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ABSTRACT

This paper explores the local and unbalanced optimal tahépr feature learn-
ing in an embedding space. Instead of using joint distrimstiof data, we intro-
duce conditional distributions in terms of the Kullbackitler (KL) divergence
where some reference conditional distributions are etiliz Using conditional
distributions provides the flexibility in controlling theansferring range of giv-
en data points. When the block coordinate descent methadpsoged to solve
our model, it is interesting to find that conditional and niaadjdistributions have
closed-form solutions. Moreover, the use of conditionatritiutions facilitates
the derivation of the generalization bound of our model kimRademacher com-
plexity, which characterizes its convergence speed inderihe number of sam-
ples. By optimizing the anchors (centroids) defined in thelehowe also em-
ploy the unbalanced optimal transport and autoencodergpiore an embedding
space of samples in the clustering problem. In the expetimhpart, we demon-
strate that the proposed model achieves promising perfazenan some learning
tasks. Moreover, we construct a local and unbalanced optieresport classifier
to classify set-valued objects.

1 INTRODUCTION

Achieving effective features of dat8groujeni et al, 2018 Wang et al. 2019 Qian et al, 2019 is

a fundamental task in data analysis, and feature learniadpban explored in some fields such as
machine learning and computer vision. Feature learning a@trexploring a linear or nonlinear
transformation to map the original features into an embegldpace by optimizing the defined
objective function. In the latent representation spact dan be explored, thereby providing some
benefits from various learning task8U & Hug 2019 Sheng & Yuan2023.

Earlier feature learning algorithms focus on how to develifgctive handcrafted extractors for visu-
alizing high-dimensional data and reducing the effect efdiirse of dimensionality. Marginal Fisher
analysis Yan et al, 2007 adopts a graph embedding framework to provide an intrigsaph with
intra-class compactness and a penalty graph with intesdaparability. Max-min distance anal-
ysis Bian & Tag, 2011 achieves the low-dimensional data by maximizing the mimmpairwise
distance. A robust linear discriminant analysis methoetam theL, ; norm (Nie et al, 2021) is
developed to achieve robust projection features, and actefé iterative optimization algorithm is
derived to solve a general ratio minimization problem. fafnary et al. 2018, Wasserstein dis-
criminant analysis from optimal transpo@turi, 2013 Serrurier et al.2021) is implemented by
employing the Wasserstein distance to capture the gloloHicmal interactions between classes.

Kernel-based methods that capture the nonlinear featfidet@ have been developed to search for
an effective feature space by selecting proper kernel fonst Unlike classical feature learning
methods, the embedding space of data using kernel functiagde an infinite-dimensional feature
space since data may be well separated in high-dimensipaaés. Kernel principal component
analysis (PCA) and kernel linear discriminant analysisAl @re two effective methods for achiev-
ing effective features of data. To address the outliers td,da, norm kernel LDA gheng et al.
2014 is developed to achieve the nonlinear discriminant festaf data. In unsupervised learning,
adopting effective features can contribute to the improets on the performance of clustering.
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The classical k-means method is extended to the kernel kwsmaathod in terms of the kernel trick.
To capture multiple features of data, an effective stratagnultiple k-means clustering problems
(Yao et al, 202]) is devised to select the optimal kernel from the prespetKernels, and an alter-
nating minimization method is used to update the coeffisiefithe kernels and the cluster mem-
bership alternatively. Multiple kernel k-means clustgrinethods with incomplete kernel matrices
(MKCIK) (Liu et al,, 2020 use imputation and clustering to construct a unified legrfliamework
for the clustering problem. One remarkable characteridtiddKCIK is that a complete base kernel
matrix over all the samples is not required.

Exploring the local and relevant information of data
points is helpful for achieving discriminant features
of data Flamary et al.2018 Nie et al, 2023. For
each data point, the conditional distribution of the
data point can be employed to characterize its local
and relevant information. Figureshows that there . :
are three data points in th¥ space and nine data Lo GraO gy e
points in theY space, where each data point in the S
space s elevent o o deaporis 0 DOPECE i 1. an evampeof e ol and et
. . ._anced optimal transport where the condition-
ty and topology. In supervised learning, data poin i probability is used to characterize the local
with the same color in th& space belong to the. P y

same class. When the labels of samples are avaiIag]:grm"’ltlon of given data points. Each data
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\ I Py | dist(ri?ut)ions :
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in theY space, there are four data points whose Qe'gghr}zg C[;ia?[ ;) N or?n(ig?rl\eﬁgssaam%r?gl(gﬁzlgt)
bels are the same as the labehgf two data points . P .
are taken from the same class, and differen-
whose labels are the same as the labetgfand onditional distributions can be construct-
three data points whose labels are the same as th% : : : ;
: " s or unsupervised and supervised learning.
bel of z3. Itis clear that the conditional distributions
o . . 1(dz,,q(y|z1)) denotes the local and unbal-
constructed by considering the label information cedl transport cost frof, andq(y|z1) in
data points are different from those in unsupervis s ori inalg ace ! YT
learning. For data points in th& space, we can ob- 9 pace.
tain their Dirac measures. Thus, we can explore the
unbalanced optimal transport from Dirac measures
to conditional measures on two spaces. The optimal
transport Cuturi, 2013 can be used to describe the relationship between two pildpaheasures,
and autoencoder8érahmand et al2024 can explore the latent space of data. Hence, we employ
the optimal transport and autoencoders to show how to toahisgiormation in an embedding space,
which gives a novel framework of learning effective featioé data via optimal transport. For each
data point, we employ the conditional probability to coastits transferring range. The merit of us-
ing the conditional probability is that varying neighbofglidferent data points can be explored. To
reserve the information of data, we impose the reconstmetiror of data on the objective function.
In addition, we discuss the properties of our model and ektem model to the clustering problem.
Finally, we perform the experiments on a series of data §éts.main contributions of this paper
are listed as follows.

e We propose a novel framework to extract the effective anduli$eatures of data in the
encoded space. In this framework, we employ conditionafitigions to capture the lo-
cal behaviors of given data points and explore the Kullblae#ler divergence based on
conditional distributions, which can consider prior knedde of conditional distributions.

e We apply the alternating optimization technique to tackle proposed model. It is not-
ed that marginal and conditional distributions have clefth solutions. Moreover, we
derive the generalization bound of our model in terms of taddinacher complexity and
generalize our model to find anchors in the encoded spacehvgavailable for the clus-
tering problem.

e We perform a series of experiments on some classificationcarglering problems to
demonstrate the effectiveness of our model. Moreover, s&uds how to modify our mod-
el to make it a classifier that can be used to classify setedatibjects, and this classifier
degenerates into the deep nearest-neighbor classifier.
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2 REeLATED WORK

Many feature learning methods based on the deep archiésctiimeural networks have been de-
veloped. Multi-layer learning model¥ifan et al, 2015 have been proposed to deal with the scene
recognition problem, and they are available in an unsupedvivay. The deep semi-nonnegative
matrix factorization (rigeorgis et al. 2019 can find the latent representation of data in a low-
dimensional space, and the new description can improveltiseecing performance of data. Deep
Fisher discriminant analysi®{az Vico & Dorronsorg 2020 takes advantage of deep neural net-
works to capture the nonlinear features of data. To deal sétfuence data, deep order-preserving
Wasserstein discriminant analys&u et al, 2022 achieves a nonlinear transformation by maximiz-
ing the inter-class distance and minimizing the intragldistance. The Wasserstein autoencoder
(Tolstikhin et al, 2018 was proposed to achieve a generative model of data distitss However,
these feature learning methods do not explore their ganatiain bounds.

Kernel k-means clustering methods can deal with the noalisgucture of data in unsupervised
learning. For bounded random vectors, the expected extedtering risk was studied in the work
(Maurer & Ponti| 2010. An upper generalization bound of the kernel k-means nekitha reduced
space Yin et al, 2022 is derived in terms of the Rademacher complexity. The daegering mod-

el via thet distribution (DEC) Kie et al, 201§ has been proposed. The improved DEC (IDEC)
(Guo et al, 2017 used autoencoders to enhance the performance of DEC. ldovileg generaliza-
tion bounds of DEC and IDEC are not explored.

Optimal transport (OP) and its variants have been appliedany fields such as machine learning
and computer visiorifatras et a).2021 Montesuma et al2025. A unified framework with entrop-
ic regularizationBenamou et al2015 was proposed to approximate solutions to OT-related tinea
programs. The regularization facilitates the applicatérstraightforward yet highly effective it-
erative Kullback-Leibler (KL) projection methods. Unbated Gromov-Wasserstein formulations
(Sejourne et al.2020are constructed to enable the comparison of metric sphe¢ste endowed
with any positive measures. Fused unbalanced Gromov Véassefl hual et al, 2022 is employed
for inter-subject alignment. New optimal transport foratidn (Manupriya et al.2024 is derived
by utilizing kernelized least-squares terms from joint p&s, which ensures that the marginals of
the transport plan align with the empirical conditionatdizitions. The neural network is also used
to model the continuous conditional probability.

