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Abstract

We study the federated pure exploration problem
of multi-armed bandits and linear bandits, where
M agents cooperatively identify the best arm via
communicating with the central server. To enhance
the robustness against latency and unavailability
of agents that are common in practice, we pro-
pose the first federated asynchronous multi-armed
bandit and linear bandit algorithms for pure explo-
ration with fixed confidence. Our theoretical anal-
ysis shows the proposed algorithms achieve near-
optimal sample complexities and efficient commu-
nication costs in a fully asynchronous environment.
Moreover, experimental results based on synthetic
and real-world data empirically elucidate the effec-
tiveness and communication cost-efficiency of the
proposed algorithms.

1 INTRODUCTION

Multi-Armed Bandits (MAB) [Auer et al.l 2002} |Latti{
more and Szepesvaril 2020] is a classic sequential decision-
making model that is characterized by the exploration-
exploitation tradeoff. Pure exploration [Even-Dar et al.,
20006, Soare et al., 2014, Bubeck et al., 2009]], also known as
best arm identification, is an important variant of the MAB
problems where the objective is to identify the arm with
the maximum expected reward. While most existing bandit
solutions are designed under a centralized setting (i.e., data
is readily available at a central server), there is increasing
interest in federated bandits in terms of regret minimization
[Wang et al.| [2019} [Li et al.| 2022 He et al., [2022]] and pure
exploration [Hillel et al.| 2013} |Tao et al.| 2019, [Du et al.}
2021]] due to the increasing application scale and public
concerns about privacy. Specifically, pure exploration for
federated bandits considers M agents identifying the best
arm collaboratively with limited communication bandwidth,

while keeping each agent’s raw data local. In federated ban-
dits, the major challenge is the conflict between the need for
timely data/model aggregation for low sample complexity
and the need for communication efficiency with decentral-
ized agents. Balancing model updates and communication
is vital to efficiently solve the problem.

Prior works on distributed/federated pure exploration [Hillel
et al., 2013} [Tao et al., 2019, [R’eda et al.l 2022, |Du et al.,
2021] all focused on synchronous communication proto-
cols, where all agents simultaneously participate in each
communication round to exchange their latest observations
with a central server (federated setting) or other agents (dis-
tributed setting). However, the synchronous setting cannot
enjoy efficient communication in real-world applications
due to 1) some agents may not interact with the environ-
ment in certain rounds and 2) the communication in a global
synchronous setting needs to wait until the slowest agent
responds to the server, which incurs a significant latency
especially when the number of the agents is large and the
communication is unstable.

To address the aforementioned challenges of model updates
and communication, we study the asynchronous communi-
cation for federated pure exploration problem in this paper.
We consider both stochastic multi-armed bandit and linear
bandit settings. To reduce communication costs, we pro-
pose novel asynchronous event-triggered communication
protocols where each agent sends local updates to and re-
ceives aggregated updates from the server independently
from other agents, i.e., global synchronization is no longer
needed. This improves the robustness against possible de-
lays and unavailability of agents. Event-triggered communi-
cation only happens when the agent has a significant amount
of new observations, which reduces communication costs
while maintaining low sample complexity.

With the new communication protocols, we proposed two
asynchronous federated pure exploration algorithms, Fed-
erated Asynchronous MAB Pure Exploration (FAMABPE)
and Federated Asynchronous Linear Pure Exploration
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(FALinPE) for MAB and linear bandits, respectively. We
theoretically analyzed that these algorithms can return (¢, §)-
best arm with an efficient communication cost, efficient
switching cost and near-optimal sample complexity, where
the returned arm is € close to the best arm with probability
at least 1 — ¢, known as fixed confidence setting [|Gabillon
et al.,[2012} |Soare et al., 2014} [Xu et al., [2017]]. Moreover,
we empirically validated the theoretical results based on
synthetic data and real-world data. Experimental results
showed that our event-triggered communication strategy
can achieve efficient communication cost, and would only
moderately affect the sample complexity compared with the
synchronous baselines.

2 RELATED WORK

Pure exploration The pure exploration problem in single-
agent scenarios has been extensively explored in works
like Mannor and Tsitsiklis| [2004]], Even-Dar et al.| [2006]],
Bubeck et al.|[2009],|Gabillon et al.|[2011},2012], Jamieson
et al.| [2013]], |Garivier and Kaufmann| [2016]], (Chen et al.
[2016]], primarily within the multi-armed bandit framework.
Subsequently, Soare et al.|[2014]], Xu et al.|[2017], Tao et al.
[2018]], [Kazerouni and Wein| [[2019]], Fiez et al.| [2019]], [De+
genne et al.[[2020]], Jedra and Proutiere| [2020] extended
these investigations to linear bandits. Advancements by |Scar}
lett et al.| [2017]], [Vakili et al.| [2021], Zhu et al.|[2021a],
Camilleri et al.|[2021] further expanded the scope to kernel-
ized bandits. However, these algorithms often suffer from
prolonged learning processes and reduced efficacy in the
face of limited sample budgets. Hence, our study focuses on
the federated resolution of the pure exploration problem.

Distributed/federated pure exploration The exploration
of pure exploration problem in distributed/federated ban-
dits has become a focal point in recent research. Studies by
Hillel et al.|[2013]], Tao et al.| [2019]], Karpov et al.|[2020],
Mitra et al.|[2021], R’eda et al.|[2022]], /Chen et al.| [2022],
Reddy et al|[2022] investigated MAB in a synchronous
environment, while [Du et al.| [2021] explored kernelized
bandits synchronously. Primarily designed for synchronous
settings, these studies often rely on experimental design to
extract exploration sequences. However, such algorithms
encounter challenges in asynchronous environments, stem-
ming from their reliance on 1) global synchronous commu-
nication rounds, 2) advance knowledge of the active agent
for each round, and 3) the server and agents possessing prior
knowledge of the time index ¢. Our solution addresses these
challenges, presenting the inaugural purely asynchronous
algorithms for federated pure exploration with fixed confi-
dence.

Distributed/federated regret minimization In tandem
with pure exploration, |Auer et al.|[2002], | Abbasi- Yadkori
et al.|[2011]], [Filippi et al.|[2010],|Agrawal and Goyal|[2012],
Chowdhury and Gopalan|[2017] pioneered the study of re-

gret minimization in single-agent settings. This problem
has recently expanded to distributed/federated bandits, with
literature focusing on MAB |Szorényi et al.|[2013]], [Kordal
et al.[[2016], Wang et al.|[2019], Mahadik et al.|[2020]], |Shi
et al.|[2021]], Zhu et al.| [2021b]], |[Yang et al.| [2021}, 2022}
2023]], [Patel et al.| [2023]], linear bandits |Wu et al.| [2016]],
Wang et al.|[2019], Dubey and Pentland|[2020]],[Huang et al.
[2021]], L1 and Wang|[2022b]],|/Amani et al.|[2022]], Huang
et al.| [2023]],/Zhou and Chowdhury|[2023]], kernelized ban-
dits |Li et al.|[2022], and neural bandits [Dai et al.| [2022]].
However, these works are confined to synchronous settings.
In alignment with our approach, (Chen et al.| [2023]], L1 and
Wang| [2022a], He et al.|[2022], Li et al.|[2023] targeted re-
gret minimization in an asynchronous environment. Despite
this alignment, the primary objectives of regret minimiza-
tion differ significantly from those of pure exploration, and
none of the mentioned works directly addresses our specific
problem.

3 PRELIMINARIES

In this paper, we let [t] = {1,...,t}, ||x|| denotes the Eu-
clidean norm, ||x||v = Vx T Vx denotes the matrix norm,
log denotes the natural logarithm, log, denotes the binary
logarithm, I € RI*d denotes the identity matrix, O denotes
the d-dimension zero vector or d X d-dimension zero matrix,
det(V) denotes the determinant of the matrix V € R*4
and VT denotes the transpose of V. Besides, we utilize
x = Q(y) to denote that there exists some constant C' > 0
such that Cy < z, x = O(y) to denote that there exists
some constant C’ such that C'y > z, and O to further hide
poly-logarithmic terms.

3.1 FEDERATED BANDITS

MAB We consider the federated asynchronous MAB (sim-
ilar to |Li and Wang| [2022a]], He et al.| [2022]]) as follows.
There exists a set M = {m}M_, of M agents (M > 2),
a central server and a environment A = {k} | with K
arms (K > 2). In each round ¢, an arbitrary agent m; € M
becomes active, pulls an arm k,,,, ; € A, and receives re-
ward 7y, +. The reward of each arm k € A follows a o-
sub-Gaussian distribution with mean (k). Similar to the
other papers that studied the pure exploration [Gabillon
et al., 2012} Du et al., 2021]], we suppose the best arm
k* = argmaxge 4 (k) to be unique.

Linear bandits Different from the MAB, in the federated
asynchronous linear bandits [Li and Wang} 2022a} He et al.,
2022, every arm k is associated with a context x;, € R%. In
round ¢, if the active agent m; € M pulls anarm k,,,, ; € A,
it would receive reward 7y, ; = x:m’tG* + N, ,t» Where
0" € R% is the unknown model parameter and 7,,, ; €
‘R denotes the conditionally o-sub-Gaussian noise (more

details are provided in Lemma[I2]in the appendix). Without



loss of generality, we suppose ||xx|| < 1,Vk € A, [|0] <1
and the best arm k* = arg maxgec 4 XZO* to be unique.

3.2 LEARNING OBJECTIVE

This paper focuses on the fixed confidence (¢, §)-pure ex-
ploration problem. The goal of the bandit algorithm is to
find an estimated best arm k* € A which satisfies

PR F) <€) =14 (1)
with minimum sample complexity. The reward gap param-
eter satisfies 0 < e < 1 and the probability parameter
satisfies 0 < & < 1. The expected reward gap between
arm ¢ and j in the MAB and linear bandits are denoted
as A(i,j) = p(i) — p(j) and A, j) = y(i,j) 67, re-
spectively, where y (i, j) = x; — x; denotes the difference
between contexts. The sample complexity is defined as the
agents’ total number of interactions with the environment,
which is denotes as 7.

3.3 COMMUNICATION MODEL AND
ASYNCHRONOUS ENVIRONMENT

Communication model In this paper, we consider a star-
shaped communication network [Wang et al., 2019, |L1 and
Wang, |2022a, |He et al.,|2022], where every agent can only
communicate with the server and can not directly communi-
cate with other agents. We define the communication cost
C(7) as the total number of times that agents upload data
to the server and download data from the server in total 7
rounds [Dubey and Pentland, 2020, L1 and Wang, [2022a],
He et al.|2022], i.e.,

C(r) = Z 1{m; uploads data to the server} @
t=1

+ 1{m; downloads data from the server}.

