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Abstract

We study algorithms for construction of compos-
able coresets for the task of Determinant Max-
imization under partition constraint. Given a
point set V' C R that is partitioned into s groups
Vi,---,Vs, and integers k1, ..., ks, where k =
>, ki, the goal is to pick k; points from group V;
such that the overall determinant of the picked &
points is maximized. Determinant Maximization
and its constrained variants have gained a lot of
interest for modeling diversity, and have found
applications in the context of data summariza-
tion. When the cardinality k of the selected set
is greater than the dimension d, we show a peel-
ing algorithm that gives us a composable coreset
of size kd with a provably optimal approxima-
tion factor of d°(@. When k < d, we show a
simple coreset construction with optimal size and
approximation factor. As a further application of
our technique, we get a composable coreset for
determinant maximization under the more gen-
eral laminar matroid constraints, and a compos-
able coreset for unconstrained determinant maxi-
mization in a previously unresolved regime. Our
results generalize to all strongly Rayleigh dis-
tributions and to several other experimental de-
sign problems. As an application, we improve
the runtime of the practical local-search based
algorithm of [Anari-Vuong—COLT’22] for deter-
minantal maximization under partition constraint
from O(n? k%) to O(nk?"), making it only lin-
ear on the number of points n.

1 INTRODUCTION

Determinant maximization is a fundamental optimization
problem that arises in various domains such as data sum-
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marization, experimental design, computational geometry,
and machine learning. At its core, the problem involves
selecting a subset of items, typically vectors, such that the
selected set is as diverse or informative as possible. A com-
mon way to quantify this diversity is via the determinant of
a submatrix derived from the selected vectors.

Before formally defining the problem, let us start by re-
calling the notation dety, a generalization of the standard
determinant.

Definition 1 (det;,). Given a d x d matrix M € R4*? and
k < d, detg(M) denotes the sum of determinants of all
k x k principal submatrices of M:

dgt(M) = |Szk det(Ms,s),

where Mg g is the principal sub-matrix indexed by S C [d].

Given a collection of n vectors V' = {vq,- -+ ,v,} in RY,
and a target subset size k (not necessarily smaller than d),
the determinant maximization problem seeks a subset S C
[n], |S| = k, that maximizes the quantity

¢(S) = miﬁl{ekt,d}

(L(S))

where L(S) = AgAL = >, cqviv] € R4 and Ag
is the d x k matrix whose columns are the vectors v; for

ieS.

Geometrically, if £ < d, the objective function is equal to
the volume squared of the parallelepiped spanned by the se-
lected vectors. In this setting, the best approximation guar-
antee is e” |[Nikolov|(2015), which is essentially tight Civril
and Magdon-Ismail| (2013) unless P = NP.

On the other hand, if k£ > d, the objective can be rewritten
as det(AL Ag), and problem is known as the D-optimal de-
sign problem. The best known approximation algorithm in
this regime achieves a factor of min{e*, (+2-)?}, which is
always at most < e©(@ and becomes a constant when for
example k£ > d?Madan et al.| (2019).

Due to its connection with subset diversity, determinant
maximization and its variants have been widely used in
modern data analysis, particularly for summarization tasks
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where one aims to select a compact, informative, and rep-
resentative subset from large-scale data, and thus stud-
ied extensively over the last decade [Mirzasoleiman et al.
(2017); |Gong et al.| (2014); |[Kulesza et al.| (2012); |Chao
et al.| (2015); |Kulesza and Taskar (2011));[Yao et al. (2016));
Lee et al.|(2016).

Determinant Maximization under partition and ma-
troid constraints. Diversity maximization problems, in-
cluding determinant maximization, have been studied ex-
tensively under partition and more generally under matroid
constraintsMadan et al.|(2020); Nikolov and Singh|(2016);
Abbassi et al. (2013)); Moumoulidou et al.|(2020); Addanki
et al| (2022); [Mahabadi and Trajanovski| (2023). These
constraints are important in real-world applications where
certain fairness or grouping criteria must be respected. In
the simpler case of a partition constraint, the data set V' is
partitioned into s groups V7, --- , Vs and we are provided
with s numbers k1, - - - , ks, and the goal is to pick k; points
from each group ¢ such that the overall determinant (or
more generally diversity) of the chosen k& = ). k; points
is maximized. This setting allows for fine-grained control
over the contribution of each group in the selected sum-
mary: for example, limiting the number of movies from
each genre in a recommendation system, and has further
applications in the context of fair and balanced data sum-
marization (see e.g. [Mahabadi and Trajanovski| (2023)).
More generally, given a matroid ([n],Z) of rank k, the
problem of finding a basis of the matroid that maximizes
the determinant admits a min{k°®*), @%@} approxima-
tion, and it improves to min{e®®*), d°(@} for the estima-
tion problem where the goal is to only estimate the value
of the optimal solution Madan et al.| (2020); Nikolov and
Singh! (2016)); Brown et al.| (2022bla).

Composable Coresets. As one of the main applica-
tions of determinant maximization is in data summariza-
tion, the problem has been considered extensively in mas-
sive data computation models Mirzasoleiman et al.| (2017);
Wei et al.| (2014); [Pan et al.| (2014)); Mirzasoleiman et al.
(2013}, 2015); Mirrokni and Zadimoghaddam!| (2015); |Bar-
bosa et al.|(2015). In this work, we focus on designing com-
posable coreset for determinant maximization. A Coreset
is a small subset of the data that is sufficient for comput-
ing an approximate solution to a pre-specified optimization
problem on the whole dataset|Agarwal et al.| (2005). More
specifically, we present a summarization algorithm A that,
given a data set V/, produces a subset of V. Moreover, we
want our coresets to be composable Indyk et al.| (2014):
that is if we have multiple datasets v oo VM) (note
that in the context of, e.g., a partition constraint, each data
set V() is itself partitioned into groups Vl(j ), e ,Vs(j )),
then the union of coresets A(V®M)U---UA(V ™) should
be sufficient for computing an approximate solution for the
union of the datasets V(D U- ..UV (™) (see for
a formal definition).

As shown in[Indyk et al.|(2014), having a composable core-
set for an optimization task automatically yields a solution
for the same task in several massive data models including
distributed/parallel and streaming models. For example,
in a distributed setting where the whole data is partitioned
over multiple machines, each machine can compute a core-
set for its own data, and only send this small summary to a
single aggregator. The aggregator then processes the union
of the summaries and outputs the solution. Due to their ap-
plications, several works have focused on designing com-
posable coresets for determinant maximization, and more
broadly, diversity maximization, over the past decade |In-
dyk et al.[ (2014} 2020); [Mahabadi et al.| (2019); Mirrokni
and Zadimoghaddam| (2015); [Moumoulidou et al.| (2020);
Ceccarello et al.| (2018], 2020); Zadeh et al. (2017); Ma-
habadi and Narayanan| (2023)); Mahabadi and Trajanovski
2023).

