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Abstract

We study algorithms for construction of compos-
able coresets for the task of Determinant Max-
imization under partition constraint. Given a
point set V ⊂ Rd that is partitioned into s groups
V1, · · · , Vs, and integers k1, ..., ks, where k =∑

i ki, the goal is to pick ki points from group Vi

such that the overall determinant of the picked k
points is maximized. Determinant Maximization
and its constrained variants have gained a lot of
interest for modeling diversity, and have found
applications in the context of data summariza-
tion. When the cardinality k of the selected set
is greater than the dimension d, we show a peel-
ing algorithm that gives us a composable coreset
of size kd with a provably optimal approxima-
tion factor of dO(d). When k ≤ d, we show a
simple coreset construction with optimal size and
approximation factor. As a further application of
our technique, we get a composable coreset for
determinant maximization under the more gen-
eral laminar matroid constraints, and a compos-
able coreset for unconstrained determinant maxi-
mization in a previously unresolved regime. Our
results generalize to all strongly Rayleigh dis-
tributions and to several other experimental de-
sign problems. As an application, we improve
the runtime of the practical local-search based
algorithm of [Anari-Vuong–COLT’22] for deter-
minantal maximization under partition constraint
from O(n2sk2

s

) to O(nk2
s

), making it only lin-
ear on the number of points n.

1 INTRODUCTION

Determinant maximization is a fundamental optimization
problem that arises in various domains such as data sum-
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marization, experimental design, computational geometry,
and machine learning. At its core, the problem involves
selecting a subset of items, typically vectors, such that the
selected set is as diverse or informative as possible. A com-
mon way to quantify this diversity is via the determinant of
a submatrix derived from the selected vectors.

Before formally defining the problem, let us start by re-
calling the notation detk, a generalization of the standard
determinant.

Definition 1 (detk). Given a d× d matrix M ∈ Rd×d and
k ≤ d, detk(M) denotes the sum of determinants of all
k × k principal submatrices of M :

det
k
(M) =

∑
|S|=k

det(MS,S),

where MS,S is the principal sub-matrix indexed by S ⊆ [d].

Given a collection of n vectors V = {v1, · · · , vn} in Rd,
and a target subset size k (not necessarily smaller than d),
the determinant maximization problem seeks a subset S ⊆
[n], |S| = k, that maximizes the quantity

ϕ(S) := det
min{k,d}

(L(S))

where L(S) := ASA
⊺
S =

∑
i∈S viv

⊤
i ∈ Rd×d and AS

is the d × k matrix whose columns are the vectors vi for
i ∈ S.

Geometrically, if k ≤ d, the objective function is equal to
the volume squared of the parallelepiped spanned by the se-
lected vectors. In this setting, the best approximation guar-
antee is ek Nikolov (2015), which is essentially tight Civril
and Magdon-Ismail (2013) unless P = NP.

On the other hand, if k > d, the objective can be rewritten
as det(A⊺

SAS), and problem is known as the D-optimal de-
sign problem. The best known approximation algorithm in
this regime achieves a factor of min{ek, ( k

k−d )
d}, which is

always at most ≤ eO(d) and becomes a constant when for
example k ≥ d2 Madan et al. (2019).

Due to its connection with subset diversity, determinant
maximization and its variants have been widely used in
modern data analysis, particularly for summarization tasks
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where one aims to select a compact, informative, and rep-
resentative subset from large-scale data, and thus stud-
ied extensively over the last decade Mirzasoleiman et al.
(2017); Gong et al. (2014); Kulesza et al. (2012); Chao
et al. (2015); Kulesza and Taskar (2011); Yao et al. (2016);
Lee et al. (2016).

Determinant Maximization under partition and ma-
troid constraints. Diversity maximization problems, in-
cluding determinant maximization, have been studied ex-
tensively under partition and more generally under matroid
constraints Madan et al. (2020); Nikolov and Singh (2016);
Abbassi et al. (2013); Moumoulidou et al. (2020); Addanki
et al. (2022); Mahabadi and Trajanovski (2023). These
constraints are important in real-world applications where
certain fairness or grouping criteria must be respected. In
the simpler case of a partition constraint, the data set V is
partitioned into s groups V1, · · · , Vs and we are provided
with s numbers k1, · · · , ks, and the goal is to pick ki points
from each group i such that the overall determinant (or
more generally diversity) of the chosen k =

∑
i ki points

is maximized. This setting allows for fine-grained control
over the contribution of each group in the selected sum-
mary: for example, limiting the number of movies from
each genre in a recommendation system, and has further
applications in the context of fair and balanced data sum-
marization (see e.g. Mahabadi and Trajanovski (2023)).
More generally, given a matroid ([n], I) of rank k, the
problem of finding a basis of the matroid that maximizes
the determinant admits a min{kO(k), dO(d)} approxima-
tion, and it improves to min{eO(k), dO(d)} for the estima-
tion problem where the goal is to only estimate the value
of the optimal solution Madan et al. (2020); Nikolov and
Singh (2016); Brown et al. (2022b,a).

Composable Coresets. As one of the main applica-
tions of determinant maximization is in data summariza-
tion, the problem has been considered extensively in mas-
sive data computation models Mirzasoleiman et al. (2017);
Wei et al. (2014); Pan et al. (2014); Mirzasoleiman et al.
(2013, 2015); Mirrokni and Zadimoghaddam (2015); Bar-
bosa et al. (2015). In this work, we focus on designing com-
posable coreset for determinant maximization. A Coreset
is a small subset of the data that is sufficient for comput-
ing an approximate solution to a pre-specified optimization
problem on the whole dataset Agarwal et al. (2005). More
specifically, we present a summarization algorithm A that,
given a data set V , produces a subset of V . Moreover, we
want our coresets to be composable Indyk et al. (2014):
that is if we have multiple datasets V (1), · · · , V (m) (note
that in the context of, e.g., a partition constraint, each data
set V (i) is itself partitioned into groups V

(j)
1 , · · · , V (j)

s ),
then the union of coresets A(V (1))∪· · ·∪A(V (m)) should
be sufficient for computing an approximate solution for the
union of the datasets V (1)∪ · · ·∪V (m) (see Section 2.3 for
a formal definition).

As shown in Indyk et al. (2014), having a composable core-
set for an optimization task automatically yields a solution
for the same task in several massive data models including
distributed/parallel and streaming models. For example,
in a distributed setting where the whole data is partitioned
over multiple machines, each machine can compute a core-
set for its own data, and only send this small summary to a
single aggregator. The aggregator then processes the union
of the summaries and outputs the solution. Due to their ap-
plications, several works have focused on designing com-
posable coresets for determinant maximization, and more
broadly, diversity maximization, over the past decade In-
dyk et al. (2014, 2020); Mahabadi et al. (2019); Mirrokni
and Zadimoghaddam (2015); Moumoulidou et al. (2020);
Ceccarello et al. (2018, 2020); Zadeh et al. (2017); Ma-
habadi and Narayanan (2023); Mahabadi and Trajanovski
(2023).

Prior work. Composable coresets have been designed
for the unconstrained determinant maximization problem.
More precisely, for k ≤ d, one can get a kO(k)- approxi-
mate coreset of size O(k), which is also known to be tight
Indyk et al. (2020); Mahabadi et al. (2019) (see the first
row of Table 1). Furthermore, for k ≥ d, if the solution
is allowed to pick vectors from V with repetition (which
we refer to as the “with-repetition” setting), then Mahabadi
et al. (2019) gives a coreset of size Õ(d) with approxima-
tion factor Õ(d)d (Second row of Table 1). However, the
case where the solution is required to pick distinct points
from V (also known as the “without-repetition” setting) re-
mains open: when k ≫ d, Mahabadi et al. (2019)’s size-
Õ(d) coreset clearly does not contain enough points to con-
struct a solution that consists of k distinct points. Determi-
nant maximization in the without-repetition setting is gen-
erally harder and has received significantly more interest
than the with-repetition setting (see Madan et al., 2019; Lau
and Zhou, 2021; Brown et al., 2022b), as its solution often
provides a much better summary of the original dataset 1.

1.1 Our Results

In this work, we establish the following contributions.

Algorithms. A summary of our coreset construction algo-
rithms is provided in Table 1.

1Consider the following illustrative example. Suppose d = 2
and the data set V consists of v1 ≡ Me1, v2 ≡ Me2, v3, . . . , vn
where e1, e2 are standard basis vectors and v3, · · · , vn are arbi-
trary vectors in R2. For large enough M, the coreset C of V for
k ≥ 2 in the ”with repetition” setting will only contain the 2 vec-
tors v1 and v2, since the set consisting of k/2 copies of v1 and of
v2 has the biggest possible determinant. But we cannot say that
this set is a good summary of the data set since we ignore the in-
formation provided by v3, . . . , vn. On the other hand, a coreset
for k ≥ 2 in the ”without repetition” setting would necessarily
consider the remaining vectors v3, . . . , vn, and thus is a better
representation of the data set.
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Table 1: Our upper bound results on composable coresets for
determinant maximization. Here s is the number of groups in the
partition constraints. Note that the third row follows from our
results on partition constraint but we spell it out to compare to the
previous result.

size approx. constraint

k ≤ d k O(k)2k
cardinality

Indyk et al. (2020)
Mahabadi et al. (2019)

k ≥ d Õ(d) Õ(d)2d
cardinality

(with repetition)
Indyk et al. (2020)

k ≥ d kd d2d
cardinality

(w.o. repetition)
This work

k ≤ d sk k2k
partition

This work

k ≥ d kd d2d
partition

This work

k ≤ d k2k k2k
laminar

This work

k ≥ d (kd)k d2d
laminar

This work

• In Section 3, we construct coresets for unconstrained
determinant maximization in the without-repetition
setting (third row in Table 1), previously left open in
prior work.