Asynchronous environment Similar to |[He et al.| [2022],
Li et al.| [2023]], in the asynchronous environment, there is
only one active agent m; (can be an arbitrary agent in M)
that interacts with the environment in each round ¢. Besides,
except for the initialization steps, only the active agent is
allowed to communicate with the server, i.e., independent
from other offline agents.

In our setting, it’s important to clarify that the variable ¢
specifically represents the round index, indicating the se-
quence in which agents engage in the bandit problem. Im-
portantly, it doesn’t refer to the actual time of agent involve-
ment. Even when multiple agents are involved, such as in
data exchange with the server, there remains a discernible
order among these participation events within a very short
time frame. This means that even if two events occur very
close together in time, a distinct sequence is maintained.

As a result, agent participation happens sequentially, based
on the index ¢. Our context has a broader scope compared
to previous studies on pure exploration federated bandits
[Hillel et al., 2013} |Du et al., 2021} |Reddy et al.,|2022]]. This
difference arises because those settings require all agents
to fully participate in each round, while our setting allows
for partial participation, allowing any subset of agents to be
involved.

Motivated example We here provide a piratical example
for asynchronous federated pure exploration. Let’s consider
a sequential experimental design problem, e.g., for drug dis-
covery or chemical synthesis, where our goal is to identify
an arm that is e-near optimal (i.e., chemical with desired
properties) with high probability. In this problem, we are
not concerned about cumulative regret (i.e., the quality of
the chemicals tried during the online learning process); in-
stead, we only care about whether we can find the optimal
arm in the end, and the corresponding sample complexity
and communication cost due to their expensive nature (see
the introduction in Hillel et al.|[2013]], R’eda et al.|[2022],
Du et al.|[2021]] for details). Additionally, each laboratory
lacks samples (i.e., funding for resource) to complete the
task individually, so we need to involve multiple labs to
collaborate on the learning task. These requirements moti-
vate people to study federated pure exploration problems.
Besides, previous synchronous federated pure exploration
algorithms assume every agent (i.e., lab) should participate
in the exploration (i.e., do the experiment) in each round
and the server can force all the agents to upload their data
in synchronization rounds. This is impractical due to some
agents may get offline (e.g., they run out of resources), and
all other agents should wait until they get online (e.g., col-
lect enough resources), this will significantly reduce the
learning speed (see the introduction in|Li and Wang|[2022a],
He et al.|[2022], [Li et al.|[2023]] for details). In this paper,
we propose two asynchronous federated pure exploration
algorithms that do not rely on synchronous assumptions and
are more practical for real-world applications.

4 ASYNCHRONOUS ALGORITHMS FOR
FEDERATED MAB

In this section, we propose the first asynchronous algorithm
for the pure exploration problem of federated MAB. As
mentioned in Section |1} a key challenge in conducting pure
exploration via asynchronous communication is the absence
of dedicated synchronous communication rounds where
the server can assign arms to explore each agent based on
their latest observations. Moreover, there is no guarantee
on when or whether an agent would become active again
to execute the exploration and report its observations back.
This severely hinders the applicability of all existing dis-
tributed/federated pure exploration algorithms, whose ex-
ploration strategies are based on experimental design [Hillel



et al.,[2013,|Du et al., 2021, |R’eda et al., [2022]. In order to
address this challenge, we adopt a fully adaptive exploration
strategy, such that each agent separately and asynchronously
decides which arm to pull, based on the statistics received
from the server in its latest communication. We name the
resulting algorithm Federated Asynchronous MAB Pure
Exploration (FAMABPE), and its description is given in Al-
gorithm|[T]

FAMABPE algorithm As illustrated in lines 2-7, Algo-
rithm (1| begins with an initialization step for K rounds,
where the K arms are pulled sequentially. Then the agents
and the server update their local statistics accordingly. For
round t > K +1, an agent m; becomes active and computes
its empirical best arm ¢,,, ; and the most ambiguous arm
Jma,t» Where

iyt = AT A fin 1 (K),

Ayt (kyim, 1) 3)

max
REA/{im, 0}

+ a%t,t(imt,t7 k)>

jmt,t =arg

based on which, it selects the most informative arm &,,,, + =
AT MAXLE {4y, 1 jm, .o} a}l (k) to pull in round . We de-
fine the arm k’s reward estimator of the agent as fi,,, ¢(k),
the estimated reward gap between arm ¢ and j of the
agent as Amt,t(i7j> = ﬂmt7t(i) - ﬂmt,t(j) and the pair
(i,7)’s exploration bonus of the agents as o ,(i,5) =

me,t
ol (i) + o, 1(j) (the definition of o} (k) would be
provided in Theorem . Intuitively, pulling £,,,, + can most
decrease ol (im, t; jm,.+) and thus help reduce sample
complexity. After observing reward 7, + corresponding to
km, t» m; checks the communication event in line 11. If the
event is true, agent m; would upload its local reward sum
Skee (k) and local observation number T}0¢, (k), Vk € A
to the server. The server then updates its data and estimation

R ﬂser,t—l(k)fser,t—l(k) + Svl”g,,c,t(k)
,user,t(k) = ser loc ’
Tee (k) + Tony o (K) )

Tser,t(k) - Tser,tfl(k) + Trlwgtc,t(k)v Vk € A

and

iser,t = arg Ikneaj( ﬂser,t (k)a

max

o t = ar
Jser ngA/{iscr,t}

B(t) - Aser,t(jser,h iser,t) + a%r,t (ise7',t7jser,t)7
(5)

where fis.r; denotes the arm k’s reward estimator of the
server, Tser+(k) denotes the arm k’s observation number
of the server, Ager ¢(2,7) = flser,t(?) — fiser,t(j) denotes
the estimated reward gap of the server, and o/, (i, j) =
a%r’t(i) + agm(j) (the setup of aé‘gm(k) is shown in

Theorem [I)) denotes the pair (i, j)’s exploration bonus of

Aser,t(k7 iseT,t) + a{g\gnt(iser,tv k)a

the server. If the breaking index B(t) < e, the server would
set its estimated best arm k* = iser,e and terminate the
algorithm (which implies 7 = ?). Otherwise, agent m;
would download fige, ¢ (k) and Ty, i (k), Yk € A from
the server and update its local data as shown in lines 18-19.
More details are shown in the pseudo-code.

Low switching cost Different from the previous dis-
tributed/federated pure exploration algorithms [Hillel et al.,
2013, Du et al.| 2021} R’eda et al.}, 2022], FAMABPE enjoys
a low switching cost (i.e., 1/2C(7)). The definition of the
switching cost is the number of times the agent m € M
updates k,, ; [Abbasi-Yadkori et al., 2011} He et al., 2022,
Li et al.| [2023]]. We suppose t; and ¢y are two neighbor-
hood communication rounds of agent m, and ﬂm,t(k) and
T (), VE € A, would remain unchanged from round
t1 + 1 to t5 (line 20~22 in Algorithm(T). This implies &y, 1,
would also remain unchanged. Hence, the switching cost of
FAMABPE equals the total communication number.

Design of communication event The event-triggered
communication strategy of FAMABPE can control the
amount of local data that each agent m € M hasn’t up-
loaded, i.e., Zle T}o4 (k) and the size of the exploration
bonuses simultaneously. Note that in our setting, neither
the agents nor the server knows the total number of ob-
servations in the system, i.e., time index ¢. Therefore, we
utilize S35 | Ty, +(k) and S35 Teer s (k) to establish the
exploration bonuses of agents and server, respectively. This
requires ZkK:1 T, (k) and Zszl Tsert (k) to be in a de-
sired proportion to ¢ (which is different from|Li and Wang
[2022a]], He et al.|[2022], Li et al.|[2023]]). Besides, when the
server terminates the algorithm, some agents may possess
data that has not been uploaded to the server. We wish the
amount of these data to be small compared with the sample
complexity 7 since they have no contribution to identify-
ing k*. Our event-triggered communication protocol can
efficiently limit the number of the useless samples.

We can show that our proposed FAMABPE algorithm can
attain near-optimal sample complexity 7, with a low commu-
nication cost C(7), which is given in the following theorem.

Theorem 1. With v = 1/(2M K) and exploration bonuses
ap, (k) =

M,

M=

Tmt,t(k))z)

2 4K
g 7Tmt’t(k) 10g <5((1+'}/M)

k=1
aé\gr,t(k) =
K
2 4K )
7\ g e (5 (00 X)),

=~
Il

1

(6)

the estimated best arm k* of FAMABPE can satisfy condition



Algorithm 1 Federated Asynchronous MAB Pure Exploration (FAMABPE)

: Inputs: Arm set A, agent set M, triggered parameter -y and (4, €)

: Initialization:

: From round 1 to K sequentially pulls arm from 1 to K and receives reward r, Vt € [K]

1
2
3
4: Server sets figer i (1) = 7 and Tger () = 1
5: form=1:Mdo
6.
7
8
9

Agent m sets fim, i 41(k) = 7, T k41 (k) = 1 and T}0% (k) =

: end for
cfort=K+1:0c0do

Agent 1 Sets iy, ; and jy,, ; based on (B)), pulls arm &,,, ; and receives reward r,, ¢
1 loc
Srﬁft 1( mt,t) +Tmt-,t and Tmf t(kmt7t)

(1+9) Xy Tom, e (k) then

10:  Agent m; sets Sloc (B, t) =
11: lek 1( mt,( ) T#L)tct(k))

> Server initialization

Stoe, (k) =0,Vk € A > Agents initialization

> Sampling rule
T3¢ -1 (k) +1

12: [Agent m; — Server] Send S5 (k) and T}¢ ,(k), Vk € A to the server > Upload data to server
13: Server updates fiser (k). Tsert(k), Yk € A, isert, jsert and B(t) based on (4) and

14: if B(t) < € then

15: Server returns 4., as the estimated best arm k* and break > Stopping rule and decision rule
16: end if

17: [Server — Agent m,;] Send T, (k) and fiser (), Yk € A to agent my > Download data from server
18: Agent my Sets Tmt t+1(k) - Tser t(k) and ﬂmt,t+l(k) = ﬂser,t(k)’ Vk € A

19: Agent my sets T,l,fft(k:) =0and Sﬁ,‘;:’ (k) =0,Vk e A

20:  else

21: Agent my sets Th, ¢11(k) = T, 1 (k) and fim, 141(k) = fim, :(k), Vk € A

22:  end if

23:  Inactive agent m # my sets Ty, i1 (k) = T i (k) and fi, 111 (k) = fim 1 (k), Yk € A

24: end for

and with probability at least 1 — § the sample complexity
can be bounded by

gWﬂymog (45((1 + 1/(2K))A)2),
where

M ag
HE = Z (A(k*,k)+s 6)2
3 ;

1 Max

:O@W)

k=1

is the problem complexity in the MAB [Gabillon et al.|, 2012)]
and

A <M+1/(2K)H€M4>

4K (14 1/(2K))
M—1/2 '

51/2
The communication cost satisfies C(1) = O(K M).