Prior work. Composable coresets have been designed
for the unconstrained determinant maximization problem.
More precisely, for k < d, one can get a k°¥)- approxi-
mate coreset of size O(k), which is also known to be tight
Indyk et al.| (2020); Mahabadi et al.| (2019) (see the first
row of [Table 1). Furthermore, for k& > d, if the solution
is allowed to pick vectors from V' with repetition (which
we refer to as the “with-repetition” setting), then Mahabadi
et al|(2019) gives a coreset of size O(d) with approxima-
tion factor O(d)? (Second row of . However, the
case where the solution is required to pick distinct points
from V' (also known as the “without-repetition” setting) re-
mains open: when k& > d, Mahabadi et al.|(2019)’s size-
O(d) coreset clearly does not contain enough points to con-
struct a solution that consists of £ distinct points. Determi-
nant maximization in the without-repetition setting is gen-
erally harder and has received significantly more interest
than the with-repetition setting (seeMadan et al., 2019; Lau
and Zhou, [2021; [Brown et al., [2022b)), as its solution often
provides a much better summary of the original dataset

1.1 Our Results

In this work, we establish the following contributions.

Algorithms. A summary of our coreset construction algo-

rithms is provided in[Table 1

!Consider the following illustrative example. Suppose d = 2
and the data set V' consists of v1 = Me1,va = Mea,v3,...,Un
where e, ez are standard basis vectors and vs, - - - , v, are arbi-
trary vectors in R?. For large enough M, the coreset C of V' for
k > 2 in the "with repetition” setting will only contain the 2 vec-
tors v1 and v, since the set consisting of k/2 copies of v1 and of
vg has the biggest possible determinant. But we cannot say that
this set is a good summary of the data set since we ignore the in-
formation provided by vs, ..., v,. On the other hand, a coreset
for £ > 2 in the “without repetition” setting would necessarily
consider the remaining vectors vs, ..., vn, and thus is a better
representation of the data set.
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Table 1: Our upper bound results on composable coresets for
determinant maximization. Here s is the number of groups in the
partition constraints. Note that the third row follows from our
results on partition constraint but we spell it out to compare to the
previous result.

constraint
cardinality
Indyk et al.[(2020)
Mahabadi et al.| (2019)
cardinality B
(with repetition)
Indyk et al.[(2020)
cardinality |
(w.o. repetition)
This work
2k partition
This work
partition
This work
ok ok laminar
& k This work
laminar
This work

size | approx.

k<d| k | O(k)?*

k>d kd d*

k<d sk

kE>d| kd d*

(kd) k d2d

¢ In|Section 3| we construct coresets for unconstrained
determinant maximization in the without-repetition

setting (third row in [Table TJ), previously left open in
prior work.

e In we develop efficient composable core-
sets for determinant maximization under partition and

laminar matroid constraints, as shown in rows 4—7
of and verified in Our results
extends to Strongly Rayleigh distributions (see
frem 24)), and are obtained via an improved exchange
inequality for determinant when £ > d.

* In[Appendix C|(Theorem 36)),we demonstrate an ap-
plication of our results to design composable coresets
for a broader class of experimental design problems in
the without-repetition setting, for all regular objective
functions. This complements the result of Indyk et al.
(2020) for experimental design in the with-repetition
setting.

Lower bounds. We complement our results with the fol-

lowing lower bounds shown in
* In [Lemma 28 we show that for £ < d, any com-

posable coreset for determinant maximization under
partition constraint with a finite approximation fac-
tor must have size at least Q2(sk). This shows that
our construction (fourth row in is essentially
tight, since our approximation factor matches that of
Indyk et al.[(2020)) for the unconstrained version of the
problem, which is known to be tight.

* In|Lemma 29| we show that for £ > d, any compos-

able coreset for the problem under partition constraint
with a finite approximation factor must have size at
least k + d(d — 1). This partially complements our
result in the fifth row of and shows that for
k = O(d), our coreset size cannot be improved. We
leave it as future work to find the tight coreset size
when k = w(d).

* In[Theorem 31| we prove that for d < k < poly(d)

and coreset of polynomial size in k, the approxima-
tion factor of d°(?) is essentially the best possible for
the unconstrained determinant maximization problem
in the without-repetition setting. This matches the ap-
proximation factor of our construction in the third row
of [Iable ||

We leave the question of improving the coreset size of the
laminar matroid case (or proving a lower bound) to future
work.

Application. Our coreset can be constructed in essentially
linear time in n, the number of data points. Hence, by first
constructing a coreset then applying any standard determi-
nant maximization algorithm on the coreset, we obtain an
algorithm for the determinant maximization problem un-
der partition constraint that runs in time O(npoly(k)) (see
[Cemma 27). Thus, if we use the multi-step local search al-
gorithm by |Anari and Vuong| (2022) for determinant maxi-
mization under partition constraint, then we obtain a prac-
tical local-search-based algorithm whose runtime improves
from O(n? k%) in |Anari and Vuong (2022) to O(nk?")
where s is the number of parts in the partition.

1.2 Roadmap

We give an overview of our approach in [Section 1.3

tion 2| contains the preliminaries. In [Section 3| we give
our results for the unconstrained version of the problem

and present our peeling algorithm. We then use our peel-
ing algorithm in to get composable coresets for
the problem under the partition and laminar matroid con-
straints. Deferred proofs are presented in [Appendix A] Fi-
nally, we present our lower bound results in

and our results on other experimental design problems in

1.3 Overview of the Techniques

Let us give a brief overview of our approach. Consider a set
of vectors V = {vy,--- ,v,} C R% As mentioned earlier,
when & < d, the objective function for any subset T' €
([Z]) defined as ¢(T") = dety (3,7 viv]) corresponds to
the square of the volume spanned by the vectors in Vp :=
{v; | ¢ € T}. Mahabadi et al.| (2019) showed that in this
setting, any local maximum U C V of size k with respect
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to dety(-) approximately preserves the k-directional height
of the set V. More precisely, for any set Vg C RY of k
vectors and any v € Vg NV, one can replace v with some
win U so that the distance d(u, H) from u to the (k — 1)-
dimensional subspace H spanned by Vs \ {v} is at least
+ - d(v,H). Thus

k> dl(ca't(uuT + Z wwT) > dgt( Z wwT).
weVs\{v} weVs

Thus, all elements of Vs can be successively replaced by
elements of U while only incurring a factor k°(*) increase
in the objective function dety(-) and thus U is a k°(¥) com-
posable coreset w.r.t. det(-).

Generalization of directional height. In this work, we
extend the notion of directional height to the regime where
k > d. We show that for any local maximum U of size d
with respect to det(-), the following holds: For any index
set S C [n] of size k, and letting Vg = {v; : ¢ € S} and
v € Vg NV, there exists u € U s.t.

det(d®uuT + Z wwT) > det( Z wwT

weVs\{v} w€EVs

This already implies that U forms a d°(%9)-composable
coreset for determinant maximization in the with-repetition
setting, i.e., when the selected subset is allowed to contain
duplicate vectors.

The without-repetition setting. The without-repetition
case is more delicate, as we must ensure that (Vs \ {v}) U
{u} is a proper subset, i.e., u & Vs \ {v}. To handle this,
we apply the idea of peeling coresets, previously used for
constructing robust coresets that tolerate outliers |Agarwal
et al.| (2008)); /Abbar et al.[(2013). Our construction repeat-
edly peels away local optimum solutions from the input set,
and takes the union of all the peeled local optimums to be
the final coreset. By the pigeon hole principle, for any set
Vs not fully contained in the final coreset, there exists at
least one peeled-away local optimum that is disjoint from
Vs. Consequently, we can replace an element of Vg by an
element inside this local optimum without creating a mul-
tiset.

