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Abstract

We introduce Annealed Multiple Choice Learning (aMCL) which combines simu-
lated annealing with MCL. MCL is a learning framework handling ambiguous tasks
by predicting a small set of plausible hypotheses. These hypotheses are trained
using the Winner-takes-all (WTA) scheme, which promotes the diversity of the
predictions. However, this scheme may converge toward an arbitrarily suboptimal
local minimum, due to the greedy nature of WTA. We overcome this limitation
using annealing, which enhances the exploration of the hypothesis space during
training. We leverage insights from statistical physics and information theory
to provide a detailed description of the model training trajectory. Additionally,
we validate our algorithm by extensive experiments on synthetic datasets, on the
standard UCI benchmark, and on speech separation.

1 Introduction

Ambiguous prediction tasks arise in deep learning when the target y is ill-defined from the input
x. Predicting y directly from z can be challenging due to the partial predictability of y from the
information contained in . Multiple Choice Learning (MCL) [25, 41] addresses these challenges
by providing a small set of plausible hypotheses, each representing a different possible outcome
given the input. MCL learns these hypotheses using a competitive training scheme that promotes the
specialization of the hypotheses in distinct regions of the output space ). The framework iteratively
partitions ) into a Voronoi tesselation and guides each hypothesis toward the barycenter of its
respective Voronoi cell [63]. This mechanism makes MCL akin to a gradient-descent-based and
conditional variant of the popular K-means algorithm [45]. Like K-means, MCL is sensitive to
initialization, subject to hypothesis collapse [49], and more generally may converge toward arbitrarily
suboptimal hypothesis configurations [63]. While there is a substantial body of literature addressing
the limitations of K-means [3, 20, 58], relatively little has been done to address these challenges in
the context of MCL [63, 49, 54]. The core issue of MCL lies with its greedy gradient-based update of
the hypotheses. This greediness precludes the exploration of the hypothesis space, preventing MCL
from optimally capturing the ambiguity of y. We propose to incorporate annealing into this gradient
descent update in order to improve the robustness of MCL.

Simulated annealing, inspired by the gradual cooling of metals, was originally introduced for
statistical mechanics applications [28, 52] and was later applied to combinatorial problems [35]. It is
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a random exploration process concurrent to the popular stochastic gradient descent, with a significant
difference: gradient descent always tries to improve performance while annealing also accepts to
temporarily degrade it for the sake of exploration. The range of this exploration is controlled by a
temperature parameter: with a high temperature, annealing explores wide regions of the search space;
when the temperature decreases, the exploration becomes narrow, and the system is able to refine its
performance. This strategy has been shown to converge to an optimal state, provided that the cooling
is sufficiently slow [26].

Deterministic annealing [62] is a variant of simulated annealing. In simulated annealing, exploration
relies on a sequence of random moves across the search space, whereas deterministic annealing seeks
greater efficiency by replacing this random process with the exact minimization of a deterministic
functional, namely the free energy of the system. It has been shown that deterministic annealing can
be efficiently applied to clustering [61, 62]. In this article, we show that it can be further adapted to
the conditional and gradient-based setting of MCL. The resulting algorithm, which we name aMCL
for annealed MCL, addresses the main issues of MCL and achieves strong performance in practical
settings while being straightforward to implement and amenable to analysis. Specifically, we make
the following contributions.

We introduce Annealed Multiple Choice Learning (aMCL), a novel algorithm that incorporates
annealing into the multiple choice learning framework (Section 3).

We propose a theoretical analysis of aMCL, to understand its advantages in comparison to vanilla
MCL. We characterize the training trajectory of the model, by establishing an analogy with statistical
physics and information theory (Section 4).

We provide extensive experimental validation, by applying this method 1) to illustrative synthetic
examples; ii) to a standard distribution estimation benchmark (UCI datasets); and also iii) to the
challenging audio task of speech separation (Section 5). The accompanying code is made available.'

2 Related Work

Multiple choice learning. MCL has been successfully applied to various machine learning tasks,
typically using multi-head neural networks, with each head providing a prediction [40, 22, 42].
Several works observed the phenomenon of hypothesis collapse [8, 19, 33, 40, 67, 63], where some
hypotheses are left unused during training. Various solutions have been proposed to tackle collapse
[63, 49, 54]. Notably, [63] introduces Relaxed-WTA, which updates non-winning hypotheses with a
gradient scaled by a small constant €. However, this small gradient biases the hypotheses toward the
global barycenter of the target distribution, which can be shown to be suboptimal [14].

Simulated and deterministic annealing. Deterministic annealing is a variant of simulated annealing
[28, 52, 35]. Rose et al. extensively investigated its properties, particularly in relation to statistical
physics and clustering [61, 62, 59, 60]. We are, to the best of our knowledge, the first to combine this
technique with Winner-takes-all training in a conditional setting.

Information theory and quantization. Quantization [64] consists of discretizing continuous
variables over a finite set of symbols. The rate-distortion theory studies the minimal number of bits
necessary to encode information at a given level of quantization error [5, 2, 4]. Recently, a relation has
been established between optimal quantization of conditional distributions [14] and multiple choice
learning [63, 42, 43]. In this paper, we propose to integrate annealing for conditional quantization.

3 Annealed Multiple Choice Learning

3.1 Winner-takes-all loss and its limitations

Let X and Y denote subsets of Euclidean vector spaces. We are interested in so-called ambiguous
tasks, i.e., for any given input z € X, there may be several plausible outputs y € ). Formally, let
p(x, y) denote a joint distribution on X’ x ). Multiple Choice Learning (MCL) [25, 41] was proposed
to train neural networks in this setting, and has proven its effectiveness in a wide range of machine
vision [40], natural language [22] and signal processing tasks [42].
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MCL consists in training several predictors (f1,...,fn) € F(X,Y"), typically a multi-head
neural network derived from a common backbone, such that for each input z € X, the predic-
tions (f1(x), ..., fn(x)) provide an efficient quantization of the conditional distribution p(y | )
[63, 42, 43]. This goal is achieved by minimizing the distortion

z

D(f) , kmin £y, fk(@)) p(z, y)dzdy , )]
xxy kel[Lin]

where ¢ : )2 — R is an underlying loss function, for instance, the squared Euclidean distance
(9, v) = ||y — 9|I>. Eq. (1) can be seen as a generalization of the conditional distortion [56].

More specifically, MCL training is an iterative procedure optimizing (1) by alternating the two
following steps.

1. Assign each y to the closest hypothesis fk(«) to build the Voronoi cells:

V() 5 {y e Y[ Vi€ l,n], iy, f(2)) < Ly, fi(x))} - 2
2. Minimize the distortion within each cell by taking a gradient step on the WTA loss:
1
WTA Zx ! -
L) » ((fi(x), Y)p(y | x)dy  p(x)dz . ©)

X1 WX

The prediction models can be paired with scoring models (71, . ..,vn) € F(X,[0,1]™), which are
trained to estimate the Voronoi regions’ probability mass using the scoring loss [42]

z

) X
LME(y) ey BCE (1 [y € Yk(2)], w(x)) p(z, y)dzdy, )
XV k=1

where BCE(p,q) , —plog(q) — (1 — p) Iog(l — q). In practice, the two losses (3) and (4) are opti-
mized in a compound objective £ = LWTA + £scoring - A probabilistic interpretation of such trained
predictors has been developed [63, 42]. It shows that the predictions |a$1d scores can be interpreted as
a mixture model approximating the conditional density p(y | ) by  _; Y (@)d5, () (¥)-

It has been shown that WTA is sensitive to initialization [54], and often leads to suboptimal hypothesis
positions, similarly to K-means. Indeed, WTA is a greedy procedure that updates only the best
hypotheses: if one hypothesis falls outside the support of the data density p(- | x), it may be isolated
from its competitors at initialization, and remain so across training (the collapse issue).

