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ABSTRACT

We introduce Generative Recursive reAsoning Models (GRAM), a recursion-based
generative model that is effective for complex planning and reasoning problems.
GRAM reformulates recent latent recursive architectures as a stochastic gener-
ative process with probabilistic latent transitions, enabling efficient and stable
computation entirely in latent space without relying on token-level sequences
as in chain-of-thought (CoT) prompting. We optimize this generative recursion
via amortized variational inference, allowing the model to represent and explore
multiple plausible latent trajectories conditioned on the input. This formulation
supports both conditional reasoning through p(y | x) and unconditional generative
modeling through p(x). Empirically, GRAM achieves strong performance on chal-
lenging reasoning benchmarks, competitive with much larger language models on
ARC-1 and ARC-2, demonstrating the effectiveness of recursion-based generative
modeling for System 2 tasks.

1 INTRODUCTION

Solving complex problems such as mathematics and abstract puzzles has become a central benchmark
for evaluating advanced reasoning in artificial intelligence (Gao et al., 2024; Sun et al., 2025; Chollet,
2019; Chollet et al., 2025). While most of modern deep learning excels at System 1 intelligence—
fast, pattern-based inference via large-scale pretraining—these tasks require System 2 reasoning,
characterized by long-horizon planning, iterative refinement, and algorithmic search (Kahneman,
2011; Bengio et al., 2019).

In large language models (LLMs), System 2 reasoning is typically approximated by externalizing
intermediate steps as token-level sequences, mostly through reinforcement learning (Lightman et al.,
2023; Guo et al., 2025) with Chain-of-Thought (CoT) prompting (Wei et al., 2022; Yao et al.,
2023). Although effective, this paradigm suffers from several limitations. It relies on brittle step
decompositions, is vulnerable to cascading errors, and incurs high computational cost due to long
autoregressive decoding chains (Zhang et al., 2022; Tyen et al., 2024; Wang et al., 2025). More
fundamentally, it treats reasoning as a linguistic artifact rather than as an internal computational
process.

In contrast, reasoning need not be represented as explicit token-level sequences (Hao et al., 2024).
Representing intermediate steps in a continuous latent space allows iterative computation without
committing to brittle symbolic decompositions or long autoregressive chains (Zhu et al., 2025; Zhang
et al., 2025). From a computational perspective, latent-state updates enable compact representations,
efficient refinement, and stable recurrent computation, directly addressing the structural limitations of
token-based reasoning in LLMs (Zhang et al., 2025; Zhuang et al., 2025; Geiping et al., 2025).

Notably, human reasoning also appears to operate largely in such an internal and latent manner,
progressing through iterative updates to abstract cognitive states rather than overt linguistic expres-
sions (Coetzee et al., 2022; Mahowald et al., 2024). This perspective motivates latent-space reasoning
models that perform iterative computation directly in continuous state spaces. Recent recursive latent
models, including Hierarchical Reasoning Models (HRM) (Wang et al., 2025) and Tiny Recursive
Models (TRM) (Jolicoeur-Martineau, 2025), revisit this paradigm with modern training techniques
that enable stable and memory-efficient deep recurrence.
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Figure 1: Comparison of Latent Reasoning Trajectories. Left: An N-Queens problem with two
valid solutions y1 and y2. Right: Given three independent inference runs (τ1, τ2, τ3) from the same
input x: (a) Prior recursive models (HRM, TRM) are deterministic—all runs collapse to an identical
trajectory, converging to a single solution and failing to explore alternatives. (b) GRAM injects
stochastic guidance at each recursion step, producing diverse trajectories that reach multiple valid
solutions y1 and y2, while naturally enabling parallel inference-time scaling.

In particular, HRM introduces a dual-loop hierarchical multi-scale architecture that separates reason-
ing into a high-frequency, low-level module for detailed computation and a low-frequency, high-level
module for abstract planning. By combining this structured recurrence with one-step gradient ap-
proximation and deep supervision (Wang et al., 2025), these models achieve effective O(1) training
cost per recursion step and demonstrate that compact recurrent architectures can match or exceed
LLMs on challenging benchmarks such as ARC-AGI (Chollet, 2019; Chollet et al., 2025).

Despite their success, existing recursive reasoning models are fundamentally deterministic: given an
input, they converge to a single latent trajectory and a single solution. This structural property limits
their ability to represent uncertainty, to explore alternative hypotheses, and to solve problems with
multiple valid solutions. More generally, deterministic recursion induces a single attractor in latent
space, effectively collapsing the distribution of plausible reasoning paths into one fixed point.

In this work, we propose Generative Recursive reAsoning Models (GRAM), a framework that
reformulates recursive latent reasoning as probabilistic inference over distributions of reasoning
trajectories. Unlike prior recursive models that compute a single deterministic refinement path,
GRAM treats reasoning as a stochastic generative process, zt+1 ∼ pθ(zt+1 | zt, x), thereby defining
a full conditional generative model pθ(y | x) over solutions given inputs. By fixing the input to a
constant token, this formulation naturally extends to an unconditional model pθ(x), enabling GRAM
to learn not only to solve problems but also to model the input distribution itself.

This formulation yields three key advantages. First, while deterministic recursion induces a single
attractor in latent space and collapses plausible reasoning programs into one fixed trajectory, GRAM
represents a distribution over reasoning trajectories, enabling the discovery of multiple valid solutions
and reasoning under ambiguity (see Figure 1). Second, stochastic latent transitions introduce a
new axis of inference-time scaling, termed width scaling, which improves solution quality through
parallel exploration without increasing model size or sequential depth. Third, by formulating a
probabilistic framework capable of modeling both the conditional solution distribution pθ(y|x) and
the unconditional input distribution pθ(x), GRAM supports unsupervised learning, enabling recursive
reasoning models to learn from unlabeled data in addition to supervised problem–solution pairs.

Empirically, GRAM achieves strong performance on challenging benchmarks such as Sudoku-
Extreme (Wang et al., 2025) and ARC-AGI (Chollet, 2019; Chollet et al., 2025), consistently
outperforming deterministic recursive baselines. On tasks with multiple valid solutions, including
constraint satisfaction problems, GRAM succeeds where deterministic models structurally fail and
outperforms autoregressive and diffusion baselines. We further show that the framework generalizes
beyond symbolic reasoning to unconditional image generation on MNIST (Lecun et al., 1998), where
GRAM achieves comparable IS and FID to D3PM (Austin et al., 2021), with quality improving
monotonically over additional recursive refinement steps.
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2 GENERATIVE RECURSIVE REASONING MODELS

In this section, we introduce Generative Recursive reAsoning Models (GRAM), a recursive
architecture designed to solve complex reasoning tasks such as ARC-AGI (Chollet, 2019; Chollet
et al., 2025) and Sudoku (Wang et al., 2025) with orders of magnitude fewer parameters than LLMs.
GRAM builds on latent-state reasoning and introduces a novel generative formulation that enhances
its ability to search and generalize. We first describe the architecture of GRAM in Section 2.1,
followed by the training procedure in Section 2.2, and test-time inference in Section B.1. An overview
of the GRAM architecture is shown in Figure 2.

2.1 ARCHITECTURE OF GRAM
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Figure 2: GRAM Architecture Overview. A single
recursion step from t−1 to t. After K low-level refine-
ments via fL, the high-level update fH produces ut, to
which stochastic guidance ϵt is added: ht = ut + ϵt.

Through its generative formulation,
GRAM can broadly define a distribution
over outputs—either conditioned on an
input pθ(y|x) for reasoning tasks, or
unconditionally pθ(x) for generation tasks.
We primarily focus on the conditional
setting throughout this section.

Abstract Architecture. GRAM is a recur-
rent latent reasoning model that incremen-
tally refines a hidden solution trajectory
z0 → · · · → zT , where each latent state
zt = (ht, lt) consists of a high-level com-
ponent ht (representing abstract reasoning
anchor) and a low-level component lt (rep-
resenting iterative local computations).