• In Section 4, we develop efficient composable core-
sets for determinant maximization under partition and
laminar matroid constraints, as shown in rows 4–7
of Table 1, and verified in Theorem 26. Our results
extends to Strongly Rayleigh distributions (see Theo-
rem 24), and are obtained via an improved exchange
inequality for determinant when k > d.

• In Appendix C (Theorem 36),we demonstrate an ap-
plication of our results to design composable coresets
for a broader class of experimental design problems in
the without-repetition setting, for all regular objective
functions. This complements the result of Indyk et al.
(2020) for experimental design in the with-repetition
setting.

Lower bounds. We complement our results with the fol-
lowing lower bounds shown in Appendix B.

• In Lemma 28, we show that for k ≤ d, any com-
posable coreset for determinant maximization under
partition constraint with a finite approximation fac-
tor must have size at least Ω(sk). This shows that
our construction (fourth row in Table 1) is essentially
tight, since our approximation factor matches that of
Indyk et al. (2020) for the unconstrained version of the
problem, which is known to be tight.

• In Lemma 29, we show that for k ≥ d, any compos-
able coreset for the problem under partition constraint
with a finite approximation factor must have size at
least k + d(d − 1). This partially complements our
result in the fifth row of Table 1, and shows that for
k = O(d), our coreset size cannot be improved. We
leave it as future work to find the tight coreset size
when k = ω(d).

• In Theorem 31, we prove that for d ≤ k ≤ poly(d)
and coreset of polynomial size in k, the approxima-
tion factor of dO(d) is essentially the best possible for
the unconstrained determinant maximization problem
in the without-repetition setting. This matches the ap-
proximation factor of our construction in the third row
of Table 1.

We leave the question of improving the coreset size of the
laminar matroid case (or proving a lower bound) to future
work.

Application. Our coreset can be constructed in essentially
linear time in n, the number of data points. Hence, by first
constructing a coreset then applying any standard determi-
nant maximization algorithm on the coreset, we obtain an
algorithm for the determinant maximization problem un-
der partition constraint that runs in time O(npoly(k)) (see
Lemma 27). Thus, if we use the multi-step local search al-
gorithm by Anari and Vuong (2022) for determinant maxi-
mization under partition constraint, then we obtain a prac-
tical local-search-based algorithm whose runtime improves
from O(n2sk2

s

) in Anari and Vuong (2022) to O(nk2
s

)
where s is the number of parts in the partition.

1.2 Roadmap

We give an overview of our approach in Section 1.3. Sec-
tion 2 contains the preliminaries. In Section 3, we give
our results for the unconstrained version of the problem
and present our peeling algorithm. We then use our peel-
ing algorithm in Section 4 to get composable coresets for
the problem under the partition and laminar matroid con-
straints. Deferred proofs are presented in Appendix A. Fi-
nally, we present our lower bound results in Appendix B,
and our results on other experimental design problems in
Appendix C.

1.3 Overview of the Techniques

Let us give a brief overview of our approach. Consider a set
of vectors V = {v1, · · · , vn} ⊆ Rd. As mentioned earlier,
when k ≤ d, the objective function for any subset T ∈(
[n]
k

)
defined as ϕ(T ) = detk(

∑
i∈T viv

⊺
i ) corresponds to

the square of the volume spanned by the vectors in VT :=
{vi | i ∈ T}. Mahabadi et al. (2019) showed that in this
setting, any local maximum U ⊆ V of size k with respect
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to detk(·) approximately preserves the k-directional height
of the set V . More precisely, for any set VS ⊂ Rd of k
vectors and any v ∈ VS ∩ V, one can replace v with some
u in U so that the distance d(u,H) from u to the (k − 1)-
dimensional subspace H spanned by VS \ {v} is at least
1
k · d(v,H). Thus

k2 det
k
(uu⊺ +

∑
w∈VS\{v}

ww⊺) ≥ det
k
(
∑
w∈VS

ww⊺).

Thus, all elements of VS can be successively replaced by
elements of U while only incurring a factor kO(k) increase
in the objective function detk(·) and thus U is a kO(k) com-
posable coreset w.r.t. det(·).

Generalization of directional height. In this work, we
extend the notion of directional height to the regime where
k ≥ d. We show that for any local maximum U of size d
with respect to det(·), the following holds: For any index
set S ⊆ [n] of size k, and letting VS = {vi : i ∈ S} and
v ∈ VS ∩ V , there exists u ∈ U s.t.

det(d2uu⊺ +
∑

w∈VS\{v}

ww⊺) ≥ det(
∑
w∈VS

ww⊺)2.

This already implies that U forms a dO(d)-composable
coreset for determinant maximization in the with-repetition
setting, i.e., when the selected subset is allowed to contain
duplicate vectors.

The without-repetition setting. The without-repetition
case is more delicate, as we must ensure that (VS \ {v}) ∪
{u} is a proper subset, i.e., u ̸∈ VS \ {v}. To handle this,
we apply the idea of peeling coresets, previously used for
constructing robust coresets that tolerate outliers Agarwal
et al. (2008); Abbar et al. (2013). Our construction repeat-
edly peels away local optimum solutions from the input set,
and takes the union of all the peeled local optimums to be
the final coreset. By the pigeon hole principle, for any set
VS not fully contained in the final coreset, there exists at
least one peeled-away local optimum that is disjoint from
VS . Consequently, we can replace an element of VS by an
element inside this local optimum without creating a mul-
tiset.

Partition and laminar constraints. For determinant max-
imization under partition constraint, our coreset construc-
tion is simple and intuitive when k ≤ d: we take the union
of the coresets for each partition part. When k ≥ d, we
construct a coreset of size kd with approximation factor
dO(d) by taking the union of the peeling coresets for each
part of the partition. For the laminar matroid constraint
case, we apply the peeling coreset idea to ensure that for
any subset VS satisfying the laminar constraint, there exists
one peeled-away subset U s.t. replacing an element of VS

by an element of U will not violate the laminar constraint.
2This is precisely ϕ(T ) = detmin{k,d}(·) when k ≥ d.

Strongly Rayleigh distributions. The fixed-size determi-
nantal point processes (DPP), a distribution over subsets(
[n]
k

)
defined by Pr[S] ∝ det(S), belongs to the class

of Strongly Rayleigh distributions (see Section 2.5 for de-
tails). All of our results readily extend to maximum a pos-
teriori problems, i.e., find argmaxS µ(S) for any strongly
Rayleigh objective functions µ(·). This is because our
proof relies only on an exchange inequality which is sat-
isfied by all strongly Rayleigh distributions. Exchange
inequalities offer a unifying framework for analyzing our
coreset constructions across all settings. To the best of our
knowledge, this is the first work to leverage exchange in-
equalities in the context of coreset construction.

Experimental design. Our construction also applies to ex-
perimental design problems with respect to other, not nec-
essarily strongly Rayleigh, objective functions, such as ma-
trix traces (A-design) or condition number (E-design). By
replacing the base-level building blocks in our construc-
tion, i.e., the local optimum w.r.t. det(·), with spectral
spanners Indyk et al. (2020), we can guarantee that the
union of the coresets contains a feasible fractional solu-
tion as a combination of input vectors that achieves a good
value. However, the algorithm to round the fractional so-
lution to an integral solution under matroid constraint only
exists in limited cases of objective function other than the
determinant.

Lower bounds. For lower bound on the size of composable
coreset for determinant maximization under partition con-
straint, when k ≤ d, we show that any coreset that achieves
a finite approximation factor must include at least k vec-
tors from each part of the partition constraints P1, · · · , Ps,
leading to a coreset size of sk. To see why, suppose U is a
coreset for a dataset Q, and suppose that |U ∩P1| ≤ k− 1.
Consider a new dataset Q′ consisting of vectors of arbitrar-
ily large norm that all lie in span(U), which has dimension
≤ k − 1. Moreover, we assume that Q′ consists of k2 vec-
tors in P2, k3 vectors in Q3,..., and ks vectors in P3, so that
selecting all vectors in Q′ saturates the partition constraints
in parts P2, · · · , Ps. In the combined dataset Q ∪ Q′, the
determinant maximizer will select all vectors in Q′ (since
their norms dominate those in Q) and at least one vector in
Q lying outside span(U). However, in the combined core-
set U ∪Q′, any maximizer in U ∪Q′ must either (1) drop
some vectors in Q′, which leads to a much smaller determi-
nant or (2) takes all vectors in Q′, and the vectors in U ∩P1

(since Q′ saturates the constraint in P2, · · · , P2), forcing
the chosen set to lie entirely in a (k − 1)-dimensional sub-
space, and thus has determinant 0.

When k ≥ d, we show an analogous result: any such core-
set must include at least d vectors from at least d d parts of
the partition. Finally, to prove that the approximation fac-
tor of dO(d) is the best possible when poly(d) ≥ k ≥ d,
we use a similar construction as the one used in Indyk et al.
(2020)’s lower bound for the approximation factor when
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k ≤ d.

2 PRELIMINARIES

Let [n] denote the set {1, · · · , n}. For a set U, we use
(
U
k

)
to denote the family of all size-k subsets of U. For a set V
of vectors {v1, · · · , vn} and S ⊆ [n], we use VS to denote
the set {vi | i ∈ S}. For sets U,W, we use U + W and
U−W to denote U ∪W (union) and U \W (set-exclusion)
respectively. For singleton subsets, we abuse notation and
write U − e (U + e resp.) for U − {e} (U + {e} resp.).

