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Abstract

Offline reinforcement learning (RL) leverages previously collected data for policy optimiza-
tion without any further active exploration. Despite the recent interest in this problem,
its theoretical results in neural network function approximation setting remain limited. In
this paper, we study the statistical theory of offline RL with deep ReLU network function
approximation. In particular, we establish the sample complexity of O (H1+d/ a. =22/
for offline RL with deep ReLU networks, where x is a measure of distributional shift, d is
the dimension of the state-action space, « is a (possibly fractional) smoothness parameter
of the underlying Markov decision process (MDP), and ¢ is a user-specified error. Notably,
our sample complexity holds under two novel considerations, namely the Besov dynamic
closure and the correlated structure that arises from value regression for offline RL. While
the Besov dynamic closure generalizes the dynamic conditions for offline RL in the prior
works, the correlated structure renders the prior works of offline RL with general/neural
network function approximation improper or inefficient. To the best of our knowledge, this
is the first theoretical characterization of the sample complexity of offline RL with deep neu-
ral network function approximation under the general Besov regularity condition that goes
beyond the traditional Reproducing Hilbert kernel spaces and Neural Tangent Kernels.

1 Introduction

Offline reinforcement learning (Lange et al.,[2012; [Levine et al., [2020)) is a practical paradigm of reinforcement
learning (RL) where logged experiences are abundant but a new interaction with the environment is limited or
even prohibited. The fundamental offline RL problems concern with how well previous experiences could be
used to evaluate a new target policy, known as off-policy evaluation (OPE) problem, or to learn the optimal
policy, known as off-policy learning (OPL) problem. We study these offline RL problems with infinitely
large state spaces, where the agent must rely on function approximation such as deep neural networks to
generalize across states from an offline dataset. Such problems form the core of modern RL in practical
settings (Levine et al., 2020; [Kumar et al. 2020; [Singh et al., |2020]).

Prior sample-efficient results in offline RL mostly focus on tabular environments with small finite state
spaces (Yin & Wang, 2020; [Yin et all 2021a; Yin & Wang, 2021a), but as these methods scale with the
number of states, they are infeasible for the settings with infinitely large state spaces. While this tabular
setting has been extended to large state spaces via linear environments (Duan & Wang, 2020} |Jin et al.
2020b; Xiong et al., 2022; [Yin et al) [2022)), the linearity assumption often does not hold for many RL
problems in practice. Theoretical guarantees for offline RL with general and deep neural network function
approximations have also been derived, but these results are either inadequate or relatively disconnected
from the regularity structure of the underlying MDP. In particular, while the finite-sample results for offline
RL with general function approximation (Munos & Szepesvari, |2008; Le et al., [2019) depend on an inherent
Bellman error which could be large or uncontrollable in practice, the other analysis in the neural network
function approximation (Yang et al., |2019) relies on an inefficient data splitting technique to deal with the
highly correlated structures arisen in value regression for offline RL and use a relatively strong dynamic
assumption. Recent works have studied offline RL with in Reproducing Hilbert kernel spaces (RHKS) (Jin
et al.,|2020b) and Neural Tangent Kernels (NTK) (Nguyen-Tang et al.,|2021). However, these function classes
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Table 1: Comparison among existing representative works of FQI estimators for offline RL with function
approximation under a uniform data coverage assumption. Here |S| and |.A| are the cardinalities of the state
and action space when they are finite, k is a measure of distribution shift (which can be defined slightly
different in different works), € is the user-specified precision, d is the dimension of the input space, « is the
smoothness parameter of the underlying MDP, and K is the algorithmic iteration number.

’ ‘Work ‘ Function ‘ Regularity ‘ Tasks ‘ Sample complexity ‘ Remark ‘
| [Yin & Wang (2020) Tabular Tabular OPE O (5187 |AP) -
7Duan & Wang7(2020t) Linear Linear OPE () (E% . d) -
| [Le et al.[(2019) General General OPE/OPL N / A improper analysis
Yang et al.|(2019) ReLU nets Holder OPL 1] (K KIS e %) data splitting
This work ReLU nets Besov OPE/OPL ( g e 2 22) data reuse

also have (approximately) linear structures (in terms of the underlying features) which make their analysis
similar to the linear case. Moreover, the smoothness assumption imposed by the RKHS is often too strong
for practical cases while the NTK analysis requires a extremely wide neural net (the network width scales
with n'0 for the NTK case in (Nguyen-Tang et al., [2021) versus only n?/5 (Proposition in the current
work). Recent works (Xie et al., 2021aj [Zhan et all 2022; |Chen & Jiang] [2022} [Uehara & Sun| 2021) have
considered offline RL with general function approximation with weaker data coverage assumption. However,
they assumed the function class is finite and did not consider the (Besov) regularity of the underlying MDP.
Thus, to our knowledge, no prior work has dedicated to study a comprehensive and adequate analysis of the
statistical efficiency for offline RL with neural network function approximation. Thus, it is natural to ask:

Is offline RL sample-efficient with deep ReLU network function approximation beyond the (approzimate-)
linear regime imposed by RKHS and NTK?

Our contribution. In this paper, we provide a statistical theory of both OPE and OPL with neural net-
work function approximation in a broad generality that is beyond the (approximate-) linear regime imposed
by RKHS and NTK. In particular, our contributions, which are summarized in Table [I|and will be discussed
in details in Section [3] are:

First, we achieve a generality for the guarantees of offline RL with neural network function approximation via
two novel considerations: (i) We introduce a new structural condition namely Besov dynamic closure which
generalizes the existing dynamic conditions for offline RL with neural network function approximation and
even includes MDPs that need not be continuous, differentiable or spatially homogeneous in smoothness; (ii)
We take into account the highly correlated structure of the value estimate produced by a regression-based
algorithm from the offline data. This correlated structure plays a central role in the statistical efficiency of
an offline algorithm but the prior results (Le et al., |2019; [Yang et al., 2019) improperly ignore this structure
or avoid it using an inefficient data splitting approach.

Second, we prove that an offline RL algorithm based on fitted-Q iteration (FQI) can achieve the sample
complexity of O (an/ a. =22/ a) where k measures the distributional shift in the offline data, d is the
input dimension, « is a smoothness parameter of the underlying MDP, and ¢ is a user-specified error. Notably,
our guarantee holds under our two novel considerations above that generalize the condition in (Yang et al.
2019) and do not require data splitting in (Le et al., |2019; [Yang et al) 2019). Moreover, our analysis
also corrects the technical mistake in (Le et al.l 2019) that ignores the correlated structure of offline value
estimate.

Problem scope. We emphasize that the present work focuses on statistical theory of offline RL with
neural network function approximation in Besov spaces where we analyze a relatively standard algorithm,
FQI. Regarding the empirical effectiveness of FQI with neural network function approximation for offline
RL, we refer the readers to the comprehensive empirical study in (Voloshin et al., 2019)).
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Notations. Denote | £, = ([, |f[Pdp)'/?, and for simplicity, we use || - ||, for | - ||, when p = 2.
Denote by | - |lo the O-norm, i.e., the number of non-zero elements, and a V b = max{a,b}. For any two
real-valued functions f and g, we write f(-) < g(-) if there is an absolute constant ¢ independent of the
function parameters () such that f(-) <c-g(-). We write f(-) < g(-) if f(-) S g(-) and g(-) < f(-). We write
f() = g(+) if there exists an absolute constant ¢ such that f(-) =c- g(-).

