
Proceedings of Machine Learning Research vol 313:1–36, 2026 37th International Conference on Algorithmic Learning Theory

Online Covering with Multiple Experts
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Abstract
Designing online algorithms with machine learning predictions is a recent approach be-
yond the worst-case paradigm for various practically relevant online problems like schedul-
ing, caching, and clustering. While most previous learning-augmented algorithms focus on
integrating the predictions of a single oracle, we study the design of online algorithms with
multiple prediction sources (experts). To go beyond the performance guarantee of the pop-
ular static best expert in hindsight benchmark, we introduce a new benchmark that can be
seen as the linear combination of predictions that change over time. We present compet-
itive algorithms in the new dynamic benchmark for 0-1 online covering problems with a
performance guarantee of O(logK) if the objective is linear and O(ln(K)) · λ

(1−µ ln(K)) if
the objective is non-linear, where K is the number of experts and (λ, µ) are parameters of
the objective function. Our approach gives a new perspective on combining multiple algo-
rithms in an online manner (a central subject in the online algorithm research community)
using machine learning techniques.
Keywords: learning-augmented algorithm, multiple experts, multiple oracles, primal-dual
algorithm, covering problem, predictions, online algorithm with advice

1. Introduction
Designing online competitive algorithms with multiple prediction sources (experts) is an
important research agenda in the domain of Algorithms with Predictions. Given a set of
algorithms/experts, can we combine the algorithms/experts in some generic way to obtain
a better competitive online strategy? Combining online algorithms into a new algorithm to
achieve better results than the individual input algorithms has been a long-standing online
algorithm design question (Azar et al., 1993; Blum and Burch, 2000). Its intrinsic diffi-
culty is that when the performance of the given input algorithms (or heuristics, randomized
methods) is unclear (especially in the online setting), it is challenging to create a combi-
nation that can surpass the performance of the given algorithms. Following the current
development of online algorithm design techniques with multiple predictions, this subject
has been renewed with different approaches in several settings Gollapudi and Panigrahi
(2019b); Almanza et al. (2021); Dinitz et al. (2022); Anand et al. (2022); Antoniadis et al.
(2023).

An algorithm’s consistency with the experts’ suggestions is typically measured by com-
paring the algorithm’s result with the solution of the best expert. A representative example
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is the popular notion of regret in online learning, which fueled the development of many
powerful algorithms and techniques. A natural research question is whether designing com-
petitive algorithms with mathematical performance guarantees with a stronger benchmark
than the best expert is possible. This has been a long-standing question in the community
of online algorithms (Azar et al., 1993; Blum and Burch, 2000). Comparing an algorithm
with a stronger benchmark could provide deeper insights into the learning process and
give better ways of exploiting the experts’ predictions. In this paper, we propose a new
benchmark (the best linear combination of the experts) and provide algorithms for online
linear/non-linear covering problems in this benchmark.

1.1. Model and Problem

Covering problem with experts. In the linear problem setting, we have n resources, and
each resource i has a cost per unit ci that we know in advance (1 ≤ i ≤ n). Let xi be a
non-negative variable representing the amount chosen from resource i. The total cost of a
solution is

∑n
i=1 cixi. The problem includes K experts, and the problem’s covering-type

constraints are revealed online one by one. At each time t ≥ 1, we receive a covering
constraint

∑n
i=1 a

t
ixi ≥ 1 (where ati ≥ 0) and each expert k provides a solution (sti,k)

n
i=1.

Our algorithm can observe the experts’ solutions, and afterwards, it must update its own
solution (denoted as (xti)

n
i=1) to satisfy the new constraint while maintaining the satisfac-

tion of the previous ones. This algorithm must update its solution in the sense of online
algorithms, formally, xti ≥ xt−1i ∀ i, t. Our goal is to design an algorithm that minimizes∑n

i=1 cix
T
i subject to all online covering constraints t, where 1 ≤ t ≤ T . The value T is

the last time a constraint is released, and it is not known by the algorithm.
The non-linear problem setting is analogous to the linear one; however, the total cost

of the solution (xti)
n
i=1, becomes f(xt), where f is a non-linear function. This setting

captures different classes of problems: online mixed packing and covering, submodular
optimization, etc.

Experts. In our model, the experts’ predictions are also online solutions fulfilling these
properties:

1. for every expert k and for every time t the solution (sti,k)
n
i=1 is feasible, therefore,

every constraint t′ where 1 ≤ t′ ≤ t is satisfied;
2. for every expert k and for every time t and for every resource i, the previous expert

solutions are irrevocable, therefore sti,k ≥ st
′

i,k for all t′ ≤ t.
These properties can be verified online. If some experts do not satisfy them, we simply
ignore those experts both in the decision-making and in the benchmark. We provide moti-
vations and justification for the assumptions in Appendix A.2.

Benchmark. We consider a dynamic benchmark that captures the best linear combina-
tion of all experts’ solutions over time. Informally, at any online time step, the benchmark
can take a linear combination of the experts’ solutions. The linear combination can be dy-
namically changed over time, and it can be different from previous combinations. However,
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the benchmark’s decisions are also online, so it cannot decrease the value of the decision
variables (xi). We refer to our benchmark with the name LIN-COMB from now on.

Linear: min
n∑
i=1

cix
T
i =

n∑
i=1

ci

T∑
t=1

(
xti − xt−1i

)
Non-linear: min f(xT )

s.t:
K∑
k=1

wtk = 1 ∀t, xti ≥
K∑
k=1

wtks
t
i,k ∀i, t

xti ≥ xt−1i ∀i, t wtk ≥ 0 ∀t, k

Figure 1: LIN-COMB benchmark

The LIN-COMB benchmark’s formal
description is given in Figure 1. Letwtk ≥ 0
be the weight assigned by the LIN-COMB
benchmark to expert k (where 1 ≤ k ≤
K) at time 1 ≤ t ≤ T . Since we con-
sider a linear combination, the constraint∑K

k=1w
t
k = 1 must hold. The solution xti of

LIN-COMB at time t is ideally a combina-
tion

∑K
k=1w

t
ks
t
i,k. However, by the nature

of online decisions, xti must be larger than
xt−1i . Hence, the solution xti is imposed to
be larger than both

∑K
k=1w

t
ks
t
i,k and xt−1i .

Since every expert’s solution is feasible by our assumptions, at each time t and for all
resource i, the constructed solution xti ≥

∑K
k=1w

t
ks
t
i,k constitutes a feasible solution to the

covering constraints of the original covering problem. Formally, for every constraint t′ with
t′ ≤ t,

n∑
i=1

at
′

i x
t
i ≥

n∑
i=1

at
′

i

( K∑
k=1

wtks
t
i,k

)
=

K∑
k=1

wtk

( n∑
i=1

at
′

i s
t
i,k

)
≥

K∑
k=1

wtk ≥ 1

where the second inequality holds due to the feasibility of the experts’ solutions.
We highlight that the best-expert benchmark is included in LIN-COMB. We get the

solution of this benchmark by setting wtk∗ = 1 for all t, where 1 ≤ t ≤ T , and wtk = 0 for
all k 6= k∗, where k∗ is the best expert (so xti = sti,k∗ for all i and t). Indeed, compared to the
best expert in hindsight, LIN-COMB is equivalent in the linear setting and is stronger in a
more general non-linear setting. We briefly provide an example with non-linear objectives.
(For a more detailed discussion, see Appendix A.1.) Consider the makespan minimization
problem in which one assigns n unit jobs to n identical machines to minimize the maximum
machine load. There are n experts and each expert i assigns all jobs to machine i. Hence,
the best expert has the maximum machine load of n (the same for every expert). However,
the optimal solution in LIN-COMB can choose wi = 1/n, which results in the makespan
of 1. The solution corresponds to the assignment of one job to one machine.

1.2. Our approach and contribution

Approach. We rely on the primal-dual approach in our algorithm design. To lower bound
the algorithm’s objective value, we relax the linear program formulation of LIN-COMB.
Then, we take the dual of the relaxation, which is a lower bound on the relaxation. Follow-
ing the chain of lower bounds, the dual problem is a lower bound on the original LIN-COMB
benchmark.

Both of our proposed algorithms set the decision variables at every time step based on
the solution of an internal program. Our approach is inspired by the convex regularization
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method of Buchbinder et al. (2014). When the objective cost is a linear function, it is well-
known that the regularization function is a shifted entropy function. These functions have
been widely used, in particular in the recent breakthrough related to k-server (Bubeck et al.,
2018; Buchbinder et al., 2019) and metrical task system problems (Bubeck et al., 2021), in
which the entropy functions are shifted by constant parameters.

