Published as a conference paper at ICLR 2026

DECISION AGGREGATION UNDER
QUANTAL RESPONSE

Zhihuan Huang, Yichong Xia & Yuqing Kong
Center on Frontiers of Computing Studies (CFCS)
School of Computer Science, Peking University
{zhihuan.huang, xiayc, yuqing.kong}@pku.edu.cn

ABSTRACT

The effectiveness of collective decision-making is often challenged by the
bounded rationality and inherent stochasticity of individual agents. We
investigate this by analyzing how to aggregate decisions from n experts,
each receiving a private signal about an unknown state. Assuming signals
are conditionally independent and identically distributed, we depart from
the fully rational paradigm and model expert behavior using quantal re-
sponse—a stochastic choice model capturing bounded rationality. Within
a minimax regret framework, we show that majority voting is the optimal
robust aggregator when individual rationality falls below a certain threshold.
Interestingly, such groups can outperform perfectly rational agents, as their
decision randomness encodes weak but informative signals lost in determinis-
tic behavior. We validate these findings using large language models (LLMs),
which naturally exhibit quantal response via their temperature parameter.
Aggregating moderately stochastic LLM outputs significantly improves ac-
curacy on complex reasoning tasks, highlighting bounded rationality not as
a limitation, but as a potential strength in collective intelligence.

1 INTRODUCTION

The market is very up and down. Your finger hovers over the BUY/SELL button. Seeking
guidance, you consult two experts. Mia, renowned for her perfectly rational analysis, advises:
“Sell.” John, known for his sharp instincts but less predictable approach, urges: “Buy it.
Trust me.” Obviously, you should follow rational Mia. But what if you could consult multiple
Mias or Johns?

Let’s frame this formally. Suppose we are deciding whether to BUY (X = 1) or SELL
(X = 0) a stock, where the true state w is either rise (w = 1) or fall (w = 0). The utility
function is defined as u(X,w) = 1 if X = w, and u(X,w) = —1 otherwise. We have two
types of experts: Mia, who embodies perfect rationality, and John, who exhibits bounded
rationality. Both receive private signals S € {0,1} that provide noisy information about
the future state. Their decisions depend on the expected utility of buying conditioning on

private signals, denoted by E[u(1,w) | S], and follow a quantal response function (McKelvey
and Palfreyl, {1995):
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Let px(v) = ﬁ ©x(v) is the probability of buying given the advisor’s expected payoff
from buying (X = 1) is v, with a rationality parameter A. In this scenario, “good” and “bad”
signals correspond to expected payoffs of v = —0.2 (still bad, but less severe) and v = —1
(strongly avoid), respectively. Mia (Perfectly Rational, A\ — oo) always follows strict logic—if
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v < 0, she never buys; if v > 0, she always buys. John’s (Bounded Rational, A = 2.5)
decisions are probabilistic—even when v suggests “don’t buy,” he might still take a chance.
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Figure 1: Comparison of rational (Mia) vs. bounded-rational (John) decision-making through
unified quantal response functions.

Mia, the perfectly rational expert, makes the “correct” choice every time—and earns an
average utility of 0.5. John, who sometimes gambles against the odds, earns lower at 0.43.

Now, what if you ask a bunch of Mias and a bunch of Johns? Let’s say each expert gets a
private signal conditionally independent on the underlying state. Interestingly, after perfectly
combining a team’s judgments, a team of Mias stays at 0.5 (always right, but never better),
while a team of Johns actually improves to 0.51—outperforming the perfect experts. Why?
Because John’s occasional “mistakes” add information for the group’s collective wisdom to
uncover deeper truths.

Our example shows how imperfect experts can outperform perfect ones - but there’s a catch.
To perfectly combine a team’s judgments, you’d need to know their signal structures-joint
distribution over signals and state. In reality, we almost never have this complete picture.
This leads to our core question: How can we combine expert decisions effectively without
knowledge of signal structures? Can imperfect experts still outperform perfect ones in this
scenario?

This drives our research into robust aggregation methods that work without perfect informa-
tion. We use a “worst-case scenario” framework. We assess different methods for combining
opinions by evaluating their maximum “regret”—how much worse they could be compared
to the best possible method if we did know everything (Arieli et al.| 2018} [2023} [Levy and|
[Razin|, 2022; De Oliveira et al., [2021). Surprisingly, within this framework, we find that
simply using majority vote works best when experts aren’t perfectly rational and exhibit
sufficiently bounded rationality. Interestingly, majority vote isn’t the best when all experts
are perfectly rational. Furthermore, imperfect experts, when their opinions are simply tallied
by majority vote, can actually do better than perfect experts whose opinions are combined
using the most sophisticated techniques.
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This advantage of bounded rationality aligns with observations in artificial intelligence:
large language models (LLMs) exhibit similar quantal response behavior through their
‘temperature’ parameter. Lower temperatures produce deterministic, Mia-like outputs,
while higher temperatures induce John-like stochasticity. Just as in human groups, lower-
temperature outputs may yield individually accurate responses, but higher-temperature
outputs leverage informational diversity to achieve superior collective decisions.

1.1 SUMMARY OF RESULTS

We study the aggregation of decisions from groups of boundedly rational experts modeled
through quantal response functions. We consider experts receiving private signals that are
conditionally independent and identically distributed (i.i.d.) given the true state. Our main
contributions in Section [ are as follows:

e Optimal Robust Aggregator: We prove majority voting is optimally robust
for groups whose rationality falls below a threshold dependent on group size (Sec-

tion .

¢ Bounded Rationality Advantage: For a single expert (n = 1), rationality
maximizes aggregation outcomes. However, with multiple experts (n > 2), bounded
rationality can outperform perfect rationality (Section . Generalizing beyond
specific scenario, numerical experiments (Figure [5) show that bounded rational
experts consistently achieve lower worst-case regret than fully rational experts.

These theoretical insights rely on a dimension reduction result: any quantal response report
structure under conditional independence can equivalently be represented by a simplified
three-signal structure, significantly reducing analytical complexity.

In Section [4] we empirically validate our theoretical predictions using large language models
(LLMs) as experts. The ‘temperature’ parameter, which adjusts randomness, naturally
corresponds to quantal response behavior.

e Quantal Response in LLMs: Empirical analysis confirms LLMs exhibit quantal
response behavior, with logistic regression aligning closely with theoretical models
(Figure [2)).

e Empirical Aggregation Advantage: Using LLMs with varied temperatures
(t € {0,0.5,1}) and aggregating decisions via majority voting with groups of size
n = {1,3,5}, we conduct two experiments: traditional box-ball tasks and multi-
choice mathematical questions. Results confirm that bounded-rational experts with
moderate temperature (e.g., t = 0.5) collectively outperform purely rational experts
(t =0) for n > 3, even in non-binary settings (Figure|3).

Overall, our findings reveal that following the majority decisions of moderately irrational
experts is effective, highlighting benefits of bounded rationality. This insight impacts fields
such as crowdsourcing, Al ensembles, economic decision-making, and product design, where
incorporating diverse and less rational inputs can yield superior outcomes.

1.2 RELATED WORK

Information Aggregation and Robustness. Information aggregation—the process
of combining multiple information sources into a collective decision—is fundamental to
collective intelligence (Forsythe and Lundholm)| [1990; [Breiman, {1996} |Dietterichl 2000). While
traditional models often assume perfect rationality and complete information (Winkler, 1981;
Arieli et al., [2018; |2023)), real-world experts frequently deviate due to cognitive limitations
and inherent stochasticity (Simon, 1990; [Tversky et all |1982). This reality necessitates
robust aggregation methods capable of handling uncertain information structures. Recent
literature has significantly expanded the frontiers of robust aggregation to tackle unknown
correlations (Levy and Razin), 2022; |De Oliveira et al., 2021)), algorithmic feasibility (Guo et al.|
2025)), second-order information in two-expert scenarios (Pan et al.l 2024), and adversarial
expert inputs (Guo and Kongj, 2025). Unlike prior studies that primarily focus on perfectly
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rational or adversarial agents, we incorporate Quantal Response (QR) models (McKelvey
and Palfrey| (1995} 1998)) to capture bounded rationality through stochastic choice rules. By
leveraging geometric dimension reduction, we prove that three signals suffice for optimal
robust aggregation, explicitly demonstrating how bounded rationality can paradoxically
benefit collective outcomes.

Bounded Rationality and Strategic Voting. Bounded rationality models have found
extensive applications across mechanism design (Braverman et al., [2018]), information design
(Yu et all [2024), and robust decision-making—where cognitive biases, such as base rate
neglect, have been shown to yield surprising aggregation benefits (Kong et al., [2024; |Gan
et al., [2023; [Feng et al., [2024). Specifically, QR models are widely used to analyze strategic
behavior in probabilistic voting and collective choice (Goeree et al., [2002; [2016; [Hoppe and
Schmitz, [2013). For instance, Quantal Response Equilibrium (QRE) has been applied to
examine voter strategies, laboratory voting games, and the “wisdom of strategic voting”
(McKelvey and Patty, [2006; [Casella et al., |2006; |Goeree et al., 2005; Han et al., |2023).
However, this rich literature typically centers on utility-based strategic manipulation where
agents possess heterogeneous, outcome-dependent payoffs. In contrast, our research operates
within a shared-objective framework where experts lack strategic incentives to misreport. We
focus entirely on the mechanism of collective intelligence, aggregating sincere-but-bounded
QR-experts rather than navigating strategic utility landscapes.

Quantal Responses and Large Language Models. The emergence of Large Language
Models (LLMs) has spurred the application of behavioral economic models to Al agents (Jia
et al [2025; Kirshner et all [2025). Concurrently, research on LLM temperature—which
inherently controls output randomness—has investigated its impact on precision tasks (Renze
and Guven, 2024)), code generation (Zhu et al., [2024]), and creativity (Peeperkorn et al., [2024)).
Existing works mostly study how a single LLM behaves or how LLMs interact competitively.
Differently, we formally link the temperature parameter to QR theory within an aggregation
context. We demonstrate that, much like human bounded rationality, optimally tuned LLM
stochasticity can significantly improve the accuracy of aggregated group decisions.

2 MODEL SETUP

We consider a binary state = {0,1} with a known prior probability u = Pr[w = 1] € [0, 1].

There is one decision maker (DM) and n experts indexed by ¢ = 1,...,n. Each expert i
observes a private signal S; € S, drawn from a set of possible signals S, about the true state
w. The joint distribution of the state and signals is called the signal structure 6 € A(Q x 8™).
The set of all possible signal structures is ©.

To capture scenarios such as aggregating multiple responses from a large language
model—where each response is independently and identically generated from the same
input—we focus on signal structures where signals are conditionally independent and identi-
cally distributed (c.i.i.d.) given the state w. Formally, this means:

Pr[Slzsl,...,Sn:sn\w:w]:HPr[Si:si|w:w],

i=1

with the conditional distribution Pr[S; = s | w = w] identical across all experts. The
set of all such c.i.i.d. signal structures is denoted by ©¢%¢. This setting is standard and
describes situations where each expert independently observes information about the state.
Additionally, since experts are anonymous from the DM’s perspective, the DM treats each
expert’s signal distribution as identical.

Each expert 4, after observing the private signal S;, reports a binary decision X; € X = {0,1}
to the DM. The utility for both DM and experts depends on correctly identifying the state:

u(X,w) = {1_1 f(;:)
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This common payoff aligns their incentives towards correct decisions. We acknowledge
that in strategic environments with heterogeneous utilities or pivotal incentives, sincere
voting is not necessarily a Nash equilibrium (Austen-Smith and Banks, [1996; [Han et al.,
2023). However, our information-aggregation setting features a shared-objective structure
where experts receive no outcome-dependent payoffs. Under this setting, experts have no
strategic incentive to misreport, making sincere reporting a natural and widely used modeling
assumption (Arieli et al.} [2018; Palley and Satopaa) [2023). This assumption is particularly
appropriate when the experts are Large Language Models (LLMs), which do not possess
stable, agent-specific utilities and do not benefit strategically from manipulating outcomes.

Experts choose their decisions according to a quantal response function, reflecting bounded
rationality. We treat this as an “as-if” model rather than assuming experts perform precise
Bayesian calculations followed by utility-maximization with noise. The randomness may
arise from cognitive noise, imperfect internal signal processing, or intrinsic neural stochastic-
ity (Knill and Pouget| [2004). Let p = Pr[w = 1| S; = s;] be an expert’s posterior belief after
observing signal s;. The expected utility of choosing X; € {0, 1} is:

E[u(X;,w) | Si] = (2X; — 1)(2p — 1) € [~1,1].