2 Related Work

Offline RL with tabular representation. The majority of the theoretical results for offline RL focus
on tabular MDP where the state space is finite and an importance sampling -related approach is possible
(Precup et al) 2000; |[Dudik et all [2011; Jiang & Li, |2015; [Thomas & Brunskill, 2016} [Farajtabar et al.l
[2018; Kallus & Ueharal 2019). The main drawback of the importance sampling-based approach is that
it suffers high variance in long horizon problems. The high variance problem can be mitigated by direct
methods where we employ models to estimate the value functions or the transition kernels. We focus on
direct methods in this work. For tabular MDPs with uniform data-visitation measure d,,, > 0, a near-optimal
sample complexity bound of O(H?3d,,/e?) and O(H?d,,/e?) were obtained for time-inhomogeneous tabular
MDP (Yin et al. [2021b)) and for time-homogeneous tabular MDP (Yin & Wang} 2021b} Ren et al.| [2021]).
With the single-concentrability assumption, a tight bound of O(H?SC*/€*) was achieved (Xie et al., [2021b;
[Rashidinejad et al [2021)), where H = 1/(1 — ) is the episode length. [Yin & Wang| (2021c|) introduced
intrinsic offline bound that further incorporates instance-dependent quantities. [Shi et al.| (2022]) obtained
the minimax rate with model-free methods. Wang et al|(2022) derived gap-dependent bounds for offline RL
in tabular MDPs.

Offline RL with linear function approximation. Offline RL with function approximation often follow
two algorithmic approaches: Fitted Q-iteration (FQI) (Bertsekas & Tsitsiklis| [1995; |[Jong & Stonel [2007
Lagoudakis & Parr| 2003} [Grinewéalder et al., 2012} [Munos| 2003} Munos & Szepesvari, 2008} [Antos et al.
2008; |Tosatto et al., 2017; [Le et al., 2019), and pessimism principle (Buckman et al., |2020). |Duan &
Wang| (2020) studied fitted-Q iteration algorithm in linear MDPs. |[Wang et al| (2020)) highlighted the
necessity of strong structural assumptions (e.g., on low distributional shift or strong dynamic condition
beyond realizability) for sample-efficient offline RL with linear function approximation suggesting that only
realizability and strong uniform data coverage are not sufficient for sample-efficient offline RL.
brought pessimism principle into offline linear MDPs. Xiong et al. (2022)); [Yin et al| (2022) used
variance reduction and data splitting to tighten the bound of [Jin et al.| (2020b). Xie et al.| (2021a)) proposed
Bellman-consistent condition with general function approximation which improves the bound of [Jin et al.
by a factor of v/d when realized to finite action space and linear MDPs. (Chen et al., [2021) studied
sample complexity of FQI in linear MDPs and derive a lower bound for this setting.

Offline RL with non-linear function approximation. Beyond linearity, some works study offline RL
in general or nonparametric function approximation, either with FQI estimators (Munos & Szepesvari, [2008;
Le et al., 2019; Duan et al., |2021aib; [Hu et al., 2021, pessimistic estimators (Uehara & Sun, 2021; Nguyen-
Tang et al.,[2021} Jin et al., 2020b), or minimax estimators (Uehara et al., [2021)), where [Uehara et al.| (2021)
also realized their minimax estimators to the neural network function approximation, Nguyen-Tang et al.|
considered offline contextual bandits with Neural Tangent Kernels (NTK), and [Jin et al. (2020Db)
considered the pessimistic value iteration algorithm with Reproducing Kernel Hilbert Space (RKHS) in their
extended version. Our work is different from these aforementioned works in that we analyze the fundamental
FQI estimators with neural network function approximation under the Besov regularity condition that is
much more general than RKHS and NTK. We also further emphasize that even that RKHS and NTK spaces
are non-linear function approximation, the functions in those spaces are linear in terms of an underlying
feature space, making the analysis for these spaces akin to the case of linear function approximation.
also considered deep neural network approximation. In particular, |[Yang et al.| (2019) focused on
analyzing deep Q-learning using a disjoint fold of offline data for each iteration. Such approach is considerably
sample-inefficient for offline RL as their sample complexity linearly scales with the number of iterations K
which is very large in practice. In addition, they rely on a relatively restricted smoothness assumption of the
underlying MDPs that hinders their results from being widely applicable in more general settings. Recently,
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other works (Xie et al.| [2021a; |Zhan et al. [2022; (Chen & Jiang, |2022; Uehara & Sun, |2021)) considered offline
RL with general function approximation and imposed weaker data coverage assumption by using pessimistic
algorithms. Their algorithms are more involved than FQI but did not study the effect of the regularity of
the underlying MDP on the sample complexity of offline RL. They also assume that the function class is
finite which is not applicable to neural network function approximation.

3 Preliminaries

We consider an infinite-horizon discounted Markov decision process (MDP) with possibly infinitely large state
space S, continuous action space A, initial state distribution p € P(S), transition operator P : Sx.A — P(S),
reward distribution R : S x A — P([0,1]), and a discount factor v € [0,1). For notational simplicity, we
assume that X := S x A C [0, 1] but our results readily generalizes to the case when A is finite.

A policy 7 : § — P(A) induces a distribution over the action space conditioned on states. The @Q-value
function for policy 7 at state-action pair (s, a), denoted by Q7 (s, a) € [0, 1], is the expected discounted total
reward the policy collects if it initially starts in the state-action pair,

oo
Q"(s,a) :=Eq | Y 4'rilso = s,a0 = a| ,
t=0

where ry ~ R(s¢ ap),ar ~ w(-|sy), and s ~ P(:|sg—1,a1-1). The value for a policy = is V™ =
Esnp,amn(-|s) [Q7(s,a)], and the optimal value is V* = max, V"™ where the maximization is taken over
all stationary policies. Alternatively, the optimal value V* can be obtained via the optimal @Q-function
Q* = max, Q" as V* = E,, [max, Q*(s,a)]. Denote by T™ and T™ the Bellman operator and the optimal-
ity Bellman operator, respectively, i.e., for any f: S x A — R

[Tﬂf](& CL) = ET'\/R(S,G) [T] + ’YES’NP(-|s,a),a’~7r(~|s’) [f(8/7 CL,)]
[T" f1(s,a) = Erwr(s,a)[r] + VEs/np(]s,0) max f(s',a)|,

we have T"Q™ = Q™ and T*Q* = Q*.

Offline regime. We consider the offline RL setting where a learner cannot explore the environment but
has access to a fixed logged data D = {(s;, a;, s}, ;) }1, collected a priori by certain behaviour policy 7.
For simplicity, we assume that {s;}? ; are independent and 7 is stationary. Equivalently, {(s;,a;)}?  are
i.i.d. samples from the normalized discounted stationary distribution over state-actions with respect to 7,
ie., (s;,0a;) bl p(se) =1 =) > g v'P(st = -,ar = +|p,m) where s; ~ P(-|s;,a;) and a; ~ n(:|s;). This
assumption is relatively standard in the offline RL setting (Munos & Szepesvari, |2008; |Chen & Jiang), |2019;
Yang et al. |2019) and is used merely for the sake of theoretical analysis. The goals of OPE and OPL are to
estimate V™ and V*, respectively from D. The performance of OPE and OPL estimates are measured via
sub-optimality gaps.

For Off-Policy Evaluation (OPE). Given a fixed target policy =, for any value estimate 1% computed
from the offline data D, the sub-optimality of OPE is defined as

SubOpt(V;7) = [V™ = V.

For Off-Policy Learning (OPL). For any estimate 7 of the optimal policy 7* that is learned from the
offline data D, we define the sup-optimality of OPL as

SubOpt(#) = E, [V*(s) — Q*(s,7(s))],

where E, is the expectation with respect to (w.r.t.) s ~ p.
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3.1 Deep ReLU Networks as Function Approximation

In practice, the state space is often very large and complex, and thus function approximation is required
to ensure generalization across different states. Deep neural networks with the ReLLU activation offer a rich
class of parameterized functions with differentiable parameters. Deep ReLU networks are state-of-the-art in
many applications, e.g., (Krizhevsky et al.l 2012; |Mnih et al., |2015)), including offline RL with deep ReLLU
networks that can yield superior empirical performance (Voloshin et al.,2019)). In this section, we describe
the architecture of deep ReLU networks and the associated function space which we use throughout this
paper. Specifically, a L-height, m-width ReLU network on R? takes the form of

FEm(@) = whe (W<L—1)J ( o (Wu)(,(x) + b(l)) - ) + b(L—l)) + )

where W) ¢ R>*m p(L) ¢ R WM e Rmxd p() ¢ R Wl e Rm>xm p) ¢ R™ V1 < | < L, § =
WO b0} o<1, and o(z) = max{x,0} is the (element-wise) ReLU activation. We define ®(L,m, S, B) as
the space of L-height, m-width ReLU functions fGL " (x) with sparsity constraint S, and norm constraint
B, i.e., ZzL:1(HW(l)||0 +6D]0) < S,maxi<j<r, [WW | V [[p]|o < B. Finally, for some L,m € N and
S, B € (0,00), we define the unit ball of ReLU network function space Fyy as

Fay = {f € B(L,m,S,B) : ||fllec < 1}.

