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Abstract

Adaptation of foundation models using low-rank methods is a widespread approach.
Another way to adapt these models is to employ orthogonal fine-tuning methods,
which are less time and memory efficient despite their good generalization prop-
erties. In this work, we propose Householder Orthogonal Fine-tuning (HOFT),
a novel orthogonal fine-tuning method that aims to alleviate the time and space
complexity. Moreover, some theoretical properties of the orthogonal fine-tuning
paradigm are explored. From this exploration, Scaled Householder Orthogonal
Fine-tuning (SHOFT) is proposed. Both HOFT and SHOFT are evaluated in down-
stream tasks, namely commonsense reasoning, machine translation, subject-driven
generation and mathematical reasoning. Compared with state-of-the-art adaptation
methods, HOFT and SHOFT show comparable or better results.

1 Introduction

Nowadays, fine-tuning foundation models for downstream tasks [17] is the standard approach to
model adaptation these days thanks to their knowledge across many domains. By tuning far fewer
parameters than full fine-tuning using parameter-efficient fine-tuning techniques (PEFT), the model
is able to learn the key aspects of a task and perform comparably or even better than full fine-tuning
[18]. This fact makes PEFT methods a particularly well-suited approach for efficiently adapting these
models. The employment of PEFT methods has enabled the adaptation of large foundation models
without the necessity of compute-intensive hardware infrastructure, making adaptation accessible to
a broader user community.

The most popular PEFT methods are based on low-rank approximations, including Low-Rank Adap-
tation (LoRA) [19] and Weight-Decomposed Low-Rank Adaptation (DoRA) [27]]. These methods
work under the assumption that the learnable parameters must reside in a lower intrinsic dimension
[2]. Alternatively, there are methods proposing the use of orthogonal matrices for adaptation, such
as Orthogonal Fine-tuning (OFT) [36] and Orthogonal Butterfly (BOFT) [29]. These methods hy-
pothesize that a good fine-tuned model should have a minimal difference in hyperspherical energy
compared to the pre-trained model [26] 28]. In brief, the assumption made is that orthogonality is
required to learn new features while keeping pre-trained information [36,153]]. Whilst the performance
of these techniques has been demonstrated, their runtime and memory footprint make them a less
preferable option for use in real-world applications. A recent approach to balance low-rank and
orthogonal methods is Householder Reflection Adaption (HRA) [53]], which constrains orthogonality
through the incorporation of a term within the loss function. With the employment of an additional
weight A for the orthogonality regularizer, HRA aims to construct the chained matrix product of
Householder transformations [[14]].

Orthogonal fine-tuning methods generally result in the construction of a single orthogonal matrix for
adaptation purposes. This work demonstrates that two orthogonal matrices are required in order to
ensure full expressivity in orthogonal fine-tuning methods. This leads us to propose Householder
Orthogonal Fine-tuning (HOFT): a novel orthogonal fine-tuning technique using two orthogonal
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matrices as directional components ef ciently updated through orthogonal transformations. For
ef ciency, these matrices are obtained by accumulating Householder transformations via the CWY
transform 5, 21] along with a fast inverse approximation. Additionally, we draw inspiration from
DoRA's analysis, which shows that ne-tuning magnitude and direction separately closely matches
the learning dynamics of full ne-tuning. From this, a variant of HOFT incorporating an additional
scaling transformation is proposesicaled Householder Orthogonal Fine-tunind SHOFT).

In order to evaluate both methods, a series of experiments are conducted in four distinct areas:
commonsense reasoning, machine translation, subject-driven generation and mathematical reasoning.
The selection of these tasks was made with the intention of evaluating the ef cacy of the proposed
methods along with both low-rank and orthogonal PEFT. Notably, quantized models are also adapted
in mathematical reasoning experiments. Experimental results demonstrate that HOFT and SHOFT
bene t from retaining the relational structure of pre-trained weights, reaching or exceeding the
performance of existing state-of-the-art PEFT baselines.