Recall the quantal response function @y : [—1,1] — [0, 1], with rationality level A > 0, is
given by the logistic (softmax) form:

1

= m, NS [—1,1]

ea(v)

Note that @) is equivalent to the softmax layer in large language models, showing the
similarity between quantal response in decision theory and softmax outputs in machine
learning. Replacing v = E[u(X; = 1,w) | Si] = 2p — 1, the expert’s decision probability
becomes:

1
) =ea@—1) = ey PE0AL

Note that ¢, and ¥, are equivalent representations; for convenience, we use 1, throughout
the remainder of this paper.

The function v increases with p. When \ = 0, decisions are random; as A — oo, decisions
become deterministic:

1 p>0.5
Yrsoo(p) =405 p=05.
0 p<05

Given a signal structure 6 and response function ¢y, the report structure 6 A2 x X™)
=0

describes the joint distribution of the state and experts’ reports. The mapping rep(6, 1y )
defines the set of c.i.i.d. report structures:

651 = {6 : 30 € O, rep(,1hy) = 6}.

2.1 DECISION AGGREGATION

The DM aggregates experts’ decisions anonymously based only on the number of experts
X = >" | X, reporting 1. An aggregator function f : {0,...,n} — [0,1] represents the
DM’s mixed strategy, where f(z) is the probability the DM guesses state w = 1 given x
reports of 1.

The utility for aggregator f under report structure 0 is:

U(f,0) = Zf;r[x = a:](QP;r[w =1| X =] —1)(2f(z) - 1).
=0
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Omniscient Aggregator. An ideal benchmark, the omniscient aggregator maximizes
expected utility knowing the true report structure 6:
1, Prslw=1[X=2]>05
opty(z) = €05, Prjlw=1|X=2x=0.5.
0, Prjlw=1]X=2]<05

Optimal Robust Aggregator. When facing uncertainty about é, the DM aims to
minimize worst-case regret, defined as the difference in utility between an aggregator f and
the omniscient aggregator:

The optimal robust aggregator solves the min-max problem:

optg € arg min max R(f, é),
f bed

thus ensuring robustness under uncertainty.

3 THEORETICAL RESULTS

This section introduces theoretical results for decision aggregation under bounded rationality.
We focus on a setting where experts receive signals that are independent and identically
distributed conditioning on the world state (c.i.i.d.).

Theorem 3.1 (Main Theorem). Consider a group of experts with c.i.i.d. signal structures
0 and quantal responses with rationality parameter .

1. Optimal Robust Aggregator. When X < g(n), majority voting f™ is the optimal
robust aggregator:

max R(f™%,0) = min max R(f,0)
éeéiiid f éeéiiid

using the decision rule:

0, T <n/2
f"“‘j(at) =<1/2, x=n/2
1, x>n/2

The threshold function g(n) is defined as the supremum of the set of A values that
satisfy a specific inequality for all gy and q1 within a given range. Formally,

g(n) = sup {)\ Yqo, q1 such that ¥x(0) < qo < 1 < 0.5, the following inequality holds:

(q:(1 - QI))L%J (1—2q) < (qo(1 — QO))L%J (1 —2q0) y 2\ +1In(1 — qo) — In(qo) }
Ya(l) — @1 - Y1) —qo 2\ —In(1 — qo) + In(qo)

For n < 2, majority voting remains optimal for any finite \, that is, the threshold is
infinity g(n) = oo.

2. Bounded Rationality Advantage. While perfect rationality (A — oo) mazimizes
single-expert performance (n = 1), the group exhibits a different behavior:

o For all n > 2, there exist 0* € O and finite \* such that under 6%, the
optimal utility with bounded rationality level \* strictly exceeds that with perfect
rationality:

Hl;lXU (fa rep (0*71/})\*)) > HI?XU (f7 rep (9*7¢w))
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o For all m > 2, this advantage of bounded rationality holds for majority voting:

U (£, 1ep (07 6)) > maxU (f,rep (6", b))

In the above theorem, éﬁ\“d denotes the set of joint distributions over reported decisions
induced by the c.i.i.d. signal structures ©°¢ through the quantal response function 1y, i.e.,
@f\“d = 1rep(©°? 4hy). The terms 1, (0) and 1/ (1) represent the probabilities of reporting
X; =1 when the posterior Prjw =1 | 5;] is 0 or 1, respectively. The inequality that defines
g(n) illustrates that, in expectation, reporting 1 is optimal when exactly L%J experts
report 0, based on the combination of the two symmetric report structures parameterized by

qo and q;.

Proof Sketch of Theorem The proof is structured in three main steps, which is
shown in Section [Al

1. Dimension Reduction. To solve the min-max optimization over the intractable
infinite-dimensional space of signal structures, we reduce its dimensionality. Since
an expert’s report depends only on their posterior belief s € [0, 1], we encode each
posterior as a point on a curve in R3. Valid report structures form the convex hull
of this curve. We prove a key geometric lemma that no four points on this curve are
coplanar. Combined with Carathéodory’s theorem, this shows any report structure
can be represented by a signal structure with at most three posteriors {0,p, 1},
simplifying the problem to a manageable three-parameter space.

2. Optimality of Majority Voting. Bounded rationality regularizes the space
of report structures, smoothing out extreme structures that favor complex, non-
monotonic aggregators. We prove that when A < g(n), simple majority voting
becomes the optimal robust aggregator. To establish this, we prove pairwise
optimality: for any symmetric pair of structures, majority voting minimizes their
combined regret. We then show this implies global minimax optimality. The
threshold g(n) is the largest A for which pairwise optimality holds.

3. Bounded Rationality Advantage. Finally, we explain the counterintuitive result
that bounded rationality can outperform perfect rationality in a group setting
(n > 2). While perfect rationality is best for a single expert, the randomness from
bounded rationality introduces valuable diversity in a group. It allows weak but
useful signals, which might be lost when fully rational experts all report the same
decision, to influence the collective outcome. The proof is by construction. We
design a signal structure 8* where perfectly rational experts unanimously report 0,
yielding a utility of 0.5. We then show that with a finite rationality level A*, their
reports become stochastic. This variation, while noisy, is informative, allowing an
aggregator to achieve a utility strictly greater than 0.5. For n > 2, we show that
simple majority voting is sufficient to gain this advantage.

Numerical Study. To complement our theoretical analysis, we conducted numerical
simulations to illustrate the key results. As shown in Section (Figure 7 we computed
the worst-case regret for both majority voting and the optimal robust aggregator. The
results confirm that for rationality levels A < g(n), the regrets are identical, verifying that
majority voting (™) is indeed the optimal robust aggregator. The plots also reveal that
this threshold is a sufficient but not strictly necessary condition, as majority voting can
remain optimal for some A > g(n). However, for larger groups (e.g., n = 5) and high
rationality, a more complex aggregator outperforms the majority rule. The U-shaped curve
of the worst-case regret illustrates that choosing an appropriate, bounded level of rationality
can be more effective than pursuing perfect rationality. This highlights that a moderate
degree of “noise” or uncertainty can be beneficial for group decision-making.

4 EMPIRICAL RESULTS

In this section, we describe two sets of studies designed to address the following two key
research questions:
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1. Do the responses of large language model (LLM) conform to quantal response theory?

2. How do the number of experts (LLM instances) and their rationality (temperature)
affect the aggregation results, and how should these parameters be set to optimize
performance?

Connection between LLMs and Quantal Response. Before detailing the experimental
setup, we formalize the connection between the quantal response (QR) model and the core
output mechanism of LLMs. The QR model is structurally identical to the LLM’s softmax
function with temperature. Let u; = E[u(X = j,w)|S;] denote the expected utility of
choosing action j. The QR model dictates that the probability of choosing action j is given
by:

e)\’le

2 N
where A is the rationality parameter. Similarly, the probability of an LLM outputting choice
J is determined by its internal logits z; and the sampling temperature t:

PIX =) =

ezj/t
Yo e/t

These formulations are structurally identical. Assuming the LLM’s internal logits are
proportional to the expected utility under a given task, the rationality parameter A is
mathematically analogous to the inverse temperature 1/t. A lower A (increased stochasticity)
directly corresponds to a higher temperature ¢ (more randomness). This theoretical link
makes LLMs ideal subjects for evaluating bounded-rational agents, an approach increasingly
supported by recent literature modeling LLM decision-making through behavioral game
theory and QR frameworks (Jia et al., 2025; [Kirshner et al., |2025]).

P(choice j) =

These questions and theoretical connections guide the study setup. We simulate individual
expert decisions by querying an LLM and using the single response as the expert’s choice. To
simulate the conditionally independent and identically distributed (c.i.i.d.) nature of expert
decisions, we generate multiple responses to the same query independently. To balance
performance and cost, we selected gpt-4o-mini as the model and used its API for querying.

4.1 BAYESIAN DECISION-MAKING STUDY

The first study examines whether LLM responses follow quantal response theory in a Bayesian
decision framework.

Study Design We use the standard belief-updating task [Phillips and Edwards| (1966));
Grether| (1980) as the Bayesian Decision-Making Study. Specifically, large language models
(LLMs) are tasked with inferring which of two boxes was selected based on the observed color
of a ball drawn from the chosen box. The left box (w = 1) and the right box (w = 0) contain
red and blue balls in different proportions. The prior probability of selecting the left box is
1 = Prlw = 1], and the task is to infer the selected box based on the observed signal, S;.
The model is queried under three temperature settings (0, 0.5, and 1) to assess the impact
of model rationality on decision-making. By discretization, we get 400 scenarios. Each
scenario is repeated 20 times to capture stochastic variability, and the decision proportion is
calculated as the empirical probability of choosing the left box across all repetitions. The
details are provided in Section

Examining the Quantal Response Logistic regression analysis was conducted to test
whether the decision-making behavior of the LLLM adheres to the quantal response model.
The dependent variable is the model’s decision proportion, while the independent variable is
the posterior belief derived from the Bayesian framework. To ensure symmetry in the logistic
regression, a symmetric processing approach was applied: for each observation (posterior,
proportion), a corresponding symmetric observation (1-posterior, 1-proportion) was added.
This transformation effectively doubled the dataset, expanding from 400 observations to 800,
with each temperature condition. The regression coefficient A corresponds to the rationality



Published as a conference paper at ICLR 2026

level in the quantal response, with higher values suggesting more deterministic responses
and lower values reflecting increased randomness.

The results of the logistic regression, visualized in Figure reveal a clear trend. As
the temperature increases, the coefficient A decreases, signifying a transition from more
deterministic to more probabilistic decision-making. Specifically, A ranges from a value close
to infinity (A — o0) at a temperature of 0.0, to 13.25 at 0.5, and further to 8.93 at 1.0.
These results are statistically significant, as evidenced by z-values far exceeding the critical
threshold of +1.96 (for a 95% confidence level) and p-values effectively equal to 0 for all
settings. These findings indicate that LLMs exhibit probabilistic decision-making consistent
with the quantal response theory. A detailed summary of the regression results is provided
in the appendix (see Table [L).
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Figure 2: Logistic Regression Results Across Temperatures. The plots illustrate the
relationship between posterior probability (x-axis) and decision proportion (y-axis) at three
temperature settings (¢ = 0.0,0.5,1.0). Each gray dot represents a specific scenario, showing
the decision proportion of GPT-4o-mini for that scenario. The fitted quantal response
curve (orange line) represents the model’s predicted behavior, with the fitted coefficient A
quantifying the rationality of decision-making. Specifically, A — oo at ¢t = 0.0, A = 13.25
at t = 0.5, and A = 8.93 at t = 1.0. The results demonstrate increased randomness as
temperature rises, aligning with the quantal response model’s predictions.

4.2 MULTIPLE-CHOICE QUESTION ANSWERING STUDY

The second study investigates the behavior of large language models (LLMs) when tasked
with multiple-choice question answering, using the MathQA dataset (Amini et al, |2019).
This study focuses on understanding the efficacy of plurality vote aggregation for problems
involving multiple options and evaluates performance under varying levels of model rationality
and the number of experts.

Study Design We evaluate aggregation performance by querying the model with 500
randomly selected questions from the MathQA dataset, under three temperature settings
(t =0.0,0.5,1.0). For each question, we generate 20 responses. Because the questions offer
more than two options, we use plurality voting (fP'*), a generalization of majority voting.
This involves selecting the option with the highest frequency among the sampled responses.
In the event of a tie, the aggregator randomly chooses among the tied options. Bootstrapping
is used to assess aggregation robustness, repeated 1000 times for each temperature and
expert group size (n = 1,3,5). Accuracy is the proportion of correct aggregated answers.
The details are provided in Section

Evaluate Performance of Aggregators The performance of aggregation methods is
evaluated under different temperature settings (¢ = 0.0,0.5,1.0) and varying numbers of
experts (n = 1,3,5). Specifically, we examine majority voting (f™%/) in the Bayesian Decision-
Making Study and plurality voting (f?"*) in the Multiple-Choice Question Answering Study
using the MathQA dataset. We use only odd values for n to avoid ties.

