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Abstract

Using representations learned by large, pretrained
models, also called foundation models, in new
tasks with fewer data has been successful in a
wide range of machine learning problems. Re-
cently, Galanti et al. (2022) introduced a theoreti-
cal framework for studying this transfer learning
setting for classification. Their analysis is based
on the recently observed phenomenon that the
features learned by overparameterized deep clas-
sification networks show an interesting clustering
property, called neural collapse (Papyan et al.,
2020). A cornerstone of their analysis demon-
strates that neural collapse generalizes from the
source classes to new target classes. However,
this analysis is limited as it relies on several unre-
alistic assumptions. In this work, we provide an
improved theoretical analysis significantly relax-
ing these modeling assumptions.

1. Introduction

Transfer learning is a prominent approach for dealing with
overfitting (see, e.g., Caruana, 1995; Bengio, 2012; Yosin-
ski et al., 2014). A popular approach for transfer learning
suggests to pretrain a large neural network on a large-scale
source task (e.g., ResNet-50 on ImageNet ILSVRC, Rus-
sakovsky et al., 2015), and then to train a relatively small
network on top of the penultimate layer of the pretrained
model, using the available data in the target task. In fact,
due to the impressive success of transfer learning, large pre-
trained models that can be effectively adapted to a wide va-
riety of tasks (Brown et al., 2020; Ramesh et al., 2021) have
recently been characterized as ‘foundation models’ (Bom-
masani et al., 2021), emphasizing their adaptive nature.

While foundation models are intended to be generic and
widely adaptive to downstream tasks, when some specifics
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of the target tasks are known, often special-purpose algo-
rithms are designed to utilize this information. This is the
case, for example, in few-shot learning, where it is known
in advance that the target problems come with a very small
training set (Vinyals et al., 2016; Ravi & Larochelle, 2017;
Finn et al., 2017; Lee et al., 2019). Even though these
approaches significantly improved the state of the art for a
long time, surprisingly, recent works have demonstrated that
predictors trained on top of pretrained models can achieve
better performance on few-shot learning benchmarks (Tian
et al., 2020; Dhillon et al., 2020; Galanti et al., 2022).

Complementing the empirical results, Galanti et al. (2022)
also studied this approach theoretically,and provided an ex-
planation for its success based on the recently discovered
phenomenon of neural collapse (Papyan et al., 2020). In-
formally, neural collapse (see Section 3) identifies training
dynamics of deep networks for standard classification tasks,
where the features (the output of the penultimate layer) as-
sociated with training samples belonging to the same class
concentrate around their class feature mean. Galanti et al.
(2022) showed that this property generalizes to new data
points and new classes (e.g., the target classes), when the
model is trained on several classes with many samples for
each. In addition, they showed that in the presence of neural
collapse, training a linear classifier on top of the learned
feature map can generalize well, even if trained with few
samples only. However, their analysis demonstrating that
neural collapse generalizes to new classes relies on some
hard-to-justify assumptions regarding the feature maps, mak-
ing their results less relevant in practical situations.

In this paper we provide a stronger theoretical analysis for
this problem without relying on this kind of assumptions.

2. Problem Setup

We consider a transfer learning setting, where a model is
pretrained on some source task and is adapted to solve many
downstream tasks. To model this problem, we assume that a
final downstream task is a k-class classification problem (a
target problem), and the auxiliary task where the feature rep-
resentation is learned on is an [-class classification problem,
called the source problem. Formally, a target task is defined
by a distribution P over samples (z,y) € X X )i, where
X C R is the instance space, and Vi, = [k] := {1,...,k}
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is a label space. For a pair (z,y) with distribution P, we
denote by P, the class-conditional distribution of = given
y=c(e., P():=Plxe-|y=c).