Given an input problem x, the model with
parameter θ operates as follows:

ex = fenc(x; θ), z0 = fixed init (1)
zt ∼ pθ(·|zt−1, ex), t = 1 . . . T (2)
ŷ = argmax fdec(hT ; θ). (3)

Here, fenc encodes the input into embedding ex, and fdec maps the final high-level state hT to a
predicted output ŷ. We now describe the latent transition distribution pθ(·|zt−1, ex) in detail.

Hierarchical and Generative Latent Transitions. Unlike classical RNNs that operate over a single
deterministic hidden state and often suffer from premature convergence (Wang et al., 2025), GRAM
maintains a structured latent state z = (h, l) with two interacting levels: a high-level state h capturing
abstract reasoning plans, and a low-level state l encoding fine-grained computations.

Inspired by HRM and TRM, GRAM adopts a multiscale update scheme. At each outer step t, the
low-level state is refined over K inner steps while the high-level state remains fixed:

lt,k = fL(ht−1, lt,k−1, ex; θ), k = 1, . . . ,K, (4)

with initialization lt,0 := lt−1. After K low-level updates, the high-level state is updated via a
stochastic transition conditioned on the refined low-level state:

ut = fH(ht−1, lt; θ), (5)

ϵt ∼ pθ(ϵt | ut) := N
(
µθ(ut), σ

2
θ(ut)I

)
, (6)

ht = ut + ϵt. (7)

Here, we define lt := lt,K , completing the transition from zt−1 = (ht−1, lt−1) to zt = (ht, lt) via
the stochastic latent transition distribution

zt ∼ pθ(· | zt−1, x) = pθ(· | zt−1, ex), (8)

where pθ encapsulates the coupled low-level refinement (Equation (4)) and high-level stochastic
update (Equations (5) to (7)).
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Learnable Stochastic Guidance. The injected noise ϵt serves as a learnable stochastic guidance
signal that enables the model to explore diverse yet directed reasoning paths. Instead of adding
unstructured noise, GRAM learns a structured distribution conditioned on the current high-level state:

ϵt ∼ pθ(ϵt | ut) = N (µθ(ut), σ
2
θ(ut)I). (9)

The mean µθ(ut) encodes a preferred direction of reasoning progression, while the variance σ2
θ(ut)

controls the degree of stochastic exploration. This design allows GRAM to capture uncertainty,
prevent premature convergence, and support robust exploration of the solution space. Unlike de-
terministic hierarchical models such as HRM or TRM, which commit to a single latent trajectory,
GRAM enables parallel sampling and diversity through generative recursion in latent space.

Architectural Instantiation. Both fL and fH are instantiated as shared 2-layer Transformer net-
works (Vaswani et al., 2017) with RMSNorm (Zhang & Sennrich, 2019), rotary positional embeddings
(RoPE) (Su et al., 2024), and SwiGLU activations (Shazeer, 2020). The stochastic guidance mecha-
nism is implemented via an MLP with SwiGLU activations that parameterizes both posterior µϕ, σϕ,
and prior µθ, σθ parameters. The encoder fenc and decoder fdec are task-specific and vary depending
on the target domain. Additional architectural details are provided in Appendix D.1.

2.2 TRAINING OF GRAM

GRAM is trained to model the conditional distribution p(y | x), where each training example consists
of an input x and its corresponding target y. As a probabilistic model, GRAM adopts a latent-variable
formulation and is optimized by maximizing an evidence lower bound (ELBO) with respect to the
generative parameters θ and variational parameters ϕ.

To enable efficient training over long recursive latent trajectories, we apply a gradient approximation
together with deep supervision, enabling constant-time backpropagation.

Latent Variable Modeling. We model GRAM as a latent-variable probabilistic model pθ, where
the generative trajectory τ = (z0 → · · · → zT ) consists of a sequence of latent variables. The
conditional likelihood is defined as

pθ(y | x) =
∫

pθ(y | τ, x) pθ(τ | x) dτ, (10)

where x denotes the input problem and y denotes the corresponding ground-truth output.

Direct maximum likelihood estimation of log pθ(y | x) is intractable due to the marginalization
over latent trajectories. We therefore introduce a variational posterior qϕ(τ | x, y) and optimize the
evidence lower bound (ELBO), jointly training θ and ϕ via variational inference:

LELBO(x, y; θ, ϕ) := log pθ(y | x) ≥ Eqϕ [log pθ(y | τ, x)]−KL(qϕ(τ | x, y) ∥ pθ(τ | x)) . (11)

Our training objective is to maximize the ELBO over the training dataset.

In practice, the conditional log-likelihood log pθ(y | τ, x) is computed via a log-softmax over the
decoder fdec applied to the terminal latent state. During training, latent trajectories are sampled from
the variational posterior qϕ(· | x, y), while the learned prior pθ(· | x) is used at inference time.

The prior over latent trajectories is modeled as a Markov process,

pθ(τ | x) = p(z0)

T∏
t=1

pθ(zt | zt−1, x), (12)

where z0 denotes a fixed initial state shared by both the prior and the posterior.

Similarly, the variational posterior qϕ(τ | x, y) is defined with the same Markov transition structure as
the prior, but parameterized independently by ϕ. In particular, posterior transitions are implemented
via a reparameterized Gaussian noise (similar to Equation (6)), mirroring the prior dynamics while
conditioning on the target output y.

Given that the prior and posterior share the same Markov structure and all stochasticity in the
latent trajectory is introduced via noise variables ϵ1:T , we can equivalently express the trajectory
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distributions pθ(τ | x) and qϕ(τ | x, y) as distributions over ϵ1:T . Consequently, the trajectory-level
KL decomposes into a sum of step-wise KL divergences:

KL(qϕ(τ | x, y) ∥ pθ(τ | x)) =
T∑
t=1

Eqϕ(ϵ<t|x,y)

[
KL(qϕ(ϵt | ut, y) ∥ pθ(ϵt | ut))

]
.

Here, ut = fH(ht−1, lt) denotes the deterministic high-level update before noise injection, as defined
in Equation (7). Since ut depends on ht−1, which is determined by the previously sampled noise
variables ϵ<t := (ϵ1, . . . , ϵt−1), the expectation averages over these ancestral samples.

Truncated ELBO and Gradient Approximation. Computing exact gradients of LELBO requires
backpropagation through all T recurrent transitions, incurring O(T ) computational and memory
cost. Following prior work on hierarchical and recursive reasoning models (Wang et al., 2025;
Jolicoeur-Martineau, 2025), we adopt a gradient approximation by truncating gradient flow through
the latent trajectory. Specifically, following Jolicoeur-Martineau (2025), we detach intermediate
states h<T from the computational graph and propagate gradients only through the final transition
step, along with the encoder and decoder.

This yields the following truncated ELBO objective,

L̃ELBO(x, y; θ, ϕ) = Eqϕ
[
log pθ(y | hT , x)

]
−KL

(
qϕ(ϵT | uT , y) ∥ pθ(ϵT | uT )

)
, (13)

where hT = uT + ϵT and gradients are stopped for z<T . Importantly, L̃ELBO should be interpreted
as a biased yet computationally efficient gradient estimator of the full ELBO, rather than a different
variational objective. Detailed derivation of truncated ELBO is provided in Appendix C.1.

Overall Training Scheme with Deep Supervision. The truncated ELBO described above optimizes
a single segment of T recursion steps, called a supervision step. To provide dense learning signals
across the full inference trajectory, we apply deep supervision by repeating this process over Nsup

consecutive supervision steps (Wang et al., 2025; Jolicoeur-Martineau, 2025).

