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Abstract

Classical scaling laws for language model pretraining balance model size against training dataset
size under a fixed compute budget, assuming abundant data and a single pass over the corpus. As
training compute grows faster than the supply of natural language data, pretraining is likely to
enter a data-constrained, compute-rich regime where models train for multiple epochs over a finite
dataset. We study data-constrained pretraining along two axes, regularization and scaling. For
regularization, we study masked-input regularization (MIR), an auxiliary next-token prediction loss
on randomly masked inputs. MIR tests whether the random masking central to diffusion language
models can benefit autoregressive pretraining without architectural changes or inference overhead.
Across 72M to 1.4B parameter models, we find that MIR added on top of strong weight decay
improves validation loss over autoregressive strong-weight-decay-only models, with downstream
gains at 1.4B. For scaling, we propose SoftQ, a scaling law that couples model size and data size to
capture their interaction under repeated data. Classical alternatives such as the Chinchilla law use an
additive form that decouples these terms, making them misspecified in the data-constrained regime.
We find that SoftQ fits data-constrained experiments substantially better than these alternatives, and
estimates MIR’s gains as equivalent to roughly 1.3 times as much unique training data.

1. Introduction

Scaling laws [8, 11] are widely used to choose model size and training-token budget for large
language model pretraining. Classical scaling laws are largely compute-centric: they study how to
allocate a fixed compute budget between parameters and tokens, assuming that unique training data
can scale freely with compute. In this abundant-data setting, pretraining is typically performed with
a single pass over a large corpus.

However, training compute is growing faster than the supply of natural language data [2, 28, 31],
making data-constrained, compute-rich pretraining increasingly important. In this regime, the unique
dataset is fixed, and additional compute is spent on larger models and multiple passes over the same
corpus. Prior work has begun to study this setting: Muennighoff et al. [18] tuned data repetition
while fixing weight decay to 0.1 and proposed scaling laws based on effective resources that saturate
with repetitions and excess parameters; Kim et al. [12] further showed that large weight decay is
critical for preventing overfitting.

This shift raises two linked questions. The first concerns regularization: how can models avoid
overfitting when compute increases but unique data does not? Prior work points to strong weight
decay as one answer. A second possibility comes from masked diffusion language models (dLLMs),
which typically use the same transformer architecture as autoregressive (AR) models but train
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(a) MIR improves a strong AR baseline. (b) SoftQ captures data—model coupling.

Figure 1: Overview of the main results. Left: On DataComp-LM (DCLM) dataset [14] with
100M unique training tokens, MIR improves validation loss over the strongly regularized
autoregressive baseline across model sizes. Points show means over five random seeds,
error bars show one standard deviation, and faint markers show individual runs. Right:
On the strongly regularized baseline grid, we plot the loss gap L(N,U) — L(N,400M)
for unique data budget U € {100M, 200M, 300M}. Chinchilla predicts a model-size-
invariant gap for each U, while SoftQ tracks the empirical fan-out: the penalty from
limited unique data grows with model size.

by predicting randomly masked tokens. Under identical hyperparameters, dLL.Ms achieve lower
validation loss than AR transformers in the data-constrained regime [19, 23], suggesting that random
masking may itself act as a form of regularization. However, these comparisons do not isolate
masking from regularization strength: the dLLLM advantage may be complementary to strong weight
decay, or it may largely reflect insufficiently strong regularization in the AR baseline. This motivates
our first question: how do random masking and weight decay interact, and how much does each
contribute on top of the other?

The second question concerns scaling: what loss law describes the data-constrained, compute-rich
regime? Chinchilla-style laws were fit to single-pass, abundant-data training and may not capture the
validation-loss surface when unique data, rather than compute, is the binding resource. In particular,
their additive form predicts that the loss gap between two unique-data budgets should be independent
of model size. In this paper, we study both questions in the data-constrained, compute-rich regime.

Finding 1: Random masking provides regularization complementary to strong weight
decay. We first ask how the two regularization mechanisms interact. We find that strong weight decay
is not specific to AR pretraining: applying the AR-tuned weight decay to dLLMs substantially lowers
their validation loss, and once both models are strongly regularized, their validation losses become
comparable across the model sizes we study. Given that strong weight decay alone provides such
substantial regularization, this makes it unclear whether random masking can still provide additional
benefit once strong weight decay is already in use.

Across models from 72M to 1.4B parameters trained on DCLM [14] and Stack-V2 [16], MIR
consistently improves validation loss on top of strong weight decay (Figure 1, left). At 1.4B
parameters, it also yields substantial downstream gains, including +10.2 points on BoolQ and +2.2
points on SciQ.
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Finding 2: Chinchilla is misspecified in the data-constrained, compute-rich regime; a
coupled scaling law fits better. To quantify how much unique data MIR is worth, we extend our
experiments across five model sizes and four unique-data budgets and fit several scaling laws. The
additive Chinchilla form [8] fits poorly in this regime: it predicts that the validation-loss gap between
two data budgets is independent of model size, whereas our experiments show that this gap grows
with model size (Figure 1, right).

We propose the SoftQ scaling law, a five-parameter form that couples model size and data size
through a soft bottleneck motivated by the skill-learning view of scaling laws [17]. SoftQ achieves
better in-sample fit and out-of-sample prediction than Chinchilla, Quanta [17], and Muennighoff-
style [18] laws on our dataset. The same ranking holds on an independent dataset from Kim et al.
[12]. Using SoftQ as the baseline scaling law, we estimate MIR’s gain over the strongly regularized
baseline to be equivalent to roughly 1.3x as much unique training data at the 200M—400M token
budgets.

2. Setup and Regularization

Let N denote the number of model parameters, U the number of unique pretraining tokens, Ng
the number of epochs over those tokens, and D = U N, the total number of training tokens. For a
standard dense decoder-only transformer trained with next-token prediction, the training compute is
approximately C'(N, D) ~ 6N D.

In data-constrained, compute-rich pretraining, the unique-token budget U is fixed or bounded,
and C is unbounded. Additional training compute can be spent by increasing the number of epochs,
increasing model size, or changing regularization. Prior work studies several versions of this problem.
[18] model repeated data under compute constraints by replacing raw token and parameter counts
with effective resources that saturate as repetitions and excess parameters grow. [12] study a more
compute-rich setting in which the unique data is fixed and the training recipe is tuned to estimate the
best attainable loss at each model scale.

We follow the compute-rich perspective. For a fixed architecture family, optimizer class, data
distribution, and evaluation protocol, define the optimized validation-loss envelope

L*(N,U) = inf Leva (N, Ush),

where h includes the tunable training hyperparameters, such as the number of epochs, learning-
rate schedule, weight decay, and other regularization choices. In this formulation, D = UNg(h)
determines the compute used by a particular training run, but compute is not the binding constraint
used to define L*. The goal is therefore to model the joint dependence of the best-achievable loss on
model size N and unique data size U.

Recent studies report that dLLMs outperform AR models in the data-constrained regime [19, 23],
using weight decay wd = 0.1 for both. Independently, Kim et al. [12] showed that large weight
decay is critical for AR pretraining in this regime. We ask whether this benefit transfers to dLLMs
and re-examine the AR—dLLM comparison under matched large-weight-decay treatment. With
wd = 0.1, we reproduce the finding that dLLM (3.60) outperforms multi-epoch AR (3.88) at 257M.
Large weight decay dramatically improves both: it reduces AR loss to 3.42 and, when ported to
dLLM, reduces dLLM loss to 3.48. The two strongly regularized recipes have losses comparable
at 140M, 257M, and 664M (see Table 3 in Appendix D), implying that the previously reported
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AR-dLLM gap is largely explained by insufficient AR regularization. Still, the fact that dLLMs avoid
the repeated-epoch collapse seen in weakly regularized AR suggests that random input masking acts
as an implicit regularizer in its own right.

To capture this hypothesized benefit without abandoning the efficiency of standard AR decoding,
we study masked-input regularization (MIR). The method samples a mask ratio r from a uniform
distribution Unif(7min, rmax) for each input sequence x. At each position ¢ € [0, 7" — 1], a Bernoulli
random variable with success probability r determines whether to replace the token x; with a
specialized [MASK] token. Let z denote this corrupted sequence. Without altering the model
architecture, MIR adds an auxiliary next-token prediction loss on the masked sequence:

L= ENTP (:L') + )\ﬁNTP (f)

It requires two forward passes to calculate the training loss for each batch. MIR therefore increases
per-step training compute. Because our focus is the data-constrained, compute-rich regime, we use
MIR to study whether additional compute can improve loss at a fixed unique-data budget, rather than
as a compute-efficiency method. See tuning details and regularization coefficient in Appendix D.7.