Our method improves the WTA training scheme by addressing the inherent greediness of gradient
descent and introducing variability in the exploration of the hypothesis space through deterministic
annealing. Figure 1 illustrates the limitations of the aforementioned algorithms and the comparative
advantage of aMCL.

3.2 Combining deterministic annealing with Multiple Choice Learning

We introduce aMCL, which combines MCL and annealing. Let ¢t — T'(¢) denote a temperature
schedule decreasing with the training step ¢, and vanishing at the end of the training. Similarly to
MCL, aMCL alternates between an assignation and a minimization step, as follows:

1. Softly assign each y to all fi(x) using the softmin operator (or Boltzman distribution g (¢)):

X
arv(flz,y) » Z)l(;yexp —é(fkT(é;’y) . Zyy . XD _f(fsT(é))ay)

s=1

G

2. Minimize the distortion within each soft cell by taking a gradient step on the aWTA loss:
z

X
LY U fi(@), v)ar o (fic | ©,y)p(z, y)dady (©6)
AXY =1

where gr (1) is kept constant (i.e., the stop_gradient operator is applied).



Figure 1:Overcoming limitations of Winner-Takes-All training with annealing . lllustrations of

the test-time predictions on a Mixture of three Gaussians (green points}9fitpotheses. Shaded

blue circles represent the hypothesis predictions, with intensity corresponding to the predicted scores.
(Left) Predictions of MCL as proposed id], 42]. (Middle) Predictions of Relaxed WTAGE] with

" = 0:1. (Right) Annealed MCL with initial temperatur& = 0:6. Each model was trained with

the same backbone (a three-layer MLP). We see that WTA leaves out some hypotheses, achieving
a higher quantization error than aMCL. Moreover, we see that Relaxed-WTA is biased toward the
barycenter of the distribution, in contrast with aMCL.

Therefore, at the lowest level, aMCL simply consists of replacingntive operator from(2) by
softmin. aMCL introduces the temperature schedule as an additional hyperparameter. As highlighted
by the literature on simulated annealir®], it is crucial to ensure that the temperature decreases
slowly enough to bene t from the advantages of annealing. In practice, we experimented with both
linear and exponential schedulers (see also Section 5).

On a higher level, we can interpret the objective of aMCL as a smoothed version of the MCL objective.
Smoothing with high temperature simpli es the optimization problg) making the loss landscape
easier to navigate: we can conjecture from this analysis that aMCL will nd a global minimum at
high temperature, and we can expect it to stay optimal as long as the temperature decreases slowly
enough 9]. We can also see aMCL as an input-dependent version of deterministic anné4lieg][

In this view, a high temperature encourages the exploration of the hypothesis space and mitigates
the greediness of the gradient descent up(BjteMoreover, following P€], we can posit that there

exists an optimal temperature schedule striking a balance between exploration and optimization. Yet
another interpretation is that aMCL constitutes an adaptative extension of Relaxedd@dCaq

or oy (fk j x;y) depends both on the distance between the hypotheéi$ and the targey, and

the training step. These interpretations shed light on the inner workings of aMCL. However, the
complete training dynamic of the algorithm appears when we analyze aMCL through the lens of
information theory and statistical physics, which is the purpose of the next section.

4 Theoretical analysis

In this Section, we theoretically investigate the properties of our algorithm. Speci cally, we de-
tail its training dynamic in Section 4.1. In Section 4.2, we explore how this dynamic relates to
the rate-distortion curve. This relationship allows us to study in Section 4.3 the phenomenon of
phase transitionwhere hypotheses merge and split into sub-groups depending on the temperature.
Throughout this Section, we will focus on the squared Euclidean distéficg) = ky  9k2.

4.1 Soft assignation and entropy constraints

Minimizing (1) is NP-hard L, 10, 48]. Unsurprisingly, MCL can get trapped in local minima during
training. In this Section, we discuss why the aMCL training scheme in Section 3.2 is more resilient
to this pitfall. The rst step toward our analysis is to observe thatstiop_gradient operator used in
(6) of the aMCL update effectively turns the algorithm into an alternating optimization of the soft
distortion
Z  x
D(a:f), oy “(F(x)y) alfkix;y) p(x;y)dxdy ; )
k=1



where the variableg andf are treated as independent, a procedure similar to Expectation Maximiza-
tion [12]. This observation is captured by Proposition 1, whHere F (X; Y") denotes the set of
functions f[@mx toY", , the set of all distributions on items conditioned by pointsox Y ,

H( )= k=1 k Iog k the entropy of a discrete distribution Hy = H (qr) the entropy of the
Boltzmann distribution at temperatufe and ; the learning rate of the gradient descent at step
Proposition 1 (Entropy-constrained alternated minimizatioMhe assignationf5) and optimization

(6) steps of aMCL correspond to an entropy-constrained block coordinate descent on the soft
distortion.

g argmin D(q;f);  fx fx g D(a;f); 8k2[Ln]: (8)
2 n
H((?) Hrty

This is a corollary of Proposition 2, which provides additional insights on the training dynamics of
aMCL.

Proposition 2 (aMCL training dynamic) See Proposition 5 in Appendix. The following statements
are true forallT > 0,f 2 F, strictly positiveq2 ,,x2X andy2Y.

o exp( (fk(x):y)=T)

i argmin D(q;f) = ; frix;y) = # - ; 8k2[1;n

(1 rgm (a:f) = ar ar (Fkix;y) T ep( (Fs00;y) =T) [1n]
H(a) Hr R (fo. o0y § )¢

.. . y (T IX;y)ply | X)dy

i) argmin, .- D(q:f)=f?; f2x)= R _ : : 8k 2 [Ln

(i) g 2 D(a;f) k ( )Z Yq(fIZJX;y)p(yJX)dy [1;n]

(i) r¢D(@;f)= J(fc f9); (= Yq(fk?J'X;y)lO(yj x)dy ; 8k 2 [1;n]

Part(i) states that theoftmin operator is the solution of the entropy-constrained minimization of the
soft distortion. Par(ii ) states that a necessary condition for minimizing the soft distortion is that
eachf i is a soft barycenter of the assignation distribution for each temperatuPart(iii ) states

that each gradient update movgstoward this soft barycentdr’, and that the update speed depends

on the probability mass; of the points softly assigned fq. Together, they describe the training
dynamics of aMCL. Note thataé! 0, gr converges to a one-hot vector, and the soft barycenter in
(ii) becomes a hard barycenter. This is consistent with the necessary optimal condition for MCL,
f7(x)= Ey pyi)[Y 1Y 2Y(x)], proved by Ruppereclet al. [63].