Partition and laminar constraints. For determinant max-
imization under partition constraint, our coreset construc-
tion is simple and intuitive when k£ < d: we take the union
of the coresets for each partition part. When k£ > d, we
construct a coreset of size kd with approximation factor
d®(@ by taking the union of the peeling coresets for each
part of the partition. For the laminar matroid constraint
case, we apply the peeling coreset idea to ensure that for
any subset Vg satisfying the laminar constraint, there exists
one peeled-away subset U s.t. replacing an element of Vg
by an element of U will not violate the laminar constraint.

*This is precisely ¢(1') = detmin{k,q}(-) when k > d.

Strongly Rayleigh distributions. The fixed-size determi-
nantal point processes (DPP), a distribution over subsets
(1) defined by Pr[S] o det(S), belongs to the class
of Strongly Rayleigh distributions (see for de-
tails). All of our results readily extend to maximum a pos-
teriori problems, i.e., find arg maxg u(S) for any strongly
Rayleigh objective functions u(-). This is because our
proof relies only on an exchange inequality which is sat-
isfied by all strongly Rayleigh distributions. Exchange
inequalities offer a unifying framework for analyzing our
coreset constructions across all settings. To the best of our
knowledge, this is the first work to leverage exchange in-
equalities in the context of coreset construction.

Experimental design. Our construction also applies to ex-
perimental design problems with respect to other, not nec-
essarily strongly Rayleigh, objective functions, such as ma-
trix traces (A-design) or condition number (E-design). By
replacing the base-level building blocks in our construc-
tion, i.e., the local optimum w.r.t. det(:), with spectral
spanners |Indyk et al.| (2020), we can guarantee that the
union of the coresets contains a feasible fractional solu-
tion as a combination of input vectors that achieves a good
value. However, the algorithm to round the fractional so-
lution to an integral solution under matroid constraint only
exists in limited cases of objective function other than the
determinant.

Lower bounds. For lower bound on the size of composable
coreset for determinant maximization under partition con-
straint, when k£ < d, we show that any coreset that achieves
a finite approximation factor must include at least k£ vec-
tors from each part of the partition constraints Py, - - - , Pk,
leading to a coreset size of sk. To see why, suppose U is a
coreset for a dataset 9, and suppose that [U N Py| < k— 1.
Consider a new dataset Q' consisting of vectors of arbitrar-
ily large norm that all lie in span(U), which has dimension
< k — 1. Moreover, we assume that Q' consists of ky vec-
tors in P, k3 vectors in (0s,..., and ks vectors in P3, so that
selecting all vectors in @ saturates the partition constraints
in parts Py, ---, P;. In the combined dataset Q U @', the
determinant maximizer will select all vectors in )’ (since
their norms dominate those in () and at least one vector in
@ lying outside span(U). However, in the combined core-
set U U @', any maximizer in U U Q' must either (1) drop
some vectors in ), which leads to a much smaller determi-
nant or (2) takes all vectors in Q’, and the vectors in U N P;
(since @’ saturates the constraint in Ps,--- , P,), forcing
the chosen set to lie entirely in a (k — 1)-dimensional sub-
space, and thus has determinant 0.

When k > d, we show an analogous result: any such core-
set must include at least d vectors from at least d d parts of
the partition. Finally, to prove that the approximation fac-
tor of d°(?) is the best possible when poly(d) > k > d,
we use a similar construction as the one used inIndyk et al.
(2020)’s lower bound for the approximation factor when
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k <d.

2 PRELIMINARIES

Let [n] denote the set {1,--- ,n}. For a set U, we use (g)
to denote the family of all size-k subsets of U. For a set V'
of vectors {v1,--- ,v,} and S C [n], we use Vg to denote
the set {v; | i € S}. For sets U, W, we use U + W and
U — W to denote U UW (union) and U \ W (set-exclusion)
respectively. For singleton subsets, we abuse notation and
write U — e (U + eresp.) for U — {e} (U + {e} resp.).

For a matrix M € R™*™ and S C [n], we use Mg to denote
the principal submatrix of M whose rows and columns are
indexed by S. We use S; to denote the set of all symmetric
positive semi-definite matrices in R?*<.

Definition 2 (Local optima). For a function pu : ([Z]) —
R>¢and ¢ > 1, we say U is an (-approximate local optima
of piff (u(U) > maxeey, refupv p(U — e+ f).

When ¢ = 1, we simply refer to U as a local optima.

2.1 Matroids

We say a family of sets B C (7)) is the family of bases
of a matroid if B satisfies the basis exchange axiom: for
any two bases By, By € B and x € B; \ By, there exists
y € By \ B; such that By — x +y € B. We call k the rank
of the matroid, and [n] the ground set of the matroid. We
let the family of independent sets of the matroid be Z =
{re2|3BeB:1C B}.

The family ([z]) of all size-k subsets of [n] forms the set
of bases of the uniform matroid of rank k over [n]. We de-
fine two simple classes of matroids that are widely used in
applications.

Definition 3 (Partition matroid). Given a partition of [n]
into Py,---, Ps and integers ki,--- , ks, the associated
partition matroid is defined as follows. We say aset I C [n]
is independent iff |I N P;| < k;, for Vi € [s]. The rank of
the matroid is k := > 7, k;.

Definition 4 (Laminar matroid). A family F of subsets of
[n] is laminar iff for any Fy, F» € F either Fy and Fb
are disjoint or Fj contains F» or F5 contains Fj. Given a
laminar family F and integers kp for each F' € F, the
associated laminar matroid is defined by: a set I C [n] is
independent iff |I N F| < kp for VF € F. The maximal
independent sets have the same cardinality k, and they form
the bases of the laminar matroid.

We assume that krp > 0, for VEF' € F, otherwise we can
remove the set F' from F and all elements in F' from the
ground set. For two sets F, F5 in F s.t. F} C Fy, we can
assume kp, > kp,, otherwise the constraint on I N F} is
redundant and F; can be removed from the laminar family.
We call such a laminar family non-redundant.

2.2 Determinant Maximization and Experimental
Design Problems

Given vectors v1,---,v, € R? and a matroid M =
([n],I), determinantal point processes (DPP) under ma-
troid constraint samples a basis S C [n] of M such that

~ det iU
[ mm{ek d} 4 ZU

This distribution favors diversity, since sets of vectors that
are more linearly independent (i.e., different from each
other) are assigned higher probabilities. The fundamen-
tal optimization problem associated with DPPs, and proba-
bilistic model in general, is to find a "most diverse” subset
by computing arg maxs is » basis of M Pr[S] i.e. solving the
maximum a posteriori (MAP) inference problem.

When the matroid is the uniform matroid, we simply refer
to the problem as the determinant maximization problem.

When k < d, Pr[S] is proportional to the squared volume
of the parallelepiped spanned by the elements of S. Thus
MAP-inference for DPPs is also known as the volume max-
imization problem.

Determinant maximization is also known as the D-design
problem, since the objective function is the (D)eterminant.
Other objective functions have also been studied, for ex-
ample, matrix traces (A-desing) or condition number (E-
design). We discuss these different objective functions in

more details in

The setting where S is allowed to be a multiset has also
been studied. This is known as the experimental design
problem with-repetition |Allen-Zhu et al.| (2017); Madan
et al.| (2019), as opposed to the without-repetition setting
where S needs to be a proper subset. The with-repetition
setting is generally easier: it can be reduced to the without-
repetition setting by duplicating each vector & times.