For a matrix M ∈ Rn×n and S ⊆ [n], we use MS to denote
the principal submatrix of M whose rows and columns are
indexed by S. We use S+d to denote the set of all symmetric
positive semi-definite matrices in Rd×d.

Definition 2 (Local optima). For a function µ :
(
[n]
k

)
→

R≥0 and ζ ≥ 1, we say U is an ζ-approximate local optima
of µ iff ζµ(U) ≥ maxe∈U,f∈[n]\U µ(U − e+ f).

When ζ = 1, we simply refer to U as a local optima.

2.1 Matroids

We say a family of sets B ⊆
(
[n]
k

)
is the family of bases

of a matroid if B satisfies the basis exchange axiom: for
any two bases B1, B2 ∈ B and x ∈ B1 \ B2, there exists
y ∈ B2 \B1 such that B1 − x+ y ∈ B. We call k the rank
of the matroid, and [n] the ground set of the matroid. We
let the family of independent sets of the matroid be I =
{I ∈ 2[n] | ∃B ∈ B : I ⊆ B}.

The family
(
[n]
k

)
of all size-k subsets of [n] forms the set

of bases of the uniform matroid of rank k over [n]. We de-
fine two simple classes of matroids that are widely used in
applications.

Definition 3 (Partition matroid). Given a partition of [n]
into P1, · · · , Ps and integers k1, · · · , ks, the associated
partition matroid is defined as follows. We say a set I ⊆ [n]
is independent iff |I ∩ Pi| ≤ ki, for ∀i ∈ [s]. The rank of
the matroid is k :=

∑s
i=1 ki.

Definition 4 (Laminar matroid). A family F of subsets of
[n] is laminar iff for any F1, F2 ∈ F either F1 and F2

are disjoint or F1 contains F2 or F2 contains F1. Given a
laminar family F and integers kF for each F ∈ F , the
associated laminar matroid is defined by: a set I ⊆ [n] is
independent iff |I ∩ F | ≤ kF for ∀F ∈ F . The maximal
independent sets have the same cardinality k, and they form
the bases of the laminar matroid.

We assume that kF > 0, for ∀F ∈ F , otherwise we can
remove the set F from F and all elements in F from the
ground set. For two sets F1, F2 in F s.t. F1 ⊆ F2, we can
assume kF2

> kF1
, otherwise the constraint on I ∩ F1 is

redundant and F1 can be removed from the laminar family.
We call such a laminar family non-redundant.

2.2 Determinant Maximization and Experimental
Design Problems

Given vectors v1, · · · , vn ∈ Rd and a matroid M =
([n], I), determinantal point processes (DPP) under ma-
troid constraint samples a basis S ⊆ [n] of M such that

Pr[S] ∼ det
min{k,d}

(
∑
i∈S

viv
⊺
i ).

This distribution favors diversity, since sets of vectors that
are more linearly independent (i.e., different from each
other) are assigned higher probabilities. The fundamen-
tal optimization problem associated with DPPs, and proba-
bilistic model in general, is to find a ”most diverse” subset
by computing argmaxS is a basis of M Pr[S] i.e. solving the
maximum a posteriori (MAP) inference problem.

When the matroid is the uniform matroid, we simply refer
to the problem as the determinant maximization problem.

When k ≤ d, Pr[S] is proportional to the squared volume
of the parallelepiped spanned by the elements of S. Thus
MAP-inference for DPPs is also known as the volume max-
imization problem.

Determinant maximization is also known as the D-design
problem, since the objective function is the (D)eterminant.
Other objective functions have also been studied, for ex-
ample, matrix traces (A-desing) or condition number (E-
design). We discuss these different objective functions in
more details in Appendix C.

The setting where S is allowed to be a multiset has also
been studied. This is known as the experimental design
problem with-repetition Allen-Zhu et al. (2017); Madan
et al. (2019), as opposed to the without-repetition setting
where S needs to be a proper subset. The with-repetition
setting is generally easier: it can be reduced to the without-
repetition setting by duplicating each vector k times.

2.3 Composable Coresets

In the context of the optimization problem on µ :
(
[n]
k

)
→

R≥0, a function c that maps any set V ⊆ [n] to one of
its subsets is called an α-composable coreset (Indyk et al.
(2014)) if it satisfies the following condition: given any
collection of m sets V (1), · · · , V (m) ⊆ [n]

α ·max{µ(S) | S ⊆
m⋃
i=1

c(V (i))}

≥max{µ(S) | S ⊆
m⋃
i=1

V (i)}

If we are further given a matroid M = ([n], I) to satisfy,
we additionally require S to be a basis of M in both sides
of the above inequality. Finally, we say that c is a coreset
of size t if |c(V )| ≤ t for all sets V . Composable coresets
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are very versatile; once a composable coreset is designed
for a task, it automatically imples efficient streaming and
distributed algorithms for the same task.

2.4 Directional Height

For this subsection let k ≤ d.

Definition 5 (Directional height and k-directional height
Mahabadi et al. (2019)). For a set V ⊆ Rd of vectors
and a unit vector x, the directional height of V w.r.t. x
is h(V, x) = maxv∈V |⟨v, x⟩|.

The k-directional height of V w.r.t. a (k − 1)-dimensional
subspace H is h(V,H) = maxv∈V,x∈H⊤ |⟨v, x⟩| where
H⊤ is the (d − k + 1)-dimensional subspace perpendic-
ular to H.

Theorem 6 (Coreset for k-directional height Mahabadi
et al. (2019)). Let k ≤ d and V ⊆ Rd. Then any size
k local optimum U w.r.t. det(·) inside V approximately
preserves the k-directional height. That is, for any (k−1)-
dimensional subspace H

h(U,H) ≥ 1

k
h(V,H).

2.5 Strongly Rayleigh Distribution and Exchange
Inequalities

Let ν :
(
[n]
ℓ

)
→ R≥0, be a distribution over size-ℓ subsets

of [n]. Its generating polynomial is defined as

gµ(z1, · · · , zn) =
∑

S∈([n]
ℓ )

ν(S)
∏
i∈S

zi.

Definition 7 (Strongly Rayleigh). A distribution ν :(
[n]
ℓ

)
→ R≥0 is strongly Rayleigh (or real-stable) if its

generating polynomial gν has no roots in the upper-half of
the complex plane. That is, gν(z1, · · · , zn) ̸= 0, if for
∀i : Im(zi) > 0.

Strongly Rayleigh distributions satisfy the following ex-
change inequality, which implies that for any local opti-
mum subset U (w.r.t. a strongly Rayleigh distribution ν),
and any set W ∈ supp(ν), we can replace an element of
W for an element of U while approximately preserving the
value of ν(·). This property will later be used to show that
U can serve as a coreset by successively replacing all ele-
ments of W with elements of U without significantly losing
the objective value.

Lemma 8. Exchange inequality (Anari et al., 2020,
Lemma 26) Let ν :

(
[n]
ℓ

)
→ R≥0 be a strongly Rayleigh

distribution. Let V ⊆ [n] be an arbitrary subset. For
ζ ≥ 1, let U ⊆ V be a ζ-local optimum w.r.t. ν, and as-
sume ν(U) ̸= 0. Then for any W ∈

(
[n]
ℓ

)
, and e ∈ W \ U

ν(W )ν(U) ≤ ℓ ·
∑

j∈U\W

ν(W − e+ j)ν(U + e− j)

In particular, if e ∈ V , then by approximate local optimal-
ity of U within V , we have

ν(W ) ≤ ζℓ ·
∑
j∈U

ν(W −e+j) ≤ (ζℓ)2 ·max
j∈U

ν(W −e+j)

where we implicitly understand that if j ∈ W − e then
W − e+ j is not a proper set, and ν(W − e+ j) = 0.

In the context of determinant maximization with given in-
put vectors v1, · · · , vn ∈ Rd, for any k ≤ d, ν(S) =
detk(

∑
i∈S viv

⊺
i ) defines a strongly Rayleigh distribution

over subsets S ∈
(
[n]
k

)
Borcea et al. (2009); Anari et al.

(2016).

3 UNCONSTRAINED CASE: PEELING
CORESET

As mentioned in the overview of the techniques, if U is a
composable coreset for V with respect to the function µ(·),
then for any set S, we can replace any element in S ∩ V
with an element of U while not significantly reducing µ(·).
We formalize this intuition with the following definition.

Definition 9 (Value-preserving set). Given µ̃ : [n]k →
R≥0 and V ⊆ [n], we say U ⊆ V is value-preserving
with respect to µ̃ if for any S ∈

(
[n]
k

)
and e ∈ S ∩ V, there

exists f ∈ U \ (S − e) s.t. µ̃(S) ≤ µ̃(S − e+ f).

The next lemma shows the relationship between value-
preserving sets and composable coresets.

Lemma 10. Suppose functions µ, µ̃ :
(
[n]
k

)
→ R≥0 satisfiy

that µ(S) ≤ µ̃(S) ≤ αµ(S) for all S, and let c be a coreset
map c such that U := c(V ) ⊆ V is value-preserving with
respect to µ̃. Then c gives an α-composable coreset with
respect to µ.