After each supervision step, the model (1) computes the truncated ELBO, (2) updates parameters, and
(3) carries over the detached final state stopgrad(zT ) as the initial state z0 for the next supervision
step. This sequential process allows the model to refine its latent state across supervision steps while
maintaining constant memory cost, as gradients do not propagate across step boundaries.

Overall, GRAM is trained by jointly optimizing θ and ϕ to maximize the truncated ELBO
L̃ELBO(x, y; θ, ϕ) over the training dataset. Detailed training procedures and hyperparameters
are provided in Appendix D.3.

Inference-Time Scaling. With the nature of deep supervision objectives, it supports flexible recursion
length at inference time, regardless of the used recursion length at training time. We provide further
method details in Appendix B.1.

3 EXPERIMENT

In this section, we conduct a series of experiments to empirically evaluate and analyze the effectiveness
of GRAM. We first evaluate the reasoning performance on challenging puzzles, specifically Sudoku
and ARC-AGI (Section 3.1). We then assess the model’s ability to capture diverse solution paths
in puzzles with multiple solutions (Section 3.2), and extend this approach to unconditional image
generation tasks (Section 3.3). Finally, we perform an ablation study to evaluate the impact of key
design choices (Section F.5).

3.1 CHALLENGING PUZZLE TASKS

Setup. We evaluate on Sudoku-Extreme (Wang et al., 2025), which contains 9×9 puzzles with
minimal clues requiring extensive constraint propagation, and ARC-AGI Challenge (Chollet, 2019;
Chollet et al., 2025), which tests abstract visual reasoning through few-shot pattern recognition.
We compare against direct prediction (Transformer (Vaswani et al., 2017)), recursive baselines
(HRM (Wang et al., 2025), TRM (Jolicoeur-Martineau, 2025)), and state-of-the-art Large reasoning
models (ARC-Prize-Foundation, 2026). For the scaling analysis, we reproduce TRM following
Jolicoeur-Martineau (2025) under identical settings for a fair comparison.
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Figure 3: Performance on puzzle benchmarks. We compare recursive models (white), GRAM
(blue), and large reasoning models (gray). On Sudoku-Extreme, GRAM achieves 97.0%, outper-
forming TRM (87.4%) and HRM (55.0%). On ARC-AGI, GRAM surpasses GPT-5.2 level (green
dashed) on ARC-2 (11.1% vs 9.7%) and approaches it on ARC-1 (52.0% vs 55.7%), despite using
10M parameters—orders of magnitude smaller than LLMs.

Stochastic Guidance Improves Reasoning. Figure 3 summarize our main results. GRAM consis-
tently outperforms prior recursive models across all benchmarks and notably achieves performance
comparable to GPT-5.2 on ARC-AGI. We attribute this improvement to the fundamental difference in
how reasoning trajectories are utilized. While HRM and TRM are restricted to learning from a single
deterministic path, GRAM leverages stochastic transitions to explore diverse reasoning trajectories.
By training on this richer distribution of solution paths, GRAM acquires more robust reasoning
capabilities, allowing it to navigate complex problem spaces more effectively than models constrained
to a single sequential refinement process. Detailed experiment results, including more sort-of-art
methods, are provided in Appendix 3.1.
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Figure 4: Inference-time scaling on Sudoku-
Extreme. While both TRM and GRAM benefit
from longer recursion (x-axis), GRAM addition-
ally scales with parallel sampling (N = number of
samples). Here, an iteration corresponds to a su-
pervision step (= T latent transitions, zt → zt+T )

Parallel Sampling Provides a New Test-time
Scaling Axis. Figure 4 shows that increasing
the number of parallel samples consistently im-
proves performance across all iteration counts.
Notably, GRAM with N = 20 samples at 16
iterations significantly outperforms TRM at 320
iterations (97.0% vs 90.5%), despite requiring
the same computational budget. While exist-
ing recursive models scale only through se-
quential refinement—an inherently slow pro-
cess—GRAM leverages stochastic transitions
to explore multiple reasoning paths in parallel.
To select the best trajectory, we employ a La-
tent Process Reward Model (LPRM) that pre-
dicts output correctness (Section B.1). This par-
allel scaling bypasses the latency bottlenecks
of depth-based scaling while achieving supe-
rior performance. Additional analysis evalu-
ated on ARC-AGI Challenge is provided in Ap-
pendix F.2.

3.2 MULTI-SOLUTION PUZZLE TASKS

Setup. To evaluate whether GRAM can capture diverse solutions, we test on N-Queens (8 × 8,
10× 10) and Graph Coloring (8-vertex, 10-vertex) tasks, where multiple valid solutions exist for each
input. We compare against direct prediction (Transformer (Vaswani et al., 2017)), recursive models
(HRM (Wang et al., 2025), TRM (Jolicoeur-Martineau, 2025)), and generative models (Autoregressive
Transformer (AR), MDLM (Sahoo et al., 2024)). For N-Queens, we report accuracy (whether the
output satisfies all constraints) and coverage (found / total valid solutions, with 20 samples). For
Graph Coloring, we report conflict edges (number of constraint violations; lower is better) instead of
accuracy. Detailed configurations are provided in Appendix E.1.
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Table 1: Evaluation on N-Queens and Graph Coloring benchmarks. Rec. and Gen. indicate
whether the model uses recursive computation and generative sampling, respectively. GRAM uniquely
combines both properties, inheriting the reasoning strength of recursive models while leveraging
generative sampling for solution diversity. Accuracy: single-sample (%). Conflict: constraint-
violating edges (↓). Coverage: unique valid solutions discovered with 20 samples (%).

N-Queens Graph Coloring
8× 8 10× 10 8-vertex 10-vertex

Method Rec. Gen. # Params Accuracy Coverage Accuracy Coverage Conflict↓ Coverage Conflict↓ Coverage

Direct Pred (8 layers) ✗ ✗ 27M 39.1 12.4 13.0 1.4 183 19.7 204 6.7
Direct Pred (32 layers) ✗ ✗ 100M 39.5 12.5 12.9 1.3 154 19.7 265 4.8

HRM ✓ ✗ 27M 80.7 25.5 54.0 5.6 111 21.4 162 7.2
TRM ✓ ✗ 7M 72.9 23.1 24.3 2.5 112 21.9 175 6.5

AR ✗ ✓ 10.6M 96.5 85.2 88.0 52.3 32 82.5 64 40.1
MDLM ✗ ✓ 12.6M 97.3 87.8 77.7 48.1 3 87.1 19 46.6

GRAM (Ours) ✓ ✓ 10M 99.7 88.1 90.3 53.7 1 86.0 3 53.5

Deterministic Recursion Fails on Multi-Solution Tasks. Table 1 reveals that deterministic recursive
models (HRM, TRM) structurally cannot capture multiple solutions, with coverage below 25%
across all tasks. Further illustrating this limitation, as the number of valid solutions increases, TRM
and HRM exhibit sharp accuracy degradation, whereas GRAM maintains consistent performance
regardless of solution count (see Appendix F.3). This confirms that deterministic latent updates cause
mode collapse when multiple valid outputs exist for the same input. Additional coverage analysis is
provided in Appendix F.4.

Recursive Refinement Yields Sharper Constraint Satisfaction. While generative models (AR,
MDLM) achieve high coverage, GRAM consistently attains higher accuracy with comparable di-
versity. On N-Queens, GRAM reaches 99.7% accuracy versus 96.5% (AR) and 97.3% (MDLM).
The gap is more pronounced on Graph Coloring, where GRAM reduces conflict edges to 1 and 3 on
8- and 10-vertex tasks, compared to 32 and 64 for AR. This demonstrates that recursive refinement
enables stricter constraint satisfaction than generative sampling alone.

3.3 EXPLORING GRAM AS IMAGE GENERATOR

Table 2: Unconditional generation results on
binarized MNIST. We report IS (↑) and FID (↓).
A step corresponds to a supervision step (T latent
transitions, zt → zt+T ) for TRM and GRAM, and
a denoising step for D3PM. FID is calculated using
real samples with original pixel values (0-255).