Figure 1, left, visualizes validation loss across the scaling ladder for the DCLM 100M dataset,
averaged over five random seeds. MIR improves validation loss over the strongly regularized baseline
for every matched seed at every model scale. On the 1.4B parameter model, for example, MIR reduces
the mean validation loss from 3.347 to 3.317. The average gain grows from roughly 0.006 loss at 72M
parameters to about 0.03 loss for the two largest models, suggesting that MIR is especially useful
when model capacity is high relative to the amount of unique training data. This trend is qualitatively
consistent with our theoretical analysis in Appendix F, which predicts that larger overparameterized
models are more prone to overfitting, and therefore benefit more from masking-based regularization.

Crucially, this regularization benefit generalizes beyond standard natural language. We repeat
the same 100M token experiments to evaluate performance on code-heavy data: on Stack-V2, MIR
reduces validation loss at all five model sizes, with absolute gains from 0.008 to 0.020 loss; see full
numbers in Table 7 in the Appendix.

3. Scaling in the Data-Constrained, Compute-Rich Regime

In this section, we extend the experiments to a five-by-four grid of model sizes by unique-data budgets
and use it to (a) show that the classical Chinchilla scaling law is misspecified in the data-constrained,
compute-rich regime, (b) propose the SoftQ scaling law as a better-fitting alternative, and (c) quantify
MIR'’s data efficiency gain over the strongly regularized baseline. The grid is five model sizes x four
data sizes: {72M, 140M, 257M, 664M, 1.4B} x {100M, 200M, 300M, 400M}. For each cell, we
tune the number of epochs, weight decay, and learning rate; see Appendix D for the hyperparameter
search and best configurations.

3.1. The SoftQ scaling law

Why Chinchilla is Misspecified. The Chinchilla scaling law decomposes loss into irreducible
entropy, finite-parameter error, and finite-data error:

A B
Lon(N,U)=E+ — +

Na T M
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Table 1: Scaling laws comparison results. Lower is better.

Full fit Held-out 400M [Kim et al.] Full fit
Law k RMSE MAE AIC RMSE MAE RMSE AIC
Chinchilla 5 0.02653 0.01802 -135.18 0.03106 0.02540 0.04041 -92.68
Quanta 4 0.01252 0.00889 -167.23 0.01497 0.01207 0.02375 -111.69
Muennighoff 7 0.02335 0.01713 -136.29 0.03252 0.02711 0.03299 -95.17
SoftQ 5 0.00801 0.00520 -183.06 0.00595 0.00471 0.00785 -145.10

Its additive structure implies that the parameter and data terms are separable. Consequently, given a
model with size N, the loss gap between two unique data budgets Uy, Us does not depend on NV:

Len(N,Uy) — Len(N,Up) = 5 — 2
Uy Uy
This prediction is at odds with the expected behavior in data-constrained, compute-rich pretraining.
The marginal value of additional unique data should depend on model size. We verify this behavior
empirically. Figure 1, right, shows the diagnostic directly: the loss gap between each smaller data
budget and the 400M budget increases with model size, but Chinchilla predicts a constant gap for
each budget. This motivates a coupled law rather than an additive one.

SoftQ. Motivated by the skill-learning view of scaling, we propose the SoftQ scaling law, a
soft-quanta law that combines the parameter-limited and data-limited regimes through a smooth
bottleneck:

No T petre)

A B a/p
> 2

LsoftQ(N, U) =F+ <

The parameter p controls the sharpness of the transition between the parameter-limited and data-
limited regimes. As U — oo, the law recovers a parameter-scaling limit . — F o« N~%; as N — o0,
it recovers a data-scaling limit L — E o« U —o/(1+a) Tt has five fitted parameters, {A, B, E, a, p},
matching the Chinchilla parameter count while explicitly coupling model size and data size.

3.2. Scaling Laws Comparison and MIR data efficiency

We compare Chinchilla, Quanta, Muennighoff, and SoftQ on three diagnostics: (1) full fit on the
strongly regularized baseline results; (2) held-out fit, training on the 100M/200M/300M points and
predicting the five 400M points; and (3) full fit on an independent baseline dataset provided by Kim
et al. [12]. We report RMSE and MAE on the raw validation-loss scale, and an SSE-based Gaussian
AIC; see Appendix E for the fitting protocol.

Table 1 shows that SoftQ is the strongest baseline law across all three diagnostics. It gives the
best in-sample fit on the full baseline dataset, the best data-axis extrapolation to the held-out 400M
budget, and the best fit on the external scaling law datasets from [12]. Figure 1, right, visualizes this
fit: SoftQ reproduces the empirical fan-out across data budgets that Chinchilla cannot. Eq. (12) in
Appendix E gives its full expression.

Using SoftQ as the baseline scaling law, MIR corresponds to roughly 1.3 x as much unique data
at the 200M—-400M token budgets; the full calculation, sensitivity analyses, and limitations are in
Appendix E.5, Appendix E.6, and Appendix E.8.
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Appendix B. Additional Related Work

Classical Scaling Laws. Empirical scaling laws have provided a central tool for predicting language-
model loss as a function of model size, data, and compute. [7, 26] found that deep-learning
generalization curves often follow power laws across model and dataset scales. For language
modeling, [11] showed that cross-entropy loss scales predictably with parameter count, dataset size,
and training compute. [6] extended similar power-law behavior to other autoregressive generative
domains. [8] revised the compute-optimal allocation problem and argued that model size and
training tokens should be increased at comparable rates, leading to the Chinchilla recipe. These
laws are highly effective in the abundant-data setting, but they typically treat processed tokens as
fresh samples and therefore do not explicitly distinguish unique data from repeated epochs. This
distinction becomes important once the available corpus size, rather than compute, becomes the
binding resource.

Data-constrained Pretraining. [18] studied repeated-data training and proposed effective-
resource scaling laws that account for the diminishing value of repeated tokens and excess parameters;
they found that modest repetition can be close to fresh data, but that the marginal value of repetition
eventually decays. [12] sharpened this into an infinite-compute, fixed-data viewpoint, showing
that simply increasing epochs and parameters can overfit, and that much stronger regularization,
especially substantially larger weight decay than standard practice, can improve the best attainable
loss.

Masking, noising, and denoising objectives Training on corrupted inputs has a long history as
a regularization and representation-learning principle. In NLP, BERT popularized masked language
modeling for bidirectional representation learning [3], while BART and T35 extended masking and
denoising ideas to sequence-to-sequence pretraining through masked-span reconstruction, arbitrary
text corruption, and span corruption [13, 25]. These objectives use masking as the main pretraining
task and often change the architecture or inference interface relative to decoder-only autoregressive
language modeling. MIR instead keeps the standard causal next-token objective and autoregressive
decoding, using masking only as an auxiliary input perturbation during training.

Masked Diffusion Language Model Discrete and masked diffusion language models provide
an alternative to left-to-right factorization by corrupting tokens and learning to reverse the corruption
process. [27] proposed masked diffusion language models with effective training recipes. [1, 20]
scaled up the model and data size to train large-scale diffusion language models. In the data-
constrained setting, [23] and [19] report that masked diffusion models can outperform autoregressive
models under repeated-data training, attributing the gains to factors such as any-order prediction,
dense denoising supervision, and implicit Monte Carlo augmentation.

Appendix C. Autoregressive and Masked Diffusion Objectives

Let py denote the transformer model and {z;}]" ; the training dataset, where each sample z; =
[®i0,%i1,...,zi7—1] is a sequence of length T'. Autoregressive models predict tokens from left to
right. The training objective LxTp is — Y ;- ZtT;()l log po(zi¢ | xi,<¢)/(nT). For each sequence
x;, dLLMs sample a mask ratio r; ~ Unif(0, 1], and use a Bernoulli random variable Bern(r;) to
decide whether to mask the token z; ; or not for each position ¢ € [0, 7). The model only predicts
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Table 2: Scaling Ladder Details.
k Layers Embeddim MLPdim Heads Head dim Model size

0.5 6 512 1536 8 64 71,965,952
0.75 9 768 2048 12 64 140,983,680
1.0 12 1024 2816 16 64 257,190,400
1.5 18 1536 4096 24 64 664,200,960
2.0 24 2048 5632 32 64 1,439,273,984

the true tokens at those masked positions. The training objective is

1 n T-1
- [; > (& = MASK) log pg (i | )|
i=1 " t=0

where z; represents the masked sample x;.

Appendix D. Experiment Details

This appendix describes the compute setup, architecture ladder, data splits, training recipes, hyperpa-
rameter searches, and auxiliary experimental results. See the full data generation and training code
in Link.

D.1. Compute, Architecture, and Scaling Ladder

All experiments can run on eight 0GB SXM H100 GPUs. The longest AR model run completes in
under 24 hours. The longest dLLM model run completes in under 48 hours.

We use a Llama-style decoder-only transformer [5] with QK norm and interleaved global-local
self-attention as the model architecture. Compared to the architecture used in [12], we additionally
use QK norm and interleaved local and global attention. QK norm is widely used [21, 22, 29, 32] in
recent open-source large language models to stabilize pretraining, and interleaved local and global
attention is also widely used [10, 22, 29] to reduce compute and reduce KV cache size. We use the
GPT-2 [24] tokenizer with one extra [MASK] token for random masking. The vocabulary size is
50258.