Proof. Consider a collection of datasets V (1), · · · , V (m),
let Ui := c(V (i)) for ∀i ∈ [m], and let S be an arbi-
trary size-k subset of

⋃m
i=1 V

(i). Since each Ui is value-
preserving w.r.t. µ̃, for any e ∈ S ∩ V (i), we can replace e
with f ∈ Ui \ (S − e) while keeping µ̃(·) non-decreasing.
Thus, we successively replace E := S \

⋃m
i=1 Ui with

L ⊆
⋃m

i=1 Ui while ensuring that

µ̃(S) ≤ µ̃(S − E + L)

Moreover, S − E + L ∈
⋃m

i=1 Ui and

µ(S) ≤ µ̃(S) ≤ µ̃(S − E + L) ≤ αµ(S − E + L).

By choosing S such that µ(S) = max{µ(S′) | S′ ⊆⋃m
i=1 V

(i), |S′| = k} we get the desired conclusion.

We now show that an (approximate) local optima with re-
spect to det(·) is value preserving for suitably chosen func-
tions. When k ≤ d, Mahabadi et al. (2019) shows that
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any size-k local optimum U with respect to det(·) approxi-
mately preserves k-directional height (see Theorem 6), and
hence is a value-preserving set with respect to µ̃, where µ̃
is defined by

µ̃(S) = det
k
(
∑
i∈S

k1[i∈U ]viv
⊺
i )

This is easy to see since for |S| = k ≤ d, as µ(S) =
detk(

∑
v∈S vv⊺) is precisely the square of the volume

spanned by vectors in S, i.e., µ(S) = Vol2({vi|i ∈ S})
and µ̃(S) = k2|U∩S|Vol2({vi|i ∈ S}).

Below, we show that for k ≥ d, a size-d local optimum U
is value-preserving with respect to µ̃ defined by

µ̃(S) = det(
∑
i∈S

d2×1[i∈U ]viv
⊺
i )

=
∑

W∈(Sd)

d2|W∩U | det(
∑
i∈W

viv
⊺
i ).

(1)

where the second equality is due to Cauchy-Binet’s for-
mula, i.e., k ≥ d and |S| = k.

µ(S) = det(
∑
i∈S

viv
⊺
i ) =

∑
W∈(Sd)

det(
∑
i∈W

viv
⊺
i )

We can generalize this setting by considering ν :
(
[n]
ℓ

)
→

R≥0
3 and µ :

(
[n]
k

)
→ R≥0 by

µ(S) =
∑

W∈(Sℓ)

ν(W ). (2)

We will assume that ν is strongly Rayleigh, and conse-
quently satisfies the exchange inequality in Lemma 8. Be-
cause Lemma 8 only applies to local optima with ν(S) > 0,
it is more convenient to work with a full-support distri-
bution, i.e., ν(S) > 0 for all S ∈

(
[n]
ℓ

)
. Fortunately, we

can approximate any strongly Rayleigh distribution ν with
a full-support strongly Rayleigh distribution a.k.a. strictly
real-stable distribution. In other words, for any ϵ > 0, there
exists a strongly Rayleigh distribution ν̃ :

(
[n]
ℓ

)
→ R≥0

such that for all S, ν̃(S) > 0 and |ν̃(S)−ν(S)| ≤ ϵ. More-
over, ν̃ can be efficiently computed given ν (see the main
theorem of Nuij (1968), (Brändén and Huh, 2019, Proof of
Proposition 2.2) and (Brändén, 2020, page 7)). We include
a formal statement, and leave the proof to Appendix A.

Proposition 11. Let ν :
(
[n]
ℓ

)
→ R≥0 be strongly Rayleigh.

For any ϵ > 0, there exists strongly Rayleigh ν̃ :
(
[n]
ℓ

)
→

R>0 such that |ν(S)− ν̃(S)| ≤ ϵ. for all S.

Remark 12. We remark that a O(1)-approximate local op-
tima of size ℓ w.r.t. det(·) can be found in time O(n ·

3For now think of ℓ as being equal to d, but more generally we
are introducing parameter ℓ to unify the two cases of k ≤ d and
d ≤ k.

poly(ℓ)) using a combination of simple heuristics such as
greedy and local search (also known as Fedorov exchange
algorithm). The same algorithmic result holds more gener-
ally for all strongly Rayleigh distributions ν :

(
[n]
ℓ

)
→ R≥0

(see Anari and Vuong, 2022; Anari et al., 2020, for details).

In the remainder of the paper, we will consider the prob-
lem of maximizing the function µ :

(
[n]
k

)
→ R≥0 under

a matroid constraint where µ(S) =
∑

W∈(Sℓ)
ν(W ) and

ν :
(
[n]
ℓ

)
→ R>0. We assume ν is strongly Rayleigh, which

implies that µ is also strongly Rayleigh. (see Appendix A
for the proof).

Proposition 13. For ν :
(
[n]
ℓ

)
→ R≥0 being strongly

Rayleigh and k ≥ ℓ, define µ :
(
[n]
k

)
→ R≥0 by

µ(S) =
∑

W∈(Sℓ)

ν(W )

then µ is also strongly Rayleigh.

Remark 14. This set-up of µ encompasses determinant
maximization for both cases of k ≤ d and k ≥ d. More
concretely, for the former case, we set ℓ = k, and for the
latter case, we set ℓ = d. We will explain this in more detail
in Theorem 26.

For some constant ζ ≥ 1 to be specified later, let ϕ(W ) =
(ζℓ)2|W∩U |. We define µ̃ : [n]k → R≥0 by:

µ̃(S) =
∑

W∈(Sℓ)

ϕ(W )ν(W )

This is the proper generalization of Eq. (1). We observe the
following simple fact.

Fact 15.
µ(S) ≤ µ̃(S) ≤ (ζℓ)2ℓµ(S).

Lemma 16. Let V ⊆ [n] and let U be a ζ-approximate
local optimum inside V with respect to ν, for ζ = O(1).
Then for any e ∈ (V ∩ S) \ U, there exists f ∈ U s.t.

µ̃(S) ≤ µ̃(S − e+ f).

See Appendix A for the proof.

3.1 The Peeling Algorithm

We have just shown how to exchange e ∈ (S ∩ V ) \ U for
f ∈ U while keeping µ̃ non-decreasing. However, we still
need to ensure that S − e + f is a proper set, i.e., ensure
that f ̸∈ S − e. To achieve this, we need a slightly more
elaborate coreset construction.

Definition 17 (Peeling coreset). Given V ⊆ [n], and a
number kV ≥ 1, define the (V, kV , ζ)-peeling coreset U
as follows:
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• Let U0 = ∅. For i = 1, · · · , kV , let Vi := V \⋃i−1
j=0 Uj , and let Ui ⊆ Vi be a ζ-approximate local

optimum w.r.t. ν inside Vi.

• Let U =
⋃kV

i=1 Ui.

Note that the Ui’s are disjoint and |U | ≤ kV ℓ. We further
remark that the peeling algorithm is a generic algorithm
and its runtime is simply kV times the runtime of finding
an approximately local optimum w.r.t. ν.

Lemma 18. The (V, kV )-peeling coreset U constructed in
Definition 17 is a value-preserving subset of V with respect
to µ̂ : [n]k → R≥0 defined as

µ̂(S) = 1[S ∈
(
[n]

k

)
∧ |S ∩ V | ≤ kV ]µ̃(S)

Proof. Fix S ∈
(
[n]
k

)
such that |S ∩ V | ≤ kV and e ∈

(S ∩ V ) \ U. Since S has at most kV − 1 elements inside4

U =
⋃kV

j=1 Uj , there exists some j ∈ [kV ] such that S ∩
Uj = ∅. Note that e ∈ (S∩V )\U ⊆ (S∩Vj)\Uj ,. Thus,
there exists f ∈ Uj such that µ̃(S) ≤ µ̃(S − e+ f). Since
S ∩ Uj = ∅, we are guaranteed that f is not in S − e.

Lemma 19. For V ⊆ [n] and ζ ≥ 1, the ζ-approximate
local optimum U w.r.t. µ is a value-preserving subset of V
w.r.t. µ̂ defined by µ̂(S) = (ζk)2|U∩S|µ(S).

Proof. We use the fact that µ is strongly Rayleigh, and
Lemma 8. For any S ∈

(
[n]
k

)
and e ∈ (S ∩ V ) \ U, there

exists j ∈ U \ S s.t.

µ(S) ≤ (ζk)2µ(S − e+ j)

Multiplying both sides by (ζk)2|U∩S| and using the fact
that |(S − e + j) ∩ U | = |S ∩ U | + 1 we have µ̂(S) ≤
µ̂(S − e+ j)

Lemma 20 (Composability of value-preserving subsets).
Consider datasets V (1), · · · , V (m) with Ui being a value
preserving subset of V (i) w.r.t. µ̃. Then U :=

⋃m
i=1 Ui is

a value-preserving subset of V :=
⋃m

i=1 V
(i) w.r.t. µ̃. See

Appendix A for the proof.

4 COMPOSABLE CORESETS FOR
PARTITION AND LAMINAR
MATROIDS

We construct composable coresets for determinant maxi-
mization under laminar matroid constraint. To build intu-
ition, we first describe composable coresets for the simpler
case of partition matroid. The idea is to build a peeling
coreset of suitable size for each part of the partition which
define the parition matroid.

4|S ∩ U | ≤ |(S ∩ V ) \ {e}| ≤ kV − 1.

As in section Section 3, given a matroid M with the set
of bases B, we consider the problem of maximizing µ(S)
(under matroid constraint) where µ(S) =

∑
W∈(Sℓ)

ν(W )

and ν :
(
[n]
ℓ

)
→ R≥0 is strongly Rayleigh. Let µM be the

restriction of µ to the set of bases of M i.e. µM(S) =
1[S ∈ B(M)]µ(S).