Method IS (↑) FID (↓)

D3PM-Uniform (1000 steps) 1.91 69.78
D3PM-Absorb (1000 steps) 1.86 74.03
TRM (16 steps) 1.00 303.29

GRAM (Ours)
8 steps 1.85 84.08
16 steps 1.89 77.79
32 steps 1.91 76.65
64 steps 1.95 75.39
128 steps 1.99 74.30
256 steps 2.04 73.34

Setup. To investigate GRAM’s potential in di-
verse domains beyond reasoning tasks, we con-
duct experiments on binarized MNIST (Lecun
et al., 1998), where pixel values are thresholded
to 0 or 1. We formulate the generation task by
defining the input x as a fully black image (all
zeros) and the target y as the original MNIST
image. We select D3PM (Austin et al., 2021)
as a baseline, as it is a discrete diffusion model
that similarly performs discrete pixel prediction.
For evaluation, we measure Inception Score (IS)
(Barratt & Sharma, 2018) and Fréchet Inception
Distance (FID) (Heusel et al., 2017). To ensure
a fair comparison with existing literature, FID is
calculated using real samples from the original
standard MNIST (0-255 pixel values).

Effective Modeling of Complex Data Distri-
butions. Table 2 summarizes the quantitative
results. While the deterministic baseline TRM
suffers from complete mode collapse, producing invalid or repetitive outputs, GRAM generates
high-quality samples comparable to specialized generative models like D3PM. This confirms that
GRAM’s recursive latent transitions can effectively model complex data distributions beyond sym-
bolic reasoning tasks.
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Figure 5: Visualization of the generation process and samples. (a) The generation process over
recursion steps. Each row corresponds to a different model. GRAM (bottom) progressively refines
the generated image through recursive latent updates, correcting initial errors. (b) Unconditional
generated samples from each model.

Generation Quality Improves with More Recursion. As shown in Table 2, GRAM exhibits
effective inference-time scaling. Although trained with only 16 steps, increasing the number of steps
at inference time consistently improves image quality. This result indicates that GRAM successfully
retains the iterative refinement advantage of recursive models within a generative framework. Figure 5
visualizes this generation process, showing how the model progressively refines the latent state
to correct initial errors and produce cleaner target images. Additional samples are provided in
Appendix F.6.

4 RELATED WORKS

Latent Reasoning. Latent reasoning addresses the inefficiencies of explicit Chain-of-Thought (CoT)
by refining reasoning in a continuous space (Wei et al., 2022; Yao et al., 2023; Besta et al., 2024; Hao
et al., 2024; Zhu et al., 2025; Gozeten et al., 2025). Several approaches leverage continuous state
updates or internal recursive loops to scale test-time compute (Zhuang et al., 2025; Zhang et al., 2025;
Butt et al., 2025; Hao et al., 2024; Shen et al., 2025; Yue et al., 2025; Geiping et al., 2025; Bae et al.,
2025; Yang et al., 2023; Mohtashami et al., 2023; Bae et al., 2024). Recently, recursive reasoning
models like HRM and TRM (Wang et al., 2025; Jolicoeur-Martineau, 2025) maintain predictions in
latent space and iteratively refine them, yet they remain limited by their deterministic nature, which
restricts exploration to a single fixed path. GRAM extends this paradigm by introducing stochastic
transitions, enabling the explicit exploration of diverse reasoning trajectories.

Recursive Architectures. Recursive architectures, characterized by iterative state updates, have
evolved from RNNs to weight-sharing Transformers capable of adaptive computation (Elman, 1990;
Hochreiter & Schmidhuber, 1997; Cho et al., 2014; Dehghani et al., 2018; Yang et al., 2023; Lan
et al., 2019; Elbayad et al., 2019; Graves, 2016; Mohtashami et al., 2023). Recent works utilize this
property to scale inference-time compute, showing that deep recursive chains can outperform larger
static models (Geiping et al., 2025; Bae et al., 2025; Wang et al., 2025; Jolicoeur-Martineau, 2025).
GRAM leverages this foundation but distinguishes itself by formulating recurrence as a probabilistic
process, supporting multi-path planning and generative sampling.

5 CONCLUSIONS AND LIMITATIONS

We introduced GRAM, a generative framework that transforms deterministic recursive architectures
into probabilistic generative models capable of modeling both p(y | x) and p(x) via recursive amor-
tized variational inference. For reasoning problems, introducing stochasticity into latent transitions
enables diverse solution discovery and improved exploration compared to deterministic counterparts.
Only with 10M parameters, GRAM achieves competitive performance with much larger language
models on ARC-AGI. Beyond solution-seeking, GRAM also demonstrates potential as an unsuper-
vised learning approach through a recursion-based generative model over inputs, with generation
quality improving over recursive refinement. This suggests new directions for generative modeling
via hierarchical recursion. Despite these strengths, the sequential nature of deep supervision limits
training efficiency compared to Transformers, posing a significant barrier to scaling GRAM toward
larger foundation models.
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This paper presents GRAM, a generative latent-space recursive reasoning model that aims to advance
the field of machine learning by enabling efficient, iterative reasoning and test-time scaling without
relying on long token-level chain-of-thought sequences. The primary intended positive impact is to
make strong reasoning and planning capabilities more accessible with substantially smaller models,
which may reduce the barriers of compute and energy for research and deployment.

Potential negative impacts are expected to be similar to those of other general-purpose machine
learning methods that improve reasoning capability and efficiency. As with many ML techniques,
misuse is possible if applied in inappropriate contexts, and performance on controlled benchmarks
may not fully reflect behavior under distribution shift or adversarial inputs. We encourage future
work and any deployment to include careful evaluation across diverse settings, clear reporting of
limitations, and standard safeguards appropriate to the application domain.
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A USE OF LARGE LANGUAGE MODELS

During the preparation of this manuscript, the authors used large language models (e.g., Claude,
GPT-5) to assist with refining prose, improving grammatical clarity, and enhancing readability. These
tools were not used for generating scientific ideas, experimental design, data analysis, or drawing
conclusions. All content was critically reviewed, verified, and revised by the authors, who take full
responsibility for the final manuscript.

B ADDITIONAL METHOD DETAILS

B.1 INFERENCE-TIME SCALING OF GRAM

The generative latent transitions in GRAM enable the model to sample diverse latent reasoning
trajectories {τ (n) = (z

(n)
0 → . . .→ z

(n)
T )}Nn=1 conditioned on an input x. At inference time, this

stochasticity allows efficient parallel sampling of N trajectories from the learned prior pθ(τ |x), each
yielding a candidate solution ŷ(n) = fdec(h

(n)
T ).

This parallel sampling capability is particularly beneficial when individual trajectories become trapped
in suboptimal reasoning paths. While extending a single deterministic trajectory with additional
reasoning steps often fails to escape poor local optima, sampling multiple stochastic trajectories in
parallel substantially increases the probability of discovering higher-quality solutions.

Latent Process Reward Model (LPRM). To rank or select among sampled candidates, we train a
value head vψ(ht) to predict the expected accuracy of the final output, conditioned on the current
high-level state ht. The LPRM is trained jointly with the main objective via a regression loss:

LLPRM =

T∑
t=1

(vψ(ht)− r)2, (14)

where r ∈ [0, 1] denotes the accuracy of the final prediction for a given trajectory.

Selection Strategies. Given N candidate outputs {ŷ(n)}Nn=1, we consider two strategies for selecting
the final prediction:

(i) Majority Voting: Select the most frequently predicted candidate:

ŷ = argmax
y

N∑
n=1

1[ŷ(n) = y]. (15)

(ii) LPRM-Guided Selection: Choose the trajectory with the highest predicted value:

ŷ = ŷ(n
∗), n∗ = argmax

n
vψ(h

(n)
T ). (16)

Overall, this inference-time scaling scheme allows GRAM to efficiently explore multiple plausible
reasoning paths in parallel, improving robustness and solution quality without incurring additional
sequential computation cost.