4.2 Rate-distortion curve

We have established in Section 4.1 that the aMCL training scheme is equivalent to an entropy-
constrained alternating optimization of the soft-distortjd) with each hypothesis; moving toward

a soft barycenter. In this Section, we describe the impact of temperature cooling on this training
dynamic.

First, observe that when the temperature is high, the Boltzmann distrilgtibacomes uniform.
Therefore, the soft Voronoi cells merge into a single ¥elthe hypothesef, converge toward the
barycenter ofY, and they all fuse into a single hypothesis:

f2(X) = Epey ) poey)[Y 1 X = x]; 8k2[Ln]: 9)
Remarkably, this phenomenon occurs even at nite temperatures (see Appendix, Proposition 9). As
the temperature decreases, a phenomenadifutationoccurs p1, 59. During this process, the
hypotheses iteratively split into sub-groups, as shown in Figure 4. The virtual number of hypotheses
[60] for eachx at a given distortion level is captured by tbenditional rate-distortion function

? H . .
R«(D?), o min L (9:Y) (10)
Dx(qif) D7

In Eq. (10), Y  p(y j x) follows the targetlglstrlbutlon the hypothesis positn q(fx j x)
follows a distribution ovely wltB affk jx) = afk j xy)py j x)dx, | «(¥:Y) is their mutual
information, anDy (q;f) = |, (fk(X);y)a(fk j X;y)p(y j X)dy is the distortion for inpuk.

The rate-distortion functioRX(D?) has the following key properties.



Figure 3:Regimes in the distortion(1) vs. tem-
. . X ), perature training curve on the setup of Figure 4
:g%g;ﬂ;ﬁ?&’gﬁgIra'g;]acnudr\gem g[zigpe'g?inAt rst, the hypotheses converge to the conditional
theJ case of a single Gaussian. The optima€an- It is followed by a plateau phase where per-
. gle bau " . p? formance stagnates. Transition begin3 @t the
rea_che}ble d|st?orgon (+) is the d'Stqrt'dh hypotheses migrate toward the barycenter of each
satisfyingR(D ") = log ,(n) (See Section 4.2). Gaussian. Then, they split and we observe a last
phase transition. For referen@,? is the critical
temperature for a Gaussian with variance

Figure 2:lllustration of the training trajec-

Proposition 3 (Rate-distortion properties)See Proposition 7 in Appendix.

For eachx 2 X, let DJ® (31) denote the optimal conditional distortion when using a single
hypothesis, we have the following results.

(i) For eachT > 0, minimizing the free energy
F =D(ar;f) TH(ar); (11)

over all hypotheses positiorfis 2 F (X;Y") comes down to solving the optimization
problem that de ne¢10) for eachx 2 X .

(i) Ry is a non-increasing, convex and continuous functionD3f R,(D?) = 0 for
D? DM, and for eachx the slope can be interpreted &)(D?) = 1 when it
is differentiable.

(i) For eachx, Ry(D?) is bounded below by the Shannon Lower Bound (SLB)
R«(D°) SLB(D®), H(Y) H(D?); (12)

whereY  p(y j x) andH (D?) is the entropy of a Gaussian with varianbg .

Part(i) establishes that the rate-distortion function is tightly linked with our problem. Provided that
the hypothesek, perfectly optimize the soft distortiofY) at any temperature level, the hypothesis
con gurationf will follow the optimal parametric curvéD ?; R, (D?)) for eachx 2 X . Part(ii)
describes the shape of the parametric cy¥é; R, (D ?)). The Shannon Lower Bound described in
part(iii ) is a lower bound on the virtual number of hypotheses reached by aMCL.

The rate-distortion curve effectively describes the training trajectory of our algorithm, with the
deterministic annealing procedure consisting of ascending along this @ineE9]. Interestingly,

there is a set of critical temperatures at which the hypotheses suddenly split, increasing the number of
sub-groups they form. By analogy with statistical physics, the behavior at these points has been coined
phase transitionf23]. An illustration of the trajectory of MCL and aMCL in the rate-distortion
space is shown in Figure 2. We see that MCL evolves along a constaii rateg,(n) (in bits)
following (a). In contrast, aMCL initially reaches the critical stateDet = D following (b).

After the transition, the trajectory of aMCL returns to the maximal rate followiz)g\We expect the
optimization at a lower rate to be simpler and this training trajectory to provide a better initialization
for the set of hypotheses compared to the vanilla MCL.



4.3 Phase transitions

During training, as the temperature decreases, the hypotlheaadergo a sequence of phase
transitions at speci c critical temperatures. The right tool to exhibit these critical temperatures is the
Hessian of the free enerdy7! F (f; g1 ). Transitions occur when the minimum Bf is no longer
stable, and it can be show®]] that this relates to the eigenvalues of the following block-diagonal
covariance matrix: 7

Cik (f;ajx) = Y(fk(X) V) N alyificx)plyix)dy; (13)

whereq(y j fk;x) denotes the posterior probability of assigning a pgind the hypothesik,
calculated using Bayes's rulé(]. At high temperatures, all hypotheses merge into the conditional
barycenter of the distributiof®). In this setting, all the matriceSyx are equal to the data covariance
matrix C(x) , Covix.y )y peey)[Y | X = x], F has a unique minimizer, and the stability of
this global optimum is conditioned on the strict positivity of the HessiaR of The rst critical
temperaturd§ is de ned as the rst temperature for which the HessiarFofs no longer positive

de nite.

This temperature is connectedd'® , the vanishing point of the rate-distortion functiBgp(D?),

which also corresponds to the optimal 1-hypothesis distordpnlfideed,R, (D?) measures the
virtual number of hypotheses, so that the rst splitting of the hypotheses from a single point to several
groups will coincide with the moment whéty, (D?) > 0. We summarize these observations in the
following Proposition 4, which is illustrated in Figure 3.

Proposition 4 (First critical temperature)See De nition 1, Propositions @i ) and 8 in Appendix.
Let max () denote the maxirﬂum eigenvalue of a matix,(T) , inftor Dyx(qr;f), D (T),
infior D(ar;f),andDmax , ,,x DY p(x)dx. Then the two following properties hold.

(i) D, andD are non-decreasing functions ®fand admit generalized inverses (with the
conventiorg *( )=inff jg( ) g for the generalized inverse of a functigh

(i) The conditional (resp. non-conditional) rst critical temperatufeg (x) (resp.T§) satisfy
T5(x), (Dy) *(DY™) =2 max (C(X)) ; (14)
T5, (D) *(Dmax) ZSzlip max (C(X)) : (15)

X

Figure 4: Conditional phase transitions witht; < t, < t3z < t4. Results for a conditional
version of the dataset in Figure 1, where the Gaussian moves linearly and increases with the input
x 2 [0; 1]. aMCL was trained durind000epochs, using a linear scheduler with = 1:0, and using
49hypotheses. Each subplot group corresponds to the predictions of the model at a given temperature,
evaluated at differemt values. At temperatur€ (t;), the hypotheses are at the barycenter. As
temperature decreases they undergo a rst phase transition (at tempéarét)réor x = 0:9 and

T (t3) for x = 0:6), moving toward each Gaussian's barycenter, followed by a second phase transition
atT(t4). We see that earlier splits in the cooling schedule correspond to conditional distributions
with higher variances.