Across both studies (Figure |3), when n = 1, the expected utility is generally lower due
to lack of decision diversity. Deterministic expert behavior (¢t = 0.0) yields slightly higher
utility compared to stochastic settings (¢ > 0.5), indicating that with only one expert,
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Figure 3: Performance of Majority /Plurality Voting Aggregation. Panel (a) presents
the expected utility of the majority-vote aggregator (f™%/) in the Bayesian decision-making
task, where different temperature settings (¢ = 0.0,0.5,1.0) and numbers of experts (n =
1,3,5) are evaluated. Panel (b) shows the accuracy of the plurality-vote aggregator (fP!*)
when applied to the multiple-choice question answering task using the MathQA dataset. In
both panels, error bars represent the standard error of the mean (SEM), which quantifies
the uncertainty in the estimated mean. Both studies show the same pattern: increasing the
number of experts (n) improves aggregation performance. When n = 1, higher temperature
(t) decreases performance due to increased randomness. When n > 3, higher temperature
improves performance as diversity enhances aggregation effectiveness. These results highlight
that while randomness degrades individual decisions, it benefits collective decision-making
when properly aggregated, which aligns with our theoretical findings.

randomness negatively impacts decision reliability. However, when n = 3,5, the utility of
majority (plurality) voting interestingly increases with higher temperatures. This outcome
aligns with our theoretical predictions, suggesting that randomness can enhance aggregation
performance by providing additional informational diversity. Additionally, we evaluate a
simple random follow rule, which performs equivalently to majority voting with n = 1, and
find its performance consistently inferior or equal to majority voting with larger groups.

These findings align closely with theoretical expectations and ensemble learning literature,
emphasizing the value of aggregating multiple stochastic responses from LLMs to improve
decision accuracy.

5 DIscussioN AND FUTURE WORK

This paper shows that bounded rationality plays a crucial role in shaping decision aggre-
gation. Majority voting reaches minimax optimality when group rationality A is below a
critical threshold (g(n)). In particular, experts with moderate levels of stochastic behavior
(A < o0) sometimes outperform perfectly rational experts. This phenomenon can be ex-
plained theoretically in a robust aggregation framework and is observed empirically in large
language models (LLMs), where temperature-controlled randomness improves the accuracy
of aggregated decision. These results suggest that introducing imperfections may enhance
collective intelligence.

While these findings offer practical implications for domains such as investment (where
“noisy” retail investors are common) and Al ensembles (where temperature diversity can be
optimized), several assumptions require relaxing for real-world applications. Our current
framework assumes conditionally independent and identically distributed (i.i.d.) experts,
neglecting potential correlations and adversarial conditions. Furthermore, the homogeneous
rationality model does not account for groups with diverse rationality. Future research
should address signal dependencies through graph-based aggregation methods and explore
the impact of heterogeneous rationality on decision-making, including real-world testing in
critical areas like medical diagnostics.

This work is supported by National Natural Science Foundation of China award number
62372007.
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A  PROOFS FOR SECTION

A.1 DIMENSION REDUCTION

To prove Section [3] the primary challenge is to reduce the complexity of the signal space.
Since, by definition of the response function, the report depends only on the posterior given
A, we can slightly reduce complexity by grouping signals that yield identical posteriors. We
use Sy to denote the set of signals that can be received by each expert under . The above
observation is formalized as follows:

Observation A.1 (Signal Grouping). Let Sp = {sV), s ..., s(™} be the signal set of the
signal structure 8 € ©°“4. For any two signals s9), s%) € Sy with identical posteriors, i.e.,

Prlo=18; =59 =Prlw=1]8; = s¥)],
we define a new signal sYV*) representing the event S; = s\9) or S; = s™%). That is,
S; = sUVR = 5, = 5D or §; = (M),

By grouping such signals, we construct a new signal structure 6 with a smaller signal set
that induces the same report structure as 0:

VA >0, rep(0,1y) = rep(8,1)).

After grouping signals with identical posteriors, we establish a one-to-one correspondence
between signals and posteriors. This allows us to represent each signal by its corresponding
posterior value. For instance, a signal s where Prjw = 1| S; = s] = 0.8 can be represented
simply as 0.8.

Now, let’s define a 3-signal space signal structure, denoted ©3¢*?. This structure comprises
signal structures where the signal set contains at most three distinct posteriors:

®3ciid _ {9 c @ciid | 3[) c (O, 1) such that Sy C {Ovpa 1}} :

As defined, any 6 € ©3°? has a signal set Sy containing at most three elements, each
representing a posterior. At most one of these posteriors, p, can lie strictly between 0 and 1;
the others must be 0 and 1. We can parameterize each signal structure § € 03¢ with three
values: p, 70, and ~;. These parameters define the joint distribution:

‘Slzo SZ:p Sl:].
g “=0] 1w ml-p 0
w=1 0 mPp 1—v%—-m

This 3-signal space structure represents a significant simplification compared to the general
signal space. The following lemma will demonstrate the sufficiency of considering only this
simplified structure.

Lemma A.2 (Dimension Reduction). For all quantal response rationality levels A > 0, the
report structure induced by the 3-signal space structure is equivalent to that induced by the
general signal space. Formally:

rep((%)Sciid’ 77[»\) _ éi“d
We now formalize the dimension reduction technique that allows us to compress the signal
space.
Proof Sketch of Lemma [A.2]

The proof consists of three main steps:

1. 3-Dimensional Encoding of Signal and Report Structures.
We begin by encoding signal structures and report structures into a 3-dimensional
space. Under the response function ), each signal s € [0, 1] corresponds to a point

v(s) =(s,¥a(s), s¥a(s))
=Prlw=11]8;=s,Pr[X;=1]|S;=s],Pr[X;=1L,w=1]5;=¢])
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in three-dimensional space. Here, 95(s) = Pr[X; = 1 | S; = s] represents the
probability of taking action 1 given posterior s, while s¢)(s) = Pr[X; =1, w =1 |
S; = s] represents the joint probability of taking action 1 and the action matching
the true state of the world. As s varies over the interval [0, 1], this mapping traces
out a curve, which we denote by C, in the three-dimensional space.

Each report structure also corresponds to a point in three-dimensional space:

v(0) = (Prjw = 1], Pr[X; = 1], Pr[X; = 1,w = 1]).

Critically, the point corresponding to a report structure 6 = rep(#,1,) is a convex
combination of the points corresponding to the signals in the signal set Sy of 6.
Consequently, all possible report structures correspond to points within the convex
hull of the curve C.

Thus, to establish the equivalence of report structures induced by the 3-signal space
and the general signal space, it suffices to show that their respective convex hulls
are equivalent. Specifically, we must demonstrate that any point v(é) within the
convex hull of C can be expressed as a convex combination of at most three points
v(0),v(p), v(1) on C, corresponding to signals of 0, p, and 1, for some p € [0, 1].

2. No Four Points Coplanar.
To prove this, we need the following key result: no four points on the curve C are
coplanar. We establish this by considering a 4x4 matrix where each row takes the
form [1, 5,1x(s), swa(s)] for four values of s : a < b < ¢ < d. Assuming ¥, (p) is
the quantal response function, we demonstrate that the determinant of this matrix
maintains a consistent sign (either always positive or always negative) regardless of
the values of a, b, ¢, d, which implies the result.

3. Representing Any Report Structure v(f) with v(0),v(p),v(1).

Using the “no four points coplanar” result, and by repeatedly applying it along with
the intermediate value theorem (Rudin et al., [1964]), we first establish a preliminary
result: any point on the line segment connecting two points v(j),v(k) on C can
be expressed as a convex combination of at most three points v(0),v(p),v(1) on
C, corresponding to signals 0, p, and 1 for some p € [0,1]. We then extend this
result to encompass any point in the convex hull of C through an iterative reduction
argument.

Proof of Lemmal[A.2
3-Dimensional Encoding of Signal and Report Structures.

We need to first analyze the relationship between the report structure and the signal structure.

To analyze the report structure 6 of a specific expert, we observe that three quantities
can uniquely determine a report structure of expert i: Prjlw = 1], Pry[X; = 1], and
Pry[X; = 1,w = 1]. These three quantities can be considered as a point in R3. We define

v(f) as the point in R? corresponding to 6. Formally,

v(6) = (Prlw = 1], Pr[X; = 1], Pr[X; = L, = 1)
6 % 0

Using this perspective, we can establish the connection between the signal structure and
the report structure. Consider a signal s € [0, 1] with posterior Prjw =1|5; = s] =s. We
represent this signal as a point in R3 using the following coordinates:

v(s) = (s,1(s), s1(s))
=Priw=1]8;=s¢],¥(Prlw=1|85; =s]),Prlw=1]|5; = s]y(Prlw =1 5; = s])).

This point represents the report structure when only this specific signal s is considered. Here,
Prlw = 1| .S; = s] is the posterior probability that the true state is w = 1 given the signal s,
Y(Prlw =1 S; = s]) is the probability that the expert reports 1 given this posterior, and
Prlw =1 S; = s]¢(Prjw = 1| S; = s]) is the joint probability that w = 1 and the expert
reports 1.
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Given the signal S; = s, the state w and the decision X; are conditionally independent.
This conditional independence allows us to express the overall report structure as a linear
combination of the points corresponding to different signals.

Lemma A.3. For corresponding signal structure 6 and report structure é, the point of report

structure 0 for expert i can be represented as a convexr combination of the points corresponding
to the individual signals S in the signal structure 6. That is,

v(d) = Z P;r[Si = s]v(s)

sESy

Proof of Lemma[A-3 Let 6 be the corresponding signal structure of 6, and Sp be the set
of all possible signals s that expert ¢ can receive. The probability of receiving signal s is
denoted by Pry[S; = s]. The three quantities defining the overall report structure can be
expressed as expectations over these points:

e Pr;lw = 1] is the expected posterior probability:

Priv=1= > Pr[S; = 5] Prlw = 1] 5; = 3.
o sESy

e Pr;[X; = 1] is the expected reporting probability:

PriX;=1]= )  Pr[X; =1,5; =]
0
s€Sy

= > PrlSi = slu(Prlw = 1 5i = 5)).

sESy
e Pr;[X; = 1,w = 1] is the expected joint probability:

PriX;,=lw=1]= Z P;r[XZ- =158 =sw=1]
0
SESy

= Pr[Si:s]f;r[wzl\Si:s]Pr[Xizl|Si:5]

(Conditional Independence)

= Pr[S; = $] %r[w =1|8;= S]Q/J(Per[w =11]8;=s]).

Each of these expectations is a weighted sum of the corresponding coordinates of the points
v(s) in R3, with weights given by the probabilities Prg[S; = s]. Thus, the point of report
structure v(6) is a convex combination of the points v(s).

v(d) = Z P;r[Si = sv(s)
SESy
O

Define curve C be the set of all points of signals in R?, that is, C = {(s,(s), s¢(s)) | s € [0,1]}.
Let conv(C) be the convex hull of curve C. Since the point of report structure can be
represented as a convex combination of the points in C, conv(C) is the set of all valid report
structures.

According to (Carathéodory (1911)’s theorem, in R, any point inside the convex hull of a set
can be represented as a convex combination of at most 4 points from the set. Thus, we only
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need 4 signals to represent all report structures. However, in the next subsection, we will
further prove that when v (s) is a quantal response function, the signal structures in @3¢
can express all report structures.

No Four Points Coplanar.

Then we prove that, given A > 0, there are no four points coplanar in the curve C =
{(s,9¥x(s), stx(s)) | s € [0,1]}. Formally,

Lemma A.4. Given X > 0, any four different points on

v(s) = (5,9a(s), 591 (s)), (s € [0,1])

are not coplanar.

1 a ta(a) ax(a)
Proof of Lemmal[A7 Let M(a,b,c,d) = } lc) iigg gi;\glg
1 d a(d) apxr(d)

We need to prove Va,b,c,d,0 <a<b<c<d<l,
det(M(a,b,c,d)) > 0.
Let =4\, u=d—c,v=c—bw=b—a,
B, z=0 In 3, z=0
h<x>={em o) ={ ot

=, >0 In(e’* —1) —Inz, >0’

we'2
Then we have
det(M(a,b,c,d)) >0
sy o2(2a+2b42c4+2d—2)X H(l + 2 (1-20)) get (M (a, b, ¢, d)) > 0
> (d—c)(b—a)(e® —eP)(eP — ) > (d — a)(c — b)(e®? — e?) (" — e2P)
= uw(e™TFE _ 1) (e —1) > v(u+ v+ w) (e’ —1)(e*? —1)ev?
< h(v)h(u + v+ w) > h(u)h(w)
When z > 0, we define t = Sz > 0.
Then
fi(z)>0
= gﬂce% —&—gxe%m —eT —|—e% >0
— Bre’” + fr — 277 +2>0
= tel+t—-2"+2>0
< J’i:.o tk(kjki'—m >0
k=2

Then we know A(u + v +w) > h(u + w) and h(v) > h(0) = B. Since lim,_,q+ h(z) = ¢(0),
h(z) is continuous when x > 0. Because Ya > 0, h(x) > 0,
h(v)h(u+v+w) > h(u)h(w)
<—h(u+ w)h(0) > h(u)h(w)
< In(h(u + w)) + In(h(0)) > In(h(u)) + In(h(w))
= g(u+w) +g(0) > g(u) + g(w)

Since lim,_.g+ g(xz) = ¢(0), g(x) is continuous when z > 0. When z > 0, we define
m = Bx > 0.
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Then
9"(z) >0
1 526{31
= = ————— >0
x2  (ePr —1)2
= (™ —1)* > m?e™
= emMte ™ —2>m?

