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Abstract

Multiset functions, which are functions that map multisets to vectors, are a fundamental tool
in the construction of neural networks for multisets and graphs. To guarantee that the vector
representation of the multiset is faithful, it is often desirable to have multiset mappings that
are both injective and bi-Lipschitz. Currently, there are several constructions of multiset
functions achieving both these guarantees, leading to improved performance in some tasks
but often also to higher compute time than standard constructions. Accordingly, it is natural
to inquire whether simpler multiset functions achieving the same guarantees are available.
In this paper, we make a large step towards giving a negative answer to this question. We
consider the family of k-ary Janossy pooling, which includes many of the most popular
multiset models, and prove that no piecewise linear Janossy pooling function can be injective.
On the positive side, we show that when restricted to multisets without multiplicities, even
simple deep-sets models suffice for injectivity and bi-Lipschitzness. Finally, we provide
empirical validation of our results through a multiset reconstruction task using a 2-ary
Janossy pooling autoencoder, demonstrating a clear correlation between point separation
and reconstruction accuracy.

1 Introduction

A natural requirement of machine learning models for graphs and point clouds is that they respect the
permutation symmetries of the data. A key tool to achieve this is the process of mapping multisets, which
are unordered collections of vectors, to a single (ordered) vector which faithfully represents the multiset.

The celebrated deep-sets paper (Zaheer et al. [2017) proposed a simple and popular method to map multisets
to vectors via elementwise application of a function f, followed by sum pooling, namely

Fxr,ex0h) = 30 fx,). (1)

Another popular alternative, which is more computationally demanding but also more expressive (Zweig &
Brunal, [2022), sums a function f(x;,x;) over all pairs of points

F({xi,..oxa}) = > f(xix)) (2)

ij=1

This type of pairwise summation allows incorporation of relational pooling (Santoro et al., 2017)), or attention
mechanisms as proposed in the set-transformer paper (Lee et al., 2019).

A natural generalization of both these models is the notion of k-ary Janossy pooling, where a function f is
applied to all k-tuples of the multiset and then summation is applied to all these k-tuples. Deep sets model
correspond to the case k = 1 while set transformers correspond to k = 2. Janossy pooling for general k was
successfully used in [Murphy et al.| (2019)).

To ensure the quality of the vector representation of the multiset, a common requirement is that the function
F is injective. This requirement enables construction of maximally expressive message passing neural networks
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(Xu et al., 2018; [Morris et al [2019), and is exploited in a variety of other scenarios where expressivity of
graph neural networks is analyzed (Maron et al [2019; Hordan et all [2024a} [Sverdlov & Dym)| 2025} [Zhang

The injectivity requirement can be satisfied even by deepsets models, providing that the function f : R? — R™
in equation ] is defined correctly, and the embedding dimension m is large enough. The various aspects of
this question are discussed in Wagstaff et al|(2022); |Zaheer et al. (2017); Xu et al.| (2018); Amir et al.| (2023);
Tabaghi & Wang| (2024)); [Wang et al.| (2024). Most relevant to our discussion are the recent results (Amir,
et al.,2023)) which show that equation can be injective when f is a neural network with smooth activations,
but can never be injective when f is a Continuous Piecewise Linear (CPwL) function (as is the case when f
is a neural network with ReLU activations).

While these theoretical results seem to indicate an advantage of smooth functions f over CPwL ones, empirical
evidence indicates that the separation between multisets via smooth activations can be very weak
let al.} 2024} [Hordan et all,[2024b)), and that empirically the separation obtained even by non-injective CPwL
deep sets model is often preferable. Thus, recent papers have argued that a more refined notion of separation
is necessary, via the notion of bi-Lipschitz stability (Davidson & Dyml 2025; Amir & Dym), 2025} Balan et al.,
. In this notion, multisets are required not only to be mapped to distinct vectors, but we also require
that the distance between the vector representations resembles the natural Wasserstein distance between the
multisets.

In the lens of bi-Lipschitz stability, the ranking of CPwL and smooth multiset functions are reversed. In fact,
|Amir et al.| (2023) and |Cahill et al| (2024 showed that smooth multiset functions can never be bi-Lipschitz.
In contrast, while CPwL deepsets functions are not injective (or bi-Lipschitz), several recent papers have
suggested new CPwL multiset-to-vector mappings based on sorting (Balan et al. [2022; Dym & Gortler} 2024;
Balan & Tsoukanis, |2023), Fourier sampling of the quantile function (Amir & Dym), |2025)), or max filters
(Cahill et al., 2022), and showed that they are both injective and bi-Lipschitz. In fact, |Sverdlov et al. (2024)
showed that CPwL multiset functions which are injective are automatically also bi-Lipschitz.