We further write Fyn(X) to emphasize the domain X of deep ReLU functions in Fxy but often use Fyn
when the domain context is clear. The main benefit of deep ReLU networks is that in standard non-
parametric regression, they outperform any non-adaptive linear estimator due to their higher adaptivity to
spatial inhomogeneity (Suzuki, [2018)).

3.2 Besov spaces

Our new dynamic condition relies on the regularity of Besov spaces. There are several ways to characterize
the smoothness in Besov spaces. Here, we pursue a characterization via moduli of smoothness as it is more
intuitive, following (Giné & Nickl, [2016).

Definition 3.1 (Moduli of smoothness). For a function f € LP(X) for some p € [1,00], we define its r-th
modulus of smoothness as wiP(f) = supg<p<; [|AL(f)llpst > 0,7 € N, where the r-th order translation-
difference operator A} = Ay, o AZ_I is recursively defined as

BHOE = (7w = SO =35 (1) (-0 k)

k=0

Remark 3.1. The quantity AJ (f) captures the local oscillation of f which is not necessarily differentiable.
In the case the r-th order weak derivative D" f exists and is locally integrable, we have

A} X tp X wh?P .
lim h(f)(m) :D7f(l‘),wr (f) < ||D7f||p and r+r (f) SOJ:’IP(DTJ[).
h—0 h" tr tr
It also follows from Minkowski’s inequality that
WP (f) wy b (f)

L) < D7 fil and “rt

Definition 3.2 (Besov space By (X)). For 1 < p,q < oo and a > 0, we define the norm || - ||pa = of the
Besov space By ((X) as ||f|Bs, = [fllp + |f|Ba, where

<wiP(D"f).

t,p f 1/q
(et Ppe) 7 1<o<o

t,p
w ©))
la]+1 00
Supt>0 to 9 q )

is the Besov seminorm. Then, By, :={f € LP(X) : || f||pa, < oo}

|f\Bg,q =
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Intuitively, the Besov seminorm |f| Bg, roughly describes the L%-norm of the /P-norm of the a-order smooth-
ness of f. Besov spaces are considerably general that encompass Holder spaces and Sobolev spaces as
well as functions with spatially inhomogeneous smoothness (Triebel, 1983} [Sawanol [2018; |Suzukil [2018;
Cohen, [2009; |Nickl & Potscher, [2007). In particular, the Besov space By, reduces into the Holder
space C“ when p = ¢ = oo and « is positive and non-integer while it reduces into the Sobolev space
Ws when p = ¢ = 2 and « is a positive integer. We further consider the unit ball of B;",q(.)( ) as

B (X):={ge€Bg,: lgllsg, <1 and [|gfloc <1}. When the context is clear, we drop & from B& (X).

4 Fitted Q-lteration for Offline RL

In this work, we study a variant of fitted Q-iteration (FQI) algorithm for offline RL. This algorithm is
appealing simple as it iteratively constructs @-estimate from the offline data and the previous @Q-estimate,
as in Algorithm [}

This FQI-style algorithm has been largely

studied for offline RL, such as (Munos &

szepesvari, 2008; [Chen & Jiang, 2019; [Duan Algorithm 1 Fitted Q-Iteration with Neural Networks
et al., |2021al) to name a few, but surprisingly Tnitialize Oy € Fay

enough, there has been no work studying this for k — 1 0 K do

algorl.thm in ofﬂme RL with neural network It OPE: y; « r; +'VfA Qu—1(s,, a)m(dals)), Vi
function approximation except (Yang et al. If OPL: y; < r; +ymaxees Q (s),a'), Vi
2019). However, [Yang et al| (2019) uses data Op aég ;nin T Z?L E“Elf((:f;,)“_ yl,)g
splitting and relies on a more limited dynamic end fl'cor FeFNN n £vi=l e !

condifcion thaI.l ours. Thus, the notable differ- If OPE: Vic ¢ [|Qxllpr = v/Epoym(ale) (@K (5, @)7]
ence in Algorithm [I] is the use of neural net- .

. i . . If OPL: 7wk (+]s) + argmax, Qk(a|s)
work to approximate Q-functions and we esti-

mate each Q using the entire offline data set,

instead of splitting the data into disjoint sets as in (Yang et al.l [2019). In particular, [Yang et al. (2019)
split the offline data into K disjoint sets, resulting in the sample complexity linearly scaled with K, which
is highly inefficient as K is often large in practice.

As we do not split the data into disjoint sets, a highly correlated structure is induced. In particular, at each
iteration k in Algorithm [I} the response variable y; depends on the covariate x; := (s;,a;) as it depends on
Qr—1. the response variable y; is no longer centered at [T*Q—1](z;) for OPL (or at [T™Qk—1](z;) for OPE,
respectively), i.e., E[[T*Qr—1](x;) — yi|x;] # 0. This correlated structure hinders a direct use of the standard
concentration inequalities. We overcome this technical difficulty using uniform convergence argument.

In our analysis, we assume access to the minimizer of the optimization in Algorithm [I] In practice, we can
use (stochastic) gradient descent to solve this optimization which can be guaranteed to converge to a global
minimum under certain structural assumptions (Du et al., [2019a3b; |Allen-Zhu et al., 2019; Nguyen) [2021]).

5 Main Result

To obtain a non-trivial guarantee, certain assumptions on the distribution shift and the MDP regularity are
necessary. We introduce our assumptions about the data generation in Assumption and the regularity
of the underlying MDP [5.2]

Assumption 5.1 (Uniform concentration coecz'ent (Munos & Szepesvari, |2008)). 3k, < oo such that
dv

H@Hoo < Ky, for any admissible distribution v.
The finite x, in Assumption asserts that the sampling distribution p is not too far away from any
admissible distribution, which holds for a reasonably large class of MDPs, e.g., for any finite MDP, any
MDP with bounded transition kernel density, and equivalently any MDP whose top-Lyapunov exponent is

negative. We present a simple (though stronger than necessary) example for which Assumption holds.

1y is said to be admissible if there exist ¢ > 0 and policy 7 such that v(s,a) = P(s; = s,at = als1 ~ p, 7), Vs, a.
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Example 5.1. If there exist absolute constants cy1,ca > 0 such that for any s,s' € S, there exists an action
a € A such that P(s'|s,a) > 1/c1 and n(als) > 1/c2,Vs, a, then we can choose K, = cics.

Chen & Jiang| (2019) further provided natural problems with rich observations generated from hidden states
that has low concentration coefficients. These suggest that low concentration coefficients can be found in
fairly many interesting problems in practice.