+oo

= >y

k=2

Then we know g(x) is convex on [0, 4+00). So g(u + w) + g(0) > g(u) + g(w), which means
that the theorem is proved. O

2m?
(

k
2w "

Representing Any Report Structure v(d) with v(0),v(p), v(1).

In the following Lemmas and we will first show that for any convex combination of
two points on the curve, the resulting point can be expressed as a convex combination of the
points v(0), v(p), v(1).

Lemma A.5. When 1/1,\( s a continuous function such that no four distinct points on the
curve C = {(s,1(s),s¥(s)) | s € [0,1]} are coplanar. Then, VO < p; <p2 <1,0< ¢ <1, s.t.

qu(p1) + (1 — @)v(p2),v(p),v(0),v(1) are coplanar. (1)
There is only one p € [0,1] satisfies eq. (1)), and p € [p1, po]

1 a ¥a(a) ar(a)
Proof of Lemma[A.5 Let M(a,b,c,d) = % lc) ;ﬁi% Zi/k\gg
L d a(d) apx(d)
Since no four distinct points in the curve C = {(s,9(s), s¢(s)) | s € [0, 1]} are coplanar, we

have for all distinct a,b, ¢, d € [0, 1] with 0 < a < b < ¢ <d<1, that the determinant of
the matrix M (a, b, ¢,d) is constant in sign:

det(M(a,b,c,d)) >0 or det(M(a,b,e,d)) <0
This means that the determinant is either always positive or always negative.

Then we define h(z) = gdet(M(0,p1,z,1)) + (1 — ¢) det(M (0, p2,x,1)). The signs of h(z)
on the intervals [0, p1] and [ps, 1] are opposite. According to the Intermediate Value Theo-
rem [Rudin et al.| (1964)), because h(z) is continuous on [0, 1] and h(p1) X h(pz) < 0, there
exists p € [p1, pe| satisfies h(p) = 0. Then quv(p1) + (1 — q)v(p2), v(p), v(0), v(1) are coplanar.
If there exists another p’ # p satisfies eq. (1)), then v(p),v(0),v(1),v(p’) are coplanar, which
is impossible. O

Lemma A.6. Let 0 < p; <ps <1 and 0 < g < 1. Then there exist functions p,z,y,z
R3 — R such that the following conditions hold:

qu(p1) + (1 = @)v(p2) = z(p1, p2, Q)v(p(p1, P2, 9)) + y(p1, P2, 9)v(0) + 2(p1, P2, ¢)v(1),
with x(p1, p2,q) +y(p1,p2,q) + 2(p1,p2,q) = 1, that is,
qu(p1) + (1 — @)v(p2), v(p(p1, P2, q)),v(0), v(1) are coplanar.
And the following inequalities hold:
z(p1,p2:9) >0, y(p1,p2,q) 20, 2(p1,p2.q) > 0.

Proof of Lemma[A.6 We first prove that x(p1, p2,q) > 0.

To show x(p1,p2,q) > 0, we define po(q) = p(p1,p2,q) and z¢(q) = z(p1,p2,q). Consider the
function:

h(s,q) = qdet(M(0,p1,s,1)) + (1 — q) det(M (0, p2, s,1)).
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2

*

Since h(po(q),q) = 0 and h(s, q) is continuous on [0, 1]%, we have: for any ¢

Jm, h(po(q),q) = h(qlgg* po(q),q") = 0.

This implies lim,_, 4+ po(¢) = po(¢*),which means py is continuous.

Next, we can express xo(q) as:

v(0)
det (qv(pl) +(1- Q)"’(pz))
(q) = v(1)
Zolq) = 'U(O) .
det  v(po(q))

(1)
Since the determinant in the denominator is non-zero for distinct p; and pa, zo(q) is
continuous on [0,1]. Given that x¢(0) = 1 and z0(1) = 1, if zo(¢q) < 0 for some ¢ € (0,1),
by the Intermediate Value Theorem (Rudin et al. [1964)), there exists ¢t such that xq(t) = 0.

This leads to v(0),v(p1),v(p2), v(1) being coplanar, contradicting the condition.
Next, we will prove y(p1,p2,q) > 0.

When q = Oa we have p(plap25q) = D2, :E(p17p27q) = 15 and y(p17p27q) = Z(plap27Q) = 0.
When ¢ = 1, we have p(p1, p2,q) = p1, ©(p1,p2,q) = 1, and y(p1,p2,q) = 2(p1,p2,9) = 0.

For 0 < ¢ < 1, we consider the case that p; = 0 in eq. , then p = po.

So we can define p(0,p2,q) = p2, x(0,p2,9) = 1 —q, y(0,p2,q) = ¢, 2(0,p2,q) = 0,
and we have VO < p; < p» < 1,0 < ¢ < 1,3p,z,y,2 : R® — R, s.t. qu(p1)

+
(1 = q)v(pz) = x(p1,p2, QYv(P(P1,12,9)) + Y(P1,p2,9)v(0) + z(pl,pQ’q)v(l) z(p1,p2,q) +
y(p17p27q) + Z(p17p2vq) =1

Then we fix g and p, and define:
po(p1) = p(p1,p2:4),  wo(p1) = y(p1,p2,9)-
We then analyze the function:
h(s,p1) = qdet(M(0,p1,s,1)) + (1 — q) det(M(0, p2, s,1)).
Since h(po(p1),p1) = 0 and h(s,p1) is continuous, we have:
i, (po(pr), p1) = h( i, po(pr), p1) =0.

This implies lim,,, po(pl) = po(p}),which means pq is continuous.

qu(p1) + (1 = q)v(p2)
det ( v(po(p1)) >

B v(1)
yo(Pl) = ( )

det( (po(pl)))
v(1)
Thus, yo(p1) is continuous on [0,1). Given that yo(0) = ¢ > 0, if yo(p1) < 0 for some

p1 € (0,1), then by the Intermediate Value Theorem (Rudin et al.| [1964)), there exists ¢

such that yo(¢) = 0. This leads to v(p), v(p1),v(p2),v(1) being coplanar, contradicting the
condition.

We can express yo(p1) as

=]

Finally, we will prove z(p1, p2,q) > 0.

When q= 07 we have p(plaPQaQ) = P2, z(PlvPQvQ) = 13 and y(p17p27q) = Z(p17p27q) = 0.
When q= 17 we have p(p17p27(I) = D1, x(plup?uq) = 17 and y(p1>p2>Q) = Z(plupZaq) =0.

For 0 < ¢ < 1, we consider the case that p, = 1 in eq. (I]). Then p = p;.
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So we can define p(p1,1,q) = p2, z(p1,1,9) = ¢, y(p1,1,9) = 0, z(p1,1,q) = 1—¢
and we have VO < p; < po < 1,0 < ¢ < 1,3p, 2,9,z : R® — R stqu(p) +

(1 = q@)v(p2) = =(p1,p2,Q)v(P(P1,P2,9)) + y(P1,02,9)v(0) + 2(p1, P2, q)v (1), 2(p1,p2,q) +
y(?laP%Q) + Z(p17p27f.7) =1

Then we fix ¢ and p; and define:
po(p2) = p(p1,p2,4),  20(P2) = 2(P1, P2, 9)-
We analyze the function:
h(s,p2) = qdet(M(0,p1,s,1)) + (1 — q) det(M (0, p2, s,1)).
Since h(po(p2),p2) = 0 and h(s, p2) is continuous, we have:

lim h(po(p2),p2) = h( lim po(p2),ps) = 0.
P2—Dy pP2—Py

This implies lim,,, ,,, po(p2) = po(ps),which means py is continuous.

We can express zo(p2) as:

v(0)
det ( v(po(p2)) )
qu(p1) + (1 — q)v(p2) '

v(0)
det <U(P0 (Pz)))
v(1)

This shows that zo(p2) is continuous on [0, 1). Given that z¢(0) =1 —¢ > 0, if zo(p2) < 0 for
some py € (0,1), then by the Intermediate Value Theorem (Rudin et al., [1964), there exists
t such that zo(¢) = 0. This leads to v(p), v(p1), v(p2),v(1) being coplanar, contradicting the
condition.

20(p2) =

Thus, we conclude that z(p1,p2,q) > 0, y(p1,p2,q) > 0, 2(p1, p2, q) > 0. O

Finally, we can prove that rep(8,¥,) = 6, where 6 € ©3¢iid and f ¢ (:)f\iid, defines a bijection
between the sets ©3¢¢ and ©§. We first verify the surjectivity of the mapping:
Vo e éiiid, 36 € ©3¢%d such that rep(, 1)) = 0,
. Vaciid c @Ciid7 393ciid c ®3ciid such that rep(a?)ciid?w) _ rep(eciid7w)’
= Vgeiid ¢ @iid Jgieiid ¢ @3¢iid guch that Vi € [n],

Pr (S =slo(Prlw=1]8;=3]) = > P [8i = so( Pr [w=1]S; = s)).
SESh s€{0,p;,1}

In order to establish surjectivity, we first show that every signal set can be reduced to a
canonical form, as captured in the following lemma.
Lemma A.7 (Canonical Form Transformation). Let

So = {sW,s@ . sm}

be a finite set of signals. Then there exists an iterative transformation that maps Sy to the
canonical signal set {0,p, 1} with

F;r[w:1|5i:0]20 and ]F;r[w:1|5’i:1]:1.

Moreover, this transformation preserves the equivalence of the corresponding point, that is,

m

3 Pr[S; = 5] v(Pr[w =18 = s(j)]) = Y PrfSi=9 v(s),

J=1 s€{0,p,1}
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Proof of Lemma[A.7. We prove the lemma by describing an iterative procedure that trans-
forms Sy into the canonical form {0, p, 1}.

e Step 1 (Group Identical Posteriors):
For any two signals s/) and s*) in Sy satisfying

Prlw=1]8; =59 =Prlw=1]8; = s,

Recall theorem we can group these signals by summing their marginal prob-
abilities. Thus, without loss of generality, we may assume that every signal in Sy
corresponds to a unique posterior probability.

e Step 2 (Select and Replace a Pair of Intermediate Signals):
Choose two distinct signals s¢) and s*) with posterior probabilities

0<P1"[w:]_‘SZZS(J)]<Pr[w:]_|SZ:s(k)}<]_
Define
pji=Prlw=1]8 =59 and p:=Prlw=1]8; =s").

By applying Lemma there exists a unique intermediate value p* € [p;, px] and
nonnegative coefficients x,y, z (satisfying = +y + 2z = Pr[S; = sU)] + Pr[S; = 5] )
such that

Pr(S; = s9] v(p;) + Pr(S; = s w(pi) = 2 v(p*) +yv(0) + zv(1).

In this step, the pair {s(j ), s(k)} is replaced by a new composite signal corresponding
to the intermediate value p*, while the signals corresponding to 0 and 1 remain
intact.

e Step 3 (Iterate Until Canonical Form Is Achieved):
Replace the pair {s(), s(*)} in Sy with the new set of signals {0, p*, 1} (noting that
the signals corresponding to 0 and 1 may already exist in Sg). Since each replacement
reduces the number of signals with posterior probabilities strictly between 0 and 1,
and because Sy is finite, this iterative process terminates after finitely many steps.
The final signal set will therefore be in the canonical form

{0,p,1},

where p is the unique intermediate posterior (if any) between 0 and 1.
This completes the proof. O]

Lemma demonstrates that for every report structure 6 e @i“d there exists an equivalent
signal structure structure # € 03¢ satisfying

rep(6, v5) = 0.

Thus, the mapping is surjective.

