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Abstract

This work considers recovering a sequence of low-rank matrices from undersampled mea-
surements, where the underlying subspace varies across samples over time. Existing works
involve concatenating all of the samples from each time point to recover the underlying
matrix under the assumption that the data are well-approximated by a single, static sub-
space. However, this assumption is inappropriate for applications where the best low-rank
approximations vary over time. To address this issue, we propose a Riemannian block
majorize-minimization algorithm that constrains the time-varying subspaces as a geodesic
along the Grassmann manifold. Our proposed method can faithfully estimate the best-fit
subspaces at each time point, even when there are fewer samples at each time point than
the subspace dimension. Theoretically, we show that our algorithm enjoys a monotonically
non-increasing objective function while converging to an e-stationary point within O(e=2)
iterations. We demonstrate the effectiveness of our algorithm on synthetic, dynamic fMRI,
and video data, where the samples at each time are either compressed or partially missing.

1 Introduction
Subspace estimation and low-rank matrix approximation are fundamental problems that arise in many

statistical signal processing and machine learning applications. By modeling the data using a linear subspace,
practitioners can efficiently leverage the intrinsic, low-dimensional structure of the data for tasks such as

classification (Basri et al., 2007; Hubert & Engelen, 2004), anomaly detection (Huang et al., 2006), and
denoising (Zhang et al., 2010), among others. One of the most widely studied and applied methods for
subspace estimation is principal component analysis (PCA) (Abdi & Williams, 2010).

In the literature, many existing algorithms, such as PCA, primarily focus on a setting where we wish to
fit data with a single linear subspace (Cai et al., 2021; Balzano et al., 2010; 2018b; Mansour & Jiang,
2015; Jain et al.; 2013; Chi et al., 2012; Tong et al., 2021; Zhang et al., 2021). In applications where data
are collected over time, one may then concatenate data and identify a single static subspace or estimate
different low-dimensional approximate subspaces at different time points. However, in applications such as
array signal processing (Vaccaro, 2019; Lake & Keenan, 1998a), video processing (Vaswani et al., 2018),
graph connectivity analysis Hume & Balzano (2024), and dynamic MRI (Otazo et al., 2015; Babu et al.,
2023), the data generation process is dynamic in nature, so assuming the best-approximating subspace is
static may be sub-optimal. Despite the abundance of such applications, the literature on dynamic subspace
estimation often relies on assumptions such as slow changes or otherwise a static subspace (Narayanamurthy
& Vaswani, 2018a; 2019). Furthermore, many works on dynamic subspace estimation assume that the data
are fully observed (Saad-Falcon et al., 2024Db), limiting applicability for data with missing entries.

In this work, we address these issues by proposing a Riemannian block majorize-minimize (RBMM) algo-
rithm that constrains the time-varying subspaces to evolve along a geodesic on the Grassmann manifold,
as illustrated in Figure 1. Instead of assuming a static subspace for low-rank approximation, this geodesic
formulation estimates a sequence of subspaces that vary smoothly over time, enforcing smooth transitions
between consecutive subspaces. By employing such a model, our algorithm can recover undersampled (miss-
ing or compressed) data more accurately under measurement noise compared to methods that assume a
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Figure 1: Cartoon illustration of the geodesic model. Hy, ..., Hy are orthonormal bases for a point on the
Grassmannian and U; are connecting points along a geodesic between two points.

static subspace. We empirically demonstrate the effectiveness of our algorithm across a wide range of real
video and dynamic fMRI reconstruction tasks. Theoretically, we show that our algorithm converges to an
e-stationary point in approximately O(e~2) iterations, ignoring logarithmic factors, and that the objective
function is monotonically non-increasing.

Notation. We denote scalars with unbolded letters (e.g., t,T'), vectors with bold lower-case letters (e.g., x)
and matrices with bold upper-case letters (e.g., X). For a matrix X = [xl e xd} we define range(X) =
span({xi,...,xq}), which is the set of all possible linear combinations of the columns of X. We use I, to
denote an identity matrix of size r € N and V"*" = {U™ " |U"U = L} to denote the set of all n x r matrices
with orthonormal columns. We use {U;} as shorthand for the set ranging over the index i (i.e., {U;}L ),
and similarly for sets over multiple indices (e.g., {A; ;}). We use [L] to denote the set {1,2,...,L}. Lastly,

O(+) denotes “big-O” notation that ignores logarithmic factors.

2 Problem Formulation

2.1 Data Model

Consider a setting where one observes measurements of a sequence of data matrices X; € R™*¢ for times
i=1,...,T. We may observe this sequence directly, or we may observe it indirectly as

Yi=[yi1-- Yie, where y;; = A;;xi; + 05,

where x; ; € R™ denotes the jth column of X;, each A;; € R™*™ is a sensing matrix, and n; ; € R™ is
additive noise, typically with m < n. This setting arises in many signal processing applications; if A; ; has
iid Gaussian entries, we have a compressed sensing setting; if A;; are subsampled diagonal matrices, we
have the missing data (or matrix completion) setting. Our goal in either of these cases is to estimate all
latent signals {x; ;} given the data {y; ;} and the sensing matrices {A; ;}.

