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ABSTRACT

Machine unlearning, the removal of a training subset’s influence from a deployed
model, is critical for privacy preservation and model reliability, yet gradient as-
cent on forget samples often harms retained knowledge. Existing approaches face
a persistent tradeoff between effective forgetting and preservation on the retain set.
While previous methods provide useful heuristics, they often lack a formal analy-
sis on how exactly forgetting updates harm retained knowledge, and whether the
side effects can be removed with theoretical guarantees. To explore a theoretically
sound and simple solution, we start from the first principle on how performance on
the retain set is actually affected: a first-order analysis of the local change of the
retain loss under small parameter updates during model training. We start from a
crisp equivalence: the retain loss is unchanged to first order iff the update direction
is orthogonal to the subspace spanned by retain gradients (“retain-invariant”). This
identifies the entangled component as the tangential part of forget update within
the retain-gradient subspace, and characterizes disentanglement as orthogonality.
Guided by this, we propose the Geometric-disentanglement Unlearning (GU) that
decomposes any candidate forget gradient update into tangential and normal com-
ponents to retain space and executes only the normal component. Under a standard
trust-region budget, the projected direction aligned with the raw forget gradient is
optimal among all first-order retain-invariant moves, and we also derive the op-
timal projected direction for joint forget-retain updating objectives. Our method
is plug-and-play and can be attached to existing gradient-based unlearning pro-
cedures to mitigate side effects. GU achieves consistent improvement on various
methods across three benchmarks TOFU, MUSE, and WMDP. Plugging GU into
SimNPO yields up to 62% lower Extraction Strength (ES), 32% higher retention
ES, 8% higher utility, and 60% higher MIA-closeness on TOFU benchmark.

1 INTRODUCTION

Large language models learn broad knowledge from massive corpora (Touvron et al., 2023;
Grattafiori et al., 2024; Wolf et al., 2020), but this strength also creates deployment risk: models
can internalize private or harmful content that later must be removed (Carlini et al., 2021; Li et al.,
2024a; Zhang et al., 2025). Machine unlearning aims to modify a trained model so that the influ-
ence of a forget set is erased while performance on the remaining retain data is preserved (Cao &
Yang, 2015; Bourtoule et al., 2021; Ginart et al., 2019; Graves et al., 2021). In practice, however,
updates that improve forgetting often degrade behavior on retained content, revealing a persistent
tradeoff between effective forgetting and retaining fidelity (Dorna et al., 2025; Maini et al., 2025;
Chen & Yang, 2023; Yao et al., 2024). Existing approaches attempt to mitigate this tradeoff by in-
corporating empirical controls during fine-tuning (Dong et al., 2025; Yu et al., 2023; Ji et al., 2024)
or by adjusting training preferences to balance the emphasis on forgetting and retaining data (Li
et al., 2024b; Rafailov et al., 2023). While helpful in some cases, these strategies are often offline
training-required (Bourtoule et al., 2021; Ginart et al., 2019; Sendera et al., 2025), computationally
heavy (Zhang et al., 2023; Bourtoule & et al., 2021), or they rely on heuristic assumptions (Liu
et al., 2024a) about why side effects arise, for example, attributing them to entanglement measured
by embedding similarity (Long et al., 2024; Anonymous, 2025; Liu et al., 2024b; Xu et al., 2024b),
without a formal, testable specification.