Next, we verify the injectivity of the mapping:

V6,0 € @3¢ rep(,¢)) =rep(d,y)) = 6 =140".
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Since Prglw =1]5; =0 =Prgpjw=1|5;=0=0and Prglw=1]5; =1] =Prgjw=1|
S; = 1] =1, we have

rep(9’¢) = rep(9l7’¢))
ey Pr[S; = silo(Prlw =1 §; = si]) = > Pr(S; = siJu(Prlw = 1] 5; = 1))

s;€{0,p,1} s;€{0,p,1}
— Z P@r[Si = si]'u(l?gr[w =1|85;=s]) — Z lzlr[Si = si]v(f;/r[w =1|85,=s])=0
s;€{0,p,1} s;€{0,p,1}

= (Br[S = 0] — Pr[S; = 0))0(0) + (Pr[S; = 1] — Pr[s, = 1])o(1)
+Pr[S; = plo(Prlw =11 5 = pl) — Px[S; = plo(Prlo = 1] 5 = p]) =0
PI‘g [Sl = 0] — PI‘@/ [SZ = 0] =0
{Prg[Si = 1] — Prg/ [SZ = 1] =0
<{v(Pr9/ w=11Si=p) =vProfw=1[5%=p) {Pre/[Si =p|=0 )
Prg[S; = p] = Prg/[S; =p] =0 Pro[S; = p] =0
= 0=0

Together, these results confirm that 6 = rep(6, 1) is both injective and surjective, thereby
defining a bijection between 03¢ and @f\“d.

Thus we proved B B
rep(@?)cud’ w}\) _ @iud

A.2 OPTIMAL ROBUST AGGREGATOR

We start to identify the optimal aggregator when experts exhibit bounded rationality.
We prove that the simple majority voting is the optimal robust aggregator under certain
conditions. In particular, for a given number of experts n, when the rationality level A is
below a certain threshold g(n), the majority voting f™% minimizes the regret. The threshold
function g(n) (for n = 3 to 20) visualized in fig.

3
2.64 —o— g(n)

Figure 4: Threshold g(n) vs. Group Size n (n = 3 to 20) The plot begins at n = 3 because
when n < 2, the majority voting is always the optimal robust aggregator, independent of .
For n € [3,20], g(n) decreases with increasing n, with every even n satisfying g(n) = g(n—1).
These properties indicate that as group size grows, the bounded rationality threshold becomes
stricter, representing a lower rationality level to preserve the optimality of the majority
voting rule.

Intuition for the Step-Like Threshold g(n): As observed in fig. 4] the threshold function
exhibits a step-like behavior where g(2k) = ¢g(2k — 1) for any integer k > 2. This occurs
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because the expected utility of the majority vote aggregator ™% is mathematically identical
for a group of 2k experts and a group of 2k — 1 experts. Specifically, for an odd group of
2k — 1 experts, no ties are possible. For an even group of 2k experts, ties are broken by
a 0.5 random coin flip. The decision process for 2k experts is equivalent in expectation
to randomly removing one expert and taking the majority vote of the remaining 2k — 1
experts. If the 2k experts are not in a tie, removing one expert does not change the majority
outcome. If they are in a perfect k vs. k tie, removing one expert results in a 2k — 1 group
whose majority vote will be '1” or ’0’ with 0.5 probability, matching the tie-breaking rule
exactly. Since the expected utilities are identical, their optimal rationality thresholds g(n)
are also identical. Conversely, this symmetry breaks when moving from 2k to 2k + 1 (i.e.,
g(2k + 1) # g(2k)), because a near-tie (k + 1, k) outcome is deterministic for 2k + 1 experts,
but removing an expert can force a stochastic tie-breaking outcome in the 2k case, causing
their expected utilities to diverge.

Proof Sketch of Theorem Optimal Robust Aggregator.

The proof consists of two main steps:

1. Pairwise Optimality of Majority Voting.
We aim to show %7 is the optimal solution to the following optimization problem
under certain conditions:

™% € argmin max R(f, é)
f fcdciid

A direct approach to showing the worst-case regret optimality of the majority voting,
fmei | would involve maximizing over the entire space of possible report structures.
To avoid this global maximization, we will employ approaches that consider each
signal structure individually.

One such approach would be to prove the stronger condition that f™% is universally
optimal, meaning f™% € arg ming R(f, 0) for all report structures 6 € ©°*4. While

this would immediately imply worst-case regret optimality, f™% is not, in fact,
universally optimal.

Instead, we establish a weaker, yet sufficient, condition. We prove that, under certain
conditions, for any pair of symmetric signal structures 6 and ' within the restricted
set @3¢d fmaj minimizes the sum of expected regret:

fmaj € arg;nin (R(fa rep(@, ¢A)) + R(f7 rep(0/7 ¢k))) .

We then demonstrate how this pairwise optimality implies the desired worst-case
regret optimality of f™% effectively avoiding the need to maximize over the entire
space of signal structures.

2. Regret Minimization Condition and Threshold Derivation.
First, we expand the formula R(f,rep(8,vy)) + R(f,rep(6’,4,)) so that we can
analyze each term of f(x) separately. Then we proved f™% minimizes the sum of
the expected regret if and only if

Pr{w=1‘X:V—1H <0.5,
o 2

where X is the number of experts reporting 1. This further simplifies the question.
Finally, we derive the threshold function g(n) given the above condition. We prove
that when A < g(n), the majority voting minimizes the sum of the expected regret
under the pair of signal structures {6,6'}.

Proof of Theorem[3.1 Optimal Robust Aggregator.
Pairwise Optimality of Majority Voting.
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Consider the following symmetric signal structures 0,0’ € ©3¢? with n experts

SZZO Sizp SZ:].
g @=0[0-pd—-po) (I-ppo 0
w=1 0 [p1 n(1—p1)
g w=0[ npl—p) 1p1 0
w=1 0 (I=mpo (1 —=p)(1—po)

_ Lp
Let p = p«p1+(1iu)po' We define

=Pr[X;=1|w=1]=(1—p1)Ya(l) + ;p1¥r(p),

and we have the joint distribution of the two report structures

{QO =Pr[X; =1|w=0]=(1-po)¥x(0) +povr(p),

X, =0 X, =1
g @w=010-pd-q) (1 —1)qo
w=1| pl-q) i)
gy @=0 141 w(l—q1)
w=1 (1 —1)qo (1= p)(1 — qo)

Since the signal structures 6,6’ are odd symmetric, we have

U(opty, 0) = U(opty, 0.

Thus, to find the best response to {6, €'}, minimizing the regret is equivalent to maximizing
the utility, i.e.,

argmin max R(f, é)

f 6e{0,0"}
=argmin max U (opty, 9) - U(f, é)
f 6e{0,6}

—argmax min U(f,0)
f befo,0}

Then, we need to prove f™% is the best response to {,6'}, that is,

min U(f™%7,0) = max min U(/f,
0c{0,0"} (f )= I bef0,0'} f )

Regret Minimization Condition and Threshold Derivation.

We consider max (U(f,0) + U(f,8")).

n

U0+ U(18) =3 ((2F(0) - DESX =0 = 1]+ (1= 2/(0) Pr{X = .0 = 0])

z=0

+Z(2f -1) Pr[ w:1]+(1—2f(x))1;/r[X:x7w:O]>
—1+2Z< ) (uql(l—ql) C+ =gy (1= q)”

— (1= g (1= q0)" ™" = pg! (1~ 1)"))

Next, we will prove that when f™% maximize the utility, majority voting is an optimal robust
aggregator. Specially, since § and ¢’ are odd symmetric, we have U(f™% 0) = U(f™,6").
Thus we can prove
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Lemma A.8. If for any signal structure § € ©3°? the majority voting f™% satisfy

fmei € argmax(U(f,0) + U(f,0')).
f

Then the majority voting f™% is a best response to O j.e.,

™% € argmax min U(f, )
f

feorciid
Proof of Lemmal[A.§
U(f.0) +U(/.8)
<
o1, U0 < 2

(U(f,0)+U(/,8))
= max 961?911;/} U(f,0) < max 5

— max min U(f,0) < Uu(fm™,0) +U(fm,0')

fee{6,6"} 2
= gl VU0 < i, UU0)
— max, anin, U(H0) =, i, U(™7,0)
= U(opty, 0) — mfax I?u; }U(f, 0) = U (opty, 0) — er?ené }U(fm‘” .6)
— wax i R(£,0)= iy R,

_— fmaJ IS arg;mn rr{léi)g(/} R(f, )

Finally, we prove that when A\ < g(n), the best response to ©¢? is fmaj,

Vo, R(f,0) > R
) ax, (f,0) pluas (.0)

= V0, R > R
o RS, 0) 2 min s R(S,0)

> R(f™,0)

= V0, R(f,
omin max R(f 0) >

— min max R < max R(f™% 9
f pcociid (f ) fcQciid (f )

— min max R(f,0) = max R(f™%,0
f geeclld (f ) 9€®LLLd <f )

— ™% ¢ argmax min U(f, )
f Qeeclld

O

Let f* € argmax; (U(f,60) + U(f,8); T(z) = pngf (1 = )" " + (1 = p)gg (1 — q0)" — (1 =
1)ag (1 —qo)™ ™" — pg (1 — q1)*; we have

0, T(z) <0,
f*(z) = ¢ any value in [0,1], T(z) =0,
1, T(x) >0
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Note that pgf(1—¢1)" " + (1 —p)gy~ “(1 —qo)* and
are odd symmetric with respect to the midpoint ¢ =

— a5 (1 —qo0)" ™" +pgy " (1 —q1)”
Thus, we have

M‘3A

fm € argmax(U(f,0) + U(f,0))
f
if and only if for all integer x < %, the inequality

pgi (L —q)" "+ (1 =gy "(1 —qo)” < (1 —p)go(1 —qo)" " + pgy " (1 —q1)”

holds.

To formalize this condition, we begin with the following lemma.

Lemma A.9. Ifqy < qi, then f™% € arg max ;(U(f, 0)+U(f,0)) iff the following inequality
holds:

a1 =) (1 —2¢0) < (1 - w)(g0(1 — q0) 7 (1 — 2q0).

Proof of Lemma[A.9 To establish the equivalence between the condition in the lemma and
the statement f™ € argmax;, we need to prove the equivalence of

: N n X n—r n—r xT xT n—r n—x xr
For all integer ¢ < o, ugy (1-q1)" ™" +(1-p)go " (1-q0)" < (1=p)g5 (1=q0)" " +pai ™" (1-q1)

and
n—1
pla (1= )T (1= 21) < (1 - 1)(g0(1 — q0) 73 (1 — 240).
Let I(n) = {1’ ne odd , then we have
2, nis even

w(qr(1 — fh))L";lJ(l —2q1) < (1- )( o(1 —qo)) = J(1 — 2q0)
= a1 - o) - )™ — ™) < (1 - w)g0(1 — q0) T (1 — q0)™ — ¢g™)

n+1 n1
:»uq%“(l—qnfzwl—u)m(l g0)L"2

n—1 n41 n+1
<=5 * 11— a0) T — gy T (1 gy) L7
nar F-g) (52 - L0 <(1-w)gf (1 - qo)F (52 - 122) n is even
/Mh (1—q1)3( 1/1(11‘11 1/1(]1‘11)<(1—u)q02 1—qo)2 ,/quo DO n is odd
When i < 5,0 < g < q1 < 0.5, we define t5 = 1;0‘10, t) = 1;1‘“, s = 5 —i. We know

]-Stl Sto. And

pgt (1 —qi)" "+ (

—)qp (1 —qo)" < (1 —p)gg (1 —qo)" " + pgy (1 —q1)"
= pgt(l—q)2(t —t7°) < (1—

mas (1—q0) % (£ — 15°) (5)
When n is even, we know 0 < pg? (1 —q1)% (t — t7) < (1 — ) 0%(1 —q0)% (to —t51).
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Since

1 s
25 Z(t%k7571 + ti+172k)
k=1

(t%k7871 + t(s)+172k)

eq. holds.
When n is odd, we know 0 < ,uqlg (1—q1)

5 —t7®

n, i -1
(1—qo)=(tg —ty ?). Since

|3
—
~
L VI
~
=

©
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o
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eq. holds.
When 0.5 < gp < ¢1 <1, we use (i, qo,q1) to replace (1 — p,1 —g1,1 — qo). The equation is
completely the same.

When ¢y < 0.5 < ¢q1, we have
vi< ™ {utﬁ(l —q)" " < pgy (1 - q1)”
L= pw)agT (1 = q0)* < (1= p)gg (1 — qo)" "

2
= Vi < 57uq1(1—m) + (T —=m)gy (1 —q0)" < (1 —p)gy(1—qo)" ™" + pgi (1 —q1)

And let i = 251 |, we have

pgi (L—q)" "+ (1 =gy “(1—q0)" < (1 —ugy(1—q0)" " +pg "(1—q1)”
ntl) =

(1—qo)- 2
[242 n-1)

n—1 n41
<U-wa * 11— q)F gl (1)l

n+1

n—1
— gy 2 (1 —q)"F T 4 (1 - gy

Thus, the condition always holds. O
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The above lemma characterizes the condition under which the majority voting is the optimal
robust aggregator in terms of the quantities gy and ¢;. In order to connect these conditions
with the parameter A, we now provide a reduction result.