Experimentally, it was shown that these CPwL bi-Lipschitz multiset mappings have significant advantages over
standard methods, for tasks like learning Wasserstein distances or learning in a low parameter regime (Amir
& Dyml, [2025) and for graph learning tasks (Davidson & Dyml 2025)) including reduction of oversquashing
(Sverdlov et al., 2024). On the other hand, these methods are typically more time consuming than standard
methods, and at least at the time this paper is written they are not as prevalent as deepsets and set
transformers.

The goal of this paper is to address the following question.
Main Question: Is it possible to construct CPwL injective (and bi-Lipschitz) functions via k-ary pooling?

Currently, we have a negative answer to this question only in the special case where k =1 (deepsets), but for
k > 2 (e.g. set transformers) the answer is unknown. A positive answer to this question would potentially lead
to new bi-Lipschitz models which are closer to established models like set transformers, and potentially would
have better performance. A negative answer would indicate that bi-Lipschitz models do require different
types of multiset functions, such as the sort based functions currenly suggested in the literature.

Main Results Our theoretical analysis reveals two main results. The first result is that in full generality,
the answer to our main question is negative: k-ary Janossy pooling is not injective, except in the unrealistic
scenario where k is equal to the full cardinality of the multiset. This result strengthens the argument for
using sorting based bi-Lipchitz mappings as in [Davidson & Dym| (2025)); |[Amir & Dym)| (2025)); |Sverdlov et al.|

(2024).

Our second result shows that the obstruction to injectivity is only the existence of multisets with repeated
points: on a compact domain D of multisets where all multisets have distinct points, even the 1-ary CPwL
Janossy pooling (deepsets) can be injective and bi-Lipschitz. The computational burden of this construction
strongly depends on a constant R(D) which measures how close multisets in D are to have repeated points.
This result suggests that the advantages provided by sort-based methods may only be relevant in datasets
where (near) point multiplicity occurs (e.g. point cloud samples of surfaces where points are very close




Under review as submission to TMLR

together), and not in datasets where points are typically fairly far away, such as multisets which describe
small molecules.

We complement these theoretical findings with an empirical study that assesses the performance of a 2-ary
Janossy pooling autoencoder. Our results show that reconstruction error increases significantly as multisets
approach point multiplicity, validating our theoretical claims regarding the obstruction to injectivity.

(a) (b)

0 0.4 0.8

Exampe point cloud from QM9
min |x;—xj|
i#]

max [X;—Xj
nax xi=x|

Figure 1: This figure illustrates that the assumption that multisets do not have (near)-repeated points is
realistic for small molecule datasets. In (a) we show an example multiset from the QM9 (Ruddigkeit et al.,
2012; |Ramakrishnan et al., |2014) small molecule dataset. This example shows visually that different set
elements are not very close together. In (b) we see the statistics of the minimal distance within each multiset
(normalized by the maximal distance), over 1,000 representative samples from QM9. In all these instances,
the minimal distance was never lower than 0.1.

Paper Structure In Section [2] we will lay out the formal definitions needed to fully define our problem.
In Section [3] we state and prove the non-injectivity of CPwL Janossy pooling for general domains, and in
Section [] we state and prove the injectivity results for domains with non-repeated elements. In Section
we provide empirical validation of our theoretical results via a multiset reconstruction task. Conclusions,
limitations and future work are discussed in Section [6l

2 Problem Statement

We begin by formally stating the notions necessary to define our problem. For arbitrary sets C,Y, we say
that a function F' : C™ — Y is permutation invariant if F(wy,...,w,) = F(Wx),..., Wr)) for every
permutation 7 of the coordinates of w € C".

The notion of permutation invariant functions is closely linked to the notion of functions on multisets. A
multiset {w1,...,w,} is a collection of elements which is unordered (like sets), but where repetitions are
allowed (unlike sets). We denote the space of multisets by M, (C).

If F is permutation invariant, we can identify it with a function on multisets in M,,(C) via
F{{wi,...,wp}) =F(wi,...,wy,)

Since F' is permutation invariant, this expression is well defined and does not depend on the ordering.
Conversely, any multiset function F' on M,,(C) can be used to define a permutation invariant function on
C™. Due to this identification, we will use the term 'multiset function’ and 'permutation invariant function’
alternatingly, according to convenience.