We follow the scaling ladder

ScalingLadder(k) = (kWy, kL1, S1, B1),

where W, = 1024 is the embedding dimension when k& = 1, L; = 12 is the number of layers
when £ = 1, S7 = 2048 is the sequence length, B; = 128 is the total batch size, and & €
{0.5,0.75,1,1.5,2}. Across the scaling ladder, the attention head dimension is fixed at 64, while
the depth, embedding dimension, MLP dimension, and number of attention heads increase with
scale. The resulting models span from 71,965,952 parameters to 1,439,273,984 parameters. Table 2
summarizes the full architecture ladder.
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D.2. Data and Evaluation Splits

Following [12], we use DCLM-POOL [14], an open-source pretraining dataset containing 240T
tokens. We use the DCLM subset generated by [12] to construct datasets with 100M, 200M, 300M,
and 400M unique training tokens. Each smaller-budget dataset is a subset of the corresponding
larger-budget dataset. We always use the same evaluation dataset, which contains 10M tokens from
DCLM.

We also use Stack-V2 [16] to evaluate whether masked-input regularization is beneficial for
pretraining on code data. The corresponding validation losses are reported in Table 7.

D.3. AR Training Recipe

Unless stated otherwise, AR experiments use the AdamW optimizer [15] with 5; = 0.9, 82 = 0.95,
and € = 1078, This config is adopted from [12]. For all AR model pretraining, we use the Warmup-
stable-decay (WSD) [9] learning-rate schedule with 1% of the total steps for linear warmup and 10%
of the total steps for warmdown. We set dropout rate to be 0.1.

D.4. dLLM Baseline Protocol

For dLLM pretraining, we adopt the config used in [23]: batch size 256, sequence length 2048,
learning rate schedule with peak 2 x 10~4, minimum 2 x 10~°, 1% warmup, cosine decay, weight
decay 0.1, and gradient clipping of 1.0. For the number of epochs, we adopt the optimal values
reported in [23]: 500 epochs for the 257M and 664M models and 800 epochs for the 140M model.
We calculate validation loss after each epoch and report the lowest value. The 140M model achieves
its lowest validation loss 3.646694 at epoch 789, the 257M model achieves 3.602763 at epoch 483,
and the 664M model achieves 3.680272 at epoch 141. We set dropout rate to be 0.1.

Table 3 reports the DCLM 100M validation losses for the AR and dLLM recipes at the three
model sizes where we run dLLM pretraining. The strongly regularized dLLM uses the AR-tuned
weight decay while keeping the other dLLM hyperparameters fixed to the protocol above.

Table 3: DCLM 100M validation loss for AR and dLLM recipes at different model sizes. For AR
recipes, we report final validation loss; for dLLM recipes, we report the best across-epoch
validation loss.

Model size
Recipe 140M 257TM 664M
Multi-Epoch dLLM 3.646694 3.602763 3.680272
Multi-Epoch AR 3.945268 3.879782 3.821800

Strongly Regularized dLLM  3.579445 3.483598 3.387994
Strongly Regularized AR 3471395 3.422107 3.367138
MIR 3.468458 3.404833 3.332668

D.5. Multi-epoch AR Epoch Search

We search for the best number of epochs for each model size for multi-epoch AR. As shown in Figure
2, 16 epochs is the best for 140M, 8 epochs is the best for 257M, and 32 epochs is the best for 664 M.
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DCLM-100M Baseline Scaling Law: 140m DCLM-100M Baseline Scaling Law: 257m DCLM-100M Baseline Scaling Law: 664m

16 8 16 8 16
Number of Epochs Number of Epochs Number of Epochs

Figure 2: Validation loss vs. number of epochs. Weight decay is fixed to 0.1, peak learning rate is
fixed to 2e-4. Left: model size 140M; Middle: model size 257M; Right: model size 664M.

D.6. Strongly Regularized Baseline Search

The strongly regularized baseline sweeps are conducted in the data-constrained DCLM setting
described in the main text. We run separate searches at unique-data budgets of 100M, 200M, 300M,
and 400M tokens. Within each budget, we use the same training and evaluation datasets across all
model scales so that differences in performance can be attributed to model size and training objective
rather than differences in data exposure.

We tune the optimization settings separately for each model scale and data budget. The search
space consists of the number of training epochs, weight decay, and learning rate. In general, larger
models prefer fewer epochs and stronger weight decay, while the selected learning rates remain in
the range of 1073 to 10~2. We describe the full 100M sweeps first, then append the larger-budget
searches used in the scaling-law analysis.

72M model. We search over epochs {16, 32,64}, weight decay {0.4,0.8,1.6}, and learning
rate {1073,3 x 1073,1072}. We additionally run a refined sweep over epochs {16, 32, 64}, weight
decay {0.1,0.2,0.4}, and learning rate {3 x 1073,1072,3 x 1072}. The best configuration is
(32,0.4,1072).

140M model. We first search over epochs {8, 16,32}, weight decay {0.8, 1.6, 3.2}, and learning
rate {3 x 107%,1073,3 x 1073}, We then run an additional sweep over epochs {16, 32, 64}, weight
decay {0.2,0.4,0.8,1.6}, and learning rate {1073,3x 1073, 1072, 3 x 10~2}. The best configuration
is (32,0.8,3 x 1073).

257M model. We search over epochs {8, 16,32}, weight decay {0.8, 1.6, 3.2}, and learning rate
{3 x 107%,1073,3 x 10~3}. The best configuration is (16, 1.6,1073).

664M model. We search over epochs {8, 16,32}, weight decay {0.8, 1.6, 3.2}, and learning rate
{3 x 1074,1073,3 x 10~3}. The best configuration is (16, 1.6,1073).

1.4B model. We search over epochs {4, 8, 16}, weight decay {1.6,3.2,6.4}, and learning rate
{3 x 107*,1073,3 x 1073}. The best configuration is (16, 3.2, 1073).

Table 4 summarizes the selected hyperparameters at each scale.
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Table 4: Best strongly regularized hyperparameter configuration in the 100M unique-token setting.

Model size  Best (epochs, weight decay, Ir)

72M (32,0.4,1072)
140M (32,0.8,3 x 1073)
257TM (16,1.6,1073)
664M (16,1.6,1073)
1.4B (16,3.2,1073)

Table 5 summarizes the selected hyperparameters for the larger unique-data budgets used in the
scaling-law analysis. For 200M and 400M unique tokens, we run budget-specific sweeps. For the
intermediate 300M budget, we evaluate candidate configurations inherited from the selected 200M
and 400M settings at each model scale. The longest runs take around 2 hours at 200M, 6 hours at
300M, and 8 hours at 400M on 8 H100s.

Table 5: Selected strongly regularized hyperparameter configurations for the larger unique-data
budgets. Each entry is (epochs, weight decay, Ir).

Unique data Model size  Best (epochs, weight decay, Ir)

200M 72M (64,0.2,1072)
200M 140M (32,0.4,3 x 1073)
200M 257M (16,0.8,1073)
200M 664M (16,1.6,1073)
200M 1.4B (16,1.6,1073)
300M 72M (64,0.1,1072)
300M 140M (64,0.2,3 x 1073)
300M 257M 32,0.8,1073)
300M 664M (32,0.8,1073)
300M 1.4B (32,1.6,1073)
400M 72M (64,0.1,1072)
400M 140M (64,0.2,3 x 1073)
400M 257M (32,0.4,1073)
400M 664M (32,0.8,1073)
400M 1.4B (32,0.8,1073)

D.7. MIR Hyperparameter Tuning

In MIR, for each sequence x, a mask ratio r is sampled from Unif(7yin, "max ), then for each position
t € [0,7 — 1], we use a Bernoulli random variable with success probability 7 to decide whether to
mask z;. Denote the masked version as . We optimize

L = LNTp (w) + ALNTP (f)

We tune the values of ryin, "max, A using the 1.4B model and DCLM 100M. See the results in Figure
3. The selected values are rin = 0, rmax = 0.5, A = 0.4. We also tried

L= (1-NLxrp(x)+ A\NnTP(T),
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but its performance was slightly worse than Lxrp(x) + ALNTp(Z).

sme 33 -

3.308

3.316

mask prob. range
w
G
[
validation loss

0.25-0.5 3.309 -

0.4 0.6 0.8
aux coeff

Figure 3: Tuning the mask ratio bounds (ryin, Tmax) and regularization coefficient \.

D.8. Aucxiliary Experimental Results

Table 6 reports the best evaluation loss across model scales in the 100M unique-token setting. Table 7
reports the Stack-V2 validation losses.

Table 6: Best evaluation loss across model scales in the 100M unique-token setting (seed 42).

