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Abstract

Existing distribution compression methods, like Kernel Herding (KH), were orig-
inally developed for unlabelled data. However, no existing approach directly
compresses the conditional distribution of labelled data. To address this gap, we
first introduce the Average Maximum Conditional Mean Discrepancy (AMCMD),
a metric for comparing conditional distributions, and derive a closed form estima-
tor. Next, we make a key observation: in the context of distribution compression,
the cost of constructing a compressed set targeting the AMCMD can be reduced
from O(n?) to O(n). Leveraging this, we extend KH to propose Average Condi-
tional Kernel Herding (ACKH), a linear-time greedy algorithm for constructing
compressed sets that target the AMCMD. To better understand the advantages
of directly compressing the conditional distribution rather than doing so via the
joint distribution, we introduce Joint Kernel Herding (JKH), an adaptation of KH
designed to compress the joint distribution of labelled data. While herding methods
provide a simple and interpretable selection process, they rely on a greedy heuris-
tic. To explore alternative optimisation strategies, we also propose Joint Kernel
Inducing Points (JKIP) and Average Conditional Kernel Inducing Points (ACKIP),
which jointly optimise the compressed set while maintaining linear complexity.
Experiments show that directly preserving conditional distributions with ACKIP
outperforms both joint distribution compression and the greedy selection used in
ACKH. Moreover, we see that JKIP consistently outperforms JKH.

1 Introduction

Given a large unlabelled dataset D := {x;}? ; C X sampled i.i.d. from the distribution Py, a
major challenge is constructing a compressed set, C := {&; };”:1 with m < n, that preserves the
essential statistical properties of the original data. This compressed set can then replace the full
dataset in downstream tasks, significantly reducing computational costs while maintaining statistical
fidelity. Existing distribution compression algorithms leverage the theory of Reproducing Kernel

39th Conference on Neural Information Processing Systems (NeurIPS 2025).



Hilbert Spaces (RKHS) [1]] to embed distributions into function space. Specifically, these methods
minimise the Maximum Mean Discrepancy (MMD) [2] between the true kernel mean embedding of
the distribution Px, denoted i x, and the kernel mean embedding estimated with the compressed set,
denoted fix . This ensures that the empirical distribution of the compressed set, Px, remains close to
the true distribution Py in terms of MMD.

Several well-known distribution
compression algorithms include
Kernel Herding [3], Kernel
Quadrature [4-9]], Support Points
[10], Gradient Flow [11], and
Kernel Thinning [12H14]]. Ker-
nel Herding was the first method
proposed for distribution com-
pression and remains one of the
most intuitive approaches. It
is a greedy algorithm that itera-
tively constructs a compressed set
via gradient descent, optimising
super-samples that are not part
of the original dataset. Kernel
Herding was originally designed
to compress distributions over un-
labelled data. However, we demonstrate that it can be adapted to compress the joint distribution Px y
of a labelled dataset D := {(x;,y;)}-; C X x Y using the theory of tensor product RKHSs. This
is achieved by optimising a compressed set C := {(Z;, ¥;)}-, targeting the Joint Maximum Mean
Discrepancy (JMMD) [13]). In a similar fashion, we also adapt the gradient flow approach of [[16],
which optimises all points in the compressed set jointly.

Figure 1: Compressed set of size m = 25 generated by ACKIP
(green), initialised with uniformly at random subsample (yellow).

No existing distribution compression method targets the family of conditional distributions Py | x of a
labelled dataset. To address the gap, we require the kernel conditional mean embedding (KCME),
denoted j1y|x. The KCME provides a way to embed the family of conditional distributions Py x
into an RKHS, and is a widely used technique for non-parametric modelling of complex conditional
distributions. Given n labelled samples, it can be consistently estimated with a computational cost
of O(n?) [17,[18]. Despite this high cost, the KCME has been successfully applied in various
fields, including conditional distribution testing [18} [19]], conditional independence testing [[18l, 20],
conditional density estimation [21H23], likelihood-free inference [24]], Bayesian optimisation [25]],
probabilistic inference [17, 22, [26H28]], calibration of neural networks [29]], reinforcement learning
[30432], and as a consistent multi-class classifier [33]]. Intuitively, we posit that directly compressing
the conditional distribution should be preferable to indirect joint compression, much as direct
conditional density estimation outperforms approaches based on separate joint and marginal estimates
[34]]. Proofs of all our theoretical results are in Section [B]

Our key contributions are:

* In Section[d.1] we define the Average Maximum Conditional Mean Discrepancy (AMCMD), show
that it satisfies the properties of a proper metric on the space of conditional distributions, and derive
a closed form estimate.

In Section[4.2] we make a crucial observation: the cost of estimating the AMCMD, excluding terms

irrelevant for distribution compression, can be reduced from O(n?) to O(n) via application of the

tower property.

* This observation enables the development of Average Conditional Kernel Herding (ACKH), a
linear-time algorithm which constructs a compressed set such that Py x—5 =~ Py|x—5 a.e. & wrt
Px . Furthermore, in Section4.3| we propose Average Conditional Kernel Inducing Points (ACKIP)
as a non-greedy, linear-time alternative that jointly optimises the compressed set to the same end.

* For comparison purposes, in Section[3] we propose Joint Kernel Herding (JKH) and Joint Kernel

Inducing Points (JKIP), extending existing compression algorithms to target the joint distribution.

In Section[5] across various datasets and evaluation metrics, we show that directly targeting the

conditional distribution via ACKIP is preferable to compressing the joint distribution via JKH or

JKIP. We also demonstrate the limitations of the greedy heuristic used by JKH and ACKH, with

JKIP and ACKIP outperforming their counterparts.



2 Preliminaries

In this section we briefly introduce the relevant theory of RKHSs, for a more thorough treatment see
the various detailed surveys which exist in the literature [35H37].

Throughout this work, we consider (2, F,P) as the underlying probability space. Let (X, Z") and
(Y, %) be separable measure spaces, and let X : @ — X and Y :  — Y be random variables
with distributions Px and Py, respectively. We denote the joint distribution of X and Y by Px y
and the conditional distribution, in the measure-theoretic sense of [18]], by ]P’y| x. Given a labelled

dataset D := {(x;,v;)}},, we refer to the empirical distribution of D as Py y. For a compressed
set C := {(&;, ;) },, m < n, we instead denote the empirical distribution as Px y-.

Reproducing Kernel Hilbert Spaces: Each positive definite kernel function & : X x X — R
induces a vector space of functions from X to R, known as a Reproducing Kernel Hilbert Space
(RKHS) [[1], denoted by H;. An RKHS H}, is defined by two key properties: (i) For all x € X, the
function k(x, -) : X — R belongs to Hy; (ii) The kernel function k satisfies the reproducing property,
meaning that for all f € H;, and € X, we have f(x) = (f(-), k(x, -))2,., where (-, )5, denotes
the inner product in Hy. A key property of kernels is the concept of universality [38]. Intuitively, if a
kernel k € Cy(X) is universal, then for every function f € Cy(X), there exists a function g € Hy,
that approximates it arbitrarily well. This property is satisfied for many common kernel functions
such as the Gaussian Laplacian, and Matérn, for example [38].

Tensor Products of Reproducing Kernel Hilbert Spaces: Let [ : ) x ) — R be the reproducing
kernel inducing the RKHS H;, and denote H; ® H; to be the tensor product of the RKHSs H,
and H;, consisting of functions g : X x ) — R. Then, for h, i’ € Hy and f, f' € H;, the inner
product in Hy, ® H; is given by (f ® g, [/ ® ¢"Vs,.0m, = (9,9 )21, (f5 f')21,- Under the integrability
condition Ep,, [k(X, X)] < oo, Ep, [I[(Y,Y)] < oo, one can define the joint kernel mean embedding
Uxy ‘= EPX,Y U{i(X, )Z(K )} S Hk ® Hl such that IE]P’X,Y [g()(7 Y)] = </,LX,y, g>7‘lk®7‘ll for all
g € Hi ® H; [18]. The joint kernel mean embedding can be estimated straightforwardly as
fxy = Y i k(z;,)l(y;,-) with i.i.d. samples from the joint distribution. The tensor product
structure is advantageous as it permits the natural construction of a tensor product kernel from kernels
defined on X and ). This insight is particularly important when X and ) have distinct characteristics
that make a direct definition of a p.d. kernel difficult, for example, if X = R%and Y = NP,

Given additional random variables X’ : Q@ — X, Y’ : Q — ), and the embedding px/ y of Px: vy,
one can define the Joint Maximum Mean Discrepancy (JMMD) [15] as

IMMD (Px v, Px:y/) := [luxy — x: v ||l1,0m, -

For a particular class of characteristic tensor product kernels [39], the mapping Px y — px,y is
injective [40]. Hence, by the virtue of Theorem 5 [2], it is the case that IMMD(Px y,Pxy) =
lexy — pxr v llreen, = 0ifand only if Px y = Px/ y.

Conditional Kernel Mean Embedding: Under the integrability condition Ep,, [1/{(Y,Y)] < o0,
the kernel conditional mean embedding (KCME) of Py | x is defined as py|x := Ep,., [I[(Y; ) | X]
where iy x : €0 — H; is an X-measurable random variable outputting functions in H;. Similar to

the unconditional case, for any f € H,, it can be shown that Ep,. . [f(Y) | X] = (f, oy x) 2, [I81.

The KCME can be written as the composition of a deterministic function Fy |y : X — H; and the
random variable X : ) — X, ie. py|x = Fy|x o X (Theorem 4.1, [18]]). For consistency in
notation, throughout the remainder of this work, whenever we refer to the KCME Hy|x, WE mean
Fy|x. The KCME can be estimated directly [18, 30] using i.i.d. samples from the joint distribution
D as

fy|x = Z (i, )Wi;l(y;,-) 1)

where the superscript D refers to the data used to estimate py|x, we define W := (K + AI )L,
[K)ij = k(xi,x;),4,5 =1,...,n,and A > 0 is a regularisation parameter.

Maximum Conditional Mean Discrepancy: Given two conditional distributions Py | x and Py x-,
with KCMEs iy x and py | x+, the Maximum Conditional Mean Discrepancy (MCMD) was defined



by [18] as a function of the conditioning variable € X', which returns a metric on Py x_, and
Py x/—z, that is

MCMD [Py x,Py/x/] () = [|py|x=2 — by |x/ =27
In the following sense sense, the MCMD is a natural metric on the space of conditional distributions:

Theorem 2.1. (Theorem 5.2. [lI18|]) Suppose | : Y x Y — R is characteristic, that Px and Px
are absolutely continuous with respect to each other, and that P(- | X) and P(- | X') admit regular
versions. Then MCMD [PY‘X, Py/‘X/} (-) = 0 almost everywhere x wrt Px (or Px/) if and only if,
for almost all € € X wrt Px (or Px/), we have Py | x—5(B) = Py x/—z(B) forall B € %'

Related Work: Existing distribution compression methods focus on unlabelled data, where the
goal is to approximate Px using a smaller representative set that minimises the Maximum Mean
Discrepancy (MMD). Perhaps the most intuitive of these is Kernel Herding [3} 41], which greedily
constructs a compressed set by iteratively optimising points that minimise the MMD. While simple
and interpretable, its greedy nature can lead to suboptimal solutions, motivating alternatives such
as Gradient Flow [11]], which jointly optimises all points via gradient descent, and Kernel Thinning
[[13} [14]], which restricts the compressed set to a subset of the original data to support theoretical
guarantees. Despite these advances, existing approaches target unlabelled distributions. In contrast,
this work introduces algorithms for joint and conditional distribution compression. For additional
discussion of related work see Section [A.Tl

3 Joint Distribution Compression

Given a labelled dataset D, one may be interested in compressing the joint distribution Py y-, rather
than the marginals Px, Py-.

3.1 Joint Kernel Herding

By inducing an RKHS H;, ® #H; with the tensor product kernel k(-,-)I(-,-), one can modify
the Kernel Herding [3]] algorithm to instead target the joint distribution. First, we assume that
lk(x, )(y, )lm,en, = Rforallz € X and y € Y, where R is a constant. This condition holds
for commonly used stationary kernels such as the Gaussian, Laplace, and Matérn kernels. Then,
assuming we are at the (m + 1)1 iteration, having already constructed a compressed set of size m,
C = {(&;,9;)}}]L, the next pair is chosen as the solution to the optimisation problem

1
argmin —— k(x,z;)k(y, ¥5) — By~ k(z, ) (y, y')]. @
(z,y)EXXY m+1; (. 2;)k(y, Y;) (@ y)~Px.y [K( ) )]

We refer to this algorithm as Joint Kernel Herding (JKH). The optimisation problem in (2) can be
interpreted as reducing at each iteration the IMMD(Px y,Px y); see Section

3.2 Joint Kernel Inducing Points

The greedy optimisation approach of JKH is a convenient heuristic which focuses computational
effort on optimising one new pair at a time while previously selected pairs are fixed. However, this
strategy may give poor solutions, as it never revisits or adjusts earlier selections. Instead, we can first
select an initial compressed set of m pairs through uniformly at random subsampling of D, followed
by refining all pairs jointly. Going forward, we refer to this algorithm as Joint Kernel Inducing Points
(JKIP), noting that it may be viewed as a discretised Wasserstein gradient flow [L1].

We target the IMMD(Px y, Px y-) by solving the optimisation problem
argmin Z k(&:, &5)1(G:, §5) Zﬂ% w~bxy K@ )@ y)] 3
(X,Y)CxxY m? ig=1

via gradient descent. In the general case, one cannot compute the expectation above, hence we instead

target its empirical alternative, namely JMMD(I@’X,y, ]?’Xy). Defining X := [z, 22,..., Ty,



Y = [y1,y2, ..., Yn| . X = [&1,&2,...,&m] . and Y = [§1, P2, ..., Pm] . this reduces to
targeting

o 1 2
LP(X,Y) = I (KxxLyy) — T (KxxLyy), 4

Wl}el‘e [KXX]’LJ .:: k(zf;l, 53]‘), [KXX]U = k(:i’v, .’Bj), [LYY].U = l(’g“ ’gj.), and [LYY]ij =
1(9i,y;). One might initially assume that JKIP is more computationally expensive than JKH due to
its higher cost per gradient step, but this is not the case. In fact, to construct a compressed set of size
m, both JKH and JKIP have time complexity of O(mn + m?); see Section and

4 From Joint to Conditional Distribution Compression

4.1 The Average Maximum Conditional Mean Discrepancy

In Section [2] we recalled the MCMD, which is a function of & € X that outputs a metric on
the conditional distributions Py | x—z, Py x/—, with fixed conditioning values. However, for the
purposes of distribution compression, we require a discrepancy measure that applies to entire families
of conditional distributions Py|x, Py~ x/. Prior work has introduced the discrepancy

Eonpx [ty x=z — ﬂY’\X:mHiLz] ) (5)
which was independently proposed as the Average Maximum Mean Discrepancy (AMMD) in [42]
and the Kernel Conditional Discrepancy (KCD) in [19]]. Throughout this work, we will refer to (E]) as
the KCD. We introduce a more general alternative, and show it is a proper metric: given an additional
random variable X* : Q — X" with distribution P x «, we define the Average Maximum Conditional
Mean Discrepancy (AMCMD) as

AMCMD [Px-,Py|x, Py x/] := \/Ewwﬂ’x* iy x=2 — by x/=2l3, - (6)

In the above definition, the expectation is taken with respect to a distinct probability measure
Py« # Px,Px,, which broadens its applicability compared to the KCD. See Section for an
illustrative example.

The following theorem establishes that the AMCMD is indeed a proper metric.

Theorem 4.1. Suppose thatl : Y x Y — R is a characteristic kernel, that Px, Px:, and Px~ are
absolutely continuous with respect to each other, and that P(- | X) and P(- | X') admit regular
versions. Then, AMCMD []P’X*,]P’HX, IP’Y/‘X/] = 0 if and only if, for almost all x € X wrt Px+,
]Py|X:m(B) = Py/|X/:m(B)f0r al Be %.

Moreover, assuming the Radon-Nikodym derivatives x , L , dx
dP x dTPX/ dTPX//

gle inequality is satisfied, i.e. AMCMD [PX*,IP’Y‘X,IquXH] < AMCMD []P’X* , Py|X,PY/|X/:| +
AMCMD I:IP)X* 5 ]P)Y/lX/’ ]PY/"X”] .