In this paper, our main focus is on permutation invariant functions defined by k-ary Janossy pooling. Namely,
for some natural numbers k < n, and a function f : C* — Y, we define a permutation invariant function
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F:C" =Y via
1
F(xi,...,xp) = m Z f(Xw(l),uan(k)) (3)

TESy

As mentioned above, special cases of Janossy pooling include the deep sets model in equation [T} which
corresponds to the case k = 1, and set transformer models which correspond to the case k = 2 equation

As discussed in the introduction, we will focus on the case where the function f used to define the Janossy
pooling is Continuous Piecewise Linear (CPwL). To define this, we recall that a (closed, convex) polytope P
is a subset of R? defined by a finite number of weak inequalities

P={xcR%a;-x+b;>0,¥j=1,...,J}

A partition of R? is a finite collection of polytopes with non-empty interior, whose union covers R? and whose
interiors do not intersect. A CPwL function f : R¢ — R™ is a continuous function satisfying that, for some
partition P = {P,..., Py}, the restriction of f to each polytope P; in the partition is an affine function. The
polytopes P; are called linear regions of f. Neural networks defined by piecewise linear activations like ReLU
or leaky ReLU are important examples of CPwL functions.

Finally, a multiset function F': M,,(C) — Y is injective if it is injective in the standard sense: for all distinct
multisets W, W’ € M,,(C) we have F(W) # F(W'). As discussed in the introduction, the question we discuss
in this paper is the injectivity of F' induced from Janossy pooling of a CPwL function f.

3 Non-injectivity of Janossy Pooling for general domains

Now we can state our main theorem:

Theorem 3.1. [Non-Injectivity of k-ary Janossy Pooling of CPwL functions] Let C be a subset of R? that
contains a line segment (usually this will be [0,1]¢ or R? itself). Let f : (RY)k — R™ be a continuous piecewise
linear (CPwL) function. Let n >k, and let F': (R))™ — R™ be the k-ary Janossy pooling of f. Then F is
not injective on M,,(C).

To provide intuition for the theorem, we recall the simple proof for the simple case £k = 1,d = 1, provided in
Amir et al.|(2023). In this case, we find a pair of distinct points x,y which are in the same linear region
of f. In this case, the average of x and y is also in the same linear region, and we can use this to obtain a
contradiction to injectivity

F(fc,y):f(fv)Jrf(y):f(x;ry) +f<x;ry> :F<x;yx;ry>

The proof of the case k = 1,d = 1 relies on the trivial observation that we can always find a pair of numbers
(x,7) € R? (or more generally in R™) whose elements are distinct, but come from the same partition which
the CPwL function f: R — R™ is subordinate to. To generalize this result to k-ary pooling, we will need to
show a similar but much stronger property: for any polytope partition of R*, one can only find a vector in
R™ of distinct monotonely decreasing elements, such that all k-ary montonely ordered subvectors belong to a
single polytope from the partition:

Theorem 3.2. For every polytope partition P of R*, there exists a polytope Py € P and a point w =
(w1, ..., wy) € (0,1)" such that wy > --- > wy, and, for any ascending k-tuple of indices i1 < --- <y in [n],
the point (wy,, ..., w;, ) is in int(Fy).

A visualization of the property described in the theorem is provided in Figure[2]for the special case k = 2,n = 3.

To the best of our knowledge, Theorem has not previously been known. The proof of this result is
technical and non-trivial and it is given in the Appendix.

We now explain how this proposition can be used to prove Theorem
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Figure 2:  Visualization of the prop-
erty from Theorem [3.9 for a polytope
partition of [0,1]>. The point w =
(0.75,0.5,0.25) fulfills the conditions of
the property, as all three 2 dimensional
ordered subvectors are in the same lin-
ear region (see green dots). The vector
(0.9,0.6,0.1) does not fulfill the condi-
tion (see red dots).
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Proof of Theorem[3.1} For the sake of simplicity we first prove the theorem in the case d = 1. We will later
easily generalize this result to the general case d > 1. We assume WLOG that C' = [0, 1].

Let f:R* — R™ be a CPwL function. Let F : R® — R™ be its k-ary Janossy pooling as in equation [3} Our
goal is to prove that F' is not injective on multisets M, ([0, 1]).

The first step is to show that F' can be defined alternatively by applying Janossy pooling to the permutation
invariant function f : R*¥ — R™ defined by

A

f(a:l,...,xk) = Z f(xﬂ(l),...,xﬂ(k))

TESE

Note that f is a permutation-invariant function and that we can equivalently write

N

F(xl,...,xn): Z f(xila"'axik)

1<i1 << <n

Summing over all (}) subsets of [n] of size k.