For a given target task, our goal is to learn a classifier h :
X — Y that minimizes the target test error

Lp(h) := Egy~p[Ih(z) # 4], (1)

where I[E] denotes the indicator function of an event F
(equals 1 if the event holds and O otherwise). As usual, P is
unknown and the algorithm is provided with some training
data S = {(z;,:)}*,. In this work we assume that P is
a balanced distribution (i.e., Ply = ¢|] = 1/k) with class-
conditionals { P.}*_, and that the data S is also a balanced
set over the k classes, thatis, S = UX_, { (w4, )}, where
the sets S, = {w¢; }1, ~ P! are drawn independently.

When n is small, training a classifier on S may not be
sufficient to achieve reasonable performance. To facilitate
finding a good solution, we aim to find a classifier of the
form h = go f, where f € F C {f : R¢ - Rr}
is a feature map and g € G C {¢’ : R — RF}isa
classifier used on the feature space RP. The idea is that the
feature map f can be learned on some other problem where
more data is available, and then g is trained to solve the
hopefully simpler classification problem of finding y based
on f(x), instead of 2. That is, ¢ is actually a function of
the modified training data {(f(z;),y:)}"*,; to emphasize
this dependence, we use the notation gy g for the trained
classifier based on the features, and h¢ s = g¢,s o f for the
full classifier (to be specified in Section 4).

We assume that the source task helping to find f is a single
l-class classification problem over the same sample space
X, given by a distribution P, and here we are interested
in finding a classifier h: X — Rl of the form h = gof,
where § € G C {¢ : R? — R'} is a classifier over the
feature space f(&X) := {f(x) : € X}. Given a training
dataset S = {(Z;, §;)}",., the classifier h is trained on S,
with the goal of minimizing the source test error, L5 (hg).

Similarly to the target task, we assume that P is balanced
(i.e., Ply = ¢| = 1/1) with class-conditionals { P,}\_,, and
that the dataset S = U!_,{(Zc;, )}/, is also balanced
with S, = {Z}™, ~ P. Finally, we assume that the
classes in the source and target tasks are selected randomly:
that is, the sets of class-conditionals P = {I—j’(,.}lcz1 and
P = {P.}*_, for the source and target tasks are sampled
i.i.d. from a distribution D over a set of class-conditional
distributions £. This completes the definition of the distri-
bution of P and P (which are random themselves).

In a typical setting, the classifier hisa deep neural network,
f is the representation in the last internal layer of the net-
work (i.e., the penultimate, a.k.a. embedding layer), and g,
the last layer of the network, is a linear map; similarly, g in

the target problem is often taken to be linear. The learned
feature map f is called a foundation model (Bommasani
et al., 2021) when it can be effectively used in a wide range
of target tasks. In particular, its effectiveness in dealing
with downstream tasks (for any f) can be measured by its
expected transfer error,

Lp(f) = EpEs[Lp(hy,s)], (2)

where the expectation is taken over the random choice of P
(i.e., averaging over randomly selected target tasks) and the
training data S for the target class.

Notice that while the feature map f is evaluated on the
distribution of target tasks P determined by D, the training
of f in a foundation model, as described above, is fully
agnostic of this target. In the rest of the paper we analyze
this setting, and provide an explanation through the recent
concept of neural collapse.

Notation. || - || denotes the Euclidean norm for vectors
and the spectral norm for matrices. For a distribution )
over X ¢ R% and u : X — RP, the mean and variance of
u(z) for x ~ @ are denoted by 1, (Q) := E,q[u(z)] and
by Var,(Q) := E,o[||u(z) — 1. (Q)|%]. For a finite set
A = {a;}1,, we denote Avg" ;[a;] := L 3"  a; and by
UJA] the uniform distribution over A.

3. Neural Collapse

Neural collapse (NC) is a recently discovered phenomenon
in deep learning (Papyan et al., 2020): it has been observed
that during the training of deep networks for standard clas-
sification tasks, the features (the output of the penultimate,
a.k.a. embedding layer) associated with training samples
belonging to the same class concentrate around the mean
feature value for the same class, also satisfying some addi-
tional conditions (such as the mean feature vectors being
orthogonal to each other).

