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Abstract

We propose a gradient-free deep reinforcement
learning algorithm to solve high-dimensional,
finite-horizon stochastic control problems. Al-
though the recently developed deep reinforce-
ment learning framework has achieved great suc-
cess in solving these problems, direct estimation
of policy gradients from Monte Carlo sampling
often suffers from high variance. To address
this, we introduce the Momentum Consensus-
Based Optimization (M-CBO) and Adaptive Mo-
mentum Consensus-Based Optimization (Adam-
CBO) frameworks. These methods optimize poli-
cies using Monte Carlo estimates of the value
function, rather than its gradients. Adjustable
Gaussian noise supports efficient exploration,
helping the algorithm converge to optimal policies
in complex, nonconvex environments. Numeri-
cal results confirm the accuracy and scalability of
our approach across various problem dimensions
and show the potential for extension to mean-field
control problems. Theoretically, we prove that
M-CBO can converge to the optimal policy under
some assumptions.

1. Introduction

Stochastic optimal control (SOC) problems (Stengel, 1986;
Fleming & Rishel, 2012), along with their mean-field vari-
ants, have been extensively studied throughout the twentieth
century and have had a wide range of applications in vari-
ous areas, such as finance (Pham, 2009; Fleming & Stein,
2004; Carmona & Durrleman, 2003; Cousin et al., 2011;
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Lachapelle et al., 2016; Cardaliaguet & Lehalle, 2018), eco-
nomics (Guéant, 2009; Gomes et al., 2015; Guéant et al.,
2010; Achdou et al., 2014; 2022), chemistry (Welch et al.,
2019; Holdijk et al., 2024), and biology (Lachapelle & Wol-
fram, 2011; Aurell & Djehiche, 2018; Achdou & Lasry,
2019). Readers seeking an overview of these developments
may refer to the recent review (Hu & Lauriere, 2024). Tra-
ditional methods for solving the SOC problem, such as the
finite-volume method (Richardson & Wang, 2006; Wang
et al., 2003), the Galerkin method (Beard et al., 1997; Beard,
1998), and the monotone approximation method (Forsyth &
Labahn, 2007), aim to solve the corresponding Hamilton-
Jacobi-Bellman (HJB) equations. However, these meth-
ods struggle to scale in high-dimensional spaces due to the
curse of dimensionality, where the computational complex-
ity grows exponentially with the dimension of state and
action variables. This limitation hinders their application in
large-scale systems where efficiency is critical.

Significant advances have been made in addressing the high-
dimensional SOC problem by modeling control strategies
using deep neural networks, leveraging their capability to
approximate functions in high-dimensional spaces. One
prominent approach is the value-based method (Li et al.,
2024; Lien et al., 2024; Obando Ceron et al., 2024; Zhang
et al., 2024; Mou & Zhu, 2024), such as the deep-backward
stochastic differential equation (BSDE) method (E et al.,
2017; Han et al., 2018; Niisken & Richter, 2021; Pham
et al., 2021). Based on the Bellman principle, the optimal
control can be modeled as a function of the value function
and its gradient. Therefore, solving the value function from
the BSDE that it satisfies can automatically give the optimal
control of the SOC. These methodologies are commonly
referred to as model-based methods because they need an
explicit connection between the optimal control and the
value function. This kind of connection usually depends on
accurate modeling of the transition kernel between different
states. However, modeling the (mean-field) transition kernel
for a real-world process in practical applications can be
extremely challenging (Lyu & Lei, 2023; Lu et al., 2019).

Recently, model-free methods have gained attention in con-
trol and reinforcement learning (Agrawal et al., 2024; Chen
et al., 2024; Chen & Zhang, 2024; Dai et al., 2024; Hisaki
& Ono, 2024; Hong et al., 2024; Hu et al., 2024; Park
et al., 2024; Tang et al., 2024), such as Deep Q Networks
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(DQN) (Mnih et al., 2015), Proximal Policy Optimization
(PPO) (Heess et al., 2017; Schulman et al., 2015b; 2017),
Trust Region Policy Optimization (TRPO) (Schulman et al.,
2015a), Deep Deterministic Policy Gradient (DDPG) (Sil-
ver et al., 2014; Lillicrap, 2015) and Soft Actor-Critic
(SAC) (Haarnoja et al., 2018b;a). These approaches address
this issue by directly optimizing the policy without explicit
transition kernel modeling. Nevertheless, these methods rely
on the evaluation of policy gradients (Jia & Zhou, 2022a;b)
or depend on the action and state space discretization (Gu
et al., 2021; Carmona et al., 2023). The evaluation of policy
gradients often has high variance and is computationally
intensive (Hua et al., 2024), and the discretization of action
and state space reintroduces dimensionality constraints. To
address this, current methods like PPO, TRPO, and SAC are
constrained to a time-independent problem, i.e., an infinite
time horizon problem, which allows the reward gradient to
be computed iteratively.

However, our work tackles a more general and challeng-
ing setting: finite time horizon and model-free stochastic
control. In this regime, the assumptions typically required
by gradient-based methods—such as model knowledge or
discount-based recursion—are not available. Consequently,
current approaches face a trade-off between model fidelity
and scalability, motivating the need for a method that can
achieve robust performance without gradient estimation and
state-action discretization.

In this work, we introduce a novel approach to overcome the
limitations of both model-based and model-free reinforce-
ment learning methods by applying the Adam-CBO (Chen
et al., 2022) framework to high-dimensional SOC prob-
lems. Unlike value-based methods, our approach is entirely
model-free, directly optimizing the policy without requiring
an explicit formulation of the transition kernel. In addition,
it is gradient-free, avoiding the high-variance issue associ-
ated with policy gradients, and mesh-free, eliminating the
need to discretize state and action spaces. These features
allow our method to scale efficiently in high-dimensional en-
vironments, making it particularly suited for finite-horizon
problems where the optimal control is time-dependent. Con-
trary to concerns that direct policy optimization may lead
to local optima, our method demonstrates superior accuracy
in handling nonconvex issues, as evidenced by extensive
numerical results.

Beyond numerical validation, our study contributes a rig-
orous theoretical foundation by providing the convergence
analysis for the M-CBO method, a simplified version of
Adam-CBO without adaptive timestep. This proof estab-
lishes that, under certain assumptions, our algorithm reliably
converges to the optimal policy, addressing a crucial gap in
reinforcement learning for the SOC problem, where theoret-
ical guarantees are often challenging to obtain.

2. Problem Formulation

Consider a control problem over a finite time horizon ¢ €
[0, T] for some T’ < co. The state space is denoted by S C
R?, and the action space by .A C R™. An agent governs
its state process x; through an action process o; with a
transition kernel p(x'|t, x, ) that describes the evolution
from state x to state x’ under the action « at time ¢. The
agent’s goal is to minimize the combined terminal cost
g(xr) and the running cost f(t, x, &) incurred during the
process. The total cost function is generally represented by

T
Jlo] =E z;fwxnaﬁﬁ+9@ﬂ

In this work, we model the policy a(t,x; 6) as a fully con-
nected neural network parameterized by 6. The rest of the
paper will focus on finding the optimal § € R” such that it
minimizes the cost function J (0) = J[e[(t,x; 0)].

3. Gradient-free Policy Update

We propose two algorithms to find the optimal policy: M-
CBO and Adam-CBO. The Adam-CBO algorithm improves
on M-CBO by adaptively adjusting the timestep, resulting
in better numerical performance.

3.1. Momentum Consensus-Based Optimization

In M-CBO, we begin by initializing a population of N
agents represented by (©,Q) = (01, Q! ... N OQN) ¢
R2ND Here ©F € R denotes the policy parameterization
of the i-th agent, and Q¢ € RP represents its momentum.
To exploit the current group of policies, we estimate a con-
sensus policy as

Y Qg (O
NWQ_ZZ%iéW

where wg(©) = exp (—8J(©)). Here § > 0 is an in-
verse temperature parameter, controlling how strongly each
agent’s performance (determined by the objective function
J (©)) influences the consensus. Using the consensus pol-
icy, we define the following dynamics to guide each policy
toward consensus:

dO; =Qidt — v (0] — Mg(®)) + o(t)dWj ,,
dQ} = —m (0] — Mg(®))dt (1)
— 1Qidt + mo (t)dW,, ,,
where m, 1, and y, are positive constants and W ,, W/,
are D dimensional Wiener processes that introduce stochas-
ticity into the dynamics. This facilitates the exploration of

unknown regions, with a parameter o (t) regulating the ex-
ploration strength. Using the Euler-Maruyama (EM) scheme
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Algorithm 1 Consensus Based Optimization with Momen-
tum

Algorithm 2 Consensus-based Optimization with Adaptive
Momentum

Input: time step A, Number of player NV, Batch size M,
total time ¢, parameters ﬂ Y1, Y2, M
Initialize ©f ~ N(0, HD) i=1,...,N
Initialize Q’ =0,i=1,...,N;
fort =0toty do
Partition the indices {1,2,...,N} into batches

B, ..., B, each containing M particles
for j = 1to & do
J=7J(© z) Wherei € BJ

M= wt —, where w' = exp (—4J")
keBi LEB]
Update the policies and their momentum:

O, = O] +AQ; — 11A(O] — M) + VA,
Dy = Qf = Am(0; — M) — A2 + o (1) VAmE,,
where &}, &5 ~ N(0,1p)
end for
end for
Output: @tN, i=1,...,N

for Equation (1), we get the M-CBO algorithm, as detailed
in Algorithm 1.

The original CBO method (Fornasier et al., 2024) aims
to achieve a monotonic reduction in the distance be-
tween the optimal policy 6 and the policies of agents.
Specifically, this is represented as: Zfil |le: —
0> =~ [ 6 — 6]>du(8), where y; represents the law
of agents ©;. Our method minimizes a combined expres-
sion & S22, (116} = 01 + m~1I4]) = [ 16— 8] +
m~1 HwHdet(Q, w), where p; represents the joint distribu-
tion of policies ® and €2 at time ¢. In particular, the M-
CBO method does not force the monotonic reduction of
+ Zfil |© — 6]|2, allowing for the additional momentum
term w to enhance the exploration capability. It provides
greater flexibility and reduces the risk of becoming trapped
in local minima; see Section 4 for a more detailed analysis.