A novel point in our approach is that the entropy function is shifted by the average of
the experts’ solutions. Moreover, regarding the constraints of the internal program, instead
of using the experts’ solutions directly, we define auxiliary solutions that guarantee tight
constraint satisfaction. Intuitively, this step is useful to avoid misleading experts’ sugges-
tions.

It is more challenging to find a regularization function for non-linear objective func-
tions. In our approach, we propose a new regularizer by coupling the entropy-like function
with the gradient-Lipschitz property of the original covering problem’s objective function.
This new regularization function allows us to analyze the non-linear objective setting simi-
larly to the linear case.

Results. Let ρ be the maximum ratio between the experts’ solutions on the resources.
Informally, ρ represents the discrepancy across the experts’ predictions. Formally, ρ =

maximaxt′,t′′

{∑K
k=1 s

t′
i,k∑K

k=1 s
t′′
i,k

:
∑K

k=1 s
t′′

i,k > 0

}
. Our main results are the following.

First, we present an algorithm for the online linear covering problem that achieves an
objective cost at most O(ln(Kρ)) times the cost of the LIN-COMB benchmark. Second,
for the online non-linear covering problem1, we provide an algorithm that achieves an ob-
jective cost at most O(ln(Kρ)) · λ

(1−µ ln(Kρ))
times the cost of LIN-COMB, where (λ,µ) are

parameters of the non-linear objective function (precisely, (λ,µ) are smoothness parameters
of the objective function that we define later in the corresponding section).

In particular, for 0-1 optimization problems, where the experts provide integer (deter-
ministic or randomized) solutions, our first algorithm is O(ln(K))-competitive with LIN-
COMB, and the second one is O(ln(K)) · λ

(1−µ ln(K))
-competitive. Notably, our algorithms

are resilient against the prediction quality fluctuations (discussion in Section 1.3 and ex-
periments in Section 4).

1.3. Related work and discussions

Much of the research focusing on surpassing worst-case performance guarantees is moti-
vated by the spectacular advances of machine learning (ML). Lykouris and Vassilvtiskii
(2018) introduced a general framework to integrate ML predictions into classical algo-
rithm designs to surpass the worst-case performance limit. As a result, many practically
relevant online problems were revisited to enhance existing classical algorithms with ML
predictions (see the aforementioned (Lattanzi et al., 2020; Mitzenmacher, 2020; Lykouris
and Vassilvtiskii, 2018; Rohatgi, 2020; Antoniadis et al., 2020; Gollapudi and Panigrahi,

1. The precise properties of the objective functions are stated in the corresponding section.
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2019a; Kumar et al., 2018; Angelopoulos et al., 2020; Hsu et al., 2019; Kraska et al., 2018;
Mitzenmacher, 2018; Antoniadis et al., 2023)).

Integrating multiple predictions into online algorithms has been actively studied. Gol-
lapudi and Panigrahi (2019b) studied the ski rental problem with multiple predictions in
which they compare the performance of their algorithm to the optimal solution, given that
at least one prediction (among the k predictions) is optimal. Almanza et al. (2021) also
considered multiple predictions in the online facility location problem. They compared the
performance of their algorithm to the best possible solution obtained on the union of the
suggestions. Recently, Dinitz et al. (2022) studied the use of multiple predictors for several
problems such as matching, load balancing, and non-clairvoyant scheduling. They pro-
vided algorithms that were competitive with the best predictor for such problems. Anand
et al. (2022) studies the design of algorithms with multiple experts for linear covering prob-
lems. They consider a DYNAMIC benchmark that is intuitively the minimum cost solution
that is supported by at least one expert solution at each time step, and claim an O(ln(K))-
competitive algorithm in the DYNAMIC benchmark. However, there is a counter-example
showing that their algorithm is not competitive in the DYNAMIC benchmark. We provide
the counter-example in Appendix B, and this example indicates that one would weaken
the DYNAMIC benchmark to be the best-expert benchmark so that the algorithm becomes
O(ln(K))-competitive.

Furthermore, Antoniadis et al. (2023) proposed an algorithm with multiple experts for
the metrical task system problem. Their benchmark allows switching from one expert to
another at each time step, but it does not allow combinations of experts or any solution not
suggested by one of the experts. In our LIN-COMB benchmark, the linear combination that
evolves over time could result in a solution that is not suggested by any of the experts and
potentially, it can be much more efficient. Therefore, the results of Antoniadis et al. (2023)
are not applicable to our setting.

Combining online algorithms into a new algorithm to achieve better results than the in-
dividual input algorithms has been a long-standing online algorithm design question (Azar
et al., 1993; Blum and Burch, 2000). Its intrinsic difficulty is similar to the issue we men-
tioned earlier: when the performance of the given input algorithms (or heuristics, random-
ized methods) is unclear (especially in the online setting), it is challenging to create a com-
bination that can surpass the performance of the included algorithms. Following the current
development of online algorithm design techniques with multiple predictions, this subject
has been renewed with different machine learning approaches. Our paper contributes to
this line of research.

2. Online linear covering with experts
Benchmark relaxation for the algorithm. Since our LIN-COMB benchmark is a linear
combination of the experts’ solutions, the equality

∑K
k=1w

t
k = 1 must hold, where wtk ≥ 0

is the weight assigned to expert k at time t. In the following, we formulate a relaxed version
of LIN-COMB, where

∑K
k=1w

t
k ≥ 1. The relaxed formulation also enables us to avoid the
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(online) hard constraint requiring wtks
t
i,k ≥ wt−1k st−1i,k to hold. Instead, we introduce a new

variable, yti , to represent the increase of xti compared to xt−1i . When wtks
t
i,k < wt−1k st−1i,k

during the execution, we set the contribution of i at time t to be 0, and therefore, yti = 0.
The relaxed formulation of LIN-COMB and its dual are given in Figure 2.

min
T∑
t=1

n∑
i=1

ciy
t
i

K∑
k=1

wtk ≥ 1 ∀ t

K∑
k=1

(
wtks

t
i,k − wt−1k st−1i,k

)
≤ yti ∀ i, t

wtk, y
t
i ≥ 0 ∀ i, t, k

max
T∑
t=1

αt

αt +
n∑
i=1

sti,k(β
t+1
i − βti) ≤ 0 ∀ k, t

βti ≤ ci ∀ i, t
αti, β

t
i ≥ 0 ∀ i, t

Figure 2: The relaxation of the LIN-COMB benchmark and its dual

According to the theorem of weak duality, any feasible solution of the dual program
lower bounds any feasible solution of the primal program, and therefore, any feasible dual
solution also lower bounds our LIN-COMB benchmark. Following the chain of lower
bounds, our approach to design a competitive algorithm is as follows. At every time step t,
we build solutions for all xti together with the solutions for the dual problem (αt, βti). Then,
we bound the cost of the algorithm to that of the dual. It is important to emphasize that the
designed solution for every xti must be feasible to the covering constraints, but it may not
necessarily be a linear combination of the experts’ solutions.

2.1. Algorithm description

We recall that by our assumptions, the experts’ solutions are always feasible and non-
decreasing. At the arrival of the tth constraint, expert k provides a feasible solution stk =
(sti,k)

n
i=1, such that sti,k ≥ st

′

i,k for all t′ ≤ t and all i. These assumptions do not exclude the
possibility for the experts to provide malicious solutions that instruct the algorithm to use
an unnecessarily large amount of resources. Note that one difficulty of designing compet-
itive algorithms comes from the lack of obvious ways to distinguish good expert solutions
from (probably many) non-efficient/misleading ones.

To circumvent the issue of malicious suggestions, we preprocess the experts’ solutions
at each iteration. During the preprocessing, every solution stk is scaled down to make it
as tight as possible on the tth constraint while always maintaining sti,k ≥ st−1i,k for all i.
Additionally, after the down-scaling, we create an auxiliary solution ŝtk that is tight for the
tth constraint. An important highlight: this auxiliary solution is useful for our algorithm
and its analysis, but it does not directly participate in forming the actual solution. (Our
algorithm only sets the weights of the experts and does not change the experts’ solutions.)
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Moreover, this is necessary (as shown in Appendix A.3); one cannot simply assume the
expert solutions are tight. The auxiliary solution ŝtk is created with the following procedure.

Scaling preprocessing. Do the following for each expert k:
1. If (sti,k)

n
i=1 is tight on the tth constraint, then for every i set ŝti,k to sti,k.

2. Otherwise, let ŝt−1i,k be the auxiliary solution of expert k at the previous time t − 1,

meaning that,
∑n

i=1 a
t−1
i ŝt−1i,k = 1. Let I := {i : sti,k > ŝt−1i,k ·

at−1
i

ati
}. If i /∈ I we set

ŝti,k ← sti,k. If i ∈ I , we set ŝti,k to be some value in [ŝt−1i,k ·
at−1
i

ati
, sti,k] such that the

solution ŝti,k becomes tight on the tth constraint.