However, when m < n, the sensing matrix has a non-trivial nullspace, and the problem is under-determined.
In the literature, a common approach is to assume a prior (or structure) on each signal x; ; and use an
appropriate regularizer. In this work, we start with a standard assumption that each X; is nearly low-rank
or can be well-approximated with its projection onto a low-rank subspace U;. In many applications where
this is a good assumption, the latent signals are smoothly related over time in such a way that their low-rank
approximations are also smoothly related.

This problem is also motivated by a generative model formulation. Suppose that at each time point i € [T,
a total of ¢ data points X; € R™** are generated from a subspace U; € V"*" to form a latent matrix

X = [Xl XT] = [UlGl UTGT] S RnxéT, (1)

where each G; € R"™*¢ is a weighting matrix. Again, in many applications one might expect the sequence of
subspaces {U;}Z_; to be smoothly related over time. Our contribution is to model the sequence of best-fit
subspaces U; as being constrained to a geodesic on the Grassmannian. The proposed methodology applies
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equally well to both problem perspectives: low-rank approximation and generative subspace estimation.
Before presenting our dynamic approach, we first review commonly used static approaches to highlight the
differences from our proposed method.

2.2 Existing Methods

A common approach to this challenging estimation problem is to drop dependence of the subspace on time,
essentially assuming the subspace changes so slowly that it can be ignored. Mathematically, by setting
X = UG for some weighting matrix G € R™*‘T we could solve the following optimization problem:

1
min §||Y7A(UG)||§, where Y :=[Y; ... Yp] € R™*T, (2)

and A(-) : R™T — Rm**T ig a linear sensing operator. We refer to this approach and related techniques as
“static” methods, as they do not account for any temporal component of the underlying data. This problem
has been widely studied in the literature and can be solved using various forms of alternating gradient-
based methods (Jain et al., 2013). However, for applications with time-varying data, static methods may
be suboptimal, as they ignore the temporal structure that could potentially be used to make more accurate
data estimates.

For settings in which A(-) is the identity map, there are many classical works on subspace tracking that
approach the objective in Equation (2) with data streaming over time, but use constant step-sizes or linear-
algebraic methods that essentially allow tracking of time-varying subspaces (Yang, 1995; Haghighatshoar
& Caire, 2018; Narayanamurthy & Vaswani, 2018b; Vaswani et al., 2018; Comon & Golub, 1990). The
theoretical results in these earlier works are generally limited to asymptotic convergence guarantees with
static underlying subspaces. On the other hand, Narayanamurthy & Vaswani (2018b) relax the assumption
of constant subspace to a very slowly varying subspace between the change points. For a review of these

methods, see Vaswani et al. (2018). Dynamic subspace estimation has also been studied in the batch setting
where one has access to all the data at once, such as (Saad-Falcon et al., 2024a) and the following papers
that use the Grassmannian geodesic model discussed in this paper (Lake & Keenan, 1998b; Fuhrmann, 1997;

Srivastava & Klassen, 2004; Hong et al., 2016).

When data are observed through compressive maps A(-), such as missing data or general compressive op-
erators, the existing works are those that build on the subspace tracking algorithms based on optimization
techniques. For example, the PETRELS algorithm (Chi et al.,; 2012) is a recursive least-squares approach
for the missing data setting, and provides convergence theory that assumes that the subspace changes at a
particular instant and then stays constant for sufficient time so that the change can be tracked (also called
the piecewise constant model). Oja’s method and GROUSE (Allen-Zhu & Li, 2017; Balzano et al., 2010)
can also handle missing data or compressive observations (Zhang & Balzano, 2016; Balzano, 2022). For a
survey of missing data tracking methods, see Balzano et al. (2018a).

While we defer a comparison of our work with these existing methods in the case where the linear operator
is the identity mapping to Appendix B (see Figure 10), we primarily compare our approach to the static
method in Equation (2). This choice is motivated by two reasons: (i) it is often nontrivial to extend these
methods to cases where the linear operator is not the identity, and (ii) many existing works assume that
subspaces change one at a time and that the changes between subspaces are minimal—assumptions that are
not made by our algorithm.

2.3 Proposed Method: A Dynamic Approach via Grassmannian Geodesics

In this work, we consider estimating all data points {x; ;} generated by the sequence of subspaces {U;} by
modeling the subspaces as a geodesic on the Grassmann manifold. Similar to lines in Euclidean space, Grass-
mannian geodesics behave as interpolating curves, and can be expressed as (Absil et al.; 2004, Section 3.8):

U, == U(t;) = Heos(Ot;) + Zsin(Ot;), (3)

where H € V"*" is an orthonormal basis for a point on the Grassmannian, Z € V"*" is a matrix with
orthonormal columns whose span is in the tangent space of range(H) (i.e., {Z € V"*"|H'Z = 0}), ® € R"™*"
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is a diagonal matrix with entries 65, where 65 denotes the principal angle between two endpoints of a geodesic,
and t; € [0,1] is a scalar that represents the time of each Uj.