Proof sketch of Theorem [T Proof of Theorem [ con-
sists of three main components: a) the communication cost
C(7); b) the sample complexity 7; ¢) the estimated best
arm satisfies Eq (I). Specifically, to upper bound the total
communications cost C(7), we utilize the property of the
event-trigger that controls when the agents would communi-
cate with the server (Lemmal/I]in the Appendix). To upper

bound the sample complexity T, we first need to establish the
relation between Y| T, (k) and Y, T}o5 (k) based
on the event triggered strategy (Lemmad]in the Append1x)
Then, we establish exploration bonuses by Z w1 Lser,t(K)
and Zk:l T i(k), Vk € A, m € M and bound T, - (k),
Vk € A accordingly (Lemma 2} [5|and 3] in the Appendix).
Finally, utilizing the relations of T, (k) and T (k) =

Tserp(k) + Z Tloc( ) = ZZ:l]]'{kmt’t = k}, we
can bound Tg”(k), Vk € A and 7 = S0, T (k). The
guarantee of finding the best arm, i.e., Eq (T), directly fol-
lows the property of the breaking index, i.e., if B(7) < ¢
then A(k*, k*) < e with probability at least 1 — 4.

Remark 1. The sample complexity of FAMABPE (i.e., T =
O(HM log(HM /6))) can match the lower bound of (e, §)
pure exploration problem Q(Zszl log(1/6)/(A(k*, k) +
€)?) (see details in Lemma 1 of Kaufmann et al.
[2014]) up to a constant factor. It implies if we run
(¢,0) pure exploration algorithms on M agents indepen-
dently with no communication, the sample complexity is
O(M Y5 1og(1/68)/(A(k*, k) +¢€)?) and FAMABPE can
accelerate the learning process O(M) times. In terms of
communication cost, FAMABPE'’s linear dependence on
M matches that attained by previous works studying dis-
tributed/federated pure exploration under the less challeng-
ing synchronous communication environment [|Hillel et al.|
2013, |Karpov et al.l 2020, R’eda et al., 2022 |Reddy et al.|
2022|]. Moreover, the factor K is due to the communication



K K .
event that ensures Y T (k) and Y, T\ (k) are in
a desired proportion to t. As mentioned in our previous dis-
cussion on its design, this is necessary for the asynchronous

communication studied in this paper.

S ASYNCHRONOUS ALGORITHM FOR
FEDERATED LINEAR BANDITS

In this section, we further consider the pure exploration prob-
lem of federated linear bandits. We propose an algorithm
called Federated Asynchronous Linear Pure Exploration
(FALinPE), and its description is given in Algorithm 2]

FALInPE algorithm Similar to Algorithm[I} FALinPE
starts with an initialization step (line 2-7), where each arm is
pulled once. Then in each round ¢ > K + 1, the active agent
my sets its estimated model parameter ém ,.¢» empirical best
arm 4,,, ; and most ambiguous arm j,,, ; as

. 4 ) T
omt,t :th,tbmt,tv tm,,t = arg I]?eaj‘( X Omt,ta

Ayt (kyim, 1) 7

max
keA/{'Lmt ,t}

+ arl;n,t (imt7t7 k)

jmt,t =arg

and pulls the most informative arm k,,,, + (context denotes
as Xy, +). The exploration bonuses of pair (7, j) in the lin-

ear case are defined as o, ,(i,7) = ||y (i, j)|ly— meht
et

and ol ,(i,j) = ||y(z',j)|\V;1T Cser,t» where the defini-
tions of the scalers Cy,, and Cgmt are provided in The-
orem [2] Besides, the estimated reward gaps between arm
i and j are defined as A, ((4,7) = y(i,5) Oy, and
Ageri(i,5) = y(i,§) T Ouers. Agent m; would update its
covariance matrix V12¢ | ble¢ and T,:0¢ , (kpm, +) as

loc __ loc T
th,t - Vm,,,t—l + Xm tXm, b
loc __ 1.loc
bmt,t - bmt,t—l + Ty, tXmy ty (8)

T, (kg t) = T00% 1 (ko t) + 1.

FALinPE utilizes a hybrid event-triggered strategy to
control the size of the exploration bonus o, (i, j) and

L
amt,t

and Zszl Tser,t (k). If at least one of the two events is trig-

gered, then agent m; would upload its collected data Vﬁ,olf’t,

blec , and T¢,(k), Vk € A to the server. The server would

t mg,t
update its collected data and estimation

(i,7), and the observation number Zszl Tser (k)

l
Vser,t = Vser,tfl +Vyoe

me,t?

loc
bser,t = bser,tfl + bmtytu

Toert(k) = Tser—1(k) + Tho¢ ,(k), Vk € A,

me,t
Ve —1
Bser,t - Vser,t bser,t

€))

and set iger ¢, Jsert, and the breaking index B(t) as

. TA
lser,t =— aIg I]?eaj( Xk eser,tv

max Aser,t(k7 iser,t) + aﬁer,t (iser,ta k)

; = ar
Jsert & k=A/{iser}

B(t) = Aser,t (jser,h Z.ser,t) + asLent (iser,tvjser,t)-
(10

If the breaking index B(t) > e, the server would return
Vserts Dser, and Tyer i (k), Yk € A to the user. FALinPE
would repeat the above steps until B(7) < e.

Design of communication events of FALinPE Similar
to FAMABPE, FALinPE also enjoys a low switching cost
(i.e, 1/2C(7)). Besides, the hybrid event-triggered strategy
can simultaneously control the size of V!°¢,, Zszl Tl (k)
and the exploration bonuses. Note that Min et al.|[2021]] also
utilize a hybrid event-triggered communication protocol to
achieve a similar goal, but for learning stochastic shortest
path with linear function approximation. The exploration
bonuses in the linear case are not only related to ¢ but also
related to covariance matrices. Therefore, different from the
communication protocol in the MAB, the event-triggered
communication protocol in the linear bandits is additionally
required to keep V,,,, ; and V4, ; in a desired proportion
to the global covariance matrix AI + ZZ:] th,txjm,r

Arm selection strategy To minimize the sample complex-
ity 7. We hope every agent can pull the most informative arm
Km, .+ to reduce the exploration bonus o, (im, t; jm,.t)
as fast as possible. The arm selection strategy of Algo-
rithm [2| ensures active agent m; to pull k,y, ; to most de-
crease the matrix norm ||y(i'mt7t,j7nt7t)||V;11 . (and also

a#t,t(im“t,jmht)). Different from the MAB, in the linear
case we can not directly find k,,, +, and need to derive it
with a linear programming [Xu et al.|[2017], it yields

Tmt ,t (k)

km,,+ = arg min ——— - , (11)
keA pk(y(zmt,tvat,t))
where p*(-) is defined as follows
* . . ’LU* y imm 7jmt7
DY s i) = et met)) 1)
Zs:l ‘ws (y(lmt,h]mt,t)”
and
K
w (y(lmf,,tajmf,,t)) = argwné%ld ]; |wk|
B (13)

K
St Y(imetsJmet) = D WX
k=1

The notation wj(y(¢m,,t,jm,t)) denotes the k-th ele-
ment of vector W*(¥(im, ¢, m,¢))- Besides, the opti-
mal value of programming denotes as p(y(i,j)) =



Algorithm 2 Federated Asynchronous Linear Pure Exploration (FALinPE)

Initialization:

form=1: M do

AN A e

T% (k) = 0,Vk € A
7: end for
8: fort:K+1:opdo
9

Agent my sets Oy, t, tm, ¢ and Jy,, ¢ by , pulls k,,,, + by 1| or and receive 7y, ¢

Inputs: Arm set A, agent set M, regularization parameter A > 0, triggered parameter 71, y2, and (9, €)

From round 1 to K sequentially pulls arm from 1 to K and receives reward r, Vt € | K|
Server sets Vger g = AL + Zfil XX/, Pser ¢ = Zfil xrts Tser k() =1, VEk € A

> Server initialization

K K
Agentmsets Vi, g1 = AL+ >, XX, s b k1 = o1 Xt T 1 (k) =1, fofK =0, b,l,ffK = 0 and

> Agents initialization

> Sampling rule

10:  Agent my updates VIe¢ , bloc  and T%¢, (kyn, ) based on (8)

my,t? my,t
o det(Vo, +Vie
11: if a

St (T e (R)+ T

)
— Vg > (Lt m) er

kK=1 Tmt’t(k)

®) (1 + ~2) then

12: [Agent m; — Server] Send V¢ ;. bloc  and T}¢, (k), Vk € A to the server > Upload data to server
13: Server sets Vger 1, Dser iy Tser,i (), Yk € A, 956T7t, iser,t> jser, and B(t) based on @) and

14: if B(t) < € then

15: Server returns 4., as the estimated best arm k* and break the loop > Stopping rule and decision rule
16: end if

17: [Server — Agent m;] Send Ve, ¢, bger and Tsep 1 (k), Vk € A to agent my > Download data
18: Agent my sets Vo, 111 = Viert, By 141 = Dger g and Ty, 141(k) = Tsert(k), Ve € A

19: Agent my sets VI, = 0,blo¢ | = 0 and T)¢ (k) = 0,Vk € A

20: else '

21: Agent my sets Vi, 141 = Vi, 1o By i41 = b, and Ty, i1 (k) = T, 1 (k), VE € A

22:  endif

23:  Inactive agent m # my sets Vi, 141 = Vi s b g1 = by and Ty, i1 (k) = Tpn i (), VE € A

24: end for

Zszl wi(y(4,7)), Vi, j € A. However, the programming
is computationally inefficient and we also propose to select
the arm greedily similar to [Xu et al.l [2017]]

kmt7t = arginax y(immtv jmtyt)—r
ke A (14)

X (th,t + ka;)_lywmmt?jmut)'

Although we did not analyze the theoretical property of the
greedy arm selection strategy, in the experiment section, we
empirically validate that it performs well.

Theorem 2. With 0 < X < o*(VT+ynM +

«/271M)210g(2/5), 1 = 1/M? v = 1/(2MK), arm
selection strategy and 5

Conva = V2 + (VUM + T30

«(ofn (5 + ()

Coert = VA + (\/EM-F V1 +V1M)

(o (G- )

the estimated best arm k* of FAL1nPE can satisfy condition
and with probability at least 1 — 0 the sample complexity

can be bounded by

1/(2 ) 1 ? L 2
< - - AR —
<M 1/2K V24 4/1+ HFa0%d

x log (1 + —(1 i i\//5\2/[[2())A2> +T,

K CNN s g

p(y (i, 5))pe(y (i, 7))

(A(k*,i)+5 A(k*,j)+e 6)2
3 ’ 3 )

max
Pt i,j€EA max

is the problem complexity in the linear bandits [Xu et al.|

2017,

A :M]Jl/l(%() (\/5+ m)QHfzxan

1+1/(2K)
1+ ———+T
R VIV R
and
M +1/(2K) [N, 2
The  communication cost  satisfies  C(T) =

O(max(M?d, MK)).