After the rst transition, an interesting phenomenon occurs for some distribupicng). Instead

of splitting in all directions, the hypothesggs continue to form a small number of subgroups. The
hypothese$§, may undergo many phase transitions before they all split apart from each other: this is
illustrated in Figure 4. Generally, this recursive splitting reaches an end: under mild condshns [
there is a critical temperature below which the hypotheses all separate from each other. This de nes
the last critical temperatufEf . RemarkablyT{ is associated with the Shannon Lower Bound: the
temperature at whicR, (D?) hits the lower boun&LB(D?) corresponds to the moment when the
hypothese$y completely separate from each other (see Theorem 1 and 3 in [59]).

5 Experimental validation

In this Section, we experimentally investigate the advantage of our algorithm in practical settings.
Speci cally, we evaluate it on the standard UCI benchmark in Section 5.1, and we apply it to the
challenging task of speech separation in Section 5.2.

5.1 UCI datasets
5.1.1 Setup

General setup.We followed the experimental protocol described Bg][for the UCI benchmark
[15]. Speci cally, we used the of cial train-test splits, with 20 folds except for the Protein dataset,
which is split into 5 folds, and the Year dataset, which uses a single fold.

Baselines.In our result tables, we also include data from three baseline methods detailed in Table
1 of Lakshminarayanaet al's paper B8] (Deep Ensembles’), which serves as a reference. These
baselines include Probabilistic Back Propagat®j [denoted "PBP'), and Monte Carlo Dropout

[21] (denoted "MC-dropout’). As additional baselines, we include the standard score-based MCL
(e.g, [42]). We also include the Relaxed-MCL variad with " = 0:1. The impact of' is discussed

in Appendix D.2. Our method (aMCL), was trained with an exponential scheduler of the form
T(t)= To ', with =0:95andT, = 0:5. Comparison with a linear scheduler is also provided in
Appendix D.1. Both aMCL and Relaxed-MCL were trained for 1,000 epochs. Each MCL system
was trained witm =5 hypotheses.

Metrics. We computed the following metrics on the UCI datasets.d.@tnote the squared Euclidean
distanced(¥i;y;) = d<yi yik?, andN the number of samples in each dataset. The RNSEs
4P—

de ned asRMSE = Nl i d(9i;yi), wherey; denotes the estimated conditional mean. The latter

was computed with E:l k (Xi)fk(x;) for the MCL variants. The results of this experiment are
summed up in Table 1 (Distortion), and also in Table 2 (RMSE). Rows are ordered by datadét size
with the intensity of the grey color proportional kb (excluding the Year dataset).

5.1.2 Results

Table 1:Results on UCI regression benchmark datasets comparing DistortiorExperimental

setup is described in Section 5.1.1. Relaxed-WTA results were computet! with1 which strikes

a good tradeoff between RMSE and Distortion (see Table 5 in Appendix). The rows are ordered by
dataset siz&l . Best results are ihold, second bests are underlined.

Distortion )

Datasets Relaxed-WTA (=0:1) MCL aMCL | N
Year 9.09 NA 4.82 NA 446 NA 515345
Protein 1.67 0.16 0.80 0.02 0.77 0.03 45730
Naval 4.21e-7 2.36e-7 1.84e-6 2.42e-6 5.37e-7 3.83e-7 11934
Power 295 0.91 231 0.49 2.18 0.64 9568
Kin8nm 9.32e-4 7.97e-5 1.00e-3 1.47e-4 6.81le-4 8.14e-5 8192
Wine 0.06 0.02 0.02 0.01 0.03 0.01 1599
Concrete 6.91 2.81 5.13 1.23 571 1.72 1030
Energy 0.30 0.12 125 1.25 0.28 0.09 768
Boston 3.32 284 2.14 0.49 2.69 1.39 506
Yacht 1.34 0.93 3.09 241 115 0.97 308




Table 2:Results on UCI regression benchmark datasets comparing RMSHBest results are in
bold, second bests are underlinectorresponds to reported results from [38].

RMSE @)
Datasets PBP MC Dropout  Deep Ensembles| Relaxed-WTA{ = 0:1) MCL aMCL N
Year 8.88 NA 8.85 NA 8.89 NA 8.97 NA 9.09 NA 9.08 NA 515345
Protein  4.73 0.01 4.36 0.04 4.71 0.06 4.38 0.02 4.39 0.10 4.25 0.02 45730
Naval 0.01 0.00 0.01 0.00 0.00 0.00 1.80e-3 5.66e-4 2.08e-3 1.18e-3 8.00e-4 4.04e-4 11934
Power 412 0.03 4.02 0.18 411 0.17 4,02 0.18 418 0.16 4.08 0.20 9568
Kin8hm 0.10 0.00 0.10 0.00 0.09 0.00 0.08 0.00 0.10 0.01 0.08 0.00 8192
Wine 0.64 0.01 0.62 0.04 0.64 0.04 0.63 0.04 0.63 0.04 0.63 0.04 1599
Concrete 5.67 0.09 5.23 0.53 6.03 0.58 5.28 0.58 6.02 0.65 5.47 0.67 1030
Energy 180 0.05 1.66 0.19 2.09 0.29 1.64 0.36 2,53 0.99 1.35 0.97 768
Boston 3.01 0.18 297 0.85 3.28 1.00 285 0.72 3.54 1.16 3.05 0.91 506
Yacht 1.02 0.05 1.11 0.38 1.58 0.48 252 1.04 3.28 1.39 1.62 0.53 308

Comparison of aMCL and MCL. We can observe that aMCL performs comparably or outperforms
vanilla MCL in most settings, especially for large dataset sizes, both in terms of distortion and RMSE.
This outcome supports the claims made in the paper and is especially promising, given that the
temperature scheduler was not speci cally optimized for each dataset.

Comparison of aMCL and standard UCI baselines.We observe that aMCL performs on par with,

and in some cases exceeds, standard baselines on the RMSE metric. This is noteworthy, as aMCL
is not explicitly optimized for RMSE during training—its primary focus is on quantization. While
perfect quantization would naturally result in optimal RMSE, achieving low RMSE is not the main
objective of aMCL. For example, the RMSE performance of MCL is slightly worse across most
datasets in those experiments.

Comparison with Relaxed-MCL. Finally, we compare aMCL and Relaxed-MCL, since aMCL can

be interpreted as an adaptative version of Relaxed-MCL. Our results indicate that aMCL generally
outperforms Relaxed-MCL in terms of distortion across nearly all datasets. However, we also observe
that Relaxed-MCL demonstrates strong performance in terms of RMSE. We attribute these ndings to
the bias of Relaxed-MCL toward the conditional barycenter of the target distribution, which seems to
improve RMSE at the expense of increased distortion. This trade-off arises because RMSE evaluates
the accuracy of the barycenter estimation, while distortion measures the quantization performance.
The trade-off between distortion and RMSE can be adjusted by tuning the valu€watther analysis

of this parameter is presented in Appendix D.1, where we show that aMCL strikes a good balance
between these two metrics.