From these we focus on the class-features variance collapse
(called NC1 by Papyan et al., 2020), and used a simplified
version inroduced by Galanti et al. (2022): For a feature map
f : R% — RP and two distributions @1, Q2 over X C R%,
we define their class-distance normalized variance (CDNV)

as Var;(Q1)
Vf (Qla QQ) =
1 (Q1) — iy (Q2) 12

(the definition can be extended to finite sets Sy, 52 C X by
defining V;(S1,S2) = V¢(U[S1],U[S2])). This quantity
essentially measures to what extent the feature vectors of
samples from ; and @5 are clustered in space. We say that
a training process satisfies neural collapse if

Jim Avgi e [Vio (Si,87)] =0, (3)
where f(*) is the penultimate layer of a neural network
) = g o f(*) that is trained to fit S for ¢ steps. It has
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been observed (Papyan et al., 2020; Galanti et al., 2022) that
for several problems the left-hand side of (3) indeed reduces
to some small value during training.

4. Generalization Bounds for Transfer
Learning

Galanti et al. (2022) introduced generalization bounds for
transfer learning in the setting of Section 2. Their analysis
takes three main steps; first, they show that if the CDNV
on the training data, Avg, ;e [V¢(Si, S;)], is small at the
end of training, then we expect that the CDNV over unseen
samples, Avg, ;cq] [V};(P;, P;)], would also be small for
the same classes (see Lemma 4.1 below). As a second step,
they bound the expected CDNV between two new target
classes, Ep,+p, [V;(Pe, P.)], using the CDNV between

the source classes, Avg,icp [V¢(P;, P;)]. Finally, they

(k+k/n)-Ep.sp, [V (P., Pr)], with
S¢)|| being the nearest

prove that Lp(f) %

hfs = arg min ¢ ¢ | f(x;) — peg(
class-center (NCC) classifier.

However, there are multiple limitations to their argu-
ments.  First, the term Ep »p,[V;(P., Por)] may be
very large even when Lp(f) is very small. For ex-
ample, if there is at least one anomalous pair of class-
conditionals Py, P, € & for which p7(Py) = pup(Ps), then,
Ep.+p, [Vi(Pe, Pe)] = oo (as long as D[Py}, D[R] > 0)
even if for all other pairs P{,P; € &, Vy(P[,Py) is
tiny. In fact, if the support £ of D is infinite and f is
bounded, then clearly infp, 2p,ee || (P1) — pp(P2)|| =0
and Ep »p,[Vi(P., Po)] = oo. Second, the bound of
Galanti et al. (2022) on Ep,.p_, [V (P, P )] scales with
(infer infp, 2p,ee ||pep(Pr) =y (P2)]]) ", which may be
very large even if £ is finite (e.g., if F contains a constant
function).

In this paper we aim to circumvent these issue and pro-
vide an upper bound on the error of ~ which does not suf-
fer from these limitations. Instead of bounding the term
Ep.2p, [Vi(P:, P.)], we bound Lp(f) in terms of the av-
eraged margin error of the NCC classifier between pairs of
source classes. As a next step, in Lemma 4.3, we show that
each of these error terms can be bounded using the CDNV
between pairs of source classes. Finally, in Theorem 4.4 we
combine Lemmas 4.1-4.3 and obtain an upper bound on the
transfer error of f in terms of Avg, ;e [V+(S;, S;)] which
is typically small (see Section 3).

4.1. Neural Collapse Generalizes to New Samples

We start by recalling Proposition 1 of Galanti et al. (2022).
This proposition provides an upper bound on Vf(Pi, }5]-),
decomposed into Vf(gi, S ;) and additional generalization
gap terms bounding the difference between expectations

and empirical averages for f and its variants, where f is the
output of the learning algorithm with access to S.

For any ¢ € (0,1), we let €{(d) and €5(d) be the smallest
positive values such that with probability at least 1 — &, the
learning algorithm returns a function f € F that satisfies

[Bpp, [ (@)] = Ave,eq [F(2)]]] < €6(0);
By p 1 (@)% = Ave,es [IF @] < €5(9).