Geometrically, we can think of H as some starting point on the Grassmannian, Z as a normalized direction
we want to travel, and Ot; as the distance to reach U;. If we are given the time points ¢; (which we
treat as tunable hyperparameters), then H,Z, and © are all learnable parameters of U; that we can use
to estimate {x;;}. Then, instead of using a hard constraint x; ; = U,g; ; as in Equation (2), we propose
using a regularizer that penalizes data points that lie outside of their respective subspaces. This leads to the
following optimization problem that forms the central component of this work:

T 4
i v - A
wn X3 Hv A,
H,2.0 i ) 2 Yij 1,5 X4,j

i=1 j=1

A
5+ §||(UiUiT —I)x; 53

data consistency subspace regularizer (4)
s.t. U; = Hcos(Ot;) + Zsin(Ot;) .

constrain to Grassmannian geodesic

For simplicity, throughout this paper, we often write the objective function as

T ¢
. 1 o A 2
H’Y’Igl’l{l&yj} ; ; ) 17i5 — Aixigl); (5)

s.t. U; = Hcos(Ot;) + Zsin(®t,),

where we define
S |Yig X A
Vi * [ 0 } o Ay [\F/\ (UZ-UiT -1,)

Remarks. Here, we provide some intuition as to why the subspace regularizer may be useful. Define
B, =U,U/ -1, and
A, = range(AZj), B; := range(B,).

If each of the measurement matrices in {A, ;} has rank m > r and dim(A; ; N B;) < m — r, then we can
lower bound the rank of A; ; € R(m+m)xn by

rank (:&m) = rank (AIJ) = dim(4; ;) + dim(B;) — dim(A; ; N B;)

>m+(n—r)—(m—r)=n.
Hence, 11” would have full column rank and {x; ;} would be identifiable, assuming we knew the subspaces
{U,}. The assumption on the intersection between two subspaces is natural in a random, high-dimensional
setting — if {A; ;} are random with a continuous distribution over R™*" that were independent of {U;},
then dlm(Aw N Bz) =m—r.

Of course, since we do not know the subspaces {U;} a priori, we need to estimate them from the data.
Without the geodesic constraint, the problem would amount to estimating a total of T" unrelated subspaces.
For applications with time-varying data, it is often favorable to impose a relationship between consecutive
subspaces U;. The Grassmannian geodesic constraint serves as a natural remedy for these problems, as
we only need to estimate a 2r-dimensional basis represented by H € V*"*" and Z € V"*" across all time
points, while enforcing smoothness between consecutive subspaces. Consequently, another advantage of this
constraint is that we can allow ¢ < r (i.e., observe fewer data points than the intrinsic rank of the subspace)
and still achieve accurate recovery.

3 Riemannian Block Majorize-Minimize Algorithm

This section outlines a Riemannian block majorize-minimization (RBMM) algorithm for solving Equation (4).
Section 3.1 presents the steps for alternately updating the block matrix Q = [H, Z] € V"*?" each diagonal
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coordinate of ® € R"™", and each data sample x; ; € R™. Section 3.2 introduces a spectral scheme for
initializing each of the factors. Algorithm 1 summarizes the steps. For our theoretical analysis, we introduce
proximal parameters Aq, Ae@, Ax corresponding to each block to ensure convergence to a stationary point.
However, our experiments show that these parameters do not play a significant role in performance and do
not need to be tuned.

3.1 Riemannian Block Update Steps

This section summarizes the update steps for our RBMM algorithm. Appendix A derives the complete
update steps. Throughout this section, for simplicity, we denote

U; = Hcos(Ot;) + Zsin(Ot;) = QR,;, where Q:=[H,Z], R,;:= {COS(@Q)] .

sin(©t;)

Updates for X. Suppose U; = QR; are fixed and define f(x;;) = 1|y:; — AHXHHE We construct a
majorizer g* at iteration k for f from the second-order Taylor expansion and then update X by minimizing
that majorizer:

2
1
Xij — (Xﬁj - L+)\fo(Xﬁj)) ,

where L is the Lipschitz constant of f, fo(xﬁj) = A;'—j (A”x — ¥i;) and Ax > 0 is the parameter
introduced by adding a proximal term to ensure a quadratic majorlzatlon gap (see Appendix A). This
update step is a gradient descent step with a fixed step size that ensures a monotonically non-increasing
objective function value.