These results strongly support the use of aMCL as a quantization algorithm in practical settings. To
further evaluate its effectiveness, we also apply aMCL to a more challenging task, namely speech
separation.

5.2 Application to speech separation

Speech separation consists of isolating each speaker's signal from a mixture in which they are
simultaneously active. This task is of major interest for automatic speech processing applications
[50, 44, 71]. In these experiments, we explore the application of MCL and the proposed aMCL to the

task of speech separation. An extensive description of the experiments is proposed in Appendix E.2.

5.2.1 Experimental setting

General purpgse Speech separation consists in obtaining the source signals ; ym 2 R' from
a mixturex = 2“:1 ys. Hence, the task is to provide estimages:: :; ¥ of the isolated speech
tracks from the mixture.

Dataset Source separation experiments are conducted on the Wall Street Journal d&ffaset [
(WSJ0-mix), a standard benchmark for speech separation. We focus on the 2- and 3- speaker mixture
scenarios, with each scenario including 20,000 training, 5,000 validation, and 3,000 testing mixtures.

Model architecture. The source separation task is solved using the Dual-Path Recurrent Neural
Network (DPRNN) architecturelp]. DPRNN has been extensively used in speech separation, as it
strikes a good balance between performance and number of trainable parameters [73, 65].



Separation metrics We use the Scale-Invariant Signal-to-Distortion Ratio (SI-SDR) to measure the
separation quality70, 39]. There is an ambiguity in nding the best assignment between predicted
and active sources. The PIT SI-SDR lo3][initially addresses this issue. We propose to use MCL
and our new variant aMCL to perform this matching (See Appendix E).

5.2.2 Results

Comparing PIT, MCL, Relaxed-WTA and Table 3:2- and 3- speaker source separation
aMCL. Table 3 presents the source separationth PIT (topline), MCL, aMCL and Relaxed-
results in the 2- and 3-speaker scenarios. FiNtTA (" = 0:05). PIT SI-SDR metrid") on the
aMCL demonstrates performance equivalent WSJO-mix eval set. Results over three training
or better than MCL. Both methods can be usesteds, with mean and standard deviation reported.
for the separation task. However, we observed
that MCL is subject to hypothesis collapse for Method 2 speakers 3 speakers
some training seeds, while aMCL is more robus

to initialization. This translates into a lower inter-[PIT 16.88 0.10 10.01 0.04

seed standard deviation for aMCL. Second, weMICL 16.30 0.59 10.06 0.21
observe the advantage of aMCL over RelaxedRelaxed-WTA 16.70 0.08 9.43 0.21
WTA, which is consistent with our previous anal-aMCL 16.85 0.13 10.00 0.21

ysis of the barycenter bias of this method. Third;
aMCL performs equivalently to PIT in both sce-

narios. Note that by using MCL or aMCL, the number of predictinreould exceed the humber of
sourcesn. This could be leveraged to improve the separation metrics (cf. Appendix E.3.2). Finally,
aMCL improves the algorithmic complexity of PIT fro@(m?) to O(mn) (cf. Appendix E.3.1).
These results make aMCL stand as a good alternative to PIT.

Observing phase transition.When the metric is the Euclidean distance, the theoretical analysis of
Section 4.3 and the synthetic experiments (see Figure 3) have highlighted a phenomenon of phase
transition for aMCL. Here, we analyze the validation loss trajectory as a function of the temperature
for different initial temperatures, and using an exponential scheduler. The curves with the two higher
initial temperatures in Figure 8 exhibit a plateau until a given temperature. After this critical point,
the loss decreases. Although the SI-SDR is non-Euclidean, this behavior resembles that observed for
the Euclidean metric. This is detailed in Section E.3.3 of the Appendix.

6 Conclusion

This article introduces aMCL, a novel training method that combines deterministic annealing and
the Winner-Takes-all training scheme to address two key issues of MCL: hypothesis collapse and
convergence toward a suboptimal local minimum of its quantization objective. We provide a detailed
analysis of aMCL's training dynamics. Moreover, drawing on statistical physics and information
theory, we provide insights into the trajectory of the aMCL predictions during training. In particular,
we exhibit a phase transition phenomenon and establish its connection to the rate-distortion curve.
We validate our analysis with experiments on synthetic data, on the UCI datasets, and on a real-world
speech separation task. This demonstrates that aMCL is a theoretically grounded alternative to MCL
in diverse settings. Future work includes a detailed analysis of the temperature schedule's impact,
the derivation of performance bounds, a thorough examination of our algorithm's convergence,
particularly at nite temperature, as well as an evaluation of its generalization capabilities on out-of-
distribution samples.

Limitations. First, aMCL introduces a temperature schedule: this is a challenging hyperparameter
tightly linked to the optimizer and its learning rate. The derivation of optimal schedules is left to
future work. Second, annealing requires a slow temperature schedule to maintain model performance.
This potentially leads to longer training times.

Broaden impact. This paper introduces research aimed at progressing the eld of Machine Learning.
While our work has numerous potential societal implications, we believe there are no specic
consequences that need to be emphasized in this paper.
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Organisation of the Appendix

The Appendix is organized as follows. Appendix A presents the theoretical analysis of our algorithm.
It begins with the introduction of the notations and the de nition of the training scheme in Appendices
A.1 and A.2 respectively. This is followed by an interpretation of the algorithm in terms of entropy-
constrained alternate optimization in Appendix A.3. Appendix A.4 provides an analysis of the
training dynamics of the algorithm in relation to rate-distortion theory, and Appendix A.5 discusses
phase transitions. Connection with the literature and additional discussions are provided in Appendix
B. Additional details and results from experiments on synthetic data and UCI datasets are provided in
Appendices C and D. Finally, Appendix E offers an extensive description of the Source Separation
experiment, including the impact of the number of hypotheses in Appendix E.3.2, and the analysis of
phase transitions for this task in Appendix E.3.3.

A Theoretical analysis

A.1 Notations and motivations

Following the main paper notations, ¥t RY andY RY denote the input and target spaces
respectively. We will assume thAt andY are bounded. We nofXx;y) the continuous density
of a joint data distribution orX Y . Letf = (fy;:::;fp) 2 F F (X;Y") denote the
hypotheS|s models, which are familiesroheural networks with parameters in Likewise, let

=( 1;::5 n)2F o F (X;[0;1]") denote the score models, with parameters inWe will
sometimes writd = F (X;Y").

We denote by ,, the set of discrete distributions oritems conditioned by points o\ Y (typically
representing a soft assignment of a target tgthe Ipypotheses) We deridig)bthe entropy of
a distributionqg. If g2 |, we writeH (q) = Y k=1 A(fkix; y)loga(fkjx; y)p(x; y)dxdy.

If Z is a random variable with densifyz) andY is another random variable, we de ne the
differential entropy oZ asH (Z) = Ez[log(p(Z))] and its conditional entropy &$(Z j Y) =

Ezv)[log(p(Z j Y))]. Mutual informationl (Z;Y') between two random variabl@andY is
denedasl (Z;Y)=H(Z) H(Z]jY).