Lemma 1 One can always obtain the solutions ŝti,k such that ŝti,k ≤ sti,k and
∑n

i=1 a
t
iŝ
t
i,k =

1.

Algorithm 1. At the arrival of the tth constraint
Step (1): solve the following inner convex program and set wt to be the obtained

optimal solution

min
w

{ n∑
i=1

ci

[( K∑
k=1

sti,kwi,k + δti

)
ln

( ∑K
k=1 s

t
i,kwi,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)
−

K∑
k=1

sti,kwi,k

]}

(γt)
n∑
i=1

ati

( K∑
k=1

ŝti,kwi,k

)
≥ 1 ∀ t

(λi)
K∑
k=1

wi,k ≥ 1 ∀ i

(µti)
K∑
k=1

sti,kwi,k ≥ 0 ∀ i, t

where δti =
1
K

∑
k s

t
i,k. Note that we use the auxiliary solution ŝti,k in the first constraint.

For every i where sti,k = 0 for all k, the term related to i is not included in the objective
function (wi,k = 0 for all k beforehand).

Step (2): For all i, if
∑

k w
t
i,ks

t
i,k > xt−1i then set xti ←

∑
k w

t
i,ks

t
i,k; otherwise set

xti ← xt−1i .

Remark. To set (xti)
n
i=1 at each time t, our proposed algorithm solves an internal con-

vex program, whose objective uses a shifted entropy function as a convex regularizer. To
avoid a possible division by 0, we use a dummy expert. This expert sets initially each
variable to some small value, then follows the greedy heuristic at each arriving constraint.
The presence of a dummy expert only changes the competitive ratio from O(log(K)) to
O(log(K + 1)), so to simplify the notation, we display all other occurrences of the com-
petitive ratio as O(log(K)).
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2.2. Performance Analysis

As wt is the optimal solution of the convex program and (γt, λi, µti) is the optimal solu-
tion of its dual, the following Karush-Kuhn-Tucker (KKT) and complementary slackness
conditions hold:[ n∑

i=1

ati

( K∑
k=1

ŝti,kw
t
i,k

)
− 1

]
γt = 0 ∀t,

[ K∑
k=1

wti,k − 1

]
λi = 0 ∀i, t,

[ K∑
k=1

sti,kw
t
i,k

]
µti = 0 ∀i, t, γt, λi, µ

t
i ≥ 0 ∀i, t

and

cis
t
i,k ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)
− atiŝti,kγt − λi − sti,kµti = 0 ∀ i, k, t

Moreover, if
∑

k w
t
i,ks

t
i,k > 0, meaning that µti = 0, then

cis
t
i,k ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)
− atiŝti,kγt − λi = 0 (1)

Dual variables and feasibility. We set the dual variables of the linear program relaxation
of our LIN-COMB benchmark based on the dual variables of the convex program used
inside the algorithm. The dual formulation is visible on Figure 2.

αt =
1

ln(Kρ)

(
γt +

n∑
i=1

λi

)
, βti =

1

ln(Kρ)
ci ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t−1
i,k w

t−1
i,k + δt−1i

)

where recall that ρ = maxi,t′,t′′

{∑K
k=1 s

t′
i,k∑K

k=1 s
t′′
i,k

:
∑K

k=1 s
t′′

i,k > 0

}
.

Lemma 2 The xti solutions set by Algorithm 1 for the original covering problem and the
dual variables (αt, βti) of the LIN-COMB benchmark’s linear program relaxation are fea-
sible.

The proofs of Lemmas 1 and 2 are represented in Appendix C.

Theorem 3 Algorithm 1 is O(ln(Kρ))-competitive with the LIN-COMB benchmark.
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Proof We show that the algorithm’s solution increases the primal objective value of the
original covering problem by at most O(ln(Kρ)) times the value of the relaxation’s dual
solution, which serves as the lower bound on the LIN-COMB benchmark.
n∑
i=1

ci(x
t
i − xt−1i ) =

∑
i:xti>x

t−1
i

ci(x
t
i − xt−1i ) ≤

∑
i:xti>x

t−1
i

ci(x
t
i + δti) ln

(
xti + δti
xt−1i + δti

)
(2)

≤
∑

i:xti>x
t−1
i

ci(x
t
i + δti) ln

(
xti + δti

xt−1i + δt−1i

)
(3)

=
∑

i:xti>x
t−1
i

ci

[(
K∑
k=1

sti,kw
t
i,k +

1

K

K∑
k=1

sti,k

)
ln

(∑K
k=1 s

t
i,kw

t
i,k + δti

xt−1i + δt−1i

)]
(4)

≤
∑

i:xti>x
t−1
i

ci

[(
K∑
k=1

sti,kw
t
i,k +

1

K

K∑
k=1

sti,k

)
ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)]
(5)

=
∑

i:xti>x
t−1
i

K∑
k=1

(wti,k + 1/K)cis
t
i,k ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)

=
∑

i:xti>x
t−1
i

K∑
k=1

(wti,k + 1/K)

(
atiŝ

t
i,kγ

t + λi

)
(6)

≤
n∑
i=1

K∑
k=1

(wti,k + 1/K)

(
atiŝ

t
i,kγ

t + λi

)

=
n∑
i=1

ati

( K∑
k=1

wti,kŝ
t
i,k

)
γt +

n∑
i=1

( K∑
k=1

wti,k

)
λi +

1

K

K∑
k=1

( n∑
i=1

atiŝ
t
i,k

)
γt +

1

K

K∑
k=1

n∑
i=1

λi

= 2γt + 2
n∑
i=1

λi = 2 ln(Kρ)αt (7)

The above corresponding transformations hold since:
(2) follows from the inequality a− b ≤ a ln(a/b) for all 0 < b ≤ a;
(3) holds since δti ≥ δt−1i (because sti,k ≥ st−1i,k for all i, k, t);
(4) is valid because xti > xt−1i , so xti =

∑
k s

t
i,kw

t
i,k;

(5) is by the design of the algorithm: xt−1i ≥
∑

k s
t−1
i,k w

t−1
i,k ;

(6) holds since given that xti > xt−1i ≥ 0 (so
∑

k s
t
i,kw

t
i,k = xti > 0), the KKT condition

(1) applies;
(7) is true due to the complementary slackness conditions and that

∑
i a

t
iŝ
t
i,k = 1.

By weak duality, the theorem follows.

Corollary 4 For 0-1 optimization problems in which the experts provide integer (deter-
ministic or randomized) solutions, our algorithm is O(ln(K))-competitive with the LIN-

9



KEVI THẮNG

COMB benchmark. Further, there exists an algorithm whose performance is O(ln(K))-
competitive with the LIN-COMB benchmark and is up to a constant factor compared to the
best guarantee in the worst-case benchmark.

Proof Recall that for the 0-1 optimization problems,
deterministic or randomized experts provide
solution sti,k such that sti,k ∈ {0, 1} for every
i, k, t. (In particular, a randomized solution is
a distribution over 0−1 supports.) Therefore,

ρ = max
i

max
t′,t′′

{∑K
k=1 s

t′

i,k∑K
k=1 s

t′′
i,k

:
K∑
k=1

st
′′

i,k > 0

}
≤ K

1

Our Algorithm
with K experts

Best worst-case
guarantee algortihm

E1 E2 EK

Our Algorithm

with 2 experts


Therefore, the competitive ratio of our algorithm with the LIN-COMB benchmark is
O(log(Kρ)) = O(log(K2)). To obtain an algorithm that is competitive with both the
LIN-COMB and the worst-case benchmarks, we proceed as follows. (The figure serves as
an illustration in whichE1, . . . , EK correspond to theK experts.) We first apply Algorithm
1 on the K experts’ predictions to obtain an online algorithm, named A. Algorithm A
is O(ln(K))-competitive with the LIN-COMB benchmark. Let B be the algorithm with
the best-known worst-case guarantee. We apply Algorithm 1 one more time to the two
algorithms, A and B. The final online algorithm is O(ln(2))-competitive with both A
and B. In other words, its performance is O(ln(K))-competitive with the LIN-COMB
benchmark and is up to a constant factor to the best-known guarantee in the worst-case
benchmark.

3. Online non-linear covering with experts
While linear programs are suitable to represent many optimization problems, they are not
expressive enough to capture some practically relevant problems (for example, makespan
minimization and congestion management). This section takes a step further towards a
general framework and proposes an algorithm with multiple experts for 0-1 optimization
problems with non-linear objectives and linear constraints.