These quantities are typically bounded using Rademacher
complexities (Bartlett & Mendelson, 2002) related to F,
scaling usually as O,,,(1/y/m) (as also shown by Galanti
et al., 2022). Next, we present their bound on the CDNV of
the source distributions.

Lemma 4.1 (Galanti et al., 2022, Proposmon 1) Fix two
source classes, i and j wzth distributions P; and Pj, and let

Avg

7€ (01 Ler Sc - Pcmforc € {i,j}. Let
Ai;(0) = 611(5/4) + e{(is)
s (P) — pp (Pl
B () o el [€5(8) + 2l ()] - €6(6) + €5(6)?]
o s G = e G

Then, with probability at least 1 — & over the selection of
Si7Sj, we have Vf(PZ,P]) S (Vf(Sl,Sj) + Bzg(5/4)) .
(14 Ai;(6/4))°.

The bound in the lemma has several terms. The first one is
the empirical CDNV, V¢ (Si, S’j), which is assumed to be im-
plicitly minimized by the training algorithm (see Section 3).
The rest of the terms are proportional to the generalization
gaps €5(6/4) and €5(5/4) — as discussed above, typically
we expect these terms to scale as O,,,(1/+/m). As discussed
in (Galanti et al., 2022), the denominators in A;;(d/4) and
B,;;(§/4) are expected to be lower bounded by positive con-
stants under reasonable conditions.

Therefore, for a pair ¢ # j, if the CODNV V; (5'“ S'j) is small
and mn is large, then we expect V¢ (P;, P;) to be small, as
well. That is, if neural collapse emerges in the training data
of two source classes, we should also expect it to emerge
in unseen samples of the same classes (for large m). For
an extensive empirical validation of this argument, see the
works of Galanti et al. (2022); Galanti & Galanti (2022).

4.2. Bounding the Transfer Error

In this section we bound the transfer error of f using the
averaged margin error of the NCC classifier between pairs
of source classes. In the analysis, similarly to Galanti et al.
(2022), we treat class-conditional distributions as data points
on which the feature map f is trained. We apply stan-
dard techniques to derive generalization bounds to new data
points, which, in this case, are class-conditional distribu-
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tions. Recall that, in line with this view, we have alregdy as-
sumed that the source and target class-conditionals { P.}._,
and { P.}*_, are i.i.d. samples from D.

For simplicity, we focus on the case where F, the class of
feature maps is a set of depth-g¢ ReLU neural networks of the
form f(-) = Wio(W9= 1. .a(W1l.)) : RY — RP, where
o(z) := max{0,x} is the element-wise ReLU function,
and W' € R%+1%% forj € [q], where d; = d and dyy1 =
p. Our bounds depend on the spectral complexity of a
network f, which is defined as C(f) := max;cp, [|[W}]| -

HZ: [[W™]|. This quantity upper bounds the Lipschitz
constant of f and is similar in fashion to other (slightly
different) notions of spectral complexity for neural networks
(Golowich et al., 2017; Bartlett et al., 2017). We also denote
B :=sup,e |2/

We start by a generic result that allows us to upper bound
the transfer error of the NCC classifier (on top of the feature
map f) by the margin-error over the source classes (defined
below), plus some additional terms, depending on the com-
plexity of f and the number of classes. The proof, presented
in Appendix A, is partially based on Corollary 3 of Maurer
& Pontil (2019) and the analysis of Bartlett et al. (2017).