Remark 4.2. The boundedness condition on the Radon-Nikodym derivative may be intuitively
understood as a condition on the relative heaviness of the tails of the distribution Px« compared
to Px. For example, if Px« = N (g, af) and Py = N (p, 02), then dﬂ,’;" is bounded whenever
o? > Uf.

are bounded, then the trian-

Given sets of i.i.d. samples {z}L, ~ Px-, N = {(z;,y:)}".; ~ Pxy, and M :=
{(x,y})}™, ~ Pxs ys, we define a plug-in estimate of the AMCMD? as
2

) (N

2 13
AMCMD I:IPX*JP)Y\X?HDYWX’} = - Z
5= o

AN M
Hy | X=ar = Hy/|X'=a}

and derive a closed form expression as follows:
Lemma 4.3.

14]‘4/(:ED2 I:PX*7]PY|X7PY’|X’]

1 2
= gTr (Kx-xWxxLyyWxxKxx+)— gTr (Kx-xWxxLyy Wx x' Kx'x+)

1
+ gTr (KX*X’WX’X’LY’Y'WX’X’KX’X*) s



where, for example, we have defined [Kx'x+lij = k(z',z*), [Lyy']i; = U(y:,Y}), and
Wxix = (KX’X’ + )\m[)il.

This estimate is O(n® + m? + q(n? + m?)) to compute. As a corollary of Theorem 4.5 in [19], we
establish its consistency in the special case that X* = X’ = X, which corresponds to the regime
under which our conditional distribution compression algorithms will operate.

Corollary 4.4. Assume that k(-,-) and I(-, -) are bounded, k(-,-) is universal, and let the regularisa-
tion parameters \,, and )\, decay at slower rates than O(n~"/?) and O(m~"/2) respectively. Then,
AMCMD [Px, IPY‘X, IPY/|X} £> AMCMD [Px, ]PY|X7 ]P)Y/|X} as n,m,q — oQ.

Remark 4.5. The conditions in Corollary ensure that ﬂy‘ x and fiy+ x converge to py|x and
My x Tespectively in L?(X,Px;H;) norm, that is, the norm of the space of square IPx-integrable
‘H;-valued functions [[19].

Remark 4.6. The conditions on k and [ are satisfied by many common choices. For example,
with continuous conditional distributions, both can be Gaussian kernels; for discrete conditional
distributions, [ can be replaced with an indicator kernel [33]].

4.2 Average Conditional Kernel Herding

We now introduce Average Conditional Kernel Herding (ACKH), a greedy algorithm that constructs

a compressed set targeting the AMCMD? [Py, Py x, ]f”y| x]- The ACKH objective is derived by
expanding the squared norm in (6)), and ignoring the term which is invariant wrt the compressed set.

Assuming we are at the (m + 1)" iteration, having already constructed the compressed set C =
{(4,95)}7L1, we expand the compressed set C = C U (z, y) by solving

2
~C
[ SN |

As we do not have access to uy|x and Px, we must estimate this objective; this is equivalent to

. ~C
angin { ooz |76 o
z,y

targeting the AMCMD? [I@’ X, I@y‘ X, IP’Y‘ x]- Naively, one might assume that we must estimate Ky |x
using D, incurring a high computational cost of O(n?). The following result allows us to avoid this:

Lemma 4.7. Let h : X — H; be a vector-valued function, then

]EmN]PX [<,uY|X:m7 h(x)>7.(,] = E(a:,y)NIP’x,y [h(m)(y)] .

Remark 4.8. If we let h(x) = [Lg‘ x_g then Lemma eliminates the need to explicitly estimate
My |x in , and hence, the cost of estimating the objective is reduced from O(n?) to O(n).

Even after applying Lemma we still have an expectation in (§) which we may not be able to
compute in general. Estimating this expectation using D, we obtain the closed form objective

1 _ ~ ~ ~ _ 2 _ ~ -

GP(z,y) := gTr(K(m)W(m)L(y)W(fB)K(w)T) - ETI(K(m)W(fL‘)L(y)T% )
where we define [K (z)];; = k(z;,&;), i = 1,...,n, j = 1,...,m, [f((ac)]l] = k(z;,x,),
i,j=1,...,m,and W(x) := (K(x) + AI)~!. Analogous definitions hold for the response kernel

I(-,-), yielding matrices L(y) € R™ "™ and L(y) € R™*™. To construct a compressed set of size
m, ACKH can be shown to have an overall time complexity of O(m* 4+ m3n); see Section

4.3 Average Conditional Kernel Inducing Points

Unlike JKH, where updates depend only on the newest pair in the compressed set, the presence of an
inverse in the objective @]) prevents a similar simplification. [ﬂThis leads to a quartic dependence of
ACKH on the compressed set size m, which is a fairly significant limitation. By instead optimising
each pair in the compressed set simultaneously, we can reduce this to just cubic dependence on m.

"Through the method of bordering [43]), it is technically possible to update the inverse of a growing matrix,
minimising re-computation. Unfortunately, bordering is a highly numerically unstable procedure, and kernel
matrices are often very ill-conditioned in practice.



We refer to this algorithm as Average Conditional Kernel Inducing Points (ACKIP), solving the
optimisation problem

2
HJ — Wy [ xmer (y')}} (10)

over each pairin C = (X , Y) via gradient descent. Once again, even after applying Lemma to
(TO) we still retain an expectation which in general is difficult to compute. Estimating this ecoectatuion
using D, we obtain the closed form objective

. ~C
wgmin: {Eure 75
C

| 2
JP(X,)Y):= ST (Kxx Wi LyyWex Kxx) = ~Tr(LyyWxx Kxx), (D

where W ¢ := (K ¢ ¢ + AI)~". To construct a compressed set of size m, ACKIP has an overall
complexity of O(m? + m?n), i.e. a factor of m faster than ACKH; see Section

5 Experiments

Building on the experimental setup of Kernel Herding [3]], we demonstrate how the methods proposed
in this paper can be applied to compress the conditional distribution. We report the root mean

2
square error RMSE(C) := \/Tll DIy (]E[h(Y) | X =x;] — <ﬂ(§/\xzmi>h>7ﬁ) , across a range of

test functions h : ) — R. This aligns with the standard applications of the KCME [17H33]], where
one estimates the conditional expectation of a function of interest . When the exact value of the
conditional expectation is unavailable, we approximate E[h(Y") | X = x;] via its full-data estimate,
</l$| Xea,) h)s,. Note that when h is the identity function, the estimate reduces to the familiar
regression setting i.e. E[Y | X], and when h is an indicator function, it corresponds to estimating

class-conditional probabilities e.g. P(Y = 0 | X). For full details of the experiments, including
results on additional test functions omitted from the main text due to space constraints, see Section@

5.1 Matching the True Conditional Distribution

In general, the expectations in (]Z[) @), (@) and must be estimated. However, when the kernels
k and [ are Gaussian, and we let Px = N (p, 0%) and Py|x = N(ao + a1 X, 02) for p,ap, a1 € R
and 02,02 > 0, the integrals can be evaluated analytically. See Section for details. We construct
compressed sets of size m = 500, and compute the AMCMD? {IP X, Pyx, I@y‘ x | achieved by each

method. Figures 2] and3]highlight the advantages of directly targeting the conditional distribution,
with ACKH and ACKIP achieving lower AMCMD compared to JKH and JKIP. Additionally, in
the case of ACKIP versus ACKH, it demonstrates the superiority of joint optimisation over herding,
where the inability to revisit previous selections limits ACKH’s performance in comparison to ACKIP.
Moreover, we can see that the reduced AMCMD achieved by ACKH and ACKIP translates to
improved performance in estimating conditional expectations across a variety of test functions.

hly)=y
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5 | = Random sampling
JKH

— JKIP

— ACKH

1074 { —— AcKIP

AMCMD? [Py, Py | x, Py x]

Figure 2: Results for the true conditional distribution compression task with parameters set as
ap = —0.5,a; = 0.5, u = 1, 02 = 1, and 62 = 0.5. The AMCMD? (first plot), and the RMSE
across three test functions, versus the size of the compressed set is reported. For JKH (orange), JKIP
(red), ACKH (blue), and ACKIP (green), we display the median performance (bold line) with the
25th-75th percentiles (shaded region) over 20 runs. The error of random sampling (black) over 500
runs is also plotted for comparison.
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Figure 3: Results of the true conditional distribution compression task for compressed sets of size
m = 500. The RMSE across a variety of test functions is reported, with the IQR highlighted for each
method. Outliers are calculated as being above Q3 + 1.5IQR and below )7 — 1.5IQR.

5.2 Matching the Empirical Conditional Distribution

In this section, we present experiments targeting the empirical conditional distribution of synthetic
and real-data. Across all datasets, we generate or subsample down to n = 10, 000 pairs, split off 10%
for validation, 10% for testing, and construct compressed sets up to size m = 250.

5.2.1 Continuous Conditional Distributions

Real: We use the Superconductivity dataset from UCI [44]]. Superconductivity is composed of d = 81
features relating to the chemical composition of superconductors with the target being its critical
temperature [45]. In Figure[dand 5] we see that ACKIP achieves the lowest RMSE across each of
the test functions, with ACKH in second for all but one. We also note that JKIP achieves favourable
performance versus JKH.

x1071

hiy)=y h(y) =sin(y) hly)=e™’

RMSE

—— Random
JKH

—— ACKH
JKip
ACKIP

100 10 10? 100 10 102 100 10! 10? 100 10! 102
Compressed Set Size Compressed Set Size Compressed Set Size Compressed Set Size

Figure 4: RMSE versus size of compressed set for the Superconductivity data; the RMSE is calculated
against the full data estimates of E[h(Y") | X = a;] as the true values are not available.
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Figure 5: RMSE achieved by compressed sets of size m = 250 constructed by each method for the
Superconductivity data. The IQR is highlighted for each method with outliers calculated as being
above Q3 + 1.5IQR and below Q1 — 1.5IQR.

Synthetic: We design a challenging dataset with a highly non-linear feature-response relation-
ship and pronounced heteroscedastic noise, referring to it as Heteroscedastic going forward. Let



Px = N(0,2%) and Py | x—p, = N(f(x),0%(x)), with f(x) := Z?:l a; exp (—bi(w - ci)2>, and

o*(x) == o} + |03 sin(x)|. Figurecompares a compressed set constructed by ACKIP, with the
random sample which initialised the optimisation procedure. It demonstrates how random sampling
fails to adequately represent key areas of the data cloud, and how ACKIP can construct a better
representation. In Figures[6land[7]we see that ACKIP attains the lowest RMSE across three of the four
test functions. For the remaining function, all methods exhibit relatively similar performance. We
also note that JKIP outperforms or achieves similar performance versus JKH across the test functions.
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Figure 6: RMSE versus size of compressed set for the Heteroscedastic data with parameters set as
a:=[3,-3,6,—6]",b:=[1,0.1,2,0.5]T, ¢ := [-5,-2,2,5]T, 02 = 0.1 and 02 = 0.75. The
RMSE is calculated against the true value of the conditional expectations: the performance of the full
data (purple) is hence also highlighted here.
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Figure 7: RMSE achieved by compressed sets of size m = 250 constructed by each method for the
Heteroscedastic data. The IQR is highlighted for each method with outliers calculated as being above
@3 + 1.5IQR and below @); — 1.5IQR.

5.2.2 Discrete Conditional Distributions

Conditional distributions may also be discrete, as in classification settings where responses take one
of C distinct values y € {0,1,...,C}. In such cases, applying an indicator kernel on the response
space enables the KCME to serve as a consistent multi-class classifier, in contrast to methods like
SVCs and GPCs [33]]. The use of the indicator kernel renders standard gradient-based optimisation
inapplicable on the response space, necessitating an alternative optimisation strategy (see Section
[CT3|for details). Figure 8]illustrates the strong performance of ACKIP on a challenging, synthetic,
imbalanced four-class classification dataset, which we refer to as Imbalanced. We see that the KCME,
trained with the compressed set constructed by ACKIP, estimates the class-conditional probabilities
with accuracy that very closely matches that of the full dataset at just 3% of the size. In contrast, the
figure also exposes the limitations of the herding approach: ACKH performs worse than random on
three of the four classes, and JKIP outperforms JKH on three out of the four classes. For full details
on Imbalanced, and additional experimental results, including on MNIST, see see Section @
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Figure 8: RMSE achieved by compressed sets of size m = 250 constructed by each method for the
Imbalanced data. The RMSE is calculated against the true value of the conditional expectations: the
performance of the full data (purple) is hence also highlighted here. The IQR is highlighted for each
method with outliers calculated as being above Q)3 + 1.5IQR and below Q; — 1.5IQR.

6 Discussion

Applicability: ACKIP generates a compressed set that enables efficient estimation (from O(n?) to
O(m? + m?n)) and evaluation (from O(n?) to O(m?)) of the KCME while maintaining a close
approximation to the true KCME in terms of the AMCMD. The KCME is widely used across various
applications [17-33], despite its original O(n?) computational cost. By reducing this to O(n), whilst
impacting empirical performance minimally, our approach may significantly expand the range of
scenarios where the KCME can be practically applied. In particular, wherever one may have used a
random subsample of size m to estimate the KCME with cost (’)(m3), ACKIP can be inserted, where
running even just a few iterations of the algorithm increases the efficacy of the random sample at just
O(nm?) additional cost.

Limitations: Our algorithms currently lack a formal convergence guarantee. Although empirical
results consistently show convergence across a wide range of experimental settings, including both
real-world and synthetic conditional distributions, continuous and discrete, a rigorous theoretical
proof remains open. In practical terms, our approach depends on computing kernel gradients, which
may be unsuitable for data domains where gradients are ill-defined or difficult to interpret, such as
graphs or text [46,47]. In such cases, gradient-free alternatives inspired by Kernel Thinning [12H14]]
may be preferable to versions of JKH and ACKH that greedily select optimal sample pairs directly
from the existing dataset (see Algorithms[5]and[6).

7 Conclusions

We showed that existing distribution compression methods can be extended to target the joint
distribution, introducing JKH and JKIP. In particular, JKIP removes the heuristic limitations of greedy
optimisation by jointly optimising the compressed set, while preserving the same computational cost.
We then presented the AMCMD, an extension of the MCMD that defines a proper metric on families
of conditional distributions. We derive a closed form estimate of the AMCMD and demonstrate that
it can be consistently estimated in the regime of our compression algorithms. Then, leveraging the
AMCMD, we proposed ACKH and ACKIP, two linear-time conditional distribution compression
algorithms that are the first of their kind. Experimentation across a range of scenarios indicates
that it is preferable to compress the conditional distribution directly using ACKIP or ACKH, rather
than through the joint distribution via JKH or JKIP. Moreover, we see that the greedy optimisation
approach of ACKH limits its empirical performance, and increases its computational cost, versus
ACKIP. Finally, we also note that JKIP consistently outperforms JKH across our experimental settings.
This work opens up numerous promising avenues for future research; for a detailed discussion of
potential directions, see Section[A.2]
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* For asymmetric distributions, the authors should be careful not to show in tables or
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error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We have included the hardware and software specifications used to conduct
our experiments in Section [C]
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» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics
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NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We followed the NeurIPS Code of Ethics.
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e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
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Justification: Our work is not tied to any particular applications, and is not related to any
private or personal data, and there is no explicit negative social impact.
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» The answer NA means that there is no societal impact of the work performed.
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(e.g., deployment of technologies that could make decisions that unfairly impact specific
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to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer:

Justification: The work is not tied to any particular applications, and so we do not foresee
any high risk for misuse of this work
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* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.
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Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The creators of any of the assets used in this paper, such as code and data,
have been appropriately recognised, with licenses and terms of use clearly mentioned and
respected.
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* The answer NA means that the paper does not use existing assets.
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* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
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limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
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Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
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Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.
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* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: LLMs were not used in the development of this work.
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for what should or should not be described.
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A Further Discussion

In this section we include further discussions and conclusions that could not fit in the main body,
including related work, applications, limitations and future work.

A.1 Related Work

A.1.1 Standard Distribution Compression

As noted in the introduction, numerous distribution compression methods exist which target the
distribution of unlabelled data. Most of these are kernel-based methods that target the MMD, with one
notable exception (Support Points), which can actually be shown to be equivalent to a kernel-based
method for a specific choice of kernel. To the best of our knowledge, no existing method performs
joint or conditional distribution compression as defined in this work. We now briefly summarise the
existing approaches.

Kernel Herding [3| 41]] constructs a compressed set by greedily minimising the MMD, optimising
one point at a time. Let X := [x1, T2, ... ,:cn]T C R%be an i.i.d. sample from the target distribution
Px,andlet Z := [21,22,..., 2] C R?denote the current compressed set. At each iteration, the
next point is chosen by solving

1 m
1 Jz:; k(z’ zj) —Eanpy [k(z, x)] s

Zm41 = argmin
zeRd T
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after which the compressed set is updated to Z := [z1, 2z2,..., Zm, zmH]T, and the process is
repeated. This greedy strategy has the advantage of focusing computational effort on optimising one
new point at a time while leaving previously selected points fixed. However, it may yield suboptimal
solutions, as earlier selections are never revisited or refined. This optimisation approach is used
to target the joint distribution in Joint Kernel Herding, and the conditional distribution in Average

Conditional Kernel Herding.