2.3 Composable Coresets

In the context of the optimization problem on i : ([Z]) —
R>0, a function ¢ that maps any set V' C [n] to one of
its subsets is called an a-composable coreset (Indyk et al.
(2014)) if it satisfies the following condition: given any
collection of m sets V(1) ... V(™) C [n]

o -max{u(S) | S C U c(V)}

S)Isc U @}

If we are further given a matroid M = ([n],I) to satisfy,
we additionally require S to be a basis of M in both sides
of the above inequality. Finally, we say that c is a coreset
of size ¢ if |c(V')| < ¢ for all sets V. Composable coresets

= max{
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are very versatile; once a composable coreset is designed
for a task, it automatically imples efficient streaming and
distributed algorithms for the same task.

2.4 Directional Height

For this subsection let £ < d.

Definition 5 (Directional height and k-directional height
Mahabadi et al| (2019)). For a set V. C R% of vectors
and a unit vector x, the directional height of V' w.rt. x
is h(V, z) = maxyev|(v, z)|.

The k-directional height of V' w.r.t. a (k — 1)-dimensional
subspace H is h(V,H) = max,cy ,cnT|(v, )| where
HT is the (d — k + 1)-dimensional subspace perpendic-
ular to H.

Theorem 6 (Coreset for k-directional height Mahabadi
et al| (2019)). Let k < d and V C R Then any size
k local optimum U w.rt. det(-) inside V approximately
preserves the k-directional height. That is, for any (k —1)-
dimensional subspace H

hU,H) > —h(V, H).

1
z

2.5 Strongly Rayleigh Distribution and Exchange
Inequalities

Let v : (I71) — R, be a distribution over size-/ subsets
of [n]. Its generating polynomial is defined as

) Zn) = Z VS)HZZ'.

se(t) i€S

g‘u(zl7 N

Definition 7 (Strongly Rayleigh). A distribution v
([Z]) — Ryq is strongly Rayleigh (or real-stable) if its
generating polynomial g, has no roots in the upper-half of
the complex plane. That is, g,(z1, -+ ,2,) # 0, if for
Vi : Im(z;) > 0.

Strongly Rayleigh distributions satisfy the following ex-
change inequality, which implies that for any local opti-
mum subset U (w.r.t. a strongly Rayleigh distribution v),
and any set W € supp(v), we can replace an element of
W for an element of U while approximately preserving the
value of v(-). This property will later be used to show that
U can serve as a coreset by successively replacing all ele-
ments of W with elements of U without significantly losing
the objective value.

Lemma 8. Exchange inequality (Anari et all 12020,
Lemma 26) Let v : ([Z]) — R>q be a strongly Rayleigh
distribution. Let V' C [n] be an arbitrary subset. For
¢ > 1, letU CV bea (-local optimum w.rt. v, and as-
sume v(U) # 0. Then for any W € ([?]),and ee WA\U

vW(U) < - > v(W—e+j)w(U+e—j)
JjEU\W

In particular, if e € V, then by approximate local optimal-
ity of U within V, we have

W) < ¢ v

jeU

W—e+j) < (Ch)? maxu(W—e+j)

where we implicitly understand that if j € W — e then
W — e+ j is not a proper set, and v(W — e + j) = 0.

In the context of determinant maximization with given in-
put vectors vy, -+ ,v, € RY for any k < d, v(S) =
detr (D ;g viv] ) defines a strongly Rayleigh distribution
over subsets S € ([Z]) Borcea et al|(2009); |Anari et al.
2016).

3 UNCONSTRAINED CASE: PEELING
CORESET

As mentioned in the overview of the techniques, if U is a
composable coreset for V' with respect to the function u(-),
then for any set S, we can replace any element in S NV
with an element of U while not significantly reducing p(-).
We formalize this intuition with the following definition.

Definition 9 (Value-preserving set). Given i : [n]¥ —
R>p and V' C [n], we say U C V is value-preserving
with respect to fi if for any S € ([Z]) and e € SNV, there
exists f € U\ (S —e) s.t. a(S) < (S —e+ f).

The next lemma shows the relationship between value-
preserving sets and composable coresets.

Lemma 10. Suppose functions p, [i : ([Z]) — Ry satisfiy
that u(S) < ji(S) < ap(S) forall S, and let c be a coreset
map ¢ such that U := ¢(V') C V is value-preserving with
respect to [i. Then c gives an a-composable coreset with
respect to L.

Proof. Consider a collection of datasets V(1) ... V(m)
let U; := ¢(V®) for Vi € [m], and let S be an arbi-
trary size-k subset of (JI*, V(). Since each U; is value-
preserving w.r.t. ji, forany e € S NV ®, we can replace e
with f € U; \ (S — e) while keeping /i(-) non-decreasing.
Thus, we successively replace £ := S\ |J."; U; with
L C U, U; while ensuring that

A(S) < (S — B+ L)
Moreover, S — E + L € |J;"; U; and
u(S) < p(S) < i(S — E+ L) <au(S— E+ L).

By choosing S such that u(S) = max{u(S’) | S’ C
Ur, V(@ |S’| = k} we get the desired conclusion. O

We now show that an (approximate) local optima with re-
spect to det(+) is value preserving for suitably chosen func-
tions. When k£ < d, Mahabadi et al.| (2019) shows that
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any size-k local optimum U with respect to det(-) approxi-

mately preserves k-directional height (see[Theorem 6)), and
hence is a value-preserving set with respect to [, where i

is defined by
i(S) = 2 1[i€U]y, (T
(S) d}gt(ies k V)

This is easy to see since for |[S| = k < d, as u(S) =
detp(>_,cqvvT) is precisely the square of the volume
spanned by vectors in S, i.e., u(S) = Vol?({v;]i € S})
and i(S) = k2U0SIVol? ({v;]i € S}).

Below, we show that for k¥ > d, a size-d local optimum U
is value-preserving with respect to fi defined by

fi(S) = det (Y d> MUy

i€S
1
= Z d2wnul det(z vv]). )
wets) i

where the second equality is due to Cauchy-Binet’s for-
mula, i.e., k > d and |S| = k.

u(S) = det(z vvl) = Z det(z v;v])

i€s we(s) iew

We can generalize this setting by considering v : ([’g]) —
RZ and p : ([Z]) — Rx>¢ by

> v(w). 2)

we(7)

We will assume that v is strongly Rayleigh, and conse-

quently satisfies the exchange inequality in Be-

cause[Lemma 8|only applies to local optima with v(.S) > 0,
it is more convenient to work with a full-support distri-

bution, i.e., v(S) > 0 forall S € ([7;]). Fortunately, we
can approximate any strongly Rayleigh distribution v with
a full-support strongly Rayleigh distribution a.k.a. strictly
real-stable distribution. In other words, for any € > 0, there
exists a strongly Rayleigh distribution v : ([Z]) — Ry
such that for all S, 7(S) > 0 and |7(S) —v(S)| < e. More-
over,  can be efficiently computed given v (see the main
theorem of |Nuij| (1968)), (Brandén and Huhl 2019} Proof of
Proposition 2.2) and (Brandén, 2020, page 7)). We include
a formal statement, and leave the proof to

Proposition 11. Let v : ([’g]) — R be strongly Rayleigh.

For any € > 0, there exists strongly Rayleigh v : ([2]) —
Ry such that |v(S) — 0(S)| < e. forall S.

Remark 12. We remark that a O(1)-approximate local op-
tima of size ¢ w.rt. det(-) can be found in time O(n -

3For now think of £ as being equal to d, but more generally we
are introducing parameter ¢ to unify the two cases of k& < d and
d < k.

poly(¢)) using a combination of simple heuristics such as
greedy and local search (also known as Fedorov exchange
algorithm). The same algorithmic result holds more gener-
ally for all strongly Rayleigh distributions v : ([72]) — R>g
(see/Anari and Vuong| [2022;|Anari et al., 2020, for details).