1

_ kK k
=X~ mvxf(xi,j)7 (6)

x"1 = argmin 9" (% j; xﬁj) = arg min

%,
Xi,j Xi,j

Updates for Q. To update Q, suppose that each R; and X; are fixed. Then, notice that the data
consistency term in Equation (4) is not a function of Q, so we only need to consider the subspace regularizer:

~ ) 2
Q = argmin f(Q) = argmin fzz H QR,R,/Q )Xi,sz (7)
QEV”’XQT Q vn)(27‘ i—1 ] 1
2
= argmin — Z |(QR,R/ Q" - 1,,) X[ - (8)
Qevnx27 N
By constructing a linear majorizer g* and projecting onto the Stiefel manifold (Absil et al., 2007; Higham,
1989), we obtain
) 2
Q! = arg min 9"(Q: Q%) = [[Q~ (AaQ" — Vfa(Q") | 9)
e nx2r
=WV, where (\qQ" — V/q(QF)) = WXV, (10)

and Vfq(Q) = -2, X;X QR,;R; and Aq > 0 is the proximal parameter for Q.

Updates for ©. To preserve the diagonal structure of ®, we update each coordinate of ® present in each
R;, which we denote as 05 € R, Vs € [r]. Similarly, consider the objective function

T
o= arg@min f(®) = argénin % ; H (QR,R/Q" -1, Xi“i )

Simplifying this loss function in terms of 6, leads to

0, = argmln - = szl R = argmm - ZZ’Q s Co8(205t; — bis), (11)

7,151 zlsl
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Algorithm 1 RBMM Algorithm for Dynamic Subspace Estimation

Require: Observations {y;;} € R™; Sensing matrices {A;;} € R™*"; Parameters Ax, A\q, e, A > 0;
Iterations K'; Geodesic parameters ¢; € [0, 1],Vi € [T
1: fori=1,...,7T do

2 for j=1,...,4do
3 Cij =BijA; > Construct surrogate matrix in Equation (15)
4 Xy ; < SVD(C; ;) > Initialize via top left singular vector of C; ;
5 end for
6: end for
7 X =[x¥, ... x0,] e R > Concatenate initialized samples at time point 4
8: X0 =[X? ... X9] e RPXT > Concatenate all initial samples across time
9: H°,Z% @° +- SVD(X") > Initialize via Equations (16, 17)
10: for k=1,...,K do > Start RBMM algorithm
11: fori=1,...,T7 do
12: for j=1,...,¢do
13: ijl xﬁj - ﬁvxf(xﬁj) > Update signals x; ; from Equation (6)
14: end for
15: end for
16: (AQF — Vfq(QF) =WxEV' > Compute SVD
17: QFtl =wv’ > Update Q from Equation (9)
18: for s=1,...,r do ‘
19: gF+l = gk — Z;‘F 1 15;57((99,3) > Update each 65 from Equations (13, 14)
20: end for
21: end for
22: Return: XX, Vi€ [T] > Return estimated data points

with the following definitions:

2
oe = [ATXXTH] s = ¢ (J) 82,
T I Q4.5 — Vi,s
Bi s = real { [Z XX, H]S S} ¢;.s = arctan2 (51,,37 2>
o= X7, 1)
Upon constructing a quadratic majorizer (Funai et al., 2008) (see Appendix A.3), we have the update step
ek-‘rl _ 9k fz s( ) (13)
Z “wy, , (65)’
where fz,s(gf) = /\Ti,sti SiH(ZQSti — ¢i75) and
f1.a(63) k $i,s+2mh b+27rh
tle 0. # L hel
wfu(Hé) = mod ((9;@- ‘f% s )+2,5 724)727{,; (14)
2t e = g e

where Ag > 0 is the proximal parameter for ©.

3.2 Spectral Initialization

Due to the non-convex nature of our problem, a smart initialization facilitates convergence to good solutions.
This section presents a spectral initialization scheme for each of the blocks that empirically improves the
performance of our algorithm.
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Initialization for X. Suppose that every entry of the sensing matrix A;; had an independent, random
distribution over R™*™ with zero mean and unit variance. To initialize each x; ;, consider the surrogate
matrix

Ci}j = Bi7in,j7 where Bi,j = Dlag(ym) (15)
After some elementary calculations, we have
E [CIJ] = [Xi,j Xi,j e Xi,j] y

which is a rank-1 matrix, and so we initialize each x; ; by taking the first left singular vector of C; ;.

Initialization for H, Z, ®. We first introduce a random scheme for initializing the geodesic parameters.
Let Hy, Hy € V™" be two orthonormal bases for two points on the Grassmannian. Given ¢; € [0, 1], a point
in between these two endpoints is given

U, = span (H{V cos(Ot;) + Zsin(Ot,;)) , (16)

where (I — HlHI) H, (Hi'—Hg)_1 = ZSV' is a compact SVD and © = tan~!(S). Thus, a random initial-
ization for H € V"*" Z € V"*" and © € R"™*" takes any two orthonormal bases and applies Equation (16).