Remark 2. As mention in [Xu et al} |2017|], the sample
complexity of the LinGapE runs by a single agent (i.e.,
7 = O(HLd)) can match the lower bound in Soare et al.
[2014)] up to a constant factor. As shown in the Theorem
B the sample complexity of FALInPE can also satisfies
7 = O(HZLd) when we select the proper \, 1 and .
Besides, the communication cost of the FALinPE satis-
fies C(t) = O(dM?) when M > K/d, which is the
same as the communication cost of Async-LinUCB [Li and
Wang, |20224|] and FedLinUCB [|He et al.| |2022)] (both are
O(dM?)) in the regret minimization setting. It is worth
noting that in our and|He et al.|[|2022|]’s setting, the commu-
nication between the active agent and server is independent
to the offline agent, while in|Li and Wang|[2022a|]’s setting,
the algorithm requires a global download section. In ad-
dition, the guarantee in|Li and Wang| [|2022a]] relies on a
stringent regularity assumption on the contexts, while ours
and |He et al.| [|2022)]’s do not. We claim that the FALinPE
can achieve a near-optimal sample complexity and efficient
communication cost.

6 EXPERIMENTS

To empirically validate the communication and sample ef-
ficiency of FAMABPE and FALinPE, we conduct exper-
iments on both synthetic and real-world dataset. Our al-
gorithms are compared with some baseline algorithms, in
which the active agent would share its data with other agents
via the server in every round. We compare FAMABPE with
single agent UGapEc and synchronous UGapEc [Gabillon
et al.;2012]] in the MAB setting. Besides, we also compare
FALinPE with single agent LinGapE and synchronous Lin-
GapE [Xu et al., [2017]]. We clarify that the asynchronous
algorithms typically incur larger communication cost than
synchronous ones under the same regret/sample complex-
ity guarantee, which is also acknowledged in prior works
studying regret minimization [Li and Wang| [2022a, He
et al., 2022, |L1 et al.l 2023]]. Therefore, the inclusion of
synchronous algorithms’ mainly serves as a reference show-
ing the performance under the easier synchronous setting.
We run the algorithms 10 times and plot their average re-
sults.

6.1 EXPERIMENTS ON SYNTHETIC DATA

In this section, we report experiments on synthetic dataset
for federated MAB and linear bandits.

6.1.1 Experiment Setup

MAB We simulate the federated MAB in Section [3.1]
witho = 0.3,6 = 0.05,¢ =0, K = 5and M = 10. We
sample the optimal arm from the uniform distribution and
selectively sample the non-optimal arm to guarantee the
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Figure 1: Synthetic data: Experimental results for federated
MAB and federated linear bandits.

reward gap. For synchronous UGapEc, we set the commu-
nication frequency as 100 rounds. At the end of every 100
rounds, the agents would upload their exploration results to
the server and download other agents’ exploration results
from the server. The communication cost of this naive syn-
chronous algorithm is just C(7) = 7/50, this is due to there
are 7/(100M ) communication episodes and in each episode
agents would upload and download data for 2/ times. The
setup of FAMABRPE follows Theoremﬂ] and in each round,
the active agent m; is uniformly sampled from M.

Linear bandits Similar to the MAB case, we simulate the
federated linear bandits with d = 5 and other parameters
are the same as the MAB setting. We first sample the model
parameter 6" from a uniform distribution. Then, we sample
the context of the optimal arm and selectively sample non-
optimal arms to guarantee the reward gap. The synchronous
LinGapE is similar to synchronous UGapEc. The setup of
FALinPE follows Theorem [2] and the active agent in the
linear case is also uniformly sampled from M.
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Figure 2: Experimental results on MovieLens for federated
linear bandits.

6.1.2 Experiment Results

MAB The results of federated MAB are shown in Fig-
ure [T(a)] All algorithms output their estimated best arms
k* = k*. We report the sample complexity and commu-
nication cost for the reward gap from 0.1 to 0.5. We can
observe that the single agent which runs UGapEc achieved
the smallest sample complexity. In comparison, the syn-
chronous UGapEc would spend a slightly larger sample
complexity when the gap equals 0.1 and spend an almost
identical cost when the gap equals 0.2 to 0.5. Compared
with these baseline algorithms, our FAMABPE had a slightly
larger sample complexity and can achieve the lowest com-
munication cost (only took a communication cost of 100
to 120 to go from a gap of 0.5 to a gap of 0.1). FAMABPE
is the only algorithm that can achieve near-optimal sam-
ple complexity and efficient communication cost in a fully
asynchronous environment.

Linear bandits The results of federated linear bandits
are provided in Figures [[(b)] All algorithms output their
estimated best arm k* = k*. Similar to the MAB, we can
observe that a single agent which runs LinGapE and syn-
chronous LinGapE achieved the lowest sample complexity.
In comparison, FALinPE required a relatively large sample
complexity, especially when the gap equals 0.1. Further-
more, the communication cost of synchronous LinGapE is
larger than FALinPE when the gap equals 0.1. Otherwise,
smaller than FALinPE.

6.2 EXPERIMENTS ON REAL-WORLD DATA

In this section, we report an additional experiment on real-
world dataset for federated linear bandits setting.

6.2.1 Experiment Setup

We use the MovieLens 20M dataset [Harper and Konstan)
2016] for the experiment. We follow [Li and Wang, [2022a]
to preprocess the data and extract item features. Specifically,
we keep users with over 3, 000 observations, which results in
a dataset with 54 users, 26567 items (movies), and 214729
interactions. For each item, we extract TF-IDF features from
its associated tags and apply PCA to obtain item features
with dimension d = 25. We consider all items with non-zero
ratings as positive feedback (reward r = 1), and use ridge
regression to learn 8 from extracted item features and their
0/1 rewards. To construct an arm set, we follow the same
procedure as the simulation in Section [f] by first sampling
an optimal arm and then selectively sampling non-optimal
arms to guarantee the reward gap.

The baseline algorithms considered in this section are the
same as those in the synthetic data case (Section[6). Besides,
we set d = 25, K = 10, ¢ = 0.05, and other parameters of
the federated linear bandits are also identical to Section [6l
We report the average results of 10 runs.

6.2.2 Experiment Results

The results of the federated linear bandits are shown in
Figures [2] In each run, every algorithm could derive the
best arm k*. Similar to the results based on synthetic data,
single agent LinGapE and synchronous LinGapE enjoyed
the lowest sample complexity, and FALinPE spent a rela-
tively large sample complexity. Besides, according to the ten-
dency, FALinPE’s communication cost would be smaller
than the synchronous LinGapE’s communication cost when
the expected reward gap is smaller equals 0.15. Note that
synchronous LinGapE can only work in a synchronous en-
vironment, hence, FALinPE is the only known federated
linear bandit algorithm that can simultaneously achieve near-
optimal sample complexity and efficient communication
cost in the fully asynchronous environment.

7 CONCLUSION

In this paper, we propose the first study on the pure explo-
ration problem of both federated MAB and federated linear
bandits in an asynchronous environment. First, we proposed
an algorithm named FAMABPE, which can complete the
(¢, 0)-pure exploration object of the federated MAB with
O(HM) sample complexity and O(M K) communication
cost using a novel event-triggered communication protocol.
Then, we improved FAMABPE to FALinPE, which can fin-
ish the same object in the linear case with O(H~d) sample
complexity and O( max(M?2d, M K)) communication cost.
At the end of the paper, the effectiveness of the offered al-
gorithms was further examined by the numerical simulation
based on synthetic data and real-world data. In our future



work, a potential direction is to investigate federated asyn-
chronous pure exploration algorithms with a fixed budget.
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A NOTATIONS

A
M
d
-

Arm set

Agent set

Dimension of the model parameter and context

Sample complexity (stopping time)

Communication cost

Best arm

Estimated best arm

Active agent in round ¢

o-sub-Gaussian noise

Received reward of agent m, in round ¢

Arm pulled by agent m, in round ¢

Expected reward of arm k in MAB

Context of arm k

Context difference between x; and x;

Model parameter

Probability parameter of the fixed-confidence pure exploration problem
Reward gap parameter of the fixed-confidence pure exploration problem
Triggered parameters

Regularization parameter of the covariance matrix

Breaking index

Exploration bonus of arm k of the agent m; in FAMABPE

Exploration bonus of arm k of the server in FAMABPE

Exploration bonus of pair (i, j) of the agent m; in FALinPE
Exploration bonus of pair (i, j) of the server in FALinPE

Estimated model parameter of the agent m; in FALinPE

Estimated model parameter of the server in FALinPE

Empirical best arm of agent m; in round ¢

Most ambiguous arm of agent m; in round ¢

Expected reward gap between arms ¢ and j

Estimated reward gap between arms 7 and j of the agent m,
Estimated reward gap between arms 7 and j of the server

Estimated reward of arm k of the agent m, in FAMABPE

Estimated reward of arm k of the server in FAMABPE

Number of observations on arm k that is available to the agent m, at 7
Number of observations on arm & that is available to the server at 7
Number of observations on arm k has not been uploaded to the server by the agent m; at ¢
Total number of observations on arm k

Covariance matrix of the agent m,

Covariance matrix of the server

Covariance matrix has not been uploaded to the server by the agent m,
Global covariance matrix

Problem complexity of the MAB

Problem complexity of the linear bandits
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B PROOF OF THEOREM

For clarity, we here reintroduce the notations used in the proof. Recall that 72! (k) denotes the total number of arm k be
pulled till round ¢, T, (k) denotes the number of observations on arm k that is available to the server at ¢, T,,, + (k) denotes

the the number of observations on arm k that is available to the agent m at ¢ and Tf,‘jcf (k) denotes the observations on arm k

of agent m has not been uploaded to the server at t. Besides, Asem(i, j) and Am7t(z, 7) denote the estimated reward gap
between arm i and j of the agent m and server in round ¢, respectively. Furthermore, we let o}/, (k) and awr . (k) denoting
the exploration bonuses of the agent m and server, respectively. Moreover, we define the reward estimator of arm k of the
agent m and server as fi,, (k) and jiser (k), respectively.

Remark 3 (Global and local data in the federated MAB). By the design of Algorithm[l} the total number of times arm k has
been pulled till round t satisfies TPV (k) = Tser+ (k) + Zm L T105 (k), where Tyt (k) denotes the number of observations

on arm k that has been uploaded to the server and Z Tl"C (k:) denotes the total number of observations on arm k that
agents m = 1,2, ..., M have not uploaded to the server Bestdes, as Tp, 1 (k), Ym € M,k € Ais downloaded from the

server in some round earlier than t, we have T, (k) < Tser(k), Vk € Aand Zszl Tt(k) < 25:1 Tser (k).