Recipe 72M 140M 257T™M 664M 1.4B

Single-epoch 4.866105 4.960820 5.025738 5.019738  5.302995
Strongly Regularized Recipe (Baseline) 3.615903 3.471395 3.422107 3.367138 3.339578
MIR 3.613621 3.468458 3.404833 3.332668 3.308170

Table 7: Validation loss on the Stack-V2 100M unique token dataset. MIR consistently outperforms
the strongly regularized baseline across all model scales.

Recipe 72M  140M  257TM  664M  1.4B
Regularized Baseline 1.064 1.020 1.005 0.996 0.983
MIR 1.054 1.012 0.985 0.988 0.967

D.9. Token-Level Analysis

To localize where the validation-loss gain comes from, we compare the 1.4B regularized baseline
and the 1.4B MIR model on the 10M DCLM eval dataset. For each position ¢, we compute
the negative log-likelihood on the true target y; = x44; and define the token-level loss gap as
Al = lpase(t) — larr (1), so that positive values favor MIR. Figure 4 Left shows that the MIR-better
tail is both larger and slightly heavier than the baseline-better tail after removing the center region
|Al] < 1: 6.61% of tokens satisfy A¢; > 1, while 5.41% satisfy A¢; < —1. Therefore, the overall
loss gain is not driven by a few isolated outliers, but appears on a broad set of hard validation tokens.

The top positive-gap tokens reveal a clear qualitative pattern. We rank all validation positions by
A/, decode the top 0.1% MIR-better positions, and inspect the true token together with the preceding
and following tokens. These high-gap examples are dominated by continuation problems rather than
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standalone rare targets: 62.6% are word or subword continuations, 16.3% occur in non-English or
transliterated text, and 11.6% are punctuation tokens. Importantly, the true token is often a common
token such as “and”, “to”, “of”’, “is”, a comma, or a closing parenthesis. What makes these positions
hard to predict is the local prefix context: non-English languages, rare names, mixed scripts, broken

word pieces, or noisy web and markup text.

5
10 1 MIR better than base Ex. 1. Rather, since the verses of the Qur'an are a source of guidance, clear proofs, and the distinguisher
[ Base better than MIR between right and wrong, just as we ..
MIR argmax pin = between, piin (‘between’) = 0.7188
Baseline arg max phase = of, Phase(‘between’) = 0.0001037
104
Ex. 2. Conversely, another trader watching for patterns in, say, Google (NASDAQ:GOOG) may notice a reverse
o head and shoulders and buy shares of Google, expecting ...
= MIR argmax pyir = shoulders, pyir(‘shoulders’) = 0.4019
g Baseline arg max ppase = a, Phase(‘shoulders’) = 0.0002055
3§ 103
Ex. 3. ... the Ventriloquist of the Dead is replaced by an obese shape-shifter called The Death Imitator (JED
PELET (Lo S D EAL) Shino Mono Maneshi?, known as Ghost Kaiba in the English anime). The second
Player Killer that the group encounter:
102 MIR argmaxpyir = ), pair()’) = 0.3328
Baseline argmax phase = 72, Poase()’) = 1.6 x 106
Ex. 4. 7T NZHH 4N (570 TaE2 M
1 2 3 4 5 6 7 MIR argmax putiR = % PMIF 57177

Absolute loss gap |M| Baseline argmax phase = <U+FFFD>, Phace (‘') = 0.002207

Figure 4: Left: Absolute token-level loss-gap tails on all validation tokens for the 1.4B models
after removing the center region |A/| < 1. The positive tail, where MIR assigns higher
probability to the true next token than the strongly regularized baseline, is both larger and
slightly heavier. Right: Representative MIR-better tokens from the top 0.1% positive-gap
set. In each example, the target next token is highlighted in red, and the probabilities
assigned to that token by MIR and by the strongly regularized baseline are shown below.
Many large-gap cases involve names, subword completions, mixed scripts, or noisy web
and technical text, even when the true token itself is common.

Representative examples illustrate how these gains arise in practice. Figure 4(right) shows
cases where the baseline falls back to a generic continuation or keeps following the wrong local
pattern, whereas MIR recovers the intended continuation. One example is a mixed-script entity name
followed by a Japanese parenthetical gloss, where the correct next token is the closing parenthesis
“)”; MIR predicts it correctly, while the baseline keeps extending the Japanese string. Taken together,
these results suggest that MIR helps most when the next-token decision depends on robustness
to unusual or noisy local prefix context rather than on simple frequency-based continuation. This
pattern is consistent with our theoretical intuition that masking regularizes the model’s dependence
on irrelevant details in the prefix context and encourages it to learn predictive features that generalize
across contexts.

D.10. Downstream Evaluations

To understand whether the improved validation loss translates to capability gains on downstream
tasks, we evaluate the two 1.4B models trained on DCLM dataset with U = 100M across a suite of
downstream tasks using lm-evaluation-harness [4].

Table 8 shows that the MIR-trained model achieves superior performance on six of the eight
evaluated metrics. The improvements are particularly pronounced on reasoning and reading com-
prehension tasks, pushing accuracy on BoolQ up by 10.18 percentage points and SciQ up by 2.20
percentage points compared to the strongly regularized baseline. Because these models are trained
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at academic scale, with 1.4B parameters and 100M unique training tokens, we view the down-
stream evaluations as a coarse capability check: MIR shows a large gain on BoolQ and smaller
mixed changes elsewhere, with the overall pattern directionally agreeing with its validation-loss
improvement.

Table 8: Downstream zero-shot evaluation for 1.4B models trained on the DCLM data with

U =100M.

Task Random Guess Regularized Baseline + MIR

ARC-Easy (acc_norm) 0.2500 0.3805 + 0.0100 0.3893 + 0.0100

BoolQ (acc) 0.5000 0.4511 £+ 0.0087 0.5529 + 0.0087

HellaSwag (acc_norm) 0.2500 0.2833 £ 0.0045 0.2855 £ 0.0045

PiQA (acc_norm) 0.5000 0.5996 + 0.0114 0.5985 +£0.0114

RACE (acc) 0.2500 0.2689 £ 0.0137 0.2766 + 0.0138

SciQ (acc_norm) 0.2500 0.5780 + 0.0156 0.6000 £ 0.0155

Lambada (acc) ~0.0000 0.2271 £ 0.0058 0.2261 £+ 0.0058

Lambada (perplexity) N/A 112.8966 £ 4.9091 106.7115 + 4.5752

D.11. Dataset Licenses
Dataset Use in this paper Version / License and terms
URL
DCLM- Natural-language pre- Link CC BY 4.0. DCLM-Pool is derived from Common Crawl and
Pool training and valida- is also subject to the Common Crawl Terms of Use. We cite the
tion data. original DCLM paper and do not redistribute the raw dataset.

The Stack Code-heavy pretrain- Link. Ver- No single dataset-wide content license; Hugging Face lists the
v2 ing data for the Stack- sion: 2.1.0  license as “other”. The dataset contains source code from reposi-

v2 experiments. tories with various original licenses. User must comply with up-
stream licenses, including attribution clauses where relevant, the
Stack-v2 access terms, Software Heritage principles for language-
model training, and validated removal-request updates. We do not

redistribute raw Stack-v2 files.

Table 9: Existing datasets used in this paper and their licenses or terms of use.

Appendix E. Details of the Scaling-Law Analysis

This appendix gives the full scaling-law definitions, fitting protocol, fitted constants, residual diag-
nostics, and the plots moved out of the main text.

E.1. Setup, Notation, and Fitting Objective

We use N for model size and U for unique training tokens, both measured in billions. The base-
line grid contains 5 model sizes {72M, 140M, 257M, 664M, 1.4B} and 4 unique-token budgets
{100M, 200M, 300M, 400M }, for 20 strongly regularized baseline points. The external grid is

19


https://huggingface.co/collections/mlfoundations/dclm-pools
https://huggingface.co/datasets/bigcode/the-stack-v2

DATA-CONSTRAINED PRETRAINING

provided in Kim et al. [12]. For our dataset and the external one, the repetition variable in the
Muennighoff-style law is Rp = epochs — 1, where the epoch count is taken from the best configura-
tion or run identifier.

For Chinchilla, Quanta, and SoftQ, we minimize the Approach-3-style objective of Hoffmann
et al. [8]:

min Z Huber s <log Lo(N;, U;) — log Li) . 3)

All reported RMSE, MAE, and RSS values are computed afterward on the raw validation-loss scale.
AIC is the SSE-based Gaussian criterion

AIC = nlog(RSS/n) + 2k, 4)

where constants independent of the model are omitted. Since the fitted objective is Huber loss on log
residuals, this AIC should be read as a common raw-loss summary criterion rather than the exact
likelihood optimized during fitting.