Lett 2 N denote a training step, arghocn 2 N[flg denote the number of training epochs.
LetT :t7! T(t) Obe atemperature schedule that decreases with the training step and veri es
limer ¢, T(t) =0. Note that we consider the temperature to be constant across an epoch, with
linear or exponential decrease between epochs. L&t? | R, denote an underlying loss function.

We will restrict our analysis to the Euclidean squared distatgry) = ky  9k? unless otherwise
stated. For any vectar, we notez' as its vector transposition. Gradient descent involves a learning
rate schedule, that we note.

Multiple Choice Learning (MCL) aims at training the hypothefias:::;f,) such that, for each
inputx 2 X , the hypothesis predictiorf§,(x);:::;fn (X)) provide an ef C|entquant|zat|onof the
conditional d|str|but|orp(yj X) [63, 42, 43]. The quallty of the quantization can be evaluated using
thedistortion 7

D(f) = oy kerflllirjn]‘(fk(X):y)lO(x;y)dxdy; (16)

which can be seen as a generalization of the conditional disto&#&nThe two de nitions coincide
whenp(y j x) is independent ak. Minimizing (16) is NP-hard L, 10, 48]. The K-means algorithm,

which is the standard approach for this task, can take an exponential number of steps before converging
[69], and is only guaranteed to nd a local minimum in general settidgs T]. The same applies

to WTA: due to its greedy nature, it can be trapped, at any point of its training trajectory, into a
local minimum that it will never manage to escape. One common issue ligyffuehesis collapse

[57, 18], a situation in which some of the hypotheses are left unused, therefore leading to a suboptimal
con guration (see Figure 1).

To mitigate these issues, we introduce an annealed version of MCL. It can be seen as an input-
dependent version of deterministic anneali6d, [62]. Our training scheme is described in Appendix
A2.
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A.2 Training scheme of aMCL

Let (x;y) be a training example sampled frgmrat stept. Our proposed annealed MCL training
process is de ned through the following subsequent steps:

1. Perform a forward pass throu§h(x);:::;fn(X).
2. Compute the Boltzmann distributiap ) de ned for eachf by
: (F(:y) X (F():y)
arn (Fe i xiy) Z, &P T e exp 0 ,
17)
anddetachit from the computational graph.
3. Perform a gradient step on the loss
WTA X H s
L or oy (Fi I % y) (Fe(X);y) (18)

k=1
Note that we used the same scoring Ibssying (4) as in rMCL, the score-based method in [42].
In this paper, we extend the distorti@(f ) to account for a distributioq on the hypotheses, and
de ne the resultingsoft distortionas
z

X
D(a:f) = oy “(F()sy)alfi j x;y)p(x; y)dxdy (19)
k=1

Wheng = ar ), the soft distortiorD (gr (1), f ) corresponds to the expectation of the aWTA loss
(18).

We will now introduce adecouplingassumption, which states that the family of models is
expressive enough to encompass the global minimizer of the soft distortion. Notifegf) the
integrand of (19) over th¥ integral, we can formalize this assumption as follows.

Assumption 1(Decoupling) We assume that the model family is perfectly expressive; i.es F.

Note that under this assumption, the global minimizer of the soft distoiXi@n f ), minimizes the
integrand of (19) foralk 2 X :
z

892 n; inf D(q;f)=f2Flr(1>f(;Yn)D(q;f)= XfZF'&f;Yn,Dx(q”)p(x)dX: (20)

In the subsequent Sections, our goal is to analyze the aMCL training scheme and justify its design.
Speci cally, we show that annealing simpli es the optimization problem de ned18). In Appendix
A.3, we rst focus on studying the properties of the soft distortid(y; f).

In the following, ifx 2 X is xed and when the context is clear, we will omit the dependency on the
input and denote the hypotheses posifibir:::;fr) 2Y".

A.3 Soft assignation and entropy constraint

In this Section, we rewrite the assignation and optimization steps of aMCL as an entropy-constrained
block optimization of the soft distortioD (q; f). NotingHt = H [gr], we formalize this result with
the following Theorem.

Theorem 2 (Entropy constrained distortion minimization)he assignatiotf17) and optimization
(18) steps of aMCL correspond to a block coordinate descent on the soft distortion. ko2dJL; n],

q argmin D(q;f) ; (22)
92 g
H(a) Hr
f f tr 1,D(q;f): (22)
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Theorem 2 is a corollary of the following Proposition, which provides additional intuition into the
dynamic of aMCL.

Proposition 5 (aMCL training dynamic) Forall T > 0, f 2 F , strictly positiveq2 ,,x 2 X
andy 2 Y, the following statements are true.

o Xp( (Fk(x);y) =T)

i argmin D(q;f) = ; frix;y) = | - ; 8k2[Ln

() qg (a;f)=or ; ar (Fkix;y) " ep( (Fs001y) =T) [1;n]
H (q) HT R (f N ) ( . )d

. . y aT ¢ JX;y)ply | X)dy

i) argmin;,- D(q;f)=f?; f2(x)= R : . : 8k 2 [1;n

(i) reD(@f)= J(fe f); = Yq(fk"’J'x;y)p(yj><)dy; 8k 2 [1;n]

Part(i) states that theoftmin operator is the solution of the entropy-constrained minimization of the
soft distortion. Therefore, gradient-based optimizatio® ¢f; f) along axisgis unnecessary, and
we can directly use the closed-form expressio(i)rfor each temperature leveél(t), or equivalenty
each corresponding entropy levét ;. Consequently, the optimization Bf(q; f) reduces to the
gradient-based minimizatidd (dr .y, f ) along axisf for each temperature level(t).

Part(ii ) states that a necessary condition for the minimization of the soft distortion is thateach

a soft barycenter of the assignation distributipy) for each temperaturg. Part(iii ) states that
each gradient update movﬁastowards this soft barycentéf and that the update speed depends
on the probability mass; of the points softly assigned fq. Together, these results describe the
training dynamics of aMCL. Let us prove these results.

Proof. (|) First observe that underﬁh@decouplmg assumptlon minimiBigg;, f) amounts to
minimizing the mtegrandD (a; f) v k=t (FrO;y)alfk j x;y)p(y j x)dy for eachx 2 X

Lagraglan of (21) writes |

X
L=D(q;f) T[H(Q Hrl+ a1
k=1
Using the rst-order necessary optimization conditions, we nd that
‘(foy)+ Tllog(a)+1]+ =0; Hr H[g=0;

P oy
From this it immediately follows that =1+1="[_, exp U;*” is a normalization factor,

(o) P sy N
Gk = exp - = s, €xp  —5* s the Boltzmann distribution, andt = H[gr]
correspond to its entropy.

(ii) Using the same reasoning than(in we setx 2 X . Then eacly 2 Y becomes a simple
vector. Observing that ;, D (q; f) vanishes at the minimum @y (q; f), a necessary condition to
minimizeD(q;f) is .