C ADDITIONAL THEORETICAL SUPPORT

C.1 DERIVATION OF TRUNCATED ELBO

We derive the truncated ELBO used in Section 2.2 by analyzing which terms contribute to the gradient
under truncation.

Full ELBO. From Section 2.2, the ELBO decomposes as:

LELBO(x, y; θ, ϕ) = Eqϕ [log pθ(y|hT , x)]︸ ︷︷ ︸
likelihood

−
T∑
t=1

Eqϕ(ϵ<t|x,y)[KLt]︸ ︷︷ ︸
KL terms

, (17)
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where KLt = KL(qϕ(ϵt|ut, y)∥pθ(ϵt|ut)).
Dependency Analysis. At each step t, the low-level state is refined over K inner steps:

lt,k = fL(ht−1, lt,k−1, ex; θ), k = 1, . . . ,K, (18)

with lt,0 := lt−1 and lt := lt,K . The high-level state is then updated via:

ut = fH(ht−1, lt; θ), ϵt ∼ qϕ(ϵt|ut, y), ht = ut + ϵt. (19)

Unrolling the recursion reveals that ut depends on (i) θ , through fL and fH at all steps 1, . . . , t,
and on (ii) ϕ , through ancestral samples ϵ<t ∼ qϕ. We write this dependency as ut = ut(ϵ<t; θ).
Computing exact gradients requires backpropagation through all T recursive steps.

Applying Truncation. Following Jolicoeur-Martineau (2025), we detach the latent state at step
T − 1:

h̃T−1 = stopgrad(hT−1), l̃T−1 = stopgrad(lT−1). (20)

The final step (t = T ) retains full gradient flow:

lT,k = fL(h̃T−1, lT,k−1, ex; θ), k = 1, . . . ,K, (21)

uT = fH(h̃T−1, lT ; θ), hT = uT + ϵT . (22)

This truncation has the following effects:

(1) Likelihood term: Applying the chain rule for θ:

∇θEq[log pθ(y|hT , x)] = Eq
[
∂ log pθ
∂hT

· ∂hT
∂θ

]
. (23)

Since hT = uT + ϵT and uT = fH(h̃T−1, lT ; θ) where lT depends on θ through fL, the gradient
flows through the final step:

∂hT
∂θ

=
∂uT
∂θ
̸= 0. (24)

For ϕ, using the reparameterization ϵT = µϕ(uT , y) + σϕ(uT , y)⊙ ξ where ξ ∼ N (0, I):

∇ϕEq[log pθ(y|hT , x)] = Eξ
[
∂ log pθ
∂hT

· ∂ϵT
∂ϕ

]
̸= 0. (25)

(2) KL terms for t < T : For each KLt, the parameters appear directly in the distributions and
indirectly through ut:

∇θKLt =
∂KLt
∂θ

∣∣∣∣
ut︸ ︷︷ ︸

direct

+
∂KLt
∂ut

·
�
�
�7
0

∂ut
∂θ︸ ︷︷ ︸

indirect (blocked)

= 0, (26)

∇ϕKLt =
∂KLt
∂ϕ

∣∣∣∣
ut︸ ︷︷ ︸

direct

+
∂KLt
∂ut

·
�
�
�7
0

∂ut
∂ϕ︸ ︷︷ ︸

indirect (blocked)

= 0. (27)

The direct terms vanish because KLt depends on θ and ϕ only through ut (which conditions the
distributions). The indirect terms vanish because ut depends on z̃T−1, which is detached.

(3) KL term for t = T : Unlike earlier steps, the distributions pθ(ϵT |uT ) and qϕ(ϵT |uT , y) have
direct parameterization through their mean and variance networks:

∇θKLT =
∂KLT
∂θ

∣∣∣∣
uT

+
∂KLT
∂uT

· ∂uT
∂θ
̸= 0, (28)

∇ϕKLT =
∂KLT
∂ϕ

∣∣∣∣
uT

̸= 0. (29)
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The direct term for θ is non-zero because pθ(ϵT |uT ) = N (µθ(uT ), σ
2
θ(uT )I) is parameterized by θ.

The indirect term is also non-zero because uT retains gradient flow through fL and fH.

Truncated ELBO. Retaining only terms with non-zero gradients, we obtain:

L̃ELBO(x, y; θ, ϕ) = Eqϕ [log pθ(y|hT , x)]−KL(qϕ(ϵT |uT , y)∥pθ(ϵT |uT )), (30)

where hT = uT + ϵT and uT = fH(h̃T−1, lT ; θ) with z̃T−1 = stopgrad(zT−1). This objective
trains the encoder, decoder, and the final recursion step (fL, fH, and the prior/posterior networks)
while treating earlier steps as fixed context.

D TRAINING AND ARCHITECTURE DETAILS

D.1 ARCHITECTURE DETAILS.

GRAM consists of three components: Encoder, Recursive Core, and Decoder.

Table 3: Architecture components.

Component Module Description

Encoder
Token Embedding vocab → D
Puzzle Embedding 16 tokens (optional, for ARC)
Position Encoding RoPE or learned

Recursive Core
fL, fH [Attention + SwiGLU] × 2 layers
Iterations K low-level, T high-level steps
µθ, σθ, µϕ, σϕ SwiGLU MLP for each parameter

Decoder
LM Head Linear(D → vocab)
Q Head Linear(D → 2) for halt
V Head Linear(D → 1) for value

Encoder. Input tokens are mapped to embeddings via a token embedding layer, optionally concate-
nated with puzzle embeddings (for ARC (Chollet, 2019; Chollet et al., 2025)), and combined with
positional encodings (RoPE) (Su et al., 2024). The embeddings are scaled by

√
D and prepended

with 16 puzzle embedding tokens (Wang et al., 2025).

Recursive Core. The core maintains two latent states: h (high-level) and l (low-level). For each
outer step, the low-level state is refined K times via l← fL(l, h+ ex), injecting the input embedding
at each iteration. The high-level state is then updated via h ← fH(h, l). Both fL and fH share
the same architecture: a stack of attention and SwiGLU (Shazeer, 2020) MLP layers. In addition,
as an exception, we use [SwiGLU + SwiGLU] network for the Recursive Core module instead of
[Attention + SwiGLU] for Sudoku tasks, following (Jolicoeur-Martineau, 2025). For initialization of
z0 = (h0, l0), we sample once from the standard Gaussian distribution N (0, I), then save the value
within the network checkpoint and load it again, meaning the initialized z0 has a fixed value.

Decoder. The decoder extracts content tokens from h (excluding puzzle embedding positions)
and maps them to logits via a SwiGLU MLP head. An auxiliary head predicts halt decisions and
correctness values from the first token of h.

Encoder and Decoder for Image Patches. In the MNIST (Lecun et al., 1998) image generation
task, we first construct a binarized dataset by normalizing the original discrete pixel values (0 ∼ 255)
to the continuous range [0, 1] and applying a threshold at 0.5. For the network architecture, we
employ a convolutional patch encoder, following (Ryu, 2024; Peebles & Xie, 2023).

The encoding process proceeds in three stages. First, the discrete input tokens x ∈ {0, 1} are
normalized to the range [−1, 1]. Second, to capture local spatial dependencies before patchification,
the normalized image passes through a shallow convolutional encoder. This encoder consists of
two stacked blocks, where each block comprises a 2D convolution (LeCun et al., 2002; Krizhevsky
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et al., 2012) with a 5 × 5 kernel and padding 2, a SiLU non-linearity (Elfwing et al., 2018), and
Group Normalization (GN) (Wu & He, 2018). Finally, the resulting feature map is divided into
non-overlapping patches of size P ×P and linearly projected to match the model’s hidden dimension
D. The detailed architectural specifications and dimension transitions are summarized in Table 4.