3 LOCAL AND UNBALANCED OPTIMAL TRANSPORT FORFEATURE
LEARNING

3.1 PRELIMINARIES

Let two random vector¥ € R™ andY € R™ be taken from two probability spacéX, ;) and
(Y,v). The L, norm of a vectora = (a1, -+ ,an,) is denoted byj|a|, = />, |a;|". For
measureg andv corresponding toX andY’, the Wasserstein distance with the ordes defined
as Courty et al, 2017 Lin & Chan, 2023: W7 (u,v) = infre(u) [y oy P(2,y) dm(z,y) Where
II(u,v) is the set of probability measures BrandY with marginal measures andv, andp(z, y)
denotes the distance betweer R™ andy € R™. W7 (u,v) is the potential cost of moving mass
from 1 andv, and the optimal solution provides the optimal transpaanplin real applications,
we usually obtain some sampled points in terms of probgbilkéasureg andv. That is,u andv
are two discrete measures with a finite number of supportgofhus,. = > | a;d,, andv =
Z§:1 b;é,,, whered,, denotes the Dirac measure at the paintanda = (ai,--- ,a,) andb =
(b1,--- ,by) are vectors in the probability simplex. Assume that, - ,z,} and{y1, - ,yx}
are sampled data points fromandv, respectively. To allow some mass variations, unbalanced
optimal transport is defined by relaxing marginal constsain terms of some regularization terms
(Chizat et al, 2016, denoted by

n k -
lgf Zi:l ijl p(xi,y;) pij + MKL(pex|la) + A2KL(p" en||b), (1)

wherep is ann x k matrix, p;; is the nonnegative element pfat row: and columnj, KL(pex||a)
is the Kullback-Leibler (KL) divergenceéBjshop 2007 Zhang et al.2024 betweerpe; anda, and
e, is ak-dimensional vector whose elements are 1.
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3.2 PROBLEM FORMULATION

As shown in Figurel, each data point in a space may locally or semantically &gavith many
data points in a space, and conditional distributions camadterize the information of given data
points. The theory of optimal transport provides a possbleeme for the movement of data points.
Autoencoders facilitate feature formations in an embegldpace. For autoencoders, fgtz) € R¢

be an encoder with parameteand its decoder bg;(z) with parametef. The functiong,(y) and
g5(z) consist of another autoencodBwren if the original spaces have different dimensions, we em
pfoy the encoders to achieve features with the same dimesidnich makes the optimal transport
feasible in the encoded spacda encoded spaces, we obtain the Dirac measuye(at), denot-

ed bydy, .,). We employ the conditional distributign(g,(y)|z;) to characterize the information
depending orx;.

To facilitate the learning of the conditional distributjome adopt a convex combination of Dirac
measures to construgtg, (y)|x;). Thatis,y takesk values ang(g,(y)|z;) = Zlepj‘iég(b(ym,

wherep;|; is a nonnegative coefficient that satist§:1 pjli = 1. y;; may be semantically relevant
to ;. This also ensures thalg,s(y)|z;) belongs to the Wasserstein spadécior M. Panaretos
2020Q. Thus, therth-order Wasserstein distance betwéepn,,) andp(g4(y)|z:) with k sampling

points can be obtained, denoted By = min,, , 5, p(fo(@:), 96(y;1:)) pjyi- To effectively
learnp;|; in the conditional distributions, we use a special case @tttbalanced optimal transport
wheredy, .,y andp(gy(y)|z;) are explored.

K ]
min L; := ijl p(fo(xi), 96(Y;12)) Pjls + MKL(p.illg.12), )

Pjli

whereKL(p.;||q.:) = Zle Pjli In ’q’j—“ 2521 ;i = 1, q;|; is the prior probability of transferring

x; to y;); in the original space, ang;; is the jth data point that is semantically related ¢
The KL divergence is employed to measure the difference dtvip;);} and {q;;}. Since we
introduce the conditional probability af;, we can control the transferring rangeaxgf If x; is not
allowed to be moved tg;;, then we set;; = 0. The nonnegative hyperparamekgrcontrols the
tradeoff between the transport cost and the KL divergente variableg;;(j = 1,--- , k) need
to be optimized, and they implicitly depend on the embeddpacesg;; is the prior conditional
probability independent of encoded spaces.

Interestingly, optimizingZ) can also be regarded as a proximal algorithm to achieverthdrpal
operator (i et al., 2023 Gu et al, 2024 Zhang et al.2024. Unlike those proximal operators, we
explore the conditional distribution in a discrete form. fatt, one may replace the KL term in
(2) with the f-divergenceGonzlez-Snche2022 Gu et al, 2024 between two distributions, which
increases the flexibility of the model(sAppendix A.2). For computational convenience, we apply
the KL divergence inZ). To explore the transport cost of all data points, we detieeftllowing
model:

min = Ly = " L;p; + MKL , 3
(0,9,05)::pi) Zi:l b ? (qu) ®)

wherep; = p(x;), 321, pi = 1, KL(p||¢)=3";_, pi In 2, g; is the prior probability ofz; indepen-

dent of embedding spaces, akglis a nonnegative hyperparameter.

The first term in 8) denotes the unbalanced transport cost of all data poindstree second term is
the KL divergence betweefp;} and{q;}. If {«;} are sampled from the uniform distribution, i.e.,
pi = 1/n, we letA; = 0 since the KL term is constant. The introductionggf andg; can help us
explore prior knowledge of data from the original space.dfpmior knowledge of data is available,
q;; andg; may take the uniform distribution. Here, we take the lonigetastudentt distribution
as the probability of moving from; to y;; (Xie etal, 2019 in the original space, denoted by

I (A+p(@iy;)7) "
Gli = SF rpay; 07
features. Generallyy;; reflects information in the original space, hyt; can be learned from the
encoded space.

r. Note thatg;; depends on the original features instead of the encoded

Unlike the optimal transport theory, we decompose the jdistribution into the product of two
distributions, i.e.p; ; = p;p;;- Moreover, we utilize the conditional KL divergence as tagular-
ization term by introducing prior conditional probab#igi of data points. Note that trivial solutions
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of  and¢ may be obtained if we do not impose additional constraintsrmroders. In order to ad-
dress this problem, we add the reconstruction error of aetiaet objective function of3) by using
decoders. Thus, we define the following model:

7 2 n _
min L:=Ly+X3Y |z~ fafo(x:)|2pi
(0,0,6,6,p;1: pL> 2_1” a.fo ()

+)\4Z psz| Hyj\z g$g¢(yj|i>|‘27 (4)

where); (i = 3,4) are nonnegative hyperparameters. The last two term&)imyolve the recon-
struction errors of;; andy;|;. The continuous version offf can be found iPAppendix A.3 From
(4), we find that the loss function in the proposed model comsifsthe transport cost, reconstruction
errors of data and additional regularization terms. Thméwaork is generic since we do not give
specific autoencoders and any transport cost can be usquldoeg(-). Note that in the above mod-
el, we assume thdtz; } and{y;;} adopt different encoders and decoders. In fact, when and
{y;|:} are sampled from the same data source, we can take the saoteesand decoder this
paper, we only consider that {z;} and {y;;} take the same encoders and decoders, but we re-
serve more general notationsfor future extensions of our framework for different dimensions

of featuresfrom two data sources. Since we consider the conditional distributionzgf we use it
to describe the local information af. Thatis,y;;(j = 1,--- , k) are taken from thé& neighbors
of z;. In supervised learning, we alloy; to be taken from the samples whose labels are the same
as the label of;. If {z;} and{y;;} are taken from the same data source, wefdet g,, fo = 74,
and\; = 0.

3.3 OPTIMIZATION

Note that there are several groups of parameters to be agtihin our model. Moreover, some
parameters such as the conditional probability have amiditiconstraints. Thus, the model dj (s

a constrained and non-convex optimization problem. Toesolwr model, we resort to the alternating
optimization technique. Specifically, we alternativelftiopze a group of variables by fixing other
groups of optimization variables. In the following, we wdkmonstrate how to divide these variables
into several groups and how to optimize them.

(a): Updatep,|; by fixing other variables. In this step, when we #x0, ¢, », andp;, we solve the
following model:

minzw_l p(fo(@i) 96 (ys1) Pipgt + A Y piKL(p.pilla)+

n,k _
A4 Zm:l PipjillYiii — 9596 (Yj)i)ll2- %)

Itis noted that§) is a convex optimization problem. It is of interest to ndtattit has a closed-form

. - q;j1sexp(— (Ljﬁ L)/ M) op __ ) )
solution, denoted by;|; = Sh_y ajrieap(—(LIE+LTE) /A1)’ WhereLju = p(fo(zi), 94(y;:))" and
L;fZ Aallyj1s — 9594(y514)|l2- The conditional probability;; can be obtained by using the lemma
in Appendix A.4).

(b): Updatep; by fixing other variables. Givea, 6, ¢, , andp;|;, we achievep; by solving the
following problem:

mind | p(fo(wi), g¢(yj|i>>7;pipj|i+)‘1 > PELP.lla) + A KL(pllg)+
Adz [z — fefe(ﬂfz)HszrMZ _ Pipslillys — 9596(Yj1i) - (6)

It is observed that the objective function i) (is convex. The closed-form solution is denoted

i€ (_(Lgp"‘Lfmve)/)\) op __ k T enre __
by pi = Z:’q1zf)ezp(f(L;’p+Lf""'e)2//\2)7 whereL?” = 77 p(fo(2:), 94(y;1:)) pjje and L™ =

M S5 ol — G590 Ws)llz + Asllwi — Fafo(@i)llz + KL(p.jillq.ja).
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(c): Updates, 6, ¢, ¢ by fixing other variables. In this step, we try to learn theguaeters of autoen-
coders. Specifically, we solve the following optimizatiaoiplem:

. n,k 7 ) 5 .
omin > i PUo(wi), 96 (7)) Pipjii + As > . pillei = fafo(wi) 2+
n,k _
A Zm:l PipjillYs1i — 9596 (Yj)i)ll2- (7)

Note that the objective function ifY) is nonconvex. We cannot obtain the global optimal solution
We generally update these parameters of models througthtie ile in the framework of neural
networks. In this work, we resort to automatic differentiatto learn these parameters.