Detailed proof for the first two components are given in the following two subsections.

B.1 UPPER BOUND COMMUNICATION COST C(7)

Lemma 1 (Communication cost). Following the setting of Theorem(] the total communication cost of FAMABPE can be
bounded by

C(r) < 2((M +1/7)logy 7).

Proof of Lemmal(l] The proof of this Lemma can be divided into two sections, in the first section, we would divide the
sample complexity 7 into log, 7 episodes, then we would analyze the upper bound of the communication number of all
agents in each episode. We define

K
ﬁ:min{te K +1,7), > Toeralk >2i}
k=1

and the set of all rounds into episodes i as { 7;, T;+1, ..., Ti+1—1}. According to the definition, we have Zszl Tser (k) <,
and thus

K
max{i > 0} = log, (Z Tsem(k)> < log, 7.

k=1

We then prove Vi > 0, from round 7; to 7;11 — 1, the communication number of all agents can be bounded by M + 1/~.
We first define the communication number of agent m from 7; to 7,1 — 1 as NV,,, the sequence of communication round of
agent m from round 7; to 7;41 — 1 as 7", ..., t}(}m, the communication number of all agents as L and the sequence of all
communication rounds from round 7; to 7;41 — 1 as t; 1, ..., t; .. According to the communication condition (line 11 of
Algorithm[I), we have Vm € M, j € [Ny, |

K K
S (T (B) + T (1)) > (L4 2) D Ty (R)
k=1 k=1
X X (15)
S T 09> 73 T
k=1 k=1
Then, Ym € M, j € |N,,|/{1}, we have
K K K
ZTTlrf(’;"(k/’) > WZTm,t'J’.”(k) > ’YZTSET,ﬂ (k) (16)
k=1 k=1 k=1
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> 7T; when j € |N,,|/{1}. The above inequality implies

The inequality holds due to Ty, (k) = Tp" (k) and 17",

Mt
Wt >ty

K K
Z ( ser tlz - Tser7ti,l—1(k)> 2 Z (Tser,ti,zfl(k) + Tvlvff o ” ) ZTseT tii— 1

k=1 k=1

K
= Z T,,l;L)fchl Stil (k)

k=1

K

Z Mty 1o ti, L

K

> Z Tser, T (k).
k=1
. M
Finally we canbound L =" _| N,
K L-1 K
Z ( ser, Tit1— 1 ) Tser,'ﬁ, (k)> = Z (Tser,tMJrl(k) - Tser,ti’l(k)>
k=1 lzljwkzl p (17)
Z Y Z (Nm - 1) ZTseT,Ti (k)
m=1 k=1

The last inequality holds owing to and . With the definition of the episode, we have Zszl Toer,7isr—1(k) <

2 Zkl,(zl Tser,7: (k). We can then rewrite equation as

M
M+1/y> Y Np=L

m=1

Due to one communication including one upload and one download, the communication cost in one episode is at most
2(M + 1/~) (following the definition of ). We can then bound the total communication cost

C(r) < 2((M + 1/7) logy(7)). as)

In the light of (I8), setting of the Theorem [T]and (22) (the upper bound of the sample complexity 7), we can bound the
communication cost

C(t) = O(KM). (19)

O

B.2 UPPER BOUND SAMPLE COMPLEXITY 7

Combining the breaking condition in Algorithm! (line 14~16), and the definition of B(7), we have
€ Z B( ) A@(’T( -ser Q(’T) _|_ /8967‘( 367").779_67').

Let’s first consider the case when the empirically best arm on the server side is not the optimal arm, i.e., is¢, - # k*. By the
definition of jser -, We have

Aser,‘r (jser,‘rv Z.ser,‘r) + ﬂser,‘r (iser,‘ra jSGT‘,T) Z ASGT‘,T(k*v Z.ser,‘r) + aé\/g[r’q- (iser,Ta k*)
Recall that k* = Iser, 18 the empirically best arm. Therefore, we have
€> Ager (k5 k) + oM (k* k%) > A(K*, k),

SET‘T(

where the second inequality is due to Lemma[2]below (proof of Lemma2]is at the end of this section).
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Lemma 2. Following the setting of Theorem(l| we can establish the exploration bonuses

K
2 4K 2
M —
=\ 7y s (5 (0020 2 T

K
2 4K 2
aé\gr,t(k) =0 T t(k) IOg ( ( + ’YM E Tsert ) )
ser, =1

forallt € [K +1,7], k € A, and the event

1= {Vk € AVt € [K+1,7], |fim,,t(k) — (k)| < By t(K), |fisert (k) — p(k)| < aMt}
We have P(Z) > 1 — 6.
Furthermore, if i5cr: = k*, we have € > A(k*, ];3*) = 0. The discussion above implies k* output by FAMABPE satisfies the
(€, 0)-condition (T).

We now continue to bound the sample complexity 7. First, we need to establish Lemma [3] below, which upper bounds
Tser,(k), the number of observations on arm £ that is available to the server at 7.

Lemma 3. Under the setting of Theorem|l| if event T happens, we can bound

202 log (4K((1 + My) L Ter T(S))z/(?) al
— i + ’}/MZTSST,T(S)a vk € A.

Tser,‘r(k) S 2
max (% E) st

With Lemma 3] we have

K 202log (4K((1+7M)ZS 1 Tserr(s ) /5) K

K
Z ser, 'r Z + ’}/KM Z Tser,'r(s)
k=1

N 2
k=1 max (%7 6) s=1

K 202 log (4K ((14+yM) Y5 Toerr(s) 2/5
S1_71KMk_1 ( ( : ) )

A(k* k)+e )2
— €

max ( 3

2
_1 o Ers (45 (1 +420)7) /o)
=~ — . 2
1=9KM (= max (%, e)

The last inequality is due to Y, Tuep ¢ (k) < 7 (Remark | Based on the relation between 7, Y _ S T}e< (k). and
Zszl Tserr (k) (Remark, we have

K

=Y TEk) =

k=1

M K
Taerr (k) + > Trc (k)

1 m=1 k=1

WE

=~
Il

M=

< (1 +AM) Y Ter (k)

>
Il

1
1+~M K 20?log (4K((1+7M 7)2/6> (20)
_1—’yKMk f max(A(k* ,5)2

2
_ 1+M HM910 4K(1+7M T)
T 1 _AKM e 7%
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where the first inequality is due to Lemmafd] the second inequality is due to the inequality we established above, and the
third is by definition of HM.

Recalling that in Theorem we suppose v = 1/(2M K). Let 7/ be a parameter that satisfies

_MAYCE) g <4K((1 + 1/(2K))T’) )

r<r
= M—1/2 5

where the equality is owing to the definition of the + and . Due to the fact that \/z > log(z) holds when 2z > 0, we have

e MY gy <<4K(1 + 1/(2K))T/)2>

= M — 1/2 51/2
M+1/2K) _ \/4K(1+1/(2K))7—/
< MELICE) oy 1 @1

M+1/2K) o \4K(1+1/(2K))
<|\—————F—FH"4)| ———————
—1/2 61/2
We define the last term of (21) as A. Then based on (20) and (21)), we can finally get

2
r M3 1/0CK) +i/1(ff> HM2log <4K((1 : 1(5/(2K))A> ) 22)

where

(M A1/2K) |\ 4K+ 1/(2K))
A_( M—1/2 A 4> 5172

Lemma 4. Following the setting of Theorem we have Vt € [K + 1, 7]

K
ZTsert >1/72T7l7?:t
k=1

Proof for Lemma[2} Lemma 3} and Lemma[d| In the following paragraphs, we provide the detailed proof for the lemmas
used above.

Proof of Lemmad} For every round ¢ € [K + 1, 7], if the agent m; communicates with the server at round ¢, we have

K
ZTsert >1/’YZT1{&Ct
k=1

The inequality holds by line 19 of Algorithm [T}

Else, according to the triggered condition of Algorithm [I] if agent m; does not communicate with the server in round ¢, we
have

K

M=

Tyt (k) + Tyt (k) < (1 +7)

K K

STTle (k) <4 Ty (B).

k=1 k=1

Tmmt(k)
k:l

>
Il
—

With the fact that Zszl Tt (k) < Zszl Tsert(k) (Remark , we can finally get

K

K
D Tta (k) 73 Tuera(k)
k=1

k=1

Here we finish the proof of Lemma 4} O
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Based on Lemma] we can prove Lemma 2] as shown below.

Proof of Lemma[2] Due to fin,, (k) and Tp,, +(k), Vk € A, t € [K 4 1,7] are all downloaded from the server and they
would remain unchanged until the next round agent m; communicates with the server. This implies V¢, € [K + 1, 7], there
exists a to € [K + 1, 7] which satisfies

a%tl,tl (k) = aé\/elr,tg (k) and [)’mtlxtl (k) = /:Lser,tz (k)7 Vk € A.
Hence, we can derive

P(I) = P(Vk €AVt € [K+1,7], |fisert(k) — p(k)| < Otﬁfr,t(k)) (23)

We define Z¢ as the contradicted event of Z. Utilizing the union bound, it can be decomposed by

K T
PIY<> Y P(ﬂse,«,xk) <)|>asm<k))- 24)

k=1t=K+1

With the help of the Hoeffeding inequality (Lemma|[T3)), it has

P(mser,t(k) <>|>asm<k>)sfa 2L (B Tocr (0)/20°

o108 (4 (149w SIL, Toeri () )

5 (25)
4K((1 + ’}/M> Zle Tser,t(k))2
6
S IKke

The first equality is owing to the definition of ., (k) and the last inequality is owing to ¢t = Zk .SeTt( ) +
i

Zm 1 Zk VTS (k) < (1 + yM) Z,[f:l Tsert(k) (Lemma ' Substituting the last term of into
finally bound

), we can

D> P (1620 - ] > ol 1)) <5

k=1t=K+1

and P(Z) = 1 — P(Z¢) > 1 — 6. Here we finish the proof of Lemma 2} O

Before proving Lemma [3] we first need to establish Lemma 5] below.