In the remainder of the paper, we will consider the prob-
lem of maximizing the function pu : ([Z]) — R>( under

a matroid constraint where u(S) = 3y, . 3 v(W) and

v: ([;f]) — R . We assume v is strongly Rayleigh, which
implies that y is also strongly Rayleigh. (see|Appendix Al
for the proof).

R>¢ being strongly

Proposition 13. For v : ([’l}
J7a — RZO by

]) R
Rayleigh and k > {, define ([Z])
ws)y=Y v(w)

we(7)

then i is also strongly Rayleigh.

Remark 14. This set-up of u encompasses determinant
maximization for both cases of £ < d and k > d. More
concretely, for the former case, we set £ = k, and for the
latter case, we set £ = d. We will explain this in more detail

in[Theorem 26l

For some constant { > 1 to be specified later, let p(W) =
(¢0)2WNUI We define ji : [n]F — Rxg by:

als) = Y dW)m(W)

we(3)

This is the proper generalization of[Eq. (T)] We observe the
following simple fact.

Fact 15.
u(S) < u(S) < (CO* u(S).

Lemma 16. Let V' C [n] and let U be a (-approximate
local optimum inside V' with respect to v, for { = O(1).
Then for any e € (V N .S)\ U, there exists f € U s.t.

i(S) < (S — e+ f).

See for the proof.

3.1 The Peeling Algorithm

We have just shown how to exchange e € (SN V) \ U for
f € U while keeping [ non-decreasing. However, we still
need to ensure that S — e 4+ f is a proper set, i.e., ensure
that f & S — e. To achieve this, we need a slightly more
elaborate coreset construction.

Definition 17 (Peeling coreset). Given V' C [n], and a
number ky > 1, define the (V, kv, ¢)-peeling coreset U
as follows:
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sLetUp = 0. Fori = 1,--- ky, let V; := V' \
U;;t U;, and let U; C V; be a ¢-approximate local
optimum w.r.t. v inside V;.

« LetU = UM, UL

Note that the U,’s are disjoint and |U| < kv £. We further
remark that the peeling algorithm is a generic algorithm
and its runtime is simply ky times the runtime of finding
an approximately local optimum w.r.t. v.

Lemma 18. The (V, kv )-peeling coreset U constructed in

Definition 17|is a value-preserving subset of V' with respect

to i : [n]* — Rx defined as

ma=1weCf)AsmV<kMM$

Proof. Fix S € (")) such that SN V| < ky and e €
(SN V) \ U. Since S has at most ky — 1 elements insideﬂ
U = U;Zl Uj, there exists some j € [ky] such that S N
U; =0.Note thate € (SNV)\U C (SNV;)\Uj,. Thus,
there exists f € U; such that i(S) < fi(S — e+ f). Since
SNU; =0, we are guaranteed that f isnotin S —e. [

Lemma 19. For V C [n]| and { > 1, the (-approximate
local optimum U w.r.t. 1 is a value-preserving subset of V
w.rt. fi defined by [i(S) = (Ck)?IVNS11(S).

Proof. We use the fact that p is strongly Rayleigh, and
For any S € ([Z]) and e € (SNV)\ U, there
exists j € U \ S's.t.

u(S) < (Ck)*u(S — e+ )

Multiplying both sides by (¢k)?U™SI and using the fact
that |(S —e+j)NU| = |SNU|+ 1 we have 4(S) <
(S —e+j) O

Lemma 20 (Composability of value-preserving subsets).
Consider datasets VY ... V") with U; being a value
preserving subset of V@ w.rt. fi. Then U := UL, Ui is
a value-preserving subset of V := |\, VO wort. fi. See

Appendix A)for the proof.

4 COMPOSABLE CORESETS FOR
PARTITION AND LAMINAR
MATROIDS

We construct composable coresets for determinant maxi-
mization under laminar matroid constraint. To build intu-
ition, we first describe composable coresets for the simpler
case of partition matroid. The idea is to build a peeling
coreset of suitable size for each part of the partition which
define the parition matroid.

1snUL<|[(SNV)\{e}| < kv — L.

As in section given a matroid M with the set
of bases B, we consider the problem of maximizing x(S)
(under matroid constraint) where u(S) = > e(3) v(W)

and v : ([2]) — R>( is strongly Rayleigh. Let a4 be the
restriction of 4 to the set of bases of M ie. pp(S) =
1[5 € BM)Ju(S).

Definition 21. Consider a partition matroid M = ([n],Z)
defined by the partition P, --- , Py of [n] and ky,--- | ks €
N. Fix constant ¢ > 1. For V' C [n], the composable core-
set U for V w.r.t. up is constructed as follows:

e When k > ¢ : U is the union of (VN P;, k;, ¢)-peeling
coresets for each i € [s], thus |U| = k£.

* When k = ¢ : U is the union over ¢ € [s] of the (-
approximate local optimum w.r.t. v in V N P;, thus
|U| = st = sk.

Lemma 22. The coreset constructed in has
an approximation factor of (C£)%¢. See|Appendix Al for the
proof.

We generalize the above to all laminar matroids.

Definition 23. Consider a laminar matroid over the ground
set [n] defined by a laminar family F and the associated
integers (ks)ser. Fix constant ¢ > 1. For V' C [n], the
coreset for V' is constructed as follows:

1. For each maximal set F' € F, construct a coreset Urp C
V' N F by:

eletDy=0,Vo=VNF.Fori=1,---,kg,letU;
be the (-approximate local optimal w.r.t. v in V; =
Vi—1\ D;—1. Fore € U;, let F¢ € F be the maximal
proper subset of F' containing e or {e} if no such F*®
exists. Let D; := UeeUi Fe. For each e € U; with
Fe # {e}, recursively construct a coreset Upe C VN
F¢. Observe that if no proper subset of F' is inside
F, then the coreset Up is precisely the (V N F, kp)
peeling-coreset.

The coreset for I is the union of all U; and Up. for
eec U.

2. The coreset U of V is the union of all coresets Ur for
maximal sets F' € F and all elements e € V that do not
belong to any set I’ € F.

Theorem 24. Consider v : ([75]) — Ry that is strongly
Rayleigh and 1 : ([z]) — R>g s.t.

we(3)

Consider laminar matroid constraint M of rank k defined
by non-redundant family F with cover number r i.e.

r:=max|{F € F:e € F}|.

e€n]
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gives a (C0)*-composable coreset w.r.t i un-

der matroid constraint M of size at most (Ck()" < (Ckl)*.

Proof of the approximation factor. Let

iS)= > (oP™Ulyw).

we(3)

U is a value-preserving subset of V' w.r.t the restriction fi a4
of /i to the set of bases of the laminar matroid i.e. fir(S) =

1[S € B(M)]i(S). This combined with imme-

diately imply that U is a £2‘~composable coreset W.r.t fiq.

We only need to show that U is value preserving for each
F e FFxSe€Badhe (SNVNF)\Up. We
claim that there exists f € Up st. S —h + f € B and
A(S) < (S — h + f).