For completeness, we summarize the main
steps of solving the proposed model in AFA[gorithm 1: Optimization algorithm to4)

gorithm 1. It is found that solving7) —7-Giveny,, 410 0> and inttalizep; = q;, p; = 4
involves the computational complexity of 5. For t=1 to T do

O(H{ H»n) in each iteration, solvings] 2.1: solve {) to achieve its paramete(8, 0, ¢, ¢);
involves O(nk(m + d)) and solving 6) 2.2: solve B) to achievep; ;;
givesO(n(m+d)), whereH, is the maxi- 2.3: solve 6) to achievey;;

mum number of hidden units of layers and 3. oytput: the encoders and decoders.
Hs is the number of layers.

3.4 THEORETICAL ANALYSIS OF OUR
MODEL

In this subsection, we theoretically analyze some progedf our model. There are several param-
eters in our models. We observe thiah, o pj|; = ¢;; andlimy, . p; = ¢; if p;; andp; are
defined in subsection 3.3. This indicates that if parameteend )\, approach the positive infinity,
p;; andp; will have the same distributions as prior distributionsptior distributions are uniform
distributions, the optimal transport plan will be uniforistiibutions. In such a case, the objective
function of our model makes the trade-off between the reitoation error and the transport cost.
Note that when deriving the generalization bound of our rhode do not consider the expectation
with respect to the random variablé Here we assume that has the support consisting bfdata
points. For givenr;, we need to find: data pointsyy;,--- ,yx;- Thesek data points are varying
for differentz;. Evidently, it is different from the fixed sampled poinfs, - - - , yi in the optimal
transport theory. To explore the effect of the parametersetivorks, we study the generalization
bound of our model based on the assumption that {z4, - - - , x,,} are independent and identical-
ly distributed samples, i.ep; = % First we define the empirical loss as doneNe(rer & Pontil
2010 when )\, takes the zero value.

iS(‘ga é) = min 1{27;; pjlip(fH(xi)v f@(yj\i))lf"'

Pjli M

MY KLgllap) + Y Aalla = fafalw)la}. (®)

Note that there are several differences between Equatiran@ 8). Here, we letfy = g, and
fa = g5- Moreover, we do not consider the reconstruction errgr gf - - - , y,|; Since they are taken
from the space that; belongs to. In addition, we assume thain (8) is taken from the uniform
distribution. LetL(6, #) be the expected loss corresponding8p (Ve make the assumption&0:
the distance measure has the fornp¢t, y) = ¢(xz — y) andy(x) has the Lipschiz constafitAl:
x; andy;; are bounded, i.e3JM such that||z;||> < M and |ly;;|l2 < M; A2: || fz]l < M and
|| foll2 < M hold for parameterd and¢ in a parameter space; A3: if;; = 0, p;; = 0.

The assumption AO holds if the metric is induced by the norra mormed space and the data are
taken from a compact space. For example;, y) takes the form of thé.,, norm. The assumptions
Al and A2 are reasonable since the data we deal with are bdunidee assumption A3 ensures
that the KL divergence is well defined. Now we show the unifaewriation bound of the objective
function in @) by using the following theorem.
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Theorem 1. Under the above assumptions, with probability at lelast 7, the following inequality
holds forf andé in proper parameter spaces:

—logt
2n

Ls(0,0) < L(6,0) + 4V2M Ry + 2vV2Ry + x4 (9)

whereM; = F(2ME) 10,y = 2NN B By Laup, SIS o (folmi))il,
Ry = EsoLsupy g As > oimy | Yoim 0at(fafo(xi))el, oi denotes the Rademacher random variable,
Es denotes the expectation with respectStoand fy(z;): denotes the t-th element of the vector

fe(ﬂfi)-

The proof of Theorem 1 can be foundAppendix A.5 In (9), R; denotes the Rademacher complex-
ity of the encoderfy (-), and R, denotes the Rademacher complexity of the encoder-de¢pfigr).

In the case of a single-layer linear network, if the paramseté the network satisfg?0 = I,
andd = 07, then we haveR; < kdM/\/n andRy < dM/+/n. It has been proved ifT(uong
2019 that the Rademacher complexity of deep learning modelsasder O(1/1/n) under proper
conditions. ThusR; and R, have the order o®(1//n).

3.5 EXTENSIONS TO THE CLUSTERING PROBLEM

In the above section, we assume thatis transported to data poinig;,--- ,yx;- These da-
ta points are taken from the class @f or from k-neighbors ofz;. This implicitly uses pri-
or knowledge from the original dataWithout using prior knowledge, can they be learned
from data via some optimization methods? This may be a trivial thing since the number of
{yjjli = 1,---,n,j = 1,--- ,k} is much bigger than that ofz;|i = 1,---,n} as shown in
Figure 1. To avoid triviality, we can impose additional constraiots {y;;} to reduce the num-
ber of {y;;;}. In supervised learning, we may consider that the data pamthe same class
are transported to unknown data points(anchors). Thagis,= y;; if =5 andz; are from the
same class. In unsupervised learning where the labels gilsarare not available, we may con-
sider the case where all the data poifits|i = 1,--- ,n} are transported to unknown data points
{yjli = 1,--- k}, e, y; = yjp = --- = y;jn- Thus, the conditional distribution is denot-
ed byp(ge(y)|z:) = Zlepmé%(yj), wherep;;; andy; need to be learned. Instead of finding
{y;l7 = 1,---,k} in the original space, we explore unknown data points in ahesfding space
and letz; = g4(y;)(j = 1,---, k). Since we directly look fofz;} in the encoded space, we do
not need to consider the encodgrand the decodey;. Thus, the following model is formulated to
learn{z;} in an embedding space of data in an unsupervised way.

~ n,k . n
~min L= )  pip(fo(®i),z) pjii + A1 ) piKL(p.illg)+
(0,0,p;):,pi,25) ZZ’]:l ! d Zz:l ! !
>, Aapillei = Jafolwi)llz2 + AKL(pllg). (10)
Note thatzy, - - - , z;, are optimization variables in an embedding space. We refey,t - - | z;, as

anchors. These anchors can also be taken as the clustaridsotfrdata in the embedding spaceé if
is equal to the number of clusters. In such a case, the condltprobabilityp; ; can be regarded as
the probability ofx; closing toz;. Compared with some embedding clustering methdsgt al,
2016 Guo et al, 2017, our model explores the weights of samples. We also emplogplternating
optimization method to solve (), which can be found idppendix A.6 The conditional probability
p;|; and marginal probability; have closed-form solutions in each step. In such a case, weam
the anchors (centroids) in the embedding space by usingactoers. The main aim of designing
our model of (0) is to obtain features in the embedding space in an unsigestviay. Ifk = n,
we can train our model to obtain the embedding points déta points in terms of prior knowledge
pi; andg;;. Then we can employ encoders to obtain the embedding of aaypdant. Here, we
employ (L0) to learn the embedding space of data and perform the pesdildtering tasks in the
embedding space. In fact, pretrained autoencoders may pyed to initialize the weights of
autoencoders. When data points are independent and iagntiistributed, we can explore the
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generalization bound of our model df@). To this end, we define the following empirical loss.

: , 1 - A — LY _
L§(0.0,2)) = min Y —p(fo(w:),2) pyis+ - D KLppalla) + ) i = fofolwi)l2-
i,J= =1 i=1
(11)

Let L¢(6, 0, z;) be the expected loss correspondind;gc(o, 0, z;). We give the following theorem
to characterize the generalization bounddf)(
Theorem 2. As with the assumptions i@, with probability at least — 7, the following inequality
holds forg, 8, z; in proper parameter spaces:

L5(0,0,2;) < L°(0,0, ;) + 2V2M1 Ry + 2v2R + &/‘2 (12)
n

7 7 . d n
whereM, = F(2M ()Y, xy = HETERA [20T Ry = Bg o dsupy Y- | 3 0wl fo(i)):l,
t=1 =1

n

Ry = Eso2supggs > | 0u(ffo(wi))il, x2 = 2vV2M1 Mdk, o;; denotes the Rademacher
t=1 i=1

random variable Es denotes the expectation with respecft@and f(x;); denotes the t-th element
of the vectotfy(x;). The proof of Theorem 2 can be foundAppendix A.7 Compared to (10), an
additional term y- appearsin (12) dueto the optimization of anchors (centroids). It is found
that the upper bound of the empirical loss depends on the eunftanchors. Our generalization
bound has the same convergence speed as the k-means atgdtihrer & Pontil 2010.