Lemma 5. We define ke in round t € [K + 1,7] as ksere = argmaxpe s, , joon.} @0 (k). Following the setting of
Theorem. if event T happens, we can bound the index B(t) as

B(t) S min (07 7A(k*a kfer) + 4ﬂser,t(kser,t)) + 2a§(1r t(kser,t)- (26)

Proof of Lemma@ This proof follows the idea of |Gabillon et al.|[2012]]. Consider the case when %4, ; = k¥, we have

( ) = A (jser,ta iser,t) + a%r7t (iser,hjser,t)
< A (jeer ts Z'ser t) + 20‘%7-71}(]%67",0
S A(]ser ty Zser t) + 4a55r t(kser,t) (27)

= _A(k 7.]S€T,t) + 4O‘ser,t(k367ﬂt)
_A(k*a kser,t) + 4aé\/c{r,t (kS€T7t)7
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where the first inequality is owing to the definition of k., ; and the second inequality is owing to the definition of the event
Z. Then, consider the case when jse,; = £*, we have

B(t) = ASGT,t(jser,ta iser,t) + @%m (iser,tvjser,t)

ser,t(jser,ta iser,t) + QOL(Jg\zrvt(kser,t)

IA
>

< —Asertlsers isert) + 2000y 4 (Ksert) 28)

< —A(fserts isert) + 40, (kser,t)

= —A(k™,iser,t) + 4aﬁ‘§r7t(kser,t)

< —AK* kgery) + 402l (Kser),
where the second inequality is owing to the definition of the 74, ; (line 13 of Algorithm |I[)
Combine (27) and (28), it yields

B(t) < Ak, ksers) + 40l (Fsers), (29)

when gy = k¥ O jsery = k*. Furthermore, due to B(t) = Asem(jsem, Gsert) + O‘i\gr,t(jsehtv iser,) and

Agert(Gseritrisers) < 0, we can derive B(t) < o (sertsisert) < 2020 (Ksert). In the light of , we can fi-
nally get

B(#) < min (0, AR kgers) + 2a§§r7t(ksm)) +20M  (ksers). (30)

ser,t

We further consider the case when is¢, ¢+ 7 k* and jser+ 7 k*, then we can derive

B(t) = Aser,t(jser,ta sert) + aé\gryt(iser,t,jser,t)
< A(Jsertsisert) + zaé\/e[r)t(iser,tajser,t)
= A(jserts k%) + A" isert) + 2008,  (iserts Jser,t) a1
< A(fsert, k) + 3aé\gr,t(iser,tajser,t)
< A(fserts k) + 60, (Ksert)

. M
_A<k*7 ]ser,t) + 6aser’t(k'ser7t)a
where the second equality is owing to A(isert, Jser,t) = Aliserts k*) + A(K™, jser,t) and second inequality is owing to
aé\é{nt (isentvjser,t) 2 Aser,t (jser,ta Z'ser,t) + aé\é{nt (iser,ta jser,t)
A . M -
2 Aser,t(k*a Zse’r,t) + aser,t (Zser,ta k*)
2 A(k*7 iser,t)'

Similar to (3T), we also can show

B(t) = Aser,t(jser,t, lsert) + aé\gr,t(iser,tvjser,t)
< aé\/elr,t(iser,tyjser,t)
<~ AR isers) + Buera (K dsers) + ai\gr,t(k*v Gser,t) + O‘ggr,t(iser,tvjser,t) (32)
< —A(K*isert) + Asert (Jsert isert) + a%ryt(jser,t, isert) + ai\gm(isemhjsem)
< A ere) + 402, ().

The second inequality is due to the definition of the even 7 and the third inequality is due to the definition of the jgse, ;.
Combine (3T) and (32), it yields

B(t) < _A(k*7 kse'r‘,t) + 6a£g7-7t(kser,t) (33)

when ise, s # k* and jserr # k*. In the light of , we can finally get
B(t) < min (o, —AK kserst) + 4a§§r’t(kser,t)) + 2047, 1 (Kser,t)- (34)
Combine (30) and (34), then we can finish the proof of Lemma 2] O
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Proof of Lemma([3] Suppose agent m communicates in round ¢, and ¢, then from round ¢ € [t; + 1, t2], owing to fi,, (k)
and T}, +(k) remain unchanged, k., ; would not change either (we highlight this knowledge in Remark ??). We define at
round ¢;, # T, an agent m communicates with the server and kse, +, = k, Vk € A (the definition of the k., ; is provided in
Lemma EI) And after round ¢;, when any agent communicating with the server, k., # k. This implies

K
Tser,‘r(k) <Tm ik +1 ZTserT
s=1
X (35)
= ser,tk Z Tser 'r
s=1

The inequality holds due to for ¢ € [t;+1, 7], ¥m € M would upload Tf,fb’ct (k) > 0 to the server at most one time (according
to the definition of ;) and T (k) < S5 T4 (s) < 4 S| Tuer 1 (s) according to ¢ < 7 and the Lemma

We would further bound Tsey ¢, (k) = Ton ¢, +1 (k). According to agent m sets kger ¢, = k and the definition of the breaking
condition (line 14~16 in Algorithm [I]), with Lemma[5} we can derive

e < B(tg)
: (36)
< min (0,~A(K", k) + 402l (k) + 202, , (k).
Substituting (@) (the definition of aser ¢, (k)) into , we have
202 log (4K (1 +72) S, Tuerr, () 5)
Tser,tk (k) S N 2
max (% e)
With and t;, < 7, we can finally bound T, - (k), i.e.
202 log (4K((1+7M) Zf Tser (s )) /5) K
TSET‘,T(k) < ) +yM ZT‘?GT,T(S)'
A(k* k) +e -
e (A1)
Here we finish the proof of Lemma 3] U
C PROOF OF THEOREM
Recall that the upper confidence bounds of the agent 7 and server are defined as v, ¢ (7, ) = [|y(4,7) ||y~ Chm,¢ and
-

ok, (i,5) = lly(i.j) =1 Ciser,, respectively. The estimated model parameters of the agent m and server are denoted as

émyt and ésem, respectively. Besides, we also provide the Remarkto specifically illustrate the relationship between some
most important data used in the proof of Theorem [2]

Remark 4 (Global and local data of the linear case). Due to the transmitted data in the linear case being more complicated
than the data in MAB. We here provide new notations to clarify the relations between global data and local data. The
following matrix and vector denote the global data

Va” AL+ mes sxr—; s Vse'r,t + Z Vir?,,ctv

s=1

¢ M
1 !
b = X sTmas = boere + Y i,

s=1 m=1

t
Ttall Z = mg,s} - sert Z TloC Vk € A
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We define Ny, ; as the final round when agent m communicates with the server at the end of round t. The collected data of
agent m that has not been uploaded to the server is provided as follows

t

loc T
V.o = § I{m, = m}xms,sxms,sa
§= N771,t+1
t

biyipt = Z Il{ms = m}XmS,srms,s
$=Np,¢++1
t
TR = Y M=k =k} VEE A
$=Np ++1

Similarly, the data that has been uploaded to the server yields

M N7nt

Viery = A+ Z Z I{m, = m}xms,sxr—zs,sa

m=1 s=1

Nt
sert - § E ]l{ms - m}xma,srms,s

m=1 s=1

M Nm,t

Toera(k) = Y U{my =m b=k, o}, ¥k € A.

m=1 s=1

According to the communication protocol, the local data of every agent m € M can be represented by
Vit = Vser,N,.or Pt = Bser,N,, o0 T (k) = Tser,Nm,t(k)v vk € A.

Accordingly, we have V,,, ; < Vi, s and Zle Tt(k) < Zle Tsert(k), Vt € [K +1,7].

Proof sketch of Theorem[2] The proof of Theorem [2]also consists of three main components, i.e., a) the sample complexity
7; b) the communication cost C(7); ¢) the estimated best arm satisfies Eq . Specifically, to upper bound the total
communication cost C(7), we utilize the property that the agents communicating with the server when at least one of the
two events (line 11 of Algorithm [2)) is trlggered (Lemmal6). To upper bound the sample complexity 7, we first establish the
relationship between ) ;" , Ser,t( ) and Z el TloC > (k) and the relationship between V., ; and Vl"C based on the hybrid

event triggered strategy (Lemma@) Then, we design the exploration bonuses by Zf 1Tt (k) Vi, 1, Z b1 Tsert(k)
and V¢ (Lemmal(7). Furthermore, we bound the matrix norms ||y (i, j)|ly,-: = and [y (i, )lly,—2 L Vi,j € Abased on

the arm selection strategy (Lemma. Combine these knowledge, we can bound Tser 7-( ), Vk G A (Lemman and '

Finally, utilizing the knowledge of Remark we can bound 79 (k), Vk € A, and 7 = S, T4 (k). Similar to the MAB
setting, the guarantee on finding the best arm directly follows the property of the breaking index, i.e., if B(7) < ¢, then
A(k*, k*) < e with probability at least 1 — 9.

C.1 UPPER BOUND COMMUNICATION COST C(r)

Lemma 6 (Communication cost of the hybrid event-triggered strategy in Algorithm [2). Under the setting of Theorem|2} the
total triggered number of the first event (line 11 of Algorithm[2)) can be bounded by

(M +1/)dlog, (1 +3 d) 37)
and the total triggered number of the second event can be bounded by

(M +1/72)logy (7).

The total communication cost can be bounded by

() < 2(<M+ 1mdiogs (14 57 ) + (4 + 1/72>log2<r>>.

21



Proof of Lemma[6] The triggered number of the second event can be bounded by Lemma[I] Besides, we can bound the
triggered number of the first event similar to|He et al.|[2022]. The proof of also can be divided into two sections, in the
first section, we would divide the sample complexity 7 into log, (1 + 7/Ad) episodes, then we would analysis the upper
bound of the triggered number of the first event in each episode. We define

T; = min {t € |7], det(Viyers) > wd}
and the set of all rounds into episodes {7;,7; + 1, ..., Ti+1 — 1}, Vi > 0. By the Lemma we can bound

det(Vier.r) < A (1+ m)d

Accordingly, the number of the episode can be bounded by
) det(Vger.r) T
> = ——= | < — .
max{i > 0} = log, ( d ) < dlog, (1 + )\d)

We then prove Vi > 0, from round 7; to 7;+1 — 1, the triggered number of the first event can be bounded by M + 1/~,. We
first define the number of agents m triggers the first event in 7; to T; 11 — 1 as N,,,, the sequence of agent m triggers the first

eventinround 7; to 7;41 — 1 ast7", ..., t}; , the number of every agent triggers the first event in 7; to 7;41 — 1 as L and
the sequence of the first event be trlggered in7;toTiy1 —1last;q,...,t 1. According to the definition of the first event, we
have

det(Vin, e + VI ) > (14 71)det( Vi, ¢).

Then, Vi € M, j € |N,,|/{1}, we have

det(Vger 1
det(Vse’r,'Ti _'_V’lr;)lc W) > M
g

det(Vim, e VZOC m) 2 (1 det(Vser, 7 38
= det(V,W;_n) et( Tt mt7 ) > (14 1)det( ) (38)

The inequality holds due to Vj € [N, |/{1}, Vser,7s = V¢ and Lemma|l5| The above inequality implies Vt;,; > t;mi !

det(vseﬁti,l - VS@T,ti,lfl) = det(VS€T7tz‘,lf1 + Vﬁ”g,fb . ,tu) - det(v‘%?ﬁti,lfl)
> det(Vser,7; + Viﬁf Lt ,) — det(Vser,7;)
> ydet(Vser, 7).
The first inequality holds is owing to Lemma[T6]and the last inequality holds is owing to (38).