E.2. Candidate Scaling Laws

The Chinchilla law is
A B
Na + ik
Its additive form implies a data-independent model-size gap: Lcy (N1, U) — Len (N2, U) does not
depend on U. Figure 6 shows that the observed DCLM baseline gaps vary with the unique-token
budget.
The Quanta-motivated joint law is

Lon(N,U)=E + )

A B @
LQ(N7U)_E+<N+U1/(1+O‘)) . (6)
It couples the parameter and data axes before applying the outer power, so the marginal value of
additional parameters depends on the available data.
The Muennighoff-style law replaces raw resources by effective resources:

A B
LM(N;U,RD):E‘FW‘FW, @)
D' =U+UR} (1 —exp[-Rp/Rp)), ®)
N'"=Un + UnR} (1 - exp[-Rn/Ry]) - )

Given the base Chinchilla coefficients, we compute the one-epoch optimal parameter count

A 1/a
Nopt(U) = <2‘B) Uble (10)

then set Uy = min{N, Nopt(U)} and Ry = N/Un—1. Ithas seven parameters to fit: {A, B, E, «, 3, Ry, R}, }.
Our main comparison uses a dataset-adapted two-stage protocol: fit the base Chinchilla coefficients
on the relevant split, then fit only R, and R7,. This is the appropriate comparison if the goal is to

20



DATA-CONSTRAINED PRETRAINING

evaluate the effective-resource functional form on our loss scale. The literal fixed-C4 coefficients
from Muennighoff et al. [18] are included as an ablation in Table 19.
SoftQ is

o/
LSoftQ(N, U) =F + (AN*p + BU,p/(lJra)) p . (11)

When p = 1, this reduces to the Quanta law. The parameter p controls the softness of the transition
between the parameter-limited and data-limited regimes.

E.3. Fit Quality and Model Selection

Table 10: Full fit on all 20 strongly regularized baseline points. Lower is better.

Law # params RMSE MAE AIC
Chinchilla 5 0.026528 0.018016 -135.18
Quanta 4 0.012517 0.008889 -167.23
Muennighoff 7 0.023345 0.017130 -136.29
SoftQ 5 0.008015 0.005204 -183.06

Table 11: Fit on the DCLM 100M/200M/300M baseline points and evaluation on the held-out 400M

points.
Law Train RMSE Train MAE Held-out RMSE Held-out MAE
Chinchilla 0.024636 0.016223 0.031063 0.025396
Quanta 0.012430 0.008853 0.014975 0.012073
Muennighoff 0.023208 0.016216 0.032519 0.027111
SoftQ 0.008850 0.005502 0.005955 0.004708

Table 12: Held-out residuals on DCLM 400M, predicted minus observed.

Law 2M 140M 257M 664M 1.4B
Chinchilla -0.060050  -0.024451 -0.011210 +0.017412  +0.013857
Quanta +0.028961 +0.011817 -0.009568  -0.004273  -0.005744
Muennighoff  -0.061890  -0.025911 -0.011861 +0.018631 +0.017262
SoftQ -0.002392  +0.001378 -0.008994  -0.001468  -0.009308

SoftQ has the best aggregate held-out RMSE and MAE. It is closest to zero on four of the five
held-out model sizes; Quanta is slightly closer at the 1.4B point.
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Table 13: Full fit on the regularized-baseline points provided by Kim et al. [12].

Law # params RMSE MAE AIC
Chinchilla 5 0.040412 0.025554  -92.68
Quanta 4 0.023750 0.014726 -111.69
Muennighoff 7 0.032989 0.022119  -95.17
SoftQ 5 0.007854 0.005955 -145.10

E.4. Fitted Constants and Selected SoftQ Law

See Table 14, 15, and 16 for the fitted constants of each scaling law in each scenario. Specifically, on

the full DCLM grid, the fitted SoftQ law is

Lsofeq(N,U) = 0.30565 + (39.2962 N ~0-79608 1 92 4362 {7 —0-69676

(12)

)0.17906

with N and U in billions. We therefore use Eq. (12) as the regularized-baseline law for the MIR

data-efficiency calculation.

Table 14: Fitted constants on all 20 DCLM baseline points. For Muennighoff, A, a, B, 5, E are the

first-stage Chinchilla coefficients.

Law A « B 8 p E Extra
Chinchilla 0.1294 0.5167  0.5357 0.2924 - 21116 -
Quanta 242.5882 0.1354 564.4767 - - 0.2283 -

Muennighoff ~ 0.1294 0.5167  0.5357 0.2924

SoftQ 39.2962 0.1425 92.4362

— 21116 R} =31.39, R}, = 0.024

- 0.7961 0.3056 -

Table 15: Fitted constants for the held-out extrapolation experiment, trained only on the DCLM

100M/200M/300M points.
Law A @ B B p E Extra
Chinchilla 0.1363 0.4788 0.9823 0.1926 - 1.6310 —
Quanta 799.5772 0.1263 1769.1342 - — 54x1078 —

Muennighoff  0.1363 0.4788 0.9823 0.1926

SoftQ 128.7280 0.1287 295.7854

- 1.6310 Ry = 90.51, R}, = 0.008

— 0.7853 1.9x1076 —

Table 16: Fitted constants on the external grid provided by [12].

Law A @ B I3 p E Extra
Chinchilla ~ 0.0543 1.1551 0.3659 0.4594 - 2.6590 -
Quanta 0.1342 0.4959 0.4205 - - 23197 -

Muennighoff 0.0543 1.1551 0.3659 0.4594

SoftQ 0.0613 0.5905 0.2565

- 2.6590 Ry =2.13, R, = 0.096

— 1.4468 2.4360 -
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E.5. MIR Data-Efficiency Calculation

We train the model with MIR on the same grid.

Table 17: MIR parameter-scaling fits used for data-efficiency estimation.

MIR unique data Ay ay  MIR asymptote Eyr
100M  0.03829 0.82186 3.27997
200M  0.13293  0.49592 2.95596
300M  0.13939 0.51307 2.83953
400M 0.15617 0.51006 2.74826

Using the full-DCLM SoftQ fit, the baseline infinite-model curve is
LReg.0o(U) = 0.30565 + 2.24905 012476

where U is in billions. Solving LReg0(Ueq) = Fu gives the data-efficiency ratios reported in
Table 18. Under this baseline law, MIR consistently improves unique-data efficiency: at 200M—
400M unique tokens, the regularized baseline would need about 1.28-1.34x as much unique data to
match the MIR infinite-model asymptote.

Table 18: MIR unique-data efficiency relative to the strongly regularized baseline, using SoftQ to
model the baseline infinite-model curve.

MIR unique data MIR asymptote By  Baseline-equivalent Uy,  Data efficiency

100M 3.27997 106.4M 1.06x
200M 2.95596 268.2M 1.34x
300M 2.83953 384.5M 1.28x
400M 2.74826 515.9M 1.29%

E.6. Sensitivity Analyses

The original Muennighoff paper fixes the base Chinchilla coefficients to a C4-calibrated law and fits
only R}, R},. Because those base coefficients are on a different corpus and loss scale, they are not
the main comparison in this paper. Table 19 reports the literal fixed-C4 variant for completeness.

Table 19: Literal fixed-C4 Muennighoff variant. This fixes the base Chinchilla law to the coefficients
from Muennighoff et al. [18] and fits only R}, R7,.

Dataset / split RMSE MAE AIC Notes
DCLM full fit 0.060257 0.047360 -108.37 R}y = 119.82, R}, = 9.995
DCLM held-out 400M  0.071734  0.064728 - train RMSE = 0.055268
Kim et al full fit 0.120231 0.098342  -63.79 = 108, R% = 0.927
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Table 20: MIR data efficiency under each fitted regularized-baseline law. We fit each baseline law on
the same 20 DCLM regularized points. U, is the amount of unique data the corresponding
regularized-baseline infinite-model curve needs to match the MIR asymptote E;.

Chinchilla Quanta Muennighoff SoftQ
MIR U Uesq  Eff. Ueq  Eff. Ues  Eff. Ueq  Eff.

100M  69.5M 0.70x 115.0M 1.15x 92.4M 0.92x 106.4M 1.06x
200M  211.1M 1.06x 294.7M 1.47x 280.6M 1.40x 268.2M 1.34x
300M  350.6M 1.17x 4249M 1.42x 466.1M 1.55x 384.5M 1.28x
400M 554.3M 1.39x 572.7M 1.43x 737.0M 1.84x 515.9M 1.29x

The main paper reports MIR data efficiency using SoftQ because it is the selected baseline law
by full-fit AIC, held-out prediction, and the external check using data from [12]. For completeness,
we also compute the same quantity under the Chinchilla, Quanta, and Muennighoff-style laws fitted
on the full DCLM strongly regularized baseline grid. The Chinchilla, Quanta, and SoftQ fits use the
Approach-3 log-Huber objective in Eq. (3). The Muennighoff-style fit uses the two-stage protocol
described above: fit the base Chinchilla coefficients on the same DCLM grid, then hold those
coefficients fixed and fit only Ry and R7,.