However, we can obtain more accurate initial points by using information from our data. Suppose n > 2r
and that we observed the data X directly (i.e., A;; =1I,). If we assumed that X was truly generated from a
geodesic, based on Figure 1, we can expect the two endpoints of the geodesic, U; and Ur, to serve as bases
for two endpoints of the geodesic. Consider taking two subsets of the concatenated data as follows:

Xo Xr_1
X = [Xl X21.-- X2 o0 X711 -+ XT—12 XT] (17)
N—_—— ——
:DleR’nX’V‘ :DQGR"LXT

Then, we use the left singular vectors of Dy and Dy as Hy and Hy, respectively, and apply Equation (16).
We call this procedure spectral initialization. Since we do not observe X directly, we use the initialization
method for X above and apply spectral initialization for the geodesic parameters.

4 THEORETICAL RESULTS

This section presents the theoretical guarantees of our RBMM algorithm.

Theorem 1 (Convergence to a Stationary Point). Let W% = {X¥1T_  U{QF, ©F} denote the iterates gener-
ated by Algorithm 1 at iteration k starting from any initialization with proximal parameters Ax, Aq, Ae > 0.

For any € > 0, if k = O(e2), then we have

T+2 X
S v < (18)
where p indexes the T + 2 sequentially updated blocks of variables in W*.

Appendix C provides all proofs. The proximal parameters in Theorem 1 can be viewed as values that ensure
each update step is bounded in some sense — values closer to zero result in larger update steps, while larger
values restrict the update steps, consequently leading to slower convergence. Due to the non-convex nature
of our problem, it is very challenging to obtain guarantees of convergence to the global minimum. However,
from our synthetic experiments in a planted geodesic setting, we observe empirically that our method with
spectral initialization often converges to the ground truth (see Figure 5).

Theorem 2 (Monotonic Objective Function). Let W% = {X¥1T | U{QF @F} denote the iterates generated
by Algorithm 1 at iteration k. Algorithm 1 produces blocks that are monotonically non-increasing in the loss:
F@HY) < f(2F).
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Measurements Reference r-SVD

PSNR = 19.52 dB PSNR = 17.59 dB PSNR = 19.93 dB

Figure 2: Visual results with corresponding PSNRs for denoising the plane video dataset with Gaussian
noise with standard deviation oy, = 0.4 and rank r = 1.
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Figure 3: Experimental results on the plane video dataset for denoising with fully observed data. Left: Plot
of the PSNR for varying values of the rank r for fixed oy, = 0.40. Right: Plot of the PSNR for varying values
of the standard deviation of the added noise oy for a fixed rank » = 5. The PSNR is averaged across all
video frames.

Generally, existing algorithms that use optimization methods such as gradient descent do not guarantee a
monotonically non-increasing objective function unless the step size is appropriately tuned. Our algorithm
possesses this property without requiring additional step size tuning, which is particularly advantageous in
domains with intrinsically high-dimensional data, where cross-validation can be costly. Theorem 2 holds
independently of the proximal parameters — they can be set to any non-negative value and the statement
will remain valid.

5 EXPERIMENTS

This section presents our experimental results that are divided into two parts: experiments with fully sampled
data (Section 5.1) and with undersampled data (Section 5.2). Both parts include experiments on synthetic
and real video data, aimed at analyzing the behavior and performance of our proposed algorithm. For our
algorithm, we set Ax = A\q = e = 0 and A = 1, unless otherwise specified. We considered the three
following performance metrics:

1 T T 5 5T2
Subspace Error = T Zi:l U U; —U,;U; [[g,

for any two subspaces U; and Uj, the normalized root mean-squared error (NRMSE), defined by [|X —
X|le/lIX|le, and the peak-signal-to-noise ratio (PSNR).

5.1 Experiments with Fully Sampled Data

Before presenting experimental results for the undersampled data case, we first consider the fully sampled
setting, i.e., A; ; = L,. In this case, the data consistency term in Equation (4) simplifies to a denoising task,
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where the data points are regularized to lie on a geodesic. The goal of this setting is to (i) understand the
behavior of the RBMM algorithm and how it differs from the undersampled case, and (ii) investigate how
enforcing a geodesic structure aids in denoising compared to static approaches, i.e., the truncated SVD.

Synthetic Experiments. Here, we performed experiments in a planted geodesic setting to investigate
the dependence of the algorithm’s performance on its parameters. To this end, we generated measurements
according to

Vij; = Uigi; +1mi5 € R™, Vj e m, Vi e [T], (19)

where g; ; ~ N(0,I,) and 1, ; ~ N(0,0y - L,,), with n = 40. Figure 4 plots the subspace error for our
algorithm and the r-SVD for different values of ¢, where T' = 51, » = 4, and oy = 10~2. The SVD method
involves computing the top-r SVD components of the data at each time point and, hence, can only be
computed when £ > r. On the other hand, our algorithm works even for £ < r while achieving a lower error.