2 Related Work

Low-Rank Adaptation Methods in this family assume that effective ne-tuning updates lie on

a compact, low-dimensional manifoldq, 27, 23, 55, 24, 51, 20, [46]. LoRA [19] introduces
trainable low-rank adapter matrices into each Transformer layer, freezing the original weights
and reducing trainable parameters by several orders of magnitude. [XYR#eparates the ne-
tuning of directional and scaling components by normalizing LoORA's output and applying a scaling
transformation. PiSSA3(0] employs singular value decomposition (SVD) on pre-trained weight
matrices to initialize LORA adapters in principal subspaces, maintaining most of the original model's
expressive capacity. QLORAL?] combines 4-bit NormalFloat (NF4) quantization with LoRA,
enabling the ne-tuning of 65B-parameter models on a single 48GB GPU while preserving near
full-precision quality. QA-LoRA 19 employs group-wise quantization operators to selectively
compress adapter updates with minimal impact on task performance loss.

Orthogonal Fine-Tuning Orthogonal ne-tuning methods learn distance preserving transforma-
tions in weight space, keeping geometric properties such as hyperspherical energy among neuron
activations|B6,[29]. Previous works show how the imposition of orthogonality constraints within
deep learning architectures is conducive to enhancing perform&ndd, 48, [13, 3]. OFT [36]
employs Cayley parameterizatid?d] to generate orthogonal matrix blocks. Additionally, COBB|
constrains the orthogonal matrix to be within a small neighborhood of the pre-trained matrix. BOFT
[29] reduces OFT parameter footprint by factorizing orthogonal updates into butter y structures
inspired by the Cooley—Tukey FFT algorithm [6], achieving similar generalization gains with fewer
trainable parameters. The employment of hybrid methods, such as HRA, enforces hyperspherical
constraints on low-rank adapters to blend both paradigms via a term in the loss function controlled by
a weight [53].

3 Proposed Method

3.1 Orthogonal ne-tuning paradigm

As discussed in Section 2, orthogonal ne-tuning stresses the importance of preserving the hyper-
spherical energy of the given matit = UV > 2 R™ ", Although it is clear that this can

be done by adapting both singular vector matrideandV , it is common practice to keey >
unchanged and adapt oriliy [36, 29, 53].

Consider all possible orthogonal transformations of M into an adapted nftrix B bp> preserv-
ing its hyperspherical energy; that is, meaning that , though® and®> might differ fromu
andV > respectively. Suppose there exists an orthogonal m@tr O(m) such thafl = QM ,
thatis® PW> = QUV >. SinceQ is arbitrary, we can s&@ = BU >, and due to hyperspherical

energy conservatio®? = . However, we cannot ensure thatand¥® are equal. Thus, in order
to cover all possible adapted matrices, we need two orthogonal mafiges O(m); Qy 2 O(n).

Only in this case we can ensure that it is possible to otf¥gjrsince we can s&@y = BU > and
Qv = V¥ to construcQuMQ v = M.
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In terms of approximation error, pre- and post-multiplying the pre-trained misttrixy distance-

preserving transformations exactly captures all adapted mafictsat maintain the same hyper-
spherical energy. However, the error incurred when applying just one orthogonal matrix leads us to

a known problem, the Orthogonal Procrustes Problesh fvhich has a solution il andM are
known matrices. In this one-transform setting, a theoretical upper bound on the Frobenius norm error
is given by

. p__
Y/ M 2 kM k 1
QB M QM 2 miMie @)

Further details and the proof of Equation 1 are provided in Appendix C.

