linking importance and sentence category emerge
as initially reported without smoothing (Figure 3). Speci caligtive computatiosentences yield

higher forced answer importance thglan generatioranduncertainty managememiut the reverse

is true when examining counterfactual importance based on the resampling method (Figure 8).

B Generalizing to an alternative reasoning model

B.1 Measuring counterfactual in uence

To assess the generalizability of our counterfactual importance ndings, we replicated our resampling
methodology on R1-Distill-Llama-8B, applying the same experimental parameters (e.g., temperature
= 0:6 and top-p =0:95) used for R1-Distill-Qwen-14B. We collected 100 rollouts for 20 correct and

20 incorrect base solutions using the identical question set described in Section 2.

The resampling accuracy trajectories for R1-Distill-Llama-8B (Figure 9) demonstrate patterns that
are similar to those observed in R1-Distill-Qwen-14B (Figure 2). Speci cally, we observe similar
characteristic accuracy uctuations throughout the reasoning traces, with notable spikes and dips
occurring at sentences corresponding to critical reasoning transitions.

Figure 10 shows that R1-Distill-Llama-8B exhibits similar sentence category effects whgasby
generationanduncertainty managemeséentences demonstrate higher counterfactual importance
compared t@ctive computatiomndfact retrievalsentences (see Figure 3 for R1-Distill-Qwen-14B).

This cross-model validation supports our claim that reasoning traces are structured around high-level
organizational sentences rather than low-level computational steps. The consistency of counterfactual
importance patterns suggests that our sentence-level attribution framework captures fundamental
properties of chain-of-thought reasoning that generalize beyond speci ¢ model implementations.

B.2 Attention aggregation

R1-Distill-Llama-8B displayed receiver-head patterns largely consistent with those of R1-Distill-
Qwen-14B. The histogram of attention heads' vertical-attention scores displays a right tail, indicating
that some attention heads tend to particularly focus attention on a subset of sentences (Figure 12A).
Interestingly, the R1-Distill-Qwen-14B receiver-heads tended to be more frequent in later layers (see
below, Figure 19), which was not evident in R1-Distill-Llama-8B (Figure 11).

The R1-Distill-Qwen-14B and R1-Distill-Llama-8B receiver heads displayed consistent patterns
related to sentence types, such thin generationuncertainty managemerandself checking
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