We prove this by induction on F'. For the base case when F’
has no proper subset inside F, then U is the (V N F, kp)
peeling-coreset, and the claim follows from If
h € D; for some 7, then h must be contained in a proper
subset F'¢ € F of F where e € U; and F* # {e}lﬂ and
we can use the induction hypothesis. Now, assume h ¢ D;
for Vi € [kp|. In particular, this means h € V. C --- C
V1 = VN F and D; and U; are non-empty for all ¢ € [kp].
Note that since D;’s are disjoint, and S contains at most
kr — 1 elements inside F, S N D; = () for some i. In
particular, SNU; = P and h € (V;NS)\ U;, so[Lemma 16]
implies that there exists f € U; s.t. i(S) < a(S —h +
f)- Replacing h with f only affects the constraints for sets
F’ € F containing f. Consider such a set F’. F’ must be
contained inside D; by the definition of D;, thus SN F' =
0,and |(S — h+ f) N F'| <1< kp. We just verify that
S — h + f is also a base of the laminar matroid, thus

(S =h+f) = plS —h+f) = a(S) = a(S).

O

Proof of upper bound on the size of the coreset. For a set
Hletrg = maxeeg|{F € F : F C HAe € F}|.
We show that |Ur| < (kpf)"F for each F' € F by induc-
tion on r . For the base case r = 1, we have |Up| = kg,
by [Definition 17] Fix F' € F with rr > 2 and suppose the
induction hypothesis holds for < . Using the definition
of Ur, we can bound

> |Us

&
e€U; ) Us

<) kpd+ (ka)(d F'gr}?l%e}‘

kr
Up| <> |Ui| +
i=1

kF,)T‘F—l
<(2) (krl)™"

Sif Fe = {e} then h = e € U; C Up, a contradiction

where in (1) we use the fact that rpe < rp since F'° is a
proper subset of F', and in (2) we use

(

max kg )Tl 41 < (kp - 1) P 1 <KL
F'CF:F'eF

Thus the induction hypothesis holds for all r.

Suppose the maximal set(s) in F are F},--- , F}, and let
R := [n] \ U!_, F}. Then the rank of the laminar matroid

isk=|R|+ Zle kr,, and

t t
UI=IRUY UR| <RI+ (krt)" < (k)"
i=1 i=1

O

Remark 25. For any laminar family F of rank k, we can
construct a d°(?)-coreset of size | F|dk by taking the union
of all value-preserving subsets of VN(F\Uprc p pre 7 F7)-
However, the size of the coreset might be as bad as linear
in n. Indeed, consider the laminar family defined by: F; =
{20 +1,2i + 2}, kp, = 1 for Vi € [n/2] and Fy = [n],
kp, =k then gives a coreset of sizeﬁ < k2d?

whereas the naive construction gives a coreset of size >
(n/2)d.

We immediately obtain the following corollary about de-
terminant maximization under matroid constraints.

Theorem 26. For the determinant maximization matroid
constraints with input vectors vi,- - ,v, € R%, we obtain
the following results:

1. Partition matroid defined by partition Py, - -
Definition 21| gives:
s For k < d : k**-composable coreset of size O(sk).
s Fork > d : d*¥-composable coreset of size O(kd).
2. Laminar matroid:

s For k < d : k**-composable coreset of size O(k*¥).
s Fork > d : d*¥-composable coreset of size O((kd)*).

See[Appendix Al for the proof.

Recall that O(1)-approximate local optima can be found
in time O(npoly(k)) (see [Remark 12). Thus, our coreset
construction is highly efficient: it takes time O(npoly(k))
for the case of partition matroid constraint. As a corollary,
we obtain a quasilinear algorithm for MAP-inference for
DPP under partition matroid constraint.

: 7P50f[n]a

Lemma 27. Consider a partition matroid M = ([n],Z)
of rank k defined by the partition Py,---,Ps of [n]
and ki,--- ks € N. Given input vectors vi,--- ,v, €
R?, there exists a O(npoly(k)) algorithm that outputs
a min(k9®) dOD).approximation for the determinant
maximization under partition matroid constraint M. See

Appendix Alfor the proof

®We can improve the bound to kd? by a more careful analysis.
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as a URL, if applicable. [Not Applicable]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable, e.g.,
personally identifiable information or offensive
content. [Not Applicable]

5. If you used crowdsourcing or conducted research with
human subjects, check if you include:

(a) The full text of instructions given to participants
and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks, with
links to Institutional Review Board (IRB) ap-
provals if applicable. [Not Applicable]

(c) The estimated hourly wage paid to participants
and the total amount spent on participant com-
pensation. [Not Applicable]
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A  OMITTED PROOFS

Proof of[Proposition T1| By Nuij| (1968), for i,j € [n] and s € Ry, the following operator preserves strongly
Rayleigh/real-stability of polynomials

Ti,j,sg =g + SZj 7‘1
for g € R[Zl, ceay Zn]-

If v(S) = 0, for VS, then we can let 7(S) = ¢ for VS. W.lo.g. assume v(S) # 0 for S = {1,...,¢}. Let g be the
generating polynomial for v and let

[= H Tijsg=Ti1s0 011y,

o TQ,l,s o... T2 n,s © "0 Tn,n,sg

)

then f is strongly Rayleigh. It is easy to see that for small enough s, f approximates g. One practical choice for s is
s = €34 (S)) ¢ for some ¢ > 1; computing the partition function 3" ¢ (S) can be done efficiently and even in O(1)-
parallel time for distributions of interest e.g. DPP. The map from f to the multi-affine part fM4F of f preserves real
stability [Borcea et al.{(2009) (recall that for f(z1,...,2,) = Z(ai);’_leNn c(@) [T, 25, the multiaffine part of f is

=11 >

n

FMAP (2 2) = Z C(&)Hzf’?

(o), €0,17 =1

Now we only need to check that fM4F has positive coefficients. Indeed, for S = {i1,...,4,} consider the coefficient of
the monomial 2% = ;¢ 2 in f and f*4% : it is a sum which includes the term

¢
0
H(szij a—)y([f])z[f] = 25sFu([f]) > 0
=1 &
thus the coefficient of z° in fMAF is positive. O

Proof of| Consider the elementary symmetric polynomial

ek o(z1, o m)= > [[a

Le(}g[?z]{) €L

then ej_y is real stable i.e. has no roots in the upper half plane. Since the same is true for g,, the product g, ex_, also
has no root on the upper half plane (see e.g. Borcea et al., 2009, Proposition 3.1 for a proof). Consider the linear map

¢ :Rlz1,- -+ ,2n] = Rlz1,- -, 2,] that maps monomial 27 - - - 22 to itself if a;; < 1 for Vi, and to 0 otherwise. This map
preserves real-stability of polynomial Borcea and Brindé n| (2009), and ¢(g,ex—¢) = g, thus g, is real stable, and 1 is
strongly Rayleigh. O

Proof of[Lemma 16] Consider W € () with e € W. Using|[Lemma 8|with ¢’ = (¢, we have
v(W) <) v(W —e+f)

feu
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Summing over all such W, we get

Y (W)

WE(‘?):@EW

<UD (W (W —e+ f)
feu WieeW
<(¢0)? max S oWw(W —e+f)
We(5):eew

= > sW—etfIwW-c+f)

WE(‘?):&EW

with f* being the maximizer of the second line. Finally, adding ), ) d»(W)v(W) to both sides gives the desired
inequality. O

learly, e € (SN V;)\ U; for some i € [m]. Since Uj is

Proof of [Lemma 20} Consider S C [nJande € (SNV)\ U.C
<a(S—e+ f). O

value-preserving w.r.t. fi, there exists j € U; C U s.t. i(.S)

Proof of| Note that in both cases, by[Lemmas 18|and[I9] U is the union of value-preserving subsets U; of VN P;
w.rt fiam(S) = 1[S € B] EWe(f)(Cﬁ)Q‘W”U‘V(W). Thus, by [Lemma 20} U is a value-preserving subset of V' w.r.t fir.