4 EXPERIMENTAL RESULTS

4.1 EXPERIMENTS ON SUPERVISED LEARNING

We perform the experiments on some data sets to obtain igfaepresentations of features for
classification tasks. In experiments,, - - -, z,, consist of the training set ang;(j = 1,--- , k)
are taken from the samples that have the same label. d$ is found that some face data sets be-
long to the small-sample-size problem since the number df ekass in the training set is much
smaller than the dimension of the samples. When our modegdtadme linear layer, we refer to
our model as local and unbalanced optimal transport (LUQPAIhen our model contains sever-
al linear layers and RelLU functions, we refer to our modelhaslbcal and unbalanced optimal
transport (LUOP). The dimension of encoded spaces in ouehis@qual to the number of classes.
We compare our model with several kernel-based methodsdimg kernel discriminant analysis (K-
DA) (Zheng et al.2014), kernel discriminant analysis based on thenorm (KDAL1) (Zheng et al.
2014 and regularized kernel discriminant analysis (RKDB)dz Vico & Dorronsorg2020. In ad-
dition, autoencoders(AE), autoecoders with Laplacianim(@EL) (Yang et al, 2017, deep Fisher
discriminant analysis (DFDA)iaz Vico & Dorronsorg 2020 and deep Wasserstein discriminant
analysis (DWDA) Bu et al, 2022 are tested. Since our model is employed to explore thedaten
t space in supervised learning, we adopt the nearest naigNby classifier with the Euclidean
norm. Experimental results on the data sets are shown ire Tadhd experimental details are in
Appendix A.8

Table 1: Error rate$%) of various methods and their standard deviations on daga set

data sets KDA KDAL1 RKFDA DFDA DWDA AE AEL LUOP LUOP-L
Dna 10.18£2.37 9.74-2.46 9.56+2.35 9.41-3.05 9.49+2.27 9.62-1.17 9.552.06 9.58+2.47 9.214+2.35
Pendigits 7.361.29 6.25£1.04 6.17:3.24 6.272.08 6.32£2.38 6.34-1.98 6.211.04 6.20+1.45 6.051+1.38
Iris 4.00+2.28 3.33:2.04 3.33:2.04 4.00+2.28 3.33:2.04 4.25+-1.08 3.67:1.48 3.33:2.04 2.56+1.78

Satimage 2451226 24.38:2.67 24.69:3.05 16.772.59 16.86:2.62 18.513.25 17.21#2.05 23.46:2.77 16574261
Waveform 22.26-1.72 20.34£1.51 20.1141.47 20.19:1.52 19.8%2.24 21.24£1.67 19.96:1.82 2024185  19.02+1.76
ORL 8.76+2.12 8.53£2.09 8.36£2.24 10.46£2.37 10.55:2.16 10.5#2.70 10.3#%2.15 8214245 10.38+1.92

Yale 7.52£3.50 7.44+3.95 7.26:3.41 11.473.09 11.9@:3.51 11.93:3.41 11.58:3.57 7.204+1.05 11.93+1.55
UMIST 8.97+2.25 8.76£2.34 8.45£3.02 10.56£3.50 10.78:3.05 10.96£4.001 10.72:4.21 821+2.92 10.33+2.06
COIL 8.45+2.21 9.43t1.65 8.22£1.69 8.13:2.02 8.06£1.72 8.29+1.62 8.04+1.47 8.19+1.98 8.08£1.23

MSRA 10.12+1.05 9.56£0.98 9.35:0.97 9.43£1.02 9.46:1.15 9.56+0.57 9.43:0.81 9.21+1.98 9.72+1.09

From Tablel, we can see that deep learning models such as DFDA, DWDA ar@R-U perform
poorly on ORL, Yale and UMIST data sets. This comes from tloe thaat overfitting occurs since
there are not enough training samples to learn the parasneteleep learning models. However,
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LUOP-L obtains better performance than other methods osetffieece data sets. It is found that
KDAL1 is superior to KDA on these data sets since KDALL1 is rsttto outliers. DFDA and DWDA
do not explore the reconstruction error of samples, whdre3P makes use of the reconstruction
error of the samples. Overall, it is reasonable to use comdit distributions to locally transport
data points in an encoded space.

4.2 QLUSTERING EXPERIMENTS

We verify the proposed model on some data sets in terms decing tasks. We use the normalized
mutual information (NMI) to show the performance of the tduB1g methods. We also implement
kernel k-means (KKMYPaul et al. 2022, kernel fuzzy k-means (KFKMKaul et al. 2022, kernel
power k-means(KPKM)Raul et al. 2022, the deep clustering model based on thdistribution
(DEC) (Xie et al, 2016, the improved DEC(IDEC) based on autoencodé&msd et al, 2017, and
the deep fuzzye-means method (DFKM)Zhang et al. 2020. Since the aim of our framework
of (10) is to search for the embedding space of data in terms of actokers, we can use any
clustering method after the embedding space of data isr@utaiHere, we perform the spectral
clustering on obtained features, where the number of neighis 5. In such a case, we refer to
our model as the local and unbalanced optimal transportggastral clustering (LUOPSC). Table
2 shows the NMI of various methods where we list the best redudach method. From Tabz
we note that our model is superior to other models since wieniq® anchors to learn features in
an embedding space. Note that deep-learning models sucB@sIDEC and DFKM jointly learn
data embedding and clustering. KKM, KFKM, and KPKM make ukleaonel functions to learn the
embedding space. It is found that the features based on daeprig models are better than those
from kernel functions. The experimental results show thature learning via optimal transport and
autoencoders is effective in unsupervised learning.

Table 2: NMI valueg %) of various methods and their standard deviations on daga set

data sets KKM KFKM KPKM DEC IDEC DFKM AE AEL LUOPSC
Dna 40.25£2.46 42.55£3.17 46.34£2.81 49.22£2.70 49.46:3.10 48.26:2.92 48.4#2.76 49.58:2.31  50.21+£2.86
Pendigits 72.46-2.23 73.82:1.90 73.25:2.24 72.35:2.72 72.36:2.67 77.85:1.90 71.12£1.89 78.26:3.04  80.551+1.79
Iris 76.74+2.50 77.83:2.89 78.35:3.01 80.79-2.68 81.44-2.71 80.25-3.05 80.25-3.44 85.38:2.76  88.461-2.96

Satimage 62.333.05 62.25-3.23 63.35:3.19 65.56:3.52 65.26-3.43 68.33-3.66 64.32£3.01 69.24-4.05  70.05+3.25
Waveform 27.22-2.04 28.46:2.17 30.51-2.51 30.14-2.62 34.61-2.73 35.14:2.29 32.05:2.02 36.25:2.09 38161214

ORL 62.45+2.78 63.64:3.07 65.5#3.12 70.65-2.46 70.24:2.71 69.33-2.66 69.37:2.08 75.65:3.41  80.631+341
Yale 60.22+4.52 61.25:4.23 63.33:4.62 65.12-4.02 64.18-4.19 65.26-4.31 64.49-3.03 70.26:4.89  73.224+4.51
UMIST 72.35+3.12 72.33:3.25 76.59:3.28 81.26:3.42 80.36:3.30 82.35:3.66 8.90£3.75 84.62£3.2 87.184+3.20

COIL 78.69+2.21 80.42-2.32 82.62+2.44 90.12+2.50 90.25-2.36 86.26:-2.68 89.52:3.06 91.26:2.09  92.3542.23
MSRA 56.12+2.02 58.24-2.12 57.22-2.29 60.22-2.30 62.24-2.19 59.23-2.26 60.17#42.56  62.30+2.53 61.26+2.25

4.3 EXPERIMENTS ON TWO LARGESCALE DATA SETS

We find that on small-scale data sets, using a one-layer mletsmnetimes obtains much better
performance than using multiple-layer networks. Does phisnomenon occur on large-scale data
sets? In the following experiments, we find that this phenmnealoes not occur. Here we select two
large-scale image data sets (MNIST and FashionMNIST) ttuatathe proposed model. The aim
of using these two data sets is that we do not need to emplopleameural networks to achieve
relatively good performance. Unlike the deep learning ni®bdased on data augmentation, we only
use our autoencoders to achieve the embedding featurestrdihing samples are employed to
select the parameters of models and test samples are usedsoima the performance of models. In
our experiments, we adopt a large batch size of 2000. Simce Hre a large number of samples in
the training set, we employ the class-mean classifier in lmesification task. In the kernel-based
methods, 100 anchors taken from #heneans algorithms are employed to compute kernel matrices
since computing kernel matrices for all the samples is imitdes. Table3 lists the experimental
results from classification and clustering tasks. From d&blwe note that the performance of
LUOP in the classification experiments is much better tha ¢fi LUOP-L. It shows that using
multiple-layer networks is beneficial for large-scale dsgts. It is clear that our method is superior
to other methods since we explore the transferring rangeatsf ith the embedding space via the
unbalanced optimal transport. In the clustering experisiere observe that our model outperforms
other models since we employ optimal transport and autatersdo learn the anchors.
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Table 3: Classification (error rates) and clustering (NMi}wo large-scale data sets

classification KDA KDAL1 RKFDA DFDA DWDA AE AEL LUOP-L LUOP
MNIST 10.30£2.12 12.15£257 9.55E1.86 9.39E2.32 8.86E2.73 9.06E2.13 8.4#2.36 9.19E2.26 821+231
Fashion 12.38-3.49 14.36:3.89 11.79£4.01 11.22:3.37 10.35:3.58 12.03:3.41 9.92+3.40 10.413.3 9.214+3.17
Clustering KKM KFKM KPKM DEC IDEC DFKM AE LAE LUOPSC
MNIST 54.33£2.53 59.40E2.67 58.3#2.49 67.46E2.56 79.2¥2.73 70.23£2.12 68.472.40 75.62£2.26  81.24£251
Fashion 46.62-3.72 47.39:3.69 50.28:3.10 54.35£3.53 56.45:3.44 54.3#2.76 54.46£3.08 60.02:2.97  62.08+3.16