Note that f is the sum of finitely many CPwL functions; therefore, it is itself a CPwL function. Let P be a
finite polytope covering of [0, 1]* such that for all polytopes P € P, f | p 1s an affine function. Let Py be as
promised from Theorem [3.2, and let A € R™*% b € R™ such that f’PO (z) = Az + b. The properties of the
point w in the theorem are preserved under small perturbations. Namely, for some r > 0, we have that for
all vectors & € R™ with norm bounded by r, we will have both wy + §; > ws + d2 > ... > w, + J,, and that
all k£ vectors obtained from w + § by choosing k different ascending indices will be in the same polytope Pp.
It follows that for all such

F(w+6) Z f(wi1+6i1,...,wik+5ik)

1<ip < <ixg<n

n T
<k>b+ S A(wi, + 6, wiy +65,)

1<ip<--<ig<n

n
:(k>b+A Z (wi1+5il,...,wik+§ik)—r

1<igi < <ir<n

To contradict injectivity we will want to obtain F(w) = F(w + §), which will hold if

S (Gise0i) =1(0,...,0)

1<iy<-<ig<n
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Indeed, these are k linear homogeneous equations in n > k variables, and they have a non zero solution §. We
can scale this d by a sufficient small number to guarantee that ||d]] < 7. We then have that F(w) = F(w +4),
that w + & # w, and moreover, since both w and w + & are sorted from small to large, that w is not a
permutation of w + d. Thus F' is not injective, and we proved the theorem in the case where d = 1.

When d > 1. We now prove the general case d > 1 by a reduction to the case d = 1. Let us assume by
contradiction that C' C R? contains the line segment between some (non-identical) points o and 3, that f is
some CPwL function and that the function F' obtained by k-ary Janossy pooling on f is injective.

Let g : [0,1] — C be the affine function g(t) = (1 — t)a + ¢B8. For any natural s, we can extend g to a
mapping ¢ : [0,1]°* — (R?)® by applying ¢ to each coordinate, i.e., for t = (t,...,t,) € [0,1]°, g (t) =
(g(t1),...,g(ts)). The function ¢g(*) is affine and injective. Accordingly, the function F o g™ : C™ — R™ is
injective, and we note that it is the Janossy pooling of f o ¢*) which is a CPwL function as the composition
of a CPwL function and an affine function. This leads to a contradiction to our proof for the case d = 1. [

3.1 Janossy pooling when k. =n

In the degenerate case where we use n-ary pooling for multisets of cardinality n, an expensive averaging over
all permutations is necessary. In this case we can choose the initial f we use to be a CPwL multiset injective
function, such as the sorting based functions constructed in Balan et al.| (2022)) and mentioned earlier. Since
the initial f is already permutation invariant, and n = k, we would obtain F(x1,...,x,) = f(x1,...,X,) in
this case, and so Janossy pooling of CPwL functions can be injective in this degenerate case.

4 Injectivity under restricted domains

We now discuss our second main result. In contrast to the non-injectivity result presented in the previous
section for general multiset domains of the form M, (C), we now show that by restricting the domain to a
compact D C M, (C) where each multiset has n distinct elements, injective 1-ary Janossy pooling is possible.
To state this theorem formally, we define the natural Wasserstein metric on the space of multiset, and then
the notion of a compact set in multiset-space:

Definition 4.1. Given two multisets A, B € M,,(R?%), the Wasserstein metric dy (A, B) is defined as

dw (A, B) = ;161152 ; llai — boil

where A = {aj,aq,...,a,}, B={b1,bs,...,b,}, S, is the set of all permutations of [n], and || - || denotes the
£+ norm. Note that the expression above is permutation invariant, and therefore well-defined independently
of the order of the elements of A, B.

Definition 4.2. Let C' C R%. We say that D C M,,(C) is compact if every sequence of multisets {A;}52, in
D has a subsequence that converges to a multiset in D with respect to the Wasserstein metric dy,. This is
the standard definition of compactness in a metric space.

We can now state our second main result: in the absence of multisets with repeated elements, even 1-ary
pooling is injective:

Theorem 4.3. Let D C M, (C) be a compact set of multisets where each multiset has n distinct elements.
Then there exists some m = m(D) and a continuous piecewise linear function f : R? — R™ such that its
L-ary Janossy pooling F(A) = >, 4 f(a) is injective on D, and bi-Lipschitz with respect to the Wasserstein
distance.