3.2. Adaptive Momentum Consensus-Based
Optimization

In the Adam-CBO method, we extend M-CBO by replacing
the constant momentum term m with an adaptive term based
on the inverse of the second moment of the agents’ policies.
Specifically, we replace m with (V3[®] + €I)~! , where
V[©] is the second moment defined as:

o=

Input: time step A, Number of player NV, Batch size M,
total time ¢, parameters 3, 31, 32

Initialize ©) ~ N(0,1p),i=1,...,N

Initialize ) = 0,i=1,..., N

Initialize My, Vy =0

fort =0toty do

Partition the indices {1,2,...,N} into batches

B, ..., B11, each containing M particles
for j =1to % do
Jt:=J(01), where i € BJ
M Z Ok k
keBj 1€BJ
ok M)2 k
=% (& M) w”
keBJ LGBJ

Update the moving average moment estimate:

- M,
Miyy = piMy+ (1= B1)M, My = %7
1
- Vit1
Vier = BeVi+ (1= B2)V, Vi = T— 3
— Bt
Update the policies and their momentum:
i+1 :@; + )‘Vvtiv
Q§+1 =0 — ADiag(V{' +¢)~'(0f — Mt)
+ YA+ o (VA
where & ~ N(0,1p)
end for
end for
Output: @iN, i =1,....,N

In particular, e = 1 x 1078 is used to keep the positivity.
This adaptive adjustment introduces a mechanism similar to
the Adam optimizer, where updates are scaled by a normal-
ized second moment, allowing for faster convergence and
improved numerical performance. The detailed algorithm is
shown in Algorithm 2.

4. Convergence Analysis

In Section 3, we propose two dynamics that converge to the
consensus policies. A natural question we want to answer
here is whether policies can converge to the optimal policies.
From the theoretical perspective, for simplicity, we focus on
proving the convergence of the M-CBO method in this work.
We begin by establishing the well-posedness of the M-CBO
method, ensuring the uniqueness and existence of solutions
under certain regularity conditions on the cost function 7.

Assumption 4.1. The following assumptions are imposed
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on the cost function [/

1. There exist § such that 7 (f) = inf J(9)
it is bounded from above by sup J < J.

=:J. Also,

2. The cost function 7 is locally Lipschitz continuous

[7101] = T16:ll < L ([162]] + [162[])][61 — 62]].

3. There exists a constant ¢; > 0 such that 7 (0) — J <
cg(1+]0]%).

4. There exist &y, Ro,n,p > 0 such that

60— 6| < <7*l>“, for all & € Byg,(0) =
{6 ||979||<R0},and‘7() J > 4y for all
0 e (Bg Ro(e)) .

5. The parameters we choose o(t) has upper and lower
bound ¢ < o(t) <.

Theorem 4.2. Under the Assumption 4.1, for each N € N,
the stochastic differential equation (1) has a unique strong

@)ftN)7 QEN))) [t > O}for any initial condition
(6. ™) sarispying E (€6 + 196™]) < oc.

solution { (

Proof. See Appendix A. O

By letting the number of agents N — oo in Equation (1),
the mean-field limit of the model is formally given by the
following McKean—Vlasov stochastic differential equation

A6, =Q,dt — 1 (04 — Mg[w]) dt + o(t)dWy,q,
th =—m (C:)t - Mﬂ[ﬂt]) dt (2)

— 2 dt + /mo ()W, ;,

Oexp(—BT (6 do
where Mﬂ[ﬂ] :7ff Ci{pp((,ﬁj(g)')f(ge)) s Mt (9) = f Pt (97 dw)7
and p; = Law(©y, ;). Then the corresponding Fokker-
Planck equation is

dep **Ve (w =10 — Mglu])) pr)
Ve ((m (8- Mg [Nt])+72w) pt) 3)
2
TRAL AL t; T Aupr + —U(;) Nops.

Next, we will prove the above equation (2) and (3) are well-
posed.

Theorem 4.3. Let J satisfy the Assumption 4.1 and py €
P4(RP xRP). Then there exists a unique nonlinear process
(0,9) € C([0,T],RP x RP) T > 0, satisfying (2) with
initial distribution (0©,€)) ~ po in the strong sense, and
pr = Law(0,Q) € C ([0,T], Ps(RP x RP)) satisfies the
corresponding Fokker-Planck equation (3) in the weak sense
with limy_, o pr = po -

Proof. See Appendix B. O

Then we present the result showing that (2) and (3) model
the mean-field limit of Equation (1).

Theorem 4.4. Let J satisfy Assumption 4.1 and py €
Py(RP x RP).  For any N > 2, assume that
{(@ﬁi’N), Qgi’N))tE[O,T]}i]\LI is the unique solution to the
particle system (1) with p?N -distributed initial data
{(@(1 ) Q(Z N)) ivq. Then the limit (denoted by p)
of the sequence of the empirical measure p~ =
% Zf\;l 6(9(1,N>7Q<i,,v)) exists. Moreover, p is determin-
istic and it is the unique weak solution to PDE (3).

Proof. See in Appendix C. O

To prove the global convergence of the M-CBO method, we
define the energy functional as

1 ~ _
Blol =5 [ 1601 +m wlPdp. @

The above definition E[p] provides a measure of the dis-
tance between the distribution of the agents p and the Dirac
measure at (¢,0), denoted as §4 . Specifically, we have
W22 (pta 6(570))

Theorem 4.5. Let J satisfy the Assumption 4.1. More-
over, let pg € P4(R*P) and (8,0) € supp(po). By
choosing parameters o(t) is exponentially decaying as
o(t) = oyexp(—oot) with oy > 0 and o3 > 1 and
A = max{m,y1} > 209 and v = min{yy,vy2} > 0. Fix
any € € (0, E[po]) and 7 € (0,1 — 222), and define the
time horizon

T i _17)/\ log <E[P6To])> )

Then there exists 3 > 0 such that for all 3 > Py, if
p € C([0,T*], P4(R2P)) is a weak solution to the Fokker-
Planck equation in the time interval [0, T*] with initial con-
dition py, we have

the relationship 2E[p;] =

E
téfél? . [pe] <

Furthermore, until E[p;| reaches the prescribed accuracy e,
we have the exponential decay

Elpi] < Elpo] exp(—(1 — 7)) ©)

and, up to a constant, the same behavior for W3 (p, 04,0))-

Proof. See Appendix D. O
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5. Numerical Results

We evaluate the performance of the Adam-CBO method
across various problem settings, including the linear
quadratic control problem in 1, 2,4, 8, and 16 dimensions,
the Ginzburg-Landau model, and the systemic risk mean-
field control problem with 50,100, 200,400,800 agents.
Even though our method is model-free, which means it does
not depend on the known explicit knowledge of the transi-
tion kernel as well as the precise dependency of the value
function (¢, x) on the optimal control a(¢, x, Vu, Hess u).
The value function is expressed as:

T
utx) = i B | [ s, xe s+ 9(Xe) [olt) = 2

To measure the accuracy of our method, we compare
u(t,x) or the ||ac(t, x, Vu, Hessu) — ax(t, x; 6)|| as a met-
ric. Our code is available at https://github.com/
Lyuliyao/ADAM_CBO_control.

Linear Quadratic Control Problem

We begin by considering a classical linear quadratic Gaus-
sian (LQG) control problem. The value function is known
asu(t,x) = —1In (IE [exp (—g (x + \/EWT_t))]), which
we refer to Appendix E for details. The numeric value of
u(t,x) can be computed by Monte Carlo (MC) estimation
directly as a reference to measure the accuracy.

We investigate the LQG problem in dimension d =
1,2,4,8, and 16, with a terminal time of 7" = 1 and a
timestep of %. We compare our method with the BSDE
method in (Han et al., 2018). In both methods, the number
of SDE to compute the value function is 64 and the learning
rate is 1 x 10~2. In M-CBO and Adam-CBO methods, the
number of agents is specified as N = 5000, and M = 50
agents are randomly selected to update in each step.

.,0)) for two dif-
1+H2XH2

The value function u(t = 0,x = (0, ..

ferent terminal costs - a convex cost: g(x) = In

and a double-well terminal cost: g(x) = In M is

illustrated in Figure 1 across varying dimensions. The value
function from MC estimation is worked as a reference. The
value function of Adam-CBO and M-CBO methods is com-
puted from the expectation of 5000 controlled dynamics.
The value function of the BSDE method is a direct output
of the neural network.

In the convex terminal cost, we can see that both the M-CBO
method and the Adam-CBO method outperform the BSDE
method in a low-dimensional setting. As the dimensionality
increases, Adam-CBO continues to outperform the BSDE
method, demonstrating its scalability. Consequently, in the
remaining examples, we focus exclusively on the Adam-
CBO method because of its superior performance in high

dimensions.

In the case of the double-well terminal cost, which is non-
convex, our method shows significantly improved accuracy
over the BSDE approach. This enhancement can be at-
tributed to several factors. First, CBO-based methods have
a higher likelihood of converging to global minima in non-
convex settings. Secondly, although both methodologies
utilize a discretization of the 20 time steps during the train-
ing phase, our approach facilitates additional refinement
of the time steps when assessing the cost function, thereby
improving precision. In contrast, the structure of the neu-
ral network of the BSDE method is inherently tied to the
chosen discretization, necessitating the same time step for
both training and evaluation, thus limiting flexibility. We

4 T T T T T T
—— BSDE —— BSDE 2.0 % 1072
—— M-CBO —— Adam-CBO 2
= 3F —— Adam-CBO 89104, 72 2 6 MC Estimation
o 3.0 x 10| 3
= MC Estimation 5 % 10) 2
= =
=1 =
= 2 1 2 4
5] (]
= =
< 1 B <
>1 > 2, .
0, -

01 2 178 16
Dimension

Dimension

Figure 1. The value function u(t = 0,x = (0,...,0)) evalu-

ated using BSDE method, M-CBO method, Adam-CBO method

(our method), and MC estimation (reference) for problems in

1,2,4,8, and 16 dimensions. (a) The terminal cost function

_ 1+)x)?

g(x) = In 55—,
I LU= 1)?
5 .

(b) The terminal cost function g(x) =

also visualize the function u(¢, z) in the one-dimensional
case for both types of terminal costs in Figure 2 and Figure
3. It is evident that our method aligns more closely with the
exact solution than the BSDE-based method.