Finally we can bound L = Zﬁle N,

L-1

(det ser,ti 141 ) det(VSET,ti‘l ))
=1

det(Vser,T,;_Hfl) - det ser T

~

o (39)
> Z 1)det(V er. 7).

Due to the definition of the episode, it has 2det(V ser,7;) > det(Ver 7., —1). We can rewrite equation (39) as

M
M+1/m1 > Z N,
m=1
We can then bound the total triggered number of the first event by

(M + 1/75) log, (1 n m)
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Due to the communication would happen when at least one of the events is triggered, the total communication round is
smaller or equal to the triggered number of two events. Hence, the total communication number from¢ = K +1tot =7
can be bounded by

(M +1/)dlog, <1 + é + 71/d>.

Furthermore, due to one communication includes one upload and one download, the total communication cost can be
bounded by

C(r) <2 ((M + 1/v1)dlog, <1 + /\d> + (M +1/72) log2(7)>. (40)

With (@0), @4) (the upper bound of the sample complexity), and the setting of Theorem (Z)), we can bound the communication
cost

e(r) = O(max(2MK, MQ)).

Here we finish the proof of Lemma 6] O

C.2 UPPER BOUND SAMPLE COMPLEXITY 7
Combine the breaking condition of the Algorithm (line 14~16) and definition of B(7), we have

€> Aser,r(jser,-r: iser,r) + aﬁer’T(iSET‘,TﬂjSE’I”,T) = B(T)

Let’s first consider the case when the empirically best arm on the server side is not the optimal arm, i.e., 5, - 7# £*. By the
definition of the j,¢, , we have

Aserir(Gserirsisere) + Qhepr(iserrs fserr) 2 Dyeryr (K isers) + @by (isera k).
Recall that k* = iser,r 15 the estimated best arm. Therefore, we have

€ > Ngerr (B k%) + k(K" k%) > AR k),
where the second inequality is due to Lemma([7]below (proof of Lemmal[7]is at the end of the section).

Lemma 7. Following the setting of Theorem[2] we define event

={WdeANﬂﬂK+LﬂdﬁmALﬁ—A@JHSaﬁﬂ@ﬂdﬁmﬂuﬁ—AwdﬂédaMJ%

where
2 ( + 72 M) ngl T, e (k) o
\/2 M+ /1 dl - = iz 1
mt, ( i + +71 U\/ 0g (5 mln(vl,l))\ ||y(Z"])||th,t
— " 2 M) S Taera(K) -
2v M 1 It = = : 1.
sert Z .7 < et + +'71 U\/d 0g 5 mln(’yl,l))\ Hy(z?j)HV567~,t
We have P(T — 0.

Moreover, when i, » = k*, we can trivially derive A(k*, l;:*) = 0 < e. The above discussion implies k* output by
FALinPE satisfies the (e, §)-condition (1)).

We now continue to bound the sample complexity 7. First, we need to establish Lemma [§] below, which upper bounds
Tser(k), the number of observation on arm k that is available to the server at 7.
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Lemma 8. Under the setting of Theorem[2]and event I, we can bound

p(y (7, 5))pi(y (i, 7)) o

K
Tser,r (k) < max err T "YQMZTSET’T(S)7 vk € A.

iJ€A max (A(k*?;i)+e7 A(k*?;j)-i,-e 7 6)2 s p
With Lemma 8] we can derive
K . . K
ply (i, 3))pi (y (i, 5)) 2
TS€T7T(1€) S ma‘x * * 4 Cse'r‘ T + 72KM TSGT;T(S)

1 = ply
< max
T 1= KM f~ijeA max (A

IE IPiy(9) e

+€ A(k*,j)+€ 2 ser,T°
5 €)

Furthermore, based on the relationship between 7 and Z 11 Tser,r (k) (Remark , we have

K
T:ZTSGTT +ZZTlOC
k=1

m=1 k=1

K
< (1472M) Y Toer (k)
e “41)
K o .
1+72M Z PP (T)
QKM — ,jeAmaX(A(k*?;i)+e,A(k*?;j)+€,6)2 ser,T
1+ M

L 2
= HLc
I_VQKM ser,T

where the second inequality is owing to the inequality we establish above and the last equality is owing to the definition of
HE.

Recalling that we suppose y1 = 1/(M?), 72 = 1/(2MK) and 0 < X < o2 (/T + 71 M + \/ﬂM)2 log(2/6). We first
need to decompose Cer -

Cuerr = VA + (\/i + H)Q <a dlog (? (1 s I/QK)A)/AZ/ZK” Tser’T(k)»)
(T B e )
< 2<ﬂ+ m) <a dlog (%) + dlog <1 L as 1/<2K>A>/Az4§_1 TWuf)))
< 2<\/§+ H)2<a dlog (%) + dlog <1 + W))

The first inequality is owing to the definition of A and the last inequality is owing to Zszl Tser (k) < 7. Substituting the
last term of (#2) into {T), we have

T < W(\/ﬁﬁ- m)2H€L402d<1og (%) + log (1 4 W))
b= W(ﬁ“‘ m) 2H€L402dlog (%)
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Let 7/ be a parameter satisfies

o< g = MUK <\/§+ 1+ ]\1/[>2H6L402d10g (1 Ly L@E)T 1/(2[())7/) +T

s Il
SW(@.;_ 1+]\1/[> Hf402d\/1+m)1\;](\3[§))71+r'

We can further derive

2 /
ﬁSM“/(QK)C@JM/HAZ) H5402d\/1+(1+1/<2K))T+FZA, 43)

M—1/2 A/M?

In the light of (43)), we can finally bound 7 by

2 2
TSW(\&—F\H—FAZ) Hf402d\/1+(1—i_1\//g\2/[[2(>)/x+1". (44)

Lemma 9. Under the setting of Thoerem 2] and the communication strategy of line 11 in Algorithm 2} we can derive

Viere = (1/m)VES, Vm e M, t € [K +1,7]. (45)

m,t’
Furthermore, following the results of Lemmald} we can also derive

> Teeri(k) > (1/72) Y T4 (k), Vm e M, t € [K +1,7]. (46)

K K
k=

1 k=1

Proof for Lemma[7, Lemma 8} and Lemma 9| In the following paragraphs, we provide the detailed proof for the lemmas
used above.

Proof of Lemma([9] The proof of (3)) is similar to the proof in [He et al] [2022]. Suppose the last round of agent m
communicates with the server is ¢ and the first event is triggered. Then, we can trivially derive

Vse'r‘,t =0 = yloe Vit € [K—F 1,7‘].

m,t)

Otherwise, according to the definition of the first event, we have

det(V ¢ + V) < (14 7y1)det(V,, 1)

m,t

Based on the Lemma[I7] we have

s GtV V) IR v IR IR
"= — 2 - = :
det(Vip 1) S I

and
Ve = (/) VS

With the fact that Ve = V,,, 4, Vt € [K + 1, 7], we can finish the proof of @
The proof of [€)) is similar to the proof of Lemma} Combine the two results and we can finish the whole proof of Lemma
o O

Based on Lemma(9] we can prove Lemma([7]as shown below.
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Proof of Lemma[]] Following the same argument of Lemma|[5] we only need to proof
P(I) = ,P<VZ?.7 S .A,\V/t S [K + 177-]7 |Aser,t(i7.j) - A(Z7j)| S asLer,t(i?j)> 2 1- 6

Decompose |Aer. 1 (7, 7) — A(i, §)|, we have

|A(7’aj) - Aser,t(i,j” = |y(7’aj)—r0* - y(iaj)—réser,t|
= 1y(i,5) (8" — Bscr)]
< Hy (%] HV 1 ||0* eser,tHVsey-,t-

ser,t

Hence, according to the definition of the asem(i, j), we can derive
P(T) = P(t € [K +1,7), 10" = Oertllv..,, < Coor) (7)
and only need to proof

P(Vt €K +1,7], 10" = Ouentllv.... < cm,t) >1-06. (48)

We first discompose [|[0* — @

107 = Oserillv.... = 107 = Vi baerillv....
N,

t
= Vse]’;‘ t ((Vser,t + Z ]l{ms = m}xm sTm, s)
m=1 s=1 Viert
M Nmt
= -0+ /\VeeitO* eert Z Z L{ms = m}xm, sThm,s
1 s—1 Vser,t
M Nmt

= AV O v+ [Vichs 3D 1y = mdxn s

m=1 s=1

t M t
= Al6" HV—1 + Hvsert<zxm575nms,s - Z Z {ms = m}Xm,snm.,s)
s=1

m=1s=N,, ++1

Visert

‘ ser,t

)
ser,t

t
—1
S \/X + HVSET,t mes,snms,é
s=1

+HV5_67t Z Z L{ms = m}Xm,s0m,s

m=1s=Np, +1
A r

(49)

where the last inequality is owing to Vs, ; >= AL We further decompose term A and I'. Based on the Lemma we have
Vte [K +1,7]

21+ /)
—— U\/dlog (f) (50)

t
H § Xmg,sThms,s
s=1

holds with probability at least 1 — §/2. With a union bound and utilize the self normalized martingale again, it holds that for
eachm € MandVt € [K + 1, 7]

- < 0\/dlog (—2(1 + t/(vl)\))) (&2))

t
H ]l{ms = m}xm sMmyg,s

E 55 s AL Vioe ) 5
$=Npo+1 (71 AI+ m,t

holds with probability at least 1 — §/2.
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According to the Lemma@and , Vt € [K + 1, 7], A can be bounded by

Hvsert § Xms,sTIms,s

:H§ Xmg,shms,s
s=1
t
S\/ 1 +'}/1MH E Xmg,sNmg,s Vit
s=1 t

1 +71M(0\/dlog (Q(H(SW)))

with probability at least 1 — ¢ /2. The first inequality holds due to Lemma@and the last inequality holds according to .
Besides, in the light of (51), V¢ € [K + 1,7], T can be bounded by

Vser,t

-1
ser,t

(52)

Hvser t Z Z L{ms = m}Xm,s0m,s

m=1 s= Nmt+1 Vser,t
M t
S DIRD SRR S
m=1 Ssz,t+1 ser,t
M t
< Z H Z ]l{ms = m}x'rns,snms,s V-l (53)
m=1 SZN,,”,tJ,»] ser,t
M t
VI S| S tm = mbx s

m=1 s=N,, ¢++1 (Vi’g’ctJr’Yl)\I)_l
- S=IVm,t

<\ M (0\/d10g (—2<1 + tg(w»))

with probability at least 1 — §/2. The second inequality holds is due to ¥m € M

1

Vser,t i -

’Yl

Vit SV - )\I+ Vloc
2 ser,t 2 ser,t 2

loc
m,t

Combine , and , due to the server or the agents can not directly derive ¢, we can utilize (142 M) Zle Tser (k)
to replace ¢ and the above inequalities still hold. We can finally get V¢ € [K + 1, 7]

0%~ Brertllv.nr < VA+ (VENM + VIF 710 <U\/dlog <§ (1 L LMY, Tm,tw))))

min(yy, 1)A

holds with probability at least 1 — . Combine this with (@8)), here we finish the proof of Lemmal[7] O

Before proving Lemma|8] we first need to establish Lemma[I0]and Lemma [T T] below.
Lemma 10. Following the setting of Theoreml Vt € [K + 1, 7], The matrix norm ||y (i, j) ||V 1, can be bounded by

Iy Gl < \/ ’. . andllyw lvzr, \/ o VZJGA (54)

where
T, +(1,7) = min T, (k) /i (y(i,
i) = min T )iy () -
Tser,t(ia]) = min Tser,t(k)/pZ(y(Za]))

keA, p;(y(i,g))>0
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Proof of Lemma[I0} According to the Lemma 2 of Xu et al.[[2017]], the optimal value of (i.e., p(y(i,7))) is equal to
the optimal value of

st y(i,5) =Y wexy (56)

Zpkzla pk>07 kaRa
k=1

foralli,j € A.