3.2 CWY transform and inverse approximation

As observed in36, 29], computing parameterized orthogonal matrices is computationally costly
though it can be sped up with numerical methods. In our case, the composition of multiple House-
holder transformations can be cast into high-performance matrix-matrix products through the WY
and CWY transformsdl, 25]. The following result from 21] allows us to construct an orthogonal
matrix by accumulating householder transformations:

Theorem 1 Let the matrix 2 R™ ' have linearly independent columns. Partitionby columns
asU =(ugjuszj :::juy) andconsiderthe vector=( 1; 2;:::; ¢)” with  60;1 i r.
Then, there exists a unique nonsingular upper triangular m&rx R" " such that

uuj uLu; u,u

>
| | r
1 2 r

Qu = 1 =1 Us !u’ 2)

whereQy 2 O(m). S can be computed following two steps:

1. S := the upper triangular part ofU> U.
2. Divide the diagonal elements & by two.

As in the case of many orthogonal parameterization methbfisthere is a matrix inverse to be
computed. This fact makes orthogonal parameterization methods non-scalable, since the inverse
computation during training and the gradient update computation are resource-intensive. However, in
the case of the CWY transform, the inverse can be approximated with a high degree of precision. In
order to ef ciently computeS ', Neuman Series are requirel4]. We can separat8 = D + A =

D(l + D 1A) whereD is a diagonal matrix ané is a strictly upper triangular matrix. The inverse

will be:

|
. !
Sl= |+D A 'D 1= DA' D! D! D!AD ? 3)
i=0

It can be demonstrated that, sirke2 R" " is
strictly upper triangular, then the spectral radius

D A islessthan one and we can ensure that
the slgries from Equatiorlg,S always converges. In
fact, [,( D 'A) =" [ ' D !A), and
the inverse approximation error grows with the
number of columns.

Taking the rst and second term of the se-
ries in order to approximate the inverse only
require diagonal inverses, which are very fast to
compute. Rearranging Equation 2, the nal equa-
tion to approximately compute the accumulated

householder product is: Figure 1: Inverse approximation error
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Qu=1! Us u” 1+uD?!AD ! DU (4)

To empirically assess the error magnitude, we conducted an experiment approximating a random
gaussian accumulated Householder transformation. Figure 1 illustrates h?yvthe inverse approximation
error varies depending on the rankThe erroris de ned asl  Qu Qg £ = N, wheren denotes

the matrix dimension. As expected, the error is zero wherll, since the approximation is exact in

that case. Although the error grows when increasintpe growth rate remains modest. In particular,

forr  m, the approximation remains remarkably accurate. Further details can be found in Appendix
B.

3.3 Householder Orthogonal Fine-tuning

Given householder vectors stored in the column&Jo2 R™ " andV 2 R" ", we construct
orthogonal matriceQy 2 O(m) andQy 2 O(n) by applying the CWY transform along with
the inverse approximation & from Section 3.2. As discussed in Section 3.1, the resulting matrix

M = QuMQ y can express any matrd 2 R™ " such that the hyperspherical energy remains
the same aM 2 R™ ". We call this novel method Householder Orthogonal Fine-tuning (HOFT).
As illustrated in Figure 2, our method adapts bothV > while preserving the same hyperspherical
energy.

oo /& v 1§&“. N

b b,
D - &

Figure 2: Diagram of our proposed HOFT method

Similar to HRA's rankr [53], HOFT also employs householder vectors. For both inverse ap-
proximations, the computational complexity@ r2(m + n) , and the matrix-vector multipli-
cations requiréd 2mr +2nr + mn +2r2 . Altogether, the total time complexity of HOFT is

O mn+2r(m+n)+ r2m+n+2) O mn+(m+ n)(r?+2r) . A comparison of the
computational complexity of HOFT to other parameterized orthogonal-based methods is provided in
Table 1.