We further investigate the influence of batch size (the num-
ber of control processes to compute the cost function) on
the problem. We consider a 4 dimensional problem with a
nonconvex terminal cost given by g(x) = In M
Figure 4 illustrates the value function u(t = 0,0,0,0,0)
evaluated under varying batch sizes during training and
compared with a precise estimation of the MC that uses
a sufficiently large sample size. The first insight is that
the accuracy of training is sensitive to batch size in the
training process, which inspired us to develop an improved
sampling method to enhance the efficiency of the sampling
process in the future. Additionally, our method consistently
demonstrates greater accuracy than the BSDE-based ap-
proach, confirming its robustness in higher-dimensional and
nonconvex settings.
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BSDE MC Estimation Adam-CBO
0.9 T T T T T T T T
1.4
0.6 0.6
0.3 —0.2
210 1 2 -2-10 1 2 -2-10 1 2 —10

Figure 2. The value function u(t, z) in the one-dimensional case, computed using BSDE method, MC Estimation (reference), and
2
Adam-CBO (our method), with terminal cost g(x) = In %

BSDE

MC Estimation Adam-CBO

-2 -1 0 1 2 -2 -1 0 1 2

x

-2 -1 0 1 2

Figure 3. The value function u(¢, ) in one-dimensional case, computed using BSDE method, MC Estimation (reference), and Adam-CBO

(our method), with terminal cost g(x) = In M
1.75m I where the drift term is defined as
S —— Adam-CBO

L 65 \\.\ —— MC Estimation b(x, a) — _va(x) + 2aw.
U here is the Ginzburg-Landau free energy, while w € R?

1.55F specifies the spatial domain of the external field. For further
implementation specifics, see Appendix E.

1.45¢ Since this problem lacks an exact analytical solution, we

64 128 256 512 10242048
Training Batchsize
Figure 4. The value function (¢t = 0,0,0,0,0) of 4D LQC
problem, computed using BSDE method, MC Estimation (ref-
erence), and Adam-CBO (our method), with terminal cost g(x) =

2_ 2 . . .
In w, evaluated under varying sample sizes per step.”.

Ginzburg-Landau Model

We also consider the problem of controlling superconduc-
tors in an external electromagnetic field, modeled using the
stochastic Ginzburg-Landau theory. The dynamics are given
by

dXt = b(Xt, Oét)dt + \/§th, (7)

assess the performance of our trained control «(t,x;6)
by comparing it to the theoretically optimal control —w -
Vxu(t,x, ), where u(x,t) is the value function. Notably,
this value function is different from the last case with an an-
alytical solution; it was computed by taking the expectation
of running controlled dynamics and its gradient is computed
by taking the finite difference of two starting states. There-
fore, this comparison is not intended as a true error metric.
Instead, it serves to evaluate the consistency between our
trained control and the theoretically optimal control, which
many value-based methods use to define the loss.

We start with a simple case withd = 2, 4 = 10, A = 0.2.
We compare the distribution of z; before and after the con-
trol in Figure 5. One can find that before the control the
particles will stay in a stable state —1, 1, while after control
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the particles will stay near 0. Additionally, a comparative

1.5 ‘
—— After control
Before control
C1.0F ]
>
=
%
<5}
<
0.5 7

Figure 5. Distribution of x; before and after control in the 1D
Ginzburg-Landau model.

analysis between a/(t,x) and —w - Vxu(t,x) is conducted,
as illustrated in Figure 6. The results demonstrate the consis-
tency between these two functions. We also test our method
on d = 4,8,16,32. The comparison between «(t,x;6)
and —w - Vxu(t,x) is shown in Figure 7. Here (¢,x) is
randomly sampled from 1000 control dynamics.

Figure 6. The left figure shows the «(0.5, x; 8) and the right figure
shows the —w - Vxu(0.5, x) computed by our method for the 2D
Ginzburg-Landau model.

Systemic Risk Mean Field Control

In practical applications, there are scenarios where numer-
ous indistinguishable agents, such as multiple traders en-
gaged in buying and selling stocks within financial markets,
create a complex, multi-dimensional problem. However,
when these traders share similar risk preferences, analyzing
the behavior of a single representative trader can suffice to
understand the dynamics of the entire group. For example,
for a problem with n agents, the control can be modeled
as a'(x;, u;0), where y is the empirical measure of the
{x;}?"_, and 0 are parameters in the neural network. For
further details on the network construction used in this setup,
refer to Appendix F.

Consider the systemic risk mean field control problem,

Figure 7. Ginzburg-Landau model with d = 4,8, 16, 32 respec-
tively. The z-axis shows the «(0.5,x) and y-axis shows the
—w - Vxu(0.5,x)

detailed in Appendix E. The control policy is initially
trained using a delta distribution centered on xy and
n = 100 and then tested against different values of n =
50, 100, 200, 400, 800. Furthermore, the value function is
evaluated by taking the expectation of controlled dynam-
ics starting from different initial distributions pg, including
Gaussian random variable 2o = N(0,0.1), mixture of two
Gaussian random variables xo = p(—k+0y)+ (1 — P)(k+
0z) with P a Bernoulli random variable with parameter %,

k = %, 6 = 0.1, y,z ~ N(0,1) and mixture of three
Gaussian random variables: xo = [~k |3v|—0 + k|3v|=1] +
Oy with k = 0.3, 0 = 0.07, y ~ N(0, 1). The correspond-
ing value functions for each scenario are shown in Table
1, 2, 3, respectively. Our method demonstrates robust gen-
eralization across these diverse conditions, in contrast to
value-function-based approaches where the control strategy
is tied to the specific value function. Since value functions
are highly sensitive to initial conditions, traditional methods
require retraining for each new initial scenario, limiting their
ability to generalize effectively.

Multi-Agent Robotic Systems

We present numerical results for a multi-agent robotic sys-
tem consisting of n agents. Each agent ¢ computes an opti-
mal policy o’ to navigate from a predefined starting point
to a target while avoiding obstacles in the environment. The
original problem is formulated as an open-loop control prob-
lem with constraints (Abdul et al., 2024). However, we
reformulate it as a feedback control problem by incorporat-
ing penalty terms to handle constraints. For further details
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Figure 8. Learned trajectories for multi-agent navigation from initial configurations to target destinations while avoiding obstacles. Results

are shown for systems with 2, 4, and 50 agents.

Table 1. The value function u(t,p) evaluated by Adam-CBO
method with ;1 = A/(0, 1) in the mean filed control problem.

Table 2. The value function u(t, ) with p being a mixture of two
Gaussian random variables in the mean filed control problem.

TIME n=50 n=100 n=200 n =400 EXACT TIME n=50 n=100 n=200 n =400 EXACT
0.0 0.607 0.614 0.618 0.619 0.616 0.0 0.621 0.628 0.633 0.634 0.630
0.1 0.553 0.559 0.563 0.564 0.561 0.1 0.567 0.574 0.578 0.579 0.576
0.2 0.498 0.504 0.507 0.508 0.506 0.2 0.513 0.518 0.522 0.523 0.521
0.3 0.442 0.447 0.450 0.451 0.449 0.3 0.457 0.462 0.465 0.466 0.465
0.4 0.384 0.388 0.391 0.391 0.390 0.4 0.399 0.404 0.407 0.408 0.407
0.5 0.323 0.326 0.329 0.329 0.329 0.5 0.339 0.343 0.346 0.346 0.346
0.6 0.258 0.260 0.262 0.263 0.262 0.6 0.276 0.279 0.281 0.281 0.281
0.7 0.187 0.188 0.190 0.190 0.190 0.7 0.207 0.209 0.211 0.211 0.211
0.8 0.106 0.107 0.108 0.108 0.108 0.8 0.129 0.131 0.132 0.132 0.132
0.9 0.010 0.010 0.010 0.010 0.010 0.9 0.039 0.040 0.040 0.040 0.040

on this transformation, we refer the reader to Appendix E.3.
The numerical results, presented in Figure 8, demonstrate
the performance of our method for systems with 2, 4, and
50 agents. Figure 8§ demonstrates successful trajectory gen-
eration between initial and target states for systems with 2,
4, and 50 agents, while ensuring collision-free navigation
through obstacle-rich environments. These results validate
our method’s capability to solve high-dimensional optimal
control problems that lack explicit analytical solutions.

Reinforcement Learning Task

We also compare our method with DDPG, PPO, SAC,
TD3, TQC, and CrossQ (using the stable-baselines3 im-
plement https://github.com/araffin/sbx) on
Pendulum-v1 as well as PPO and DQN on CartPole-v1.
The numerical results can be found in Figure 9 and the com-
putational cost is shown in Table 4. While Adam-CBO has
higher runtime, it converges to the optimal policy much
faster in terms of learning efficiency. However, we would
like to stress that these results are not directly compara-
ble in a strict sense. Most of the baseline methods opti-
mize multiple components—for example, PPO jointly op-

timizes a policy and a value function, and SAC optimizes
two Q-functions and a policy. In contrast, our method op-
timizes only the policy. If we were to directly replace the
gradient-based optimizer within an existing method like
PPO with Adam-CBO, we do not expect it to outperform
the full method in that specific setup. The main advantage
of Adam-CBO lies in its applicability to broader, more gen-
eral settings, particularly when gradients are unavailable or
unreliable.

6. Conclusion

In this work, we present a framework for solving high-
dimensional stochastic optimal control problems. Compared
with the existing method, our method is gradient-free, which
eliminates the high variance in the Monte Carlo estimation
of the policy gradient. Also, our method does not depend on
solving the high-dimensional Hamiltonian-Jacobi-Bellman
equation or on any mesh discretization in the state and action
space. These enable us to get rid of the curse of dimension-
ality and use this method in high-dimensional problems.
Theoretically, we show that, under some assumptions, the
M-CBO method can converge to the optimal control. In
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Table 3. The value function u (¢, ) with p being a mixture of three
Gaussian random variables in the mean filed control problem.