Table 4: Detailed architecture of the Image Patch Encoder for MNIST. H,W denote image resolution,
C input channels, P patch size, Np the number of patches, and D the hidden dimension.

Stage Layer / Operation Output Dim.

1. Norm. Input Tokens (B,C,H,W )
Linear Scaling [−1, 1] (B,C,H,W )

2. Conv

Conv2d 5× 5 (p = 2)
(B,D/2,H,W )SiLU→ GN(32)

Conv2d 5× 5 (p = 2)
(B,D/2,H,W )SiLU→ GN(32)

3. Patch Flatten Patches (B,Np, P
2 · D2 )

Linear Projection (B,Np, D)

Hyperparameters. Following Wang et al. (2025); Jolicoeur-Martineau (2025), both the input and
output are represented as sequences of shape [B,L], where B denotes the batch size and L the
context length. Each input sequence includes 16 fixed puzzle embedding tokens. The latent states
ht and lt, as well as the decoder output, have shape [B,L,D], with embedding dimension D. The
Transformer (Vaswani et al., 2017) backbone uses embedding dimension D = 512, attention heads
Nhead=8 , and FFN hidden dimension Dh=512. Within a recursion step, meaning a latent transition
zt → zt+1, we use low-level (inner) steps K = 6 for Sudoku (Wang et al., 2025) and K = 4 for all
other tasks, with high-level (outer) steps T = 3.

D.2 TRAINING DETAILS

Task Configuration. All tasks represent inputs and outputs as discrete token sequences (Summarized
in Table 6).

• For Sudoku (Wang et al., 2025), the 9×9 grid is flattened row-by-row into 81 tokens with
vocabulary size 11 (0=pad, 1=blank, 2–10=digits).

• For ARC-AGI (Chollet, 2019; Chollet et al., 2025), variable-size grids are padded to a fixed
30×30 canvas with EOS markers, yielding 900 tokens and vocabulary size 12 (0=pad, 1=eos,
2–11=colors); task-specific puzzle embeddings are prepended to distinguish different ARC
tasks.

• N-Queens flattens an N × N board row-by-row into N2 tokens with vocabulary size 3
(0=pad, 1=empty, 2=queen).

• Graph Coloring encodes the upper triangle of the adjacency matrix as n(n+ 1)/2 tokens,
using 0=diagonal, 1=no-edge, 2=edge for inputs and 3 + color id for output colors.

• For image generation on MNIST (Lecun et al., 1998), images are quantized and processed
via CNN-based patchification (LeCun et al., 2002; Peebles & Xie, 2023), with the encoder
applying patchify and the decoder unpatchify. Then, patched input forms 14× 14 flattened
sequence tokens with vocabulary size 3 (0=pad, 1=black, 2=white).

D.3 TRAINING DETAILS

Task Configuration. All tasks represent inputs and outputs as discrete token sequences (Summarized
in Table 6).

• For Sudoku (Wang et al., 2025), the 9×9 grid is flattened row-by-row into 81 tokens with
vocabulary size 11 (0=pad, 1=blank, 2–10=digits).
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Table 5: Task-specific configurations.

Task Seq. Len Vocab Puzzle Emb Encoding

Sudoku 81 11 ✗ 9×9 grid, row-major
ARC-AGI 900 12 ✓ 30×30 padded canvas
N-Queens N2 3 ✗ N ×N board
Graph Coloring n(n+1)/2 6+ ✗ Adjacency upper triangle
MNIST 169 3 ✗ 14×14 patches

• For ARC-AGI (Chollet, 2019; Chollet et al., 2025), variable-size grids are padded to a fixed
30×30 canvas with EOS markers, yielding 900 tokens and vocabulary size 12 (0=pad, 1=eos,
2–11=colors); task-specific puzzle embeddings are prepended to distinguish different ARC
tasks.

• N-Queens flattens an N × N board row-by-row into N2 tokens with vocabulary size 3
(0=pad, 1=empty, 2=queen).

• Graph Coloring encodes the upper triangle of the adjacency matrix as n(n+ 1)/2 tokens,
using 0=diagonal, 1=no-edge, 2=edge for inputs and 3 + color id for output colors.

• For image generation on MNIST (Lecun et al., 1998), images are quantized and processed
via CNN-based patchification (LeCun et al., 2002; Peebles & Xie, 2023), with the encoder
applying patchify and the decoder unpatchify. Then, patched input forms 14× 14 flattened
sequence tokens with vocabulary size 3 (0=pad, 1=black, 2=white).

Table 6: Task-specific configurations.

Task Seq. Len Vocab Puzzle Emb Encoding

Sudoku 81 11 ✗ 9×9 grid, row-major
ARC-AGI 900 12 ✓ 30×30 padded canvas
N-Queens N2 3 ✗ N ×N board
Graph Coloring n(n+1)/2 6+ ✗ Adjacency upper triangle
MNIST 169 3 ✗ 14×14 patches

Training Details. We train all models using AdamW (Loshchilov & Hutter, 2017) with learning rate
10−4, weight decay 1.0, and gradient clipping at 1.0. The global batch size is 768. For stability, we
apply exponential moving average (EMA) with decay 0.9999, following Brock et al. (2018) and Song
& Ermon (2020). To prevent posterior collapse, we use a KL balance (Hafner et al., 2020; 2023)
coefficient of 0.8. The number of deep supervision steps is Nsup = 16 for all tasks. Task-specific
training configurations are summarized in Table 7.

Table 7: Training configurations on NVIDIA RTX 4090 GPUs.

Task Epochs GPUs Time

Sudoku 50K 8 2h
ARC-AGI 200K 8 5 days
N-Queens (8×8) 3K 8 1h
N-Queens (10×10) 1K 8 3h
Graph Coloring (8 nodes) 5K 8 1.5h
Graph Coloring (10 nodes) 5K 8 6h
MNIST 1.8K 8 16h

On Sensitivity of KL Coefficient. The KL coefficient β is a sensitive hyperparameter that requires
task-specific tuning. During training, the posterior receives the ground-truth label y as input, creating
a trade-off: if β is too high, the posterior collapses to the prior and fails to leverage label information;
if β is too low, insufficient regularization allows label information to leak directly into the latent
trajectory, causing overfitting. We find that the optimal β varies across datasets (e.g., 0.8 for Sudoku,
0.1 for others), and recommend tuning this hyperparameter for new tasks.
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Table 8: KL coefficient β per task.

Sudoku ARC-AGI N-Queens Graph Coloring MNIST

β 0.1 0.04/0.1 0.07/0.045 0.5/0.45 0.07

E ADDITIONAL DETAILS OF EXPERIMENT SETUP

E.1 MULTI-SOLUTION PUZZLE TASKS

E.1.1 N-QUEENS PROBLEM

Input Solution 1 Solution 2 Solution 3

Figure 6: Example of an 8x8 N-Queens puzzle instance. In this example, 5 queens are removed
from the full board, leaving 3 queens. The model must find the positions of the remaining queens.
This configuration admits exactly 3 valid solutions.

Data Generation Details. The N-Queens problem requires placing N queens on an N × N
chessboard such that no two queens attack each other—meaning no queens share the same row,
column, or diagonal. Figure 6 illustrates an example where 5 queens are removed from an 8 × 8
solution, resulting in a puzzle with 3 distinct valid completions.

To construct the dataset, we first generated all valid complete N-Queens solutions for N = 8 and
N = 10. We then created puzzle instances by removing a specific number of queens, treating the
remaining partial configuration as the input and the original complete board as the target label. To
generate instances yielding diverse valid completions, we removed k ∈ {5, 6, 7} queens for the 8× 8
setting and k ∈ {7, 8, 9} queens for the 10× 10 setting. The distribution of solution counts for our
generated dataset is shown in Figure 7.