Hence, to derive a theoretically sound method with simple and accurate elimination of the trade-
off between forgetting and retaining, the central question is: exactly under what conditions does a
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forgetting update cause side effects on retained knowledge, and can those effects be avoided with
theoretical guarantees? In fact, the “no side effect” condition yields a concrete standard for “retain-
invariant” updates that do not impact the performance of the retain set during training stage. It mo-
tivates us to explore the cause of side effects from a simple objective: optimize the forgetting loss
while leaving retained knowledge unchanged and enforcing this during training as a local “retain-
invariance” requirement. Rather than presupposing a representation of entanglement in embeddings
or parameters and mitigating it by heuristics, we first characterize which update directions leave
the retain loss locally unchanged. This analysis yields a concrete and testable account of the retain
forget interaction: the portion of an update that is responsible for first-order harm on retained data.
We prove a crisp equivalence: the retain loss is locally invariant if and only if the update direction is
orthogonal under the optimizer’s geometry to the subspace spanned by retain gradients. This charac-
terization identifies disentanglement with orthogonality to the retain gradient subspace. The tradeoff
arises from the tangential component of the forgetting update within this subspace, which perturbs
the retain loss, and a retain-invariant forgetting update should exclude this tangential component.

Motivated by this, we introduce Geometric-disentanglement Unlearning (GU). GU constructs the
orthogonal complement of the retain-gradient subspace and projects forgetting updates into that
complement before applying them, preserving only the normal component that leaves the retain loss
unchanged and removing the tangential interaction to reduce side effects. We show that, under a
standard trust-region budget, the projected direction most aligned with the raw forgetting gradient is
optimal and delivers the steepest descent progress while maintaining local invariance on the retain
knowledge. In addition, from an optimization perspective, we derive the optimal joint update direc-
tion of retain and forget gradients. Built on a simple and sound theoretical guarantee, GU integrates
easily into existing gradient-based unlearning pipelines: it only requires orthogonal projection from
forget to retain gradients, and does not alter core objectives or require additional regularizers.

Empirically, GU achieves stronger forgetting with smaller drift on the retain set, consistent with the
theoretical link between reduced entanglement and orthogonality-based retain-invariance. Specif-
ically, across three benchmarks using SimNPO (Fan et al., 2024), recognized as the SOTA
method (Dorna et al., 2025), adding our geometry-disentanglement projection yields up to 62%
lower forgetting Extraction Strength, 31% higher retention Extraction Strength, and 8% higher
model utility, and 60% higher MIA-closeness; on MUSE it cuts Extraction Strength (Carlini et al.,
2021) for Unlearning by 46%, boosts retained ROUGE by 17%, and reduces privacy-leak magnitude
by 14%; and on WMDP-cyber it lowers hazardous accuracy by 0.36% without harming MMLU.

Taken together, adopting orthogonality to the retain gradient subspace as an explicit design principle
provides a simple yet effective unified theoretical and practical framework for effective unlearning
with controlled side effects. Our contributions are threefold:

•We formalize and leverage a theoretically sound equivalence that local retain invariance matches
orthogonality to the retain-gradient subspace, thereby making side effects formally testable.

•We introduce Geometric-disentanglement Unlearning, a plug-and-play projection that provides a
simple and unified theoretical and practical framework for unlearning with controlled side effects.

• Across three well-known benchmarks of TOFU, MUSE, and WMDP, GU universally strengthens
forgetting while reducing collateral harm and preserving or improving downstream performance.

2 MACHINE UNLEARNING PRELIMINARIES

Problem Definition. Let πθ be the target model and πref be a reference model trained on a dataset
D. Real-world data may contain private or harmful samples. Let Df ⊆ D denote the forget subset
whose influence must be removed, and define the retain set Dr = D \Df . Starting from πref , we
continue training to obtain our model πθ. Our objective is for πθ to behave as if Df had never been
used, which is to say, to match the behavior of a model trained from scratch on Dr. In principle, the
ideal approach is full retraining on Dr. However, in practice, this is often intractable due to heavy
costs. A common unlearning practice performs a bi-objective update at each step (Maini et al., 2024;
Dorna et al., 2025; Zhang et al., 2024). One samples a pair {xf , xr} with xf ∼ Df and xr ∼ Dr.
The update applies forget loss such as gradient ascent on a forget objective evaluated at xf and gra-
dient descent on a retain objective evaluated at xr. The intent is to forget information associated with
xf while preventing unintended harm to xr. We now make the two objectives explicit. Generally, for
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Figure 1: Geometric Unlearning (bottom) vs. baseline (top). P⊥ is the H-orthogonal projector
onto the complement of retain tangent subspace Tr; PTr

projects onto Tr. Without changing training
objective or adding regularization, we route existing gradients through orthogonal projectors.