Lemma 4.2. Ler § € (0,1), I > 2 and let F be a class
of ReLU neural networks of depth q. Then, with probabil-
ity at least 1 — § over the random selection of the class-

conditionals P = {lﬁc}lc:1 of the source classes, for any
f e Fand A > 0, we have

Lo(f) < (k= 1) - [Avg e L3 ()] + 9]
| VakpB - [C(f)]
AVI

where L) “Ps sl (760185 < 1)
(89| + A, where S; ~ PP, S; NP”andajleZ

: pOlleg(k’7 6717 ’—C(f)-|7 ‘ lOg(%)la l)

The bound above can be decomposed into several parts. The
first term is the average expected A-margin error of a NCC
classifier, when averaged over all classification problems
given by the pairs of source classes with n samples each.
For each pair (4, j), the NCC classifier is defined with two
datasets of size n, S; and S (which are independent of
the training datasets S; and S ), and its performance is
evaluated over a new test sample &; ~ 151-. The second term,
0, is a free parameter and can be selected to be very small
as the third term scales polylogarithmically with respect to
1/4. The third term is proportional to the ratio between the
complexity of the selected function f, captured by VapkB -
[C(f)] and AV/I. Therefore, as long as we increase the
number of source classes [, we can expect the generalization
to new classes to improve.

The next lemma is an extension of Proposition 5 of Galanti
et al. (2022) and relates the margin-error to the CDNV.

Lemma 4.3. Let {P;, P;} be a pair of class-conditional
distributions. Let f : R? — RP be any feature map and
denote ji. = jiy(Py). Let A < 0.125(f, P)~"/2||us(P;)—
17 (P;)||. Then, we have, for some universal constant C' >
0,

SIS + LA < C ks + 2] - Vi (B P,
where s(f, P) = pif {foP.}._, are spherically symmetric
and s(f,P) = 1 otherwise.

Informally, the expected margin error LA( f) of f is upper
bounded by V(P;, P;), and when fo P; and f o P; are spher-
ically symmetric then by (1/p + 1/n) - V;(P;, P;). There-
fore, in case of neural collapse (i.e., when the Vf(]si, ]5])
are small on average), L@( f) is small, explaining the suc-
cess of foundation models in the low-data regime (such as
in few-shot learning problems) in the presence of neural
collapse. Finally, we also derive a much better bound (see
Lemma B.2) which is exponentially small in p/V; (P, Py)
if fo I:’C are (assumed to be) centered Gaussian distributions
as also assumed by Papyan et al. (2020).

Putting together Lemmas 4.1-4.3, we obtain the following
generalization bound.

Theorem 4.4. Let § € (0,1), 1 > 2 and let F be a class of
ReLU neural networks of depth q. Then, with probability at
least 1—9 over the selection of the source class-conditionals

= {P M, and the corresponding source training data
51 .S, for any f € F and A = 0.12s(f,P)~ 2.

minjep || (Ps) — pr(Pj)|l, we have

Lo(f) <5 +Ck- [ s + 1]

AV, Licn [(Vi(Si, 55) + Bij(5)) - (14 Aij(22))°]
L VarkB- el
AVI

for some universal constant C > 0.

Namely, the transfer error of f is bounded by the
sum of the averaged CDNV over the source training
data, V;(S;, S;), combinations of the terms A”(glg) and

Bij(g=), where €(g%) = O( PVa B (C\(/J%W 105(1/5)) and

81
(D) = O (pﬁ'BQ'rC\(/f%]Z'log(l/é)> (see Galanti et al.,

2022) and a term that scales as O (%}f(m). There-

fore, if [ and m are large and we have neural collapse across
the source training samples (i.e., Avg, . c [V¢(Si, S;)] is
small) and [C(f)] is bounded (as a function of m, [), then
the transfer error Lp(f) is also small. Interestingly, in the
presence of neural collapse in the source data, the depen-
dence on n is very weak.

polylog(k, 6", [C(f)1, | log($)], 1)
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5. Conclusions

Using pretrained models for transfer learning is a successful
approach in the low-data regime. Recently, Galanti et al.
(2022) suggested a new perspective on analysing this prob-
lem via the newly discovered phenomenon of neural col-
lapse. However, their theoretical analysis relied on several
unrealistic assumptions. In this work we provided better the-
oretical analysis by significantly relaxing their assumptions.
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