Table 1: Comparisons of parameterized orthogonal-based methods

Method #Parameters Complexity Coverage
OFT me 1 o(mn + m(k? + b)) b=m
BOFT W O(mn + mk(k? + m)) k =log m andb=2
HRA rm O(mn + mr) r=m 1

HOFT r(m+ n) O(mn+(m+n)(r2+2r)) r=max(m;n) 1

One drawback of OFT is that it requirb$o be large in order to achiev® m) coverage 36]. The

increase ob cannot be arbitrary because of the cost of invertingb matrices. BOFT, on the other

hand, offers better coverage at the expense of higher time compl2gJtyHRA provides even better
coverage than the two previous methods; however, its Householder transformations must be applied
sequentially, and when = 1 , its runtime matches that of OF5J]. By contrast, HOFT provides

the same coverage as HRA, and because most of its computations can be parallelized, it achieves
greater speedup and represents an attractive alternative.
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Although LoRA and DoRA can be randomly initialized, OFT and BOFT cannot due to the necessity
of preserving orthogonality; Cayley's parameterizatidd] [needs skew-symmetric matrlR =

0 to ensure that the orthogonal parameterized matriQ is |. In general, orthogonal PEFT
methods cannot be randomly initialized. However, HOFT and SHOFT can be randomly initialized by
considering consecutive pairs of equal vectgrsSince they express the same re ection, we can

place Householder vectors in the fokin= (u; j uq j j Uk j uk), which yields the identity
matrix:
Qu= | uLuj | uuj | Ukuy | Ul _ | (5)
k k
| -~ {z L {z }

Thus, ifr is even, we can generake= 7 pairs of random vectors. If is odd, we can generate
k = b5c pairs of random vectors and a zero vector. Vectgrare picked from a high-dimensional
gaussian distributiorV is also initialized following this procedure, makigyy, = | at the beginning
of the training.

3.4 Scaled Householder Orthogonal Fine-tuning

The use of scaling transformations in orthogonal ne-tuning methods has been studépaes  way

to improve their performance. Drawing also inspiration from DoRA's weight decomposition analysis
[27], we propose a variant of HOFT that employs a scaling transformation: Scaled Householder
Orthogonal Fine-tuning (SHOFT). As observed in Section 3.1, placing the scaling transformation
near the singular value matrix will be interesting from a SVD perspective. Since scaling is performed
between two distance preserving transformations, the effett of the singular values dfl is
closely controlled. Thus, SHOFT formulation will be as follows

M=QumMQ v = QumUV ~Qy (6)

whereQy ; Qv andm are formed by trainable parameters. It seems more intuitive to be able to
redirect withQv , transform withM , then scale withm and nally redirect withQy . SHOFT is

more exible since it is no longer constrained to keep the same hyperspherical energy. All elements
of vectorm are initialized to one. As observed in other PEFT meth@ds36], the increase on the
amount of trainable parameters due to adding a magnitude vac®R™ is marginal.

4 Experiments

In order to compare HOFT and SHOFT along with other PEFT methods, four main tasks have been
selected: commonsense reasoning, machine translation, subject-driven generation and mathematical
reasoning. In these tasks, state-of-the-art PEFT methods are evaluated using different pre-trained
models to show robustness along different architectures. In addition, quantized models are also
employed for evaluating mathematical reasoning. All hyperparameter settings used in the experiments
are provided in Appendix A. Additionally, an empirical comparison of time and memory complexity

is given in Appendix D.

4.1 Commonsense reasoning

For measuring commonsense reasoning performance, we compare HOFT and SHOFT with DoRA
and LoRA across eight standard commonsense reasoning benchmarks: o8IQA [4], SIQA

[43], HellaSwag 4], WinoGrande 2], ARC-e [9], ARC-c [9] and OBQA B1]. Following DoRA

[27], the training splits of all eight tasks are merged into a single training set, and then each model is

evaluated separately on the original test set of each task. The models employed are LLaMA3.1-8B
[16], Qwen2.5-7B §0], Phi4-14B fi], and Qwen2.5-14BH0]. We initialize DoRA [27] and LoRA

[19] using PiSSA [30]. We sat = 16 for all PEFT methods and train the models for two epochs.