4.4  QLASSIFICATION OF SEFVALUED OBJECTS

Here we modify our model to make it capable of handling sétecclassification problems. For set-
valued classification problems, each object contains maamples. Unlike previous experiments,
we assume that the sgty,--- , 2, } is a set-valued object containimgexamples in the validation
set or test set. For the data point we can obtain its: neighboursy,;, - - - ,y;; and thesek
neighbours are from the training set. Since we know the &adifel, ;, - - - , yx; in the training set, we
assign the label of; to the label ofy;; with the largesp;|;(j = 1,--- , k). Thus, we obtain the label
of each example in a set-valued okject. Finally, the majmdting strategy is employed to achieve
the label of the set-valued object. We refer to our model addbal and the unbalanced optimal
transport classifier (LUOPC). Our model will degenerate thie deep nearest-neighbor classifier if
each object only contains an example and the parametapproaches the positive infinity. Here
we need to use the validation set to learn the embedding sgalza and hyperparameters. In the
test stage, we fix the parameters of autoencoders and oppriz\We test LUOPC on two medical
image sets in binary classification problenyaifig et al, 2021). We use 780 images from the breast
image set and 4708 images from the pneumonia image set. latvthe performance of LUOPC,
we compare it with several set-valued data classificatiothaus such as the second-order cone
programming (SOCP) approacB8hivaswamy et al2006, the sparse approximated nearest point
(SANP) method ldu et al, 2011, regularized collaborative representation classiiica(iRCRC)
(Zhu et al, 2019, support measure machines (SMMB)uandet et al.2012, and support function
machines (SFMs)Ghen et al.2017). Figure2 shows experimental results on medical image sets.

As can be seen from Figu SFMs are not superior to LUOPC since SFMs generally givesspa
support vectors. It is found that LUOPC yields the best penBmce on these data sets since LU-
OPC explores the weight of each example in the set-valuesttshj Among these methods, SFMs
are sampling-based methods. SANP, RCRC and SMMs explopasdible representations of im-
ages. If the representations of images contain distortifes, these distorted features will affect
the performance of classifiers. Our LUOPC makes use of thalanbed optimal transport and re-
construction errors of data to achieve effective featufé® experimental results indicate that it is
reasonable to employ the optimal transport theory to diasst-valued data.

°

551

Error rates(%)

SANP  RCRC  SCOP SFMs  SMMs  DCWC
Methods

(a) Breast data (b) Pneumonia data

Figure 2: Experimental results on medical image data sets.

5 CONCLUSIONS AND FURTHER WORK

We have introduced a feature learning framework relyingheniaocal and unbalanced optimal trans-
port and autoencoders. The use of the conditional protyabilithe proposed model facilitates to
derive the optimization algorithm. The experimental resoh real data sets demonstrate the fea-
sibility of the proposed model. Our theoretical resultsatgpon fully-connected neural networks,
which may not be suitable for other types of neural netwofis.ce our proposed model contains
autoencoders, how to select proper autoendcoders for elatés svorth exploring. In the future, we
will focus on the problem of how to employ advanced autoerc®tb improve our model to deal
with complex data sets in the real world.

10
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A APPENDIX

A.1 NOTATIONS

Table 4: Variables and notations used in our paper

X, Y
X, Y
llall-
nv
p(x,y)
ek
()
Dij
W7 (u,v)
Dbiy Py
qi
4i|5
Dij

{xla' o ;mn}

T

fo(x), 906(y)
fa(2), 95(2)
Yjli
P
fo(zi)

probability space with metric
random vectors
L, norm of a vector
probability measure

the distance betweene R™ andy € R™
ak-dimensional vector whose elements are 1

joint measure
joint probability ofz; andy;
r—order Wasserstein distance
marginal probability
prior marginal probability
prior conditional probability
conditional probability
sampled points fronk
Dirac measure at;
encoders
decoders
k-neighbours of;
the Rademacher random variable
the expectation with respect
thet — ¢th element offy(z;)

A.2 THE MODEL WITH THE F-DIVERGENCE

Let f : R+ — R be aconvex function witlf (1) = 0. Let p(x) andq(z) be two probability density
functions. The f-divergence between them is definedagp, ¢) = fq(:c)f(w)da:. In terms of

q(x)

the f-divergence, our model can be written as

_ min
(979@@7?“7?1‘

i=1""

L= S p@; p(fo(@i) 96(95) Pyt + MDs(p.1iy 4.13)) + A2 D (p, q)

n _ n,k B
A3y e = fafolwi)llzpi + Aa ZMZI pip;lillysi — 9596 (Yj1i)l2-

When f(t) = t1n(t), the f-divergence degenerates into the KL divergence. KL divergence,
our model has good optimization properties, so we mainlgudis our model with the KL diver-

gence.

14
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A.3 THE CONTINUOUS VERSION OF4) IN OUR PAPER

Here, we give a continuous version @ fvhich provides insights into understanding our discrete
version. The following framework is used to extract effeetieatures of data.

mMM&@Q&MM@m@”%:/Mﬁ@%%@”%@@ﬂ@w@+
N / p(&)KL(p(y])][a(y]2))d + AKL(p(a)]lg(x)) + (14)
As / Iz — Fyfo(@)ll2p(@)dz + A / ly — 3595 (%) |lop(@)p(yle)dady.

whereKL(p(y|«)||q(y|z)) = [ p(yle) In 248 dy, KL(p(x)|lg(x)) = [ p(x) In X5 dz, q(y|z) and

q(z) are prior (conditional) probabilities in the original spaand\;(i = 1, - - - ,4) are nonnegative
hyperparameters. The first term ib4j denotes the transport cost in the embedding space. The
second term is the Kullback-Leibler (KL) divergence to eohtonditional probabilities between
p(y|x) andg(y|x). The third term is the KL divergence betwegfr) andq(x). The last two terms
involve the reconstruction errors of dataandy. Trivial solutions of6, 6, ¢, ¢ may be obtained if

we do not employ the reconstruction error of data or the @rigdtion terms for these parameters.
From (14), we find that the loss function in the proposed model cossibthe transport cost, recon-
struction errors of data and additional regularizatiomter The framework is generic since we do
not give specific autoencoders and any transport cost casdxtta replace(). That is, we can
employ some existing autoencoders to our framework.

A.4 THE CLOSEDFORM SOLUTION TO THE PROBABILITY DISTRIBUTION

Lemmal. Leta € R" andf € R™ be two probability distributions. The following optimiiat
problem has the closed-form solution.

ming < a,r > +AKL(a||f)
. 15
s.t. Zai =1 (15)
i=1

where \ is positive parameter and € R"™. The closed-form solution is denoted by =
Biexp (=)

i Biexp(—=5E)°

The proof of Lemma 1 is given as follows. Note that the KL dgesnce is convex with respect to the

first argument. In the specific conditioviélbourne 2020, the KL divergence is strongly convex.

Thus the optimization probleni®) is convex. Let us define the following Lagrange function by

introducing Lagrange multiplier.

L(a,v) =< a,r > +AKL(a||8) + U(Zn

%

a; — 1) (16)

By setting the derivative of (o, v) with respect tax equal to zero, we have + A(loga; + 1 —

log 3;) + v = 0. Thus we havey; = (3; exp ‘A‘A”‘"‘i. Note that " a; = 1. This gives the solution
=1

to the optimization problem.

Itis clear that using Lemma 1, we obtain the conditional piwlity p;; and the marginal probability

p(i).

A.5 THE PROOF OF THEOREML

Lemma 2. For anyr > 1 and two vectors: andy with proper dimensions, we have
llz +yllr < [lz]lr + [[yl]r- (17)

Lemma 3(Yin et al., 2022). Letx,, - - - , x,, ben data points, and leF' be a class of vector-valued
functionsf : X —— R? andh;: R? — R be functions with the Lipschitz constaitThen we

15
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have

EsupZaz W(f(x4) <\/_£Esupzz% fi); (18)

fer Z feF = 15=1

whereo;; is an independent doubly indexed Rademacher sequenadgfands thej-th component
of f(i).
Lemma 4 (Kuritsyn, 1986). Leta be a vector containing: elements. The following Khintchine
inequality holds
A (Yo < (BIY owail)” < B(Yai)2, (19)
=1 =1 =1

whereA,. and B,. are constants depending enWhenr = 1, we haveB, = 1.