We will prove this theorem by construction. We begin with some preliminaries: we first introduce the minimal
separation function r : D — Rx>q via
r(A) = minA la; — a,]]

a;,a;

i#j
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for any multiset A = {a;,as,...,a,} € D, where || - || denotes the /o, norm. We note that by our theorem’s
assumptions, r(A) > 0 for all A € D. We next define R(D) to be the minimal separation obtained on all of
D, namely
R D == i f A = 1 f 1 PR .
(D) = inf r(4) nf Join, lla; — ay|
i#j

We next show that, due to the compactness of D, the infimum in the definition of R(D) is obtained and R(D)
is always strictly positive.

Proposition 4.4. If D C M, (C) is a compact set of multisets, where each multiset A € D consists of n
distinct elements, then its minimum separation R(D) is positive.

Proof. Assume, for the sake of contradiction, that R(D) = 0. By the definition of the infimum, this implies that

there exists a sequence of multisets {A4;}22, in D such that r(A4;) — 0 as j — co. Each A; = {agj), . ,agj)}
consists of n distinct points.

Since D is compact, the sequence {4;}52; has a subsequence {4, }72, that converges to a multiset A* € D
with respect to the Wasserstein metric dy. Let A* = {a],...,a}}. By definition of D, we have r(A*) > 0.

Let € = T('g*). From the convergence of r(A4;,) and Aj,, there exists an [ such that r(4;) < € and

dw(Aj,, A*) < e. For this I, we deduce there are at least two distinct points, WLOG agj’), agj’) €A,

that Ha(ljl) - aéjl) | <e. Next, let o € S, be the permutation such that the minimum in the definition of the
Wasserstein distance between A*, A;, is attained. Then, applying the triangle inequality twice, we get:

such

r(;‘*) = € > dy(A;, AY)
=> " llaf —az|
=1

> af™ —a% ) + [af” — aXy|
> llas) —as) +ad” —af’’|

> Jlak ) —aie | — laf —af)|
s r(A%) — e = r@;l*)

This is a contradiction. We conclude that R(D) > 0. O

We now provide the construction of the function f. Tessellate R? with a grid of non-overlapping, adjacent
d-dimensional hypercubes Qf, each with side length s = @.

We define a §-margin around each hypercube @y using the £, distance. For any point x, its £, distance to
the hypercube Qy, is given by doo(x, Q) = minycq, ||x — ¥||oo. The d-margin of @ is then the set of points
{x e R4\ Qi | doo(x, Q1) < 0}

R(D)

Let 6 be a margin width chosen such that 0 < § < ==. This ensures that the equation (s + 2J) < R(D) is
satisfied. This implies that if a hypercube @y together with its d-margin contains a point a € A (for A € D),
it cannot contain any other point a’ € A\ {a}. In particular, Q) itself, can contain at most one point from A.

Let 7 be the finite set of indices of hypercubes @ that intersect C* = (J,.p A € C. Since D is compact, C’
is bounded, ensuring 7 is finite.

For each hypercube @ € {Qg}rez, we define a local (d + 1)-dimensional feature vector fg(x), consisting of
two components:

Indicator Component fq ina(x) € [0,1]: foina(x) =1if x € Q, and fg ina(x) = max(0,1 — d(x,Q)/9)
elsewhere. This ensures fginda(x) =1 <= x € @, and that the support of fg ina is precisely @ together
with its é-margin. Note that this component is CPwL.
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Relative Coordinate Component (fy coords(X) € Rd): This is a CPwL function defined by the following
properties:

o If x € Q, then f§ coords(X) = x.
o If x is located outside @ and its d-margin (i.e., doo(x, Q) > ), then fg coordas(x) = 0.

o In the é-margin (i.e., for x such that 0 < doo(x,Q) < 9), £0,cooras(x) interpolates continuously and
piecewise linearly between the values at 9Q, and 0 at the outer boundary of the margin.

We shall now demonstrate how a function satisfying the third condition can be constructed. By |Goodman &
Pach| (1988), the J-margin can be triangulated without introducing new vertices such that each simplex of
the triangulation contains vertices belonging to both @ and the outer border of the margin.

It is well known that given a simplex in R? defined by d + 1 affinely independent points po, . .., pq, and
corresponding values yo, . . ., ¥q, there exists a unique affine function h such that h(x;) = y; for all i.

Applying this to our triangulated §-margin, we define f piecewise over each simplex by assigning the known
values of f at its vertices—values from @ and zeros from the outer border. The unique affine interpolation
over each simplex ensures that f transitions continuously between the identity on @) and zero on the outer
region, satisfying the desired conditions.