The performance guarantee proof of our previous algorithm relies on the primal-dual
method, which bounds the algorithm’s total cost by bounding at each time step the primal
with the dual increase. The LIN-COMB benchmark’s non-linear objective function (visible
on Figure 1) does not allow us to express the objective’s cost by additive terms like in
the linear case. To keep the primal-dual proving technique, we reformulate LIN-COMB as
finding the minimum cost linear combination among all possible linear combinations. This
formulation has an exponential number of variables and constraints, but it transforms the
non-linear objective function into a linear one.

Benchmark reformulation. Denote E = {1, 2, . . . , n} the set of indices of variable x in
the original covering problem. Then, let S ⊆ E be a solution if 1S corresponds to a feasible

10
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min
T∑
t=1

∑
S

cSy
t
S

(αt)
K∑
k=1

wtk ≥ 1 ∀ t

(βti)
∑
S:i∈S

ztS ≥
K∑
k=1

sti,kw
t
k ∀ i, t

(γt)
∑
S

ztS = 1 ∀ t

(ξtS) ytS = ztS − zt−1S ∀ S, t
wtk, y

t
S, z

t
S ≥ 0 ∀ k, S, t

max
T∑
t=1

(αt + γt)

αt −
n∑
i=1

sti,kβ
t
i ≤ 0 ∀ k, t

ξtS ≤ cS ∀ S, t∑
i∈S

βti + γt − ξtS + ξt+1
S ≤ 0 ∀ S, t

αt, βti ≥ 0 ∀ S, i, t

Figure 3: Reformulation and relaxation of the LIN-COMB benchmark and its dual

solution. Recall that we consider 0-1 optimization problems, so each coordinate xi of a
feasible solution has a value at most 1. Let zS be the indicator variable for solution S:
zS = 1 iff every variable xi = 1 if i ∈ S, and xi = 0 if i /∈ S; and zS = 0 otherwise.
In other words, zS indicates if the final solution is S. The formulation and its dual are
on Figure 3. On the left of the figure, the first constraint guarantees that we have a linear
combination of the experts’ solutions. The second constraint guarantees that if the linear
combination of the experts’ solutions sets a variable xi to a non-zero value, then some
solutions that includes xi must be used as well. The third constraint ensures that at each
time step, one solution should be selected. In the last constraint, ytS intuitively represents
the fractional increase of the usage of solution S at time t.

3.1. Non-linear objective function properties

For vectors x, y ∈ Rn, we say that x ≥ y iff xi ≥ yi for all 1 ≤ i ≤ n. We consider
objective function f : [0, 1]n → R+ that satisfies the following properties:

• f is non-decreasing, i.e., f(x) ≥ f(y) for all x ≥ y,

• the gradient of f is non-decreasing on all coordinates, i.e., ∇if(x) = ∂f(x)/∂xi ≥
∇if(y) := ∂f(y)/∂yi for all x ≥ y. For example, if f is a polynomial with non-
negative coefficients then it satifies this property.

Moreover, the objective function also satisfies the gradient-Lipschitz and (λ, µ)-locally-
smooth properties below.

11



KEVI THẮNG

Definition 5 (L-gradient-Lipschitz) A function f is L-gradient-Lipschitz, if its deriva-
tives are Lipschitz-continuous with the constant L. Formally, for all x and y:

‖∇f(x)−∇f(y)‖ ≤ L‖x− y‖

Definition 6 ((λ, µ)-local-smoothness) A differentiable function f : [0, 1]n → R+ is
(λ, µ)-locally-smooth if for for every set S ⊆ {1, 2, . . . , n}, the following inequality holds:∑

i∈S

∇if(x) ≤ λf
(
1S
)
+ µf

(
x
)

where∇iF (x) denotes ∂F (x)/∂xi and 1S is the vector where the entry of the ith coordinate
equals 1 if i ∈ S and equals 0 otherwise.

Note that the notation of gradient-Lipschitz is also called smoothness in literature. The
notation of (λ, µ)-locally-smoothness, introduced in Thang (2020), is rooted in the work of
Roughgarden (2015) in the domain of algorithmic game theory in which it is termed the
smoothness argument. To avoid confusion, we use the terms gradient-Lipschitzness and
(λ, µ)-local-smoothness with the abovementioned definitions.

3.2. Algorithm description

Similar to Algorithm 1, we apply the scaling preprocessing procedure (see Section 2.1) to
produce auxiliary solution (sti,k)

n
i=1 that are tight on the tth constraint. We also include the

dummy expert to avoid division by zero.

Algorithm 2. The algorithm follows the same steps of Algorithm 1 but with the
following objective function of the inner convex program:

min
w

{ n∑
i=1

∇if
(
xt−1

)[( K∑
k=1

sti,kwi,k + δti

)
ln

( ∑K
k=1 s

t
i,kwi,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)
−

K∑
k=1

sti,kwi,k

]

+
n∑
i=1

L

2

( K∑
k=1

sti,kwi,k + δti − 2
K∑
k=1

st−1i,k w
t−1
i,k − 2δt−1i

)( K∑
k=1

sti,kwi,k + δti

)
·

· ln

( ∑K
k=1 s

t
i,kwi,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)

−
n∑
i=1

L

4

( K∑
k=1

sti,kwi,k + δti − 2
K∑
k=1

st−1i,k w
t−1
i,k − 2δt−1i

)2}
where δti =

1
K

∑
k s

t
i,k and L is the gradient-Lipschitz parameter of function f .

The objective function of the inner convex program is based on the entropy regularizer
with the gradient of the objective function f . However, due to the difficulty raised by the

12
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non-linearity of f , we leverage the gradient-Lipschitz property of f and Introduce addi-
tional terms into the inner convex program in order to bound the algorithm’s cost. Note
that our algorithm does not require knowledge of the parameters (λ, µ)-local-smoothness
of the function. The latter is only used in the analysis of the performance guarantee.

Theorem 7 Algorithm 2 is O(ln(Kρ))·λ
1−2µ ln(Kρ)

-competitive within the LIN-COMB benchmark. Pre-

cisely, the algorithm’s objective at most O(ln(Kρ))·λ
1−2µ ln(Kρ)

times that of the optimal LIN-COMB

solution plus a fixed term 8Ln
√
n ln(Kρ)

1−2µ ln(Kρ)
.

Subsequently, by the same combination as in Theorem 4, one can guarantee the perfor-
mance both in the LIN-COMB benchmark and in comparison to the best-known algorithm
in the worst-case model.

Corollary 8 For 0-1 optimization problems in which the experts provide integer (determin-
istic or randomized) solutions, there exists an algorithm whose performance is O(lnK)λ

1−2µ ln(K)
-

competitive with the LIN-COMB benchmark and is up to a constant factor compared to the
best-known guarantee in the worst-case benchmark.

An immediate application of this corollary is to `p-norm objective functions. The
class of `p-norms encompasses several important problems in combinatorial (0–1) opti-
mization, such as makespan minimization (introduced earlier), online vector scheduling,
and energy minimization, among others. For degree-p polynomials with non-negative co-
efficients (including p-powers of `p-norms), it was shown in Thang (2020), that they are(
O(p lnK)p, p−1

2p lnK

)
-local-smooth. By applying our corollary on `pp functions and taking

the pth-root, the framework yields (for instance, for the running example of makespan min-
imization discussed in the introduction) a O(p · lnK)-competitive algorithm in the LIN-
COMB benchmark, and within a constant factor of the best-known guarantees in the worst-
case benchmark.

4. Experiments

In this section we briefly mention our empirical findings with Algorithm 1 for online linear
covering problems. The analysis in-depth is given in Appendix E.

Comparison. The best standard online algorithm for general covering problems without
experts is the online multiplicative weight update (MWU) algorithm. When a new con-
straint arrives in the online problem, the MWU algorithm increases each variable xi in the
constraint with a rate of ati

ci
(xi+1/n), where n is the total number of variables. We compare

our algorithm with MWU algorithm.

13
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Input. We evaluated the performance of Algorithm 1 on the MWU’s pathological input.
This instance includes n variables and n constraints with uniform costs and coefficients.
Each arriving constraint includes one less variable. While the optimal solution is 1, the
worst-case guarantee of MWU is O(log n). For our algorithm, we provided n experts,
where (n− 1) experts suggest an adversarial trivial solution to set all variables to 1, while
1 expert suggests the optimal offline solution.

Highlight. Our algorithm managed to identify the good expert among the majority of
adversaries, obtaining a better objective value, than MWU. To investigate the impact of the
number of variables and the number of experts on our algorithm, we executed this example
with several input sizes. The result of this experiment is visible on Figure 4.
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Figure 4: Experiment with varying numbers of variables and experts on the MWU worst-
case instance. The left and right plots show the result visible on the middle 3D
plot with two dimensions. The shaded areas correspond to the 95% confidence
intervals.