[Fact 15/and [Lemma 10|together imply that U is £2‘-composable coreset W.r.t. fia. O

Proof of [Theorem 26| We show how to adapt the setting of v : ([;f]) — R>p and p : ([Z]) — R>q where pu(S) =
Sow e(®) v(W) with v being strongly Rayleigh to the determinant maximization setting.
4

* Fork < d:welet! = Fkand u(S) = v(S) = det(>,.q viv]) for |S| = k. By replacing £ with k we get the stated
result.

s Fork>d:weletl =d,v(W) =det(} .y viv]) for |[W| = £and pu(S) = v(S) = det(>_,. g viv]) for |S| = k.
O

Proof of [Lemma 27, W.l.o.g. we can assume k; > 1 for all i. We construct coreset U as in[Theorem 26] Note that since
ki+---+ks = kand k; > 1, we have that s < k thus the size of U is O(k2) for both cases k < d and k > d. We can restrict

the ground set to U and use the existing efficient algorithms Brown et al.| (2022b) to get a min{k®*), d°(4) }-approximation
for constrained determinant maximization with input vectors from U, which is also a min{k©*)  d°(®)}_approximation
for the original constrained determinant maximization problem. U

B LOWER BOUNDS

In this section, we show that the coreset we constructed essentially attains the best possible size and approximation factor.
We first show that for determinant maximization in R? when k& < d under partition matroid constraint, our coreset size is
optimal.

Lemma 28. Suppose k < d. Consider a partition matroid M = ([n],T) defined by a partition P, U --- U P, = [n]
and constraint kv, - - , ks. Let k := rank(M) = >_°_, k;. Any a-composable coreset for the determinant maximization
problem under partition matroid constraint M with size t < sk must incur an arbitrarily large approximation factor.

Proof. Consider n vectors v, - - - ,v,, € R? to be chosen later. For set Q C [n], let

PT = 7).
OPT(Q) Sgg{%:kdet(;vzvz)

Consider a partitioning of [n] into two sets (), Q' such that for each i, {v; : j € QN P;} = {e1, -+ ,eq} whereeq,--- ,eq
is the standard basis for R?. We need to show that for any subset U C S of size ¢ < sk, we can choose the vectors in Q' s.t.
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OPT(QUQ') > OPT(UUQ)). Indeed, fix one such subset U where [U| < sk—1. Since } ;. [UNP;| < |U| < sk—1,
there must exist ¢ € [s] s.t. |[U N P;| < k — 1. W.Lo.g., we can assume that {v; : j e UN P} C {ey,--- ,ex_1}. Choose
Q' st. QNP =0, and

{vj:je@ NP} ={Megir) - Mesi_ 1}
for some arbitrarily large M > 0. Consider S C QU Q' s.t. {v; : j € SN P} = {e1, - ,ex,—1,ex}and {v; : j €
SNP}=Q NPifori=2---,s then S € Mand pu(S) := det(d> ], . gviv]) = M?25=2%i thus OPT(Q U Q') >
M?25=2%i _On the other hand, for any S’ € (UL;Q/), either:

* SN P, CQVi>2:inthis case u(S") = qﬂbecause all the vectors in S’ are contained in the (k — 1)-dimensional
subspace spanned by e1,- -+ ,er_1.

« S'NP; Z Q for some i > 2 : in this case xu(S") < M>(=i=2ki=1) gince there are at most 2222 k; — 1 vectors in S’
that are from V"’ and thus have norm M, while the remaining vectors are from V' and have norm 1.

In either case, we have OPT(U U Q') < M*(=i=2ki=1) < OPT(Q U Q')/M?, thus OPT(Q U Q') can be arbitrarily large
compared to OPT(U U Q). O

For k > d, using similar arguments, we can show that any a-coreset for determinant maximization under partition con-
straint with finite approximation factor o must have size t > k + d(d — 1).

Lemma 29. Suppose k > d. Consider the partition matroid M = ([n], ) of rank k defined by a partition Py, - - , P, and
constraint k1 = - - - = ki, = 1. Any composable coreset for the determinant maximization problem under partition matroid
constraint M with size t < k + d(d — 1) must incur an arbitrarily large approximation factor.

Proof. The construction is similar to the proof of Consider n vectors vy, - - - , v, € R? to be chosen later. For
set Q C [n], let OPT(Q) := maxgcq, 5=k det(D_,cq viv] ).
Choose set Q C [n] and {v; : j € Q} s.t.

{Uj 1 j € QOPZ} = {Miel,--- ,Mied}

with My > My > Mg > Mg41--- > My, to be chosen later. Let U be a coreset for () with finite approximation factor.
Clearly, |Q N P;| > 1. We will show that [U N P;| = dfori = 1,--- ,d, and thus conclude that |U| > (k — d) + d*? =
kE+d(d-1).

For the base case of ¢« = 0, the claim holds trivially. Suppose that the claim holds for ¢ — 1 with ¢ > 1. Then we
show that it holds for . We assume for contradiction that [U N P;| < d — 1. W.Lo.g., assume {v; : j € UN P;} C
Meq, -+, Mie;—1,Mieitq1,- -+ , M;eq. Indeed, define Q" such that {v; : j € Q' NP} = {Me,} fort € {1,---,i—
1,i+1,---,d} and Q' N P, = ( otherwise. By choosing M > Mj and M; > My > M1, we can ensure that the
optimal instance in @ U Q" must contain d — 1 vectors in Q’ and M;e; € Q N P;, thus

OPT(QU Q') > (M1 M;)2.
On the other hand, for any S C U U @Q’, either

* |SNQ'| <d—1:inthis case
k _
u(s) < () ar=2arty

since any W € (g) must contain at most d — 2 vectors of norm M from V| and the remaining vectors have norm at

most M.
* |SNQ'|=d—1:since {v; : UNP;}isinthe spanof {v; : SNQ'}, any W € (‘3) with det (3, oy viv]) # 0 must
satisfy that Vi := {v; : j € W} consist of at most d — 1 vectors of norm M from ', and the remaining vectors

must have norm at most M, 1, thus
k _
w(S) < <d> (MY My )2

"Even when we replace by a full-support /i that approximates 4 within distance ¢, we will have ji(S) < ¢ < OPT(V UV’)/M? if
we choose € small enough
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In either case, OPT(U U Q') can be arbitrarily smaller than OPT(Q U Q’). O

Finally, we show that for & > d, the approximation factor of d°(%) is the best possible even under no constraints. For
k < d,Indyk et al[(2020) shows that approximation factor of k°*) is optimal.

The following construction is from (Indyk et al.,[2020, section 7.1). We include this for completeness.
Definition 30 (Hard input for composable coreset). Let 8 = o(d/log? d), m = d/logd so that d*/™ = O(1). Consider
G C R™HL of dP+2 vectors s.t. for every two vectors p, ¢ € G, we have (p, q) < O(%).

Fori = 1,--+,d — m, construct X; as follows: pick a random index 7; € [n]. Embed G into the subspace spanned by
{e1, -+, €m,emi} s.t. the 7(i)t" vectors in G is mapped into e, ;.

Choose a random rotation matrix @, and return QX1,- -+, QX4—r, and QY7, -, QY;, with Y; = {Me;} for a large
enough M.