Lemma A.10. Given n, \, we have
n—1 n—1
Vi,po,p1 € [0,1], p((1 — @)= (1= 2q1) < (1= i) (qo(1 — q0)) "> (1 — 2¢o)
<> Vq0,q1 such that ¥ (0) < g0 < q1 < 0.5, the following inequality holds:

(11— )7 (1-291) _ (g0(1 — o))" (1~ 2q0) | 2\ +1n(1 o) — In(o)
() —a B A1) — qo 22 —In(1 — go) + In(qo)

Proof of Lemma[A.10, Since qo < ¢A(p) < q1, it follows that go > ¢ is impossible.
Consider the case when gy < 0.5 < ¢;. We have the following inequalities:

{u(ql(l =) (1= 201) <0 < (1= ) (a0(1 — o)) T (1~ 200),

(@(1-g) 5 J<1 2q1) (@0(1=g0) "2 (1=2g0) . 2A+In(1—go)—In(go)
Pa(l)— <0< Ux(l)fqo = X 2>\71n(17q2)+1n(qg)'

Next, we consider the case when gy < g1 < 0.5 or 0.5 < gy < ¢1. Define the following;:
1'pl
wph+ (1= u)py’
= (1= pp)¥a0) + pova(p),  dh = (1= ph)uva(1) + phoa(p).-
We observe that ¢y =1 — ¢ and ¢; = 1 — go. Thus, we have
Vi, po,p1 € [0,1], if 0.5 < go < g1 < ¥ha(1),

ular(1— a7 (1 = 21) < (1= p)(qo(1 — q0)) "2 (1 — 240)
<= Vq0,q1, 1, p0,p1 € [0,1], if 0.5 < go < q1 < Ya(1),
W (g (1= g )T = 2¢0) < (1= 1) (gh(1 - gp) "=V (1 — 24))
< Y, po,p1 € [0,1], if ¥1(0) < qo < ¢ <0.5,

w1 = a)T (1 = 2¢1) < (1= ) (go(1 — q0) 7 (1 - 2q0).

p=1—p, py=pi, Pi=pno, P =

Thus, we conclude that

Vi, po.p1 € 0,1, p(qi(l—aqi)) = J(1 —2q1) < (1 - p)(qo(1 - QO))L%IJ(l —2qo)
<= Yu,po,p1 € [0,1], if ¥»(0) < qo < 1 < 0.5,

we have u(g1(1— g1)) 7 (1= 2q1) < (1 = 1)(qo(1 — q0)) T (1 = 24p).

When ¢y = 9 (0), we have =0, p; =0, or pg = 0.
If 4 =0, then

plar (1= q)) (1= 21) = 0 < (1= ) (ao(1 = 00)) -7 (1 = 240).
If p; = 0, then ¢; = ¢ (1). Thus,

plar (1= @) T (1= 201) <0 < (1= (@01~ 00)) 7 (1~ 20).
If po =0, then p =1 and ¢; = ¥ (1). Thus,

(1= @) (1= 201) <0 < (1 - (@01~ 90) T (1~ 200).
Therefore, when go = 1, (0), we have

a1 =) (1 = 2¢0) < (1 - w)(g0(1 — q0)) 7 (1 - 2q0).
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Combining all cases, we conclude that

Vs, pos 1 € 0, 1], p(qr(1— )71 (1 = 2g1) < (1 = 1) (go(1 — go) "7 (1 — 249)
— v/’(’apOapl S [Oa 1]7 if w/\(o) < qo S q1 S 057

we have (g1 (1 — 1)) "% (1= 201) < (1— w)(g0(1 — 20) " (1 — 2q0).

Since 1) is strictly monotonically increasing on [0, 1], for ¥, (0) < go < ¢1 < 0.5, we know
p € [ (q0), ¥y *(q1)], where ¢ ! is the inverse function of 1. For all 1 (0) < go < ¢; < 0.5

and pE [¢;1(q0>7w;1(q1>]a let

= () —q Do = 20 — ¥ (0) - Pop
L@ —oa() Y ea(p) — a(0) pop+p1(1—p)

Then p, po, p1 € [0,1] and

p= Hp1
up1+(1—p)po”’

qo = (1 = po)¥x(0), +pova(p),
@1 = (1 =p1)Ya(l) + proa(p).

Therefore, we can conclude that:

n—1 n—1
Vi posp1 € [0, 1], pmlqr (1 — @)1 (1= 2g1) < (1= i) (qo(1 — q0)) "= (1 — 240)
<= Vq0, ¢1 such that ¥,(0) < go < g1 < 0.5, the following inequality holds

Vp €[5 (g0), ¥5 (@), (g1 — )71 (1 = 21) < (1= ) (go(1 — q0)) "7 (1 — 2go).

2 x —2Xz

Finally, we define h(z) = “——=*——. Since g0 = (1 — po)¥a(0) + po¥a(p) and ¢q1 =
(1 = p1)¥a(1) + p1Ya(p), we have
o= —J0 = ¥ (0) b= Ua(l) — ¢
Ualp) = 0x(0) 1 (1) = enlp)’
Then,
_P_
L—p
___ M
(1= p)po
__ p(@a(1) = q1)(a(p) — ¥a(0))
(1= 1) (g0 — ¥a(0))(¥a(1) — ¥a(p))
So,
i
L—p
qo — ¢A(O) 62)\(1—1)) _ 6—2)\(1—1)) P
RO 1—p Ty

_ 20 —9¥x(0) y h(1 —p)
Ya(l) — ¢ h(p)
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2k+1 .2k
Since h(z) = ﬁif) %, h is strictly monotonically increasing on [0, +00). Because

1y is strictly monotonically increasing on [0, 1] and go < ¥ (p),

_H

L—p
_ 20 —9¥x(0) y h(1—p)

A1) — @ h(p)
<= ¥ (0) y h(1 = 5 (90))
(1) @ h(1y (90))

(¥a(1) — go)(2A —In(1 — go) + Ingo)

(A(1) = q1)(2A +1n(1 = go) — Ingo)”

Especially, when p = ¥} (go),

p (¥2(1) = qo)(2A — In(1 — go) + Inqo)
L—p (a(1) —q)(2A +1In(1 — qo) —Ingo)

So,

n—1 no1
Vi, pop1 € 0,1],  p(qr(1 = qu))!= 11 = 2q1) < (1= ) (qo(1 = o))"= /(1 = 2q0)
<= Vqo, ¢1 such that ¥,(0) < go < g1 < 0.5, the following inequality holds

n—1 n—1
Vp € [y (a0), ¥y a)], (a1 — @)= (1 —2q1) < (1= p)(qo(1 — g0)) "= (1 — 2go)
<= Vqo, ¢1 such that ¥»(0) < go < ¢1 < 0.5, the following inequality holds
(@(1 =) (1 —201) _ (a0(1 = )T (1~ 29)  2X+1n(1 — g0) — In(qp)
Ua(l) — ¢ - ¥a(l) —qo 2\ —In(1 — qo) + In(qo)

O

Lemma [A-T0] is crucial because it reformulates the condition from Lemma in terms of
the parameter A and the transformed quantities ¥ (0) and 1 (1). This reformulation paves
the way for defining a threshold function g(n) that governs the optimality of the majority
voting.

Before generalizing to the case n > 2, we now examine the special scenario when n < 2.

Lemma A.11. Given n < 2 and X, if qo,q1 satisfy ¥»(0) < qo < q1 < 3, the following
inequality holds:

(a1 )7 (1~ 201) _ (g0(1 — o))" /(1 —2q0) 2\ +1n(1 — o) — In(o)

UA(l) — @1 Pa(1) = qo 2\ —1In(1 — qo) + In(qo)

Proof of Lemma[A11 Recall h(z) = 3,5 % in the proof of Lemma [A.10 & is

strictly monotonically increasing on [0, 4+00). Because )y is strictly monotonically increasing
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on [0,1] and go < ¥(p),
K
1—p
_ 20 =¥ (0) y h(1—p)
A1) — @ h(p)
<%~ ¥ (0) « h(1 =5 " (q0))
“oa() - @ h(¥5 (q0))
(a(1) = qo)(2XA — In(1 — go) + Ingo)

(¥a(1) —q1)(2A +1In(1 — o) — Ingo)
<¢A(1) —qo
A1) - @
<O.5 — qo
—0.5— q1
_1 — 21]0
1 2q:

Thus we proved p(1 —2¢1) < (1 — p)(1 — 2qo). O

Lemma [A°TT] confirms that when there are at most two experts, the transformed inequality
always holds. This simple case is important for understanding the behavior of the system in
small dimensions. With these insights, we now turn to the more general case.

Lemma A.12. Givenn > 2 and A, let
g(n) =sup {/\ ‘ Yo, q1 such that ¥x(0) < qo < q1 < 0.5, the following inequality holds:

(@11 —q )71 =29
1/0\(1) —q1

- a1~ w) T (1-290) 2\ +In(1—g) - 111(610)}

X
A1) = qo 2A —1In(1 — go) + In(qo)
Then, when A < g(n), if qo, q1 satisfy ¥x(0) < go < 1 < %, the following inequality holds:

(@0 -a)!7 )0 -20) _ (@00 -a)=T (1 - 200) 20+ (1 - g) ~ In(go)
¥a(l) — ¢ Ya(l) —qo 2\ —In(1 — qo) + In(qo)

<

Proof of Lemma[A.12 Note that the term :ﬁigg:gé . giﬂig:ggg;}ﬁgggg is strictly monotoni-

cally decreasing in A. Therefore, for any A\g < A; < g (n), if the inequality holds for A = A;
with parameters (n, i, go, q1), it will also hold for A = A\ with the same parameters.

O

Lemma introduces the threshold function g(n) for the general case when n > 2. This
function serves as a critical cutoff: as long as A < g(n), the inequality (and hence the
optimality conditions) established in the previous lemmas will hold.

Collecting the results from Lemmas [A.10] [A.11] [A.12) and we conclude that when
A < g(n) the majority voting f™% is indeed optimal. This completes the proof. O

Numerical Results. To demonstrate the relationship between regret and rationality level
A, we conducted numerical experiments and calculated the regret of majority voting and
optimal robust aggregator when the number of experts n = 1,3,5 and A is in [0, 5], as
shown in Figure [5| Regret is the maximum regret over all report structures induced by all
c.i.i.d. signal structures. The optimal robust aggregator is computed using an online learning
algorithm (Guo et al., [2023).
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Figure 5: Regret Comparison: Majority Voting vs. Optimal Robust Aggregator
(Varying Rationality and Group Size). These plots illustrate the relationship between
the rationality level A (on the x-axis) and the regret (on the y-axis) for three different group
sizes: n = 1,3, and 5. Regret is the maximum regret over all report structures induced by all
c.ii.d. signal structures. The solid curves represent the regret incurred by the majority voting,
f™ and the optimal robust aggregator, optgeiia- The dotted line indicates the threshold
function g(n). When the performance of majority voting matches that of the optimal robust
aggregator (i.e., their regrets are equal), majority voting is optimal. With a single expert,
any aggregation rule that follows that expert’s decision, including majority voting, is trivially
optimal. As X increases, reflecting increased rationality, the regret decreases. When n > 3
and A < g(n), majority voting remains optimal. However, the threshold g(n) is not tight;
majority voting may still be optimal even when A exceeds g(n). Nevertheless, for n =5 and
sufficiently large A, majority voting is no longer optimal. Furthermore, as A increases, the
regret of both majority voting and the optimal robust aggregator initially decreases and
then increases. This suggests that a moderate degree of bounded rationality can, in fact,
improve aggregation performance.

A.3 BOUNDED RATIONALITY ADVANTAGE

This subsection explores the impact of varying levels of rationality among experts on the
aggregation outcomes. Specifically, we examine whether bounded rationality can sometimes
lead to superior results compared to full rationality.

Proof Sketch of Theorem Bounded Rationality Advantage.

The proof consists of three main steps:

1. Single Expert Case (n =1).
In the case of a single expert, the optimal aggregation rule is to follow the expert’s
decision regardless of rationality level A. Hence, the overall utility of the aggregator
is the same as the expected utility of the expert. Since a single expert attains the
highest expected payoff when behaving in a fully rational manner, it follows that for
any signal structure # € ©°¢, the maximal achievable utility is obtained under full
rationality A — oo.

2. Two-Expert Case (n = 2).
When n = 2, we use the example mentioned in the introduction as the specific signal
structure 0*. Under full rationality (A — 00), experts always report the same value
(here, X; = 0) and the optimal aggregator yields a utility of 0.5. In contrast, when
experts exhibit bounded rationality (with, say, A = 2.5), their reporting behaviors
differ, and we obtain

U (0Dtrap(o s s 51> 10P(8, rm25) ) R~ 0.507674 > 0.5 = U (0Bt yeppe o )» 1eD(6, 2 soc) ).

This establishes that for n = 2 bounded rationality can lead to improved outcomes.