To give the generalization bound 6§ (6, ), we rewriteL s (6, 6) by removingp;;. Thus Ls(0,0)
can be formulated as

L ZlHZ%uGXP p(folxi) — fe(yj|i))'?/>\1)+2%|\xi — fafo(xi)ll2-
=1
(20)

Let S’ be the data set where only a data point is different from the sktS, e.g.,z;. Letﬁg(o, 0)
denote the empirical loss frosY. Let us define the following functions:

1/)5 = SHP(L(ea 9_) - IA/S(ea 9_))7 (21)
0,0
s = sup(L(0,0) ~ Ly (0,0)). (22)

From 1) and 2), we have

| ,
Vs —¥s| < [Ls(6,0) — Ls:(6,0)] = —supl A1 1nzqmexp( p(fo(zs) = folyj1s))" /A1)
j=1
k

+ X3l > gz exp(—p(fo(@s) = fo(yjis)" /M) + Asllzs — fafo(xa)ll2 = Asl|Zs — fafo(@s)|l2|

j=1
k k B
<@wmm2%mm pfal@s) = Jolyso))'l +supAuin} i exp(=p(fo(@s) = folys1e))'|
Jj=1 j=1
+sup sllws — fofo(ws)ll2 +sup Asl|Zs — fafo(Ts)l2}-
0,0 6,0
(23)
From assumptions of AO in our paper, we have
p(fo(xs) — folyjis)™ = o(fol(ws) — folyss))"- (24)
Note that the functiogp() is Lipschitz continuous and its Lipschitz constant.islence, we have
p(folxs) = fo(y;1s)) <l folws) = folysis)lla- (25)
From|| fo(z¢)||2 < M and|| fo(y;+)|l2 < M, we have
I fo(xs) = fo(yjis)llz < 2M. (26)
Similarly, we have ~
s = fafo(xs)ll2 < 2M. (27)

16
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From @3), (25), and @7), we have

1 : i
s = 5| < —{MInd gz exp(—(2MO)7/A))
j=1

. (28)

) 202ML)" 4+ 4XsM
I Y g exp(- (MO /2| + 23,20 < ZEMEL LAl
j=1

In the following, we consider the expectation ©f with respect to the data sét, denoted by
Es(is):

Es((¥s)) = ES(S;E(L(Q 0) — Ls(6,0)))

(1) k

< QES,U% sup{» _ —Moiln > g1 exp(—p(fo(wi) — foly;10))" /M) + Xs Y oillwi — fafolwi)ll=}

0,0 ;—1 j=1 i=1
(2) 1 n k B n B
< 2Bso sup{Y v > aup(fo(xi) = foly;1))" + A3 D aillwi — fafol(wi)l2}
0,0 =1 j=1 i=1

(3) 1 n k . 1 n B
< 2Es.q Sngfn > s fo(x:) = foly;))" + 2Es,5 - sup Ay > aillwi = fafol@i)lla:
i=1  j=1 0,0 =1

(29)

In (29), the first inequality comes from the symmetrization of ramdvariables, and the second
inequality uses Jensen inequality from the fact thatx is a convex function. Note that the Lips-
chitz constant of the norr - || is 1. The function|x||”. is not Lipschitz continuous if the variable
x takes the infinite values. However, with the assumptions meige, there exists the constant

My = 7(2M¢)" 11 such thap(fo(x;) — fa(y;);))" is Lipschitz continuous. Using Lemma 3, we
have

17
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n

d k
Es(¥s) < QESU—SUP Z%qu\@]\/h fo(xi) — fo(yji)e)
1t=1  j=1

9,1

+ 2ESJ— sup)\5 ZZ ﬁgzt fefe(ﬂfz))
t=1

0,0 =1

2) d k
< 2ES cr_ SUPZZUzt ZqJ|L\/§M1 f()(:cz))
t=1 j=1

=1

d k
+2Eg,0— supzzanz:qm\fMl —foly;1i)e)
i=1 t=1 Jj=1

n m

+2E3,0— SUP)\SZZ\/iUit(féfG(xi))t
0,0 i=11t=1
(3) d k
< 2ESO'_SupZZULt\/_M1 fe(xz))t +2ESO' SUP Zaztzqﬂz\/—Ml f@(y]h) )
i=1 t=1 i=1 t=1 j=1

n m

+2Fg ,— Sup)\3§ E V20 (fafo(:))e
Moo 4=
d

@ b
< 2ESO'_SupZZULt\/_M1 fe(xz))t +2ESO' SUP Zaztzqﬂz\/—Ml f@(mt) )
i=1 t=1 i=1 t=1 j=1

n m

+ 2ESJ— sup)\5 ZZ \/_Uzt fefe(xz))

0,6 =1 t=1
(30)
In (30), the first inequality uses Lemma 4, and the second ineguadits the property ofup. The
third inequality uses the fact th@ q;1; = 1. Sincey;); depends om;, we assume that;; is an

independent copy af;. Hence, the fourth inequality is to replagg; with ;. From @0), we have

(¢s)<2Esa—sur>Z|th\/_M1 fo(@))el + 2Es,0~ supZIth\/_J% —fo(i)1)]

t=1 =1 t=1 =1

+2ESO' SUPA3Z|Z\/_Uzt fef@(mt | < 4\/_M1ESU SUPZ|ZUL f9 xz

t=1 =1 t=1 =1
m @ n

+2fEsg supAleZUz Jafo(x:))

t=1 =1

(31)

From 31), we find that the upper bound d&s(1s) depends on the Rademacher complexity of
the encoders and decoders. Frdifl)(and @1), we obtain that with probability at least— 7, the
following inequality holds foi¥ andé in proper parameter spaces by using McDiarmid inequality:

—logt
2n

where y, = MM R gy 1 sup92|20n(f9(xl))t|, and R, =
t=1 i=1

Esoksupg5 % 3| 3 owlfafolw)l

Ls(0,0) < L(6,0) + 4V2Mi Ry + 2V2Ry + xa

(32)

18



Under review as a conference paper at ICLR 2026

A.6  OPTIMIZATION OF (10) IN OUR PAPER

In the following, we use the alternative optimization metho solve the optimization model:

n,k

min(@,é,pﬂi,pq,,zﬂl’ = Zi7j=1pip(f9(xi)7 Zj)ij‘i—’—
A1 ZizlpiKL(p-\iHQ-\i) + Zi:l Aapillzs — fafo(wi)|l2 + A2KL(pl|q).

(a): Updatep; by fixing other variables. When we fik 0, zj andp;, we solve the following model:

(33)

n,k _ n
ming, Y p(fo@i), z) pipsi + A Y piKL(p.lla.) (34)

It is noted that 84) is a strongly convex optimization problem. It is of inter&snote that it has a
closed-form solution, denoted by

Qj|z'€$p(— Op/)q)
Pjli = & (35)
Zj:l Qj|iemp( ]|1/)‘1)

WhereL]f; = p(fo(z:), ;)"

(b): Updatep; by fixing other variables. Give#, 9, z;, andp;|;, we achievep; by solving the
following problem:

n,k
miny, ZM p(fol(xi), 25) pipjji + M Z L PiKL(pillg) + AKL(pllg)+
n
As Y llwi = fafo(wi)l|2pi.

It is observed that the objective function i86] is strongly convex. Thus, there exists a unique
solution top;. The closed-form solution is denoted by

greap(~(LE” + i)/ )
Dict gieap(—(Li¥ + L") [ )’
whereLy” = S5 p(fo(w:), 2) Py andL§™ = Xgllw; — fafo(wi)l2 + KL(p.jilla.p:).
(c): Updatez; by fixing other variables. Ip takes the Euclidean distance and= 2, z; has the
following solution:
il Gty fe(ﬂfz)

T Do 1 9451

(36)

pi = (37)

(38)

(d): Updates) and# by fixing other variables. In this step, we try to learn theapaeters of autoen-
coders. Specifically, we solve the following optimizatiawiplem:

n,k _ n _
ming,g) Zi,j:l p(folxi), 25) Pipjji + As Zizlpi”m" — fofo(xi)]2. (39)

Note that the objective function ir89) is nonconvex. We cannot obtain the global optimal solution
We generally update these parameters of models througthtie ile in the framework of neural
networks. In this work, we resort to automatic differentiatto learn these parameters. For the sake
of completeness, we summarize the main steps of solg8grf Algorithm 2.

A.7 THE PROOF OF THEOREM

We obtainL§ (6, 6, z;) by removingP;;. Thus, L5(6,0, z;) can be formulated as

(9 0,2j) Z)\llnz%\zeXP p(fo(x:), 25)" /M) +Z_sz fafo(xi)]2. (40)

i=1
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Algorithm 2: Optimization algorithm to33)
1. Given\;, q;i;, ¢i, and initializep; = qi, pjj; = q;|
2:For t=1to Tdo ~
2.1: solve 89) to achieve the parametgi 6);
2.2: solve B4) to achievep;;;
2.3: solve 86) to achievep;;
2.4: use 88) to achievez;;
3: Output: the encoders and decoders.