TIME n=50 n=100 n=200 n =400 EXACT
0.0 0.633 0.640 0.645 0.646 0.642
0.1 0.579 0.586 0.590 0.591 0.588
0.2 0.524 0.531 0.535 0.536 0.534
0.3 0.469 0.475 0.478 0.47 0.478
0.4 0.412 0.417 0.421 0.421 0.420
0.5 0.353 0.357 0.360 0.361 0.360
0.6 0.290 0.294 0.297 0.297 0.297
0.7 0.223 0.226 0.228 0.228 0.228
0.8 0.148 0.151 0.152 0.152 0.152
0.9 0.063 0.064 0.064 0.065 0.065
e 500
—400 400
= 800 300 —m
z Adam-CBO
z DDPC TQC 200
et [
- — ]:z;) ;(L‘...u(,z(tu() 100
|—— TD3
—1600 0
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Training Batchsize

Figure 9. Comparison of value function convergence across meth-
ods. (Left) Performance on the Pendulum-v1 environment showing
the evolution of the value function during training. (Right) Cor-
responding results for the CartPole-v1 environment. Our method
demonstrates superior convergence in both cases.

the future, we are interested in applying our method to
mean-field game problems and control problems with par-
tial information and constraints (Ganapathi Subramanian
et al., 2024; Hong & Tewari, 2024; Qiao & Wang, 2024,
Sun et al., 2024; Wang et al., 2024).
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Table 4. The computational time for each method over 100,000
steps

METHOD PENDULUM-V1 CARTPOLE-V1
DDPG 288.83
PPO 145.19 150.58
SAC 355.01
TD3 291.26
TQC 576.35
CROSSQ 708.73
DQN 186.13
ADAM-CBO 1124.88 3444
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A. Well-posedness of the M-CBO method

In this section, we prove that the dynamics of the M-CBO method are well-posed. For an arbitrary but fixed N, we begin by
studying the existence of a unique process (®§N>, QEN)) = (0N ... WM QLN .. QWN)) that satisfies the
M-CBO scheme (1)

40N = Fye (@“V) QN >) dt + o(6)dWSY,

dQEN) —Fuo (G)EN)7QEN)) dt + Vmo(t)d aw ™

w,t

®)

where Wéj\p, W( 1 is the standard Wiener process in RND and

FN,@(gﬂQ) = (FJ{/,@(Qvn)v"'FNO ) ) RND
Fna(©,Q) = (FJ{I,Q(('D’Q)’"'FNQ .Q)) € RYP,
: : >0,£i(0" = ©7)ws(67)
Fi o(©,Q) = QF -, =971 ,
N,@( ) 1 ijﬁ(gj)
. 3 (07 — O wg(07) .
Fi (©,Q) = —m=i7 : + 70
N,Q( ) ijﬂ(gj) 2

Under the Assumption 4.1, we can easily deduce that F}'\,’@ and F]‘\,Q are locally Lipschitz continuous and have linear
growth. Consequently, (Fx o, F v o) is locally Lipschitz continuous and has linear growth. More precisely, we have the
following lemma.

LemmaA.l. Let N € N, 8, R > 0 be arbitrary. Then for any (©,€), (0, Q) € RP xR with |©||+|||, [|®]|+ 2] <
Randalli=1,--- | N, it holds

1F}0(©,92) = Fiyo(©. Q)] < [l67 — 07 + [ = Q' + 7 1+2* N||©||2 + ||© ] ) le - ol

IFy (@, 9) - Fyo(©,92)] < |6 - @i|+72||9iflill+m(1+2\/N||@1||2+||@||2) le-el,

IFN.0(©, )] <o’ + 2] + el
1PN o(©, Q)| < m[|©7]| +72[|2]| + m||®]],

where CRr = O‘”vJ”L‘X’(Bg,R(O)) exp (/B”j — lHL"O(Be,R(O)))'
Proof. From Lemma 2.1 (Carrillo et al., 2018), we have

HZ#Z@ ONws(©7)  33,4:(6" — 07)ws(67)

<o - i + (1 2\ /v + ®I2> -6,

5, ws(67) zj w5<éﬂ‘>
< e 0.
H (@J) <o+ el
By the triangle inequality, the required estimation is proved. O

Based on Lemma A.1, we may invoke standard existence results of strong solutions for Equation (1).

Proof of Theorem 4.2. We make use of the standard result on the existence of a unique strong solution here. To this end, we
show the existence by > 0, such that

0 Fno(0,2)+ Q2 -Fyo(©,Q)+N(m+1)Do(t)> <by(|O[° + 2>+ 1).
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Notice that ) _ _
> ;£i(0" — 0 )ws(67)

O e < e+ el
J
ZZ i(@i_gj)wﬁ(@j) i i i
S < 12+ [
J

we have the following inequalities

Zj;éi(@i — ©7)ws(©)
2. ws(©7)

O'F6(0,9) =0'Q" — 1,0

1 i 1 % % %
< 1O + IR~ &1+ mle ]
1 i 1 % %
< LI+ I e
L' ' m in2 . N 2 Lo
S e+ Lo + oo
<(3+ %) 10+ F1el + e

and ) ) .
Zj;éi(gl — ©7)ws(©7)

O Fly (©,9) = —m i
e Zj wp(07) :
<m|| V(|0 + m| Q[ [©] + 2|27
i m, ~i m
< (m—+7) | + DL I + 5||@||2~

Therefore, we conclude that

© Fno(®,Q)+Q Fyo(®©,Q)+ (m+1)Do(t)?

N
SN(m+1)Do(t)* +) (0" Fio(0,92) + Q- Fi (0,Q))

i=1

N
1 i Y L i o~ m
< Non+ 0002 + 3 ((5+ 5 ) 1912+ ZUOI + 1P + (m-+ )21 + S 62 + Tl
i=1

1+ + +N 1
< N(m +1)Do(t) + ( R ) |e|? + <m+72 + 2) ol

<bn (O] +112)* +1),

©)
where by = max{N(m + 1)Da?, HtU+m 4 #, m + 72 + 2} > 0. Then we apply Theorem 3.1 in (Durrett, 2018) to
finish the existence and uniqueness proof. O

B. Well-posedness of the Mean Field Equations

Definition B.1. We say p; € C ([0, 7], P4(R” x RP)) is a weak solution to the Fokker-Planck equation (3) with initial
condition py, if V¢ € C (RP x RP), we have

5 [[#0.0dn = [0 =210 - Myfu), Voo

= [[m(® = Malpd) + 20, V) dp (10
2 2
+ 220 [ g+ ZE [ assdp,

and lim;_,, p+ = pg in a pointwise sense.

To prove Theorem 4.3, we start with the following lemma.
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Lemma B.2. If J satisfies Assumption 4.1 and p, p € P2(RP x RP) with

J 101+ tap, [ 1014+ @1 < &,
then the following stability estimate holds
|Mi[u] = Malal| < coWa(p, p)
for a constant cy > 0 depending on 3, Lj and K, where ju(0) = [, p(6, dw), a(0) = Jro p(0,dw).
Proof. By Lemma 3.2 in (Carrillo et al., 2018), we have |Mg[u] — Mpli]| < coWa(p,it) = coinf E(, (/|0 — 9)12).

Therefore, we have inf E(,, ;[0 —0]|?] < infE, 5[0 — 0| +inf E, p[[lw—&[?] < inf Eq, 5[]|0 — 0]+ [|w —]|?]
W (p, p). We prove the boundedness here.

[:JII_

To prove the existence and uniqueness, we recall the Leray-Schauder fixed point theorem (Theorem 11.3 in (Gilbarg et al.,
2001)).

Theorem B.3. Let T be a compact mapping of a Banach space B into itself, and suppose there exists a constant M such
that ||z||g < M forall x € Bandn € (0,1) satisfying x = nTx. Then T has a fixed point.

Proof of Theorem 4.3. Step 1 (Construction of map 7'
Let us fix u; € C ([0, 7]). By Theorem 6.2.2 in (Arnold, 1976), there is a unique solution to

d9t = wtdt -7 (975 — ut)dt + U(t)de’h
dwr = —m(0; — up)dt — yowrdt + Vmo (t)dW,, +,
where (6, wo) ~ po. We use p; to denote the corresponding law of the unique solution. Using p;, one can compute

pe(0) = [ pe(6, dw) and M g[p,], which is uniquely determined by u; and is in C ([0, 7']). Thus, one can construct a map
from C ([0, 77) to C ([0, T']), which maps u; to Mg[p].

Step 2 (Compactness) First, by referencing Chapter 7 in (Arnold, 1976), we obtain the inequality for the solution 6;, w; to
Equation (B):
L+E[|6o] + flwoll]*) eXp(ct)

S Land E[[|6:] + flwe ] <

By Lemma B.2, we have | Mg(p) — Ma(ps)|| < coWa(pt, ps). For Wa(py, ps), it holds that Wa(py, ps) < E[||60: —
Os|| + [lwr — ws|l] < \/2E[]|0r — 05| + 2[Jws — ws||?]. Further, we can deduce

Ef|6:]l + flwel]* <
where ¢ > 0. Thus one can deduce E[||6;]|* + [|w¢||*]

t t
0, —0, = / wr —v1(0; —uy)dr + / o(T)dWp -,
St S
Wy — wg = / m(0; — uy) — yow,dr + \F/ Wer.

t t 2
/w-,—dT /(OT—uT)dT ]

| [ o, [ o ]

Let us proceed to bound the four terms on the right-hand side individually. Consider the first term, where we establish

t 2 t
’/wTdT ]SE (/ |wT||dT>
t
<le-sfE | [ lorlfar| S 1=l

15

Thus
2

Ef10: — 6.]17 + o — wul]?) <E U ‘E

2

+E + mE

2
E
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The first inequality in this sequence is derived from the Cauchy-Schwarz inequality, followed by an application of Jensen’s
inequality for the second inequality. The final inequality is attributed to the boundedness property of the solution. Similarly,

for the second term, we have
2 + 2
1 <E l(/ ||9‘r _UTHdT) ‘|
S

t
EU/(@T—UT)dT
t
<lt—s|E [/ 97—u7-||2d7':|
’ t t
<lt— s (E [/ Io.17ar+ ||uT||2dT]) <lt— s

For the third and fourth terms, we use the 1t6 Isometry,

E U 2] _E U 2] _E [/:U(T)QdT] <5t — .

Finially, we combine the inequiality to deduce that || Mg[ue] — Mg[us]|| < [t — s|*/2, which implies that Mg () €
C%1/2]0,T). Thus T is compact.

t t
/ o(T)dW,, - / o(r)dWy, -

Step 3 (Existence) We make use of Theorem B.3. Take u; = nTu; for n € [0, 1]. We now try to prove ||u¢]|eo < ¢ for some
finite ¢ > 0. First, one has

luell® = (| Mp (o) 1* < 0 exp(ﬂ(jfl))/H@IIdet <’ exp(B(J — J)) / 10117 + m ™ [lw]*dpe.

Then we try to prove the boundedness of [ [|0]|% +m~!||w||?>dp;. Since p; is a weak solution of the Fokker-Planck equation,

one has

d
% (||9H2 —|—m_1||w||2) dp; = /w 0 =710 —uy) -0 — (0 —wy) - w—ym ™ rw - wdp,

= /—71(9—Ut)~9+ut cw—ymw - wdp,
Since
/ 0 udp: S / 16117 + lfuelPdpe < / 1611%dp: + / (16112 + m~" [w][2)dpr,
and

/ w-urdpr < / Joll? + lfuelPdpe < / wlPdpe + / (16]2 + m = Jwl)dpr.

we can deduce that

d _ _
3 [ U617 +m= wl®) dpe S (101 +m~Hlw]*) dpy.

Applying Gronwall’s inequality yields that [ (||0]|* + m~!||w||?) dp is bounded and the above inequality is independent
of u;. Thus we have shown that ||, ||~ is bounded by a uniform constant g. Theorem B.3 then gives the existence.