The results of each individual task along with the average task accuracy per model and PEFT method
are shown in Table 2, where it can be seen that HOFT and SHOFT generally achieve higher scores
than LoRA and DoRA across most models, with SHOFT performing comparably to DoRA for
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Qwen2.5-7B. Moreover, both HOFT and SHOFT continue to deliver strong results as model size
grows, demonstrating solid performance on both Phi4-14B and Qwen2.5-14B. In particular, HOFT
and SHOFT attain the highest scores on nearly every task, matching LORA and DoRA only on PIQA

and ARC-e. This underscores their robustness and ef ciency when trained on datasets containing

multiple domains.

Table 2: Accuracy comparison (%) on various commonsense reasoning benchmarks

Model Method #Params (%) BoolQ PIQA SIQA HellaSwag WinoGrande ARC-e ARC-c OBQA Avg.
LoRA 0.35 88.2 88.5 80.3 96.7 80.5 919 823 874 87.0
LLaMA3.1-8B DoRA 0.36 88.1 89.1 80.1 96.6 81.4 92.0 825 86.8 87.1
: HOFT 0.35 88.5 885 80.9 96.8 80.4 92.7 832 884 874
SHOFT 0.36 88.8 885 80.1 96.8 81.2 920 829 86.6 87.1
LoRA 0.35 88.4 89.5 79.6 96.8 82.5 95.8 88.7 922 89.2
Qwen2.5-7B DoRA 0.36 88.9 89.8 79.2 96.8 82.5 96.2 88.9 924 89.3
’ HOFT 0.35 89.0 89.1 79.2 96.4 80.4 959 884 924 889
SHOFT 0.36 88.8 89.5 795 96.5 80.7 95.789.1 934 89.2
LoRA 0.33 89.7 92.0 817 97.3 87.9 97.9 93.1 942 0917
Phid-14B DoRA 0.35 90.0 919 820 974 87.3 98.0 935 940 0918
HOFT 0.33 90.1 927 823 97.4 86.7 98.1 943 93.6 919
SHOFT 0.35 90.0 92.7 81.9 97.3 87.4 98.0 945 954 92.2
LoRA 0.31 89.9 927 821 98.0 87.1 98.1 936 95.0 921
Qwen2.5-148 DoRA 0.32 899 925 826 98.0 87.3 98.1 930 946 92.0
) HOFT 0.31 90.2 919 838 98.0 87.6 97.7 93.7 962 924
SHOFT 0.32 90.3 923 83.0 98.1 88.2 97.2 927 96.2 923

4.2 Machine Translation

For measuring machine translation performance, HOFT and SHOFT are compared with DoRA and
LoRA using four languages from the CoVMoST47[ dataset: Slovene, German, Latvian and French.
We chose these languages in order to have two well-represented languages and two low-resource
languages. For French and German, models are trained on the rst 10K elements of the training split.
Three models are adapted for this task: NLLB-3.38][LLaMA2-7B [45], and LLaMA3.1-8B [L§].

We setr = 16 for all PEFT methods and train the models for 2 epochs. Both BLEJJ5] and
COMET [39, 38] results are provided for each individual language per model and PEFT method.
Results obtained are shown in Table 3. We additionally provide baseline performance of the models.

Table 3: Performance comparison orl XEnglish machine translation tasks

Model Method #Params (%) Slovene German Latvian French
BLEU COMET BLEU COMET BLEU COMET BLEU COMET
Baseline ; 3907 875 393 862 312 813 385 849
NLLB.3gs LORA 0.42 468 892 445 877 382 839 497 878
: DoRA 043 468 891 447 876 382 839 495 877
HOFT 0.42 480 894 444 876 386 839 495  87.7
SHOFT 0.43 464 895 445 87.7 387 840 497  87.8
0-shot ; 268 728 304 741 45 522 372 793
LLaMA.7  LORA 0.19 3903 847 415 869 155 662 47.0 87.2
DoRA 019 306 848 414 869 162 666 47.0  87.2
HOFT 019 406 852 414 869 158 66.6 47.0 87.3
SHOFT 019 412 856 416 870 157 659 471 873
0-shot ; 342 778 409 862 229 708 416 827
LoRA 0.12 362 841 423 874 327 809 468 855
LLaMA3.1-8B oA 012 424 850 422 874 328 808 467 855
HOFT 012 442 866 42.9 875 322 804 467 856
SHOFT 012 436 864 431 877 319 804 468 856