Assumption 5.2 (Besov dynamic closure). ¥f € Fyn,Vm,T™f € Bg,q for some p,q € [1,00] and o >
d

min{p,2} -

Assumption [5.2] signifies that for any policy , the Bellman operator 7™ applied on any ReLU network

function in Fyn (X) results in a Besov function in By (X). Note that, as T™/ f = T f where 7 is the greedy

policy w.r.t. f, Assumption also implies that T* f € Bg,q(X) if f € Fnn(X). The smoothness constraint

o> —r—57

min{p,2}
Besov space, and o —d/p is called the differential dimension of the Besov space. Note that when p < 2 (thus
the condition above becomes a > d/p), a function in the corresponding Besov space contains both spiky
parts and smooth parts, i.e., the Besov space has inhomogeneous smoothness (Suzukil 2018]).

is necessary to guarantee the compactness and the finite (local) Rademacher complexity of the
ytog p p y

Our Besov dynamic closure is sufficiently general that encompasses almost all the previous completeness
assumptions in the literature. For example, a simple (yet considerably stronger than necessary) sufficient
condition for Assumption is that the expected reward function r(s,a) and the transition density
P(s'|s,a) for each fixed s’ are functions in Bg" o Tregardless of any function approximator f and any
policy 7. Such a condition on the transition dynamic is common in the RL literature; for example, linear
MDPs (Jin et all [2020a) posit a linear structure on the expected reward and the transition density as
r(s,a) = (¢(s,a),0) and P(s'|s,a) = (¢(s,a), \(s")) for some feature map ¢ : X — R% and signed measures
A(s") = (A(8)1,y- .-, A(8")dy ). To make it even more concrete, we present three examples for Assumption

Example 5.2 (Reproducing kernel Hilbert space (RKHS)). Define ki the Matérn kernel with smoothness
parameter h > 0 and length scale | > 0. If both r(-) and gy (-) := P(s'|") at any s’ € S are functions in the
RKHS of Matérn kernel ky; where h =a —d/2 >0 and ! > 0, then Assumption holds for p = q = 2. E|
Moreover, this particular case is equivalent to the dynamic condition considered in (Yang et all, 12019).

Example 5.3 (Inhomogeneous smoothness of the underlying MDP). When p < 2 (thus the constraint
condition becomes a > d/p), the expected reward r(-) and the transition densities gs(-) := P(s'|") contain
both spiky parts and smooth parts, i.e., inhomogeneous smoothness.

Example 5.4 (Reduction to linear MDPs). Linear MDPs (Jin et all |2020a) correspond to Assumption
with a« = 1 and p = q on a p-norm bounded domain. E|

We are now ready to present our main result.

Theorem 5.1. Under Assumption and Assumptz'on for any e > 0,6 € (0,1], K > 0, if n satisfies

d
that n 2, (6%)1+“ log® n + % (log(1/6) + loglogn), then with probability at least 1 — &, the sup-optimality of
Algorithm[1] is

SubOpt(Vi; m) < i/fj‘;e + % for OPE,
" 1+K/2
SubOpt(rx) < ?f_,y)’;e L= for OPL.

2This is due to the norm-equivalence between the above RKHS and the Sobolev space Ws(X) (Kanagawa et al.,|2018]) and
the degeneration from Besov spaces to Sobolev spaces as BS,(X) = W (X).

3However, linear MDPs do not require the smoothness constraint o > to ensure a finite Rademacher complexity of

d
min{p,2}
linear models. Of course, our analysis addresses significantly more complex and general settings than linear MDPs which we

believe is more important than recovering this particular condition of linear MDPs.
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In addition, the optimal deep ReLU network ®(L,m,S, B) that obtains such sample complexity (for both
OPE and OPL) satisfies

1/24 (2442 /(a(atap) !

L=logN,m= NlogN,S =N, and B < N'/4tC)/(@=1) " yhere N < n T+2a7d ,

and v :=d(p~' — (1 + [a])71);.

As the complete form of Theorem is quite involved, we interpret and disentangle this result to understand
FQI algorithms with neural network function approximation for offline RL tasks. The sub-optimality in both
OPE and OPL counsists of the statistical error (the first term) and the algorithmic error (the second term).
While the algorithmic error enjoys the fast linear convergence to 0 as K — oo, the statistical error reflects
the fundamental difficulty of our problems. To make it more interpretable, we present a simplified version
of Theorem where we state the sample complexity required to obtain a sub-optimality within e.

Proposition 5.1 (Simplified version of Theorem [5.1). For K sufficiently large, the sample complexity

- d
of Algorithm (1| for both OPE and OPL is n = O(/@}LJF“G’Q*Qg). Moreover, the optimal deep ReLU
network ®(L,m,S, B) that obtains such sample complexity is L = O(logn),m = O(n*°logn),S =
O(n*?), and log B = O(in?/%).

To discuss our result, we compare it with other existing works in Table [I] As the literature of offline RL is
vast, we only compare with representative works of FQI estimators for offline RL with function approximation
under a uniform data coverage assumption, as they are directly relevant to our work that uses FQI estimators
with neural network function approximation under uniform data coverage. Here, our sample complexity does
not scale with the number of states as in tabular MDPs (Yin & Wang), 2020; Yin et al., [2021a; |Yin & Wang,
2021a)) or the inherent Bellman error as in the general function approximation (Munos & Szepesvari, [2008;
Le et al., [2019; Duan et al., [2021a). Instead, it explicitly scales with the (possible fractional) smoothness «
of the underlying MDP and the dimension d of the input space. Importantly, this guarantee is established
under the Besov dynamic closure encompassing the dynamic conditions of the prior results. The sample
complexity in (Yang et al., |2019) linearly scales with K which becomes vacuous as K — oo. On the other
hand, our sample complexity avoids such vacuous bound by considering the correlated structure in the value
regression (i.e., data reuse instead of data splitting). This improvement comes at an extra cost of ¢4/ that
we pay for the correlated structure in value regression. While this extra cost may appear large at first, it in
fact scales with 1/ e™ax{1/2,1/p} which is significantly smaller than K.

On the role of deep ReLU networks in offline RL. We make several remarks about the role of deep
networks in offline RL. The role of deep ReLU networks in offline RL is to guarantee a maximal adaptivity
to the (spatial) regularity of the functions in Besov space and obtain an optimal approximation error rate
that otherwise were not possible with other function approximation such as kernel methods (Suzuki, 2018)).
Moreover, by the equivalence in the functions that a neural architecture can compute (Yarotskyl 2017)),
Theorem [5.1] also readily holds for any other continuous piece-wise linear activation functions with finitely
many line segments M where the optimal network architecture only increases the number of units and weights
by constant factors depending only on M. Moreover, we observe that the optimal ReLU network is relatively
“thinner” than overparameterized neural networks that have been recently studied in the literature (Arora
et al.l [2019; |Allen-Zhu et al., [2019; [Hanin & Nical [2019; |Cao & Gul 2019; Belkin, 2021) where the width m
is a high-order polynomial of n. As overparameterization is a key feature for such overparameterized neural
networks to obtain a good generalization, it is natural to ask why a thinner neural network in Theorem [5.1]
also guarantees a strong generalization for offline RL? Intuitively, the optimal ReLLU network in Theorem
is regularized by a strong sparsity which resonates with our practical wisdom that a sparsity-based
regularization prevents over-fitting and achieve a better generalization. In particular, as the total number of
parameters in the considered neural network is p = md+m+m?(L—2) = O(N?log* N) while the number of
non-zeros parameters S only scales with N, the optimal ReLU network in Theorem [5.1] is relatively sparse.

4Here O ignores any log factor and the factor pertaining 1/(1 — 7).
5As a concrete example, let us consider p = 2, € = 0.01. Then, the extra cost in our sample complexity is 10 while K in
practice scales is in an order of 1,000 to guarantee small regression errors.
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6 Technical Review

In this section, we highlight the key technical challenges and novelty in our analysis. In summary, two
key technical challenges in our analysis are rooted in the consideration of the highly correlated structure
in value regression in Algorithm (I} and the use of deep neural network as function approximation (and
their combination). On the other hand, the technical novelty in our analysis is the so-called double uniform
convergence argument and the use of a localization argument via sub-root functions for local Rademacher
complexities. In what follows, we briefly discuss these technical challenges and novelty of our analysis.