Gradient Flow [[11]] methods address the problem of distribution compression by solving a discretised
Wasserstein gradient flow of the MMD. In practice, this corresponds to performing gradient descent
on all points in the compressed set simultaneously, i.e., solving

N QR 2 «
argmin — Z k(zi, z5) — . ;Emwpx [k(z, )] .

d
ZCR =

Under certain technical convexity assumptions on the objective [11]], this method can be shown to
converge to the global optimum; in practice, however, one should only expect to obtain a locally
optimal solution. We take this optimisation approach to target the joint distribution in Joint Kernel
Inducing Points, and the conditional distribution in Average Conditional Kernel Inducing Points.

Kernel Thinning [12-14] constructs a compressed set that is a proper subset of the original dataset,
i.e., all points in the compressed set are drawn directly from the input data. This restriction stems
from the method’s original motivation of thinning the output of Markov Chain Monte Carlo (MCMC)
methods, where subsampling is commonly referred to as standard thinning. Kernel thinning proceeds
via a two-stage procedure targeting the MMD. First, the input dataset is probabilistically split into 2"
MMD-balanced candidate sets, each of size |n/2™ |, discarding the remaining n — 2™ |n/2"™ | points
if n is not evenly divisible. Second, the best candidate set from this partitioning is selected, and then
greedily refined by iteratively replacing points with others from the original dataset whenever doing
so improves the MMD. This construction enables the derivation of convergence rates that are state
of the art in the literature, however practically it has the significant disadvantage of throwing away
potentially significant amounts of information in the n — 2™ |n/2"™ | points.

Support Points [[10] is a method for constructing compressed sets that takes a similar optimisation-
based approach to Gradient Flow methods, but targets the Energy Distance (ED) rather than the
MMD. The ED between distributions Px and Q x is defined as

ED(Px,Qx) := 2E[[la — bll2] — E[|a — a/l2] — E[||b — &|2],

where a,a’ ~ Px and b, b’ ~ Qx. Much like the MMD, the energy distance is zero if and only if
Px = Qx [10, Theorem 1]. Although Support Points is not initially expressed in kernel form, the
energy distance is in fact equivalent to the MMD for a particular choice of negative-definite kernel
[48]].

A.1.2 Dataset Distillation

Dataset distillation produces a compressed set which attempts to replicate the performance of the orig-
inal data on a downstream task, most typically image classification [49]. However, these algorithms
are model-dependent and preserve task-specific performance. In contrast, distribution compression
is model-agnostic: a distributional discrepancy is targeted, independent of any downstream model.
The aim is not to preserve performance on a particular model, but rather to preserve the distribu-
tion itself under compression. Therefore, the approaches introduced in this work are fask-agnostic:
the compressed set could be reused across diverse downstream applications, as discussed in the
introduction.

A.1.3 Maximum Mean Discrepancies for Conditional Distributions

The Maximum Mean Discrepancy (MMD) was introduced as a metric on the space of distributions
Px and has become widely used in machine learning [2]]. More recently, there has been growing
interest in developing MMD-like discrepancy measures for conditional distributions [[18} 19} 142} |50].
One such discrepancy:

Eanrx [l0vixes — by x=2ll3y] »

was introduced as the Kernel Conditional Discrepancy (KCD) by [[19] to measure conditional
distributional treatment effects. Independently, [42]] proposed the same object under the name
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Average Maximum Mean Discrepancy (AMMD) in the context of generative modelling. They are
limited to cases the outer expectation must be taken with respect to the distribution of the shared
conditioning variable Px. In contrast, we introduce the Average Maximum Conditional Mean
Discrepancy (AMCMD):

\/Emwx* [”NY\X:w - MY’\X’:wH%{L]a

which allows the outer expectation to be taken with respect to a distinct distribution over the
conditioning variable. This generalisation extends the applicability of AMCMD beyond KCD
and AMMD while still recovering their results when setting X = X’ = X*. Moreover, we show that
the AMCMD satisfies the identity of indiscernibles, and the triangle inequality under the conditions
of Theorem[4.1] therefore satisfying the properties of a proper metric over the space of conditional
distributions. Furthermore, unlike in [42], we show that the AMCMD can be consistently estimated
using i.i.d. samples from the joint distribution, rather than requiring access to i.i.d. features x; with
conditionally independent responses y; ; at each x;—a highly restrictive assumption. We derive a
closed-form estimator for the AMCMD that is similar in form to the one proposed for KCD by [19],
and show consistency of the estimate in the case that X* = X’ = X (Corollary , which is the
case under which our compression algorithms lie.

The Conditional Maximum Mean Discrepancy (CMMD) [50], defined as
CMMD(PY\XaPY'\X = ||HY|X - ,LLY'\X||HS(Hk,H1)a

measures the Hilbert-Schmidt norm of the operator difference py|x — py+|x. Originally developed
for use in moment-matching networks, the CMMD has since been applied to domains such as domain
adaptation [S1] and stochastic differential equations (SDEs) [52]. However, as noted in [42] [18]],
the strong assumptions required to ensure that py | x and uy|x exist as Hilbert-Schmidt operators
imply that CMMD may not even be well-defined at the population level in many settings, unlike the
AMCMD.

A.1.4 Accelerating the Kernel Conditional Mean Embedding

The most closely related work is that of [53]], which leverages the equivalence between the operator-
theoretic estimate of the KCME and the solution to a vector-valued kernel ridge regression problem.
They develop an operator-valued stochastic gradient descent algorithm to learn the KCME operator
from streaming data. While both our approach and theirs utilise gradient-based methods, our work is
fundamentally different. Instead of learning the operator, we learn the compressed set itself via gradi-
ent descent. Moreover, by identifying an MMD-based objective function, we establish connections
with the distribution compression literature. This shift in perspective leads to a significantly different
formulation and set of theoretical insights.

Beyond this, other approaches exist that are less similar. Some methods aim to speed up evaluation
of the trained KCME at arbitrary input, rather than the training process itself: [30] and [54] use
LASSO regression to construct sparse KCME estimates for efficient repeated queries. Working in
Bayesian Optimisation, [25] introduce a greedy algorithm that sequentially optimises the conditional
expectation of a fixed function f € Hj, using the KCME. Meanwhile, [55]] apply sketching techniques
[56] to approximate the KCME, however they do not deliver a compressed set. Finally, [S7] propose
a decentralised approach where a network of agents collaboratively approximates the KCME by
optimising sparse covariance operators and exchanging them across the network.

In contrast to these methods, by framing the problem through an MMD-based objective function and
directly optimising the compressed set, we introduce a new perspective that enables both theoretical
advancements and practical improvements in scalable conditional distribution compression.

A.1.5 Supervised Kernel Thinning

In [58]], the authors apply the method of Kernel Thinning [12H14] in order to accelerate the training
of two non-parametric regression models: Nadaraya-Watson (NW) kernel regression, and kernel
ridge regression (KRR). That is, given a labelled dataset {(x;,9;)}",, = € R, y € R, they
construct a compressed set with Kernel Thinning, using a specialised input kernel, and then derive
better-than-iid-subsampling bounds on the MSE achieved by the model trained with the compressed
set.
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More specifically, they use
kNW((w7 y)7 ($/, y/)) = k(w7 $/) + k($, :B/) . <y7 y/>R
for the construction of the compressed set targeting the Nadaraya-Watson model, and

kKRR((a:) y)7 ($/a y/)) = k($7 $/)2 + k($7 wl> . <y7 y/>R
for the construction of the compressed set targeting the kernel ridge regression model. For NW
regression the feature kernel k can be infinite dimensional, and their results still hold, however for
KRR, their better-than-iid bounds hold only for finite dimensional feature kernels k.

Very importantly, they make no claims about compression of the joint or conditional distribution, and
indeed it is straightforward to see that ks and ki gr are not characteristic, as the linear kernel
I(y,y") := (y,y')r applied in both knw and ki rg is not characteristic, and can recover changes
only in the first moment between distributions.

A.2 Future Work

Distribution Shift: The closely related fields of Covariate Shift [S9], Distribution Shift [60], Transfer
Learning [61], and Domain Adaptation [[62]] have been the focus of significant research in recent
years. Notably, the MMD has become widely used across these areas, as evidenced by works such as
[15} 63H66l, among others. In this context, the AMCMD metric introduced in this work has natural
applications, e.g. in covariate shift scenarios, as the choice of the distribution used for the outer
expectation, denoted by Px «, can differ from the distributions from which the observed features arise,
Px and Px-. Furthermore, the AMCMD is especially relevant when one encounters Conditional
Shift [67H69], where the conditional distribution of the data changes across domains.

Two-Sample Testing: The MMD was originally introduced as a metric for two-sample testing—that
is, for determining whether two datasets are drawn from the same underlying distribution [2f]. In that
work, the authors propose an MMD-based hypothesis test and analyse its statistical properties. It
would be natural to undertake a similar investigation for the AMCMD, and additionally to study how
conditional distribution compression affects the resulting test.

Estimator Consistency: The consistency of the AMCMD estimator is established—via Corollary
which follows from Theorem 4.5 of [19]—in the special case where X # X’ # X*. This
setting aligns with our application of the AMCMD, as it corresponds to the regime in which our
compression algorithms operate. However, it would be interesting to extend the consistency result to
the most general case, where X # X' # X*. Moreover, a promising direction for future work is
to characterise the conditions under which convergence rates can be guaranteed. This includes both
the well-specified case, where Hy|x € Hr [18,119,[70]], and the more general misspecified setting,
where 1y x is not assumed to lie in Hp [714[72].

Differential Privacy: In the work of [73], an optimisation procedure similar to that used in
JKIP/ACKIP is used to compress a dataset for training a Kernel Ridge Regression model. No-
tably, they demonstrate that test performance remains strong even with significant corruption of the
compressed set, suggesting potential applications in privacy preservation. In the context of Bayesian
Coresets [[14], [[75] introduced the concept of pseudocoresets, where they apply stochastic gradient
descent to optimise a compressed set targeting a Bayesian posterior, and further establish differential
privacy guarantees by corrupting gradients. It would be interesting to investigate the impact of
corruption on the performance of compressed sets in our setting and derive corresponding differential
privacy guarantees.

Global Conditional Distribution Compression: The compressed sets generated by ACKH and
ACKIP focus on compressing the conditional distribution in regions where [P x has high density, due
to the use of the AMCMD objective function. An interesting direction would be to develop methods
that provide a more uniform weighting across the entire conditioning space, ensuring balanced
compression regardless of feature density variations. This may be particularly valuable for cases
where data observed at the tails of the feature distribution are especially important e.g. in health
related scenarios.

Alternative Optimisation Strategies: Further exploration of alternative optimisation strategies
targeting the AMCMD could also be valuable. Potential approaches include algorithms inspired
by Kernel Thinning, second-order methods such as Newton or Quasi-Newton techniques, and
metaheuristic strategies like simulated annealing for identifying global optima.
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Real-world Applications: Finally, it would be interesting to see how the compressed sets generated
by ACKIP perform when used to estimate a KCME applied in the important real-world downstream
tasks [[17H32]], beyond multi-class classification [33]] which we have explored in this work.

B Proofs

In this section, we provide technical proofs for the results in the main paper, and rigorously describe
and discuss the assumptions that we adopt throughout the paper.

B.1 Technical Assumptions

The assumptions that we work under are laid out in this section, alongside commentary on their
restrictiveness.

In order to guarantee the existence of the kernel conditional mean embedding py | x := Ep, [1(Y, )],

[18] require that [ : ) x Y — R is measurable and Ep,, [1/I(Y,Y )] < oo. However, to ensure that
My |x is an element of the space of equivalence classes of measurable functions L?(X,Px;H;), we
actually require that Ep,, [I(Y,Y")] < oo [18]. This fact is needed for the proof of Theorem 4.1} hence
we make this slightly stronger integrability assumption.

For there to exist a deterministic function Fy|x : X — H; such that uy|x = Fy|x o X, we
require that H; is separable, which is not a restrictive assumption, and is guaranteed if the kernel
l: X x X — Ris continuous [18]], or if #; is finite dimensional, e.g. when [ is the indicator kernel
defined on a subset of the natural numbers. Recall that in the main body of this work, and for the
remainder of this section, when we refer to py| x, we mean Fy|x.

In various theorems throughout this section we will make assumptions that kernels are bounded,
characteristic or universal. Assuming a kernel k defined on X is

1. bounded ensures that there exists some constant B > 0 such that sup, . k(x,x) < B.
This assumption is trivially satisfied for many commonly used kernels such as the Gaussian,
Laplacian and indicator kernels.

2. characteristic ensures that the corresponding kernel mean embedding px is injective,
and hence the corresponding MMD(Px, Px-) is a proper metric. On R<, the Gaussian,
Laplacian, B-spline, inverse multi-quadratics, and the Matérn class of kernels can be shown
to be characteristic [40]], and on N© := {0,1,...,C} the indicator kernel is characteristic
[33]. Note that k @ [ : (X x V) x (X x V) — R is characteristic in the case that k and [
are continuous, bounded and translation-invariant kernels (e.g. the Gaussian, Matérn and
Laplace kernels) (Theorem 4 [40]).

3. universal ensures it is continuous and that the RKHS #, is dense on the space of continuous
functions C'(X). That is, for every function f € C'(X), and every € > 0, there exists a
function g € Hj, such that ||f — g|lcc < € [76]. This assumption is satisfied for many
common kernel functions, e.g. the Gaussian of the Laplacian [18].

B.2 Equivalence of Optimising the JMMD and Joint Kernel Herding

In this subsection, in order to guarantee the existence of the joint kernel mean embedding p1x vy €
Hi ® Hi, we must assume that k& : X x X' — R is measurable with Ep  [k(X, X)] < oo, and that
[:Y x Y — Ris measurable with Ep,, [[(Y,Y)] < co. We also reiterate the assumption from the
main body that ||k(x,),l(y,-)|| = Rforall z € X and y € ), where R is a constant. This of
course implies that

k(2 )iy, ) B, em, = k@)UY, ), k@, )Y, ) ren,
= (k(z, ), k(z, ), - Uy, ) Uy, )n,
= k(x,z)l(y,y) = R? forall x € X and y € ).

Now, assuming we are at the (m + 1) iteration of the Joint Kernel Herding algorithm, having already
constructed a compressed set of size m, C™ := {(Z;, Y;)} L, the next pair is chosen as the solution
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to the optimisation problem

m

1
argmin  —— 3 k(@, &)Uy, §;) — Eey.y [k(@, X)i(y, V).
(z,y)EX XY m—i—lj - J j :

We now show that these updates greedily optimise the IMMD(Px v, P x,v ) between the joint kernel
mean embedding estimated with the compressed set, and the true joint kernel mean embedding.

Adding (z,y) to the compressed set C™, we compute the IMMD(Px y, Px y) as

2

MXY_i kaja' y]v' +k($,)l(y,)
Hr@H

(?) <HX7Y7 :U‘X,Y>7_Lk®7_£l

-2 <;U'X,Y7 %‘Fl Zk(ijv ')l(gj7 ) + k(iL’, ')l(yv ) >

- H®@H,

t o3 m+1 < kaﬁ' y]?' +k(m,)l(y,) ’ Zk(jj’)l(g]7)+k(m7)l(ya) >

Jj=1

o = (ux,v, px Y>Hk®7.[l

m + m+1 ZE(“: Y )~Px y [k(';i}jv m/)l(gjv y/)] + ]E(a:’,y’)N]P’x,Y [k(wv m/)l(yv y/)]

HeQ@H:

1 m _ ~ ~ _ m _ _ m _ _
+ myip Z k(@;, ®;)1(Yi,9;) + Z k(@i @)l(yi, y) + Z k(z,2;)l(y, y;) + k(z,2)l(y,y
ij=1 i=1 j=1

- 2 N 2 Ny s
5 C1+Ce+C3+Cy — 1E(m/,y/)~IPx,y [k(z, 2")l(y, y")] + T 1)2 zz:k(m T

where (a) follows from expanding the squared norm; (b) follows from linearity of inner prod-
ucts and the definition of the joint kernel mean embedding; and (c) follows from setting

Cr = (uxy, MX,Y)Hk@Hp Cy = _m%u 22‘11 E(w y)opx v K&, )Y, y)], C3 =
Z;njzl k(x;, 2;)l(Y;,7,), and Cy = mk(m, x)l(y,y), where we have assumed C} is con-
stant. Now, as we are optimising with respect to (i, y), we can ignore those invariant terms, and
solve the optimisation problem

arg min D Zk W@, 95) = = By )mrsy b @)1y, y)]

(,y)eX XY (m + m+1

which is the change in IMMD(Py y, Py y) from adding the point (x,) to the compressed set.
Note that this is exactly equivalent to solving the optimisation problem

1
a‘rgmln 1 k(.’]},."i})l(y,'g)*E]}D [k(:L’,X)Z(y,Y)],
(z,y)EXXY m+1; J J X,Y
which is precisely the update used in Joint Kernel Herding.