Constructions of this sort are standard in numerical analysis and finite element methods. For instance, in the
context of simplicial finite elements, the Py interpolant of a function v is the unique piecewise affine function
that coincides with v at the mesh vertices (see, e.g., (Brenner & Scott} [2008| 3.3)).

The function fq(x) = (fg,ind(X), £Q,coords(x)) is therefore CPwL.

The overall function f : R — R™ is the concatenation f(x) = (..., fo,(X),...)rez. The output dimension
ism=1Z| - (d+1).

Now that we have defined the CPwL function f we will use for the proof, we formally conclude the proof:

Proof of Theorem[4.3 Let A € D be a multiset {ai,...,a,}. The l-ary Janossy pooling is F(A4) =
Z;;l f(a;). We show A can be uniquely recovered from F(A). Let Fg, inda and Fg, coords be the components
of F(A) corresponding to Q. We first prove two simple lemmas

Lemma 4.5. Fg, ind(A) =1 if and only if there exists a unique a € A such that a € Q.

Proof. (=) Suppose Fg, ind(A) = 1. Assume for the sake of contradiction that there is no a € A such that
a € Q. The support of fg ina is Qi together with its J-margin. For all a in this margin, 0 < fgina(a) < 1.
However,

Fo,ma(A) =Y fo,imala;) =1
J=1

This implies that at least two elements of A lie in the d-margin of Q, which is a contradiction to the
separation condition that § was constructed to satisfy.

(<) Suppose there exists a € A such that a € Q. By construction of s and 4, no other element of A lies in
the support of fg ing. Therefore,

FQA-,>iIld(A) = ka,ind(a) =1

O
Lemma 4.6. Ifa € A lies in a hypercube Qy, then
FQu coords(A) = Q. coords(a) = a
Proof. The proof is similar to the direction (<) in the proof of O
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We now prove that A can be recovered uniquely from F'(A). We do this using the following procedure. We
go over all hypercubes Q. We then check whether Fy, ina(A) = 1. By Lemma we know that this is the
case if and only if A contained an element in ()i, and in this case the element is unique. We can now recover
this element from Fg, coords Using Lemma @ We have thus uniquely recovered all elements of A. We note
that if A contains elements which are in the intersection of several hypercubes, this reconstruction procedure
will give us the same elements of A from several different hypercubes. This does not cause any issues since
we know that A does not contain multiplicities.

Finally, to prove the bi-Lipschitzness of the construction: we note that the set D could be covered by a finite
union of polytopes (e.g. hypercubes) so that the union of all these hypercubes D contains D but still does
not contain multisets with repeated elments. As we now proved, we can construct a CPwL function f so that
the resulting F' obtained from 1l-ary Janossy pooling will be injective on D. Since F and the 1-Wasserstein
distance are both CPwL functions which attain the same zeros on D x ﬁ and D x D can be written a a finite
union of compact polytopes, We can apply (Sverdlov et all 2024, Lemma 3. 4) to shovv that F' is bi-Lipschitz
on each polytope separately, and therefore also on the union which gives us D x D. O

4.1 Dependence on separation

We note that the dimension m which F, f map to in the construction, depends strongly on the separation
R(D) and the dimension d. If we add the assumption that all elements of multisets A are in the unit cube
[0,1]%, then a tesselation of side length ~ R(D) would require an embedding dimension of m ~ (1/R(D))¢.
This suggests that when D contains elements which are ’almost identical’, so that R(D) is small, then 1-ary

pooling may not really be enough to get a good embedding with an affordable function f.

As shortly discussed in the introduction, one possible example where the separation R(D) is reasonably large
is small molecules. To examine this, we randomly chose 1000 molecules from the QM9 (Ruddigkeit et al.|
2012; [Ramakrishnan et all |2014)) small molecule datasets. Each molecule is represented as a multiset of
vectors residing in R3. For each of these multisets, we computed the minimum distance between multiset
elements, and normalized it by the maximal distance between elements. A histogram of the results is shown
in Figurb). We see that in all instances the ratio was not larger than 1/10, so we can estimate that a ratio
of R(D) =~ 1/10 could be reasonable for this type of problem.

5 Empirical Validation

Section [3] establishes the non-injectivity of CPwL Janossy pooling on general domains, while Section [4]
shows that injectivity is achievable on domains with a minimum point separation R(D) > 0. To empirically
validate these results, we assess a 2-ary Janossy pooling autoencoder on multiset reconstruction, examining
performance versus point separation.