Definition 21. Consider a partition matroid M = ([n], I)
defined by the partition P1, · · · , Ps of [n] and k1, · · · , ks ∈
N. Fix constant ζ ≥ 1. For V ⊆ [n], the composable core-
set U for V w.r.t. µM is constructed as follows:

• When k > ℓ : U is the union of (V ∩Pi, ki, ζ)-peeling
coresets for each i ∈ [s], thus |U | = kℓ.

• When k = ℓ : U is the union over i ∈ [s] of the ζ-
approximate local optimum w.r.t. ν in V ∩ Pi, thus
|U | = sℓ = sk.

Lemma 22. The coreset constructed in Definition 21 has
an approximation factor of (ζℓ)2ℓ. See Appendix A for the
proof.

We generalize the above to all laminar matroids.

Definition 23. Consider a laminar matroid over the ground
set [n] defined by a laminar family F and the associated
integers (kS)S∈F . Fix constant ζ ≥ 1. For V ⊆ [n], the
coreset for V is constructed as follows:

1. For each maximal set F ∈ F , construct a coreset UF ⊆
V ∩ F by:

• Let D0 = ∅, V0 = V ∩ F. For i = 1, · · · , kS , let Ui

be the ζ-approximate local optimal w.r.t. ν in Vi =
Vi−1 \Di−1. For e ∈ Ui, let F e ∈ F be the maximal
proper subset of F containing e or {e} if no such F e

exists. Let Di :=
⋃

e∈Ui
F e. For each e ∈ Ui with

F e ̸= {e}, recursively construct a coreset UF e ⊆ V ∩
F e. Observe that if no proper subset of F is inside
F , then the coreset UF is precisely the (V ∩ F, kF )
peeling-coreset.

• The coreset for F is the union of all Ui and UF e for
e ∈ Ui.

2. The coreset U of V is the union of all coresets UF for
maximal sets F ∈ F and all elements e ∈ V that do not
belong to any set F ∈ F .

Theorem 24. Consider ν :
(
[n]
ℓ

)
→ R≥0 that is strongly

Rayleigh and µ :
(
[n]
k

)
→ R≥0 s.t.

µ(S) =
∑

W∈(Sℓ)

ν(W ).

Consider laminar matroid constraint M of rank k defined
by non-redundant family F with cover number r i.e.

r := max
e∈[n]

|{F ∈ F : e ∈ F}|.
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Definition 23 gives a (ζℓ)2ℓ-composable coreset w.r.t µ un-
der matroid constraint M of size at most (ζkℓ)r ≤ (ζkℓ)k.

Proof of the approximation factor. Let

µ̃(S) =
∑

W∈(Sℓ)

(ζℓ)2|W∩U |ν(W ).

U is a value-preserving subset of V w.r.t the restriction µ̃M
of µ̃ to the set of bases of the laminar matroid i.e. µ̃M(S) =
1[S ∈ B(M)]µ̃(S). This combined with Lemma 10 imme-
diately imply that U is a ℓ2ℓ-composable coreset w.r.t µM.

We only need to show that UF is value preserving for each
F ∈ F . Fix S ∈ B and h ∈ (S ∩ V ∩ F ) \ UF . We
claim that there exists f ∈ UF s.t. S − h + f ∈ B and
µ̂(S) ≤ µ̂(S − h+ f).

We prove this by induction on F. For the base case when F
has no proper subset inside F , then UF is the (V ∩ F, kF )
peeling-coreset, and the claim follows from Lemma 18. If
h ∈ Di for some i, then h must be contained in a proper
subset F e ∈ F of F where e ∈ Ui and F e ̸= {e}5 and
we can use the induction hypothesis. Now, assume h ̸∈ Di

for ∀i ∈ [kF ]. In particular, this means h ∈ VkF
⊆ · · · ⊆

V1 = V ∩F and Di and Ui are non-empty for all i ∈ [kF ].
Note that since Di’s are disjoint, and S contains at most
kF − 1 elements inside F, S ∩ Di = ∅ for some i. In
particular, S ∩Ui = ∅ and h ∈ (Vi∩S)\Ui, so Lemma 16
implies that there exists f ∈ Ui s.t. µ̂(S) ≤ µ̂(S − h +
f). Replacing h with f only affects the constraints for sets
F ′ ∈ F containing f. Consider such a set F ′. F ′ must be
contained inside Di by the definition of Di, thus S ∩ F ′ =
∅, and |(S − h + f) ∩ F ′| ≤ 1 ≤ kF ′ . We just verify that
S − h+ f is also a base of the laminar matroid, thus

µ̂(S − h+ f) = µ̃(S − h+ f) ≥ µ̃(S) = µ̂(S).

Proof of upper bound on the size of the coreset. For a set
H let rH := maxe∈H |{F ∈ F : F ⊆ H ∧ e ∈ F}|.
We show that |UF | ≤ (kF ℓ)

rF for each F ∈ F by induc-
tion on rF . For the base case rF = 1, we have |UF | = kF ℓ,
by Definition 17. Fix F ∈ F with rF ≥ 2 and suppose the
induction hypothesis holds for r < rF . Using the definition
of UF , we can bound

|UF | ≤
kF∑
i=1

|Ui|+
∑

e∈
⋃kF

i=1 Ui

|UF e |

≤(1) kF d+ (kF ℓ)(d max
F ′⊆F :F ′∈F

kF ′)rF−1

≤(2) (kF ℓ)
rF

5if F e = {e} then h = e ∈ Ui ⊆ UF , a contradiction

where in (1) we use the fact that rF e < rF since F e is a
proper subset of F, and in (2) we use

( max
F ′⊆F :F ′∈F

kF ′)rF−1 + 1 ≤ (kF − 1)rF−1 + 1 ≤ krF−1
F .

Thus the induction hypothesis holds for all r.

Suppose the maximal set(s) in F are F1, · · · , Ft, and let
R := [n] \

⋃t
i=1 Ft. Then the rank of the laminar matroid

is k = |R|+
∑t

i=1 kFt
, and

|U | = |R ∪
t∑

i=1

UFt
| ≤ |R|+

t∑
i=1

(kFt
ℓ)r ≤ (kℓ)r.

Remark 25. For any laminar family F of rank k, we can
construct a dO(d)-coreset of size |F|dk by taking the union
of all value-preserving subsets of V ∩(F\

⋃
F ′⊆F,F ′∈F F ′).

However, the size of the coreset might be as bad as linear
in n. Indeed, consider the laminar family defined by: Fi =
{2i + 1, 2i + 2}, kFi

= 1 for ∀i ∈ [n/2] and F0 = [n],
kF0

= k then Definition 23 gives a coreset of size6 ≤ k2d2

whereas the naive construction gives a coreset of size ≥
(n/2)d.

We immediately obtain the following corollary about de-
terminant maximization under matroid constraints.

Theorem 26. For the determinant maximization matroid
constraints with input vectors v1, · · · , vn ∈ Rd, we obtain
the following results:

1. Partition matroid defined by partition P1, · · · , Ps of [n],
Definition 21 gives:

• For k ≤ d : k2k-composable coreset of size O(sk).

• For k ≥ d : d2d-composable coreset of size O(kd).

2. Laminar matroid:

• For k ≤ d : k2k-composable coreset of size O(k2k).

• For k ≥ d : d2d-composable coreset of size O((kd)k).

See Appendix A for the proof.

Recall that O(1)-approximate local optima can be found
in time O(npoly(k)) (see Remark 12). Thus, our coreset
construction is highly efficient: it takes time O(npoly(k))
for the case of partition matroid constraint. As a corollary,
we obtain a quasilinear algorithm for MAP-inference for
DPP under partition matroid constraint.

Lemma 27. Consider a partition matroid M = ([n], I)
of rank k defined by the partition P1, · · · , Ps of [n]
and k1, · · · , ks ∈ N. Given input vectors v1, · · · , vn ∈
Rd, there exists a O(npoly(k)) algorithm that outputs
a min(kO(k), dO(d))-approximation for the determinant
maximization under partition matroid constraint M. See
Appendix A for the proof.

6We can improve the bound to kd2 by a more careful analysis.
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Brändén, P. and Huh, J. (2019). Lorentzian polynomials.

Ceccarello, M., Pietracaprina, A., and Pucci, G. (2018).
Fast Coreset-based Diversity Maximization under Ma-
troid Constraints. In Proceedings of the Eleventh ACM
International Conference on Web Search and Data Min-
ing, pages 81–89.

Ceccarello, M., Pietracaprina, A., and Pucci, G. (2020).
A General Coreset-Based Approach to Diversity Maxi-
mization under Matroid Constraints. ACM Transactions
on Knowledge Discovery from Data (TKDD), 14(5):1–
27.

Chao, W.-L., Gong, B., Grauman, K., and Sha, F. (2015).
Large-margin determinantal point processes. In UAI,
pages 191–200.

Civril, A. and Magdon-Ismail, M. (2013). Exponential in-
approximability of selecting a maximum volume sub-
matrix. Algorithmica, 65(1):159–176.

Gong, B., Chao, W.-L., Grauman, K., and Sha, F. (2014).
Diverse sequential subset selection for supervised video
summarization. In Advances in Neural Information Pro-
cessing Systems, pages 2069–2077.

Indyk, P., Mahabadi, S., Gharan, S. O., and Rezaei, A.
(2020). Composable core-sets for determinant maxi-
mization problems via spectral spanners. In Proceed-
ings of the Fourteenth Annual ACM-SIAM Symposium
on Discrete Algorithms, pages 1675–1694. SIAM.