Remark B.1. In general, one can not usually evaluate the joint expectation in (2)), and hence this is
estimated using the samples from D, corresponding to optimising the IMMD(Px y,Px v ).
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B.3 Derivation of JKH Objective and Gradients

We denote LZ : R? x R? — R to be the estimate of the objective in , using the entire dataset D,
then

R 1 &
D L .
Lo (z,y) = o jEZlk(m Ky, 95) — §: (@, ;) k(y, ;)
_ ' K ()" Ly ( )—EK ()" Ly, (y) (12)
- m+ 1 m m y n n n y
where Km(w) = [k(z, &1),..., k(z, :?:,,L)]T, and K,(x) = [k(z,x1),...,k(z, :cn)]T,

-i/m(y) = [l(ya gl)a AR l(y7'gm)]7 and Ln(y) = [l(yay1)7 s 7l(ya yn)}—r

We solve the optimisation problem in (2)) using gradient descent, hence we need to derive gradients
of (12) with respect to both & and y. It is straightforward to see that

1 ~ ~ 1

Vol (@y) = ——=VaKn(@) Ln(y) = ~VaKu(@)" La(y) (13)
and
1 - = 1
VyLo(z,y) = me(m)TVyLm(y) - EKn(m)TVyLn(y) (14)

where we have defined
VoK () = [Vok(z, &1), ..., Vek(®, &n)] € R™*P,
v Kn(m) [Vek(z,@1), ..., Vak(z,x,)] € RV,
Lon(y) == [Vyl(y, 1), -, Vyl(y, Gm)] | € R™¥P,
VyLn(y) = [Vl m1), -, Vyl(y, yn)] | € RV,

Hence, it is easy to see that the gradient can be computed with O(m + n) time and storage complexity.

B.4 Derivation of JKIP Objective and Gradients

Before we state and prove our lemma, we first recall some properties of tensor calculus.

B.4.1 Tensor Calculus

Let F : R™*¢ — R™*™ be a matrix-valued function taking matrix-valued inputs with

k(xy,x1) ... k(x,xnm)
K(X):= e Rm™Mx™
E(tm,x1) ... k(Tm,Tm)
where k : R? x RY — R will be some kernel, and X = [x1,...,x,,]T € R™*? x; ¢ R? for

i =1,...,m. Then, we have
[VxK(X),j, = Va k(@ ;) €RY, i,5,1=1,...,m,

such that Vx K (X, X) € Rmxmxmxd j e g fourth-order tensor. With some abuse of notation, we
reproduce the usual derivative identities below, for a more in-depth review see, for example, [[77} [78]:
Trace Rule: Given some matrix A € R™*™ we have

Vx(Tr(K(X)A)) = Tr(Vx K(X)A) € R™*4 (15)

which establishes the linearity of the gradient operator with respect to the trace. Note that the trace
on the RHS is understood here to be a partial trace over the last two dimensions of the fourth-order
tensor, i.e.

[Tr(Vx K (X Z [VxK (X)), Aji € R, 1=1,...,m (16)
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Inverse Rule: We also have
Vx(K(X)™) = -K(X) 'VxK(X)K(X) ! e Rmxmxmxd (17)

assuming K (X)~1 € R™*X™ exists, where

m

Vx (K(X) ijpg = = Y IK(X) is [Vx K (X)] g [K(X) 1.

s, t=1

Product Rule: Given a second function L : R™*d — R™X™ (defined similarly to K with kernel
[ :R? x R? — R, then we have

Vx(K(X)L(X)) = Vx(K(X))L(X) + K(X)Vx(L(X)) € R™™>mxd - (18)
where we have

[Vx (K(X)L(X)]ijpg =

S

(VK (X [L(X)] + (K (X [V E(X)], )
=1
B.4.2 Statement and Proof of Lemma

Letting £P : R™*? x R™*P — R be the estimate of the objective in (3)) using the entire dataset D,
then we have

_ _ 1 m ~ _ ~ ~ 2 m,n ~ ~
LP(X,Y) = 3 D k(@i &)(Gi,95) — P > k(@ )G, y,))
i,j=1 ,5=1
1 2
= (KX’ X L?y) T (KX’XLY’Y)
where [Kx xlij = k(Zi, T;), [Kxxliq = k(®i,xq), [Lyylij = U(Yi,9;), and [Lyy]ig =

(gi,yq),fori,j=1,...,mandg=1,...,n.

Note that optimising this objective with respect to the compressed set C = (X' , f’) is equivalent to

optimising the JIMMD between P x,y and P x,v, that is, the empirical joint distributions of the full
dataset D and the compressed set C respectively:

JMMD? (PX,YaEDX,Y) = llix,y — fiexy I3,
= (ix,y, ix,y)n, — 2(0x,y, BPx.y )Hy T (BPxy s BPx v ) H
= (iixv, fixy)u, + L2 (X,Y).

Lemma B.2. We compute the gradients of the objective function LP : R™*4 x R™*P — R as

o1 2

VLP(X,Y) = —5Tr (VX’KX’,XL?,?)> - —Tr (VXKX,XLY,?) (19)
o1 2

V}}ED(X,Y) = WTF (KX7 < VYL}},}})> - %Tr (KX,XVYLY,Y) (20)

where

ViKx g € R™ ity (Ve Kg x| = Ve, k(@i 35) € RY,
’ “ligg

ViKx x € R™ i [ K

V};LY v € Rmxmxmxp7 with [VYL}} i,:| = gql(’gi,'gj) € RP,
’ ijq

Vg Ky g € R™WWID ith (VgL ] = Vg, UG y5) € R,
’ Ylijq

with O(mn + m?) time and storage complexity, i.e. linear with respect to the size of the full dataset
D.
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Proof: We have

ED(X,}}) = %Tr (KX,XL?,Y’> — iTI‘ (KX',XLY,?) .

mn
Applying rules (I5) and (T8), it is straightforward to see that
o~ 1 2
VX—ED(X7 Y) = WTI‘ (VXKX,XL?,?)) — %Tr (VXKX,XLY,?) 5
and
Diw Vv 1 2
foﬁ (X,Y) = ETI’ (KX,XV?L?,Y’)) - %TI’ (KX,XV?LY,?) .

Now, in order to show that these gradients can be computed with O(mn + m?) time and storage
complexity, the critical observation is that the majority of the elements of these fourth-order tensors
will be equal to zero, i.e.

[VXKX’XLM ‘= Va, k(#:,&;) =0 when i#q and j # q,

[VXKX’XLM = Vg, k(@i z;) =0 when i #q

and
[V?LY,?L].Q = Vg, l(9i,9;) =0 when i # g and j # g,

[V?L};’YLM = Vg, l(9:,9;) =0 when i #q.

Then, by using the identity in (T6), we have that,

(Sxtentss)], - 555 Bt v,
= Z [VXKX,X] . [sz,f/} +) [VXKX,X] . [LY Y]
Pl iqqr L ajqr Jja
; 2 ; [VXKX7X:| iqqr |:LY7§,:| 1q (21)
forg=1...,mandr =1,...,d, and where (a) follows trivially from the symmetry of the kernel

functions I(-, -) and k(-, -). Hence, here, the only terms we have to compute and store are
Ve k(i3 €RY i=1,....m, ¢=1,....m

and Ly y € R™*™ which can be accomplished with cost O(m?) in both storage and time, ignoring
any dependence on the dimension of the feature space d. A very similar derivation holds for the term

Tr (Kg xVylyy)).

Now, tackling the cross term, we can use @]) to get that

|:TI' (v KX X Y Y):| Z Z |:v KX X] ijqr |:LY’Y:| Jt
=3 [Vxkxx]  [Evs] 22)
— ajqr jq
Jj=1
withg=1...,mandr =1,...,d. Hence the only terms we must compute and store are

V. k(Zg,x;) €RY, g=1,...,m, j=1,...,n,

32



and Ly ¢ € R™ ™ which can be accomplished with cost O(nm) in both storage and time, ignoring

any dependence on the dimension of the feature space d. Again, a very similar derivation holds for
the term

Tr (KX',XVY’LY,?) .

Hence, the final computation and storage cost of computing the gradients is O(nm + m?), i.e. linear
in the size of the target dataset D. B

Remark B.3. Above we have derived analytical gradients of the objective function, and shown
they can be computed in linear time. In practice one computes the gradients using JAX’s [79] auto-
differentiation capabilities. The authors observed minimal slowdown from using auto-differentiation.

B.5 Proof of Theorem[d.1]

Theorem B.4. Suppose thatl : Y x Y — Ris a characteristic kernel, that Px, Px, and Px~ are
absolutely continuous with respect to each other, and that P(- | X) and P(- | X') admit regular
versions. Then, AMCMD [PX*,PHX, PY/‘X/] = 0 if and only if, for almost all x € X wrt Px~,
Ple:w(B) = PY’|X/:w(B)f0r allBe %

dPx+ dPxx dP

Moreover, assuming the Radon-Nikodym derivatives T T dP—X are bounded, then the trian-
X X/ X

gle inequality is satisfied, i.e. AMCMD []P’X*,]P’Y‘X,}P’yqxu] < AMCMD [IPX* , I[Dy|X,]P’Y/|X/] +
AMCMD I:]PX* 5 PY(IX/7 IPY”‘X”] .

Proof:

It is clear that

AMCMD [Px*,Py‘X,Py/\X/} = \/EmNIPX* [HNY\X:::: - NY’\X/sz%-LJ

is non-negative and symmetric in Py x and Py x.

We first prove the equivalence result:

(=) Assume that AMCMD [Px-, Py |x,Py/ x| := \/EwN]pX* Uiy x=a — by x—all},] =
0 . This implies that py|x—z = My’ x'=¢ almost everywhere x wrt Px-. Now, by the fact
that Px+ and Px (or Px-) are absolutely continuous with respect to each other, we also have
that uy|x—z = py’|x'=, almost everywhere x wrt Px (or Px/). Hence, we must have
MCMD (Py | x—.,Py/jxi=.) = ||y |x=. _“Y’\X’:'H'HZ = 0 almost everywhere x € X wrt
Px (or Px/). Thus, by Theorem [2.1} we have that for almost all x € X wrt Px (or Px/) ,
Py | x—2(B) = Py/|x/—2(B) for all B € %'. However, again by absolute continuity of measures,

this is equivalent to stating that for almost all x € X’ wrt Px~, Py |x—4(B) = Py/|x/—5(B) for all
Be%.

( <= ) Assume that for almost all x € X’ wrt Px~, Py |x—z(B) = Py/|x/—4(B) forall B € .
Then, by the fact that Px~ and Px (or Px-) are absolutely continuous with respect to each other,

and Theorem we have that MCMD (PY\sz]P)YﬂX’:') = H/ULY‘X:‘ - “Y’\X/:HHL =0
almost everywhere x wrt Py (or Px-). This implies that py|x—s = fy/|x/— almost every-

where z € X wrt Px/ (or Px/), and by absolutely continuity, Px- also. Hence, we must have
AMCMD [Py x.Pyix] i= 1 /Bae. [l 1x—a — rx—slBy] =0

Finally, we show the triangle inequality, that is, given additional random variables X" : Q — X,
Y" : Q — Y, with conditional distribution Py x» and KCME iy x 7, we show (suppressing the
first argument P x~)

AMCMD [PY‘X’ Pyl/lxu] S AMCMD [Pylx, IPY/'XI] + AMCMD [PYIIX/7 ]P)Y/I‘XH] .
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Firstly, denote L?(X,Px+;H;) to be the Banach space of (equivalence classes of) measurable
functions f : X — H; such that || f||,, is Px-integrable with norm defined by

I£12= ( [ 15@)50Px- (=)

Now, it is shown in [18]], that uy| x belongs to L2(X7 Px;H,;), where we stress that the measure is
Px, not Px. They arrive at this conclusion by the measurability of 11y-|x, and by noting that

1
2

[ v ixalBdPx (@) 5 Bos [1Bey i 1V, 13)
(%) IE]P’X [EPY\X [Hl(x )||'2HzH
(f) ]E]PY [HZ(K )||’2Hl] = EIPY [Z(Y,Y)] < o0

where (a) follows by the definition of the KCME; (b) follows by the Generalised Conditional Jensen’s
Inequality (Theorem A.2 [18]); and (c) by the tower property, the reproducing property, and by our
integrability assumption.

Therefore, by further assuming that the Radon-Nikodym derivative dﬂx -
X

some constant M > 0 such that dﬁ;; “(x) < M for all x € X, we have

is bounded, i.e. there exists

/X 10y | x =2 |3, dPx~ (€) = Ep . [[Ery 5 (1Y) 113, ]
(%)M : EPX [”E]Py\x [Z(K )} Hg-u} <0

where (a) follows directly from the boundedness condition. Thus, it is now clear that uy|x €

LQ(X ,Px~;H;). Hence, assuming that fgﬁ; ~ and jg;; are also bounded, the functions f,g : X —

‘H; defined by

(@) = py|x=2 — fiy'|X'=a, 9(T) = piy/|X/=0 — Hy"|X1=2

belong to L?(X,Px+;H;). The triangle inequality then follows by a straightforward application of
the Minkowski inequality, i.e.

1+ gllp < [1£1l> + llgll

for the special case where p = 2. B

dP y « dP 5«

Remark B.5. Assuming the Radon-Nikodym derivatives i and aF,, are bounded, by the

arguments above it is clear that

AMCMD [Px-,Py|x,Py/x/] := \/E:cNIPX* iy x=2 = by |x —all3,]

= HNY\X - /~LY'\X/HL2(X,]P’X*;HL)7

that is, the AMCMD can be understood as the norm of the difference of uy|x and py | x/ in
L2(X,P%;H,) space.

B.6 Proof of Lemmal4.3|

Lemma B.6.
AMCMD? [Px+,Py|x, Py x/]
1 2
= ;Tr (KX*XWXXLYYWXXKXX*) — ETI’ (KX*XWXXLYY’WX’X’KX/X*)
1
+ aTr (KX*X’WX’X’LY’Y’WX’X’KX/X*) s
where we have defined Wx:x: = (Kx/x' + A D)™ with [Kx:x/]ij = k(w;,a:’j), Wxx =

(KX’X’ + )\mI)_l with [Kxx]” = k(mi,wj), [KX’X*]ij = k(ﬂ:l,iL'*), Kx+x = K;(’X*’
[Lyylij == UYi,Y;), [Lyy]ij = Uyi, y;), and [Ly vy ]ij == Uy}, y))-
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Proof: We have defined

2

2 J X
AMCMD  [Px-, Py x, Py x/] := 62 Py | X=ar — By /| X'=az
i=1

H o
Using equation (I)), we have
n m
fyix=e = Y k@ z)Wil(y;,"), fivix—si= Y ki@ z)W;l(y},-),
i,j=1 ,j=1
then we can expand the MCMD? as
Iy | x=2 = By a3 = <ﬂY|X:mvﬂY\X:w>Hl — 2 (fiy | X = ﬂYf|X':m>Hl (23)

+ <ﬂY’|X’:maﬂY’|X’:m>Hl .