Figure 5a shows the fraction of times our algorithm converged —— rsvD

to the ground-truth solution as measured by the subspace er- 10-2 — rGeodesic
ror, for £ = 1, across varying values of T" and r. There is a
clear phase transition at T = 2r, as the geodesic assumption
amounts to estimating 2nr parameters from a total of T'nf data
points.

Subspace Error

1074 \x\

Video Data Experiments. Next, we present results on a 10-5
video denoising task, where the video consists of frames show- ‘ ‘ ‘ ‘ ‘ ‘ ;
ing a plane landing on a runway. The video has a total of 105 0 5 Sai}% e pe1r5Timep§?nt " 25 30
frames, each with dimensions (60 x 90). This video was used in

other inverse problem contexts (Nayer et al., 2020; Kwon et al.,
2022), albeit for a different application. For preprocessing, we
normalized pixel values to [0,1] and mean-centered the data
after vectorizing each frame. For our algorithm, we chose » = 5 and set £ = r — 1 unless otherwise specified.
This case emphasizes the fact that our algorithm can handle ¢ < r. We evenly sampled the time steps
t; € [0.15,0.85], as this range generally yielded the best performance. We compared our algorithm against
the r-SVD and 2r-SVD baselines, which performed an SVD of the corresponding rank on the data and pro-
jected the frames onto the resulting subspaces. We consider 2r as a baseline, as Q spans a 2r-dimensional
subspace.

Figure 4: Subspace error for varying ¢ in
the fully sampled case.

Figure 2 presents visual results on a single frame, demonstrating that our algorithm denoised the video more
effectively than the SVD-based baselines in terms of PSNR when oy, = 0.40. This suggests that incorporating
additional structure can be beneficial for such tasks, especially in highly noisy settings. Figure 3 shows the
PSNR for varying values of the rank for a fixed ¢ = 4 (left) and the standard deviation of the added noise
(right). In less noisy settings, the SVD-based solutions appear to outperform our method, but the gap
quickly disappears as the noise level increases.

5.2 Experiments with Undersampled Data

This section presents experimental results in the under-sampled setting. Similar to Section 5.1, we exper-
imented with both synthetic and video data, and we also include experiments on real data, which involve
reconstructing fMRI images from sub-sampled k-space data. In the under-sampled setting, since we do not
have access to the full dataset, we selected the rank for the video data through trial and error, and we
present results using two different rank choices. For the fMRI data, we chose the rank based on a data-
sharing method, which involves searching for the nearest row of the non-missing data sample and using
that to reconstruct the data. In Figure 17a, we show that the singular value plots for the data-shared
reconstructed frames and the original frames exhibit similar patterns, justifying the choice of rank.
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Figure 5: Fraction of convergence to ground truth for varying values of r and T over 10 random runs for a
fixed m. The fraction is the number of times the subspace error went below a threshold of 10™* over the

total number of trials. (a): Fully-sampled case with m =n = 40 and £ = 1. (b): Under-sampled case with

m = %n =20 and ¢ = 1. (c¢): Under-sampled case with m = %n =20 and ¢ = r — 1. For the under-sampled

settings, the number of data points ¢ for each time point makes a notable difference in the recovery of the
underlying subspaces.
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Figure 6: Results showing the benefits of spectral initialization with oy, = 0.01 averaged over 10 runs for
matrix completion. The spectral initialization scheme leads to faster convergence in terms of iterations.

Synthetic Experiments. Similar to Section 5.1, we considered experiments in a planted geodesic setting,
where the objective is to: (i) demonstrate the efficiency of our spectral initialization method compared to
random initialization; (ii) observe the dependency of the parameters and their effects on the performance
in contrast to the fully-sampled setting; (iii) compare the performance of our algorithm on noisy matrix
sensing to the baseline AltMin (Jain et al., 2013), which is an alternating minimization scheme for updating
two r-dimensional factors. Since AltMin is a matrix recovery algorithm, we vectorized and stacked all of the
signals to construct a single matrix. Appendix B.2 provides more experimental details on the baselines. For
the last experiment, our goal was to investigate if the “smoothness” between consecutive subspaces, enforced
by the geodesic constraint, assists in dealing with measurement noise.

The results in this section used the parameters n = 40, m = 20, r = 3, { = 1, and T = 80, unless otherwise
specified. For each 3-dimensional subspace, we observed only a single vector. To generate data from a
geodesic, we first took two randomly generated orthonormal bases and applied Equation (16) to obtain
U,; € V"> for all i € [T]. Then, in contrast to Equation (19), we generate measurements according to

vij =Ai;Uigi; +1m:5 € R™, Vj e [f], Yie [T], (20)

where g; ; ~ N(0,1,.), ;; ~ N(0,0y - I,,), and each column of A; ; € R™*™ is drawn iid from a Gaussian
distribution (i.e., a; j r ~ N (0,I,)) in the matrix sensing setting and sub-sampled diagonal matrices for the
matrix completion setting. Here, oy is assumed to be 0 unless otherwise stated.
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r=3 r=>5