both the forget and retain training strategies, there are many viable choices. Taking forget loss as an
example, we consider the following instantiations. Token-level NLL: ℓf (xf ; θ) ≡ sequence-averaged
cross-entropy on xf (with a sign conventionally chosen for ascent/descent as needed). Preference
ratios (e.g., SimNPO (Fan et al., 2024)/ NPO (Zhang et al., 2024)/DPO (Xu et al., 2024a)): use log-
likelihood ratios against a frozen reference model πref to penalize the originally preferred response
and/or promote an alternative. Calibration-based variants (e.g., CEU (Yang, 2025)/UNDIAL (Dong
et al., 2025)/WGA (Wang et al., 2025)/Sat-Imp (Yang et al., 2025)): reshape logits or labels to dis-
courage reproducing forget content. The loss can be instantiated in multiple ways, here we adopt
the token-level NLL loss in the following practice for simplicity:

Forget loss. For a forget sample xf ∈ Df , let ℓf (xf ; θ) denote a forget objective that encourages
the model to reject behaviors tied to Df , optimized via gradient ascent:

Lf (θ) := −Exf∼Df

[
ℓf (xf ; θ)

]
. (1)

Retain loss. Let ℓr(xr; θ) denote a retain objective that encourages the model to prefer behaviors
tied to Dr, optimized via gradient descent:

Lr(θ) := Exr∼Dr

[
ℓr(xr; θ)

]
. (2)

Empirical objectives. We will form training objectives that combine (i) a forget term aggregated
over Df and (ii) the retain-anchor Lr. A generic empirical objective takes the form Ljoint(θ) =
Lf (θ) + αLr(θ), where α ≥ 0 balances forgetting and retention.

3 METHODOLOGY

3.1 GEOMETRIC-DISENTANGLEMENT UNLEARNING (GU)

Featuring Side Effects on Retain Set. Let θ ∈ Rp denote the parameters of the model πθ. Let
Df and Dr be the forget and retain sets, and let Lr : Rp → R be the retain loss evaluated on Dr.
In LLM unlearning, updates that improve forgetting on Df can unintentionally harm knowledge
on Dr. We attribute this trade-off to retain-forget entanglement. Prior efforts often pursue “disen-
tanglement” via heuristics without theoretically deriving a formal, testable specification of what is
being disentangled (Liu et al., 2025a; Sendera et al., 2025). In contrast, to derive a theoretically
rigorous forget-retain entanglement representation to mitigate the unlearning tradeoff accurately, we
take a different route: starting from the desideratum forget reduced, retain unchanged, which mani-
fests during training as a local retain-invariance requirement. Rather than presupposing a particular
representation of entanglement (e.g., similarity in hidden states or in gradients), we first character-
ize the update directions that leave Lr locally invariant. This characterization, in turn, induces a
theoretically grounded representation of entanglement, namely, the component of an update that is
accountable for the harm on Dr. Concretely, during model training on a paired mini-step with forget
and retain samples {xf , xr} at iteration t, a parameter update is written as θt+1 = θt +∆θ, where
∆θ ∈ Rp is the step induced by the current optimization move. When ∥∆θ∥ is small, retain loss
Lr’s local change at θt along ∆θ admits the first order approximation:

∆(1)Lr = ⟨∇θLr(xr, θt), ∆θ⟩H , (3)

3
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where at training iteration t, we freeze an optimizer-induced symmetric positive definite (SPD)
preconditioner Ht ≻ 0 and equip Rp with the inner product ⟨u, v⟩Ht