Now,

ij=1 s,t=1

<ﬂY\X:waﬂY’\X’:w>Hl = < Z k(mvmi)wijl(yj")a Z k(mvmg)wﬁl(y;v)>
Hi
= S 5" k@) Wi (yj, ), 1yh, ) g, bl ) W
@ T e
T2 D k@ @) Wily;, y)k(@, ) We

ij=1s,t=1
n m

= Z Z k(w’ wi)Wijl(yﬁ y;)Wték(w;’ :B)
(0 =
i,j=1s,t=1
where (a) follows from the linearity of inner products; (b) follows from the reproducing property on
*H;; and (c) follows from symmetry of the kernel & (-, -). Therefore,

n m

Exrpy- {<ﬂY\X=maﬂY/|X’=m>HZ} =Epopy. Z Z k(, i) Wisl(y;, y,) Weshk (), @)

ij=1s,t=1

q n m
NN k(@) @) Wil(yy, y) Wisk(@), @)

r=114,j=1s,t=1
Tr(Kx-xWxxLyy Wx x Kx'x-)

where (a) follows from approximating the marginal expectation with the samples {x}}7_| ~
Px- and (b) follows from Tr(AB) = Zzijzl a;;bj;. Here we have defined [Kx-x];j =

klxf,z;), Wxx = (Kxx + )\I)fl, Lyy: = [l(yi,yﬂij, Wxx = (Kxx + )J)fl, and
[Kx:x+]ij = k(], ).
Noting that the derivation of the first and third term of (23) follow very similarly, we can easily see
that
AMCMD? [Px+,Pyix, Py x/] = Eanpy. [0vix=e — Ay x'= 7]
=Tr (Kx-xWxxLyyWxxKxx+)
—2Tr (Kx-xWxxLyy Wx: x' Kx'x+)
+Tr(Kx-xWx'x LyyWx x Kxrx+).
|

B.7 Proof of Corollary 4.4

To state Corollary #.4]in full context, we first introduce some additional definitions and notation. Let
L(H;) denote the space of bounded linear operators from #; to itself. An operator-valued kernel
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I': X x X — L(H,;) induces a vector-valued reproducing kernel Hilbert space (vvRKHS), denoted
‘Hr, which consists of functions f : X — H; (see [38]] for further details). The vvRKHS Hr is Cj if
Hr C Co(X,H;), the space of continuous functions from X to H; that vanish at infinity. Moreover,
the kernel I is called Cy-universal if it is Cy and Hr is dense in L?(X, Px;H,) for any probability
measure Px on X. Denoting the identity operator on H; by 3, it is shown in [38] that the kernel
I(x,2r) = k(x, x1)Zy, is Co-universal whenever k is a universal scalar kernel, such as the Gaussian
or Laplacian kernel. Hence, in the statement of Corollary the assumption that &(-, -) is universal
implies that I" is Cp-universal, with A as described above.

Note that the specific choice of kernel I'(z,z/) = k(x,2/)Zy, leads to the form of the KCME
estimator given in equation (T)) [19], which we adopt in this work. More generally, the corollary could
be stated under the assumption that Hr is induced by an arbitrary Cyp-universal operator-valued kernel
T, thereby removing the requirement that k£ be universal—following the more general formulation in
Theorem 4.5 of [19]]. However, as stated, this would yield a potentially different form of the KCME
estimator than the one used in ().

Corollary B.7. Assume that k(-,-) and l(-, -) are bounded, k(-,-) is universal, and let the regularisa-
tion parameters \,, and )\, decay at slower rates than O(n~"/?) and O(m="/2) respectively. Then,

AWD [PXJPY\XJPYWX} £>A]WCMD [Px,]P)yp(,]P’yqx} as n,m,q — oQ.

Proof: Given sets of i.i.d. samples {z;}!_; ~ Px, M = {(z,y})}", ~ Pxy,, and N :=
{(zs,y:)}i=1 ~ Px,y, the estimate of the AMCMDIPx, Py |x, Py x] is defined as

S T X
AMCMD [Px, Py x, Py x] = QZ B X, = I X, i
i=1 !
with population counterpart
2
AMCMD [Py, Py x,Py/x] := \/E]P’X {HMY\X:M — by | X=a; Hz}'

The assumptions in Corollary satisfy the assumptions of Theorem 4.5 [19]], which states that
1 i 2 }

- |-

153 l

Now, it is enough to note that convergence in probability is conserved under continuous mappings, i.e.

A, B Aasn — oo implies v/A4,, % v/A as n — oo by the continuity of the square root function
on [0, oo) for non-negative random variables A, A,,. Hence, our result follows. l

2

N ~M P,

Py |\ x=a; = by'|X=a; 2 — Epy MMY\X:mi — My | X==;
L

B.8 Proof of Lemmal4.7]

Lemma B.8. Let h : X — H; be a vector-valued function, then
]EwNPX [<,UY|X:m7 h(x)>7.(l} = E(a:fy)NPx,Y [h(m)(y)] .
Proof: We apply the definition of the KCME, then the tower rule to see that

Eaney |(1y(x=0: h(@))y, | = Eaney [Eynty . [0()(®)]
= E(m,y)NP’X,Y [h’(w)(y)] .
|

B.9 Derivation of ACKH Objective and Gradients

In ACKH, assuming we are at the m'" iteration, having already constructed a compressed set of
sizem —1,C™ 1 = {(&;,9;)}7,", and let C™ = C™~! U (,y), then we solve the optimisation
problem

m 2 —om
argmin Egpy |:H/1§/X—a:’ H:| — 2Bz py |:<IU/Y|X_(Z:'7/’(‘§/X—:I:’>H :| : (24)
l 1

.Y
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via gradient descent. Letting G2 : R? x R? — R be the estimate of the objective function in (24)
computed using the entire dataset D = {(«;, yz)}? 1»1e.

gD (z,y) Z"MY|X x; - *Zﬂg\nx w; (Yi)

then we have the following lemma:
Lemma B.9. We have

D C"L
G (,y) ZHMY\X x;

2 n
== iV x=a, (U)

n
i=1
1 _ = ~ ~ _ T 2 _ ~ _ T
=1 (Km<m>Wm<m>Lm<y>wm<m>Km<m> ) = =1 (L) Wan@) Kon(a) ")
where we let
_k(:cl,:izl) k(scl,:im_l) k(azl,:c)
K, (x) = : : : € Rxm
k(@n, 1) .. k(Tn, @mo1) k(T )
[y, 91) -0 WY1, 9m-1) Uy1,9)
Lin(y) = : : : € R
_l(ynvgl) l(ynagmfl) l(ynay)
[ k(@ ®1) ... k(T @) k(&q,x)
Kp(@):=| &+ i o e R™*m
E(&m—1,21) ... k(@m-1,8m-1) k(&m-1,)
k(x, 1) k(x, &pm—1) k(x,x)
[ l(glagl) l(glagnz—l) l('gl,y)
L(y)e=| = o e R™X™,
l(ymflj yl) CIaE l(ymflj ymfl) l(ymfh y)
Moo 1y Ym) (y,y)

and W, (z) = (K (x) + A,,) "1 € R™*™. Moreover, GP (x,y) can be computed with time
complexity of O(m?n +m?) and storage complexity of O(mn + m?).

Proof: In order to reduce the notational burden, we write [W,,, (2)];j = Wi, and (2,y) = (Zm, Tm),
then, using the estimate of the KCME from , we have

_om 28
G (Em, Um) = ZH:“%X =x; Zf;Zu‘é\X:mi(yi)
1 n
@ "y <Z o Wl]k j, ), Z I quk ‘Br;wq)>
3,j=1 =1 ”
2 ¢\ & ~ )
- ﬁz Z l(ypﬂyZ)szk(wj,wp)
p=14,5=1
1 " s
(b) n Z k w”mj szl(yh'yp)W k(a: ;cr)
r=14,j,p,q=1
2 o e o
B EZ Z Uyp, 9i)Wijk(Z;, )
p=14,5=1

1 _ ~ ~ ~ - 2 - ~ _
= Tt (Ko (@) Won (@) L ()W (@) Ko (@) ) = ZTr (Lo () Win(@) Ko (@)
C

where (a) follows from inserting the estimate of the KCME and the definition of the norm; (b) follows

from the reproducing property and the symmetry of the kernels; and (c) follows from the fact that

Tr(AB) =" i j=1 @ijbj; for symmetric A, B € R"*".
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The storage complexity of O(mn + m?) comes from the fact we have to store

.im('y), Km(:l:)7 Wm(CL') c Rmx'nl’ and Km(a:)7 Em(y) c R™mX",
The computational complexity of O(m?n + m?) arises from solving the linear system,
A(Kp(z) + M) = K ()7 for A e RM™

which dominates the O(m?n) cost of the singular remaining matrix multiplication, and the O(m? +
mn) cost of taking Hadamard products required to compute the traces. B

We now derive the gradients of G2, and show that they are cheap to compute and store. Note that the
derivative identities used in this section are similar to those in Section[B.4.1] except for third-order
tensors, as we deal with derivatives of matrix-valued functions with respect to vectors.

Lemma B.10. We compute the gradients of the objective function GF : RY x RP — R as

VOB @, y) = T (R (@) Wi (@) Vi Lo () o () o) 25)

VoG, y) = T (VoK (@) Wi (@) L () W (@) K () T) 26)
= 21 (B (@) Wi () Ve Ko () Wi () o (9) Wi (@) Ko ) T)
+ %Tr (Lon @) Wi (@) Vo Ko (@) Wi (2) Ko ()T )
= 20 (L)W () VKo ()T

Where, in order to reduce notational burden, we write (,y) = (T, Ym), then we have

3, Ko (#m) € R™™X it [Vimf{m(:im)] =V, k(#, &;)inR
ij
ij = V@mk(a:i, :i]) S Rd

v
v
Vi Ko (Gn) € R with [V, Ln(G)| 1= Vg, 0(5:,95) € R?
v

)

with O((m?n + m?) time and O(mn + m?) storage complexity, i.e. linear with respect to the size n

of the full dataset D.

Proof: Firstly, by applying the trace and product rule, we can immediately see that

<
<
Q
§B
8
S
Il
\
=
=
I
2
)
v
=
)
<
<
(ll

() Won (@) Ko ()T



Now, we have

VaGE (@) = ~VaTr (K@) (@) L)W (@)K (@)

+ o+

+

+
IO

Tr (L(y) VoW (@)K (2)7)

- Tr (E(y)W(w)VmI_{(m)T) :
where (a) follows from the linearity of the gradient operator; (b) follows from a combination of the

trace and product rules; and (c) follows from the symmetry of the feature kernel k(-, -). Then, by
applying the inverse rule, we have

VeGB(e,y) = T (VK @)V (2) L)W (@)K (2)")

[\

V" (K(m)W(m)VmR(m)W(m)i(y)W(m)K(m)T)

+ 200 (L)W (@) Va K (@) (2)K () )

NI

- T (E(y)W(:c)VwK'(w)T) ‘

Now, to establish the cost of computing this estimate, the first thing to notice is that there is a
significant amount of symmetry and shared computation between the terms. In particular, avoiding
the gradients

VoK (x) € R™™*4 and VoK (x) € R™ ™
for now, we need to compute
A=W(x)K(x)" e R™*" B := L(y)W(z) e R""™,
C:=W(x)L(y)W(z)K(x)" € R™*™,
then we have



where (a) follows from the cyclic property of the trace and the symmetry of the kernels. Now, the
cost of computing A, B and C is O(nm? + m?), and given these matrices, the cost of computing
D:=CAT e R™™ and E := AB € R™*™ is O(nm?). So, we are now in a position where we
have to compute

VzIP(X,)Y) = %Tr (VoK (x)C) — %Tr (wa((ac)D)
+ %Tr (vwf((m)E) - %Tr (VoK (z) B).

We can reduce the cost of computing these terms by noticing that the majority of the elements of our
third-order gradient tensors will be equal to zero, that is

0 ... 0 Vgk(xy,x)
VeKp(z) = |1 - : € Rrxmxd
0 ... 0 Vgk(zn, )
[0 ... 0 Vyl(y1,y)
vy-zm(y) = € Rnxmxp
0 ... 0 Vyl(yn,y)
o0 .. 0 k(&1, )
Vme(w) = c R’mxmxd
0 0 k‘(ii‘mfl,iL‘)
Lk(x, &1) ... k(x, &me1) k(x,x)
[ 0 ce 0 l(’glvy)
\V4 Em(y) = ~ € RMXmXp,
b O~ 9 l(ym—lay)
_l(ya yl) ce l(yv ymfl) l(yv y)

forr =1,...,d. Hence this term, given C, can be computed with cost O(n). We also have

Tr (vmfc(a:)p) - i [vmk(m)} Dj;

ij=1 v

=1
=23 [VoK(@)] Dy
> [vek@)] D,
where the last equality follows by the symmetry of the kernels. Hence this term, given D, can be
computed with cost O(m). Similar derivations hold for Tr (V5 K (x) " B) and Tr (me((a:)E)
Therefore, we have an overall storage cost of O(mn + m?), and time cost of O(m? + m?n), i.e.
linear with respect to the size n of the full dataset D. B

Remark B.11. Above we have derived analytical gradients of the objective function, and shown
they can be computed in linear time. In practice one computes the gradients using JAX’s [[79] auto-
differentiation capabilities. The authors observed minimal slowdown from using auto-differentiation.
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B.10 Derivation of ACKIP Objective and Gradients

Noting that C = (X , f’), in ACKIP we solve the optimisation problem

(X,Y)
argmin Egp/ py ,quX i
Xy

2 XY
y ] — Wy mrr [ e ()] @
1

via gradient descent. Letting 77 : R™*4 x R™*P — R be the estimate of the objective function in
(27) computed using the entire dataset D = {(z;,y;)}1 4, i.e.

‘7 X }} Z‘ g’)fXY:nl - 72 ~§’)\{Xym

we have the following lemma:
Lemma B.12. We have

PR _(X.,Y) (X,Y)
JP(X.Y) Z’ Py | x=a; _*Z“Y\X ;
1 2
= Tr(KxxWxxLlyyWxxKzxx) = Tr(LyyWxxKxx),

where [K g xlij = k(Zi, %)), [Kx x|iq == k(@i 2q), [Lyvlij = Ui, 9j), [Lyylig = UTir Yq),
and (Wg glij = (Kgx + X)L fori,j=1,...omandq=1,...,n

2

2

Moreover, 7P (X,Y') can be computed with time complexity of O(m?n 4+ mn + m?3) and storage
complexity of O(mn + m?).

Proof: Using the estimate of the KCME from , and writing [WX %)ij = Wij, we have

~ o~ 2
JP(X,Y) ZH ﬁxy)wl *Z Y5, (91)

= <Z 1(-, 9:)Wijk(&5, @,), Z I(- quk(:ir,xq)>
r=1 H

=1 p,q=1

1

_ %Z Z Uyp, §i)Wijk(Z, xp)

p=1 m'fl

(’;)72 Z (T, T; Wﬂl(y%’yp)w ok(Zq, 1)

r= 12qu 1

- Z Z Uyp, §i)Wijk(Z, xp)

p=1i,j=1

1 2
5 ST (KxxWxxLyyWxxKxx)— Tr(LY?WXXKXX)

where (a) follows from inserting the estimate of the KCME and the definition of the norm; (b) follows
from the reproducing property and the symmetry of the kernels; and (c) follows from the fact that
Tr(AB) = Zu 1 @;jbj; for symmetric A, B € R™"*".

The storage complexity of O(mn + m?) comes from the fact we have to store
, T ,
L};?,KXX,WXXER"’X’”, and KX—X,LY};ERWLX”.

The overall computational complexity of O(m?n + m3) arises from the cost of solving the linear
system,

A(KXX —|—)\I) = KXX for A e R™*™

which dominates the O(m?n) cost of the singular remaining matrix multiplication, and the O(m? +
mn) cost of taking Hadamard products required to compute the traces. B

We now derive the gradients of 7, and show that they are cheap to compute and store:
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Lemma B.13. We compute the gradients of the objective function JP — R™*% x R™*4 4 R as

S o2
VxIP(X,Y) = ~Tr (Vg KxxWxx Lyy W x Kx x) (28)

2

— T (Bxx Wiz Vi ExxWixxLyy Wi xKxx)
2

+ T (Lyy Wiz Vi KxxWxx Kx x)

2
- T (LyvWxxVxKxx),

S oo 1
VeIP(X,Y) = —Tr (KX,XWX,XV?L?,?WX,XKX,X) (29)

2
- T (VelyyWxxKzxx):

where
VxKg x € R™M ity [V Ky g| = Va, (@, 3;) € R,
’ X 1ijq
ViKx x € R™ with [V Kg | = Va,k(@i,@;) € RY,
’ T digg
Vg Lyy € R™WID ity [VyLg o] = Vg l(5i,3;) € RY,
" Jijg
Vg Ky y € R™WWID with (Vg Ly o] = Vg, U(Gy;) € R,
’ " Jijq
and W ¢ = (K% + MX)7L, with O(m?n + m?®) time complexity and O(mn + m?) storage

complexity, i.e. linear with respect to the size of the full dataset D.