Dataset Method PSNR 1 RMSE | PSNR 1 RMSE |
AT (T2 Al 20T 50.55+0.030  0.108 £0.001 | 22.05 £0.061  0.089 £ 0.001
2r-AltMin (Jain ot al, 2013) | 22.23+0.080 0.086+0.001 | 22.92+0.098 0.080 % 0.001
Mouse | r-GNMR (Zilher & Nadler, 2022) | 19.61+0.095  0.128+0.003 | 20.73+0.348  0.114 % 0.011
2r-GNMR (Zilber & Nadler, 2022) | 20.88+£0.095  0.115+0.014 | 19.22+0.314  0.129 + 0.010
r-Geodesic (Ours) 22.70 +0.158 0.083 +0.001 | 23.28 +0.164  0.082 + 0.001
r-ATMim (Jain ot al., 2013) 9527+ 0.058  0.058 £0.001 | 25.25 £ 0.047  0.058 = 0.001
2r-AltMin (Jain ot al, 201 15) | 284740274 0.040£0.001 | 286120114 0.040+0.001
Plane | rGNMR (Zilber & Nadler, 202 _>) 2437 +0.854  0.072+0.022 | 24.39+0.333  0.067 = 0.002
2r-GNMR (Zilber & Nadler, 2022) | 27.00£0.827  0.061 +0.014 | 27.1440.832  0.055 % 0.006
r-Geodesic (Ours) 29.01+0.207 0.040+0.002 | 29.20+0.379 0.039 = 0.003

Table 1: Quantitative results for varying ranks for different metrics for both datasets across 10 trials. Both
datasets are corrupted with Gaussian noise of standard deviation oy, = 0.01, where for the mouse data we
observe 50% of each frame, and for the plane data we observe 40% of each frame. Best results are bolded
and second best results are underlined.

4 f;lAtLt,:\IAr:n Figure 6 demonstrates that our algorithm can recover the

5 60{ —— r-Geodesic ground truth data and subspace more quickly (in terms of itera-
& tions) using our spectral initialization method compared to ran-
S dom initialization. While random initialization often converges
S 401 to poor local minima, spectral initialization often converges to
% a solution with near-zero subspace error. Nevertheless, this
3201 illustrates that even within noisy settings, our algorithm can
faithfully estimate the data. Appendix B.1 illustrates the ben-

ol —— efits of the spectral method and its failure cases.
00 01 02 03 04 05

Figures 5b and 5c show phase transitions similar to Figure 5a to
obtain convergence to the ground truth solution. In Figure 5b,
we vary T and r while fixing m = 0.5n = 20 and ¢ =
Figure 5c¢ is a similar setting, but with ¢ =  — 1. Unlike the
fully-sampled case, the phase transition is less clear in both
cases and seem to require more samples once the rank r gets
closer to d. For the under-sampled cases, it seems that the
number of data points at each time point ¢ plays an important
role in ensuring accurate recovery. Nevertheless, for our applications of interest, since we generally assume
that r < d, we can still faithfully use our method with a smaller number of time points 7. We leave a
rigorous analysis of the relationship amongst the parameters for convergence for future work.

Standard Deviation oy

Figure 7: Reconstruction error (NRMSE)
over oy. For a larger noise variance, 2r-
AltMin seems to overfit the noise rapidly,
whereas our method is more robust.

Lastly, we compare the performance of our algorithm compared to AltMin with a rank choice of r and 2r
with varying oy for matrix sensing. By enforcing the smoothness constraint via the geodesic, we expect our
model to handle measurement noise more efficiently. Figure 7 verifies this conjecture: our algorithm obtains
a much lower reconstruction error than 2r-AltMin as a function of noise.

fMRI Data Experiments. Here, we present experiments on reconstructing dynamic fMRI images. We
considered an oscillating steady state imaging (OSSI) dataset (Guo et al., 2020) that was acquired on a 3T
GE MR750 scanner with a 32-channel head coil. The data were comprised of 167 slow-time, 10 fast-time,
and (128 x 128) spatial samples. We considered a single point in fast time and 160 slow-time points, which
gave us a dataset of 160 frames, where each frame was of dimension (128 x 128). We considered the slow-time
points because we hypothesize that the slowly changing movements were suitable for a geodesic model.

To this end, we used an approximately 50% missing k-space sampling mask on each frame, where the center of
the mask was fully observed but rows above and below the center were missing (see Figure 16 for examples).
For our algorithm, we chose parameters { = 4 to match the slow time frames, which leads to T' = 40 and
A = 0.1. We evenly sampled ¢; from the range [0,0.5] and chose the rank to be r = 5. For the baselines,
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Figure 8: fMRI reconstruction results, where each frame was masked by a 50% sampled k-space mask. Both
our algorithm and AltMin used a subspace dimension of » = 5, with the data-sharing method used for
initialization. Figure 18 presents difference images between the methods and the reference images to more
clearly illustrate each algorithm’s performance.

we considered zero-filled reconstructions, data sharing, and 2r-AltMin. For data sharing, we identified the
nearest data sample that contained the observed row and used it to impute the missing row for each frame.
We do not include results for r-AltMin, as it was generally superseded by 2r-AltMin. For both AltMin
and our algorithm, we used the zero-filled method as the initial starting point for our algorithm. This is to
investigate if we can improve upon the nearest-neighbors method by enforcing the low-rank structure. Both
algorithms were run until the change in the NRMSE between two successive iterations were less than 1076,
unless otherwise stated.