Theorem 31. For d < k < d"and~ st vy o(d/log?®d), any composable coreset of size k7 must incur an
approximation of ( )d(1 o)), For example, the theorem applies when v,~' are constant, i.e. d < k < poly(d) and the

coreset has size poly(k)

Proof. For a set V of vectors, let V> be the set where each vector in V is duplicated ¢ times. Let 3 = 7'. We use the
construction in|Definition 30|where every vector is duplicated ¢ = k/d times. Let QX --- , QX QY;*", -, QY
be the input sets. Let .S be s.t.

Vs :i={vj:jeS}={Mer, -+ ,Mem,ems1, - ,€a}
then V" has value p(S) > (k/d)?(M™)2.

On the other hand, let ¢(QX 1-”) be an arbitrary coreset of size kY < d” for QX iXt.

As observed in (Indyk et al., 2020, Lemma 7.2), the probability that C; := ¢(QX iXt) contains (Je,,+; is bounded by
(QXN/1QX])| < 1/d.

Thus, with probability > 1 — 1/d, we have Qe +; € c(QX, ") for all i € [d — m]. Assume that this happens. Then for
any u € C;

log® d
Z eiel ,uul) O(ﬂ%)
1=m-+1

thus for any uq, - - , Uy, in

C::Lnjc YU U QX M),

d m
det( Z (Me;)(Me;)T + Zuzul)
et

= 1 i=1

<M?™(max( E eiel, uuT))d—m
i=m-+1

< ( O(v/B) log d) e
< - .

Hence, with probability at least 1 — 1/d, any size-d subset W in C has

det( voT) < M <O(\/B>1°gd>2(d—m> |

d
veW
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thus by Cauchy Binet, any size-k subset S in C has

n(S) < (2) M2m (O(\/Bd)h)gd)?(d—m).

Thus the approximation factor is at least
1 —m
3/ (0(V/B)log d)?)?

with m = o(d).

C OTHER EXPERIMENTAL DESIGN PROBLEMS

In this section, we generalize our composable coreset construction to other experimental design problems such as A-design
and E-design.

The main idea is to replace the local optimum in the coreset construction with an a-spectral spanner (see [Definition 32)).
By replacing the local optimum with a spectral spanner, we can ensure that the coreset contains a high-valued feasible
fractional z in the convex hull P(M) C [0,1]™ of the matroid polytope of M, which can be rounded to an integral
solution for uniform matroid constraint and certain class of laminar matroid constraint.

Definition 32 (Indyk et al.|(2020)). For a set of vectors V' C R%, a subset U C V is a a-spectral spanner of V' iff for any
v € V, there exists a distribution p, of vectors in U s.t.

T T
vl Xy, vt

Theorem 3§ ((Indyk et al., 2020} Proposi}ion 4.2,Lemma 4.6)). Given V C Rd, there exists an efficient algorithm that
constructs O(d)-spectral spanner of size O(d).

Recall that the goal of experimental design problem is to select a set Sﬂthat maximizes f (>, ;g viv] ) for some objective
function f. The most popular and well-studied objective functions include:

* D(eterminant)-design: f(A) = det(A)Y/.

* A(verage)-design: f(A) = —Tr(A~1)/d

* E(igen)-design: f(A) = —[[A7}|

* T(race)-design: f(A) = d/Tr(A)
Each of the above objective functions satisfies the properties of a regular function (see [Definition 34). |Allen-Zhu et al.
(2017) shows that under uniform matroid i.e. cardinality constraint, any fractional feasible solution of a regular function
can be rounded into an integral solution while incurring only O(1) loss in the objective function. For laminar matroids, Lau
and Zhou| (2021)) shows the same results for D-design and A-design when krp > Cd for VF € F and for some absolute

constant C. For general matroid and f(-) = det(-), Madan et al.| (2020) shows that a fractional feasible solution can be
rounded into an integral solution while suffering a d°(%) loss in expectation.

Definition 34. A function f : S;r — R is regular if it satisfies the following properties

* Monotonicity: forany A, B € ST, if f(A) < f(B) for A < B.
« Concavity: for A, B € S} and t € [0, 1], we have f(tA+ (1 —t)B) > tf(A) + (1 —t)f(B).

In particular, this implies the existence of an efficient algorithm that solves the continuous relaxation

max f(z siviv]) st s; € [0,1] and Z‘Si < k.

S1,°3Sn X )
i€1 i=1

85 might need to satisfy additional constraints such as S is a basis of a given matroid
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« Reciprocal linearity: forany A € ST and ¢ € (0,1), f(tA) = t~1f(A).

Theorem 35 (Rounding for experimental design, Madan et al.| (2020)). Consider the experimental design problem with
objective function f(-) and input vectors vy,--- ,v, € R? under matroid constraint M of rank k. For any fractional
x € P(M) C[0,1]", there exists z € B(M) C {0,1}" s..

* When f(A) = det(A) :
min{d®®, 200} £(> " zw0]) = FO - wivio])
i=1 i=1

The factor d°D can be improved to 2°Y when M is a partition matroid.

o When k > d, M is the uniform matroid and f is regular:
O(l)f(z zivv]) > f(z zvv])
=1 i=1

o When k > d, M is a laminar matroid defined by the laminar family F and (kp)per with kp > Cd for VF € F for
some large absolute constant C, and f(A) = —Tr(A=1)/d :

n n

O(l)f(z ziviv] ) > f(z z;0;0] )

i=1

We show O(d)-composable coreset of size O(dk) for experimental design problems in the without repetition setting.

Theorem 36. Given input vectors vi,--- ,v, € R4,V C {vy,---,v,} and a number ky > 1, the (V, ky)-spectral
peeling coreset U is defined by the same procedure as in[Definition 17 but replacing the local optimal U; by a O(d)-
spectral spanner U; of V; (see |Definition 32|and|Theorem 33)). Then |U| < O(ky-d). For any S with |S N\ V| < kv, there
exists a distribution p.,, for v € S NV with disjoint supports s.t. supp(u,) C U and for any regular objective function f :

f(z voT) < f(z Eyp, duuT)

veS vES

Consequently, for ky = k, the set U serves as a O(d)-composable coreset for the experimental design problem under
cardinality constraint k w.r.t. f.

Proof. Consider the set (SNV')\U. Since [SNV| < ky, there is an injective map 7 : (SNV)\U — [ky]s.t. SNU(,) =0
foreachv € (SNV)\ U.Foreachv € (SNV)\ U, since v € Vy(,), we can use the fact that Uy (,,) is a spectral spanner
of V; to deduce that there exists ji,, supported on Ur(,,) where

vl = dEyp, uuT.
Note that 1, are disjoint by injectivity of 7. The claim then follows from the monotonicity of f.
For sets V1, - -+, V,,, let U be the (V;, k)-peeling coreset for V;. Let V' := |J*; V; and U’ := | J U].

LetS € (‘; ) be a subset that maximizes f(), g vvT). Using the above argument, we obtain that U’ contains a fractional
solution s € [0,1]Y" s.t. 3 s; = k and

FOQwT) <df(Y ] sivio]) <O F(D uuT)

ves i€y’ wed

for some S € (%/), where the second inequality follows from [Theorem 35 U

Using similar construction and proof technique, we obtain O(d)-composable coreset of size O(dk) and O((dk)*) respec-
tively for A-design under certain laminar and partition matroid constraint M where kr > Cd for VF € F.
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