5. Conclusion
We introduce a dynamic LIN-COMB benchmark in the setting of multiple expert predic-
tions that encapsulates and extends the traditional static best expert in hindsight benchmark.
We give competitive algorithms for the online linear and non-linear covering problems in
this benchmark. Many practical problems can be formalized in our setting, such as network
design, energy minimization, TCP acknowledgment, facility location, etc. Our work natu-
rally gives rise to open directions of designing competitive algorithms for online packing
problems (with both linear and non-linear) objectives.
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Appendix A. Models
A.1. Comparaison between LIN-COMB and the best-expert in hindsight models

In this section, we argue that (1) in the linear covering setting, LIN-COMB and the best-
expert in hindsight benchmark are equivalent; and (2) in the non-linear covering one, LIN-
COMB is stronger than the best-expert in hindsight benchmark.

First, recall the best expert in hindsight benchmark. There are K experts, and the prob-
lem’s covering-type constraints are revealed online one by one. At each time t ≥ 1, we
receive a covering constraint

∑n
i=1 a

t
ixi ≥ 1 (where ati ≥ 0) and each expert k (where

1 ≤ k ≤ K) provides a solution (sti,k)
n
i=1. The objective is to minimize a (cost) function

f(x1, . . . , xn). The optimal value in the best expert benchmark, up to time T , is

min
k
f(sT1,k, . . . , s

T
n,k)

Note that the best experts can be changed over time (i.e., the best expert at time T might be
different to the one at time T − 1). In the following, let T be the last time a constraint is
released.

Linear Covering Setting. In this setting, the objective function f(x1, . . . , xn) can be ex-
pressed as

∑n
i=1 cixi where ci ≥ 0. Let k∗ be the best expert, i.e., k∗ = argmink

∑n
i=1 cis

T
i,k.

The LIN-COMB can achieve this value by setting wtk∗ = 1 and wtk = 0 for all k 6= k∗ over
all 1 ≤ t ≤ T . Inversely, assume that LIN-COMB benchmark provides wT1 , . . . , w

T
k at time

T . Then, the optimal value of LIN-COMB (at time T ) is:

n∑
i=1

cixi ≥
n∑
i=1

ci

( K∑
k=1

wTk s
T
i,k

)
=

K∑
k=1

wTk

( n∑
i=1

cis
T
i,k

)

≥
( K∑
k=1

wTk

)
·
( n∑
i=1

cis
T
i,k∗

)
=

n∑
i=1

cis
T
i,k∗ .

Consequently, the two benchmarks are equivalent.

Non-Linear Covering Setting. By the previous argument, LIN-COMB always captures
the best expert benchmark by setting wtk∗ = 1 and wtk = 0 for all k 6= k∗ over all 1 ≤ t ≤ T .
We provide an example showing that LIN-COMB is stronger than the best-expert. Consider
the makespan minimization problem in which one assigns n unit jobs to n identical ma-
chines to minimize the maximum machine load (makespan). This problem can be formu-
lated as a non-linear covering problem:

min

∥∥∥∥(∑
j

x1j,
∑
j

x2j, . . . ,
∑
j

xnj

)∥∥∥∥
∞

s.t
n∑
i=1

xij ≥ 1 ∀j, xij ∈ {0, 1} ∀i, j

where xij is a 0− 1 variable indicating if job j is assigned to machine i for 1 ≤ i ≤ n, 1 ≤
j ≤ n. Consider n experts, and each expert i assigns all jobs to machine i for 1 ≤ i ≤ n.
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The best expert has the maximum machine load of n (the same for every expert). However,
the optimal solution in LIN-COMB can choose wi = 1/n, which results in the makespan
of 1. The solution corresponds to the assignment of one job to one machine, i.e., job i to
machine i for all 1 ≤ i ≤ n.

A.2. Assumptions on the feasibility and the monotonicity of experts

We consider two natural assumptions on the suggestions/solutions of experts.
The first one is feasibility, i.e., experts’ solutions must satisfy all the constraints so far.

One can easily check and detect if a solution is infeasible and ignore the corresponding
expert if that is the case.

The second one is the monotonicity of the expert solution, i.e., sti,k ≥ st−1i,k for all i, k, t.
We argue that any well-defined benchmark with the best expert in hindsight must have this
property.

Consider a linear covering problem Nx1 + x2 where N is large and constraint at time 1
is x1 + x2 ≥ 1 and constraint at time 2 is 2x1 + x2 ≥ 1. There are two experts. At time 1,
experts 1 and 2 provide solution (1, 0) and (∞,∞) respectively. The best expert up to time
1 is expert 1 with an objective cost of N . At time 2, expert 1 always provides (1, 0) while
expert 2 gives a solution (0, 1) by decreasing its previous solution. Now, the best expert up
to time 2 is expert 2 with an objective cost of 1. One can generalize this toy example to
create an unstable objective cost (very large, then very small, and so on) of the best expert
benchmark.

In the above example, no algorithm based on expert solutions can be competitive since
an adversary can create a dummy expert (providing a trivial large solution) all the time but
the last step and in the last step, the dummy expert, by decreasing its solution, gives an
optimal solution. An online algorithm cannot decrease its solution (as decisions made are
irrevocable) and becomes uncompetitive. Hence, all stable and well-defined benchmark
that includes the best expert in hindsight as a candidate should have the monotone property.

Besides, one motivation for our work is to combine online algorithms into a new one
with a better guarantee. Such online algorithms, represented by experts, maintain monotone
solutions. That motivates the monotone property.

A.3. No assumption on the tightness of online expert solutions

In some settings, one can assume that the provided expert solutions/predictions are tight
(i.e., constraints hold with equality) without loss of generality. However, the following
example shows that we cannot expect online expert solutions (in the sense of online algo-
rithms, i.e., without modifying the past decisions) to be tight on the arriving constraints
and one needs to non-trivially handle that.

In the example, we display the experts’ solutions after each constraint.
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min x1 + x2

x1 +
1

2
x2 ≥ 1

Expert1 : 1 0

Expert2 : 0 2

x2 ≥ 1

Expert1 : 1 1

Expert2 : 0 2

To have tight a suggestion from Expert2 on the second constraint, Expert2 not only has
to decrease its value of x2 (which is not allowed), but even increase the value of x1 for the
first constraint. In other words, Expert2 has to completely modify its past decisions.
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Appendix B. Counter example for the performance of the algorithm of
Anand et al. (2022)

Anand, Ge, Kumar, and Panigrahi Anand et al. (2022) recently proposed online algorithms
for online linear covering problems with multiple expert solutions. We show here a counter-
example that contradicts Theorem 2.1 presented in Section 3 of their paper. In the proof of
Theorem 2.1, it is stated that the total cost of the algorithm is at most 3 times the potential
φ at the beginning, i.e., at most O(logK) times the DYNAMIC benchmark. However, in
our counter-example, the total cost of their algorithm is O(L log(K)) times the DYNAMIC
benchmark, where L is an arbitrarily large number.

Besides, we also attempt to fix the definition of DYNAMIC benchmark. If one considers
modifications on the order of the quantifiers in the DYNAMIC’s definition, to overcome the
counter-example, one has to modify DYNAMIC benchmark to be the best-expert one.

B.1. Setting

First, we recall the DYNAMIC benchmark and the algorithm in Anand et al. (2022). Note
that in this section, we consider only linear objectives.

DYNAMIC benchmark. Given K experts, denote xi(j, s) the solution from expert s for
variable i on constraint j. It is also assumed that the expert solutions are tight, formally:

n∑
i=1

aij xi(j, s) = 1 ∀s ∈ [K]

The DYNAMIC benchmark is defined as the minimum cost solution supported by at least
one expert at each step. Formally:

DYNAMIC = min
x̂∈X̂

n∑
i=1

cix̂i, where

X̂ = {x̂ : ∀ i ∈ [n], ∀ j ∈ [m], ∃ s ∈ [K] where the solution xi(j, s) ≤ x̂i}
Let’s consider modified definitions based on the DYNAMIC benchmark by reordering

the quantifiers in X̂ .

m-DYNAMIC(1) = min
x̂∈X̂(1)

n∑
i=1

cix̂i, where

X̂(1) = {x̂ : ∀ i ∈ [n], ∃ s ∈ [K], ∀ j ∈ [m] where the solution xi(j, s) ≤ x̂i}

m-DYNAMIC(2) = min
x̂∈X̂(2)

n∑
i=1

cix̂i, where

X̂(2) = {x̂ : ∃ s ∈ [K],∀ i ∈ [n], ∀ j ∈ [m] where the solution xi(j, s) ≤ x̂i}
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We notice that the m-DYNAMIC(2) benchmark is equivalent to the best-expert bench-
mark. Moreover, given the same problem (constraints, objective) and the same experts’
predictions, the values DYNAMIC ≤ m-DYNAMIC(1) ≤ m-DYNAMIC(2). In other words,
DYNAMIC is stronger than m-DYNAMIC(1) which is stronger than m-DYNAMIC(2).