Indyk, P., Mahabadi, S., Mahdian, M., and Mirrokni, V. S.
(2014). Composable core-sets for diversity and cover-
age maximization. In Proceedings of the 33rd ACM
SIGMOD-SIGACT-SIGART symposium on Principles of
database systems, pages 100–108. ACM.

Kulesza, A. and Taskar, B. (2011). Learning determinantal
point processes.

Kulesza, A., Taskar, B., et al. (2012). Determinantal
point processes for machine learning. Foundations and
Trends® in Machine Learning, 5(2–3):123–286.

Lau, L. C. and Zhou, H. (2021). A local search framework
for experimental design. In Proceedings of the 2021
ACM-SIAM Symposium on Discrete Algorithms (SODA),
pages 1039–1058. SIAM.

Lee, D., Cha, G., Yang, M.-H., and Oh, S. (2016). Individ-
ualness and determinantal point processes for pedestrian
detection. In European Conference on Computer Vision,
pages 330–346. Springer.



Sepideh Mahabadi, Thuy Duong Vuong

Madan, V., Nikolov, A., Singh, M., and Tantipongpipat,
U. T. (2020). Maximizing determinants under matroid
constraints. 2020 IEEE 61st Annual Symposium on
Foundations of Computer Science (FOCS), pages 565–
576.

Madan, V., Singh, M., Tantipongpipat, U., and Xie, W.
(2019). Combinatorial algorithms for optimal design.
In Conference on Learning Theory, pages 2210–2258.
PMLR.

Mahabadi, S., Indyk, P., Gharan, S. O., and Rezaei, A.
(2019). Composable core-sets for determinant maxi-
mization: A simple near-optimal algorithm. In Inter-
national Conference on Machine Learning, pages 4254–
4263. PMLR.

Mahabadi, S. and Narayanan, S. (2023). Improved diver-
sity maximization algorithms for matching and pseud-
oforest. Approximation, Randomization, and Combi-
natorial Optimization. Algorithms and Techniques (AP-
PROX/RANDOM).

Mahabadi, S. and Trajanovski, S. (2023). Core-sets for fair
and diverse data summarization. Advances in Neural In-
formation Processing Systems, 36:78987–79011.

Mirrokni, V. and Zadimoghaddam, M. (2015). Random-
ized composable core-sets for distributed submodular
maximization. In Proceedings of the forty-seventh an-
nual ACM symposium on Theory of computing, pages
153–162. ACM.

Mirzasoleiman, B., Jegelka, S., and Krause, A. (2017).
Streaming non-monotone submodular maximization:
Personalized video summarization on the fly. arXiv
preprint arXiv:1706.03583.

Mirzasoleiman, B., Karbasi, A., Badanidiyuru, A., and
Krause, A. (2015). Distributed submodular cover: Suc-
cinctly summarizing massive data. In Advances in Neu-
ral Information Processing Systems, pages 2881–2889.

Mirzasoleiman, B., Karbasi, A., Sarkar, R., and Krause, A.
(2013). Distributed submodular maximization: Identify-
ing representative elements in massive data. In Advances
in Neural Information Processing Systems, pages 2049–
2057.

Moumoulidou, Z., Mc Gregor, A., and Meliou, A. (2020).
Diverse data selection under fairness constraints. arXiv
preprint arXiv:2010.09141.

Nikolov, A. (2015). Randomized rounding for the largest
simplex problem. In Proceedings of the forty-seventh
annual ACM symposium on Theory of computing, pages
861–870.

Nikolov, A. and Singh, M. (2016). Maximizing determi-
nants under partition constraints. In Proceedings of the
forty-eighth annual ACM symposium on Theory of Com-
puting, pages 192–201.

Nuij, W. (1968). A note on hyperbolic polynomials. Math-
ematica Scandinavica, 23:69–72.

Pan, X., Jegelka, S., Gonzalez, J. E., Bradley, J. K., and
Jordan, M. I. (2014). Parallel double greedy submod-
ular maximization. In Advances in Neural Information
Processing Systems, pages 118–126.

Wei, K., Iyer, R., and Bilmes, J. (2014). Fast multi-stage
submodular maximization. In International conference
on machine learning, pages 1494–1502.

Yao, J.-g., Fan, F., Zhao, W. X., Wan, X., Chang, E. Y., and
Xiao, J. (2016). Tweet timeline generation with determi-
nantal point processes. In AAAI, pages 3080–3086.

Zadeh, S., Ghadiri, M., Mirrokni, V., and Zadimoghaddam,
M. (2017). Scalable feature selection via distributed di-
versity maximization. In Proceedings of the AAAI Con-
ference on Artificial Intelligence, volume 31.

Checklist

1. For all models and algorithms presented, check if you
include:

(a) A clear description of the mathematical setting,
assumptions, algorithm, and/or model. [Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm. [Yes,
as mentioned in the paper our coreset construc-
tion algorithms are generic algorithms whose
runtime depends on the runtime of the algorithm
one uses for finding an approximately local opti-
mum solution.]

(c) (Optional) Anonymized source code, with spec-
ification of all dependencies, including external
libraries. [Not Applicable, this is a theoretical
paper.]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of all
theoretical results. [Yes]

(b) Complete proofs of all theoretical results. [Yes,
if not in the main body, they are included in the
appendix.]

(c) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical results,
check if you include:

(a) The code, data, and instructions needed to repro-
duce the main experimental results (either in the
supplemental material or as a URL). [Not Appli-
cable, this is a theoretical paper.]

(b) All the training details (e.g., data splits, hyperpa-
rameters, how they were chosen). [Not Applica-
ble]



Composable Coresets for Constrained Determinant Maximization and Beyond

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to the
random seed after running experiments multiple
times). [Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data, mod-
els) or curating/releasing new assets, check if you in-
clude:

(a) Citations of the creator If your work uses existing
assets. [Not Applicable]

(b) The license information of the assets, if applica-
ble. [Not Applicable]

(c) New assets either in the supplemental material or
as a URL, if applicable. [Not Applicable]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable, e.g.,
personally identifiable information or offensive
content. [Not Applicable]

5. If you used crowdsourcing or conducted research with
human subjects, check if you include:

(a) The full text of instructions given to participants
and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks, with
links to Institutional Review Board (IRB) ap-
provals if applicable. [Not Applicable]

(c) The estimated hourly wage paid to participants
and the total amount spent on participant com-
pensation. [Not Applicable]



Composable Coresets for Constrained Determinant Maximization and Beyond:
Supplementary Materials

A OMITTED PROOFS

Proof of Proposition 11. By Nuij (1968), for i, j ∈ [n] and s ∈ R≥0, the following operator preserves strongly
Rayleigh/real-stability of polynomials

Ti,j,sg = g + szj
∂g

∂i

for g ∈ R[z1, . . . , zn].

If ν(S) = 0, for ∀S, then we can let ν̃(S) = ϵ for ∀S. W.l.o.g. assume ν(S) ̸= 0 for S = {1, . . . , ℓ}. Let g be the
generating polynomial for ν and let

f =
∏

i∈[n],j∈[n]

Ti,j,sg = T1,1,s ◦ · · · ◦ T1,n

◦ T2,1,s ◦ . . . T2,n,s ◦ · · · ◦ Tn,n,sg

then f is strongly Rayleigh. It is easy to see that for small enough s, f approximates g. One practical choice for s is
s = ϵ(

∑
S ν(S))−c for some c > 1; computing the partition function

∑
S ν(S) can be done efficiently and even in Õ(1)-

parallel time for distributions of interest e.g. DPP. The map from f to the multi-affine part fMAP of f preserves real
stability Borcea et al. (2009) (recall that for f(z1, . . . , zn) =

∑
(αi)ni=1∈Nn c(α⃗)

∏n
i=1 z

αi
i , the multiaffine part of f is

fMAP (z1, . . . , zn) =
∑

(αi)ni=1∈0,1n

c(α⃗)

n∏
i=1

zαi
i .

Now we only need to check that fMAP has positive coefficients. Indeed, for S = {i1, . . . , iℓ} consider the coefficient of
the monomial zS =

∏
i∈S zi in f and fMAP : it is a sum which includes the term

ℓ∏
j=1

(szij
∂

∂zj
)ν([ℓ])z[ℓ] = zSskν([ℓ]) > 0

thus the coefficient of zS in fMAP is positive.

Proof of Proposition 13. Consider the elementary symmetric polynomial

ek−ℓ(z1, · · · , zn) =
∑

L∈( [n]
k−ℓ)

∏
i∈L

zi

then ek−ℓ is real stable i.e. has no roots in the upper half plane. Since the same is true for gν , the product gνek−ℓ also
has no root on the upper half plane (see e.g. Borcea et al., 2009, Proposition 3.1 for a proof). Consider the linear map
ϕ : R[z1, · · · , zn] → R[z1, · · · , zn] that maps monomial zα1

1 · · · zαn to itself if αi ≤ 1 for ∀i, and to 0 otherwise. This map
preserves real-stability of polynomial Borcea and Brändé n (2009), and ϕ(gνek−ℓ) = gµ, thus gµ is real stable, and µ is
strongly Rayleigh.