Proof: We use the matrix-by-matrix derivative identities from Section[B.4.1] Firstly, by applying
rules (I5) and (I8) we can immediately see that

o1
VyIP(X,)Y) = “Tr(Kx xWx xVylyyWx xKx x)

2
= T (Vylyy Wiz Kxx)-
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Now, we have

L1
VxIP(X,Y) = —ViTr (KxxWxxLyyWxx Kx x)
2
- VxTr (LyyWxxKxx)
1
= Tr(VxKxxWxxLyyWxxKxx)
1
+ - Tr (KxxVxWxxLyyWxxKxx)
1
+ - Tr (KxxWxxLlyyViWxxKxx)

1
+ - Tr (KxxWxxLyyWxxVxKxx)

2
- ﬁTr(LY?vXWXXKXX)

2
= T (Lyy Wz Ve Kxx)
2
=TTV ExxWixLyyWixxKxx)

2
+ T (Kxx Vi WxxLlyyWxx Kxx)

2
=T (Lyy Vi Wi x Kxx)

2
- T (LyyWxxVxEKxx)

where (a) follows from the linearity of the gradient operator; (b) follows from a combination of rules

(15) and ; and (c) follows from the symmetry of the feature kernel k(-, -). Then, by applying rule
(17), we have

VxIP(X,Y) = %Tr (Vi ExxWxxlyyWxxKxx)
- %Tr (KxxWxxVxExxWxxlyyWxxKxx)
+ %Tr (LyyWxxVxExxWxxKxx)
- %Tr (LyyWxxVxKxx)-

Now, in order to establish the cost of computing this estimate, the first thing to notice is that there is a
significant amount of symmetry and shared computation between the terms. In particular, avoiding
the gradients

5 _ nxmxmxd 5 5 mxnxmxd 5 o mxmxmxd
ViKxx €R » VxKxx €R » VxKxx €R ’

for now, we need to compute
A e KXXWXX c RTLXTVL7 B = LY}}WXX c Rnxwz’
Ci=WxxLlyyWixKixx € R™,
then we have
_ 2 2
ViJIP(X,Y)= ~Tr(Vx KxxC) = ~Tr(BVx K¢ xC)
2 2
+ ~Tr (BVxKxgA') - ~Tr (BTVxKxx)
2 2
= —Tr (VXKXXC) — —Tr (VxKXXcB)
(a)y n n

+ %Tr (ViKxxA'B) - %Tr (ViKgxB'"),
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where (a) follows from the cyclic property of the trace and the symmetry of the kernels. Now, the
cost of computing A, B and C is O(nm? + m?), and given these matrices, the cost of computing
D:=CBeR™™and E := AT B € R™*™ is O(nm?). So, we are now in a position where we
have to compute

L~ 2 2
VzIP(X,)Y) = ~Tr (Vi KxxC) = ~Tr(VgKxxD)

2 2
+ ;Tr(Vchfch) - T (VxKxxB'"),

but, following the exact same logic as in section [B.4.2] we can compute these traces as sums of
products where the majority of the elements of V ¢ K ¢ ¢ and V 3 K ¢ are zeros, and hence much
wasted computation and storage can be avoided. Therefore, similar to equations (21) and (22), we
can compute the quantities Tr (V ¢ K x xC) and Tr (V ¢ K ¢ X xB") with O(mn) time and storage

cost, and Tr (V g K 4 ¢ E) and Tr (V 5 K ¢ x D) with O(m?) time and storage cost.

Therefore, we have an overall storage cost of O(mn + m?), and time cost of O(m?3 + m?n), i.e.
linear with respect to the size n of the full dataset D. B

Remark B.14. Above we have derived analytical gradients of the objective function, and shown
they can be computed in linear time. In practice one computes the gradients using JAX’s [79] auto-
differentiation capabilities. The authors observed minimal slowdown from using auto-differentiation.

B.11 Accelerating Objective Computation for Discrete Conditional Distributions

As outlined in[C.1.3] for discrete conditional distributions e.g. those encountered in classification
data, the response kernel [(-, ) is chosen to be the indicator kernel. In this case, gradient descent on
the responses is no longer possible. For herding-type algorithms it is straightforward to alternate
between taking a step on the feature x, and then, given this new x, exhaustively search over the
possible values of the paired response y.

For KIP-style algorithms, given a step on each of the features in the compressed set X, it would
be very expensive to exhaustively search over each possible combination of responses in Y to find
the jointly optimal combination. To reduce this cost, we take a greedy approach and iteratively,
response-by-response, exhaustively search over the possible values carrying forward the optimal
value of each response to the next iteration. For pseudocode for these procedures see Section[D.1]

In this section, by treating each KIP-style objective just as a function of each response y in Y, we
show that one can accelerate computation of the JKIP and ACKIP objective functions, reducing the
cost of the corresponding exhaustive search procedure significantly.

B.11.1 Joint Kernel Inducing Points

Defining X := [&1, &2, ..., Zm] and Y := [§1,Fo, ..., Um] »in JKIP, we optimise the following
objective
_ _ 1 m R 2 m,n ~ ~
LPXY) = — Z (@, 20)UGi,95) =~ > k(@i2;)U(y;, 90)- (30)
=1 ij=1

Now, if one treats this objective solely as a function of a single ¢, € Y, fixing X and the remaining
points in Y, then it easy to see that optimising o) is equivalent to optimising

‘FD(gt) = m2 Zk w]7wt)l(yt7yj Zk wtawj)l<yj’yt>
j=1 ] 1
2 - -
= Ko@) () — K80 La(30) 31
where K,,(z) = [k(x,&1),...,k(z, &))", and K,(z) = [k(z,21),... k(z, x,)]T,

Lin(y) = [[(y,91), -, Uy, 9m)] ", and Ly (y) == [I(yy1),-..,1(y,yx)]". This reduces the
cost of evaluating the objective function by a factor of m, both in storage and time. Note that if using
a non-stationary kernel [(-, -), one must avoid double counting the diagonal term in Equation by
subtracting L k(Zy, &)l (Y1, Gt)-
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B.11.2 Average Conditional Kernel Inducing Points
In Section|[B.10] we saw that the objective of ACKIP can be written as

m

j X ff Z Z k wr7x] W]ll(ylayp) k(ﬁﬂq,:lfr)

r=11,j,p,q=1
n m

- 72 Z l ypvyz szk(xjamp)

p=14,5=1

Now, if one treats this objective solely as a function of a single y; € Y, fixing X and the remaining
points in Y, then it easy to see that optimising the above is equivalent to optimising

2 o= o )
:EZ Z k(@ ;) Wil (Ge, p) Wpgk (T4, 1)

r=17,p,q=1
9 n,m ) ~ i
o Z Yp, Us)Wisk(2;, xp)
p,j=1
(d) n Z Z l yt7yp quk(wmwr)k(xraw])wt
r=1j,p,q=1
n,m
- Z l yt7yp mlnm])Wt
p] 1
2 ~ 2 T
= I (@) Wy x Kx x Kx xwe = - In(@1) ' Kx g wi (32)

where (a) follows from the symmetry of the kernel functions and a simple reordering of the terms, and
(b) follows from defining w; to be the t™ row of W 5. Note that if using a non-stationary kernel

[(-,-) one must again subtract a correction term %(w: K¢ xKx gw:) - 1(Ys, Y:) to avoid double
counting the diagonal.

Now, the important observation to make is that one only needs to compute the terms involving X

once, as we iterate through each ; € Y with X fixed. Hence, if we ignore the one-time cost of
computing W 5 K % -, then this objective is O(m + n). A very similar derivation holds for ACKH.

C Experiment Details
All the experiments were performed on a single NVIDIA GTX 4070 Ti with 12GB of memory,
CUDA 12.2 with driver 535.183.01 and JAX version 0.4.35.

As is ubiquitous in kernel methods, unless stated otherwise, we standardise the features and responses
such that each dimension has zero mean and unit standard deviation.

For continuous conditional distributions, the kernel functions & : X x X - Randl:)Y x)Y — R
are chosen to be the Gaussian kernel, defined as

1 2 1 2
toe!) =0 (g iale = @) 10y = e (<5l w1

where the lengthscales av, oy > 0 are set via the median heuristic. That is, given a dataset {z; }7_,
the median heuristic is defined to be

Hy:=Med{|z —2z|* : 1<i<j<p}
with lengthscale o := \/H)/2 such that r(z, 2") := exp (—HLHZ - z'||2>. This heuristic is a very

widely used default choice that has shown strong empirical performance [80]. For discrete conditional
distributions, we replace the response kernel with the indicator kernel, defined as

1if y=1q,
l :
(v.9') = {O otherwise
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See Section [C.1.3|for additional details on the impact of this change in kernel.

The regularisation parameter A > 0 is selected using a two-stage cross-validation procedure on a
validation set consisting of 10% of the data. In the first stage, a coarse grid of candidate A values are
used to identify a preliminary range for the regularisation parameter. In the second stage, a finer grid
is constructed within this range, and searched over. To avoid the O(n?) cost of training the KCME,
we randomly sample 10 subsets of the training data of size 1000 such that the optimal A value is
averaged over these random training sets to determine the final regularisation parameter.

For all experiments, we use the Adam optimiser [81]] as a sensible default choice. However, the
implementations of ACKIP and ACKH allow for an arbitrary choice of optimiser via the Optax
package [I82]]. We set a default learning rate of 0.01 across all experiments.

To provide reasonable seeds for minimisation across each iteration of JKH and ACKH, we follow
the approach of [3] and draw 10 random auxiliary pairs from the training data, choosing the seed
to be the auxiliary sample which achieves the smallest value of the relevant loss. In comparison, to
initialise JKIP and ACKIP, we draw 10 auxiliary sets of size m, and choose the initial seed set to be
the auxiliary set which achieves the smallest value of the relevant loss.

In order to compare the performance of the above approaches, we note that the primary goal of the
kernel conditional mean embedding is to approximate the conditional expectation E[h(Y") | X = z]
for arbitrary functions & € H; and conditioning variables x € X'. Hence, to assess this approximation,
we report the root mean square error (RMSE), where the mean is taken with respect to the distribution
of the conditioning variable, Px.

RMSE(C) := \/EmNPX {(]E[h(Y) | X =] = (05 | x g, h>m)2}

n

S (BIOY) | X =] — (5 B

i=1

~
~

1
n

For continuous conditional distributions, we report the RMSE for the first, second and third moments,
as well as the functions h(y) = sin(y), h(y) = cos(y), h(y) = exp(—y?), h(y) = |y|, and
h(y) = 1,~0. These choices of test functions extend those chosen to evaluate Kernel Herding [3]].

C.1 Additional Figures and Experiments

In this section we include additional figures for the experiments in the main body, and further
experiments on discrete conditional distributions.

C.1.1 Matching the True Conditional Distribution

In this section we include some additional figures for the true conditional distribution compression
task outlined in Section

Figure 0] displays an example of a compressed set of size m = 500 constructed by each method. We
note that JKH and JKIP have clearly constructed a representation of the joint distribution; with the
JKIP construction seemingly more structured. It is interesting to note the extreme disparity between
the compressed sets constructed by ACKH and ACKIP, versus the relative similarity of JKH and
JKIP. We know that ACKIP achieves superior performance, hence it may be the case that the greedy
heuristic is particularly poorly suited to targeting the AMCMD.
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Figure 9: Compressed sets of size m = 500 constructed by JKH (orange), ACKH (blue), JKIP (red),
and ACKIP (green), on the true conditional distribution compression task.

Figure[T0]is an enlarged version of the first subfigure in Figure 2] Figure[TT]is an enlarged version
of Figure 2] showing results on a larger number of test functions. In Figures[IT]and [I2] we see that
ACKIP is still dominant, achieving the best performance across all of the test functions, with ACKH
achieving second best performance on six of the eight considered.
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Figure 10: Results for the true conditional distribution compression task with parameters set as
4o = —0.5, a1 = 0.5, p = 1, 02 = 1, and o2 = 0.5. The AMCMD? {IP’X,IP’Y‘X,INP’Y‘X] is reported
as the size of the compressed set increases. For JKH (orange), JKIP (red), ACKH (blue), and ACKIP

(green), we display the median performance (bold line) with the 25th-75th percentiles (shaded region)
over 20 runs. The error of random sampling (black) over 500 runs is also plotted for comparison.

hiy)=y? hiy) =y? h(y) =sin(y)

h(y) = cos(y) hiy)=e™ hiy) =yl hiy)=1¢ <o

10-2
10° 10t 102 10° 10* 102 10° 10* 102 10° 10* 10?

Figure 11: Results of the true conditional distribution compression task. The RMSE is reported
across a variety of test functions, as the size of the compressed set increases. For JKH (orange), JKIP
(red), ACKH (blue), and ACKIP (green), we display the median performance (bold line) with the
25th-75th percentiles (shaded region) over 20 runs. The error of random sampling (black) over 500
runs is also plotted for comparison.
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Figure 12: Results of the true conditional distribution compression task for compressed sets of size
m = 500. The RMSE across a variety of test functions is reported, with the IQR highlighted for each
method. Outliers are calculated as being above Q5 + 1.5IQR and below )7 — 1.5IQR.

C.1.2 Matching the Empirical Conditional Distribution - Continuous / Regression

Real: In this section we include some additional figures for the Superconductivity data outlined
in Section Figure shows the AMCMD? {]IAD X, I@’y| X Py| X} achieved by each distribution

compression method as the compressed set size increases. ACKIP reaches the lowest AMCMD,
followed by ACKH, JKIP, then JKH. Figures [T4]and [T5are enlarged versions of 4] and [3] respectively,
showing results on a larger number of test functions. We see that ACKIP achieves the lowest RMSE
across each of the test functions, with ACKH in second for all but one. We also note that JKIP tends
to achieve favourable performance versus JKH.
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Figure 13: AMCMD? [If" X, ]f"y| X, Eby‘ X} achieved by each method as a function of the size of the

compressed sets constructed by JKH (orange), ACKH (blue), JKIP (red), and ACKIP (green), on the
Superconductivity data. We display the median performance (bold line) with the 25th-75th percentiles
(shaded region) over 20 runs. The error of random sampling (black) over 500 runs is also plotted for
comparison.
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Figure 14: Results for the Superconductivity dataset; the RMSE is calculated against the full data
estimates of E[h(Y") | X = x;] as the true values are not available. The RMSE is reported across
a variety of test functions, as the size of the compressed set increases. For JKH (orange), JKIP
(red), ACKH (blue), and ACKIP (green), wwe display the median performance (bold line) with the
25th-75th percentiles (shaded region) over 20 runs. The error of random sampling (black) over 500
runs is also plotted for comparison.
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Figure 15: Results of the Superconductivity dataset for compressed sets of size m = 500. The RMSE
across a variety of test functions is reported, with the IQR highlighted for each method. Outliers are
calculated as being above ()5 + 1.5IQR and below @); — 1.5IQR.

Synthetic: In this section we include some additional figures for the Heteroscedastic data outlined in
Section 5] Figures[I6and[I7]are enlarged versions of [f]and [7]respectively, showing results on a larger
number of test functions. They show that ACKIP consistently outperforms the other methods across
a range of test functions, achieving the lowest RMSE as the size of the compressed set increases. In
particular, Figure|/|demonstrates that with m = 250 pairs in the compressed set, ACKIP attains the
lowest median RMSE on seven out of eight test functions. For the remaining function, all methods
exhibit similar median performance. This highlights the advantage of directly compressing the
conditional distribution with ACKIP, rather than targeting the joint distribution with JKH or JKIP.
Finally, we note that JKIP consistently outperforms JKH across all test functions.
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Figure 16: Results for Heteroscedastic data with parameters set as a := [3,—3,6,—6]", b :=

[1,0.1,2,0.5] T, ¢ := [-5,—2,2,5] T, 02 = 0.75, and 03 = 0.1. RMSE is reported across a variety
of test functions, as the size of the compressed set increases. For JKH (orange), JKIP (red), ACKH
(blue), and ACKIP (green), we display the median performance (bold line) with the 25th-75th
percentiles (shaded region) over 20 runs. The error of random sampling (black) over 500 runs is also
plotted for comparison, as well as the performance of the full data (purple).
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Figure 17: Results for Heteroscedastic data for compressed sets of size m = 250. The RMSE
across a variety of test functions is reported, with the IQR highlighted for each method. Outliers are
calculated as being above Q3 + 1.5IQR and below ()7 — 1.5IQR.

Figure[I8]displays an example of a compressed set of size m = 250 constructed by each method. We
note that JKH and JKIP have clearly constructed a representation of the joint distribution, whereas
ACKH and ACKIP have constructed something that is more difficult to straightforwardly interpret.
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Figure 18: Compressed sets of size m = 250 constructed by JKH (orange), ACKH (blue), JKIP (red),
and ACKIP (green), on Heteroscedastic data.

Figure shows the AMCMD? [@X,Py| X,H3’y| X] achieved by each distribution compression

method as the compressed set size increases. ACKIP reaches the lowest AMCMD, followed by JKIP.
JKH and ACKH perform similarly to random sampling, though ACKH initially outperforms JKH
and JKIP before being limited by its greedy nature, allowing JKIP to surpass it, and JKH to match it.
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Figure 19: AMCMD? [If" X, ]f"y| X, Eby‘ X} achieved by each method as a function of the size of the
compressed sets constructed by JKH (orange), ACKH (blue), JKIP (red), and ACKIP (green), on the
Heteroscedastic data. We display the median performance (bold line) with the 25th-75th percentiles
(shaded region) over 20 runs. The error of random sampling (black) over 500 runs is also plotted for
comparison.