Step 4(Uniqueness): Suppose we are given two fixed points of 7': u; and iy with [|u|e, [[illce < ¢ and sup,cio 7y [ 16]]* +
[wl[[*dpe, sup,epo,ry [ 10]1* + [|&]|*dp, < K and their corresponding process (0, ©2), (O, ) satisfying respectively. Then
take the difference 6@ := © — © and 69 := Q — Q. One has

t t t
36, =000+ [ 6dr— [ s0.dr+m [ (ur — oo
0 0 0

t ¢ t
00 = 000 — 7o / o, dr — m/ 00.,dr + m/ (ur — G;)dr.
0 0 0

16
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( [ 1o0par)
([ 1 1) ]

2
For the E [(fot lur — dr || d’T) }, we have that

E l(/ot s _aT”dT)Q] =E (/Ot [Mp[p-] —Mﬁ[ﬂr]”dr>2‘|

<{E Uot | Mlr] — Mﬁ[ﬂT]IIQdT] :

(/Otwmnch)z (/0 ||6@T||d7)2]

+|[ I Malar] Molp I ar|.

Thus
2

E[00:I* + 16€:1%] SE[[|0©0]|* + [|620]|*] + E +E

(f 50, d)]

Thus we have

E[60¢I* + 121*) SE[[1600]* + [|0Q0]1%] + E +E

e] = Ml ]| S Walpr, r) < /ETISO,TZ T 0%, T, So we can deduce
t
E [[50. 1 + 1152, 7] SE [[600]2 + [690]?] + E [ / 160, + ||5@T||2d7} .

By the Gronwall’sinequality with the fact that E[||600||* + ||6Q0]|%] = O gives that uniqueness result. O

C. Mean Field Limit

In this section, we prove the connection between the solution to Equation (1) and the solution of the Fokker-Planck equation
(3). We begin with the following boundedness result.

Lemma C.1. Let J satisfy Assumption 4.1 and py € Ps(RP x RP). For any N > 2, assume that
{(@ﬁ“”’, ng’N))te[()’T] VN | is the unique solution to Equation (8) with p§™ -distributed initial data {(@g’N), Qé”N)) N
Then there exists a constant K > 0 independent of N such that

sup { up (16§12 4 f-V2 }} <K,

i=1---N €0, T
sup {sup E[I6f]1* + )] }
i=1---N | t€[0,T]
sup {sup E [IM5a 1" } K,
i=1.--N | t€[0,T]
sup {sup E [|Ms )1 } K,
i=1.--N | t€[0,T]

N N . .
where i} = & >, 5®Ei,N) is the empirical measure.

Proof. For each i, we have
40" = — QP Mdt — 1 (") — Myl )t + o (1)AWj .
A" = =m0 — My )dt — 10" dt + Vimo (AW .

17
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Now we pick p = 1 or p = 2. Then

e o e o] e o] o]

t 2p t 2p
+E [/ H@S_i’N)HdT] +E U HQLZVMH dT]

0 0

t 2p t 2p
+E [/0 ||M5[/l,]rv]|| dT:| +E {/0 U(T)de77—:|

Now apply the Cauchy’s inequality,

t ) P t ) p t )
E[ / |@51,N>Hd7] sﬂ’-ﬂ«:[ / ||@<:’N>||2dr] , E[ / ||997N>||dr]
0 0 0

[ [ 1Mala ] " om [ 1tz

E [/Ota(ﬂdwa;} Y g Uota(r)zdrr.
QP] <E U’ngm 2p] +E U’@fj’m ﬂ

+E Ut Heﬁ’N)Hz dr]p +E Ut HQQ’NW df]p
0 0

+E [/ MB[ﬂT]HQdT]p i1

2p L P LN
arl w| [ iagepar] <e | [ o]
0 0

E[/OtHanWdr]pst[/OtHMﬁmiVHQ”dT .

2 2

P t ) p
<vm | [ 1oepar]
0

and
P

Also, by It6 Isometry,

Thus
2p

[

e

Further, by Holder inequality,

([l o <= ][ lor
0 0

and

So we can deduce

[

2p]

2p .
o

2 . 2 .
| < s ] + 2 s

+E{/t ®£i’N)Hzpdr]+]EU_t‘
0 0

t
v | [ 1Mz 1
0

QS—Z,N)

2p
dT]

Thus

B | [ o + i) aat| <& | [ (o1 + i) agd|

w [ (=] a0+ o 0] ) ar

t
+ / E [ Ms[a]]] % dr + 1.

18
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It follows from Lemma 3.1 in (Carrillo et al., 2018), we have
w . . R
J 1R s <ok [0 <o [0 + LePan
AY)

Then we can calculate )
P

sl = | fo- dpY
o ||wﬁ||L1 )
2p
< / o1 —229) g
|wﬁ||L1(pN)
P
<([1er wsl0) g
|wg|\L1<,)T Twslziom P
P
w ~
/ ot 50) oy
|wﬁ|\L1<,}T
2p
(bl +ba [0+ ||w||2)dﬁiv>

st [0+ ol

Combining the above inequality leads to

E U(Gll2p+ IIwIIZ”)dﬁi"} <E [/(9”2p+ Jw]2) d/}év]
' / (=] [ w1y ap| Y ar 1.

By applying Gronwall’s inequality, it follows that E [ [ (]|6]|?? + [|w||??) dp;¥] is bounded for ¢ € [0, 7] and the bound
does not depend on N. Also, we know that

IMsli o177 S 1+ /(Hellzp + wl*)dpy,

which implies that
B (D02 17) S 142 | [ (101 + Jol?)a5

So E [||Mp[ad¥]]|?#] is bounded for ¢ € [0, 7] and the bound does not depend on N O

Now we treat (0" QM) as a random variable defined on (€2, F,P) and taking values in C ([0, T]; RP x RP),
Then p¥ = £ Zf\il deti,M) qa.v) is a random measure.  Let us denote L(pN) = Law(p?) €
P (P (C([0,T],RP) x C ([0,T],RP))) as a sequence of probability distributions. We can prove that {L(p™)} .,
is tight. Next, we use the Aldous criteria ((Bass, 2011), Section 34.3), which could prove the tightness of a sequence of
distributions.

Theorem C.2. Let J satisfy Assumptions 4.1 and py € P4(RD x RP ). For any N > 2, we as-

N
sume that {(@(I’N),le’m) [ ]} is a unique solution to Equation (8) with p%@N -distributed initial data
telo,T

{(@(% ) Q(Z N)>}_ . Then the sequence { L(p" is tight in P (P (C([0,T], RP) x C ([0, T], RP))).

}sz

Proof. Because of the exchangeability of the particle system, we only prove the {£ (@%’N, QiN) }N>2 is tight. It is

sufficient to justify two conditions in Aldous criteria.
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Condtion 1: For any ¢ > 0, there exist a compact subset U, := {(6,w) : [|6]|? + [lw||*] < £} such that by Markov’s
inequality

K ElleLN QLN
£ (o a) i = (o] ot > £ < U0 sy

where we have used Lemma C.1 in the last inequality. This means that for each ¢ € [0, T'], the sequence {L (@} N Q} ’N) }
is tight.

Condition 2: We have to show, for any e¢,77 > 0, there exist Jy > 0 and ng € N such that for all N > ng. Let 7 be a
(0N QLYY s € [0,7))-stopping time with discrete values such that 7 + &y < 7, it holds that

ap # (ot -61] 20) <
0€[0,d0]

and
2 ([ 20) <o
§€[0,80]

Recalling Equation (1), we have
744 744 748
ol o = [ atNas—ay [ @ - Myl as+ [ ol
746 7t
Q- =-m / (O8N — Ml )ds — 7 / QUNds 4 /m / $)dW,..

From Theorem 2.1 in (Huang & Qiu, 2022), we have

2

E < 2TK§.

P46
[ e Myl has

Furthermore, we apply Itd’s Isometry

/ “‘Sg(s)dwe,s] E [ / o g<s)dwwvs] B (E l

Combining the above estimation, one has

E

~h\\‘
+
(=11
q
—
V)
=
n
(oW
Va)
| S —
SN—
o
IN
Q|
(%)
[«
Nl
~
Nl=

2
1,N 1,N 1,N 1,N
E U@M—@ ) + |kl - abV| ] < Vo
Hence, for any ¢, > 0, there exist dg > 0 such that for all N > 2 it holds that

2 2
sup P(‘@i_’g—@i’NH Zn) , sup ]P’(HQL:X QthH 277)
6€[0,60] 6€[0,60

2
LN 1L,N 1L,N LN
< sup P < ‘@t-s-é -0, H + 192505 — I* > 77)

6€[0,60]
2
1,N 1,N 1,N
E{@H_&—@ ’ ‘Qﬂ-é Q% ’ }
< sup <e
66[0,50] n
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By Skorokhod’s lemma (see (Billingsley, 2013)) and Lemma C.3, we may find a common probability space
(Q,F,P) on which the process {p™}nyen converges to some process p as a random variable valued in
P (C ([0,T]);RP) x C ([0, T); RP)) almost surely. In particular, we have that V¢ € [0, 7] and ¢ € C,(RP x RP),

Jim (&, 8 = pe)| + [Mg[iif] = Mgl]| =0 as., (11)
and we can have a direct result

Jim E[[(¢, 50" = po)| + [Mslir'] — Mgluml]|] = 0. (12)
Lemma C3. [. There exist a subsequence of {pN}n>2 and a random measure p : Q —

P (C([0,T);RP) x C ([0,T);RP)) such that pN — p in law as N — oo which is equivalently to say
L (pN) converges weakly 1o L (p) in P (P (C ([0,T]; RP) x C ([0, T}; RP)));

2. For the subsequence in 1, the time marginal pY of p~, as P (RD x RP ) valued random measure converges in law to
pr € P(RP x RP), the time marginal of p. Namely L(p} ) converges weakly to L(p;) in P (P (RP x RP)).

Definition C.4. Fix ¢ € C? (RP x RP), define functional Fy : P (C ([0,T];RP) x C ([0,T];RP)) — R:
F¢>(pt) 1= (¢(6r, wr), p(d@, dw)) - <(P(907w0)7 p(d@, dw»

- / (@ — 1B — Malpsa])) - Vo, p(df, dw)) ds

¢ (13)
- / (=m0, — M) — yas) - Vs, p(d8, dw)) ds

(m+1)D [* ,

forall p € P (C ([0,T);RP) x C ([0, T];RP)) and 6, w € C ([0, T]; RP), where u(0) = [ p(6,dw).
Lemma C.5. Let J satisfy Assumption 4.1 and py € Py(RP x RD) For all N > 2, assume

that {(@(i’N),Q(i’N)) [ ]} is the unique solution to Equation (8) with p?N-distributed initial data
telo,T

{ (@(Z ) Q(z N)> } . There exists a constant C' > 0, such that
i=1

E[|1F6M)] < &
~N _ 1

N . ..
where p** = & Zi:l 5(@(i,N)7Q(i,N)) is the empirical measure.