5.1 Experimental Setup

We train an autoencoder on multisets X € Mo([0, 1]), where each multiset consists of 10 scalar points
sampled uniformly from [0, 1]. The encoder employs 2-ary Janossy pooling: F(X) = ZKj flzi, z;), with
f(x,y) = f(z,y) + f(y,2) and f : [0,1]2 = R2* a 2-layer ReLU MLP. The decoder is a 1-layer MLP mapping
to a 10-dimensional output. Training minimizes MSE between the model’s output and the sorted input
multiset over 10,000 samples (Adam, 1Ir=0.005, 800 epochs).

The test set includes 5,000 multisets sampled from the same distribution used in training. We evaluated
performance by sorting these samples according to their minimum pairwise separation ¢ = min,»; |z; — z;|,
as in r(A) from Section 4| MSE is computed via sliding window over ¢ values.

5.2 Results

Figure [3 shows MSE versus §. For § = 0.04 (well-separated, like in QM9), MSE is low (= 0.0015), consistent
with injectivity on separated domains (Section . As ¢ approaches 0, MSE more than doubles to = 0.0035,
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Figure 3: Mean Squared Error on multiset reconstruction as a function of minimum pairwise separation 4.

MSE grows from =~ 0.0015 at § 2 0.04 to ~ 0.0035 near  ~ 0.

corroborating degradation due to non-injectivity near multiplicities: k-tuples fall into shared linear regions,
inducing collisions per Appendix A.

6 Conclusion, limitations and future Work

In this paper we showed two main results (a) continuous piecewise linear Janossy pooling is not injective, when
considering general domain, and (b) on compact domains with non-repeated points, even l-ary continuous
piecewise linear Janossy pooling can be injective. Our empirical validation supports these conclusions, showing
that while 2-ary Janossy pooling performs well on separated data, its performance degrades significantly as
point separation decreases. These results suggest that deepsets models may be sufficient for tasks where
multisets do not have multiplicities (so that they are sets), and the margin between closest points is significant.
At the same time, when this margin is small it strengthens the case for using injective and bi-Lipschitz
CPwL models such as Davidson & Dym| (2025)); |Amir & Dym)| (2025)), since we show that alternative natural
methods cannot attain similar theoretical guarantees.

Building upon our positive result for 1-ary CPwL Janossy pooling on domains of sets (i.e., multisets with point
multiplicities of at most one), a natural direction for future work is to explore the capacity of higher-order
pooling. We conjecture that for a given integer k > 1, k-ary CPwL Janossy pooling can be injective on
compact domains of multisets where the multiplicity of any individual element is at most k.

A limitation of this work is that we only analyze the injectivity of CPwL Janossy pooling. Our focus on these
functions stems from the fact that CPwL injectivity implies bi-Lipschitzness, while smooth multiset functions,
which can be injective via Janossy pooling, cannot be bi-Lipschitz (Amir et al., |2023; |Cahill et al.| |2024).
However, there are many functions which are neither CPwL nor smooth. An interesting avenue for future
work is investigating whether such functions can be used to construct injective and bi-Lipschitz multiset
functions via k-ary pooling, and whether these can lead to multiset models with good empirical performance.
This question is most interesting for k = 2 as 2-ary Janossy pooling has reasonable complexity, and as for
k =1 such a function can only exist if it is not differentiable at any point |[Amir et al.| (2023]).

10
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A Technical Appendix

A.1 Proof of Theorem

We first establish the following supporting result:

Let v € [0,1]%. We define POLY(v) = {P € P | v € P} to be the set of polytopes in the covering P that
contain the point v.

Lemma A.l. Let v € RF. Let P be a finite polytope covering of R¥. There exists € > 0 such that the e-ball
around v w.r.t. the {1 metric, denoted by By, (v,€) = {x € [0,1]* : ||x — v|1 < €}, does not intersect any
polytope that does not contain v:

By, (v,e) N J(P\POLY(v)) =0

Proof of Lemma[Adl Let P € P\ POLY (v). Since P is closed,

dist(v, P) = inf [[x —v| >0
xeP

Let )
= - i dist(v, P
€79 Pe’P\nI}glLY(v)( ist(v, )

Since P is finite, € is well defined and positive. For this choice of ¢, we have

By, (v.e)n| J(P\POLY(v)) = 0

Proof of Theorem[3.3. Fix some z € (0,1) and let vo = (z,...,2) € (0,1).

Using Lemma let €; > 0 such that By, (vo,e1) C |JPOLY(vg) and By, (vo,€e1) C (0, 1)*.
Let vi=vo+ e = (z+ S5,2,...,1).