Proof of Lemma 16. Consider W ∈
(
S
ℓ

)
with e ∈ W. Using Lemma 8 with ℓ′ = ζℓ, we have

ν(W ) ≤ ℓ′
∑
f∈U

ν(W − e+ f)
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Summing over all such W , we get ∑
W∈(Sℓ):e∈W

ϕ(W )ν(W )

≤ℓ′
∑
f∈U

∑
W :e∈W

ϕ(W )ν(W − e+ f)

≤(ζℓ)2 max
f∈U

∑
W∈(Sℓ):e∈W

ϕ(W )ν(W − e+ f)

=
∑

W∈(Sℓ):e∈W

ϕ(W − e+ f∗)ν(W − e+ f∗)

with f∗ being the maximizer of the second line. Finally, adding
∑

W∈(S−e
ℓ ) ϕ(W )ν(W ) to both sides gives the desired

inequality.

Proof of Lemma 20. Consider S ⊆ [n] and e ∈ (S ∩ V ) \ U. Clearly, e ∈ (S ∩ Vi) \ Ui for some i ∈ [m]. Since Ui is
value-preserving w.r.t. µ̃, there exists j ∈ Ui ⊆ U s.t. µ̃(S) ≤ µ̃(S − e+ f).

Proof of Lemma 22. Note that in both cases, by Lemmas 18 and 19, U is the union of value-preserving subsets Ui of V ∩Pi

w.r.t µ̃M(S) = 1[S ∈ B]
∑

W∈(Sℓ)
(ζℓ)2|W∩U |ν(W ). Thus, by Lemma 20, U is a value-preserving subset of V w.r.t µ̃M.

Fact 15 and Lemma 10 together imply that U is ℓ2ℓ-composable coreset w.r.t. µM.

Proof of Theorem 26. We show how to adapt the setting of ν :
(
[n]
ℓ

)
→ R≥0 and µ :

(
[n]
k

)
→ R≥0 where µ(S) =∑

W∈(Sℓ)
ν(W ) with ν being strongly Rayleigh to the determinant maximization setting.

• For k ≤ d : we let ℓ = k and µ(S) = ν(S) = det(
∑

i∈S viv
⊺
i ) for |S| = k. By replacing ℓ with k we get the stated

result.

• For k ≥ d : we let ℓ = d, ν(W ) = det(
∑

i∈W viv
⊺
i ) for |W | = ℓ and µ(S) = ν(S) = det(

∑
i∈S viv

⊺
i ) for |S| = k.

Proof of Lemma 27. W.l.o.g. we can assume ki ≥ 1 for all i. We construct coreset U as in Theorem 26. Note that since
k1+· · ·+ks = k and ki ≥ 1, we have that s ≤ k thus the size of U is O(k2) for both cases k ≤ d and k ≥ d. We can restrict
the ground set to U and use the existing efficient algorithms Brown et al. (2022b) to get a min{kO(k), dO(d)}-approximation
for constrained determinant maximization with input vectors from U , which is also a min{kO(k), dO(d)}-approximation
for the original constrained determinant maximization problem.

B LOWER BOUNDS

In this section, we show that the coreset we constructed essentially attains the best possible size and approximation factor.
We first show that for determinant maximization in Rd when k ≤ d under partition matroid constraint, our coreset size is
optimal.

Lemma 28. Suppose k ≤ d. Consider a partition matroid M = ([n], I) defined by a partition P1 ∪ · · · ∪ Ps = [n]
and constraint k1, · · · , ks. Let k := rank(M) =

∑s
i=1 ki. Any α-composable coreset for the determinant maximization

problem under partition matroid constraint M with size t < sk must incur an arbitrarily large approximation factor.

Proof. Consider n vectors v1, · · · , vn ∈ Rd to be chosen later. For set Q ⊆ [n], let

OPT(Q) := max
S⊆Q,|S|=k

det(
∑
i∈S

viv
⊺
i ).

Consider a partitioning of [n] into two sets Q,Q′ such that for each i, {vj : j ∈ Q∩Pi} = {e1, · · · , ed} where e1, · · · , ed
is the standard basis for Rd. We need to show that for any subset U ⊆ S of size t < sk, we can choose the vectors in Q′ s.t.
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OPT(Q∪Q′) ≫ OPT(U ∪Q′). Indeed, fix one such subset U where |U | ≤ sk−1. Since
∑

i∈[s] |U ∩Pi| ≤ |U | ≤ sk−1,

there must exist i ∈ [s] s.t. |U ∩ Pi| ≤ k − 1. W.l.o.g., we can assume that {vj : j ∈ U ∩ P1} ⊆ {e1, · · · , ek−1}. Choose
Q′ s.t. Q′ ∩ P1 = ∅, and

{vj : j ∈ Q′ ∩ Pi} = {Me∑i−1
j=1 kj

, · · · ,Me∑i
j=1 kj−1}

for some arbitrarily large M > 0. Consider S ⊆ Q ∪ Q′ s.t. {vj : j ∈ S ∩ P1} = {e1, · · · , ek1−1, ek} and {vj : j ∈
S ∩ Pi} = Q′ ∩ Pi for i = 2, · · · , s, then S ∈ M and µ(S) := det(

∑
i∈S viv

⊺
i ) = M2

∑s
j=2 kj , thus OPT(Q ∪ Q′) ≥

M2
∑s

j=2 kj . On the other hand, for any S′ ∈
(
U∪Q′

k

)
, either:

• S′ ∩ Pi ⊆ Q′∀i ≥ 2 : in this case µ(S′) = 07 because all the vectors in S′ are contained in the (k − 1)-dimensional
subspace spanned by e1, · · · , ek−1.

• S′ ∩Pi ̸⊆ Q′ for some i ≥ 2 : in this case µ(S′) ≤ M2(
∑s

j=2 kj−1) since there are at most
∑s

j=2 kj − 1 vectors in S′

that are from V ′ and thus have norm M, while the remaining vectors are from V and have norm 1.

In either case, we have OPT(U ∪Q′) ≤ M2(
∑s

j=2 kj−1) ≤ OPT(Q ∪Q′)/M2, thus OPT(Q ∪Q′) can be arbitrarily large
compared to OPT(U ∪Q′).

For k ≥ d, using similar arguments, we can show that any α-coreset for determinant maximization under partition con-
straint with finite approximation factor α must have size t ≥ k + d(d− 1).

Lemma 29. Suppose k ≥ d. Consider the partition matroid M = ([n], I) of rank k defined by a partition P1, · · · , Pk and
constraint k1 = · · · = kk = 1. Any composable coreset for the determinant maximization problem under partition matroid
constraint M with size t < k + d(d− 1) must incur an arbitrarily large approximation factor.

Proof. The construction is similar to the proof of Lemma 28. Consider n vectors v1, · · · , vn ∈ Rd to be chosen later. For
set Q ⊆ [n], let OPT(Q) := maxS⊆Q,|S|=k det(

∑
i∈S viv

⊺
i ).

Choose set Q ⊆ [n] and {vj : j ∈ Q} s.t.

{vj : j ∈ Q ∩ Pi} = {Mie1, · · · ,Mied}

with M1 ≥ M2 ≥ Md ≫ Md+1 · · · ≥ Mk to be chosen later. Let U be a coreset for Q with finite approximation factor.
Clearly, |Q ∩ Pi| ≥ 1. We will show that |U ∩ Pi| = d for i = 1, · · · , d, and thus conclude that |U | ≥ (k − d) + d2 =
k + d(d− 1).

For the base case of i = 0, the claim holds trivially. Suppose that the claim holds for i − 1 with i ≥ 1. Then we
show that it holds for i. We assume for contradiction that |U ∩ Pi| ≤ d − 1. W.l.o.g., assume {vj : j ∈ U ∩ Pi} ⊆
Mie1, · · · ,Miei−1,Miei+1, · · · ,Mied. Indeed, define Q′ such that {vj : j ∈ Q′ ∩ Pt} = {Met} for t ∈ {1, · · · , i −
1, i + 1, · · · , d} and Q′ ∩ Pt = ∅ otherwise. By choosing M ≫ M1 and Mi ≫ Md ≫ Md+1, we can ensure that the
optimal instance in Q ∪Q′ must contain d− 1 vectors in Q′ and Miei ∈ Q ∩ Pi, thus

OPT(Q ∪Q′) ≥ (Md−1Mi)
2.

On the other hand, for any S ⊆ U ∪Q′, either

• |S ∩Q′| ≤ d− 1 : in this case

µ(S) ≤
(
k

d

)
(Md−2M2

1 )
2

since any W ∈
(
S
d

)
must contain at most d− 2 vectors of norm M from V ′, and the remaining vectors have norm at

most M1.

• |S ∩Q′| = d− 1 : since {vj : U ∩Pi} is in the span of {vj : S ∩Q′}, any W ∈
(
S
d

)
with det(

∑
i∈W viv

⊺
i ) ̸= 0 must

satisfy that VW := {vj : j ∈ W} consist of at most d − 1 vectors of norm M from Q′, and the remaining vectors
must have norm at most Md+1, thus

µ(S) ≤
(
k

d

)
(Md−1Md+1)

2.

7Even when we replace µ by a full-support µ̃ that approximates µ within distance ϵ, we will have µ̃(S) < ϵ < OPT(V ∪ V ′)/M2 if
we choose ϵ small enough
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In either case, OPT(U ∪Q′) can be arbitrarily smaller than OPT(Q ∪Q′).

Finally, we show that for k ≥ d, the approximation factor of dO(d) is the best possible even under no constraints. For
k ≤ d, Indyk et al. (2020) shows that approximation factor of kO(k) is optimal.

The following construction is from (Indyk et al., 2020, section 7.1). We include this for completeness.