For evaluation, we employed an 85:15 train-test split. Crucially, to prevent data leakage and ensure
the model learns to reason rather than memorize, the split was performed based on unique input
configurations. This guarantees that no input pattern in the test set appears in the training set. Inputs
are flattened into discrete 1D sequences x ∈ {0, 1, 2}L, where L = N2, along with zero-padded
puzzle embedding tokens. Vocabulary mapping follows: padding (0), empty (1), and queen (2).
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Figure 7: Distribution of the number of valid solutions for generated N-Queens instances. The
dataset covers a wide range of solution counts, testing the model’s ability to recover multiple valid
outputs.
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E.1.2 GRAPH COLORING PROBLEM

Data Generation Details. The Graph Coloring problem requires assigning one of k colors to each
node in a graph such that no two adjacent nodes share the same color. We consider graphs with
N ∈ {8, 10} nodes and use k = 3 colors. Figure 8 illustrates an example instance with N = 8 nodes
and k = 3 colors.

Graphs are generated using the Erdős–Rényi random graph model (Erdős & Rényi, 1964), following
the generation pipeline from GNN-GCP (Lemos et al., 2019). Specifically, for each instance, edges
are sampled independently with a fixed probability p, producing a symmetric adjacency matrix. We
retain only graphs that are 3-colorable.

For each graph, we enumerate all valid 3-colorings and retain only canonical forms to eliminate
redundant solutions under color permutation (e.g., swapping red and blue). This yields a set of
structurally distinct solutions per input. The distribution of solution counts is shown in Figure 9.

The final dataset consists of 7,002 training and 255 test instances for N = 8, and 13,465 training and
192 test instances for N = 10.

Input and Output Representation. The input graph is represented by extracting the upper triangular
portion of the adjacency matrix (excluding the diagonal) and flattening it into a 1D sequence. The
output is a sequence of length N , where each position encodes the assigned color for the corresponding
node. Vocabulary mapping is as follows: PAD (0), no edge (1), edge (2), and colors (3, 4, 5) for red,
blue, and green respectively.

Input Solution 1 Solution 2 Solution 4Solution 3

Figure 8: Graph Coloring Example
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Figure 9: Distribution of the number of valid solutions for generated N-Queens instances. The
dataset covers a wide range of solution counts, testing the model’s ability to recover multiple valid
outputs.

F ADDITIONAL EXPERIMENT RESULTS

F.1 ADDITIONAL RESULTS ON CHALLENGING PUZZLE BENCHMARKS

Table 9 reports test accuracy on three challenging puzzle benchmarks. Here we provide additional
observations complementing the main text.

Comparison Among Recursive Models. GRAM consistently outperforms all prior recursive
models across benchmarks. On Sudoku-Extreme, GRAM (97.0%) improves over TRM (87.4%) by
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Table 9: Test accuracy (%) on Challenging Puzzle Benchmarks. GRAM significantly outperforms
prior recursive models and matches GPT-5 (low) level performance with only 10M parameters. All
recursive model scores were obtained at 16 iterations (48 transitions).

Method #Params Sudoku ARC-1 ARC-2

Large Reasoning Models
Deepseek-R1 671B 0.0 15.8 1.3
Claude 3.7 16k N/A 0.0 28.6 0.7
o3-mini-high N/A 0.0 34.5 3.0
GPT 5.2 (low) N/A – 55.7 9.7
Grok-4-thinking 1.7T – 66.7 16.0
Gemini 3 Pro N/A – 75.0 31.1

Recursive Models
Direct Pred 27M 0.0 21.0 0.0
HRM 27M 55.0 40.3 5.0
TRM 7M 87.4 44.6 7.8
GRAM (Ours) 10M 97.0 52.0 11.1

Human Results
Avg. Human – – 60.2 –
Best Human – – 98.0 100.0

+9.6% and over HRM (55.0%) by +42.0%. On ARC-AGI-1 and ARC-AGI-2, the improvements
are +7.4% and +3.3% over TRM, respectively. Notably, GRAM achieves these gains with 10M
parameters, compared to 27M for HRM. The Direct Prediction baseline (0% on Sudoku, 0% on
ARC-2) confirms that recursion is essential for these tasks.

Comparison with Large Reasoning Models. All tested LRMs, including o3-mini-high and
Deepseek-R1 (671B), score 0% on Sudoku-Extreme, while GRAM achieves 97.0%. On ARC-AGI-2,
GRAM (11.1%) surpasses GPT-5.2 (low) (9.7%) despite using orders of magnitude fewer parameters.
On ARC-AGI-1, GRAM (52.0%) approaches GPT-5.2 (low) (55.7%). Among LRMs, scaling
parameters alone does not guarantee better performance—Deepseek-R1 (671B) scores lower than
o3-mini-high on ARC-AGI-1 (15.8% vs. 34.5%). More recent models such as Gemini 3 Pro (75.0%
on ARC-1, 31.1% on ARC-2) remain substantially ahead, suggesting room for further improvement
in recursive approaches.

F.2 SCALES WITH PARALLEL SAMPLING ON ARC-AGI CHALLENGE

To investigate the effect of GRAM’s sampling on the ARC-AGI-1 benchmark as well, we measured
performance without relying on external data augmentation. Typically, TRM achieves its reported
accuracy by generating 1,000 augmentations for a single problem and performing majority voting
over the results. Because this augmentation process itself creates a wide variety of samples, we
isolated the specific effect of generative sampling by performing inference solely on the original
problem instance and conducting majority voting over multiple sampled paths. For a fair comparison,
TRM was evaluated using the same hyperparameters as GRAM, including the number of epochs,
learning rate, and the number of layers.

As illustrated in Figure 10, removing augmentations causes a performance decline for both GRAM
and TRM compared to the values reported in Table 9. However, in the case of GRAM, we observe
that accuracy consistently improves as the model generates more parallel samples. This trend mirrors
observations in Section 3.2, suggesting that increased inference-time compute through width scaling
allows the model to explore more plausible reasoning trajectories and recover from initial errors,
eventually leading to more robust solution discovery.

Interaction between Augmentation and Sampling. A natural question arises: why not combine
higher levels of augmentation with extensive parallel sampling? To address this, we conducted an
ablation study examining the interaction between data augmentation and inference-time sampling.
Figure 11 presents the results across varying augmentation levels (Aug=0 to Aug=50).
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Figure 10: Effect of sampling on ARC-AGI-1 without data augmentation. To isolate the internal
sampling effect, both models are evaluated on original problem instances without 1,000 augmentations.
While removing augmentations causes an initial performance drop, GRAM exhibits robust scaling
through generative sampling as the number of parallel samples N increases, outperforming the TRM
baseline.

Without augmentation (Aug=0), increasing the number of samples yields consistent accuracy im-
provements, demonstrating that stochastic sampling effectively explores diverse reasoning trajectories.
However, as the level of augmentation increases, the marginal benefit of additional sampling dimin-
ishes substantially. At Aug=50, performance saturates regardless of sample count—accuracy remains
nearly constant whether we draw 1 or 50 samples.

This observation reveals that augmentation and sampling serve complementary rather than additive
roles: both mechanisms enable the model to capture solution diversity, but through different means.
When training data is limited, parallel sampling compensates by exploring varied reasoning paths
at inference time. When training data is abundant through augmentation, the model has already
internalized sufficient diversity during training, rendering additional inference-time exploration
redundant. Consequently, scaling sampling beyond augmentation provides diminishing returns,
justifying our experimental design choice to evaluate these two scaling axes separately.
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Figure 11: Effect of augmentation on sampling efficiency. With limited augmentation (Aug=0),
parallel sampling provides consistent gains. As augmentation increases, sampling benefits dimin-
ish—at Aug= 50, performance saturates regardless of sample count, suggesting augmentation and
sampling serve complementary roles in capturing solution diversity.