Let yf be the y; computed at iteration k in a FQI-style algorithm (e.g., Algorithm . The analysis and
technical proofs of (Yang et al.,|2019; Le et al., 2019) heavily rely on the equality E[y¥|z;] = E[[T*Qr_1](x:)]
to leverage the standard nonparametric regression techniques (in a supervised learning setting). However,
the correlated structure in Algorithm implies that E[y¥|z;] # E[[T*Qx_1](x:)] as Qx_1 also depends on z;.
Thus, the techniques in these prior works could not be used here and we require a new analysis. It is worth
noting that|Le et al.| (2019)) also re-uses the data as in Algorithm (instead of data splitting as in (Yang et al.)
2019)) but wrongly assumes that E[y¥|z;] = E[[T*Qx_1](;)]. Thus, their analysis is also improper. To deal
with the correlated structure, we propose a new analysis technique, namely a double uniform convergence
argument. The double uniform convergence argument is appealingly intuitive: while in a standard regression
problem, the (single) uniform convergence argument seeks the generalization guarantee uniformly over an
entire hypothesis space of a data-dependent empirical risk minimizer, in the value regression problem of
Algorithm [I} we additionally guarantee generalization uniformly over the hypothesis space of the regression
target T*Qr—1 as T*Qk—1 is data-dependent. To make it concrete, we highlight a key equality in our proof
where the double uniform convergence argument is used:

max [ Qp+1 — T*Qk”i = sup (E-— ]En)(lfQ - lfQ) + sup ]En(lf‘? - lfQ)a
k QEFNN " QEFNN + *

I ,empirical process term I5,bias term

where f&(z) = E[r + ymaxy Q(s',a’)|z], and ff =arginfpez o f — f,?”g,u.

The double uniform convergence argument also requires a different technique to control an empirical process
term I; as it now requires a uniform convergence over the regression target. We leverage local Rademacher
complexities to derive a bound on I;:

sup{(E — En)(ljo — ;o) : Q € Fan, [1f9 = f2)2 <}

2rlog(1/6)  28log(1/9)
+ .
n 3n

<6ER,{f—9g:f€Fnn.9gET Fnn,|f— g||i <r}+2

where R, is the local Rademacher complexity (Bartlett et al., [2005). An explicit bound is then derived via
a localization argument and the fixed point of a sub-root function.

The use of neural networks pose a new challenge mainly in bounding the bias term I5. We derive this bound
using the adaptivity of deep ReLU network to the regularity in Besov spaces, leveraging our Besov dynamic
condition in Assumption [5.2] Bounding the bias term also requires the use of a concentration inequality.
While [Le et al.| (2019) uses Bernstein’s inequality, our bias term I requires a uniform convergence version of
Bernstein’s inequality as I5 requires a guarantee uniformly over F . We omit a detailed proof for Theorem

Bl to Section [Al

7 Conclusion

We presented the sample complexity of FQI estimators for offline RL with deep ReLU network function
approximation under a uniform data coverage assumption. We proved that the FQI-type algorithm achieved
the sample complexity of O (m“‘d/ a.gm2-2d/ CY) under highly correlated structures and a general dynamic
condition namely the Besov dynamic closure. In addition, we corrected the mistake in ignoring the correlated
structure when reusing data with FQI estimators in (Le et al 2019)), overcame the inefficient data splitting
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technique in (Yang et al., 2019)), proposed a general dynamic condition that encompasses all the previous
Bellmen complete assumptions.

We close with a future direction. Although the finite concentration coefficient assumption is relatively
standard in offline RL with non-linear function approximation, can we derive a new result of offline RL
with neural network function approximation under partial coverage conditions? While the partial coverage
conditions exists for offline learning, they are currently studied in tabular RL (Rashidinejad et al., [2021)),
contextual bandits with neural network function approximation (Nguyen-Tang et al.,|2021)), and model-based
estimators (Uehara & Sun, [2021)).
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A Appendix

A Proof of Theorem 5.1]

We now provide a complete proof of Theorem The proof has four main components: a sub-optimality
decomposition for error propagation across iterations, a Bellman error decomposition using a uniform con-
vergence argument, a deviation analysis for least squares with deep ReLLU networks using local Rademacher
complexities and a localization argument, and a upper bound minimization step to obtain an optimal deep
ReLU architecture.

Step 1: A sub-optimality decomposition

The first step of the proof is a sub-optimality decomposition, stated in Lemma that applies generally
to any least-squares Q-iteration methods.

Lemma A.1 (A sub-optimality decomposition). Under Assumption the sub-optimality of Vi returned
by Algorithm[1) is bounded as

R K/2
ﬁ 0<k<K i ||Qk+1 TﬂQkHu + (1171/2 fOT OPE,
7
SubOpi(Ve) < NG 4,}/1+K/2
YV Eu *
(1— 'y)‘ O<k<K 1 HQk—i—l T QkH,u + m for OPL.

where we denote | fl|,, := \/fp, dsda)f(s,a)?,Vf:S x A—R.

The lemma states that the sub-optimality decomposes into a statistical error (the first term) and an algo-
rithmic error (the second term). While the algorithmic error enjoys the fast linear convergence rate, the
statistical error arises from the distributional shift in the offline data and the estimation error of the target
Q-value functions due to finite data. Crucially, the contraction of the (optimality) Bellman operators 7™ and
T* allows the sup-optimality error at the final iteration K to propagate across all iterations k € [0, K — 1].
Note that this result is agnostic to any function approximation form and does not require Assumption
The result uses a relatively standard argument that appears in a number of works on offline RL (Munos &
Szepesvaril, 2008; [Le et al., [2019).

Proof of Lemma[A.1, We will prove the sup-optimality decomposition for both settings: OPE and OPL.
(i) For OPE. We denote the right-linear operator by P”-: {X¥ — R} — {X — R} where

(P™f)(s, a) ::/Xf(s’,a’)w(da’|5’)P(ds’|s,a),

for any f € {X¥ — R}. Denote Denote p™(dsda) = p(ds)m(dals). Let € := Q41 — T7Qk,Vk € [0, K — 1]
and ex = Qo — Q™. Since QT is the (unique) fixed point of T, we have

Qr—Q" =T Q-1 —T"Q" + ex—1 = VP (Qr-1 — Q") + k1.
By recursion, we have
K AEH K

Qx —Q" =) (vP")'e, = ZakAkek

k=0

where ay, 1= %NI{ € [K] and Ay, := (P™)*,Vk € [K]. Note that Zf:o ag = 1 and Ay’s are probability
kernels. Denoting by |f| the point-wise absolute value |f(s,a)|, we have that the following inequality holds
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point-wise:

K+1 K

|Qx — Q7| < Z%AMGM

We have

Nk

_ ~K+1)2
1Qx — Q7|2 < W/p(ds)w(das) (

a — A EF12
© W/p(ds)’ﬁ(da| )

B) (1 —AfF)2
S W/p(ds 7T(da| )k

(©) (1 —HK+1)2 K-
S (/ el

k=0

2
arAglex|(s, a))

b
Il

0

arAiei(s,a)

[ 114

akAkei(s, a)

Il
=]

1
kAkek S, a —|—aK>

(d) (1 _ K+1)2

QU [ tsde) Y- ourmueh(o.a) +
S Taop u(ds, da arkper(s,a) + ax

k=0
K—-1
(1= )2
RN E > anmpllesl; +axc
v k=0

K
K gl
< K .
= L= )% o<kii— el + 1—7)

The inequalities (a) and (b) follow from Jensen’s inequality, (¢) follows from ||Qollco, [|@™|lcc < 1, and (d)
follows from Assumption that p™ Ay, = p™(P™)* < k,p. Thus we have

SubOpt(VK; 7T) = |VK - Vﬂ—l
Epx[Qx(s,0)] = Ep[Q"(s,a)]

S Ep,ﬂ [|QK(S7a) - Qﬂ-(sv CL)”
< \Eor [(Qx(s,0) = Q7(s,0))

— 0k — Q7
el + -~
=1y ockeic 1Flk (1—7)t/2

(ii) For OPL. The sup-optimality for the OPL setting is more complex than the OPE setting but the techni-
cal steps are relatively similar. In particular, let €1 = T*Qr—1 — Qk, Vk and 7*(s) = arg max, Q*(s, a), Vs,
we have

Q" —Qr =T Q" —T" Qr 1+ T" Qx_1—T*Qx_1 +ex 1
<0

IA

Q" — Qr—1) + ex—1

IN

P
K-
Z VEE e + 45K (PTYE(Q* — Qo) (by recursion). (1)
k=0

15



Under review as submission to TMLR

Now, let 73 be the greedy policy w.r.t. Qx, we have
Q" - Q= T Q" —T™'Qu_1+T™ 'Qr_1 —T"Qr—1 +ex_1
——

STTK-1Q* >0

>y PTHQT — Qk—1) + €x—1
K-1

> N ARk e Pt )g oK (PTEST L PTOY(QF — Qo). (2)
k=0

Now, we turn to decompose Q* — Q™% as

Q* _ QT(K _ (TW*Q* _ T‘/r*QK) + (TW*QK _ TFKQK) +(T7TKQK _ TTFKQWK)

<0

<APT(Q" - Q) + 7P (QKx — Q" + Q" — Q7F).