Ablation Study: Using the same setup for the Heteroscedastic data, we repeat the experiment with
the Gaussian kernels replaced by inverse multi-quadratic kernels. We report the results in Figures [20]
and 21| where we can see that ACKIP still achieves the best results across a variety of test functions.
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Figure 20: Results for Heteroscedastic data with IMQ kernels. RMSE is reported across a variety
of test functions, as the size of the compressed set increases. For JKH (orange), JKIP (red), ACKH
(blue), and ACKIP (green), we display the median performance (bold line) with the 25th-75th
percentiles (shaded region) over 20 runs. The error of random sampling (black) over 500 runs is also
plotted for comparison, as well as the performance of the full data (purple).
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Figure 21: Results for Heteroscedastic data for compressed sets of size m = 250 with IMQ kernels.
The RMSE across a variety of test functions is reported, with the IQR highlighted for each method.
Outliers are calculated as being above (03 + 1.5IQR and below )1 — 1.5IQR.

Wall-Clock Time: In Section[D.2]we derive the computational and storage complexity for each of
the methods introduced in this work. In Figure 22]and Table [I] we report the wall-clock time for
the Heteroscedastic data experiment. Despite JKIP and JKH having the same time complexity, we
see that JKIP is significantly faster. As noted in Section [D.2.3] the algorithms in this paper were
implemented using JAX. JAX enables Just-In-Time (JIT) compilation, which significantly increases
execution speed. However, to achieve this speed, JAX relies on an immutable array structure, meaning
the arrays must not change shape during program execution. As a result, JKH and ACKH cannot
fully leverage the speed benefits of JIT compilation, as the size of the compressed set, and hence the
corresponding arrays, increases at every iteration. Conversely, the arrays considered in JKIP and
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ACKIP stay the same shape throughout. This presents a notable practical advantage of JKIP and
ACKIP over JKH and ACKH.

Wall Clock Time (s)

0 50 100 150 200 250

Compressed Set Size

Figure 22: Timings for Heteroscedastic data..

Method Wall Clock Time (s)

JKH 9.47 +2.37
JKIP 0.84 £ 0.081
ACKH 318.81 £40.17
ACKIP 11.42 £0.04

Table 1: Wall clock times (in seconds) for each method over twenty runs, mean and standard deviation
reported.

C.1.3 Matching the Empirical Conditional Distribution - Discrete / Classification

For classification tasks with C' possible classes, we replace the Gaussian kernel on the responses with
the indicator kernel I : N¢ x N¢ — [0, 1] defined by

1if y=19'
l N =
(v, {O otherwise

where N¢ := [0, 1,...,C]. In this case, standard gradient descent on the responses is no longer
possible. Moreover, solving the optimisation problems of JKH, JKIP, ACKH and ACKIP now consti-
tute a mixed-integer programming problem, which is known to be NP-complete. Various heuristic
approaches exist for problems of this type, such as relaxation-based methods (e.g., continuous relax-
ations followed by rounding), greedy algorithms, and metaheuristic strategies like genetic algorithms
or simulated annealing. We develop a simple two-step optimisation procedure based on exhaustive
search, leaving investigating the above techniques in the context of our algorithms for future work.

For JKH and ACKH, we alternate between performing a gradient step on the feature and selecting the
optimal response class via exhaustive search. For JKIP and ACKIP, after each gradient step on X, we
iterate over the responses y in Y, updating each in turn with the optimal class by exhaustive search,
carrying forward these selections. It is important to note that one can reduce the cost of evaluating the

JKIP and ACKIP objective functions significantly when X is fixed; see Section for a derivation
of the relevant objectives and Algorithms [/|and (8| for the pseudocode.

56



For classification tasks with C classes, we report the overall classification accuracy and F1 scores,
as well as the RMSE for the indicator functions h;(y) = 1iy—iy, wherei=1,...,C. As shown in
[33], the KCME naturally functions as a multiclass classification model, since

Eh(Y)| X = a] = E[lyy—y | X =a] = P(Y =i | X =),

which expresses the class probabilities given X. Moreover, the empirical decision probabilities are
guaranteed to converge to the true population probabilities (Theorem 1, [33]), unlike, for example in
multi-class SVCs and GPCs. However, in the finite case, the predicted probabilities are not guaranteed
to lie in the range [0, 1], nor form a normalised distribution. In order to produce a valid distribution,
we clip-normalise the estimates (Equation 6, [33]]).

Synthetic: We generate an unbalanced 4-class dataset using the multinomial logistic regressmn
model, where conditional class probabilities are given by P(Y =0 | X = x) = m
= - — _ _exp(Brpx) : : :

andPY =k | X =x) = TS, exp (8, @) 1 < k < 3, and Px is a 2D Gaussian mixture
10 8 1 45]"
40 45 40 10
class overlap, introduce additive noise € ~ A(0, 100) to the exponential. This setup results in class
proportions of approximately 32% (class 0), 12% (class 1), 19% (class 2), and 37% (class 3).

model with 100 components. We assign classes using 3 := and, to ensure

Figures 23] and [24] show that ACKIP achieves clearly superior performance versus ACKH, JKH and
JKIP, both in predicting the class probabilities, as well as in overall accuracy and F1 score, achieving
parity with the full data at only 3% of the size.
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Figure 23: Results for Imbalanced dataset. RMSE is reported across a variety of test functions, as
the size of the compressed set increases. For JKH (orange), JKIP (red), ACKH (blue), and ACKIP
(green), we display the median performance (bold line) with the 25th-75th percentiles (shaded region)
over 20 runs. The error of random sampling (black) over 500 runs is also plotted for comparison, as
well as the performance of the full data (purple).
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Figure 24: Results for Imbalanced dataset for compressed sets of size m = 250. The RMSE across a
variety of test functions is reported, with the IQR highlighted for each method. Outliers are calculated
as being above Q3 + 1.5IQR and below Q; — 1.5IQR.

In Figure 23] we see that ACKIP achieves by far the best AMCMD, noting that the final value achieved
is effectively zero. Due to floating point errors in the computation of AMCMD? []13’ X, ]f”y| X, ]13’y| X] ,

it can become slightly negative, resulting in the line leaving the log-log plot. We also see how the
herding optimisation approach hinders ACKH as it initially matches ACKIP, but ends up performing
worse than random. Finally, we note that JKIP outperforms JKH, which only matches random.
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Figure 25: AMCMD? [I@ X, ]f”y| X, Eby‘ X] achieved by each method as a function of the size of the

compressed sets constructed by JKH (orange), ACKH (blue), JKIP (red), and ACKIP (green), on the
Imbalanced dataset. We display the median performance (bold line) with the 25th-75th percentiles
(shaded region) over 20 runs. The error of random sampling (black) over 500 runs is also plotted for
comparison.

For completeness, in Figures 26]and 27| we also include an example of the compressed set constructed
by each method, as well as the corresponding decision boundary.
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Class 0
Class 1
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Figure 26: Compressed sets of size m = 250 constructed by JKH (top left), ACKH (top right), JKIP
(bottom left), and ACKIP (bottom right), on multi-class classification data.
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Figure 27: Decision boundaries of the KCME model estimated using compressed sets of size
M = 250, constructed by JKH, ACKH, JKIP, and ACKIP, on the Imbalanced dataset. For comparison,
we also include the decision boundaries of the full-data model and a model trained on a uniformly
random subset.

Real: We use MNIST [83184], where we subsample down to n = 10, 000 due to memory limitations,
splitting off 10% for validation and another 10% for testing. Figure 28| shows that ACKIP achieves
the lowest AMCMD, with JKIP doing second best. In Figures [29]and [30] we see that this translates to
improved performance in estimating conditional expectations, with ACKIP achieving vastly superior
performance versus the other methods, with similar classification accuracy and F1 score to the full
data model, with just 3% of the data.
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Figure 28: Results for the MNIST dataset. We show the AMCMD? {]@’ X, ﬁby‘ X, I@’y‘ X] achieved by

each method as a function of the size of the compressed sets constructed by JKH (orange), ACKH
(blue), JKIP (red), and ACKIP (green), on the MNIST data. We display the median performance
(bold line) with the 25th-75th percentiles (shaded region) over 20 runs. The error of random sampling
(black) over 500 runs is also plotted for comparison.
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Figure 29: Results for MNIST data; the RMSE is calculated against the full data estimates of
E[h(Y) | X = ;] as the true values are not available. RMSE is reported across a variety of test
functions, as the size of the compressed set increases. We also report the overall classification
accuracy and F1 score, comparing against the full data performance. For JKH (orange), JKIP (red),
ACKH (blue), and ACKIP (green), we display the median performance (bold line) with the 25th-75th
percentiles (shaded region) over 20 runs. The error of random sampling (black) over 500 runs is also
plotted for comparison, as well as the performance of the full data (purple) for classification accuracy

and F1 score.
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Figure 30: Results for MNIST data for compressed sets of size m = 250; the RMSE is calculated
against the full data estimates of E[h(Y") | X = ;] as the true values are not available. The RMSE
across a variety of test functions is reported, with the IQR highlighted for each method. Outliers are
calculated as being above Q3 + 1.5IQR and below ()7 — 1.5IQR.

C.2 Flexibility of AMCMD versus KCD/AMMD

In this section we demonstrate how the increased flexibility of the AMCMD allows for application to
tasks that AMMD/KCD are not suitable for.

Let Py := N (u,02), Px/ := N(—p,0?), and Px~ := N(0,02) with u, 0%, o2 chosen such that
the Radon-Nikodym derivatives dﬁi -, %I;))‘( — are bounded. These three distributions are also clearly
absolutely continuous with respect to each other, hence the conditions on the distributions in Theorem
4.1| are satisfied. Importantly, we have Px # Py # Px«, and thus the AMMD/KCD is not defined

for this setup. Now, let f, : R — R be a function with

—a+(x+a)? if < —a
fol@)=<qz if —a<x<a ,
a—(x—a)?if £>a

for a € R, and let Py |x_, := N(x,02), and Py/|x/—p := N(f(x),02). Then, we have that
]PY|X:m = IP)Y"X’:E for all x € [—a,a] and ]P)Y\X:m 7£ ]P)Y’\X/:m for all x ¢ [—a,a]. The
AMCMD allows us to detect this change in behaviour over regions by changing the location of the
weighting distribution Px«; see Figure In fact, using Lemma[d.3] we estimate the AMCMD in
Figure [31]to be approximately equal to le-2.
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Figure 31: The top plot illustrates the data space, with @ = p = 0.4,0% = 0.5, and 02 = 0.1.
Here, pairs sampled from Px y (red) exhibit the same linear relationship as pairs from Px/ y+ (blue)
around zero, where the density of the weighting distribution Px~ is concentrated. Away from zero,
the relationships diverge, and Px« is chosen to have little mass in these regions. The bottom-left plot
shows the probability density functions of Px (red), Px- (blue), and Px~ (orange). The bottom-right

plot displays the Radon-Nikodym derivatives d(ﬁ,’; = (red) and ‘ﬁ,ﬁ ~ (blue), which are clearly bounded

in this case.

In contrast, the relative inflexibility of the KCD/AMMD would mean one would not be able to detect
over which regions of the conditioning space the conditional distributions are equal; see Figure [32]for
an illustration of this. Using Lemma[4.3] we estimate the AMCMD to be approximately 0.5.

() ~ P(X, Y)
e (KLy)~eX,Y)
—Y=X

-—- Y=fX)

Response Space

) s To Ts 20
Feature Space

Figure 32: The data space where Py = Px/ = Px+ = N(0,02), with 02 = 0.5, a = 0.4.

C.3 Targeting a Family of Conditional Distributions Exactly

In order to construct a compressed representation that exactly targets a family of conditional distribu-
tions Py x, we require access to analytical expressions for the expectations

Eznpy [k(z, 2" )k(x,2"")] and E(z,y)~Px.v [k(z, 2 )l(y,y")] (33)

for arbitrary ', #”/ € X and y’ € Y. Furthermore, in order to compute the exact AMCMD between
the true family of conditional distributions and the family of conditional distributions generated by
the compressed set, we must also be able to evaluate

Eonpy [ty x=2l3,]- (34)

In general we cannot to exactly evaluate the expectations in (33) and (34), however it is possible by
restricting our attention to specific choices of the kernel functions k : X x X — Randl: Y x)Y — R,
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and a specific data generation process. In particular, we set
Kaa') = o (5@ —a')?), 1yy) = exp (5~ y)?
T 202 ’ e 207

i.e. Gaussian kernels, with ay,, a; € Rso. Moreover, we let Px = N (u, 02), and given coefficients
ag,a1 € Rwelety = ag + a1x + € where € ~ N'(0,07), i.e. Py|x—q = N(ag + a1z, 0?).

C.3.1 Deriving the Marginal Expectation

In this section, we derive the marginal expectation in @I) under the conditions on the kernel and
data-generating process previously laid out:

ECCN]P’X [kz(m,w’)kz(m,w”)] = /Xk(w,as’)k(a:,ac”)dw
2

1 1
g7 e e ) b
W “2a 2a 20
Now,
1 1
Twi(w fﬁ‘ﬂ(fﬂ ‘E//)2—@( —N)2
1
= "2 (2 — 2za’ + 2%) — 502 (x® — 2z’ + 2'") — 557 (z* — 2zp + p°)
:B2 1 2 ZL'I—I-CI:H 2 (BI2+:BN2
=5 lgztae)t® %JF% _Lz_¥
2 \o i o oy 20 203
__émQ_i_Bm_Lz B (m/2+x//2)

where A := (ﬁ + %), B:= (% + (m/iif”)) Completing the square, we have
k

A, _A(, 2B\ A B\* (B\’
ety (o)== 3) - (3)

)

and therefore we can write that,

]Em"‘IPX [k(wawl)k(waa://)]
1 1

=—— | exp|—s5(x—= —

— | p( @2~ e

B

\/27T0'2/ Xp( ( ) (A)
_ 1 ABz_,ﬂ_M/ AL BV
T Va2 P\ 2\ 202 202 e O S *
Lo [A(B) - _@P+a”)
1oz P9\ 202 207 '

C.3.2 Deriving the Joint Expectation

1
w//)Q_W(x_u)2> dx
2 "2
———7(33 tr )>dac

202 20[%

In this section, we derive the joint expectation in @]) under the conditions on the kernels and
data-generating process previously laid out. We first derive the joint distribution.

‘We have that

e (@) = Fx(@)frix—alv) = 5 oxp (=55~ 0~ sy~ (ao + )

2moo,
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where using

E[X] = pu, E[Y]=Eag+ a1X] = ao+ a1p,

Var(X) = 0%, Var(Y | X) = o2,

Var(Y) = E[Var(Y | X)] + Var(E[Y | X]) = 02 + al0?,
Cov(X,Y) = Cov(X,ap + a1 X) = ayVar(X) = a;0?,

2 2
. N i o a0
we notice that (X,Y) ~ N ((ao ¥ am) ; <a102 a2o? + Uﬁg)).

Now, we want to derive the expectation E(g y)p , [k(z,z")I(y,y’)] for arbitrary 2’ € A and
y ey:

E(wy)~bxy k(@)Y y')] = /]R /R k(z,2')l(y,y) fx,y (@, y)dzdy
where k(-,-) and [(+, -) are both Gaussian kernels. We need this integral to end up in the form

1
/ exp (—wAw +b w4+ c) dw
R2 2

)T as by completing the square, it can be shown [85] that

forw := (x,y
1 2 1

/ exp <—wTAw +b'w+ C) dw = i} exp <C+ bTA_lb) ‘
R2 2 |14|§ 2

Let us first interrogate the product k(x, z')l(y,y'):

ey 2;2@ - y’>2)

s [of (e — ') + oy - m)

(@ — 2w + @) + o2y — 2y + y’m)
l

(
<
( T T
(i |G) (7 D)6 (B5) ()]
[
<

1 T
1 + (a2 0 sc’/aQ 22 y/2
=e ——w k w + ) w—— - 2=
e ( 0 &) \yjat) ©7 27 2
l
1
= exp —EwTAlw + b]—w + cl>
1 T
= 0 12
| o _ (7)o = yP i
where 4, = ( 0 0112> b, = (y’/a?> and ¢ := 207 207" Now, we need to write

fx,y (x,y) in the same form:

Fxr (@) = Fx (@) frixe(¥) = —— exp (—1<w—u>2—

T 27100, 202

1 2 2 2 2
— e (s [0 P+ 2y — (a0 + )] ).
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Now,
o2 (@ — 1)? + 0*(y — (a0 + ar))?
o?(x? = 2ux + p?) + o*(y* — 2y(ap + a1x) + (ap + a1x)?)
=o%(x? — 2ux + 1?) + o (y* — 2a0y — 2012y + af + 2apa1x + ajx?))
= 2%(0? + a30?) + x(—2u0? 4 2apa10?) + y*(0?) + y(—2a00?) + xy(—2a10°) + (ado? + p?o?)