3. Extension to n > 2 Experts.
Finally, we extend the argument to larger number of experts under 8*. Still, under
full rationality (A — o0), experts always report the same value and the optimal
aggregator yields a utility of 0.5. For odd n, we prove that the majority voting yields
a utility strictly greater than 0.5 when experts exhibit bounded rationality. For even
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n, we show that the expected utility of majority voting remains the same as in the
odd case (n—1). Combining these two parts, we conclude that when n > 2, bounded
rationality leads to superior aggregation performance compared to full rationality.

Proof of Theorem[3.1 Bounded Rationality Advantage.
Single Expert Case (n =1).
We begin by handling the n =1 case.

Lemma A.13. Forn =1, for any signal structure § € ©°4 and any rationality level \, it
holds that '
max U (fyrep(0,92)) < U (f™,rep (0, r—00)) -

Proof of Lemma[A.13 For n =1 the aggregator f depends solely on the report X; of the
single expert. For any signal structure 6, we have

U (fv rep (07 %\)) = Erep(f),wk) u(f(Xz)vw)

= (zper[f(xi) =18 =si]— 1> <2f;r[w =18 =s]— 1) Pr(S; = si]

5;€Sy

<y

2%1‘[&) =1 | Sl = Si] - 1‘ PQI'[SZ = Si}.
5;€Sy

Recall that the response function of a rational expert is

1, p>43,
,l/))\—>oo(p) = 057 p= %7
0, p<sg,

and the majority voting is given by
fmaj (.’L‘) = .
Thus, the utility of f™% under rational is

U (fmaj7 rep (0, w)\—mo))
Z (21@\%00 (P;r[w =1|8;= sl]> - 1) (2 Fér[w =1|8;=s]— 1) P;r[Si = 3]

5,E€Sp
= Z 2I;r[w =1|8=s]-1 Per[Si = s;].
5;€Sy
This immediately yields the desired inequality. O

Two-Expert Case (n = 2).

Next, we consider the case n = 2. Define the signal structure §* with the following joint
distribution:

[ Si=0 Si=1
0" w=20 % %
so that 5
Prlw=1]85;,=0]=0, Pr[w:1|Si:1]:g.

Under absolute rationality (A — o0), the experts always report X; = 0 and the optimal
aggregator (which, in this example, is the majority voting) yields

U (0ptoo, rep(8*, ¥r—00)) = 0.5.
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When experts are bounded rational with A* = 5, the report distributions differ. In the case
n = 2, letting

1 1 1
=P ;=1 =1
5100 Tagae O DMXi=lle=1=m

0, =<1,
opty«(z) = o

qo=Pr[X;=1]w=0]=

)

and choosing the aggregator

one obtains
U(opt/\*,rep(ﬁ*ﬂﬁ)\zg,5)> ~ 0.507674 > U (opt., 1ep(6", s o))
This shows that for n = 2,
max U/ (f,rep (6%, ¥r=25)) > max U/ (f,rep (0%, ¥r500)) -

Extension to n > 2 Experts.

Finally, we consider the case when n > 2. When n is odd, the following lemma holds
Lemma A.14. When n is odd, we have
U (fmaj, rep(0%,1r=x+)) > 0.5

Proof.

U (™9, rep(0*, thr=r-)) Z 2™ (z) — 1) (Prlw = 1,X = 2] — Prlw = 0, X = z])

=0

L5+

=Y (Prlw=0]PrX =2 |w=0-Pr[X =n—a|w=0)
=0
—Prlw=1FPr[X=z|w=1]-Pr[X=n—z|w=1]))
2],

= > <x (0.75 (a5 (1 — q0)" " — a5 (1 — q0)")
=0
—0.25 (7 (1 —q1)" ™" —qi~ ‘(1—611)95))

L5 |

—0.75 g <Z> @1 - go)" z:: <Z> “(1 - qo)®

~0.25 Z <Z>q1(1—q1

n —T xT
=0.540.25 Gl —q)"+ Y ()q? (I—-q)
z=0 =0 x
T =)
~0.75 <> 1=-q)"+ Y <x> (1—qo)
x=0
When n is odd, we have [271] = | %] = 251, and the expression becomes:
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maj * - n n—x x n—ax x
U (f™,rep(6%,thr=r-)) = 0.5+ <m> (0.5¢7"(1 = q1)* — L5gy (1 — qo)")
=0
= n n—2x— o
—05+ (x) (0567 (1= q1) (¢ 2" (1 —q)* )
x=0
—1.5g5(1 = qo) (g5~ > (1 = q0)*™ "))
n;l " o B
>05+ ) (x> (0.5¢2(1 — q1) — 1.5¢2(1 — q0)) a5 =" (1 — qo)™ "
x=0
> 0.5. (since 0.5¢7(1 — q1) — 1.5¢3(1 — qo) > 0)
O

And when n is even, the expected utility of the majority voting is equal to the case when
there are n — 1 experts:

Lemma A.15. Let n be even, and let én,l € O denote the report structure with n — 1
experts, and 0, € O denote the report structure with n experts. If the joint distribution of

0n—1 and 0, for a certain expert is identical, then the utility of the majority voting remains
the same. Formally, we have:

Vo, w € {0,1}, Pr [X; = z;,w = w] = Pr[X; = z;,w = w]

n—1 On

— U(f™,0,_1) =U(f"4,6,)

Since n — 1 is odd, and Lemma[A.T4] have already proven that the utility is greater than 0.5
when the number of experts is odd, it follows that the utility is also greater than 0.5 when n
is even.

Proof of Lemma[A.15 Let

p="Prs [w=1],q0=Prs [X;=1]w=0],
Q1 :Prén[Xizl |w=1].
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And we have

U(fm,0,)

:a; (2fmaJ(x) — 1) (Eﬂr[w =1,X=x]— Enr[w =0,X = x])
|2

= ;) (E:[wzo] (E:[sz|w:0]—1(;’nr[X:n—x|w:0]>

= Pl = 1] (PrX = [0 = 1] PrlX =02 [0 = 1]) )

On 971 n
g
n _ n z n
=1-2u+u(2) ($>Q? (1—q)" + (n>q12(1 —q)?
z=0 2

2y

= (22 (0)ara—ar+ (G )af 0 -t

=0

2
n—1 n—1 e z n—1\ =z n
:1_2/‘+“(2q1’+22(< )+( 1))% (1—q) +2(n 1>q12(1—q1)2
ot s xXr — 9
R 1 fa-1)) L, . n—1\ 1 .
—(L—p) | 2q5+2) + ) )@= a0) +2( L, Jas (1 o)
p—t e xr — 95
$-1 . 3 .
n— n—x T n-— n—x T
=1-2u+p 22( . )q1 (1-aq) +2Z(x_l>q1 1-q)
=0
i n—1 n—x T : n—1 n—x T
—0-w (2> (0, e 0wt 2 () (- )
x=0
i n—1
o (230 (") G ) - (- w0 - a0)
=0

2]
= Z <APr[w:0] <9Pr[X:x|w:0]—hPr[X:n—1—xw: ])

=0 \Un-1 n—1 On—1

—APr[w:l](APr[X:x|w:1]—hPr[X:n—l—x|w:l]>>

n—1 671,—1 07:,—1

=U(f™,0,_1)

Thus, we have shown that when n > 2,
U(f™,rep(6*, hr=x+)) > max U(f,rep(6”, Yasec))-

O

Numerical Results. To further substantiate our theoretical findings, we performed nu-
merical simulations to assess the performance of two aggregation methods on report structure
rep(6*,y): the majority voting (f™%) and the omniscient aggregator (0Ptrep(0+,uy))- These
simulations explore how their utility varies with the rationality level A and the number of
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Figure 6: Utility Comparison: Majority Voting vs. Omniscient Aggregator
(Varying Rationality and Group Size) The utility comparison is performed under the
specific signal structure 6*, illustrated in the introduction. Under full rationality (A — 00),
the maximum achievable utility is 0.5. For n = 1, the omniscient aggregator maintains a
constant utility of 0.5, while the majority voting converges to 0.5 as A — oo. For n = 2, the
omniscient aggregator achieves a utility greater than 0.5 for certain values of A\. Majority
voting yields the same utility for n = 1 and n = 2. However, this omniscient aggregator
requires knowledge of the signal structure, whereas the majority voting does not. For n = 3,
the benefits of bounded rationality become more apparent. The majority voting, which
requires no knowledge of the signal structure, can exceed a utility of 0.5, reaching its peak
performance at intermediate values of .

experts n. The results are summarized in fig. [f] These numerical results support our theoret-
ical conclusions. In particular, under the specific signal structure 8* and when n > 2, they
demonstrate that bounded rationality can enhance the decision-making performance, enabling
the aggregators to surpass the maximum utility of 0.5 attainable under full rationality.

B DETAILED STUDY SETUP FOR SECTION [l

B.1 LICENSES AND TERMS OF USE

MathQA Dataset The MathQA dataset (Amini et al.,|2019) is publicly available under the
Apache License 2.0. It can be accessed at https://huggingface.co/datasets/allenai/
math_qa.

GPT-40-mini Model The GPT-40-mini-2024-07-18 model used in this study is provided
by OpenAl. Its usage is governed by OpenAlI’s Terms of Use and Service Terms, available
at https://openai.com/policies/terms-of-use| and https://openai.com/policies/
service-terms/) respectively.

B.2 BAYESIAN DECISION-MAKING STUDY

Study Design The Bayesian Decision-Making Study is framed as follows: There are two
boxes, the left box (w = 1) and the right box (w = 0), each containing red and blue balls in
specific proportions. In the right box (w = 0), the proportion of red balls is Pr[S; = r | w = 0],
and the proportion of blue balls is Pr[S; = b | w = 0]. Similarly, in the left box (w = 1),
the corresponding proportions are Pr[S; = r | w = 1] and Pr[S; = b | w = 1]. A box is
selected randomly with a prior probability u = Pr[w = 1] of choosing the left box. A ball is
then drawn from the chosen box, and its observed color, S; € {r, b}, represents the signal,
where S; = r denotes a red ball and S; = b a blue ball. The task is to infer which box was
selected based on the observed signal S;, the provided prior Prjw = 1] and the conditional
probabilities Pr[S; | w].

Because the number of scenarios we can query is finite, the probabilities are discretized
as follows: the prior probability Pr[w = 1], the probability of observing a red ball given
the left box Pr[S; = r | w = 1], and the probability of observing a red ball given the right
box Pr[S; = r | w = 0] are each expressed as fractions with N = 5 as the denominator.
Specifically, these probabilities take values from the set {0/N,1/N,2/N,...,N/N}. This
discretization creates a set of decision-making tasks that span a range of prior and conditional
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probabilities. After removing the illegal and impossible cases, we have a total of 400 possible
discretized scenarios.

The study utilizes the gpt-4o-mini model as the expert decision-maker. The model is queried
under three distinct temperature settings {0,0.5,1}, each representing different levels of
rationality. A Chain of Thought (CoT) prompting strategy is employed, requiring the
model to explain its reasoning before delivering a binary decision (“L” for the left box,
X; =1, or “R” for the right box, X; = 0). To capture variability in the model’s stochastic
behavior, each decision-making scenario is repeated 20 times for each temperature setting.
The decision proportion for given scenario and temperature is defined as the empirical
probability of choosing the left box (“L”) across all repetitions.

Temperature | Coefficients (\) | Standard Errors (SE) [ z-values (z) [ p-values (p)

0.0 00 - - -
0.5 26.49 10.23 2.59 <0.001
1.0 17.86 5.44 3.28 <0.001

Table 1: Logistic regression results for different temperature settings. The regression
coefficient A, corresponding to the rationality level in the quantal response: higher A\ values
indicate more deterministic behavior, while lower values suggest increased randomness.
For the case with temperature 0.0, the observed perfect determinism in choices leads to
complete separation in the logistic regression, resulting in theoretically infinite coefficients.
The standard error (SE) reflects the precision of A, with smaller values indicating greater
accuracy. z-values and p-values confirm the statistical significance of the findings.

B.3 MULTIPLE-CHOICE QUESTION ANSWERING STUDY

Dataset Description The MathQA dataset (Amini et al., |2019)) is a collection of complex
mathematical reasoning problems presented as multiple-choice questions. Each problem
consists of a problem statement and a set of five options (A4, B,C, D, F), with one correct
answer. The dataset is designed to test logical reasoning, arithmetic, algebra, and other
mathematical concepts, making it a challenging benchmark for evaluating LLMs. For this
study, we use a subset of 5000 MathQA problems to ensure computational feasibility, focusing
on tasks that require probabilistic reasoning and decision-making.

Study Design To evaluate LLM performance, we deploy the following experimental
setup. The LLM is queried under three distinct temperature settings (¢ = 0.0,0.5,1.0) to
simulate varying levels of rationality. For each question, the model generates 20 responses
per temperature setting. Because the questions offer more than two options, we use plurality
voting (fP'*), a generalization of majority voting. This involves selecting the option with
the highest frequency among the sampled responses. In the event of a tie, the aggregator
randomly chooses among the tied options.