D@D = o (fay) xRy X)dy =0 (23)
7
=2 Y(fk y)a(fkix;y)p(y j x)dy =0 : (24)
R (25)
Then, as we assumeg> 0, we have , q(fk j x;y)p(y j x)dy > 0, and
fe = &Y a(fk j X y)p(y j x)dy (26)

L afk i xy)ply j x)dy
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(iii ) It follows immediately from(ii ) that
Z
r 1. Dx(a;f) = afkix;y)p(y j x)dy  fi
Y

R , _ !
w Y A(f kX y)p(y j x)dy

. : 2(f 7))
Cataxypyjody ke T

O

Before further analyzing the training dynamics of aMCL, let us pause to examine a few properties
of the soft distortionD (q;f). First, observe that the hard distorti@(f) given by (16) is a
particular case of soft distortioD (q;f) whereq(fxjx;y) = 1[k 2 argming, .,y (fs(x);y)]-
Secondinfs ;¢ Dy (gr;f) andinfs ;¢ D(qgr;f) are non-decreasing functions©f Third, entropy-
constrained soft distortion minimization (21) is equivalent to the minimization of the free energy

F(q;f)= D(a;f) TH(d); (27)

a quantity de ned in statistical physics, that will be analyzed in more detail in the following Section.
Moreover, optimal free energy has a closed-form formula in our case. We group these observations in
the following Proposition.

Proposition 6 (Additional properties of the distortion and the free enerdigrall T > 0,f 2 F,
g2 n,x2X andy 2Y, the following statements are true.
(i) af ixy)=(1k2argmingn " (Fs(X)i¥)]kzpny ) 8 2 n; D(a;f)  D(Af):
(i) Dy:T7! fig; Dx(gr;f)andD : T 7! fig; D(qr;f) are non-decreasing o}®; 1 [ .
z .
X (fk(X):y)
T

(i) mnF (g;f)=F (aqr;f)= T log exp
42 Xy k=1

p(x;y)dxdy :

Proof. (i) Notice thatargming, 1., (fs(x);y) selects the hypothesiis with lowest loss (fs(x); ).
Therefore, for alg®2  ,, omitting thex dependency in the notations,

X
Feiy) min “(fs;y) qFiy) (Fioy) :
s2[1;n]

X
afkiy) (fsy) = Jin (friy) = N

k=1 k=1

We conclude by multiplying bp(x;y) and integrating ovex Y .
(i) Letus rstshow thatforany 2 K, T 7! Dy (qr;f) is non-drecreasing. For that, let us de ne
"(T) ) Ex gt DEOWI = fy ar (P j xy) (Fe(x);y) foreachT > 0,y 2X Y,
andf 2 F.' is adifferentiable function of , with derivative
2 1.3
2

' OTY = i4)@ v v)t -v)2 X v v)® . . 5
(T) T2 ar (fk i xy) (F(x);y) ar (fk i x;y) (Fs(x);y)
k=1 s=1

1 .
= 72V ar (o [ (F()3Y)] 0

Therefore, is non-decreasing. By the growth of the integral, we deduceTlthdt Dy (gr;f) is

non-decreasing.

LetT® T > 0: ThenDy(gro;f)  Dy(ar;f)  inffoor Dy(qr;f9 forallf 2 F, and
by de nition of the in mum, we haveinfs ;¢ Dy(gro;f)  infsor Dx(qr;f). SoD, is a non-
decreasing function of , and the same reasoning applie®to.

(iii ) There are two equalities to prove. First observe that

Fah=pa@h TH@ Hi Yy

Lagragian of (21) independent ofy

We deduce

argming,  F (g;f)=argmin ,  (D(q;f) T[H(d) Hrl)=ar;
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which establishes the rst equality. Then we conclude by substituting the de nitiai ahto

F (ar;f) and simplifying the expression. Again, we drop thelependency in the notations for
readability.

Z
X0
F(ar;f)= ar (F JY) [ (Fi;y) + Tlogar (fi j y)l p(x; y)dxdy
XY k=1 >
z
X1 . R s f , )@ > f ,
= ﬁr({pygg (fhay) T-EY 1iog” exp (oY) %p(x;y)dxdy
XY oy | Vo= 4 {z T } s=1 T
7 sumstol -0 | {Z }
independent of k
z
X “(F, -
= T log exp M p(x;y)dxdy :
XY k=1 T
O
Note that the last equality can be written as:
A
Flor;f)= T oy log(Zyxy )p(x;y)dxdy = xFx(OIT:f)lo(X)dX: (28)
where we de ne the conditional free energy (qr;f) as
VA
Fx(ar;f), T log(Zxy)p(y jx)dy : (29)
Y

A.4 Rate distortion curve

We have established in the previous Section that aMCL moves the hypothesegards the soft
barycenter of soft Voronoi cells. We now describe the impact of temperature cooling on the position
of these soft barycenters.

At high temperature, we observe that the soft barycenters (hence the hypotheses) converge towards
the conditional barycentdt[YjX = x] and fuze. When temperature decreases, they iteratively

split into sub-groups. To capture the virtual number of hypotheses, we introducerttiional
rate-distortion function

? H . .
Rx(D?), oM L (P:Y); (30)
Dy(qf) D7
where the targey, p(y j x), the hypothesis positiofi  q(f j x) follows a distribution ovely
with g(fx j x) = | a(fk j X;y)p(y j x)dx, andl X(Q;Y) is their mutual information.

The following Proposition shows thé80) corresponds in fact to the same optimization problem as
minimizing the conditional free enerd®9), and therefore as minimizing the entropy constrained
distortion(21) conditionally onx. It then describes the shape of the parametric c(ivg R, (D ?)),
and provides a lower bound of the rate distortion. For this purpose, we introduce for @axh

z

DI, jint - “(Fuy)plyixdy = C(ENVIX = XEy) Py dy; (31)
the optimal conditional distortion when using a single hypothesis.

Proposition 7 (Rate-distortion propertiesyor eachx 2 X , we have the following results.

(i) For eachT > 0, minimizing the free energy
F =D(ar;f) TH(ar); (32)
over all hypotheses positiorfis 2 F (X;Y") comes down to solving the optimization
problem that de ne410) for eachx 2 X under decoupling Assumption 1.
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(i) Ry is a non-increasing, convex and continuous functionD3f R,(D?) = 0 for
D? D, and for eachx the slope can be interpreted &)(D?) = 1 when it
is differentiable.

(i) For eachx, Ry (D?) is bounded below by the Shannon Lower Bound (SLB)
R«(D?) SLB(D?), H(Y) H(D?); (33)

whereY  p(yj x) andH (D?) is the entropy of a Gaussian with varianbe .
These results are well-known properties of the rate-distortion function [11, 4, 24, 51, 6].

Proof. (i) Under the decoupling assumption 1, optimizihgcomes down to optimizin x for
eachx 2 X . Consequently, we can use the known relationship between the rate-distortion curve and
free energy minimization [4, 24, 59].

(ii) See [4, 24].
(iii ) See [64]. O

A key characteristic of the SLB is its asymptotic tightness in the low distortion regime for a broad
range of probability distributions3p]. For some distributions, such as the Gaussian case, the SLB
and the rate-distortion curve align perfectly or D@ .

The Rate-Distortion interpretation of aMCL applies for eachut de ning a notion of global rate

that is independent of the input is more challenging. This is because the distortion optimal distortion
at a given temperature leveEl, inf; ;g Dy (qr;f), can vary across inputs This is left for future

work.