Proof. Using the definition of Fi, one has

N N
~ 1 i, z 7 %,
Fo(p™) NZ¢<@< Vo) Z o(eg™, o)
N
N :
N . . .
N / m (00— My[)]) ~ 16024 ) - V(O ), 0l M)ds
1)D
m—; / o?(s)ds.
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One the other hand, the It6-Doeblin formula gives

é (Ggi,N)7Q§i,N)) —¢ <@Si,N),Qéi,N)> /t (QS’N) o <®gi,N) - Mﬁ[ﬂi\’])) V9¢( Q(z N))d
0
w [ (m (08— Mala]) —206) - Vo0, 0
0

/t ()dW98+\F/ s)AW,,

m+1D/

F¢<ﬁN>=fvfj(/ot (>dwes+f/ $)AW: )

Then one gets

Finally, we can compute

2

2|

where we use the assumption that the o (¢) we choose has an upper bound. [

E [[Ep(ﬁN)ﬂ =$ iv: {

Proof of Theorem 4.4. Now suppose that we have a convergent subsequence of {5™ } yen, which is denoted by the sequence
itself for simplicity and has p; as the limit. We want to prove that p is a solution of (3). For any ¢ € C? (IR{D x RP ), using
the convergence result in (12), we have

lim E [[{($(68,w), 47" (46, dw)) — ($(6,w), pe(d8, dw))|] = 0,

N—o0

and
lim E [|<¢(9aw)aﬁév(d9’dw)> - (¢(0,w),p0(d9,dw)>u =0.

N—o0

Further, we notice that

H/O <(9—Mﬁ[ﬂ5])~Ve¢,ﬁiv(d9,dw)>ds—/o (0 — Mglus)) - Voo, ps(df, dw)) ds
< /0 1((0 = Mplial]) - Vo, pYY (46, dw) — py(d6, dw))|| ds

[ Il = Mali) - Vo pu(a0. ) s

= T s)||ds + iy s)|| ds.
For || IV (s)

E (I (s)[I] =E [|[(0 - Voo, o2 (d6, dw) — ps(df, dw)) ||| + E [[[((Ms[1d]) - Vo, o2 (16, dw) — ps(d6, dw)) ]
E[||(6- Voo, pY (46, dw) — ps(df, dw))||] + K 2E [[|( Voo, p¥ (4, dw) — ps(d8, dw))|] -

(14)
Since ¢ has a compact support, applying (12) leads to limy_,c E [|[{"(s)|] = 0. Moreover, by the uniform boundedness
of E [I N (s)] = 0 and applying the domained convergence theorem implies

t
. N
nggo/o E [l (s)]] ds =
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As for IV, we know that

[{(Ma(ps) = Ma(d)) - Vo (), ps(dz))|| < IVolloelMa(1s) — Ma(i)]-

Hence by Equation (12), we have limy o E [[[ 12 (s)||] = 0. Again, by the dominated convergence theorem, we have

t

tim [ E |2 ()] ds = 0.

N—o0 0
Thus we can get the boundedness

lim E[

N—oc0

/0 (6 — Mgla) - Voo, p¥ (9, dw)) ds — / (0 — Msli) - Voo, py(d0, dw)) ds

|0
|0

Similarly, we can also have

lim IE[

N—oc0

(0= MalaD) - T 00,0y ds = [ (0= M) - Ve 00, ) s

Combining the above results, we get
E [|F(p™) = Fy(p)|] =0,

which is a direct result of (12) and the dominated convergence theorem. We can deduce
E[|Es(p)|] <E [[Es(p") — Es(p)|] +E [[Fs(p")]]

C
B[R - B+ S50 w Vo
Thus Fy(p;) = 0 almost surely, which implies that p; is a solution to the corresponding Fokker-Planck equation. Combined

with the uniqueness of the solution, proved in Lemma C.7, we complete the proof. O

Lemma C.6. VT > 0, let f, € C ([0, T}; RP) and py € P2(RP x RP). The following linear PDE

a(t)®>m o(t)?

2

Owpr = —Vo ((w =710 = f2)) pt) + Vi (m(0 — fi) + y2wpe) + Aupe + Appy

has a unique solution p; € C ([0, T]; P2(RP x RP)).

Proof. The existence is obvious, which can be obtained as the law of the solution to the associated linear SDE. To show the
uniqueness, let us fix tg € [0,7] and ¢ € C° (]RD x RP ) , we then can solve the following backward PDE:

o(t)®
2

Othy = —(w—71(0 — ft)) - Vohe + (m(0 — fi) + 12w) - Vhy — (mALhe + Aghy),

where (¢,0,w) € [0,t0] x RP x RP with terminal condition h;, = ¢. It has a classical solution:
he = E 90}, 05" .

where (G)i’(e’w)7 Qi’(e’w)> is the strong solution to the following linear SDE:
0<t<s<to

dOL ) = (QLO<) — 5, (OL0) — ) ds + o(s)dWa,
4L — — (m(OL0) — f) + 70009 ds + o(s)v/md W,
with terminal condition (@ﬁ’(e’w), Qi’((”“)) = (0,w).
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Now, suppose p! and p? are two weak solutions of the PDE with the same initial condition p§ = p3. Let 6p = p* — p?. To
show uniqueness, we need to demonstrate that dp, = 0 for all ¢ € [0, T'.

Using the backward PDE solution h, as a test function, we have:

to
<htoa dpiy) = / (Oshs, 6ps) + (hs, 0s6ps)ds.
0
By substituting the equation for dsh ¢ from the backward PDE and integrating by parts, we get

<hto’ 6pto> =0.
The arbitrariness of ¢ € C2°(RP x RP) implies p;, = 0, and thus p! = p?. O

Lemma C.7. Assume that p*, p> € C ([07 T); Po (RD x RP )) are two weak solutions to Equation (3) with the same initial
data pgy. Then it holds that

sup Wa(pi,p7) =0,
t€[0,T]

where Wy is the 2-Wasserstein distance.

Proof. Given p' and p?, let us first consider the following two coupled linear SDEs:

d6;} = (2} — 71 (6] — Mpluil)) dt + o (t)dWo,,
A0 = — (m (8] — Mplui]) +720%) ds + o (t)Vmd W,

for i = 1,2, where (©%, Q%) are driven by independent Brownian motions Wy s and W,, s, with the same initial condition
b i
(©5",257) ~ po-

Let p: denote the law of (0%, Q%) for i = 1,2. By construction, the laws pi satisfy the same Fokker-Planck equation:

Opy ==V - [(w—71(0 — Mglui])) 5;] + Ve - [(m(0 — Mgpi]) + y2w) pi]
TRARLNG BRI

in the weak sense, with initial condition gy = po. Since both p! solve this Fokker-Planck equation and we assumed
P = p3 = po, by the uniqueness of solutions to this PDE in the last lemma, we have pi = p; fori = 1,2. As a result,

(0", and (07", Q22") both solve Equation (2). By Theorem 4.3, we have

2 2
sup E U@i’t —@?’t\ + \Qi’t —Q?’t\ ] —0.
te[0,T)

This implies:

_ _ 2 _ _
sup W (pf,47) < sup E[!@%’tef’t +\ﬂi’tﬂ?’t

te[0,T] t€[0,T]

1m0

D. Global Convergence in the Mean Field Law
Lemma D.1. Let E|[p;] be the energy functional defined in (4). Under Assumption 4.1,

~ 02 m
3 Bl < —2Blpd + AVERTIMgl] - ] + ZERm D),

where v = min{~;,v2} and A\ = max{m, v, } are positive numbers.
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Proof. From the definition of weak solution of Fokker-Planck equation (3), we define ¢(6,w) = (|6 — 02 + 7 lw]|?,
then
%E[Pt} = %/¢(97w)dpt

:/<w —m(0 — Mgu]),0 — é)dpt + /(—m(@ — Mgpe]) — yaw, %mdpt + %

= [ o, Ml ~ Do~ [0~ Molp), 0~ Dap~ 2 [0, + Z2HD

— [ Ml = g~ [(0-5.0 - B)dp 15)

o [0 Maldo0 - Brap 2 [y T2

<ol 1M ] = B + 1018 = 1M ] = B =308 B2 = 22 4 2D

< — Bl + WERI Mol - 3]+ Z22FD,
where in the last equility we take v = min{vi, 2} and A\ = max{m, 1 }. O

Next, we will show that || Mg [u;] — ]| can be bounded by a suitable scalar multiple of \/E[p;], we can apply Gronwall’s
inequality to bound the energy function.

Lemma D.2. Under Assumption 4.1, V'r > 0, we define J, := supycp, 5y J (0). Then Vr € [0, Ro] and q > 0 such that
(q+ J. — J)* < 4§, we have

5 q+J.—J)"  exp( 661
Mol 1 < 2y SBEERL [ dldpto, )
0r

Proof. Let7 = <{1+J’7'7_l)“ > (']"771)“ > r, we have

i ws(0)
Meglu] 0 S/ = @
Mol =0 | o @l ™ s
0
i [ -l 0y,
55 .(6) [ws ()l L1 (p)

By Markov’s inequality, we have |[wg|| 11,y > ap({(0,w) : exp(=BT (0) > a)}). By choosing a = exp(—[.J,.), we have

0
16 =0l >(|21< 4
! (16)

lwsllzsp) > exp(—B.)p ({(6,w) : exp(—BT(0) > exp(=BJ,))})
= exp(=pJ:)p ({(6,w) : J(0) < J;)})
> exp(—BJ,)p(Bo,(0)),

where the second inequality comes from the definition of J,.. Thus for the second term in (16), we obtain

- 1 ~
[ =it < — [ o uao)a
Bs .(0) lws(0)]| L1 (o) exp(—BJ;)p(Bo,r(9)) /85 .(6)

exp(—ﬁ(infng((;) J(0) = J)) /

< - o~ dlldp
p(BQ,T(e) é,f(e)
exp(—p(inf 5 _(0) J(0) = Jr)) ~
o 0 —40|d
o(Bor(0)) o=t
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We also notice

inf J(0) — J. > min{d; + J, (pi)/* + J} — J. > (pi) Y — T, + J = q,
B (6)

where the first inequality comes from Assumption 4.1 and the second inequality comes from the definition of # and g,

r= W < %’. Combining the above inequality and the definition of #, we have

R (q+Jp — J)" exp(—a (mec_(g)J /
M -0 < + 6—40|d
[Mga[u] =0 p o (Bo (0 | |dp
g — J)
< (¢+ ) exp(=Bg) /||9 illdp.
n B@r

Then we will establish a lower bound for p;(By..(6)). Notice that p,(Bg.(8)) = p, ({(H,w) 10 —0)% < 7’2}) >
({( ) 10— 0)2 +mYw|? < r2}> = pi(B,(6,0)). We first define the mollifier ¢, (6, w) as follows

2 ~
wp(—— " ),iﬂw—mﬁ+nfwmﬁ<r%
r2 — ([0 — 0[] +m~w]?)

or(0,w) =

0, else.