Algorithm in Anand et al. (2022). Algorithm 1 (from Anand et al. (2022)) receives so-
lutions from K experts. While a constraint is not satisfied, their algorithm updates each
variable with an increasing rate of

dxi
dt

=
aij
ci

(xi + δij)

where δij = 1
K

∑K
s=1 xi(j, s) is the average of the experts’ solutions for xi at the arrival

of constraint j. Algorithm 1 of Anand et al. (2022) scales down the problem with 0.5,
so it does not increase any variable above 0.5 and satisfies each constraint with value 0.5.
The exact solution is obtained by doubling the variables at the end of the execution. (This
descaling is an important aspect in the authors’ proof.)

B.2. Counter-example

In the following example, we reveal in an online manner a linear program parametrized
by L with K experts and observe the behavior of Algorithm 1 (from Anand et al. (2022)).
This example is an extension of the pathological input for the multiplicative weight update
algorithm.

Objective. The example has (L ·K + 1) variables with uniform cost:

min x1 + x2 + · · ·+ xK + · · ·+ x2K + · · ·+ xLK + xLK+1

Constraints. There are L batches of (K − 1) constraints. The first constraint of each
batch has (K + 1) variables. The last variable (xLK+1) is present in every constraint in
every batch, but none of the experts suggests to use this variable. Within a batch, each
consecutive constraint has one less variable. The experts set each variable that appears in
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later batches to 0. The first batch:

x1 + x2 + · · ·+ x(K−1) + xK + xLK+1 ≥ 1

Expert1 : 1 0 . . . 0 0 0

Expert2 : 0 1 . . . 0 0 0

...
ExpertK−1 : 0 0 . . . 1 0 0

ExpertK : 0 0 . . . 0 1 0

x2 + · · ·+ x(K−1) + xK + xLK+1 ≥ 1

Expert1 : 1 1 . . . 0 0 0

Expert2 : 0 1 . . . 0 0 0

...
ExpertK−1 : 0 0 . . . 1 0 0

ExpertK : 0 0 . . . 0 1 0

...
x(K−1) + xK + xLK+1 ≥ 1

Expert1 : 1 1 . . . 1 0 0

Expert2 : 0 1 . . . 1 0 0

...
ExpertK−1 : 0 0 . . . 1 0 0

ExpertK : 0 0 . . . 0 1 0

During the first constraint of every batch, the experts’ solutions form an identity matrix.
With each disappearing variable in the consecutive constraints, experts who suggested to
use variables which are no longer available, choose to set the variable with the smallest
index. Consequently, (K−1) experts suggest to use variable x(K−1) and one expert suggests
to use xK during the last constraint in the first batch. The pattern of the experts’ solutions
are identical for each batch. The constraints of the lth batch (1 ≤ l ≤ L) are:

x(l−1)K+1 + x(l−1)K+2 + · · ·+ x(l−1)K+(K−1) + xlK + xLK+1 ≥ 1

x(l−1)K+2 + · · ·+ x(l−1)K+(K−1) + xlK + xLK+1 ≥ 1

...
x(l−1)K+(K−1) + xlK + xLK+1 ≥ 1

Lemma 9 In the example above, the objectives of the DYNAMIC and the m-DYNAMIC(1)
benchmarks are both at most 1.
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Proof Consider solution x∗ in which x∗LK+1 = 1 and x∗i = 0 for i 6= LK + 1. We
verify that x∗ ∈ X̂ . For each i 6= lK where 1 ≤ l ≤ L, and for each constraint j, there
exists an expert, indeed expert K, such that x∗i ≥ 0 = xi(j,K). For i = lK, and for
each constraint j, there exists an expert, indeed any expert in 1, 2, . . . , K − 1, such that
x∗i ≥ 0 = xi(j, 1) = xi(j, 2) = . . . = xi(j,K − 1). Moreover, x∗ satisfies all constraints
(since variable xLK+1 appears in all constraints). Hence, x∗ ∈ X̂ . Subsequently, the
objective value of the DYNAMIC benchmark is at most 1.

Similarly, we verify that x∗ ∈ X̂(1). For each i 6= lK where 1 ≤ l ≤ L, there exists
an expert, indeed expert K, and for each constraint j, x∗i ≥ 0 = xi(j,K). Besides, for
i = lK, there exists an expert, indeed any expert in 1, 2, . . . , K − 1, and for each constraint
j, x∗i ≥ 0 = xi(j, 1) = xi(j, 2) = . . . = xi(j,K − 1).Hence, x∗ ∈ X̂(1). Therefore, the
objective value of the m-DYNAMIC(1) benchmark is at most 1.

Lemma 10 The objective value of Algorithm 1 (from Anand et al. (2022)) on the example
above is O(L log(K)).

Proof By the design of Algorithm 1, the increasing rate of xLK+1 is zero throughout the
execution, and the variables which are not part of the current constraint are not increased.
During the first constraint of each batch, the increasing rate of the first K variables in
the batch is 1/K, since the increasing rate of variable xi is (xi +

1
K

∑K
s=1 xi(1, s)) and

initially every variable is set to zero. At the second constraint, the increasing rate of the
second variable in the batch is higher than the other variables’ increasing rate, because
the first expert also uses this variable in its solution. Therefore, the increasing rate of the
second variable is (x(l−1)K+2 + 2/K), while the other remaining expert variables in the
constraint have an increasing rate of (xi+1/K). Following the same reasoning (apart from
the first constraint in the batch), the variable with the smallest index in the constraint has a
higher increasing rate, than the other variables. During the last constraint of each batch, the
increasing rate of the last two remaining expert variables are (x(l−1)K+(K−1)+(K−1)/K)
and (xlK + 1/K). Keeping the increasing rates and the constraint satisfaction in mind, we
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can lower bound the value of each variable:

1

K
≤ x(l−1)K+1

1

K − 1
≤ x(l−1)K+2

1

K − 2
≤ x(l−1)K+3

...
1

3
≤ x(l−1)K+(K−2)

1

2
≤ x(l−1)K+(K−1)

1

K
≤ xlK

Summing the terms together, we get that the objective value increases at least with
O(logK) during each batch. There are L batches, so the total cost of Algorithm 1 is at
least O(L log(K)).

The above claims lead to the following one.

Proposition 11 The competitive ratio of Algorithm 1 (from Anand et al. (2022)) on the ex-
ample above in both DYNAMIC and m-DYNAMIC(1) benchmarks is at least O(L log(K))
for arbitrarily large L.

B.3. Comparison

In this specific counter-example, the LIN-COMB and m-DYNAMIC(2) benchmarks are
both equivalent to the static best-expert benchmark, i.e., the solution of ExpertK . The ob-
jective value of the best expert benchmark is L (since the optimal solution sets xlK variables
for 1 ≤ l ≤ L to 1 and other variables to 0). In this counter-example, the objective value
of our Algorithm 1 is O(L logK). Consequently, our proposed algorithm is O(logK)
competitive in the LIN-COMB (so the best-expert) benchmark.

24



ONLINE COVERING WITH MULTIPLE EXPERTS

Appendix C. Online linear covering with experts
Lemma 1 One can always obtain the solutions ŝti,k such that ŝti,k ≤ sti,k and

∑n
i=1 a

t
iŝ
t
i,k =

1.

Proof Let us fix an expert k. We prove the lemma by induction. At time step t = 1, we
can always scale down the solution s1i,k ≥ 0 such that the first constraint becomes tight.
Assume that the lemma holds until t− 1, so

∑n
i=1 a

t−1
i ŝt−1i,k = 1 and ŝt−1i,k ≤ st−1i,k . Consider

time t. If (sti,k)
n
i=1 is tight on the tth constraint then we are done. Otherwise, we have

1 <
n∑
i=1

atis
t
i,k =

∑
i∈I

atis
t
i,k +

∑
i/∈I

atis
t
i,k

1 =
n∑
i=1

at−1i ŝt−1i,k =
n∑
i=1

ati

(
ŝt−1i,k ·

at−1i

ati

)
≥
∑
i∈I

ati

(
ŝt−1i,k ·

at−1i

ati

)
+
∑
i/∈I

atis
t
i,k

Hence, there exists ŝti,k ∈
[
ŝt−1i,k ·

at−1
i

ati
, sti,k

]
for every i, where 1 ≤ i ≤ n, such that∑n

i=1 a
t
iŝ
t
i,k = 1.

Lemma 2 The xti solutions set by Algorithm 1 for the original covering problem and the
dual variables (αt, βti) of the LIN-COMB benchmark’s linear program relaxation are fea-
sible.