202
203
204
205

From Table 3 we can observe how HOFT and SHOFT provide competitive results in French and
German. In Latvian, HOFT and SHOFT give similar results in the case of NLLB-3.3B. For Slovene,
both methods clearly outperform LoRA and DoRA with LLaMA2-7B, while HOFT in BLEU and
SHOFT in COMET with NLLB-3.3B. Notably, the difference on both metrics is signi cantly higher
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with LLaMA3.1-8B. Overall, the top BLEU and COMET scores are almost always achieved by either
HOFT or SHOFT, underlining their effectiveness across multiple languages.

4.3 Subject-driven generation

For subject-driven generation, we follow the experimental protocol of HE8} Lising the Dream-
Booth dataset41] to train and evaluate on 25 distinct subjects, each with 30 associated prompts. We
adapt the pre-trained Stable Diffusion (SD) modkl| [and compare PEFT methods quantitatively
across four metrics: subject delity (DINO/[ and CLIP-I [37]), prompt delity (CLIP-T [37]), and
sample diversity (LPIPS [56]).

Table 4: Quantitative comparison of subject-driven generation

Method #Param (M) DINO " CLIP-I " CLIP-T " LPIPS"
Real Images - 0.764 0.890 - 0.562
DreamBooth 859.52 0.614 0.778 0.239 0.737
LoRA 0.80 0.613 0.765 0.237 0.744
COFTp=4 23.3 0.630 0.783 0.235 0.744
OFTp=4 23.3 0.632 0.785 0.237 0.746
HRA=7 8. =0 0.69 0.670 0.803 0.238 0.758
HRA =7 .5 =10 0.69 0.661 0.799 0.255 0.760
HRA=7 8. =1 0.69 0.651 0.794 0.274 0.778
HOFT; =, 0.40 0.657 0.793 0.239 0.758
SHOFT =, 0.41 0.658 0.793 0.241 0.757
HOFT, =4 0.80 0.680 0.810 0.235 0.752
SHOFT =4 0.81 0.680 0.808 0.235 0.747

The results, together with the provided baselines, are summarized in Table 4. Both HOFT and
SHOFT outperform all baselines in subject delity. In terms of textual prompt delity, they achieve
results comparable with LORA, OFT, and COFT. For sample diversity, they also deliver competitive
performance. Additionally, we also tested HOFT and SHOFT at half the rank. Even with fewer
trainable parameters, both methods consistently outperform LoRA, OFT, and COFT across all metrics,
while remaining competitive with HRA on subject delity.

images of 3d icons images of lego sets

Figure 3: Examples of training images of 3D icons and lego sets

Therefore, in order to gain a deeper insight into subject delity, we conducted an additional experiment
following DoRA [27]. We ne-tuned a pre-trained Stable Diffusion XL (SDXL) mod&H] on two

datasets: 3D icons and lego sets. In Figure 3 we can see some examples of the styles to be learned. In
this experiment, ve PEFT methods are used for evaluation: LoRA, HRA, OFT, HOFT, and SHOFT.

To ensure a fair comparison, all methods used the same random sample seed for generating the
images.

As shown in Figure 4, HOFT and SHOFT provide better personalization than LoRA, HRA, and OFT.
When generating 3D icons, both methods closely match the style and subject of the training images.
This highlights the value of orthogonality: while OFT also produces competitive results, LORA and
HRA struggle to generate realistic 3D icons. Moreover, HOFT and SHOFT produce accurate text
in the lego sets, while the rest do not achieve it. Additional qualitative examples can be found in
Appendix E.
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