We have Im(¢,.) € [0, 1], ¢ € C°. First, we compute the first-order and second-order derivatives as

0—06
v9¢7‘ = _2T2 _ 2¢7"7
(16 = 812 + me]2))
m~tw

Vw¢7’ = - ~ 2¢77

(72 = (10 = 812 + m=1|w))
and
~ 2 ~ ~ ~
D (r2 = (10 =017+ m=Hwl®) " =2 (72 = (10 = 02 + m~ ) (~20 - 6) - (0 - 0))
A9¢r =—2r ~ 1 d)'r‘
(72 = (16 = 017 + m="|wl]?))
10—
+4rt - 70
(72 = (16 = 017 + m=1wl]?))
~ ~ - 2
N8 = 0112 (=2r2 + 416 — 0112 + 4~ w|[2) = D (v = (|l = 6 + m~Jw]|*))
=2r 1 T
(72 = (6 = 812 + m=1|w])
~ 2 ~
D (r2 = (10 = 8> +m ) mt =2 (2 = (16 = 812 + m~w]2)) (~m L) - (m~w)
Aw¢r = — 27"2 ~ 1 ¢r
(2 = (10 = 82 + m="|w])
—2,,2
+4rt - o

(r2 = (10— 12 + o))

~ ~ 2
m2|wl2(=20% + 4110 = 8112 + dmHwl|?) = D (12 = (10 = 0] + m~ | 2)) "

7.

_ 0,2

=T ~ 1
(2 = (1 = 812 + m=1|w]2))

26



Consensus Based Stochastic Optimal Control

Lemma D.3. Let T > 0,7 > 0. Choose parameters & > o(t) > o > 0. Assume p € C([0,T], P(R?*P)) weakly solves the
Fokker-Planck equation (3) with initial condition po. Then, Vt € [0,T], we have

pu(Bs(0) = ( [ 6.0.0)100(6.) ) expl-p1).

where

. UIANWVEr+ BWk  25%(k+ D) 8(B +7)%)\?
p = X (1*]43)27’ (1—]6)47"2 ’ (2k5—1)g2 )

for any B > 0 with sup,co 1 [|Mgl] — 0| < B and for any k € (1,1) satisfying (=1 + 2k)k > 2D(1 — k)* and
A = max{vyi, m}.

Proof. By the properties of the mollifier ¢,., we have y;(By.(8)) > p:(B,(6,0)) > J ¢r(0,w)dp:(8,w). Using properties
of the weak solution p;, we have

0—0
N 2¢T’>dpt
(7= (10— 01 + |lw]2))

i/@wwmmam/<meMmmx2ﬁ

m 1w

5¢r ) dp
(> = 6 = 82 + w]2)) > '

+ / <—m(0 = Mg]) — yow, —2r7

2
+ % / (mAw¢r + A9¢r) dpt

:/ (’y(@ — Mague],0 — é} + <72w7m_1w> + <w,§ — Mﬁ[ut]>)
22

(r2 = (10 = 81 + 1]

::/T1(97w)dpt+/T2(9,w)dpt.

2
2 ¢rdpt + % / (mAw¢r + A9¢r) dpt

Since ¢, vanishes outside of D,. := {(#,w) : [|§ — 6]|> +m~1|jw||?> < 72}, we restrict our attention to the open ball D,.. To
obtain the lower bound, we introduce the following subsets

Ky = {(0,0) 10 = 012+ m~ ol > ke,

Ky o= {(0.0) - = (1100~ Malyu],0 = ) + oo, m ™) 4 0,0 = Mlor])) (2 = 10— 0 = m ="l (17

-0” 2 5112 -1 2
> k([0 =017 + m ™ lwll) ¢,

where k = 2k — 1 € (0,1). We divide the integral region into three domains.
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Domain 2, N K¢: We have || — 0]|2 + m " ||w||?> < kr? in this domain and we can get

Tt w) = (Wl (0 — Mg, 0 = 0) + (yaw,m ™ w) + (w,60 — Mﬂ[MtD) ~2T2 5 Pr
(r2 = (16— 612 + =]
- (%HH—MB[MHII\@—éH+\|w||ué—Mg[utm) ~27" 6,
(r2 = (10 = 812 + =" ]2
~(llo— a0+ o) 2B
— (16— 812 + m~1Jw]2))

>~ (mllo - wHW|D‘yﬂ**1r
- (1= + ) 2D,
_2)\\[ (fT+B) r = w r = —P1Pr,

(1 k)2 2d) (1—k‘)27“ ¢ P19

where the first inequality comes from Cauchy-Schwarz inequality and the positiveness of ||w||?, the second inequality comes
from the boundedness of || — Mg[u]|| < |10 — 0| + [|0 — Ma[us]|| < Vkr + B, the third inequality comes from the
defintion of domain K¢, and the fourth inequality comes from the definition of A.

For 15, we have

L2 (10 = 01 +m~ " w|®)(=2r® + 4[16 — 6] + 4m " w]®)

T5(0,w) =o* - T o
(2 = (10 = 812 + m=1|lw]))
2 2D 5
~ 27T
(72 = (16 = 017 + m="|wl]?))
o g 20— T )
il - 4 T
(72 = (16 = 017 + m=1|w]]?))
18
2 ~2D iy (18)
(72 = (16 = 812 + m=1|w]))
2krd 2D
Z_O-QTQ 2 k”r 2 4¢T_U2T2 ngr
(r2 — kr2) (r2 — kr2?)
o 2 5, 2D
TSR (1—k)*r e
72(k + D)

> - W¢7 = —p2¢r,

where the first inequlaity uses the positiveness of [|§ — 0]|2 and ||w||, the second inequality uses the properties of K¢, and
the third inequality use 1 — &k € (0, 3).
Domain Q. N K; N K3

In this domian, we have || — || + m~!||w||? > kr? and

~ 0-2

— (7100 = Mslpd), 0 = 0) + (o, m ™) + {0, = Msloel) ) (2= |0—8]| =~ w][*)? < K12 (10—0]>+m ™" l]|?)
(19)
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Our goal is to show T3 (0, w) + T5(6,w) > 0 in this subset. We first compute

T1(0,w)+T2(9,w
2r2¢,
~ ~ ~ 2
= (100 = Maliae), 0 = 0) + (o, m ™) + {w,0 = Mlpul) ) (% = (10 = 812 +m~ |e]2))
+o2m w2 (=1 + 2010 — 0 + 2m~ Jw]|?)
a’D ¢, e -1 2v) 2
== (2 = U0 =012 + m el
+ 020 = GP(~r2 + 20 — 8112 + 2m ™ w2
o?D

== (2 = 10— 012 + w7l

L (v = (10 = 012 + o))

2

To prove the positiveness, we need to prove

~ - 2
— (906 = Malpu), 0 — 0) + (o, m ™) + (w,8 = M)} (2 = (16 = 81> +m ™" wl]?))
~ 2
+02D (12 = (6 = 8112 + m ™ ]2
< o2 m w2 + 19 = B2 (~r® + 208 - 8] + 2m " ol 2).

For the first term, we have

— (206~ Ml 0 — )+ (oo, m™"0) + (0,6 — Ml (2 = (16— BIP +m~ )

~0'2 ~
<k ([0 = 6]1* +m ™ lw]|*))
0'2 ~
=(2k = 1) (|0 = 01" + m ™ lw]?)

2
- B o ~ _
<210 = 01 + 2m = wl* = r2) - (110 = O + m ™ lw]®),

where the first inequality comes from the positiveness of the norm and the second inequality comes from Equation
(19). By the definition k¥ = 2k — 1, we have the equality in the fourth line and the last inequality comes from kr? <
16 — 8|2 + m~1||w||?. For the second term, we have

2 2 0112 22
o*D (12 = (|0 = 0112 + m ™~ |w]®))

<o?D(1—k)*rt

0.2

< ?(2k — 1)r2kr2

IN

2
o 5 — 5 —
5 @116 =017 + 2mH[wl|* = r*)([16 = 01| + m ™ |w]]?),

where in the second inequality we use (—1 + 2k)k > 2D(1 — k)2. Hence, we have the positiveness of T; (6, w) + T (6, w).
Domain 2, N K1 N Ky

In this subset, we have [|6 — 0]|2 + m~!||w||*> > kr? and

— (300 = M, 0 = 8) + (row,m ™ w) + w,0 = Malprl)) (r2 = [0 = 0] = m ™ eo]2)?
2 (20)
> k(10— 01 + m~ " ).
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In this subset, we have

Y10 — Mgpe], 0 — 0) + (yow, m™ w) + (w, 0 — Mpg[u])
M <0 - Mﬂ[/ut]? 0— 9~> + <w70~ - Mﬁ[p’tb

- ~ 21
> =7l = Mp[pal[[|6 = Ol = llwl[|6 — Mpspd|
> = A([16 = Ml + 110 = D110 = 6]l +m ™ wl),
where the last inequality comes from the definition of A. From the inequality (20), we have
(10 =01+ m= ) _ 16— 0 + ]
(r2 =110 =012 =m=Hw[?)? — (2 =0 = 0]> = m~!|w]?)? 22)
4 ~ B -
< == (10 = Malpi] 0 = 0) + (yaw,m™'w) + (0,0 = Malor)))
ko?r

Then we are ready to prove

(1(0 = Mglp]), 8 = 8) + (1w, m~'w) + (w,8 = Ml
(r2 = (0 — 82 + m1 o))

18— Mgl + 118 = 81)(16 = 8 + m~w])
(r2 = (0 — 82 + )

>—)\(

1 (30— Ml 0 = 0) + o0, m ) + 0,0 = Mgloul)) (16— Mol + 18— 6]

> A= —
= ot 10 =01l +m~" ]
o4 (16— Malu] 1+ 18 — 017 (16 6 + ™
= ko 10— 01l +m ]
4 - -
> N (10 = Ml | + 10— 0]
>_)\24(B+T)2
- ko2r2

where the first and third inequalities are derived from the inequality (21), and the second one is a consequence of (22).
Utilizing Cauchy—Schwarz inequality and the definition specified in A, we have the third and fourth inequalities.