Proof We first prove that the xti variables satisfy the covering constraints by induction. At
time 0, no constraint has been released yet, and every variable is set to 0. This all-zero
solution is feasible. Let us assume that the algorithm provides feasible solutions up to time
t − 1. At time t, the algorithm maintains the inequality xti ≥ xt−1i , so all constraints t′

where t′ < t are satisfied. Besides, xti is always at least
∑

k w
t
i,ks

t
i,k, which is larger than∑

k w
t
i,kŝ

t
i,k since sti,k ≥ ŝti,k for all i, k due to the preprocessing step. Hence, the constraint

t is also satisfied. Formally,

n∑
i=1

atix
t
i ≥

n∑
i=1

ati

( K∑
k=1

wti,kŝ
t
i,k

)
≥ 1.

In the remaining part of the proof, we show the feasibility of αt and every βti . Since
γt ≥ 0 and λi ≥ 0 for all i and t, we get that αt ≥ 0. When we set βti , the nominator of the
logarithm term is always larger than the denominator, and it is smaller than (Kρ)-times the
denominator. Consequently, 0 ≤ βti ≤ ci. Furthermore,

βt+1
i − βti = −

1

ln(Kρ)
ci ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)
.
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Since
∑

i a
t
iŝ
t
i,k = 1, using the KKT conditions, we get:

αt +
n∑
i=1

stik
(
βt+1
i − βti

)
=

1

ln(Kρ)

(
γt +

n∑
i=1

λi

)
− 1

ln(Kρ)

n∑
i=1

sti,kci ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)

=
1

ln(Kρ)

[
γt +

n∑
i=1

λi −
n∑
i=1

(
atiŝ

t
i,kγ

t + λi + sti,kµ
t
i

)]
≤ 0
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Appendix D. Online non-linear covering with experts

Complete analysis

Aswt is the locally optimal solution of the non-linear program and (θt, χi, νti ) is the locally
optimal solution of its dual, the following Karush-Kuhn-Tucker (KKT) and complementary
slackness conditions hold:

[ n∑
i=1

ati

( K∑
k=1

ŝti,kw
t
i,k

)
− 1

]
θt = 0 ∀ t

[ K∑
k=1

wti,k − 1

]
χi = 0 ∀ i, t

[ K∑
k=1

sti,kw
t
i,k

]
νti = 0 ∀ i, t

sti,k

[
∇if(x

t−1) + L

( K∑
k=1

sti,kw
t
i,k + δti −

K∑
k=1

st−1i,k w
t−1
i,k − δ

t−1
i

)]
·

· ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)
− atiŝti,kθt − χi − sti,kνti = 0 ∀ i, k, t

θt, χi, ν
t
i ≥ 0 ∀ i, t

Moreover, if
∑

k w
t
i,ks

t
i,k > 0, meaning that νti = 0, then

sti,k

[
∇if(x

t−1) + L

( K∑
k=1

sti,kw
t
i,k + δti −

K∑
k=1

st−1i,k w
t−1
i,k − δ

t−1
i

)]
ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)
− atiŝti,kθt − χti = 0

(8)

Dual variables and feasibility. We set the dual variables of the reformulation of our LIN-
COMB benchmark based on the dual variables of the non-linear program used inside the
algorithm. The dual formulation is visible on Figure 3. The constants λ and µ correspond
to the (λ, µ)-local-smoothness, and L to the L-gradient-Lipschitz of f (see the definitions
at Section 3.1).
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αt =
1

λ

(
θt +

n∑
i=1

χi

)
,

βti =
1

λ

[
∇if(x

t−1) + L

( K∑
k=1

sti,kw
t
i,k + δti −

K∑
k=1

st−1i,k w
t−1
i,k − δ

t−1
i

)]
ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)

ξtS =
1

λ

∑
i∈S

∇if(x
t−1) ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t−1
i,k w

t−1
i,k + δt−1i

)
− µ

λ
ln(Kρ)f(xt−1)

γt = −1

λ

n∑
i=1

[
∇if(x

t−1) + L

( K∑
k=1

sti,kw
t
i,k + δti −

K∑
k=1

st−1i,k w
t−1
i,k − δ

t−1
i

)]
ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)

− 1

λ

n∑
i=1

[
∇if(x

t) ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t
i,kw

t
i,k + δti

)
−∇if(x

t−1) ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t−1
i,k w

t−1
i,k + δt−1i

)]
+
µ

λ
ln(Kρ)f(xt)− µ

λ
ln(Kρ)f(xt−1)

Lemma 12 The original covering problem’s xti solution set by the algorithm and the dual
variables (αt, βti , ξ

t
S, γ

t) of the reformulated LIN-COMB benchmark are feasible up to a
factor of ln(Kρ).

Proof We first prove that the xti variables satisfy the covering constraints by induction. At
time 0, no constraint has been released yet, and every variable is set to 0. This all-zero
solution is feasible. Let us assume that the algorithm provides feasible solutions up to time
t − 1. At time t, the algorithm maintains the inequality xti ≥ xt−1i , so all constraints t′

where t′ < t are satisfied. Besides, xti is always at least
∑

k w
t
i,ks

t
i,k, which is larger than∑

k w
t
i,kŝ

t
i,k since sti,k ≥ ŝti,k for all i, k due to the preprocessing step. Hence, constraint t is

also satisfied, formally,

n∑
i=1

atix
t
i ≥

n∑
i=1

ati

( K∑
k=1

ŝti,kw
t
i,k

)
≥ 1.

In the remaining part of the proof, we show the feasibility of the dual solution. The dual
constraints are visible on Figure 3. The first constraint follows from the KKT conditions
and from the fact that

∑
i a

t
iŝ
t
i,k = 1. The second constraint is satisfied up to a factor of

ln(Kρ) because

ξtS =
1

λ

∑
i∈S

∇if(x
t−1) ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t−1
i,k w

t−1
i,k + δt−1i

)
− µ

λ
ln(Kρ)f(xt−1)

≤ 1

λ

∑
i∈S

∇if(x
t−1) ln(Kρ)− µ

λ
ln(Kρ)f(xt−1) ≤ ln(Kρ)cS
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where the last inequality holds due to the (λ, µ)-local-smoothness. Important: after down-
scaling the variables by a factor of ln(Kρ), the second dual constraint holds.

The last constraint is satisfied due to the definition of the dual variables. We need

∑
i∈S

βti + γt − ξtS + ξt+1
S ≤ 0∑

i∈S

βti − ξtS + ξt+1
S ≤ −γt

to hold. We can rewrite γt as follows:

γt = −1

λ

n∑
i=1

[
L

( K∑
k=1

sti,kw
t
i,k + δti −

K∑
k=1

st−1i,k w
t−1
i,k − δ

t−1
i

)]
ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
ik wt−1i,k + δt−1i

)

− 1

λ

n∑
i=1

[
∇if(x

t)−∇if(x
t−1)

]
ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t
ikw

t
i,k + δti

)
+
µ

λ
ln(Kρ)f(xt)− µ

λ
ln(Kρ)f(xt−1)

Now let us fix an arbitrary set S. Then, following the simplified form of γt, we have

−γt ≥ 1

λ

∑
i∈S

[
L

( K∑
k=1

sti,kw
t
i,k + δti −

K∑
k=1

st−1i,k w
t−1
i,k − δ

t−1
i

)]
ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
ik wt−1i,k + δt−1i

)

+
1

λ

∑
i∈S

[
∇if(x

t)−∇if(x
t−1)

]
ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t
ikw

t
i,k + δti

)
− µ

λ
ln(Kρ)f(xt) +

µ

λ
ln(Kρ)f(xt−1)

since the terms in the first two lines are positive and we restrict the sum to a subset. In
particilar, ∇if(x

t) ≥ ∇if(x
t−1) by assumption of function f , and either

∑K
k=1 s

t
i,kw

t
i,k +

δti ≥
∑K

k=1 s
t
i,kw

t−1
i,k + δt−1i and the logarithm term is non-negative, or

∑K
k=1 s

t
i,kw

t
i,k+ δ

t
i <∑K

k=1 s
t
i,kw

t−1
i,k + δt−1i and the logarithm term is also negative, making their product non-
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negative. We have to show that the following is true to satisfy the third constraint:

∑
i∈S

βti − ξtS + ξt+1
S

=
∑
i∈S

1

λ

[
∇if(x

t−1) + L

( K∑
k=1

sti,kw
t
i,k + δti −

K∑
k=1

st−1i,k w
t−1
i,k − δ

t−1
i

)]
ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)

− 1

λ

∑
i∈S

∇if(x
t−1) ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t−1
i,k w

t−1
i,k + δt−1i

)
+
µ

λ
ln(Kρ)f(xt−1)

+
1

λ

∑
i∈S

∇if(x
t) ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t
i,kw

t
i,k + δti

)
− µ

λ
ln(Kρ)f(xt)

=
1

λ

∑
i∈S

[
L

( K∑
k=1

sti,kw
t
i,k + δti −

K∑
k=1

st−1i,k w
t−1
i,k − δ

t−1
i

)]
ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
ik wt−1i,k + δt−1i

)

+
1

λ

∑
i∈S

[
∇if(x

t)−∇if(x
t−1)

]
ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t
ikw

t
i,k + δti

)
− µ

λ
ln(Kρ)f(xt) +

µ

λ
ln(Kρ)f(xt−1)

≤ −γt

where the second equality holds due to log(a/b)− log(a/c) = log(c/b).
It remains to show that αt and βti are positive. Due to the KKT conditions both variables

are always positive, so the lemma holds.