For each law, we define the regularized-baseline infinite-model curve LRego0(U) and solve
LReg,00(Ueq) = Ey, where Ey is the MIR parameter-scaling asymptote in Table 17. The data
efficiency ratio is Ueq/Unir. For Chinchilla, Quanta, and SoftQ, the infinite-model curves are
obtained by taking N — oco. For the Muennighoff-style law, we take both N — oo and the saturated
repeated-data limit Rp — oo, giving

A B
IeelU) =Bt 0 R N {0+ B0

where

aA\ > “
Nopt(U) = <BB> Ub/e,

With the fitted constants in Table 14, the resulting one-dimensional curves are

Lchoo(U) = 2.11164 + 0.53575 U 29241
LQ.oo(U) = 0.22834 + 2.35787 U 011924
Lo (U) = 2.11164 + 0.58227 U 029241

LsoftQ.00(U) = 0.30565 + 2.24905 U ~0-12476

where U is measured in billions of unique tokens.

The alternative-law estimates vary substantially. In particular, the additive Chinchilla fit gives
a sub-unity ratio at 100M because its infinite-model curve already predicts a loss below the MIR
asymptote at 100M, which is another symptom of the decoupled law being misspecified in this
regime. Quanta and Muennighoff generally produce larger ratios than SoftQ at 200M—400M, while
SoftQ gives the most conservative estimates among the coupled laws that also passed the held-out
and external-data checks. For this reason, we keep the SoftQ-based ratios as the main-text estimate
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and report the other laws only as sensitivity analyses. We also observe that the data efficiency ratio
difference under different scaling laws generally shrinks as the unique data size increases.

E.7. Additional Visualizations

Figure 5 gives the absolute-loss view of the Chinchilla and SoftQ fits. Figures 6 and 7 provide
additional views of the baseline and MIR scaling results.

E.8. Limitations

Our study has several limitations: experiments span up to 1.4B parameters and 400M unique
tokens, we held model architecture and optimizer fixed, and the protocol relies on heavy per-cell

hyperparameter search.
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Figure 5: Absolute-loss view of the fitted Chinchilla and SoftQ laws on the 20 strongly regularized
baseline points. Left: Chinchilla fit. Right: SoftQ fit. Points are observed validation losses

and curves are model predictions.
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Figure 6: Regularized baseline validation loss as a function of unique training data size U across five
model sizes. The changing separation between curves contradicts the data-independent

model-size gap implied by the additive Chinchilla form.
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Figure 7: Scaling curves across four unique-data budgets for the strongly regularized baseline and
MIR. MIR improves validation loss at most model-size and data-budget pairs, and the
asymptotic fits in Table 17 quantify the infinite-model limit.
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Appendix F. Why Masking Reduces Memorization: A Toy Model

This section gives a toy model for the intuition stated in the main text: masked-input regularization re-
duces validation loss by reducing dependence on context-specific components (noise) and preserving
a signal through generalizable components. The intention in this section is not to model transformer
pretraining in full, but to isolate one mechanism that becomes important in the data-constrained,
compute-rich regime.

We decompose each training sequence into three parts: a context-specific component, a gener-
alizable component, and an output token. The context-specific component can identify individual
training examples and therefore enables memorization. The generalizable component contains
predictive information that also appears in validation examples. A sufficiently large model can fit the
finite training set through the context-specific component alone; however, this fit does not transfer
to validation examples with unseen context-specific components. Masking changes this because
it can sometimes hide the context-specific component while leaving the generalizable component
visible. On such masked inputs, prediction through memorization is unavailable, so the model is
encouraged to learn predictive patterns from the generalizable component. Specifically, we introduce
the following context-specific noise model.

Definition 1 (Context-Specific Noise Model) The training set consists of examples
(CZ'7SZ'7}/;)7 1= 17 y 1L,

where C; is a context-specific component, S; € R% is a generalizable component, and Y; € {—1, 41}
is the output token to be predicted. In this model, we consider binary prediction for simplicity and
clarity. We assume

1Sill2 < B.

The population validation distribution has the same joint distribution of (S,Y’), but its context-specific
components are unseen during training.
Let
p:=E[YS] € RY ¥ :=E[SST] € R™*?

and assume | # 0. On the finite training set, define

s lzn:y.s S lzn:‘g‘sfr
N~—ni:1zzv ‘_nizl o
Let S € R™"*? be the matrix with i-th row S, , and let Y = (Y1,...,Y,)".
Definition 2 (Clean and MIR Objectives) For model size m, let
¢i = om(Ci) ER™, By = (¢1,...,0n) ER™™, Gy = 0@
The model prediction score on example 1 is

02‘ = QZ)ZTU) + bTSZ',
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where w € R™ models the context-specific memorization component and b € R? models the
generalizable component. We consider squared and logistic losses,

1

~(y—0)*, log(y,0) = log(1 + exp(—yb)).

Esq(ya 0) = 2

To model masking, let v € [0, 1] be a sampled mask ratio. Conditional on r, let Vi ;, Vs ; € {0,1}
be independent visibility indicators with

P(Vey=1[r)=P(Vs; =1[r)=1-r.
The masked prediction score on example i is then
Vo] w+ Vaib' Si.

Thus masking may remove the context-specific component, the generalizable component, both, or
neither. For loss { € {{sq, liog }, the clean objective is

n

1 Pb
T an0,0) = = 3 0(Yis 6w +7S7) + 2wl + 2 o]
=1

and the MIR objective is
Tivite (0,8) = T{ 0 (0,0) + ZEM (Vi Vool w+ VsdTsi) |,

where the expectation is over the masking randomness.

Assumption 3 (Growing Context-Specific Capacity) Foreverym, G, = 0. Let Gy, := Amin (Gim),
then a,, — 00 as m — Q.

Assumption 3 captures the data-constrained, compute-rich regime: the number of training
examples is fixed, while the capacity of the context-specific memorization component grows. In
this regime, for any fixed vector of prediction scores on the finite training set, the context-specific
component can represent that vector with vanishing regularization cost as m — oc.

Theorem 4 (Behavior of the generalizable component in Clean and MIR training) Let
h:=E[1-7)?, ¢:=E[r(1-7)], §:= g,
and assume 3 > 0. Define

2
ai=14+Mh, i=atf, ni=0-"5 = 5(5;0‘)

Under Assumption 3, let bg:ims - bl(\jﬁ%{,sq’ g:;nylog, and bl(\ﬁ%%,l og denote the b-coordinates of mini-

mizers of the corresponding objectives. Then, as m — o0,
p(m) p™) b S\
clean,sq — 0, MIR,sq = Usq i= B (prd + 772> .
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For logistic loss,

(m) (m) T
bclean,log - 07 bMIR}log — blog,

where Blog is the unique minimizer of
b—f 1 En log(l + exp(—YibTSi)) + 2 5|3
n 2
1=

Moreover; if [i # 0, then i " bsq > 0 and bsq # 0. For logistic loss, if ji # 0, then

- - B
blog ?é 0, Hblog||2 < 57
Pb

The theorem formalizes the memorization effect. Clean training can fit the finite training set
through the context-specific component alone, so the coefficient on the generalizable component
vanishes as context-specific capacity grows. MIR does not have this degeneracy: because masking
sometimes hides the context-specific component, the limiting objective retains a nonzero training
signal for the generalizable component.

Assumption 5 (Validation Contexts Are Unseen) For validation examples, the context-specific
memorization features learned on the training set are unavailable. We model this as

¢m<cva ) =0.
Therefore validation predictions depend only on the generalizable logit b' S.

This assumption does not say that validation text contains no patterns related to the training text.
It says only that the example-specific context features used to memorize the finite training corpus do
not transfer to unseen validation examples.

Theorem 6 (MIR Improves Validation Risk) Under the assumptions of Theorem 4 and Assump-
tion 5, define
Raq (b) := E[(Y - bTS)ﬂ —1-24Tb+bT5h,

and Riog(b) := E[log(l + exp(—YbTS))} .

For squared loss, if 2,uTESq — l_)quEl_)sq > 0, then, for all sufficiently large m,

Rgq (b&?£7sq) < Ryq (bgregn,sq> :

This condition holds automatically when [i = p and & = X. For logistic loss, if 11 blog > BTQ (| D10g |13,
then, for all sufficiently large m,

Riog <bl(\;ﬁ%{,10g) < Riog <ngz)in,log> .
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In particular, this logistic condition holds for sufficiently small 3/ p, whenever 11" i > 0. Moreover,
defining

Agqm = Rsq (bgz:in,sq> — Ryq <bl(\/rlr3{,sq> ’
and

Alog,m = Riog <bg792n,log) — Riog (bgﬁ)ﬂlog) ’

we have

Aggm = Rsq(0) — Ryq(bsq) >0
under the squared-loss condition, and
Alog,m — Rlog(o) - Rlog([_?log) >0

under the logistic-loss condition.

Corollary 7 (Empirical Signal) Suppose (S;,Y;) are independent,

0. Then 1l
T~ nilpiia
IP’(,u ,u>0) Zlexp< 252 )

Sill2 < B, and p = E[Y S| #

In particular, with high probability, the empirical generalizable component is aligned with the
population predictive direction.