Thus, we have
(I =P™)(Q" = Q™) <(P™ — P™)(Q" - Q).
Note that the operator (I —yP™ )=t = 3" (yP™%)" is monotone, thus
Q" — Q% <y(I—yP™)"'PT (Q* —Qx) = (I —yP™) I PT(Q" ~ Q). (3)
Combining Equation with Equations and , we have

Q Q‘ITK < (I ,YPTK'K <Z ,YK k P7r K+1(P7T*)K+1(Q* _ QO)) _

(I — yP™)~ (Z ~E—k(pr .P”k“)ekﬂ“l(P”K...P”O)(Q*_Q°)>'

Using the triangle inequality, the above inequality becomes
i 2y(1 — A+ (R .
Q" -Q™ Sﬂivz) > arAiler| + ax Ax|Q* — Qo |,
(1-7) prs
where

1-— x
Ak _ T’V(Ii,YPﬂK)fl <(P7r )ka +P7TK ..'P7Tk+1) ’Vk < K’

1- :
Age = =L (1 =y P™) 7 ((P7)SH 4 PP

ap =511 — ) /(1 =45 Yk < K,
ag =751 —7)/(1 -

Note that Ay, is a probability kernel for all k£ and ), o, = 1. Thus, similar to the steps in the OPE setting,
for any policy 7, we have

[2y(1 — 75+ -
0=t = [P ([ wrtae S ochidton vox
L Y . k=0
[2y(1 — 7%+ -
< w /u(ds,da) Z akli“ei(s,a)+otl<
L v J k=0
_ 12 /K—1
2y(1 —~*h)
= ﬁ Zak:‘iuHEkHZ“v‘QK
L v 4 \k=0
4’}/21*6” 4,.YK+2
lewll?, +

T (1=t 0<hek-1
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Thus, we have

2y V/Fu il
* TK < — 1 _ ~\3/2°
Q" — Q™ ||~ < (1—~7)2 OSEHS&%(?I llexll, + (1—~)3/2

Finally, we have

SubOpt(rx) = E, [Q"(s,7"(s)) — Q" (s, 7k (5))]
<E, [Q7(s,77(s)) — QT (s,77(s)) + Q" (s, 7k (5)) — Q" (s, Tk (5))]
<QT = QT |l + 1@ = Q7| pc

47\/@ 4’}/K/2+1
< — _—
= (1—7)2 oginga]}((fl llexll + (1— )32

Step 2: A Bellman error decomposition

The next step of the proof is to decompose the Bellman errors ||Qr4+1—T7 Qx| for OPE and ||Qr+1—T7* Qx|
for OPL. Since these errors can be decomposed and bounded similarly, we only focus on OPL here.

The difficulty in controlling the estimation error ||Qr+1 — T*Qkll2,, is that Qj itself is a random variable
that depends on the offline data D. In particular, at any fixed k with Bellman targets {y;}?, where
Y = ri+ymaxy Qk(sh, a’), it is not immediate that E [[T*Qg](z;) — yi|z:] = 0 for each covariate x; := (s;, a;)
as Qg itself depends on x; (thus the tower law cannot apply here). A naive and simple approach to break
such data dependency of Qi is to split the original data D into K disjoint subsets and estimate each Qy
using a separate subset. This naive approach is equivalent to the setting in (Yang et al) [2019) where
a fresh batch of data is generated for different iterations. This approach is however not efficient as it
uses only n/K samples to estimate each Q. This is problematic in high-dimensional offline RL when the
number of iterations K can be very large as it is often the case in practical settings. We instead prefer to
use all n samples to estimate each ;. This requires a different approach to handle the complicated data
dependency of each Q. To circumvent this issue, we leverage a uniform convergence argument by introducing
a deterministic covering of T*Fyy. Each element of the deterministic covering induces a different regression
n

target {r; +ymax, Q(s},a’)}7_,; where Q is a deterministic function from the covering which ensures that

E [r; + ymaxq Q(s}, ') — [T*Q](x;)|z;] = 0. In particular, we denote

n

Y =1+ ymax Qx(s), '), Vi and fO := Quyy = arginf Y 1(f(x),y**), and fOF = T*Qy,

JeEFNN 74

where [(z,y) = (z — y)? is the squared loss function. Note that for any deterministic Q € Fyn, we have
O z) = ]E[yﬂxl],‘da:l, thus

E(ly — o) = If = £2II5, V4, (4)

where [; denotes the random variable (f(z1) — y?)2 Now letting ff = arginfrez f — f,9||27# be the

projection of f,f’? onto the function class Fyy, we have

* P (a) P (b)
max | Q1 — T* Q|7 = max || f9% — f24 |2 < sup ||[f9— (22 = sup E(ljo — 1)
k k QEFNN QEFNN )
©)
< swp {E(o — o) +Enllye — o)}

QEFNN
= sup {(]E C B (o — o)+ En(l,e — 1 Q)}
QEFnn fe S Y S
< sup (E—En)(lfQ —lfQ)+ sup En(lfcg —lfQ), (5)
QEFNN * QEFNN + *
I ,empirical process term I5,bias term

17
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where (a) follows from that Q € Fyn, (b) follows from Equation , and (c) follows from that Ep[l ;o] <
Enllfe],Vf,Q € Fnn. That is, the error is decomposed into two terms: the first term I; resembles the
empirical process in statistical learning theory and the second term I, specifies the bias caused by the
regression target ff? not being in the function space Fyn.

Step 3: A deviation analysis

The next step is to bound the empirical process term and the bias term via an intricate concentration,
local Rademacher complexities and a localization argument. First, the bias term in Equation is taken
uniformly over the function space, thus standard concentration arguments such as Bernstein’s inequality
and Pollard’s inequality used in (Munos & Szepesvari, 2008; [Le et all 2019) do not apply here. Second,
local Rademacher complexities (Bartlett et all 2005) are data-dependent complexity measures that exploit
the fact that only a small subset of the function class will be used. Leveraging a localization argument for
local Rademacher complexities (Farrell et al.l 2018]), we localize an empirical Rademacher ball into smaller
balls by which we can handle their complexities more effectively. Moreover, we explicitly use the sub-root
function argument to derive our bound and extend the technique to the uniform convergence case. That is,
reasoning over the sub-root function argument makes our proof more modular and easier to incorporate the
uniform convergence argument.

Localization is particularly useful to handle the complicated approximation errors induced by deep ReLLU
network function approximation.

Step 3.a: Bounding the bias term via a uniform convergence concentration inequality

Before delving into our proof, we introduce relevant notations. Let F — G :={f —¢g: f € F,g € G}, let
N(e, F, |- |I) be the e-covering number of F w.r.t. |- || norm, H(e, F, || -||) := log N (e, F, || - ||) be the entropic
number, let Njj(e, F, || - ||) be the bracketing number of F, i.e., the minimum number of brackets of || - ||-size
less than or equal to €, necessary to cover F, let Hy(e, F, || - ||) = log Npj(e, F, || - ||) be the || - ||-bracketing
metric entropy of Flet F|{z;}7_; = {(f(z1),..., f(zn)) € R*|f € F},and let T*F = {T*f : f € F}. Finally,

for sample set {z;}_,, we define the empirical norm || f[,, := /1 31" | f(2)2.