Theorem 7 Algorithm 2 is O(ln(Kρ))·λ
1−2µ ln(Kρ)

-competitive within the LIN-COMB benchmark. Pre-

cisely, the algorithm’s objective at most O(ln(Kρ))·λ
1−2µ ln(Kρ)

times that of the optimal LIN-COMB

solution plus a fixed term 8Ln
√
n ln(Kρ)

1−2µ ln(Kρ)
.

Proof Lemma 12 proved that our algorithm creates feasible solutions for the original cov-
ering problem and for the dual problem of the reformulated LIN-COMB benchmark. We
show that the algorithm’s solution increases the primal objective value of the original cov-
ering problem by at most O(ln(Kρ)) times the value of the dual solution, which serves as
the lower bound on the LIN-COMB benchmark - the best linear combination of the experts’
solutions.
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f(xt)− f(xt−1) ≤ ∇f(xt−1)(xt − xt−1) + 2L

2
‖xt − xt−1‖2 (9)

≤
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i=1

( K∑
k=1

wti,k

)
χti +

1

K

K∑
k=1

( n∑
i=1

atiŝ
t
i,k

)
θt +

1

K

K∑
k=1

n∑
i=1

χti

= 2θt + 2
n∑
i=1

χti (16)

= 2λ · αt
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The above corresponding transformations hold since:

(9) holds as f is 2L-smooth;

(10) follows from the inequality a− b ≤ a ln(a/b) for all 0 < b ≤ a;

(11) holds since δti ≥ δt−1i (because sti,k ≥ st−1i,k for all i, k, t);

(12) is valid because xti > xt−1i , so xti =
∑K

k=1 s
t
i,kw

t
i,k;

(13) is by the design of the algorithm: xt−1i ≥
∑K

k=1 s
t−1
i,k w

t−1
i,k ;

(14) since again, xti > xt−1i ≥ 0, we have xti =
∑K

k=1 s
t
i,kw

t
i,k and it always holds that

xt−1i ≥
∑K

k=1 s
t−1
i,k w

t−1
i,k ;

(15) since given that xti > xt−1i ≥ 0 (so
∑K

k=1 s
t
i,kw

t
i,k = xti > 0), the KKT condition (8)

applies;

(16) is true due to the complementary slackness conditions and that
∑n

i=1 a
t
iŝ
t
i,k = 1.

The objective of the dual includes
∑T

t=1 γ
t as well, so it remains to bound this sum.

Recall the simplified version of γt:

γt = −1

λ

n∑
i=1

[
L

( K∑
k=1

sti,kw
t
i,k + δti −

K∑
k=1

st−1i,k w
t−1
i,k − δ

t−1
i

)]
ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
ik wt−1i,k + δt−1i

)

− 1

λ

n∑
i=1

[
∇if(x

t)−∇if(x
t−1)

]
ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t
ikw

t
i,k + δti

)
+
µ

λ
ln(Kρ)f(xt)− µ

λ
ln(Kρ)f(xt−1)

Since f is 2L-smooth with respect to the `2-norm, we can observe that
n∑
i=1

(∇if(x
t)−∇if(x

t−1) ln

(
(1 + 1/K) ·maxt′

∑K
k=1 s

t′

i,k∑K
k=1 s

t
i,kw

t
i,k + δti

)
≤ ln(Kρ)2L

√
n

n∑
i=1

(xti − xt−1i )

and after bounding the following term

2

( K∑
k=1

sti,kw
t
i,k − xt−1i

)
ln

( ∑K
k=1 s

t
i,kw

t
i,k + δti∑K

k=1 s
t−1
i,k w

t−1
i,k + δt−1i

)
≤ ln(Kρ)(xti − xt−1i )

we get that
T∑
t=1

γt ≥ −µ ln(Kρ)
λ

f(xT )− ln(Kρ)
4L

λ

√
n

T∑
t=1

n∑
i=1

(xti − xt−1i )

≥ −µ ln(Kρ)
λ

f(xT )− ln(Kρ)
4L

λ

√
n

n∑
i=1

xTi .
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Considering both parts of the proof so far, we bound the dual objective as follows:

T∑
t=1

(αt + γt) ≥ 1/2− µ ln(Kρ)
λ

f(xT )− ln(Kρ)
4L

λ

√
n

n∑
i=1

xTi

≥ 1/2− µ ln(Kρ)
λ

f(xT )− ln(Kρ)
4L

λ
n
√
n

where xTi ≤ 1 since it is a linear combination of expert 0-1 solutions. Rearranging the
terms, the theorem follows.
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Appendix E. Experiments
In this section we include the experiments of the first algorithm for problems with a linear
objective function.

Implementation. The first step of our first proposed algorithm is to solve an internal
convex program. In the experiments, we approximate the optimal solution of this program
using a vanilla Frank-Wolfe implementation. The linear minimization step within Frank-
Wolfe is solved with the Gurobi optimizer.

Comparison. The best standard online algorithm for general covering problems with-
out experts is the online multiplicative weight update (MWU) algorithm. In the experiments
we compare our algorithm with the MWU algorithm. When a new constraint arrives in the
online problem, the MWU algorithm increases each variable xi in the constraint with a rate
of ati

ci
(xi+1/n), where n is the total number of variables. We also compare our results with

the optimum offline solution (that knows the whole instance in advance) and the average
solution of the experts.

Input. First, we evaluated the result of our algorithm on the pathological input of the
MWU algorithm. This instance includes n variables and n constraints with uniform costs
and coefficients. Each arriving constraint in this pathological example includes one less
variable. While the optimal solution is 1, the worst-case guarantee of MWU is O(log n).
For our algorithm we provided n experts, where (n − 1) experts suggest an adversarial
trivial solution to set all variables to 1, while 1 expert suggests the optimal offline solution.
The result of this experiment is visible on Figure 5. An important highlight: our algorithm
managed to identify the good expert among the majority of adversaries, obtaining a better
objective value, than MWU. Then, we generated some instances to observe the performance
of our algorithm on non-specific inputs. The specification for the instance generation in-
cludes several parameters, which we detail on Figure 6. The non-specific instances try
to represent instances with different ’shape’, meaning that the ratio of the number of con-
straints and variables varies.

To further investigate the impact of the number of variables and the number of experts
on our algorithm, we executed the worst case example for the MWU with several input
sizes. The result is visible on Figure 7.

Result. Multiplicative weight update is a simple and well-performing algorithm in
practice. On its pathological worst-case example, our algorithm performs better, however
on most instances the expert suggestions were significantly worse than MWU, which im-
pacted the performance of our algorithm. To some extent, our algorithm can detect the
good experts and is robust against even many adversaries. We think that given a real-life
problem, it is possible to construct well-performing experts (for example using past data)
and with a fine-tuned convex program solver our algorithm can be of interest for various
use-cases.
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Worst-case
Algo name for MWU Inst. 1 Inst. 2 Inst. 3 Inst. 4

OPT Offline 1.0 1.3 1.5 10.6 31.3
MWU Online 2.9 2.0 1.7 28.1 63.7

Our Algo 2.2 2.5 2.7 17.9 59.4
Avg of experts 9.1 15.2 14.3 1884.6 43.4

Figure 5: Objective value of the experiment instances

Input Generation Parameters Instance 1 Instance 2 Instance 3 Instance 4
Number of variables 10 10 44 30
Number of constraints 10 25 2 15
Min objective coefficient 1 10 1 1
Max objective coefficient 10 25 100 100
Min constraint coefficient 1 10 1 1
Max constraint coefficient 10 25 1 1
Min number of zero coefficient 0 1 11 5
Max number of zero coefficient 5 5 22 20
Number of perfect experts 1 0 0 2
Number of online experts 2 1 1 2
Number of random experts 1 1 11 0
Number of adversaries 1 1 0 0

Figure 6: Parameters of the generated experiment instances
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Figure 7: Experiment with varying number of variables and experts on the MWU worst-
case instance. The left and right plots show the result visible on the middle 3D
plot with two dimensions. The shaded areas correspond to the 95% confidence
intervals.
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