Definition 30 (Hard input for composable coreset). Let β = o(d/ log2 d), m = d/ log d so that dd/m = O(1). Consider
G ⊆ Rm+1 of dβ+2 vectors s.t. for every two vectors p, q ∈ G, we have ⟨p, q⟩ ≤ O(

√
β log d√

d
).

For i = 1, · · · , d − m, construct Xi as follows: pick a random index πi ∈ [n]. Embed G into the subspace spanned by
{e1, · · · , em, em+i} s.t. the π(i)th vectors in G is mapped into em+i.

Choose a random rotation matrix Q, and return QX1, · · · , QXd−m and QY1, · · · , QYm with Yi = {Mei} for a large
enough M.

Theorem 31. For d ≤ k ≤ dγ and γ′ s.t. γγ′ = o(d/ log2 d), any composable coreset of size kγ
′

must incur an
approximation of ( d

γγ′ )
d(1−o(1)). For example, the theorem applies when γ, γ′ are constant, i.e. d ≤ k ≤ poly(d) and the

coreset has size poly(k).

Proof. For a set V of vectors, let V ×t be the set where each vector in V is duplicated t times. Let β = γγ′. We use the
construction in Definition 30 where every vector is duplicated t = k/d times. Let QX×t

1 , · · · , QX×t
d−m, QY ×t

1 , · · · , QY ×t
m

be the input sets. Let S be s.t.

VS := {vj : j ∈ S} = {Me1, · · · ,Mem, em+1, · · · , ed}

then V ×t
S has value µ(S) ≥ (k/d)d(Mm)2.

On the other hand, let c(QX×t
i ) be an arbitrary coreset of size kγ

′ ≤ dβ for QX×t
i .

As observed in (Indyk et al., 2020, Lemma 7.2), the probability that Ci := c(QX×t
i ) contains Qem+i is bounded by

|c(QX×t
i )|/|QX×t

i )| ≤ 1/d2.

Thus, with probability ≥ 1 − 1/d, we have Qem+i ̸∈ c(QX×t
i ) for all i ∈ [d −m]. Assume that this happens. Then for

any u ∈ Ci

⟨
d∑

i=m+1

eie
⊺
i , uu

⊺⟩ ≤ O(
β log2 d

d
)

thus for any u1, · · · , um in

C :=

m⋃
i=1

c(QY ×t
i ) ∪

d−m⋃
i=1

c(QX×t
i ),

det(

d∑
i=m+1

(Mei)(Mei)
⊺ +

m∑
i=1

uiu
⊺
i )

≤M2m(max⟨
d∑

i=m+1

eie
⊺
i , uu

⊺⟩)d−m

≤M2m

(
O(

√
β) log d

d

)2(d−m)

.

Hence, with probability at least 1− 1/d, any size-d subset W in C has

det(
∑
v∈W

vv⊺) ≤ M2m

(
O(

√
β) log d

d

)2(d−m)

,
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thus by Cauchy Binet, any size-k subset S in C has

µ(S) ≤
(
k

d

)
M2m

(
O(

√
β) log d

d

)2(d−m)

.

Thus the approximation factor is at least
1

ed
(d/(O(

√
β) log d)2)d−m

with m = o(d).

C OTHER EXPERIMENTAL DESIGN PROBLEMS

In this section, we generalize our composable coreset construction to other experimental design problems such as A-design
and E-design.

The main idea is to replace the local optimum in the coreset construction with an α-spectral spanner (see Definition 32).
By replacing the local optimum with a spectral spanner, we can ensure that the coreset contains a high-valued feasible
fractional x in the convex hull P (M) ⊆ [0, 1]n of the matroid polytope of M, which can be rounded to an integral
solution for uniform matroid constraint and certain class of laminar matroid constraint.

Definition 32 (Indyk et al. (2020)). For a set of vectors V ⊆ Rd, a subset U ⊆ V is a α-spectral spanner of V iff for any
v ∈ V, there exists a distribution µv of vectors in U s.t.

vv⊺ ⪯ αEu∼µvuu
⊺

Theorem 33 ((Indyk et al., 2020, Proposition 4.2,Lemma 4.6)). Given V ⊆ Rd, there exists an efficient algorithm that
constructs Õ(d)-spectral spanner of size Õ(d).

Recall that the goal of experimental design problem is to select a set S8 that maximizes f(
∑

xxi∈S viv
⊺
i ) for some objective

function f . The most popular and well-studied objective functions include:

• D(eterminant)-design: f(A) = det(A)1/d.

• A(verage)-design: f(A) = −Tr(A−1)/d

• E(igen)-design: f(A) = −∥A−1∥2

• T(race)-design: f(A) = d/Tr(A)

Each of the above objective functions satisfies the properties of a regular function (see Definition 34). Allen-Zhu et al.
(2017) shows that under uniform matroid i.e. cardinality constraint, any fractional feasible solution of a regular function
can be rounded into an integral solution while incurring only O(1) loss in the objective function. For laminar matroids, Lau
and Zhou (2021) shows the same results for D-design and A-design when kF ≥ Cd for ∀F ∈ F and for some absolute
constant C. For general matroid and f(·) = det(·), Madan et al. (2020) shows that a fractional feasible solution can be
rounded into an integral solution while suffering a dO(d) loss in expectation.

Definition 34. A function f : S+d → R is regular if it satisfies the following properties

• Monotonicity: for any A,B ∈ S+d , if f(A) ≤ f(B) for A ⪯ B.

• Concavity: for A,B ∈ S+d and t ∈ [0, 1], we have f(tA+ (1− t)B) ≥ tf(A) + (1− t)f(B).

In particular, this implies the existence of an efficient algorithm that solves the continuous relaxation

max
s1,··· ,sn

f(

n∑
i∈1

siviv
⊺
i ) s.t. si ∈ [0, 1] and

n∑
i=1

si ≤ k.

8S might need to satisfy additional constraints such as S is a basis of a given matroid
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• Reciprocal linearity: for any A ∈ S+d and t ∈ (0, 1), f(tA) = t−1f(A).

Theorem 35 (Rounding for experimental design, Madan et al. (2020)). Consider the experimental design problem with
objective function f(·) and input vectors v1, · · · , vn ∈ Rd under matroid constraint M of rank k. For any fractional
x ∈ P (M) ⊆ [0, 1]n, there exists z ∈ B(M) ⊆ {0, 1}n s.t.

• When f(A) = det(A) :

min{dO(d), 2O(k)}f(
n∑

i=1

ziviv
⊺
i ) ≥ f(

n∑
i=1

xiviv
⊺
i )

The factor dO(d) can be improved to 2O(d) when M is a partition matroid.

• When k ≥ d, M is the uniform matroid and f is regular:

O(1)f(

n∑
i=1

ziviv
⊺
i ) ≥ f(

n∑
i=1

xiviv
⊺
i )

• When k ≥ d, M is a laminar matroid defined by the laminar family F and (kF )F∈F with kF ≥ Cd for ∀F ∈ F for
some large absolute constant C, and f(A) = −Tr(A−1)/d :

O(1)f(

n∑
i=1

ziviv
⊺
i ) ≥ f(

n∑
i=1

xiviv
⊺
i )

We show Õ(d)-composable coreset of size Õ(dk) for experimental design problems in the without repetition setting.

Theorem 36. Given input vectors v1, · · · , vn ∈ Rd, V ⊆ {v1, · · · , vn} and a number kV ≥ 1, the (V, kV )-spectral
peeling coreset U is defined by the same procedure as in Definition 17, but replacing the local optimal Ui by a O(d)-
spectral spanner Ui of Vi (see Definition 32 and Theorem 33). Then |U | ≤ Õ(kV d). For any S with |S ∩ V | ≤ kV , there
exists a distribution µv for v ∈ S ∩ V with disjoint supports s.t. supp(µv) ⊆ U and for any regular objective function f :

f(
∑
v∈S

vv⊺) ≤ f(
∑
v∈S

Eu∼µv
duu⊺)

Consequently, for kV = k, the set U serves as a Õ(d)-composable coreset for the experimental design problem under
cardinality constraint k w.r.t. f.

Proof. Consider the set (S∩V )\U. Since |S∩V | ≤ kV , there is an injective map π : (S∩V )\U → [kV ] s.t. S∩Uπ(v) = ∅
for each v ∈ (S ∩ V ) \ U. For each v ∈ (S ∩ V ) \ U , since v ∈ Vπ(v), we can use the fact that Uπ(v) is a spectral spanner
of Vi to deduce that there exists µv supported on Uπ(v) where

vv⊺ ⪯ dEu∼µv
uu⊺.

Note that µv are disjoint by injectivity of π. The claim then follows from the monotonicity of f.

For sets V1, · · · , Vm let U ′
i be the (Vi, k)-peeling coreset for Vi. Let V ′ :=

⋃m
i=1 Vi and U ′ :=

⋃
U ′
i .

Let S ∈
(
V ′

k

)
be a subset that maximizes f(

∑
v∈S vv⊺). Using the above argument, we obtain that U ′ contains a fractional

solution s ∈ [0, 1]U
′

s.t.
∑

si = k and

f(
∑
v∈S

vv⊺) ≤ df(
∑
i∈U ′

siviv
⊺
i ) ≤ O(d)f(

∑
u∈S̃

uu⊺)

for some S̃ ∈
(
U ′

k

)
, where the second inequality follows from Theorem 35.

Using similar construction and proof technique, we obtain Õ(d)-composable coreset of size Õ(dk) and Õ((dk)k) respec-
tively for A-design under certain laminar and partition matroid constraint M where kF ≥ Cd for ∀F ∈ F .
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