-
2, 2.2 2 2 2

T (o024 ajo —a10 2@0(110’ — 2u0 2 2 2 2

=w (6 ! >w+( 1) w4 a20? + 202,

7@10’2 0'2 *2(100'
hence,
1 1 2 2 2 2
fX,Y(m7y) = oo €xp _20,20_2 [Ue (:B - M) +o (y - (a() + a1w)) ]
€ €
T
1 1 T 052 —|—a%02 —ai02 2apa102 — QMOEQ 2 2 2 2
= 2m00, <_ 20202 lw ( —a10° or )@t —2a90° Wt e
2 T
_ ! exp _le ”7124_% ~ o w4+ %_aaggl w_ﬁ_i
2woo, 2 -4 5 o2 202 202
1 L+ T
= exp | —zw Asw + by w+ co
2moo, 2
1 ﬁ a1 £ g0 2
where Ay := <‘72 —Zl"g 1‘73>,b2 = (Ug Lga? ) and ¢ := _% - %
Tor o7 ot 5

Therefore, we have that
E(f&y ~Px vy [k( )l(y Yy )]
// (x,2)l(y,y') fx,y(x,y)dedy

1 1
= / exp (—QwTAlw—l—bl w—l—cl) exp (_QWTA2w+b2UJ+C2> dw
RZ

27T0(7€
1 1+ -
= exp | ——w' (A1 + As)w+ (b1 +b2) w1 + ¢ | dw
2noo. Jre 2
1 L+ T
= exp| —zw' Aw+b w+c)dw
2ro0e Jp2 2
1 27 1 1 1
— +-b"A7 ) = —— ~b"A '
~ 2n00, |A\§ P < 2 ) Vo2o?| Al P <C+ 2

where A := Ay + A9, b:=b; + by and ¢ = ¢1 + co.

C.3.3 Computing the AMCMD Exactly

In order to compute the AMCMD exactly, we require an analytical expression for (34). First note that
we have

HMY\X:IHQ = <MY\X:w:NY|X:m>Hz
= ]E’yNIF’)/\x=m [#Y\X:m (y)]
= ]EyNPY\X=m []Ey/NPY\sz [l (yv'yl)” )

where the second and third equalities follow straightforwardly from the definition of the KCME. Now,
the first step is to derive an analytical expression for

]Ey/NPY\X:m [l (yvyl)} , Y E y
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Writing, f(x) = ag + a1, we have
]Ey'NPY\X:w [l (y7y/)} = / l(y7 y/)pY(y/)dy/
y

) /y - (%ig(y,y)zw%ge@( 2oz 1@ >>2> dy

\/W ( >y —y)? - 2<17? (v - f(w))2> dy.

Now,

W 0 W  f@)?
5 (v* =2/ f(=) + f(2)?)

f(w)> y: _ f=@)?

2 T 9.2 2
lop 20 20?2

1
- 7(:’; —2yy' +y%) -

2a o
YR ,
(G w) v

A Y’ f(z)?
2V TPV T o T o

+

where A := (ﬁ + %) and B := (% + %) Completing the square, we get
l € 1 €

A, , A, 2B\ A B\* (B\?
-5y +By<y Y =75 \v—7) 1

)

2 2

and therefore we can write that,

Eynpy x—o 1Y Y)]

\/W/ ( sy —y)? - 2(172 (y' — f(w))2) dy
- e @_f (5)]- -4 )
- (34 202)/@@( (v-3) )

B 1 é E 2_y’2_f
T Aoz P 2 \4) 22 203 '

We can further simplify by removing the unwieldy constants A and B, writing that

202
A
2

ElePy‘X:m [l(ya yl)]
L (e 2 1)

Ac? 24 203 202
(5 ) -1
= e (0 [ -] 2 e (5 3))
a8 -150)
= o (e )



The next step is therefore to compute,

Eypy e [Byrryecs L8] = W%E” e (—Q(Qig) - f@)),

L1 ! : 1 s
= —— [ exp|—==ly—f(@)]) )exp| 55— [y — f(z)]" ) d
\/Ai‘? 27‘(0’52 /y p ( 20_62 [y f( )] > p ( 2((112 n 0'52) [y f( )] Yy
1 1 2024 af 2)
= — ex _ . __—€ @t _ x d
o2\/2rA /y P < 2 o2(02+4a?) ly - f(=@)] Yy
1 5, 0C02 +af) 0 +af o? +of
= — ™ = — )
o2v2rA 202 + af Ao2(202 + a?) (1 n gé) (202 + a?)
aj €

Therefore,

EwNIPx [HMY\X:IHQ} = ECBNIPX [EyNPY\X:m I:]Ey,NIPYLX:m [l (f%’!/)u]

2 2 2 2
O¢ +al O¢ +al

(1+%) @202 +ap) (1+%) @202 +a})
l L

= E(ZZNPX

where we see that the integrand with respect to the expectation over Px is constant. Note that the
above computations hold for arbitrary f : X — R, however we require that the error has constant
variance o2. If the error is not constant and it evolves as a function of , then the final expectation
with respect to Px may become very difficult to compute exactly.

D Algorithm Details

In this section we include additional details about the algorithms developed in this work including
pseudocode and complexity analysis.

D.1 Pseudocode

In this section we include pseudocode for the algorithms introduced in this work, including gradient-
free variants of the Kernel Herding type algorithms suitable for X # R¢ and )V # RP. In all
gradient-based algorithms, the pseudocode assumes standard gradient descent. In practice, however,
any gradient descent variant may be used. In our implementation, we employed the Optax [82]]
package, which provides access to a wide range of gradient-based optimisation methods, including
ADAM [81]], which we used in our experiments.

70



Algorithm 1 Joint Kernel Herding

Input: Dataset D = {(x;,y;)}7; C X x Y, Coresetsize M € N, Feature kernel & : X x X — R,
Response kernel [ : V) x YV — R, Candidate batch size C' € N, Maximum iteration number 7', Step
size «

fort =1tomdo
Uniformly at random, select C' candidate pairs {(&;, 9;)}%_, from D
fori =1to C do
Estimate S; + LP | (Z;, ¥;) using equation
end for
" = argmin §;
(®1,91) < (Tix, Yir)

for j =1to T do
Compute V,LP | (&, ;) using equation (13)
Compute V, LP | (Z;,9;) using equation (14)
Tjp1 & — aVa Ll (Z5,9;)
Yj+1 Y5 — aVy LY (25, 9;)
if converged then
break
end if
end for
Add the final optimised pair to the compressed set:
Ci < C1U{(z,9)}
end for
return C,;

Algorithm 2 Average Conditional Kernel Herding

Input: Dataset D = {(x;,y;)}1; C X x Y, Coreset size M € N, Feature kernel & : X x X — R,
Response kernel [ : Y x ) — R, Regularisation parameter A € R+ (, Candidate batch size C' € N,
Maximum iteration number T' € N, Step size a € Ry

fort = 1tomdo
Uniformly at random, select C' candidate pairs {(&;, ¥;)}$., from D
fori =1to C do
Estimate S; < G2 | (%, ¥;) using equation @)
end for
" = argmin §;
(@1,91) < (ZTi~, i)

for j =1to 7 do
Compute V5GP | (&}, y;) using equation (26)
Compute VG2, (;,9;) using equation (25)
Tjt1 < &5 — aVaGP (25, 7))
Ui+ < U5 — aVyGP (5, 9;)
if converged then
break
end if
end for
Add the final optimised pair to the compressed set:
Co = Cr U{(2,9)}
end for
return Cy;
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Algorithm 3 Joint Kernel Inducing Points

Input: Dataset D = {(x;,y;)}7; C X x Y, Coresetsize M € N, Feature kernel & : X x X — R,
Response kernel [ : V) x YV — R, Candidate batch size C' € N, Maximum iteration number 7', Step
size «

Uniformly at random, select C' sets of candidate sets {(X;, ¥;)}< | from D, | X;| = |Y;| = M,
i=1,...C
fori=1to C do .
Estimate S; « £P(X;,Y;) using equation @)
end for
i =argmin S;

(X17Y~1) — (XZ’U}/Z*)

forj=1toTdo
Compute V ¢ £LP(X;,Y;) using equation 1i
Compute V- LP(X;,Y;) using equation l)
X7+1<—X —aVgLP(X; Y)
Vi« Y, —aVy e X,,Y;)
if converged then

break

end if

end for

return (X,Y)

Algorithm 4 Average Conditional Kernel Inducing Points

Input: Dataset D = {(x;,y;)}; C X x Y, Coresetsize M € N, Feature kernel & : X x X — R,
Response kernel [ : ) x Y — R, Regularisation parameter A € R-om Candidate batch size
C € N, Maximum iteration number 7', Step size «

Uniformly at random, select C' sets of candidate sets {(X;, ¥;)}<, from D, | X;| = |Y;| = M
i=1,...C
fori =1to C do o
Estimate S; + JP(X;,Y;) using equation
end for
i* = argmin S;

(X17Y~vl) — (X’L*aYrZ*)

for j =1to T do
Compute V Xj D( ;, Y;) using equation ||
Compute VYJ (X;,Y;) using equation 1)
X0+ X, —avXj (X,.5)
Vi ¥, —aVy P (X,.Y))
if converged then
break
end if
end for

return (X,Y)
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Algorithm 5 Gradient-Free Joint Kernel Herding

Input: Dataset D = {(x;,y;)}7; C X x Y, Coresetsize M € N, Feature kernel & : X x X — R,
Response kernel [ : ) x )V — R, Candidate batch size C' € N

Initialise Cy =
fort =1tomdo
Uniformly at random, select C' candidate pairs {(&;, 9;)}%_, from D
fori =1to C do
Estimate S; + LP | (Z;, ¥;) using equation
end for
" = argmin §;
Ct + Cooq U{(Zi+, Ui+ )}
end for
return C,;

Algorithm 6 Gradient-Free Average Conditional Kernel Herding

Input: Dataset D = {(x;,y;)}; C X x Y, Coresetsize M € N, Feature kernel & : X x X — R,
Response kernel [ : ) x ) — R, Regularisation parameter A € R+ ¢, Candidate batch size C' € N

Initialise Cy = 0
fort =1tomdo
Uniformly at random, select C' candidate pairs {(&;, y;)}%_, from D
fori =1to C do
Estimate S; < G2 (%, ¥;) using equation @)
end for
" = argmin §;
Cr + Coa U{(&i+,Uir)}
end for
return Cp,
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Algorithm 7 Joint Kernel Inducing Points with Exhaustive Search

Input: Dataset D = {(x;,y;)}7; C X x Y, Coresetsize M € N, Feature kernel & : X x X — R,
Indicator response kernel [ : ) x ) — R, Candidate batch size C' € N, Maximum iteration number
T, Step size «, Set of possible classes A := {0,1,...,a}

Uniformly at random, select C' sets of candidate sets {(X;, ¥;)}< | from D, | X;| = |Y;| = M,
i=1,...C
fori=1to C do L
Estimate S; < LP(X;,Y;) using equation @)
end for
i =argmin S;

(X17Y~1) — (XZ’U}/Z*)

for j =1to T do
Compute V LP(X;,Y;) using equation
Xj+1 — Xj — aVXED(Xj, lfj)
fori = 1tomdo
Using equation , compute F2(g;) for each possible value of g; € {0,1,...,a}
Update Y; with the optimal choice
end for
if converged then
break
end if
end for

return (X,Y)

Algorithm 8 Average Conditional Kernel Inducing Points with Exhaustive Search

Input: Dataset D = {(x;,y;)}; C X x Y, Coresetsize M € N, Feature kernel & : X x X — R,
Indicator response kernel [ : ) x YV — R, Regularisation parameter A € R+ Candidate batch size
C € N, Maximum iteration number 7', Step size «, Set of possible classes A := {0, 1,...,a}

Uniformly at random, select C' sets of candidate sets {(Xu }71)}?:1 from D, |X1| = ‘Y?| =M,
1=1,...C
fori =1to C do o
Estimate S; + J 7 (X}, Y;) using equation
end for
i* =argmin S;

(Xh}}l) — (X’L*;}fz*)

for j =1to T do
Compute V ¢ 7P (X, Y;) using equation (28)
Xj+1 — XJ — OKVXJD(X]‘7 Y;)
for i = 1tomdo
Using equation , compute RP (7;) for each possible value of g; € {0,1,...,a}
Update Y; with the optimal choice
end for
if converged then
break
end if
end for

return (X,Y)
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D.2 Complexity Analysis

In this section we derive the overall storage and time complexity of constructing a compressed set of
size m, where we use n > m datapoints to estimate the objective functions of JKH, JKIP, ACKH
and ACKIP respectively. The results are summarised in Table 2]

Algorithm Time Complexity Memory Complexity

JKH O(m? + mn O(m+n)
JKIP O(m? +mn O(m? +mn
ACKH O(m* +m?n O(mn +m?
ACKIP OEmB + ang O(m? +mn

Table 2: Time and memory complexity of different algorithms.

D.2.1 Joint Kernel Herding

From Section we know that each gradient computation of JKH has O(m + n) storage and time
complexity.

Storage cost: The overall storage cost is just the cost of storing the gradients of the last iteration, i.e.
O(m + n), that is, linear in the size of the target dataset n.

Time cost: Assuming we take 7" gradient steps per optimisation of each pair in the compressed set,
then the cost of the m™ iteration of JKH is O((m + n)T). Therefore, the final cost is

Z(z +n)T = (m(mQ—i—l) + mn) T = O((m* +mn)T)

i.e. linear in the size of the target dataset n.

D.2.2 Joint Kernel Inducing Points

From Section we know that each gradient computation of JKIP has O(m? + mn) storage and
time complexity.

Storage cost: The overall storage cost is O(m? + mn) i.e. linear in the size of the target dataset n.

Time cost: Assuming we take .J gradient steps, then the final cost of JKIP is simply O((m? +mn).J)
i.e. linear in the size of the target dataset n.

D.2.3 Average Conditional Kernel Herding

From Section|B.9| we know that each gradient computation of ACKH has O(m? + mn) storage and
O(m? + m?2n) time complexity.
Storage cost: The overall storage cost is O(m? 4+ mn) i.e. linear in the size of the target dataset n.

Time cost: Assuming we take 7" gradient steps per optimisation of each pair in the compressed set,
then the cost of the m™ iteration of ACKH is O((m? + m?2n)T). Therefore, the final cost is

m

> (i*+*N)T =

=1

n|T

<m(mQ+ 1)>2 L mm+ 1()3(2m+ 1)

= O((m* +m3n)T),

that is, linear in the size of the target dataset n, but suffering from quartic cost in m.

D.2.4 Average Conditional Kernel Inducing Points

From Section [B.10} we know that each gradient computation of ACKIP has O(m? + mn) storage
and O(m3 + m?N) time complexity.
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Storage cost: The overall storage cost is O(m? 4+ mn) i.e. linear in the size of the target dataset n.

Time cost: Assuming we take .J gradient steps, then the final cost of ACKIP is simply O((m? +
m?2n).J) i.e. linear in the size of the target dataset n, but suffering from only cubic cost in m versus

quartic for ACKH.

D.2.5 Discussion

Experimentation suggests that the number of gradient steps required by JKIP and ACKIP to achieve
convergence is of the same order as JKH and ACKH, i.e., J ~ T'. Consequently, JKIP and JKH have
the same time complexity, but JKIP incurs a slightly higher storage cost due to an additional factor of
m, which arises from the joint optimisation of pairs in the compressed set.

For ACKIP and ACKH, their storage costs are identical, as the nature of the ACKH objective prevents
it from being expressed solely in terms of the newest pair in the compressed set (unlike in JKH).This
same property causes ACKH to have an additional factor of m in its time complexity compared to
ACKIP. This difference becomes significant in complex problems which call for large m, or more
generally when n is very large.

Throughout, we have omitted the contribution of the feature dimension d and response dimension
p from the stated time complexities, as it is implicitly assumed that in the distribution compression
context, n > d, p. For commonly used kernels, evaluation is typically linear in d or p, so at most,
one should expect an additional multiplicative factor of d + p.

The algorithms in this paper were implemented using the free, open-source Python library JAX [79].
JAX enables Just-In-Time (JIT) compilation, which significantly increases execution speed. However,
to achieve this speed, JAX relies on an immutable array structure, meaning the arrays must not change
shape during program execution. As a result, JKH and ACKH cannot fully leverage the speed benefits
of JIT compilation in their current form, as the size of arrays increases at every iteration. Conversely,
the arrays considered in JKIP and ACKIP stay the same shape throughout. This presents a notable
practical advantage of JKIP and ACKIP over JKH and ACKH in the JAX implementation.
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