Figure 8 shows that the geodesic model significantly improved upon the nearest-neighbors method and
achieved the lowest NRMSE scores. On the other hand, while 2r-AltMin improved upon the initial point,
there exist some time frames in which it performed worse. Appendix B.2 provides additional fMRI experi-
ments, particularly on dynamic Shepp-Logan phantoms. Here, we expect AltMin to perform best since the
Shepp-Logan phantoms have an ezact (planted) low-rank structure. Nonetheless, our method performed
closely to AltMin, highlighting the ability of our approach to reconstruct fMRI data.
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Measurements Reference 2r-GNMR 2r-AltMin r-Geodesic

PSNR = 23.39 dB PSNR = 20.04 dB PSNR = 26.80 dB

PSNR = 25.39 dB PSNR = 27.60 dB PSNR = 29.05 dB

Figure 9: Visual results with corresponding PSNRs for a single frame of the mouse and plane video dataset
with Gaussian noise with standard deviation oy = 0.01. Top: Mouse frame with 50% missing pixels at
random for r = 5. Bottom: Plane frame with 60% missing pixels at random for r = 3.

Video Data Experiments. We considered two video datasets: a video of a mouse moving towards a
camera and the plane video from Section 5.1. The mouse video has a total of 90 frames, each with dimensions
(70 x 100). This video was also used in earlier works (Nayer et al., 2020; Kwon et al., 2022). Our goal was
to see if we can improve upon the globally low-rank methods by incorporating a temporal component. Since
these videos are neither exactly low-rank nor lie on a geodesic, we do not expect perfect recovery.

For the mouse video dataset, we consider the noisy matrix completion setting, in which approximately 50%
of the pixels in each frame are missing and corrupted with Gaussian noise of o, = 0.01. For the plane video
dataset, we observe only 40% of the data, also with o, = 0.01. Alongside AltMin, we consider the baseline
GNMR (Zilber & Nadler, 2022), a matrix recovery algorithm based on Gauss-Newton linearization. For
GNMR, we also vectorize and stack all the frames to construct a single matrix. We picked the ranks to be
r = 3,5, where for our algorithm we set ¢ = r — 1. This was to emphasize the fact that our algorithm can
handle the case in which ¢ < r. We evenly sample the timesteps ¢; € [0.3,0.7] and set A = 0.01.

Figure 9 displays frames from both video data experiments. Intriguingly, we observe that our algorithm
is less prone to the “blurring” effects commonly seen in models that use low-rank approximations. For
example, in the bottom row of Figure 9, the plane appears less blurry with our algorithm, especially in the
areas highlighted by the red box. We see similar results in the mouse frame, where the mouse is clearly
more prominent using our algorithm. In Table 1, we present quantitative results across all frames for our
algorithm and the baselines. Overall, our algorithm outperforms the others in terms of PSNR and RMSE
across different ranks. However, in some trials, 2r-AltMin slightly surpasses our algorithm in RMSE. We
believe this is due to slightly more noise or “speckles” in the frames reconstructed by our algorithm. This
highlights a tradeoff: when the dataset does not lie on a geodesic, our algorithm more accurately captures
the object of interest but may introduce additional noise, since it estimates more parameters than a static
model.

6 CONCLUSION AND FUTURE WORK

This work proposed an RBMM algorithm for estimating low-dimensional, time-varying data from under-
sampled measurements. Our algorithm constrains the time-varying subspaces to follow a geodesic on the
Grassmannian. We demonstrated that our algorithm can effectively handle measurement noise and missing
data compared to existing baselines in both synthetic and real settings. We also showed that our algo-
rithm enjoys two convergence properties: a monotonically decreasing objective function and convergence to
a stationary point in O(e~?), where € > 0 is an error term representing the norm of the gradients for each
block.
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There are several exciting avenues for future work. While our experiments demonstrated that our model
and algorithm are already useful and applicable to real data, it would be of interest to develop a continuous
piecewise-geodesic model rather than the single geodesic considered here. This extension may improve
applicability across a wider range of data types, and our work provides a key building block toward such
a piecewise model. Furthermore, for fMRI data, the measurements are intrinsically tensor-valued, whereas
our current approach vectorizes each image for reconstruction. Extending our algorithm to the tensor case
could better exploit spatial structure for faster and more accurate reconstruction.
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