We continue this construction by an inductive process. For all 1 < i < k:

Let €; > 0 such that By, (vi—1,¢;) C |JPOLY (v;—1) and ¢ < <5,

Letvi=vi1+eS=@+%,....,2+%,2,...,2).

k

In the end of this process we get a sequence of k + 1 vectors vy, ..., vy which are all in R | = {y €

RF| g1 > yo > .. >y}

Proposition A.2. POLY(vy) C --- C POLY (vy)

Proof. Let i € [k]. Note that v; —v;_1 = $e; = v; € By, (vi_1,¢€;). Assume, for the sake of contradiction,
that there exists P ¢ POLY(v;_1) such that v; € P. Then:

v; € Bgl (Vz’_l, 61‘) n U(P \ POLY(Vi_l)) = @

Which is a contradiction. O

Proposition A.3. There exists a single polytope Py € P such that vi € Py; in particular, v lies in the
interior of this polytope.

Proof. Assume, for the sake of contradiction, that |[POLY (v)| > 1. Let Py, Py € POLY (vy) be two different
polytopes. Convexity is preserved under intersection, therefore Py N P; is a convex set. Under the assumption
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that the interiors of polytopes in P do not intersect, we see that Py N P; has an empty interior; therefore,
there exists a hyperplane H C R* such that Py N P; C H (see (Boyd & Vandenberghel 2004, 2.5.2)).

By Proposition [A2] we have vq,..., v, € PyN Py C H; however, it is easy to see that vo,..., vy are k + 1
affinely independent vectors in R¥, and therefore do not all lie in the same hyperplane. This is a contradiction.

We have proved that vy lies on a single polytope Py, therefore it can either lie in the interior of Py or on the
boundary of [0, 1]*; however, by the construction of each ¢;, and by the triangle inequality, it is easy to see

that vi, € By, (vo,€1) C (0,1)F = int([0, 1]¥). We conclude that v}, € int(P). O
€
Let 6 = min( ><1.
1<i<k \ €;—1

Proposition A.4. The interior of Py contains all points of the form (x +yi1,...,x + yx) for which:

(a) Ally; are positive, and are smaller than 5.

(b) The ratio between y;+1 and y; is smaller than or equal to 6.

k

Moreover, each such point is in RY ., ..

Proof. By Proposition Vo, .., Vg € Py. We will show that (x +y1,...,2 + yx) is a convex combination

of the points vy, ..., v by finding appropriate coefficients.
Let
2
ag — 1-— ﬂ
€1
2y, 2y;
o; = Yo _ ZYit1 for 1<i<k
€; €i+1
2y
o = ——
€k

First, we show that the sum of these coefficients equals 1:

k k—1

2 2y, 2y 2
Z%:O_y0+z(y_yﬂ>+%
=0 “ =1\

€it1 €k
Notice that the terms in the summation telescope, as each —Eyf—:ll cancels with the corresponding zei from

the next term. After cancellation, we are left with:

2 2 2 2
o2 2y 2y
€1 €1 €k €L

=1

Second, we show that all these coefficients are nonnegative. Clearly ag,ar > 0. For 1 < i < k, we have:

€i+1 >85> Yi+1
€& Y

Where the RHS holds due to condition (b) on y;, ¥;+1, and the LHS holds from the definition of 6. Consequently,

2u; 2y
= Wi Win

€ €i+1
Third, we show that:

k
Zaivi: x4y, T+ yr)
i=0

14
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Let’s fix any coordinate 1 < j < k. Then we obtain
k k k k .
(e z> D ITIRIED D P
i=0 i=0 i=0 i=j
2yi  2yi41) € 2yk \ €
T Z |:< i €i4+1 2 + €k 2

We have proved that (x +y1,...,2 + yx) is a convex combination of vy, ..., v, € Py. By Proposition
v, € int(Py). Since the coefficient of v in this convex combination is ay > 0, it follows from (Rockafellar]
1970, Theorem 6.1), often referred to as the Accessibility Lemma, that (z + y1,...,2 + yx) € int(Fp).

Finally, the fact that (z + y1,...,2 + yx) € RE ., follows immediately from the fact that all y; are positive
and % <d<1. O

Let w= (z 4+ y1,2 +y2,...,x+y,) € R, where y; satisfy the conditions in Proposition Consider any k

ascending indices r; < --- < 7 from [n]. Construct the point z = (w,,, ..., w..) = (T+Yry, ..., T+Yr,) € RE.
This point will also satisfy the conditions of Proposition and therefore z € int(FP). This concludes the
proof of Theorem O
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