We define the inherent Bellman error as dzy, = supge 7, i0freryn [|f — T Ql|,. This implies that

d>? = sup inf —T*QQL: sup E(l.¢ —1,q). 6
T QeFnn fEFNN ”f Hl QEFNN ( - I ) ( )
We have
|lf - lg| < 4[f —g| and |lf _lg| <8.
We have

He{lye =l : Q € Fn o yidicy,n ™'+ 1)

< H(3{57 = 12 Q € Fundl{asbicyn |- )

€ " n _

< H(7, (F =T Fyn){eidion o - h)
€ n — € * n —

< H(g, Fanl{wa i ™ - ) + H G T* Fyw iy, o7 - )
€ n € s

< H(G Fynl{eiin |- o) + HG T Fyw, |- 1)

For any € > 0 and ¢’ € (0,1), it follows from Lemma With € =1/2 and a = ¢, with probability at least
1— ¢, for any Q € Fypn, we have

En(ljo —lpe) < 3E(lje — o) + €? <3d%, 47, (7)

FNN
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given that
/2

1 €
n~ = (10g(4/5/) + IOgEN(ZO, (Fnn —T*Fyn){zidie,n ' - 1)) :

Note that if we use Pollard’s inequality (Munos & Szepesvari, |2008) in the place of Lemma the RHS
of Equation (7)) is bounded by €’ instead of ¢’*(i.e., n scales with O(1/€") instead of O(1/€’?)). In addition,
unlike (Le et al., 2019)), the uniform convergence argument hinders the application of Bernstein’s inequality.
We remark that |Le et al.|2019| makes a mistake in their proof by ignoring the data-dependent structure in
the algorithm (i.e., they wrongly assume that Q¥ in Algorithm [1|is fixed and independent of {s;,a;}? ;).
Thus, the uniform convergence argument in our proof is necessary.

Step 3.b: Bounding the empirical process term via local Rademacher complexities
For any @) € Fnyn, we have

10 —lal <212 - 12| <2,
Vil — o] SE[(lje —1je)?] < 4E(fT - £2)°.

Thus, it follows from Lemma (with @ = 1/2) that with any r > 0,4 € (0, 1), with probability at least 1 —,
we have

sup{(E — E,)(ljo — 1;0) : Q € Fyn, [If% — 217 <7}
<sup{(E—E.)(lf —ly) : f € Fun,g € T*F,|If =gl <7}
2rlog(1/9) n 281log(1/9)

<3ER, {lf —lg: f € Fnn.g € T"Fyn, If — gl <7} +2

n 3n
2rlog(1/6 28log(1/6
<6ER, {f—g:fe€Fnn,g € T"Fyn,|If —glll <7} +2 i(/)+ ?ig/)-

Step 3.c: Bounding ||Qk+1 — T Q% . using localization argument via sub-root functions

We bound ||Qr4+1 — T*Qk||, using the localization argument, breaking down the Rademacher complexities
into local balls and then build up the original function space from the local balls. Let © be a sub-root
function (Bartlett et al., [2005, Definition 3.1) with the fixed point 7, and assume that for any r > r., we
have

¢(r) > 3ER, {f —g: f € Fnn,g € T Fun, If —gllZ <r}. ()

We recall that a function 9 : [0, 00) — [0, 00) is sub-root if it is non-negative, non-decreasing and r — 9(r)/+/r
is non-increasing for r > 0. Consequently, a sub-root function ) has a unique fixed point 7, where r, = ¥(r,).
In addition, ¥(r) < \/r7s,Vr > r,. In the next step, we will find a sub-root function 1 that satisfies the
inequality above, but for this step we just assume that we have such ¢ at hand. Combining Equations (),
@)7 and , we have: for any r > 7, and any § € (0,1), if || f@+—1 — FOr 13, < r, with probability at least
1-9

)

A 2rlog(2/6 28log(2/d
|| for-r — ff?k‘llliu < 2(r) + 24/ 2 Oi( /9) + 8 O?ii /9) + 3d2% + €
< 42 27’10%2/5) n 28103g£2/6) b (V3dr 4+ ),

where

6/2

20’

n=

(log(8/5) +1og EN (5o, (Fan — T Fyw){aitizy, n - ||1)> :

1
46'2

19



Under review as submission to TMLR

Consider rg > r, (to be chosen later) and denote the events

Bk = {”ka_l - f*Qk'””;u < QkTO}aVk € {O’ 1’ ""l}’

where | = logy(;-) < logy(;=). We have By C By C ... € B; and since ||f — g||2 < 1,9|floo, [9loe < 1, we

1 1
To Tx

have P(By) = 1. If || f@-1 — For |2 < 2'rg for some i < I, then with probability at least 1 — &, we have

, 2it1rolog(2/0)  281log(2/6
2 <V 2irgr, +2¢) — 2 ;g< /9 o?ig 1) | (V3dgyy +)

S 21-717"07

[9i+1
\/ﬁ—‘r 9 2 10g(2/6)
n

28log(2/6
80§,‘£/)+(\/§di]\]+6/)2§

|foemr — g2

if the following inequalities hold

IN
N = N =

271/,

i—1
2 To-

We choose rg > 7, such that the inequalities above hold for all 0 <4 < [. This can be done by simply setting

2 ‘ 2+11og(2/6 2 (28log(2/6
Vo= 2 (a4 oy /2108 @I0) ) | [ 2 (28108 R)0) gy e
2i—1 n =0 2i—1 3n =0
log(2/0
Sdryy +€ + #4‘%.
Since {B;} is a sequence of increasing events, we have
P(By) = P(B1) — P(B1 N Bj) = P(B;) — P(By N BY) — P(By N Bf)
-1
= P(B) *ZP(Bz'H NB;)>1-15.
i=0
Thus, with probability at least 1 — d, we have
A log(2(/6
1790 — 9y S i+ € By )
where
1 6’2
= go (10861/0) + I8 EN (5. (P = T Favn)Hasdimaon ™1 1))

Step 3.d: Finding a sub-root function and its fixed point

It remains to find a sub-root function ¥(r) that satisfies Equation and thus its fixed point. The main
idea is to bound the RHS, the local Rademacher complexity, of Equation by its empirical counterpart as
the latter can then be further bounded by a sub-root function represented by a measure of compactness of
the function spaces Fyny and T*Fnn.

For any € > 0, we have the following inequalities for entropic numbers:

H(e, FNn = T"FNN, |- In) < H(e/2, Fnn, || - lln) + H(e/2, T"Fnn, || - [In);

(a)
H(e, Fans |- 1n) < H(e, FnnHaid iz, |- o) S Nl(log N)? +log(1/e)], (10)
H(€7T*fNN7 H : ”n) < H(€7T*]:NN7 H : ||00) < H[](2€7T*]:NN7 H ’ ||00)

(b) _ ()
< Hy(26, By (X)), || - o) S (26)7%, (11)
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where N is a hyperparameter of the deep ReLU network described in Lemma -, ) follows from Lemma
and (b) follows from Assumption and (c) follows from Lemma [B.§ E Let ’H Fnn — T*Fnn, it
follows from Lemma with {& = 6/2 }ren for any e > 0 that

= H(e/251H, |- |In
BBl € W= bl < ) <43 gy T2 )
k=
¢ [P ) | 5= e [HE2 T P )
§422k_1\/ n Jr422k—1 n

d/a

< 2 N (G0N loni) + TS0y ()

< %m«mg N2 +log(1/e)) +

k—1
where we use va + b < /a+ vb,Va,b >0, 377 Q,QL,’Z < oo, and Y po (ﬁ) < 0.
2a

It now follows from Lemma [B.4] that

EoRo {f € F.geT*F:|f—glli <r}

2rH (e/2 .
< inf [IEURn{heH—H:HhHng}—l—\/ rH(¢/2H | ””q

n

[or /2 _
[ V/N((log N)2 4 log(1/€)) + \/N ((log N)2 4 log(4/€)) + 7‘(6/2)255}
\/> n e=n—F8
= 71‘/3_1/2\/N(10g2 N +logn) +n P0-30)-1/2 ¢ \/Z\/N(log2N +logn) + virn 215 =y (),

A

where (3 € (0, %) is an absolute constant to be chosen later.