Let S’ be the data set where only a data point is different from the sktS, e.g.,z;. Letﬁg(@, 0)
denote the empirical loss frosY. Let us define the following functions:

s = sup (L(0,0) — L(6.9)), (a1)
0,0,z
v = sup (L(0,0) — L (0.9)). (42)

From @1) and @2), we have

W L
[s — ¥is| < |L5(6,0) — L (6,0)]

k k
1 - ~
— sup | = A In Y gz exp(—p(fo(wa), )" /M) + At Y gjpi exp(=p(fo(@s), 2))" /M)
0,0,z j=1 j=1
+ Xsllas = fofo(ws)llz = Asllzs — fofo(zs)]z]
k k
1 7 -
< E{EUP M In gy exp(—p(fo(ws), z)7/A0)| + sup A In Y gy exp(—p(fo(ws), z)7 /A1)
Y5 j=1 V2] j=1
+sup As|lzs — fafo(zs)ll2 + sup As||Zs — fofo(s)ll2}-
0,0 6,0
(43)
Using the assumption of AO in our paper, we have
p(fo(ws), )" = o(folws) — 2)". (44)
From|| fo(x:)|| < M and|z;|| < M, we have
p(fo(ws), )" < (2ML)". (45)
Similarly, we have
s — fafo(as)lla < 2M. (46)
Thus, @3) leads to
1 k )
[1hs — gl < Hﬂ/\l hlzjlqju exp(—(2ME€)"/A1)]
]:
: ; 47
+ IS g5 exp(—(2ME)T /0| + 24520} (47)
j=1
_ 2@2MO" + 40 M
— n .
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In the following, we consider the expectation ©f with respect to the data sét, denoted by

Es(s)
ES(wS) - ES( Sl}p (L(Haéa Zj) - lA’CS(Haé7 ZJ)))
00zj
(1) 1 - = .
< 2Es,— sup {Z —0iM 1HZqJ|LeXp p(fo(x:), 2)" /) + Xs Y oillws = fofolwi)ll2}
9921 i=1 j=1 i=1
(2) " -
< 2ESU sup {Zmzcmz (fo(wi), z)" + X >_ aillws — fafolwi)2}
00,ZJ i=1 j=1 i=1

3) n

1 1
< 2B5,,— sup Zquﬂ p(folwi), )" +2Esa—sup>\32<fz||fm fofo(xi)ll2-

BHZ]LI j=1 0,6 i=1

—

(48)

In (48), the first inequality comes from the symmetrization of ramdvariables, and the second in-
equality uses Jensen inequality from the fact thatx is a convex function. Note that the Lipschitz
constant of the nornff - || is 1, but the functiorj|x||”. is not Lipschitz if the variable: takes the
infinite values. However, with the assumptions we provitlere exists the constanf; such that
p(fo(xs),y;)" is Lipschitz continuous. Using Lemma 3, we have

(‘l/}s) < QESO-_SUPZZO—MZ(]JM\/_Ml f(’(x’b) 72])

Moz i = =1

+ 2ESU— sup)\3 ZZ \/_Uzt fefe(ﬂfz))

0,0 i=1 t=1

) n d k d k
< 2ESU_SUPZZO—MZQ]\I\/§M1 fG(Zz))t‘i’QESo’ SUPZZUthunﬁMl Z])
t=1 j=1 t=1 j=1

i=1 %7 =1

+2E50—sup)\5 Z\/_Uzt fefe(ﬂfz))
1t=1

0,0

1=

3) n d k
< QESU_SUPZZUzt\/_MI fe(xz))t+2ESJ—SUPZZU”Z%\1\/§M1 Zj)
t=1 t=1

i=1 %7 =1

+2ESO'_SHp>\5 Z\/_Uzt fafo(xi))e
0,0 1i=1

1=

(49)

In (49), the first inequality comes from Lemma 2, and the seconduality uses the property of
sup. The third inequality uses the fact th@fz1 q;; = 1. From @9), we have

Es(s) < 2Esa—supZ|ZonfM1 fo(x:)):]

t=1 =1
+2Esg—supZZ| 2t ||ZonfM1qJ| |+2Esg—supAJZ|Zfon Fofo(wi))l
Zi4=1 j=1 i=1 0,0 t=1 i=1
<2\/_M1ESU supZ|Zatt fg .171 |+2\/_M1ME ZleattQJh
t=1 =1 t 1j5=1 =1

m

+2E5,,— sup)\32|z\/_0¢t f@fe(%)) E

0,0 t=1 =1

(50)
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Further we have

d n

1 22 M7 Mdk

Bs(vs) < 2VEMiBsasup > |3 Soufolw)] + ===
t=1 =1

4205 sup e 30| S0 VEeu(Fofolw)i

t=1 1i=1

(51)

In (51), we use Lemma 4 to obtain the last inequality. Frdst)(we find that the upper bound
of Es(vs) depends on the number of anchors, and Rademacher comgBexfitihe encoders and
decoders. From¥(7) and 61), we obtain that with probability at least- 7, the following inequality
holds forg, ¢, andz; in proper parameter spaces by using McDiarmid inequality:

15(0,0,2) < L(8,0, 2)) + 2VIM Ry + 2V3R + &\/T_LX? (52)
where y; =  2OMIHSM ol = 9\AMMdk, R, @ =

d ) _
ES,U% Supg Zt:l | 2221 ait(fo ($i))t|, andRy = ES,U% Supg g A3 2221 | 2221 Uit(féf@(xi))t|'
A.8 EXPERIMENTAL SETTING AND ADDITIONAL EXPERIMENTS FOR OUR MOIEL

All experiments are conducted on a PC with an Intel Core i7J@RAd a RTX 3080 GPU. The
structure of encoders we use in this paper is a fully-comuenetwork with the form ofqf, 500,
500, 20004] and the decoder is a mirror of the encoder, wherés the dimension of input data
andd is the dimension of the latent space. The popular ReLU fanstare employed in each layer.
We employ Adam Kingma & Ba, 2015 as the backpropagation optimizer. In the experimemts,
takes the L2 nornmy; = 2, and\; = 1000. We letA, = 0 due to the use of the same encoders. The

parameters\; and\3 are selected from the s¢t0’,i = —3,—2,---,2,3}. In the classification
experiments, we need to determinin (4) in our paper. Note thaty, - - - , z,, consist of the training
set andy;;(j = 1,--- , k) are taken from the samples that have the same labe|.a8Ve think

that the samples in the same class are neighbors. Fhwd] be determined by the number of
samples in each class. As a reskltyill vary since the number of samples in each class is differe
in the training set. In the clustering experimeritsn the model of {0) is set to be the number of
clusters. We find that good performance can be obtained bg#tiing since the encoder has strong
representations of features.

The outer loop is 10 iterations and the inner loop for autodecs is run with an Adam optimizer
for 100 epochs, with an initial learning rate of 0.001. In tia¢a sets except for two large-scale data
sets, all data sets are handled with a full-batch mode. FEdiatige-scale data sets, the batch size is
2000.

The data sets from the UCI repository are Dna (180 attribi&etasses /2000 samples), Pendigits
(16/10/7494), Satimage (36/6/4435), Iris(4/3/150), aray&¥orm (21/3/5000). In addition, we also
explore four face image data sets and an object data set. Rhda@e database contains 40 distinct
persons and each person has taken 10 differentimages. Th&TUlte database contains 564 face
images of 20 distinct subjects. The Yale face database iosrt&5 images of 15 individuals. The
COIL database contains 1440 images with black backgroura® abjects. The MSRA face data
set consists of 1799 images of 12 subjects. All the images@raalized to a resolution @2 x 32
pixels for computational efficiency. For each data set frobenWCI repository, we randomly choose
fifty percent samples to form the training set and the ressédlas the test set. The performance
of each model is evaluated over twenty random splits of eath skt. The additional five runs are
employed to select the parameters of each model.

The MNIST data set contains 60,000 training samples and0agst samples, and the FashionM-
NIST data set has 60,000 training samples and 10,000 tepiessnThe dimension of samples in
these two data sets is 784.

For set-valued objects, we employ the features extractad & pre-trained convolutional neural
network (CNN), i.e., ReNet18, and the features are taken the layer of res5b-relu. The extracted
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features of each image have a tensor representatioxdf x 512 dimensions. To reduce the com-
putational cost, we pre-process the features of each infdg#.is, we perform the mean operation
along the first axis and downsample the features with a fattémalong the third axis. Thus, we ob-
tain the features whose dimensionsare128. Namely, each image can be regarded as a set-valued
object containing seven examples with 128 dimensions. \Weaaly choosé&0% of the samples
as the training se80% of the samples as the validation set, and the other imagé®dedting set.
Experimental results are averaged over 10 runs. Talskeows the clustering accuracy of various
methods on small data sets, and Tablehows the adjusted rand index(ARI) of various methods
on small data sets. Tableshows clustering accuracy and the adjusted rand index(&Riarious
methods on two large-scale data sets. T&dlsts the running time of various methods using RTX
3080. When the deep neural networks are used, we list théngitime of algorithms in terms of
each epoch.