A.5 First phase transition

In the previous Section, we mentioned that aMCL predictions fuze at high temperature into the
conditional barycenteE[YjX = x]. Moreover, these fuzed predictions iteratively split as the
temperature (or equivalently the distortion) decreases during training. With each split, the number
of sub-groups formed by the hypotheses increases. The number of sub-groups, measured in bits,
is captured by the rate-distortid®, (D?). In this Section, we focus on the critical temperature
corresponding to the rst of these splits.

The predictions fuze into a single point at high temperatures so that the number of sub-groups is 1 and
Rx(D?) =0 in this regime. The rst splitting therefore occurs whgg(D?) > 0. Correspondingly,
we de ne the rst critical temperature in De nition 1.

De nition 1. The rst critical temperatureT§(x) for eachx and the de ned global variant§ are
de ned as:

Tg(x) . inf Tjinf Dy(qrif) DF™ (34)
Tg, inf Tjinf D(ar;f) Dmax (35)

R
in the conditional and the non-conditional setting, whBrgax ,  p(X)D{® dx andD ™ is
de ned in(7).

Note that we have also equality in the de nitidi§(x) = inf fT jinf;2r Dx(qr;f) = DJ*g,
sinceinf; ok Dx(gr;f) DP®. Moreover, recalling thaD, : T 7! inf;2x Dy(qr;f) is a non-
decreasing function (Proposition(#)), we can equivalently de n&§(x) as the generalized inverse
T§(x) = (D,) Y(DM) (e.g, De nition 1 in [17]). The same observations hold f&f.

We also know that aMCL's predictions implicitly minimize the free enegjy) (see Proposition 7,
part(i)). Therefore, the conditional barycent]y jX = x] is stable as long as the Hessian of the
free energy is positive de nite. This observation can alternatively be used to de ne the rst critical
temperature.
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Interestingly, all these de nitions are equivalent, as shown by the next Proposition. For this purpose,
let us introduce the following covariance matrices:
Z

Cix (f;ajx) = Y(fk(X) V) M ayificx)plyix)dy;

whereq(y j fk;X) denotes the posterior probability of assigning the pwit the hypothesig,
calculated using Bayes's rulé(]. At high temperatures, all hypotheses merge into the conditional
barycenter of the distributio(®), and the matrice€y.x are equal to the data covariance matrix

C(X) ) COV(X;Y ) p(x;y)[Y J X = X]-
Proposition 8 (First critical temperature)We have the two following results.

(i) We know from [61] that for alk 2 X , T§(X) =2 max (C(X)).

(ii) Under decoupling assumption T§ 2 sup.ox  max (C(X)).

Proof. (i) See [61].

(i) Let T = sup,,x T§(X). By denition of To(x) and due to Proposition &ii),
infs 2k Dy(ar;f) infsor DX(qTOC(X);f) D# for all x 2 X . Then, we deduce from (20):
z z z

: . — . — H . max .
flg;‘ D(gr;f)= |fr12fF y Dy (gr;f)p(x)dx = y fIEI'I Dy (gr;f)p(x)dx § D% p(x)dx ;
f|9£ D(dr;f) Dmax:

Using(i), we can write:

T§=inf Tjinf D(ar;f) Dumax T=sng8(X):
X

O

We now analyze why the predictions converge towards the conditional bary&gwted = x]. In
the next Proposition, we rst focus on the asymptotic regime, when the tempefainoeeases to
in nity, and then extend this analysis at nite temperature.

Proposition 9 (Training Dynamics with Temperaturelfor all x 2 X and allk 2 [1; n], we have
the following properties.

@ If T=1 andf 2 argmin; ;= D(qr;f), thenfy(x) = E[Y j X = x].
(ii) The gradient of the soft distortion can be re-written for edck» 0 as

FR 1 K YR (X))

rt+Dx=2 . T Zyy () p(y j x)dy : (36)
Therefore, the rst order approximation of ¢, Dy in T writes:
Z
2 .
FeDx = — () y)plyix)dy+o(1) : @7
: Y

WhenT ! 1 |, aMCL reduces to standard risk minimization, so that a necessary condition of
optimization is that all the hypotheskéx) are located at the conditional barycerfsY jX = x]
(Proposition 9, parti)). This conditional barycenter is stable and corresponds to the global minimizer

of the aMCL training objective whef ! 1 . We further analyze théorce that pushes all the
hypotheses toward this conditional barycenter, by looking at an expa(@8dof r ¢, D, which
provides the direction of the hypotheses updates for @ach 0 (Proposition 9, partii)). As

T!1 ,we see that a global driving force, to which all the data points contribute, is pushing the
hypotheses toward the barycente(37). As T decreases, local interactions corresponding to the
higher-order terms appear and increase in amplitude. They are responsible for the phase transitions.
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Proof. (i) By de nition of the Boltzmann distribution

_ p @ (Fiy=T)

frix; - ! —
L = TR (RO Y = AT
P R
ThereforeD (qr;f)! - % rk]=1 v (Fk(x);y)p(y j x)dy, and all the hypotheses solve the

same quantization problem. A necessary condition to minimigg ; f ) is then
8k 2 [1;n]; fx(X) = E[Y]X = X]:
(i) We noteZy., (T) = P 2:1 exp k fs(x) yk?=T . Then, accounting for thstop_gradient
operator in (6), the gradient of the soft distortion writes
exp k fr(x) yk?=T
Zx;y (T)
Using the series expansion of the exponential, we have foreaeto,

k() yk2 X 1 kh(x) yk® "

T (=0 r! T

r¢Dx(gr;f)=2

(fk(x)  y)p(y j x)dy :

exp

We can rewrite the gradient of the soft distortion:

2R 1 K vk (0 Y)

reDx=2 v o T Zy () p(y j x)dy :

Keeping only the rst term, and observirfy., (T)! . n we get:
. !

(fk(x) y)p(y j x)dy + o(1) :

2
n v

r D —
f K X |
O

This Section focuses on the rst phase transition. However, multiple phase transitions may occur
during training, as shown in Figure 4. It is interesting to note that, for deterministic annealing, the

nal phase transition occurs when the rate-distortion curve hits the Shannon Lower Bound de ned in

(33) (see [59]).

B Connection with the literature and discussion

B.1 Annealing at inference time

A promising direction for future research consists in using annealing at inference time. With this
scheme, aMCL could be used to perform an input-dependent hierarchical clustsjirg fest

time, similarly to the idea proposed iBq]. More precisely, we can store the model's parameters at
different times of the training schedulieg(, at several temperature levels). During inference, this
allows replaying the temperature cooling for new test samples, by performing forward passes through
each of the trained models.

Replaying this trajectory may have several advantages. Indeed, the hypotheses trajectory follows
the rate-distortion curve and consequently explores recursively the modes of the distribution as the

temperature decays. Crucially, at each critical temperature, when the hypotheses are about to split,
they are exactly located at the barycenter of these modes. If we can track these splitting moments, for

instance by counting the number of distinct virtual hypotheses at each step of the cooling schedule,

we can perform a hierarchical clustering that iteratively uncovers the modes of the distribution.

B.2 Discussion on Stochastic simulated annealing

Non-deterministic simulated annealir@fg] 52] is a promising research direction due to its strong
convergence properties (see Hajek theor2})] It requires to de ne the state of the system and
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