Note that V[(f — ¢)?] < E[(f — 9)*] < E[(f — g)?] for any f € Fnn,g € T*Fnn. Thus, for any r > r,,
it follows from Lemma that with probability at least 1 — %, we have the following inequality for any
f € Fyn,g € T*Fyn such that ||f — g2 <r

1f=all%
. 2rlogn  56logn
<|If—gl2 +3ER{(f—9)*: f € Fnn,g €T Fun. If — gl <r}+ V= T3,
. 2rlogn  56logn
<|f=gl2 +3ER{f—g:f€Fnn,g €T Fnn, If — gl <r}+ V= T3,

<r+4o(r)+r+r <dr
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ifr > 7"*\/210%\/565,’%. For such r, denote E, = {|| f—gllZ < 4r}n{|[f—f.|2 < r}, we have P(E,) > 1-1/n
and

3ER{f—g:f€Fnn.g € T*Fyn,If — gl <7}
=3EE R {f —g: f € Fyn.g € T"Fun,|If — g <7}

<3E {IETEan{f —g:fEFNN,gET* Fan. If — gl <r}+(1- 1&)}
< 3E|:E0Rn{f —9g: f € ]:NNag € T*J—"NI\H ||f _gH’?L < 4T} + (1 - 1Er):|

1
< 301 (4r) + 1)

< n_ﬁ_l/z\/N(log2 N +logn) + n~FU=55)=-1/2 4 \/?\/N(log2 N +logn)
n

+/r 20 o =y

It is easy to verify that ¢ (r) defined above is a sub-root function. The fixed point r, of ¥(r) can be solved
analytically via the simple quadratic equation 7, = v (r.). In particular, we have

[N}

Ve S n_l/Q\/N(logQN—i—logn) +n 205 4o _i[N(log2N+logn)]1/4

+ n_g(l_%)_% + n_1/2

pd 8

hS n*i((zm/\l)“)\/N(log2 N + logn) + n~30=5) 4 g2 (-3 =5 4 = 1/2 (12)

It follows from Equation (9) (where I < log(1/r.)), the definition of dz,,, Lemma and Equation
that for any ¢ > 0 and § € (0, 1), with probability at least 1 — §, we have

Bd
_7)

g [ Qurs = T Qully S N7+ & 4 n=HEID /N (10g? N + logm) + 020

+ n-50-355)-3 + n—1/2\/10g<1/5) +loglogn (13)
where
1 6/2 . " _1
nz 4¢? log(1/68) + loglogn + 1OgEN(%7 (Fnn = T*Fyn){zitiz,n™ -l - 1) )- (14)

Step 4: Minimizing the upper bound

The final step for the proof is to minimize the upper error bound obtained in the previous steps w.r.t. two
free parameters 3 € (0, §) and N € N. Note that N parameterizes the deep ReLU architecture ®(L,m, S, B)
given Lemma [B.9} In particular, we optimize over 3 € (0, %) and N € N to minimize the upper bound in
the RHS of Equation . The RHS of Equation is minimized (up to log n-factor) by choosing

s 4 2 N\
N =nz@ADD 5 and = (24 ———— 15

which results in N = n2@#tD %% At these optimal values, Equation becomes

max 1Qr+1 — T*Qrllp S €+ n (B logn 4+ n~/2\/log(1/6) + loglog n, (16)

. .. _B({_dy_1 _1(1_8d _ _1(2a 44}t
where we use inequalities n=2(172a)~3 < p=3(1-3) = N—a/d — S(25a+d)
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Now, for any € > 0, we set ¢ = ¢/3 and let

n-3(5+s)” logn < €/3 and n~/2\/log(1/6) + loglogn < €/3.

It then follows from Equation that with probability at least 1 — ¢, we have maxy, [|Qr+1 — T Q|| < €

if n simultaneously satisfies Equation with € = €/3 and

1 22%4»% 2 2a d 1
nz ()7 o m et andn 2 3 og(1/0) + oglogn).

€2

(17)

Next, we derive an explicit formula of the sample complexity satisfying Equation . Using Equations

(13), (17), and (L5), we have that n satisfies Equation ([L4) if

n 2% n%ﬁdﬂz(loan—i—log(l/e))}7
d

no2 (&)

n 2 % (log(1/8) + loglogn).

Note that § < 1/2 and g < 2; thus, we have

286+1 d \ ! d
1— <1+ -—<3.
( 2 2@—|—d) - +oz

Hence, n satisfies Equations and if
1\ '*t% 1
nz (€2> log®n + e—2(log(1/6) + loglogn).

B Technical Lemmas

Lemma B.1 (Bartlett et al.| (2005)). Let r > 0 and let

FC{f: X = lab]: V(X)) <r}.

1. For any X > 0, we have with probability at least 1 — e,

feF 3

2. With probability at least 1 — 2e™?,

sup (Ef — Enf) < inf (ME R+ 22+ -0 (; +ly

fer ~ a€(0,1)

Moreover, the same results hold for sup;cz (E,f — Ef).

1
o

sup (Ef —E, f) < CIMI;% (2(1 + a)E[R,F] + % +(b—a) <1 + =

)

A
n

) |

I+a
2a(1 — @)

Lemma B.2 (Gyorfi et al. (2002, Theorem 11.6)). Let B > 1 and F be a set of functions f : R — [0, B].

Let 7y, ..., Z, be i.i.d. R%-valued random variables. For any o >0, 0 < € < 1, and n > 1, we have

sup

P i [(Z) ~ Elf(Z)]
fera+ =30 f(Zi) +E[f(Z

23
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Lemma B.3 (Contraction property (Rebeschini, 2019)). Let ¢ : R — R be a L-Lipschitz, then
E,R, (poF) < LE,R,F.

Lemma B.4 (Lei et al| (2016, Lemma 1)). Let F be a function class and P, be the empirical measure
supported on Xy, ..., X, ~ w, then for any r > 0 (which can be stochastic w.r.t X;), we have

2rlog N(¢/2, F, | - ||ln)
- )

EoRp{f € F:|fl7 <7} < inf \EoRn{f € F = F ¢ ||flly < e} + \/

Lemma B.5 ( |Lei et al| (2016, modification)). Let Xi,...,X,, be a sequence of samples and P, be the
associated empirical measure. For any function class F and any monotone sequence {&;}7°, decreasing to
0, we have the following inequality for any non-negative integer N

log N (&k, 7 || - lIn)

n

N
EoRo{f € F: || flln < &} < 4ka_1\/ +En.
k=1

Lemma B.6 (Pollard’s inequality). Let F be a set of measurable functions f: X — [0, K] and let e > 0, N
arbitrary. If {X;}N | is an i.i.d. sequence of random variables taking values in X, then

1 N _Ne2
P (;gg‘N ;f(Xi) —E[f(Xl)]‘ > 6) < BE[N(€/8, Flx,,y)] 12557,

Lemma B.7 (Properties of (bracketing) entropic numbers). Let € € (0,00). We have

1. H(E,]:, H : ||) < H[](267‘F’ H ! ”)7

2. H(e, Fl{aiyimy, n V7 ) = H(e, F |l - ) < Hie, Faitiny, || - o) < H(e, F, || - lloc) for all
{z;}7—1 C dom(F).

3. H(e, F = F,|| - 1) <2H(e/2, F,|| - 1), where F — F :={f —g: f,g € F}.

Lemma B.8 (Entropic number of bounded Besov spaces (Nickl & Potscher] [2007, Corollary 2.2)). For
1<p, g <00 and a > d/p, we have

H[](€7ng()()7 || : ”OO) /S Eid/a'

Lemma B.9 (Approxzimation power of deep ReLU networks for Besov spaces (Suzukil 2018, a modified
version)). Let 1 < p,q < o0 and a € (i 00). For sufficiently large N € N, there exists a neural network

PA2?
architecture ®(L,m, S, B) with
L=logN,m = NlogN,S =N, and B =< N& + "
where v = %5 and § :=d(p~* — (1 + &) ™')+ such that

If = fulloo S N7/4.

~

sup inf
f*EBg‘ q(X) fe®(L,W,S,B)
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