Bootstrapping To assess the robustness of aggregation, we perform bootstrapping by
randomly sampling n responses (without replacement) from the 20 generated responses per
question. This bootstrapping procedure is repeated 1000 times for each combination of
temperature setting ¢ and expert group size n = 1,3,5. Accuracy is defined as the proportion
of aggregated answers that match the ground truth, with error bars representing the standard
error of the mean across bootstrap iterations.

An Example We present an example in our study of how increasing temperature (i.e.,
adding randomness) counterintuitively increases expected accuracy. In our study, we ask
gpt-4o-mini the following MathQA question.

“An alloy of copper and zinc contains copper and zinc in the ratio 3:5. Another alloy contains
copper and zinc in the ratio 6:2. In what ratio should the two alloys be mixed to achieve
equal proportions of copper and zinc?” The options are “1 : 27, “2: 27 “2: 57 “2: 67, “2
2 7.
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At t = 0.0 (deterministic mode), after querying LLM, 19/20 responses selecting the incorrect
option B (“2 : 2”). Consequently, plurality voting always selects the incorrect option B.
However, at t = 1.0, 4/20 responses correctly identify A (“1 : 2”) Despite most responses
being incorrect (16/20 chose B), the increased variance allows the aggregation to sometimes
identify the correct answer.

One possible explanation is ambiguity in the question regarding the order of the mixing
ratio (first alloy to second, or second to first). In deterministic mode (¢t = 0.0), the LLM
frequently calculates the correct 2:1 ratio (first to second), but then fails to select the ground
truth answer of 1:2. Some responses even explicitly justify this error, stating, “However,
since the options provided do not include 2:1, we will look for the closest match. The closest
option to 2:1 is **B) 2:2** which represents equal proportions.”.

However, the increased randomness in stochastic mode (¢t = 1.0) allows the LLM to exhibit
greater “intelligence.” Some responses cleverly recognize the intended meaning, acknowledg-
ing the discrepancy and stating, “None of the options list a ratio of 2:1 directly. There is no
exact match, but the closest option that can relate to 2 is option A: 1:2 if we consider it in
context of inverse.” This suggests that the added randomness enables the LLM to explore
a wider range of interpretations and, in some cases, deduce the correct answer despite the
question’s ambiguity. See the Section for more details.

C ProwmprPTS FOR LLMS

This section provides detailed descriptions of the prompts employed in our studies with Large
Language Models (LLMs). These prompts are used to assess various aspects of hallucination
detection, including prior answer generation, semantic clustering, and posterior answer
generation. Our intention is to provide transparency and reproducibility for our method and
those we compare against, particularly in terms of how LLMs interact with different prompt
structures.

These prompts were developed specifically for use in studies described in the main body of
the paper. While they have been designed to provide effective results, we note that they
may still be open to refinement for further improvements in performance and reliability.
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C.1 BAYESIAN DECISION-MAKING STUDY

User Prompt

### Scenario:
You are given two boxes of balls. Each box contains 100 balls,
which can be either red or blue. A box is selected at random,
and one ball is drawn from the selected box. However, the
identity of the selected box is not revealed.

You are provided with the following information:
- Left Box contains {left_red} red balls and {left_blue} blue

balls.

- Right Box contains {right_red} red balls and {right_blue} blue
balls.

- The probability of selecting the Left Box is {left_probability
Y.

- The probability of selecting the Right Box is {
right_probabilityl}%.

### Question:
If the ball drawn is {color}, which box has been selected?

Please first briefly show the calculations in the <reason></
reason> section, and then provide your final answer in the <
answer ></answer > section.

Your answer in <answer ></answer> should **strictly** be a single

uppercase letter: "L" for the Left Box or "R" for the Right
Box. No additional text, no explanations.

Your response must contain <answer ></answer> section with a

definitive answer of either "L" or "R" imn it.

Example response:

<reason># Briefly show your calculations here, using the
provided information.</reason>

<answer ># A single uppercase letter: L or R</answer>
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Example Input

### Scenario:
You are given two boxes of balls. Each box contains 100 balls,
which can be either red or blue. A box is selected at random,
and one ball is drawn from the selected box. However, the
identity of the selected box is not revealed.

You are provided with the following information:

- Left Box contains 100 red balls and O blue balls.

- Right Box contains 50 red balls and 50 blue balls.

- The probability of selecting the Left Box is 20.0%.
- The probability of selecting the Right Box is 80.07%.

### Question:
If the ball drawn is red, which box has been selected?

Please first briefly show the calculations in the <reason></
reason> section, and then provide your final answer in the <
answer ></answer > section.

Your answer in <answer></answer> should **strictly** be a single

uppercase letter: "L" for the Left Box or "R" for the Right
Box. No additional text, no explanations.

Your response must contain <answer ></answer> section with a

definitive answer of either "L" or "R" imn it.

Example response:

<reason># Briefly show your calculations here, using the
provided information.</reason>

<answer ># A single uppercase letter: L or R</answer>
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Example Output

<reason>To find the probability of selecting each box given that
a red ball is drawn, we can use Bayes’ theorem.

Let:
- \(C P(L) = 0.2 \) (probability of selecting the Left Box)
- \( P(R) 0.8 \) (probability of selecting the Right Box)
- \( P(\text{Red} | L) = 1 \) (probability of drawing a red ball
from the Left Box)
- \( P(\text{Red} | R) = 0.5 \) (probability of drawing a red
ball from the Right Box)

Using the law of total probability, we calculate \( P(\text{Red
b \D:

\ [

P(\text{Red}) = P(\text{Red} | L) \cdot P(L) + P(\text{Red} | R)
\cdot P(R) = 1 \cdot 0.2 + 0.5 \cdot 0.8 = 0.2 + 0.4 = 0.6

\1]

Now, we can find \( P(L | \text{Red}) \) using Bayes’ theorem:

\ [

P(L | \text{Red}) = \frac{P(\text{Red} | L) \cdot P(L)}P(\text{
Red})} = \frac{i1 \cdot 0.2}{0.6} = \frac{0.2}{0.6} = \frac
{13{3}

\]

Similarly, we find \( P(R | \text{Redl}) \):

\ [

P(R | \text{Redl}) = \frac{P(\text{Red} | R) \cdot P(R)}I{P(\text{
Red})} = \frac{0.5 \cdot 0.8}{0.6} = \frac{0.4}{0.6} = \frac
{2}{3}

\]

Since \( P(R | \text{Red}) > P(L | \text{Red}) \), it is more
likely that the Right Box was selected if a red ball is drawn
.</reason>

<answer >R</answer >

C.2 MuLTIPLE-CHOICE QUESTION ANSWERING STUDY

We first provide the template of prompt, then we provide the example input and two example
outputs. The input and outputs correspond to the example in Section B3]
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User Prompt of Math

### Scenario:
Please review the following math question carefully:

### Question:
{question_str}

### Options:
{options_str}

### Instructions:

1. Provide your step-by-step calculations using your math
knowledge , enclosed within <reason></reason> tags.

2. Select the best answer from the options provided, and place
the uppercase letter of your final answer within <answer ></
answer > tags.

Please ensure your reasoning clearly supports the selected
answer and that your final answer is one of the provided
options. If none of the options are precisely correct, choose

the closest one.

Example response:

<reason># Your reasoning and calculations go here</reason>

<answer ># A single uppercase letter: the option you choose</
answer >
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Example Input

### Scenario:
Please review the following math question carefully:

### Question:

an alloy of copper and zinc contains copper and zinc in the
ratio 3 : 5 . another alloy of copper and zinc contains
copper and zinc in the ratio 6 : 2 . in what ratio should the
two alloys be mixed so that the resultant alloy contains
equal proportions of copper and zinc 7

### Options:

A) 1 2
B) 2 : 2
Cc) 2 5
D) 2 6
E) 2 7

### Instructions:

1. Provide your step-by-step calculations using your math
knowledge , enclosed within <reason></reason> tags.

2. Select the best answer from the options provided, and place
the uppercase letter of your final answer within <answer></
answer > tags.

Please ensure your reasoning clearly supports the selected
answer and that your final answer is one of the provided
options. If none of the options are precisely correct, choose

the closest one.

Example response:

<reason># Your reasoning and calculations go here</reason>

<answer ># A single uppercase letter: the option you choose</
answer >
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Example Output When t Equals 0

<reason>

Let’s denote the first alloy (with a copper to zinc ratio of
3:5) as Alloy A and the second alloy (with a copper to zinc
ratio of 6:2) as Alloy B.

1. **Determine the composition of Alloy A:xx*
- The total parts in Alloy A = 3 (copper) + 5 (zinc)
parts.
- Copper in Alloy A
- Zinc in Alloy A =

]
[¢)

= 3/8 of the total weight.
5/8 of the total weight.

2. **Determine the composition of Alloy B:*x*
- The total parts in Alloy B = 6 (copper) + 2 (zinc)
parts.
- Copper in Alloy B
- Zinc in Alloy B =

]
(¢}

3/4 of the total weight.

/8 =
= 1/4 of the total weight.

=6
2/8

3. **Let the weights of Alloy A and Alloy B be x and y
respectively . *xx*
- The total copper from both alloys = (3/8)x + (3/4)y.
- The total zinc from both alloys = (5/8)x + (1/4)y.

4. **Set the equation for equal proportions of copper and zinc
kok
\ [
(3/8)x + (3/4)y = (8/8)x + (1/4)y
\]

5. **Clear the fractions by multiplying through by 8:*x*
\ [
3x + 6y = 5x + 2y
\]

6. **Rearranging gives :*x*
\[
3x - bx + 6y - 2y = 0 \implies -2x + 4y = 0 \implies 2x = 4y
\implies x/y = 4/2 = 2/1
\1]

7. **Thus, the ratio of Alloy A to Alloy B is 2:1.%*x*
- This means we need to mix Alloy A and Alloy B in the ratio
of 2:1.

Since the question asks for the ratio of the two alloys, we can
express this as 2:2 (which simplifies to 1:1) or 2:1. However
, since the options provided do not include 2:1, we will look
for the closest match.

The closest option to 2:1 is **B) 2:2*%x, which represents equal
proportions.

Therefore, the final answer is:
</reason>
<answer >B</answer >
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Example Output When t Equals 1

<reason>To solve the problem, we need to first determine the
composition of each alloy in terms of copper and zinc.

1. *xFirst Alloy (Ratio 3:5) *x*:
- The total parts in the first alloy = 3 + 5 = 8 parts.
- Copper in the first alloy = (3/8) * 100% = 37.5%
- Zinc in the first alloy = (5/8) * 100% = 62.59%

2. *xSecond Alloy (Ratio 6:2) *x*:
- The total parts in the second alloy = 6 + 2 = 8 parts.
- Copper in the second alloy = (6/8) * 100% = 75Y%
- Zinc in the second alloy = (2/8) * 100% = 25

Let’s denote the first alloy as A (copper 37.5%, zinc 62.5%) and
the second alloy as B (copper 75%, zinc 25%). We want to mix
these two alloys in the ratio x:y such that the resultant

alloy has equal proportions of copper and zinc.

We will express the copper and zinc contents in the resultant
mixture:

- Copper from A = \(x \times 0.375\)
- Zinc from A = \(x \times 0.625\)

- Copper from B = \(y \times 0.75\)
- Zinc from B = \(y \times 0.25\)

The total copper content in the mixture (A + B) is:
\ [

\text{Total Copper} = 0.375x + 0.75y

\1]

The total zinc content in the mixture (A + B) is:
\ [

\text{Total Zinc} = 0.625x + 0.25y

\]

We want these two quantities to be equal:
\[

0.375x + 0.75y = 0.625x + 0.25y

\]

Rearranging this equation, we get:
\ [

0.376x - 0.625x + 0.76y - 0.25y = 0
\]

\[

-0.25x + 0.5y = 0O

\]

\ [

0.5y = 0.2b6x

\]
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Example Output en t Equals 1

So, the ratio of \(x : y\) can be written as \(x : 0.5x\) or
simplifying gives:

\ [

x ty=2:1

\]

This means we need to mix the alloys in a ratio of 2:1 (2 parts
of A for every 1 part of B).

Now, we should see which option matches this finding:

- None of the options list a ratio of 2:1 directly. There is no
exact match, but the closest option that can relate to 2 is
option A: 1:2 if we comnsider it in context of inverse.

Since the required ratio of the alloys results in copper and
zinc being equal, let’s interpret the problem in inverse
terms as it signifies that for choosing A and B:

To maintain a balance of ratios, the best option that reflects
appropriate mixing is **option A** which provides a guideline

for consideration, perhaps in taking more from the second
one (due to its higher concentration of copper).

So, based on this reasoning:
</reason>
<answer >A</answer >
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