Due to V,,, ¢ and Tpy,, (k), Vk € A, t € [K + 1, 7] are all downloaded from the server. This implies V¢, € [K + 1, 7],
there exists a t2 € [K + 1, 7] which satisfies

thl’tl = Vser,tg and Tmt17t1 (k) = Tser,tg (k), Vk‘ S .A

Therefore, we only need to prove the second inequality of (]S_ZI) We can decompose the covariance matrix Ve, =
A+ Z,[le Teer.t(k)x1x; . We define the auxiliary covariance matrix as Vo, ; = A+ Zszl Tsert (i, 5)pi (v (i, ) XX,
From (33), we have

Tsert (1, )P (¥(,5)) < Tsers(k), Vk,i,j € A
which implies Vyer; < Ve s and
¥(i:0) Vi (i:0) < y(0.5) V300 0), inj € A.
We then bound y (4, j )Tv;lmy(i, 7), according to the KKT condition of , we have the following formulas

N 1. . .
wk(y(zvj)) = ipk(y(zvj))xg€7 Vkﬂ'a] S A

K
> Py (i.g)xixie, Vi, j € A,

k=1

y(i,j) =

N |

where £ € R¢ corresponds to the Lagrange multiplier. Hence, we can rewrite y (7, j )TVS_EIT .y (4,7) as

¥ (i,5) " Viery (i, 5) <Zpk XkaT€> wt(ZPk XkaT€> (57)

Besides, based on (56), we can rewrite p(y (i, j)) as

ity (i) 1T (5
oy, )) = 30 e VI, (Zp;; Y e (%)
2 iy (i) >
In the light of l) and lb we can bound y(i,j)T\N/';;’ty(Lj) — p(¥(4,7))/Tsers (i, j) with O
Tt o o P 9))
%, Vser %, B R
y(i,7) oY (6:7) Tors(i))

1 K A4 K
% . ser,t *
= T((mez,j»mz)—T tm) o (Zm y(i.) xm)
ser, k=1
/\ K
V(o )

<0.

The second equality holds due to the definition of the \756”, and the last inequality holds due to A > 0 and the definition of
the positive definite matrix. Here we finish the proof of Lemma [I0} O

28



Lemma 11. Under the setting of Theorem[2|and event I, Vt € [K + 1, 7], B(t) can be bounded as follows

B(t) S min (O, —max (A(k*, iser,t)y A(k*vjser,t)) + 20‘567”,75 (%er,tvjser,t)) + O‘ﬁer,t (iser,ta jser,t)-

Proof of Lemmal[I1] This proof is similar to the proof of Lemma 3} According to the definition of the event Z, consider the

case when i,., ¢ = k*, we have

B(t) = Aser,t(.jser,ta Z'ser,t) + O‘fer,t (iser,tvjser,t)
S A(jser,tv iser,t) + 2a£5r,t(7;ser,tu jser,t)
= _A(k*ajser,t) + 20‘£er,t (iser,tvjser,t)-

Consider the case when jge,: = k*, we have

B(t) = Aser,t(jser,ta iser,t) + asLer,t (iser,tvjser,t)

IN

A . . L L .
_Aser,t (]ser,ty Zser,t) + aser,t (Zser,t’ ]ser,t)

IN

7A(jser,t7 iser,t) + 2a§er,t (iser,ta jser,t)

—A(k’*, iser,t) + Qager,t (iser,tvjse'r,t)a

where the first inequality is owing to Asem( Jsertsbsert) < 0.

Combine (59) and (60), it yields
B(t) S min (07 — max (A(k*a Z‘567“,75)7 A(k*vjser,t)> + OésLem (iser,t; jser,t)) + aﬁgr,t(iser,tajser,t)

when ige, ¢t = K OF joert = k™.

Consider the case when ig¢, ¢ # k* and jger: 7 £k, then we can derive

B(t) - Aser,t (jser,fm iseT,t) + a£577t(iser,t7jser,t)
< A(jser,t; k*) + A(k*7 iser,t) + 2a£er,t(iser,tv jser,t)
A(jser,t; k*) + 3a§er,t (iser,t7 jser,t)

—A (k* s jser,t) + 3asLer,t (iser,t , jser,t)

where the second inequality holds is owing to

aSLervt (iser,tyjser,t) 2 Aser,t(jser,ta 7:ser,t) + Oéger,t (iser,t; jser,t)
2 Aser,t(k*7 iser,t) + asLer’t (iser,ta k*)
2 A(k*7 iser,t)~

We also can show

B(t) = Aserit(seras isert) + aﬁer,t(iser,tajser,t)
< O‘sLer,t(iser,ta Jsert)
< AR dser) + Aservt(k*> isert) + asLer,t(k*v iser,t) + aﬁer,t(iser,njser,t)
< —A(K" isert) + Aser,t (Jser,ts tsert) + aﬁer,t(iser,t,jse,«,t) + asl?er,t (iserts Jsert)
< —A(F isent) + 2a§er,t(iser,tajser,t)~

The second inequality is due to the definition of the even Z and the third inequality is due to the definition of jse, ;.

Combine (62) and (63), it yields
B(t) S min (0a _A(k*7 kser,t) + 2a£er’t(ise'r,tajser,t)) + aﬁer,t(iser,h jser,t)~

Combine the (61)) and (64), then we can finish the proof of Lemma|TT]
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Proof of Lemma([8] The difference between this proof and Lemma [3]is Algorithm [ employs a different arm selection
strategy. We define at round ¢;, # 7, an agent m communicates with the server and kg, ¢, = k, where

T, k
kser,t,C = arg min Sentk( )

ol : (65)
keA pk (Y(Zse’r,ta jser,t))

And from round ¢ € [t;, + 1, 7], when any agent communicating with the server, kg, 7 k . This implies

TS@T,T(k) STm,tk-i-l(k) + ('YQM) TseT,T(s)

M=

1

M”ﬁ

=L sert (k) + (2 M) TseT,T(s)-

s=1

The inequality holds due to for t € [t + 1,7], Vm € M would upload T} (k) > 0 to the server at most one time and
TloS (k) < 2 Zﬁil Tser - (s) according to the Lemma@

With Lemma[TT] we can derive

€ <B(tk)

) . . . . ) ) ) ) (66)
S min (0? - Il'laX(A(k 7ZS€T7tk)a A(k a]ser,tk)) + 2045Ler,tk (Zser,tkajser,tk)) + asLer,tk (Zser,tky.]ser,tk)-

We would further bound T, (k). Recalling the arm selection strategy of Algorithm when £ is chosen by agent m in
round t; + 1, this implies

Tser,tk (iser,tk 9 jser,tk) = Tser,tk (k)/p/t (isentk B jser,tk ) (67)

Recalling the definition of auser ¢, (4ser ty s Jsert, ) and substituting (54) and (66) into (67), we can derive

p(Y(zser,tk7jse'r,tk))pZ(y(lser,tk>]ser,tk)) 2
AR iser iy )te AR joerig)te 12~ Sentk
3 ) 3 )

Py ()P (7))

(A(k*,i)+e A(k*,5)+e 6)2 ser,T
3 ’ 3 )

TS@T,tk (k)

IN

max (

IN

max
“J€A max

We can finally bound T, - (k), i.e.

. . K
ply (i, 3))pi (y (i, ) 2
Tse’r T k) < - - Cse'r T M Tser T .
s ( ) }Egﬁ maX(A(k*g,l)_,’_e’ A(k*éj)+€76)2 X +’Y2 ; ) (5)
Here we finish the proof of Lemma8] O

D AUXILIARY LEMMAS
Lemma 12 (Conditionally o-sub-Gaussian noise [[Abbasi-Yadkori et al., 2011} |[Lattimore and Szepesvari, |2020, |L1 and

Wang, [2022a, He et al., 2022]]). The noise 1, + of the linear case is drawn from a conditionally o-sub-Gaussian distribution,
which satisfies

E |:€)\77mt,t

242
xm1,17 "')th,t7m13 "'amt7nm1,1a "'?nmt,t:| S eU A /2a v>\ S R (68)

Lemma 13 (Hoffeding inequality). Suppose X1, Xs,..., Xy, are i.i.d drawn from a o-sub-Gaussian distribution and
X = (1/n)>>"_, X, represents the mean, then

P(E[X] — X| > —a) < e @/20"
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Lemma 14 (Lemma 10 of |Abbasi-Yadkori et al.|[2011]]). The matrix norm can be bounded by

t
t\d
det(AI+;xms,Sx,Tw) < (/\+ g) .

Lemma 15 (Lemma 2.3 of [Tie et al.| [2011]]). For arbitrary positive definitive matrices A, B and C, it has
det(A + B+ C)det(A) < det(A + B)det(A+ C).
Lemma 16 (Lemma 2.2 of [Tie et al.|[2011]]). For arbitrary positive definitive matrices A, B and C, it has
det(A+ B+ C) + det(A) > det(A + B) + det(A + C).

Lemma 17 (Lemma 12 of|Abbasi-Yadkori et al.| [2011]]). For arbitrary positive definitive matrices A and B satisfies A >~ B,
it has

~—

I _ der(A
I3, = der(B

~—

Lemma 18 (Theorem 1 of |Abbasi-Yadkori et al.|[2011])). Fort € |t|, it has

t
15 5ot

s=1

1—&-51&/)\)

< og4/dlog (
NS D DHERE ST S

holds with probability at least 1 — 0.
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