Table 5: Clustering Accuradif%) of various methods and their standard deviations on data set

data sefs KKM KFKM KPKM DEC IDEC DFKM AE AEL LUOPSC
Dna 60.7H1.34 62.592.25 63.42£2.62 79.132.54 79.95:2.62 77.782.36 76.36£2.05 79.25£1.32 80.52+1.45
Pendigits 67.15-2.38 67.8%1.65 68.33-2.67 69.72£1.98 70.39:2.39 71.26:1.76 68.46:1.92 71.68:2.005  72.34+1.62

Iris 85.32+2.13 86.22+2.16 87.34:2.19 88.52£2.46 89.34-2.63 80.5@-2.63 88.31-2.06 89.96£1.90 90.564-1.88
Satimage 73.55-2.71 74.62:3.06 75.46:3.03 77.32£3.41 79.413.08 78.26:3.25 75.93:3.46 79.924+3.12 78.34+-2.76
Waveform 50.96-1.89 51.391.72 54.26:-2.37 56.38£1.70 57.36:2.42 57.52:2.26 54.82:2.15 57.4:2.32 56.931-2.08

ORL 53.46+1.26 52.573.11 54.75-3.06 56.88£2.42 57.34:2.26 55.49-2.13 55.42+2.31 57.362.14 58.194-2.06
Yale 66.35+3.61 66.273.72 64.32-3.84 65.63£4.06 66.76:3.42 64.25-3.03 65.14-3.22 67.413.28 68.131+-3.42
UMIST 62.56+2.73 68.74:3.16 69.46:3.11 70.373.52 72.09:2.30 70.96:3.25 69.2%-2.46 72.324+2.42 72.03+2.56
COIL 76.34+2.06 77.85-1.69 80.21-2.16 82.21#2.31 83.512.42 80.5#2.47 81.16:-2.63 83.68£1.95 84.184+2.21
MSRA 50.18+£1.73 51.42:2.09 53.46:-2.08 55.06£2.18 56.02:2.07 55.89-2.42 53.46+2.24 55.96£2.08 56.474-2.32

Table 6: ARI(%) of various methods and their standard deviations on daga set

data sets KKM KFKM KPKM DEC IDEC DFKM AE AEL LUOPSC
Dna 33.28£1.49 34.613.06 36.41E2.12 38.141.68 39.4#&351 37.321.73 36.48E1.62 39.53t2.04  40.15E£3.05
Pendigits 60.52-2.43 63.28:1.88 61.26£1.76 65.33:2.49 66.74-0.83 65.40:1.77 65.32£0.79 65.58:1.41  66.23+1.50
Iris 71.56+1.46 72.89%£2.36 73.42£3.55 75.68:2.49 76.29:2.87 77.312.57 74.42£2.13 7821225  79.42+1.89

Satimage 49.32£2.56 48.51-2.63 47.92:2.56 49.66:3.56 51.28£2.40 50.32£3.15 48.82:2.09 51.34£2.50 52.61+2.78
Waveform 28.34:2.77 30.29E2.42 31.24-2.09 36.73:2.29 38.68£1.42 35.28£2.08 36.674-1.09  38.804+2.08 37.43£2.19

ORL 19.57:2.26 20.29£2.31 22.36:3.09 22.48-1.52 22.95-1.62 21.32£2.41 22.311.87 22.42£35 23.01+1.62
Yale 20.53+1.46 21.49:3.42 20.54£3.81 21.59:4.06 23.26:3.88 24.29£3.73 21.72£3.83 2449361  25.81+3.37
UMIST 37.16£2.53 38.28£2.21 36.05-3.12 38.98:3.22 39.07:3.12 36.173.38 36.53£2.91 38.42-4.05  39.42+3.16

COIL 69.14+1.56 71.24£1.89 73.14£2.63 76.35:2.67 77.82£2.34 75.23£2.06 72.26E3.05 77.87+2.19 74.33+2.07
MSRA 48.56+2.37 50.54£2.08 56.38£2.15 57.28:2.28 57.89£2.06 56.412.51 56.42£2.06 57.95-2.74  58.40+2.62

Table 7: clustering accuracy(ACC) and ARI of various method two large-scale data sets

data sets KKM KFKM KPKM DEC IDEC DFKM AE AEL LUOPSC
MNIST(ACC) 77.62+1.03 78.38:1.44 72.26:1.40 83.12-1.45 83.4@£1.79 82.5%1.75 82.29%-1.82 85.92£1.34 86.22+1.83
MNIST(ARI 65.13+2.06 66.26:2.31 67.46:1.92 73.32:2.07 74.9%2.52 72.1#1.26 68.86:0.97 77.42£1.50 78.31+1.47
Fashion(ACC) 53.1£2.07 56.75:2.82 54.32:3.07 55.9%-2.08 55.62-2.48 53.29:2.51 62.32-2.14 73.212.29 77.32+2.36
Fashion(ARI) 40.53-2.17 41.28-2.76 39.872.52 41.96:2.53 42.28:3.02 40.52:3.32 40.55-2.73  42.3942.62 44.544-2.04

Table 8: The running time of various methods on two largdesdata sets
data sets KDA KDAL1 RKFDA DFDA DWDA AE AEL LUOP

MNIST(s) 35 167 25 564 581 545 612 958
Fashion(s) 45 127 39 543 569 579 632 903

For the large-scale FashionMNIST data set, we carry out Xperament to check the effect of
reduced dimensions and the number of neighbors. Figa® denotes the correct rates of LUOP
with the change of reduced dimensions, and Figdi(b) shows the correct rate of LUOP as the
number of neighbors varies. From Figug€a), we observe that the reduced dimensions affect the
performance of LUOP. But when the dimensions of the samplesezl 10, our model can achieve
good performance. From Figue(b), we can see that it is not necessary to employ too many
neighbors to obtain good better performance since we cen#ii® samples from the same class.
In addition, we visualize 2000 samples in a two-dimensiapalce via t-SNE. Figuré shows the
experimental results. Figur(a) denotes the visualization of original images via t-Shift Figure

4 (b-d) denote the results of LUOP in the case of differenaiiens. As can be seen from Figute

the embedding features in a two-dimensional space from LBl@Rvell separated.

We also discuss the effect of different regularization ®rriable9 lists experimental results on
the MNIST data sets. Since we consider the same encoder aodate\, = 0 in our model,
which means we explore self optimal transport in the samedstt space. Whek, = 0, we set
p;ii = 1/k, we optimizep; and parameters of autoencoders. When= 0, we setp; = 1/n, we
optimizep;); and parameters of autoencoders. When= 0, we optimizep;; , p; and parameters
of encoders since we do not consider decoders. In such a mssevthe orthogonal technique
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Figure 3: Performance of our model on the FashionMNIST deaita s

(torch.nn.utils.parametrizations.orthogonal)to avbieldegenerate solution. In addition, we explore
the case tha;; = 1/k, i.e. ¢;; adopts the uniform distribution instead of studeditstributions.

Table 9: The effect of different regularization terms

Regularization parameters Accuracy and standard dem&(i)

X =0 X2 = 1000 A3 = 0.1 9.31:1.26
X = 100 =0 A3=01 10.46:2.41

X, = 100 X2 = 1000 A3 =0 15.76+:2.46

X = 100(q;; = 1/k) A = 1000 X3 = 0.1 9.0612.55

From Table9, we observe that removing the reconstruction error reguttse biggest performance
loss since the reconstruction error preserves the glohadtate of data. Optimizing;; in our
model can give better performance than fixing paramgtein our model. It is beneficial to learn
p; instead of fixingp;. These experiments show that adding these regularizatiorstcan improve
the performance of our model. For large-scale data setsestatsimple fully connected network
with a three-layer encoder and a three-layer decoder orbihveaexperiments. In fact, other neural
networks can also be used in our model. Here we test Resnetifuse on large-scale data sets.
Note that we compare our model with the Resent50 structuothter supervised learning such as
supervised contrastive learning(SupCdtjdsla et al. 2020 and variational supervised contrastive
learning(VarCon){Vang et al. 2025. Unlike some methods, we do not consider any data augmen-
tation technique. In addition, we add the label noise to thming set. Specifically, we randomly

change the label of samples in the training set. TABIksts the experimental results on large-scale
data sets.

Table 10: Classification error rates on two large-scale sktta

Data Sets SupCon VarCon LUOP
MNIST 3.45 3.12 3.98
Fashion 7.85 6.89 7.01

MNIST with label noise20%) 6.31 6.05 5.21
Fashion with label noise(%) 9.22 8.36 8.07

From TablelO, we observe that our model can obtain competitive perfoomavith SupCon and
VarCon when more complex neural networks are explored. ribied that our model can obtain

better performance than other model since using optimizEdhws can suppress the label noise in
training set.

There are several hyperparameters in the proposed model iase parameters determine trade-

offs in several terms. We let;=1000 so tha{p;|i = 1,--- ,n} approach uniform distributions. If
we consider thayy, - - - , yi are taken fronxq, - - - , z,,, then we sef\, = 0. In such a case, we first
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(c) Visualization from our model at the fifth iteration viSNE

(d) Visualization from our model at the tenth iteration W &NE

Figure 4: Visualization of 2000 images on the FashionMNI&Tadet

explore the effect of differenk; and A3 on supervised learning tasks. To this end, we randomly
choose half of samples from each person to form the trairéhgrsd others are used for testing on
the ORL data set. Assume that the reduced dimension is egtia¢ thumber of classes (40) and
the hyperparameters and \s take values fron{0.001, 0.01, 0.1, 1, 10, 100, 10R0Thus each
parameter takes seven values. We also report the expedhnesiilts over ten runs. Figubesshows

the experimental results on the classification problem revtieexz-axis denotes the hyperparameter
A3, they-axis denotes the hyperparameter and thez-axis denotes the classification error rates of
our model.
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Figure 5: Performance of LUOP-L with varying hyperparamete

As can be seen from Figukethe error rates of the proposed model vary with the chanygérpa-
rameters. Itis found that the error rates of our model arg lvigth when the hyperparameteytakes
relatively small values. We observe thatis more sensitive thak; in affecting the performance of
the model. From FigurB, we see that the running time of our model is affected by thpehyaram-
eters. Figureés shows the experimental results on the clustering problemmHA-igure6, we find
that the hyperparameters affect the performance of LUORSI&iclustering problem. Overall, the
experiments indicate that we need to select proper parasrtetattain the best performance in real
applications. In fact, the cross-validation is often engplbto select optimal parameters.

NMI(%)

A in log scale A4 in log scale

/\1 in log scale A, in log scale

(a) NMI of LUOPSC (b) The time of LUOPSC

Figure 6: Performance of LUOPSC with varying hyperparansete
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