Given this we have

Tl (9, w) =

- 2
(2 = (10 = 812 + m~|w])

S _8(B+ r)2\? 8(B +1)2\2

o2 Or = *Wﬁér = —p30p.

For 15, it is positive whenever

~ ~ ~ 2
(116 = 011* + m ™ lwl*)(=2r* + 4]0 — 0] + 4m ™ |[w[|*) = 2D (7“2 — (o —ol* + m‘lllwIIZ)) 7
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we have ~ ~
(116 — 82 + m"e]®) (—2¢% + 4116 — 8] + 4~ ]2
(116 — 812 + m~ Je]2) (202 + 4kr?)
(10— 61 + m ) (—1 + 2020

~ 1—k)?
uw—mv+nfwmeDi7;l

2D(1 - )

v

272

v

| V

—2D( r?)?
>2D(r? (H9 OlI +m~H w]*)?.
This is safiesifed for all |6 — 6|2 + m ™! ||w||®> > kr2.

Concluding the proof: Using the evolution of ¢,., we now get
d
4 / 60(0, w)dpr (6, ) = / T1(0,w) + T (6, w)dpy (6,)
de KiNKENQ
+ / T0(0,w) + To(0, w)dpy (6, ) + / (0, ) + To(0,w)dpy (6, )
KiNKoNQ KenQ

z—mmm+mmg/m@mwwwram/m@mmww»

Proof of Theorem 4.5. We choose parameters [ such that

1 4\/2Epo] p Elpo]

where we introduce

1 )\ 1/p
c(r,\) = T77 ¢e = — min <Wl) 07 p,andre = max { max_ J(0) <q.+J},
A 2 2 2€[0,Ro] " (0,w)€ B (6,0)

and define the time horizon T3 > 0, which may depend on f3, by
Ts = sup{t > 0: E[uy] > eand | Mg[us] — || < C(') forall t' € [0,1]}

with C'(t) = (1, A\)y/ E(p¢). First we want to prove T3 > 0, which follows from the continunity of the mappings t — E/[p]
and t — |[[Mg[ue] — 0|| since E[po] > 0 and || Mg[uo] — 6] < C(0). While the former holds by assumption, the latter
follows by

- _ M
I Mpluo] — 8 < e Tre = D" | oxp( /w Bldpo (6, )
n BQ 7E
(qe + J’r _l)# exp qu /
< < 6 — lldpo(6
< et g 1= flame.e)
S C(T7 A)\ﬁ _|_ eXp(_?QE) E[po}
2 p(B,.(6,0))

< (1, \)Ve < c(1,A\)\/E[po] = C(0

where we use the definition of 3 in the first inequality of the last line. Recall the Lemma D.1, up to time 73

d
dt

N

- o2 m
EMA,—ﬂ%ﬂ+A¢EEMMMMPWH+4ﬁE%4iD

a2(t)D(m + 1)
—

IA

— (L =7)vE[p:] +
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Thus we have

 (exp (1 = )30) Elpd) =(1— 7) (exp (1~ 7)7) Blpu]) + exp (1 7)) < Elpd]
a?(t)D(m + 1) .

<exp (1 =)t =0

Therefore we have .
(exp ((1 = 7)7t) E[pi]) — Elpo] S/O exp (1 = 7)As) 0%(s)ds

~01(1 —exp ((—202 + M1 — 7))t)
B 209 — A1 —7) '
We can get the boundedness for E[p,], for 202 — A(1 — 7) < 0 by the chosen of 7 and A, then we have

Elpi] < exp (=(1 = 7)tA) Elpo]-

Accordingly, we note that £(p;) is decreasing in ¢, which implies the decay of the function C/(t) as well. Hence, recalling
the definition of Tjs, we may bound maxc(o, 1, [[Mg[ps] — 0| < max;epo,1,) C(t) < C(0). We now conclude by showing
minye o, 7] E(pt) < e with Ty < T*. For this, we distinguish the following three cases.

Case Ty > T*: If Ty > T™*, we can use the definition of T = = T) 5 log (=4 Elpo] ) and the time evolution bound of E[p;] to
conclude that E[pr+] < e. Hence, by definition of 75, we find E[pr,] < ¢ and Tg=1T".

Case Ty < T™ and E[p7,] < e: Nothing need to discussed in this case.

Case T3 < T* andE[p7,] > e: We shall prove that this case will never occur.

(qe + Jre - l)'u eXp /BQG

| Mluz,] — 0] < / 16— 8dpr, (6.)

)

n (BO r6 )

C(T’ )‘> E[pTa] eXp(—qu)
ST T mn eVt

Since, we have max;¢o 7] | Mpglpe] — 0| = B = C(0) guarantees that there exist a p > 0 with

pry(Bor, (6)) (/ ¢r. (0, w)dpo (6, w)> exp(—pTs) > ;Po( = (6, 0))) exp(—pT™), (23)

where we used (6,0) € supp(po) for bounding the initial mass po and the fact that ¢,. is bounded from below on Bre (6,0))
by 1/2. With this, we can conclude that

] C(Tv >‘) E[pT[-}] 2exp(_BQ6)
”Mﬁ[MTﬁ] 9“ < 9 + p(B%(é,O))exp(pr*) E[pT[-}]

< o1, M/ Elpr, ] = C(Tp),
where the first inequality in the last line holds by the choice of 3. This establishes the desired contradiction, against the
consequence of the continuity of the mappings ¢ — E[p;] and ¢ — || Mg[u] — 0| O
E. Simulation Details
E.1. Linear-quadratic-Gaussian Control Problem

We begin by considering a classical LQG control problem, where the state dynamics is governed by:

dx; = 20,dt + V2dW,,

incorporating ¢ € [0, 7] and x¢ = x. The cost functional is given by J(c;) = E [fOT | ||2dt + g(XT)}. Here, the state
process X; is a d-dimensional vector, while the action process o is a d-dimensional vector-valued function. The value
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function u can be defined as
T
u(t,x) =inf E l/ ft, x4, ap, t)dt + g(xr) |x¢ = X‘| .
o t

By solving the Hamilton—Jacobi—Bellman equation for u, one can derive an explicit solution with the terminal condition
u(T,z) = g(x), given by
u(t,x) = —In (IE [exp (—g (x + ﬂWT,t))D .

E.2. Ginzburg-Landau Model

In this model superconducting electrons are described by a “macroscopic” wavefunction, ¢(z), with Landau free energy

g fo [1— 2|2dz. In order to add fluctuations (local variations in the wavefunction) to this model, Ginzburg suggested
adding a term proportlonal to |V.(2)|?, which can be interpolated as the kinetic energy term in quantum mechanics or the
lowest order fluctuation term allowed by the symmetry of the order parameter. Adding this term to the free energy, we have

the Ginzburg-Landau theory in zero field,
/ V.p(2) 2 + & / 11— p(2)*dx.

Upon discretizing the space into d 4 1 points, the potential is defined as

)\ d+1 T r 2 " d
v Li—1
Up) = Ul xa) = [2 > (h) +72.0 —xf)Q] h,
i=1 i=1

where z; = ¢( fori =0,---,d+ 1and zg = x441 = 0. The dynamics is given by

d+1)
dx; = b(xy, g )dt + V2dW,,

where the drift term is defined as

b(x,a) = —=VxU(x) + 20w.

Here the potential is defined as

U(p) = Ulor,++ 12a) 1= [;di(‘) ;jf; 1—a?) ]

i=1
and « is a scalar-valued function, represents the strength of the external field and the vector w is a d-dimensional vector
represents the domian of the external field applied, the i-th element takes the value of 1 if the condition € [0.25,0.6] is
satisfied, and O under other circumstances. The cost functional is defined

7H
T
1 10
Jlo] = E [ | gl + laldt + dnmﬁ] .
0

E.3. Systemic Risk Mean Field Control

We describe this problem as a network of IV banks, where z; denotes the logarithm of the cash reserves of the ¢-th bank.
The following model introduces borrowing and lending between banks, given by:

dx; = [k(X: — x¢) + o]dt + od Wy,

where X; = %2?21 x! represents the average logarithm of the cash reserves across all banks. The control of the
representative bank, i.e., the amount lent or borrowed at time ¢ is denoted by o;. Based on the Almgren-Chriss linear price
impact model, the running cost and terminal cost are given by:
1
f(fE,{,i7O[) = 50[2 - qOZ(‘CE - LC) + g(i - x)2,g(x,:f) = g(f - $)2,
where 77 and ¢ balance the individual bank’s behavior with the average behavior of the other banks. ¢ weights the contribution
of the components and helps to determine the sign of the control (i.e., whether to borrow or lend). Specifically, if the

logarithmic cash reserve of an individual bank is smaller than the empirical mean, the bank will seek to borrow, choosing
a; > 0, and vice versa. We test the performance of our method with parameters ¢ = 2, k = 0.6, and n = 2.
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Multi-Agent Robotic Systems

To formulate the original path planning problem as a stochastic optimal control problem, we consider n agents with states
following the stochastic dynamics for ¢ € [0, 1]:

dx! = 10aidt + dW¢,

where represents the feedback control policy implemented as a neural network with parameters 6, and are independent
Wiener processes modeling noise. The environment contains K circular obstacles centered at y’ with radius 7. These are
incorporated through the running cost:

n

n K
ftxa) =) laP+ Y s(x' —y7)r),
i=1 j=1

i=1

where s(d, r)-smooth penalty function defined piecewise as:

1 ifd <,
s(d,r) =4 0.540.5cos (rd5L) ifr <d < 1.2,
0 otherwise.

The terminal cost at final timeis given by the squared Euclidean distance between each agent’s final position and its
designated target.

F. Neural Network Structure

In this subsection, we briefly illustrate the network structure used to model the action function. For the LQG and Ginzburg-
Landau model problems, we employ traditional fully connected neural networks with a depth of 5 layers and a width of 5d,
where d represents the dimension of the problem. In the mean-field control problem, we use the cylindrical type mean field
neural network structure proposed in (Pham & Warin, 2024), where the control «(t, x) is parameterized as

. 1 &
al(t,x;0) =W |2’ ~ Y (i 62); 61

i=1

where § = {01, 02}. The advantage of this type of network is its extendibility, i.e, as demonstrated in the numerical results,
control policies trained on a small number of agents N can be effectively applied to problems with different values of n.
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