F.3 IMPACT OF THE NUMBER OF SOLUTIONS ON ACCURACY

To further investigate how the number of valid solutions affects model performance, we analyze the
accuracy of models on the N-Queens (8× 8) task across varying numbers of ground-truth solutions.
In highly ambiguous problem settings where multiple valid configurations exist for a single input,
deterministic recursive models face a significant structural disadvantage.
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As illustrated in Figure 12, conventional deterministic models, such as TRM and HRM, exhibit a
severe performance degradation as the number of possible solutions increases. Because these models
are constrained to a single deterministic reasoning trajectory, they struggle to resolve the ambiguity
of multiple valid targets. This structural limitation forces the model to average over distinct solution
paths, often resulting in conflicting latent updates and incorrect final predictions.

In contrast, GRAM explicitly models a distribution over plausible reasoning paths. By leveraging
stochastic latent transitions, GRAM effectively navigates the multi-solution landscape without
suffering from mode collapse. Consequently, GRAM maintains consistent, near-perfect accuracy
regardless of the number of valid solutions, highlighting the robustness of generative recursion in
highly ambiguous reasoning tasks.
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Figure 12: Accuracy across number of solutions in N-Queens (8× 8). Conventional deterministic
recursive models suffer a sharp performance drop as the number of possible solutions increases,
whereas GRAM maintains consistent performance.

F.4 SOLUTION COVERAGE ANALYSIS

We analyze the ability of GRAM to capture the diversity of the solution space compared to determin-
istic baselines. Figure 13 presents the solution coverage on 8× 8 and 10× 10 N-Queens tasks with
respect to the total number of valid ground-truth solutions.

As shown in Figure 13, deterministic recursive models (HRM and TRM) exhibit a sharp decline in
coverage as the number of possible solutions increases. Since these models are constrained to a single
fixed reasoning trajectory, they structurally fail to explore alternative paths, resulting in severe mode
collapse in multi-solution landscapes.

In contrast, GRAM effectively leverages its generative latent transitions to cover a broader range
of solutions. As the number of parallel samples N increases (from 1 to 20), the solution coverage
improves monotonically across both 8× 8 and 10× 10 settings. This empirical evidence confirms
that GRAM’s stochastic guidance mechanism is essential for navigating complex problem spaces
where multiple valid reasoning paths exist.

F.5 ABLATION STUDY

We ablate key design choices of GRAM on Sudoku-Extreme and N-Queens (8× 8) using 5 samples.
Table 10 summarizes the results.

Both Stochasticity and Guidance Are Essential. We ablate each component by modifying the
learned distribution ϵt ∼ N (µθ, σ

2
θI) in Equation (9). Removing guidance (N (0, σ2

θI)) maintains
Sudoku performance (94.88%), indicating that stochasticity alone can enable diverse reasoning paths.
However, this variant collapses on N-Queens (50.27%), where structured guidance is necessary to
navigate multi-solution spaces. Removing stochasticity (N (µθ, 0)) fails completely (0.0% on both
tasks), as deterministic guidance conditioned on the target leads to severe overfitting.
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(a) N-Queens 8× 8
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(b) N-Queens 10× 10

Figure 13: Solution coverage analysis on N-Queens (8× 8 and 10× 10) with respect to the
number of ground-truth solutions. While deterministic baselines (HRM, TRM) suffer from mode
collapse as the solution space grows, GRAM demonstrates monotonic improvement in coverage as
the number of parallel samples N increases.

Table 10: Ablation study on Sudoku-Extreme and N-Queens (8×8). We evaluate with 5 sam-
ples. Both stochasticity and learned guidance are essential—removing either significantly degrades
performance. Naive approaches to adding stochasticity to TRM fail to match GRAM.

Model Variant Sudoku N-Queens

GRAM (Ours) 93.96 99.69

w/o stochastic guidance (= TRM) 82.87 72.91
w/o guide (stochasticity only) 94.88 50.27
w/o stochasticity (guide only) 0.00 0.00
w/ direct prediction 63.43 61.44

TRM w/ stochastic decoding 82.87 71.66
TRM w/ random initialization 78.53 71.82

Residual Guidance Outperforms Direct Prediction. We compare our residual formulation ht =
ut + ϵt in Equation (7) against directly sampling ht ∼ N (µθ, σ

2
θI). Direct prediction degrades

performance (63.43% on Sudoku), indicating that preserving the deterministic update ut with learned
perturbations is crucial for stable exploration.

Naive Stochasticity Does Not Help TRM. We test two simple approaches to add stochasticity to
TRM: (1) stochastic decoding, which samples from the output distribution instead of argmax, and
(2) random initialization, which samples z0 from a Gaussian N (0, I) at each inference. Neither
improves performance (82.87% and 78.53% on Sudoku), demonstrating that GRAM’s gains stem
from the variational framework rather than mere randomness.

F.6 ADDITIONAL GENERATED IMAGE SAMPLES

In this section, we provide further qualitative results demonstrating GRAM’s capability in uncon-
ditional image generation. Figure 14 presents a diverse set of samples generated on the binarized
MNIST dataset, visualized across the recursive inference steps t = 0 to t = 16.

As observed in the main text, GRAM exhibits a distinct progressive refinement behavior. Starting
from a black initialization, the model iteratively adds details and sharpens the structure of the digit.
A particularly compelling property of this process is the model’s ability to recover from initially
ambiguous or incorrect formations.

For instance, in the second row (generating the digit ’2’) and the last row (generating the digit ’1’),
the early predictions at t = 1 and t = 2 manifest as disjointed artifacts or incorrect shapes. However,
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as the recursion proceeds, GRAM effectively leverages its feedback loop to correct these initial errors,
resolving the ambiguity and converging to a coherent, high-quality digit by t = 16.

t=0 t=1 t=2 t=4 t=6 t=7 t=9 t=11 t=12 t=14 t=16

Figure 14: Additional generated samples from GRAM. We provide 8 additional samples generated
unconditionally on binarized MNIST using GRAM. Each row represents a single generated sample,
visualized across its recursive refinement process.

F.7 VISUALIZING LATENT RECURSION PROCESS

To understand how stochastic guidance shapes reasoning, we visualize latent trajectories during
recursive computation. Specifically, we track the high-level state hh h at each supervision step
throughout the recursion process. For visualization, we project these latent vectors into 2D using
PCA (Pomerantsev, 2014) and interpolate unobserved states via K-D tree (Bentley, 1975) to construct
a continuous loss landscape.

Figures 15 and 16 compare TRM and GRAM on the same Sudoku puzzle. TRM follows a single
deterministic path from initialization to solution, offering no mechanism to escape if the trajectory
enters a suboptimal region. In contrast, GRAM samples diverse trajectories that explore different
regions of latent space before converging. While some trajectories become trapped in local minima
(bright yellow regions), others successfully navigate toward the global optimum (dark blue regions).
This diversity enables GRAM to discover valid solutions more reliably through parallel exploration.
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Figure 15: Latent reasoning trajectory of TRM. The red dot indicates the initial state h0 and the
green dot indicates the final state hT . Background color represents the loss landscape: bright yellow
corresponds to high loss regions, while dark blue indicates low loss (optimal) regions. TRM follows
a single deterministic path with no ability to escape suboptimal trajectories.
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Figure 16: Latent reasoning trajectories of GRAM (50 samples). Using the same visualization
scheme as Figure 15, we show 50 sampled trajectories from GRAM. The stochastic guidance enables
diverse exploration of the latent space: while some trajectories converge to local minima (right
bottom), others successfully reach the global optimum (left middle), demonstrating how parallel
sampling improves solution discovery.
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