The previous results compare clean and MIR training in the limit. The next result makes the
dependence on model size explicit for a simplified squared-loss objective. This simplified objective
replaces the full expected masked loss by the term that appears when the context-specific component
is hidden while the generalizable component remains visible. It is not the full MIR objective, but it
isolates the part of masking that forces prediction from the generalizable component.

Theorem 8 (Increasing Benefit with Growing Model Size) Consider the squared-loss objective

T (0,0) 1= TE e 00) SV~ SBIE, 5> 0.

key,sq sq,Clean

Let bl((gisq be its b-coordinate minimizer, and define

— (m) (m)
Akey,m T qu (bclean,sq> o qu (bkey,sq) :
Assume G, = ml,, i = p, 5= X, 1 # 0. Then Ayey m is strictly increasing in m. Moreover, let
© = Udiag(A1, .-, AU, UTp= (1, pta) -

For each \; > 0, define

>\,
Kj = &
Pb
Then )
lim Ay = )
m—00 ey 2,0 )\j (1 + Iij)Q

30



DATA-CONSTRAINED PRETRAINING

Theorem 8 illustrates the increasing benefit of masking the context-specific component as model
size increases. The condition G,,, = ml, is an idealized isotropic-capacity assumption and is
stronger than needed for the main intuition; it is used here to obtain a simple closed-form expression
and a monotonicity statement. More general Gram matrices with growing eigenvalues would lead to a
similar conclusion, although the closed-form expression would be less transparent. The assumptions
1 = pand ¥ = X remove finite-sample realization error from the training sequences from the
statement. They ensure that the empirical generalizable signal in the training set is aligned with the
population signal that determines validation risk. Under these conditions, any difference between
clean training and the masked objective comes from the use of context-specific memorization. In
finite samples, these assumptions can be interpreted as a population-aligned simplification: when n is
large, fi and S concentrate around w and X, so the same conclusion is stable up to small perturbation
terms. In what follows, we prove the theoretical results in this section.

Throughout the proofs, we write

u:= ®,,w e R"

Whenever G,, = <I>m<I>TTn > 0, every u € R" is representable as ®,,w, and the minimum-norm

representative satisfies
-1

min ||w||§ = uTGm

w: P w=u

u.

Indeed, wy = @;;G;Llu satisfies ®,,w, = u. For any other feasible w = w, + v, we have ®,,,v = 0,
and hence
(we,v) =u' G 1®,0 =0.

Thus
T ~—
wllz = [lwll5 + [v]5 > [lwill5 = v' Gyl

Therefore the optimization over (w, b) is equivalent to optimization over (u, b), with regularization

term o

w T ~—1
—u' G _u.
2n m

F.1. Proof of Theorem 4

Proof We first prove the squared-loss claims. In (u, b)-coordinates, the clean squared-loss objective
is

1 P _ Pb
o 1Y = u = SbI5 + S Grlu+ B3,
For fixed b, the first-order condition in w is
u— (Y = 8b) + puGylu = 0.

Therefore
w* (D) = (G + puln) G (Y — Sb).

Profiling out u, the clean squared-loss objective becomes

1 _
5 (¥ = Sb) T (Y = Sb) + %ang, Ty = pu(Gn + puln) .
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Differentiating with respect to b gives

1 -1
bf:;:in,sq = <prd + nSTTmS> ESTTmY
The eigenvalues of T, are
Pw
)‘j (Gm) + Pw ’
and hence )
T < ——"— 0.
Tollop < 22—
It follows that o
m
bclean,sq — 0.

We next consider MIR with squared loss. Let

Up to the additive constant Aso(2n) 71|V

2, the expected four-case squared-loss objective is

1 1 1
oIV —u—SHE+ 8o [V = SH3+ Ao Y — ul3

P - Pb
+ oo Grlu+ T [bl5.

The first-order condition in u is
a(u+Sb—Y) + Bu—Y)+ p,Glu=0.
Since § = v + f3, this gives
u*(b) = M,,,(8Y — aSb), M,, := (01, + puG,;})~L.

The first-order condition in b is

B

%ST(u +Sb—Y) + =8T(Sh—Y) + pib = 0.

Equivalently,

%STU + (65 + ppla)b — 6fi = 0.
Substituting u*(b) = M,,,(0Y — aSb) yields
ad

bi’ﬁ)R,sq = (PbId + 6% — (j;sTMms> (5;7 - nSTMmY> .

Because ||G;,)}[|op — 0, we have
M,, — 671,
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in operator norm. Therefore

1 1.1 14
~S"M,Y - =@, —S"M,,S — =X
n 1) n 1)

It follows that

I
SN
)
e}

1(\/IIR 5q — B( vla + UE)_lﬁ
If i # 0, then

fi"bsq = BA (ppla+n%) T >0,

because pply + nf] >~ 0. Hence bsq # 0.
We now prove the logistic-loss claims. Let

g(z) :=log(1+e 7).

Choose 7, — oo such that 72, /a,, — 0. For clean logistic training, evaluate the objective at
u = 7, Y and b = 0. Then

g(Y;uz) = g(Tm> — 0,

and 2
2n am

Hence the minimum clean logistic objective converges to zero. Since the objective is nonnegative
and contains the term py||b||3/2, every clean logistic minimizer satisfies

pm) — 0.

clean,log

For MIR logistic training, define

n

1 Pb
Fog(b) := > g(¥ib" i) + T B[

=1

This function is strongly convex and therefore has a unique minimizer Blog. The expected four-case
MIR logistic objective in (u, b)-coordinates is

1 n
ﬂﬁ,MIR (u,b) :=a— Zg (ui + 07 S;)) + B— Zg (Yib' S ‘)-I—BEZQ(Yiui)
i=1
+)\solog2+ TG u+ 2 Hb”2
All terms except Fiog(b) and the constant Asg log 2 are nonnegative. Hence, for every (u, b),

jlngg),MIR<uv b) > Flog(b) + Asg log 2.
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Now evaluate the MIR logistic objective at b = Elog and v = 7, Y. Then the context-specific-only
margin is Y;u; = 7, while the margin satisfies

Yi(u; + ngSi) =Tm + K’BI)gSz' > T — BHBlOgH? — 0.

Thus the corresponding logistic losses vanish, and the context-specific regularization again tends to
zero as we choose 7, such that / am — 0. Therefore

inf féog)Mm(ua b) < Flog(blog) + Asolog 2 + o(1).
Combining the lower and upper bounds gives

Flog (01ih 105) < Flog(brog) + 0(1).

By strong convexity of Fjqg,

(m) 7
DMIR Jog — Dlog-
Finally,
_ B
VFlog(O) == —5/14

Thus, if i # 0, zero is not the minimizer and Blog # 0. At the minimizer Elog, the first-order condition
for Flog gives

0=p- Zg Yblog )}/;S’L + pbglog-

Equivalently,
poblog = —f— Zg (YibiogSi) YiS;.

Taking Euclidean norms and using the triangle inequality,

pllbrogl2 < YibgSi)

< BB,
because |Y;| = 1, ||Si||2 < B, and |¢'(z)| < 1. Therefore

_ 3B
biogllz < —.
gl <

F.2. Proof of Theorem 6

Proof By Assumption 5, validation prediction scores are b ' S. Therefore validation risks depend
only on the coefficient b of the generalizable component.
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For squared loss,
Ryq(b) — Req(0) = =2 b + b 0.

Thus Rsq(b) < Rsq(0) whenever
2uTb—b"Eb > 0.
By Theorem 4,

(m) (m) 7
bcgan,sq - 07 bI\jﬁR,sq - bSQ'

If
241 bsq — by Sbsq > 0,
then continuity gives
(m) (m)
qu <bl\;ﬁR,sq> < qu (bcgan,sq>

for all sufficiently large m. R
We next show that the squared-loss condition holds automatically when ;1 = gy and ¥ = X. In
this case,

Bsq = B(prd + UE)_lu-
Let
A= (pplg+ %)~

Since A and ¥ commute,
Ty _ p2, T B.,1, B 17
bgqXbsq = B AXAp < 5 Bu Ap = s bsq-

Because 5(5 )
+ «
n="" > 5,

we have 5/n < 1. Also, B
MTbsq = BNTAN >0,
since p # 0 and A > 0. Therefore

QMTBSq — B;Egsq > uTl;sq > 0.

For logistic loss,

1
VRigg(0) = —5 .

Moreover, with () = (1 + e~*)~!, the Hessian satisfies

BQ
V2Riog(h) = E |o(Yb S)o(-YDT8)SST| < JE[SST] 2 —- L.

=

Hence Taylor’s expansion gives

1+, B? .,
Riog (b) < Riog(0) — 5p" b+ b3
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Thus Rjog(b) < Riog(0) whenever
B2
uTh> 2ol

Applying this condition at b = l_)log, and using Theorem 4, gives

Riog (b](\;’[r;%{,]og> < Riog (bg;gn,log>

for all sufficiently large m.
It remains to justify the stated sufficient condition for logistic loss. Let

1o .
Lemp(b) i= - > g(VibT i), g(2) i= log(1+ ¢ ).
i=1

The minimizer Blog satisfies B -
Pbblog = _BVLemp(blog)-

Since ||.S;]|2 < B, the gradient V Ly, is Lipschitz on R?, and

Also, from the optimality equation and ||V Lemp (b) |2 < B,

_ 5B
Dol < 2.
[1b10g 12 o

Therefore, as 3/pp, — 0,

blog = fpbm o8/ py).

If 1771 > 0, then

_ ﬁ =R
1t blog = 3. 1 i+ o(B/py),
b

whereas B
lowg 3 = O((8/ps)?).
Hence, for sufficiently small 3/ pp,
_ B2 _
NTblog > THblOg”%-

The asymptotic gain results follow from the same convergence and continuity:

Asqm = Rsq(0) — Req(bsq) > 0,

and ~
A10g,m — Rlog(o) - Rlog(blog) > 0.
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F.3. Proof of Corollary 7
Proof Let

Then

The summands satisfy
Yia'Si| < B, E[Yia'Si|=a'p=|ull

Hoeffding’s inequality [30] gives

2
~ —~ e
Pla'fi < 0) =P’ |ul2 < ~[lull2) Sexp(— ” ”2).

Since a ' i > 0 is equivalent to 1! 7i > 0, the result follows. |

F.4. Proof of Theorem 8
Proof Under G,,, = mI,,

_ P
Tm:p (Gm+PwI) 1:m—|—wp In
w
Write
P Pw
" m

Using the profiled squared-loss formula from the proof of Theorem 4, and using ;i = p and S=3,
we obtain
bg:;njsq = tm(pplq + tmE)‘lu.
For the key-ablating objective, profiling out u gives
1

B Pb
o (Y = 8b) " T (Y = 8b) + [y = Sbl3 + T [[blJ3.

Differentiating with respect to b yields

bﬂZ;),Sq = (tm + B)(opIa + (tm + B)T) ' .

Let
Y = Udiag(A1, ..., AU ", U'p=(p1,...,p0a) "
If \; = 0, then p; = 0 since u = E[Y'S] and ¥ = E[SST]. Indeed, \; = 0 implies that the
corresponding projection of S is zero almost surely, and hence its correlation with Y is also zero.
Thus only terms with A\; > 0 contribute to the risk.
For ag > 0, define
b(cg) := ao(ppla + o) pe.
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In the eigenbasis of X, the j-th coordinate is, for A; > 0,
i 00N/ Py
bj(og) = = —————.
]( ) )\jl—l-ao)\j/pb

Let
T

s(z) = T+

The reduction in squared risk from using b(ayg) instead of 0 is

Ryq(0) — Req(b(an)) = 2" b(ag) — b(ao) " Sb(a).

Write U Tb(ag) = (b1(), ..., bg(ap)) . In the eigenbasis of ¥,

d
0) = Zujbj(ao), b(ao) " Eb(ap)

||M&

Therefore 4

Rsq(0) = Rsq(b(a0)) = Z {QMJ ag) — /\jbj(ao)Q} :

7=1

If Aj = 0, then p1; = 0, so the corresponding term is zero. Thus only the terms with A; > 0 remain.

For such 3,
Hj O[[))\j €T
bi(ag) = ==s , s(x) := .
o) = 52222 ) st

Substituting this expression gives
2
) [ ()
2uibi(ag) — Ajbi(g)” = 2 - |=s
1505 (c0) — Ajbs( 0)? :UJ)\ < b by o
_ 2%5<0<o%> B %2(@0%')
Aj Pb Aj Pb
-5 () ()
Ai\ Pb

Rag(0) — Reg(blao)) = 3 ’;Z(‘*W) [2 - {“‘WH |

x>0 7Y Po

Hence

Since
b(m) = b(tm), b(m) = b(tm + B),

clean,sq key,sq

the gain Ayey ,, is a sum over A; > 0 of terms of the form

2
I+ m){2 = s(@ 4 #5)} = s(@){2 - s(@)}],
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where .y 5
=7 ;= =1 >0
Pb Pb
Note that p
s(zx+ k) —s(z) = (TS
and

K+ 2x 4 2
Q4+z)(1+z+rk)

We have that each nonzero spectral contribution equals

2—s(zx+k)—s(z)=

.U? Kj(kj 4 22 4 2)

N+ a2+ tr)?

For fixed x > 0, define
k(K + 2z + 2)

(1+2)22(14+z+k)?2

Fi(z):=

Then
2n(m2+3mx+35+3x2+6x+3)

Q+z)P(1l+z+k)3

Fl(z)=— <0.

Since
Pw

m + Pw

tm =

is strictly decreasing in m, each nonzero spectral contribution to Ayey ,, is strictly increasing in m.
Because p1 # 0, at least one such contribution is nonzero. Hence Ayey p, is strictly increasing in m.
Finally, t,,, — 0, so x — 0 for every 7, and

2
kil 2
lim Akey,m = &7/13 (/i] + )

e SR 2 3 g 2

> 0.

Appendix G. Derivation of Quanta Scaling Law

To make the paper self-contained and easier for readers to follow, this section summarizes the Quanta
argument from Michaud [17] that we use in our paper. The background is skill learning: next-token
prediction is assumed to require a large collection of discrete predictive skills, called quanta. A
model either learns a quantum or it does not, and scaling improves performance by allowing the
model to learn more quanta in descending order of usefulness.

Loss as a Function of Learned Quanta. Index quanta by decreasing use frequency. Let py
be the probability that the k-th quantum is needed on a randomly drawn token. The Quanta model
assumes a Zipf tail

I oy ) (13)

1
pk—Z
=1
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In the simplest monogenic version of the model, each token depends mainly on one quantum.
Suppose learning a quantum lowers the loss on those tokens from b to a, with b > a. If the model
has learned the first n quanta, its expected loss is

n o oo
b—a
L = — — ~ —«
(n) Zapk—i- Z bpr =a+ (b—a) Z Pp~at+ ——n", (14)
k=1 k=n+1 k=n+1
where the last line uses the standard tail approximation
e o)
Z k- (Fe) ~ / e~ (Fdy = n=/a.
k=n-+1 n
Therefore
L(n)~ E+Cn™ %, (15)

where ¥ = a is the irreducible loss floor and C' > 0 absorbs the remaining constants. This is the key
step: a Zipf distribution over skill frequencies induces a power law in the loss as a function of the
number of learned skills.

Parameter Scaling. If data is abundant, then the bottleneck is model capacity. Assume each
quantum requires approximately cy parameters to represent. A model with N parameters can then
learn

N
nN R~ — (16)
CN
quanta. Substituting this into Eq. (15) gives
L(N,x)~ FE+ AyN™ %, 17)
so the parameter-scaling exponent is
an = a. (18)

Data Scaling. In the data-constrained multi-epoch regime, repeated passes over the same corpus
do not create new rare skills. The relevant resource is the number of unique tokens U. Assume that
learning the k-th quantum requires at least 7 tokens in the unique dataset that use that quantum. Then
the last quantum that can be learned, denoted ny, satisfies

Upp, =~ 7. (19)
Using pj, o< k=11 we obtain
L)
~ | = . 20
ny < ZT) (20)
Substituting again into Eq. (15) yields
L(co,U) = E 4 AyU /), 21
so the data-scaling exponent is
o
= ) 22
W= + @2
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This is why the data exponent is smaller than the parameter exponent in the basic Quanta picture.

A Quanta-Motivated Joint Law. The single-axis derivations above do not uniquely determine a
joint (N, U) law, but they do imply that the number of learned quanta is jointly limited by parameter
capacity and unique-data coverage. A hard bottleneck view would write

n(N,U) S min { N,y 00}, 23)

for some constants vy, vy > 0. Equivalently,

1 1
n(N,U) Nmax{’YNN, ’yUUl/(H‘a)}' (24)
For fitting, it is convenient to replace this hard maximum by a smooth additive envelope in inverse-

skill space,
A B’

—1 ~
n(N, U) ~ N —+ 7[]1/(1_’_&). (25)
Substituting this into L — E o< n~ < gives the Quanta-motivated joint law
A B “
Lo(N,U)=E+ (N + W) ; (26)

which is exactly the form used in Eq. (6). This coupling should be read as a smooth interpolation
motivated by the Quanta asymptotes. It is attractive because it recovers both derived limits:

Lo(N,00) =E+ A“N™“, 27
Lq(oo,U) = E 4 Boy—/(+a), (28)
Thus, the Quanta picture explains why the benefit of increasing model size should depend on the

available unique data: both resources control the number of skills that can be learned, and the loss is
governed by that shared latent quantity.
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