:= u⊤Htv and norm ∥v∥Ht
:=√

⟨v, v⟩Ht
. Within the iteration, including any line-search or trust-region computation, Ht is treated

as constant; it may be updated to Ht+1 at the next step.1 Under this convention, the metric gradient
with respect to ⟨·, ·⟩Ht is ∇HtLr(xr, θt) := H−1

t ∇Lr(xr, θt), and the first-order change along an
update ∆θ is ∆(1)Lr = ⟨∇HtLr(xr, θt), ∆θ⟩Ht

. We may omit the t w.r.t H . i.e., under the metric
H , ∇θLr(xr, θt) is the gradient of retain sample xr. Our objective is to reduce this harm Eq. 3,
ideally keeping Lr unchanged, which at the local scale means enforcing ∆(1)Lr = 0. To investigate
when ∆(1)Lr = 0, we propose the following proposition:

Proposition 3.1. Formally, fix θ ∈ Rp and an optimizer-induced symmetric positive definite metric
H ≻ 0 with inner product ⟨u, v⟩H := u⊤Hv and its norm is ∥v∥H :=

√
⟨v, v⟩H . For each

retain sample xr ∈ Dr, assume ℓr(xr; θ) be differentiable and define retain gradient g(xr) :=
∇θℓr(xr; θ) ∈ Rp, Let the parameter-dependent retain gradient subspace be

Tr(θ) := span{ g(xr) : xr ∈ Dr } ⊆ Rp,

and its H-orthogonal complement Tr(θ)
⊥ := { v ∈ Rp : ⟨v, g⟩H = 0 ∀ g ∈ Tr(θ) }. For any

finite collection (xri)
m
i=1 ⊂ Dr, define the finite retain loss Lr(θ) :=

∑m
i=1 ℓr(xri ; θ), ∇θLr(θ) =∑m

i=1 g(xri) ∈ Tr(θ). Then for any update direction ∆θ ∈ Rp, the following are equivalent:

(i) ∆θ ∈ Tr(θ)
⊥. (ii) ∆(1)Lr(θ;∆θ) := ⟨∇θLr(θ), ∆θ⟩H = 0 for all xr ∈ Dr.

i.e., when Lr is locally invariant, ∆(1)Lr = 0, if and only if the update direction ∆θ is H-orthogonal
to Tr. This identifies T⊥

r as a retain-invariance subspace for forgetting. Proof see Appendix C.1.

Geometric decomposition. As established above, if an update direction is H-orthogonal to the
retain gradient subspace, then the retain loss Lr is locally unchanged. This motivates a geometric
view: as shown in Fig. 1, for a forget sample xf , decompose its gradient

gf (xf ) = P
(H)
Tr

gf (xf ) + P
(H)
⊥ gf (xf ), (4)

into a tangential component P (H)
Tr

gf (xf ) ∈ Tr and a normal component P (H)
⊥ gf (xf ) ∈ T⊥

r , where

P
(H)
Tr

= U (U⊤HU)−1U⊤H, P
(H)
⊥ = I − P

(H)
Tr

, (5)

where U = [u1, . . . , uk] ∈ Rp×k is the retain gradients from a small retain mini-batch Br ⊂ Dr

on selected tensors, spans the retain gradient subspace Tr = range(U) with U⊤HU = I . I is the
k × k identity matrix. The normal component P (H)

⊥ produces no first-order change on Lr, while
the tangential component P (H)

Tr
captures the interaction with retain updates. We therefore define

retain-forget gradient update entanglement by the magnitude of the tangential component:

entH
(
gf (xf )

)
:=

∥∥P (H)
Tr

gf (xf )
∥∥
H
, (6)

which vanishes if and only if gf (xf ) ∈ T⊥
r . In the disentangled case, P (H)

⊥ gf (xf ) yields a di-
rection that is first-order safe for Lr. However, the retain-invariance subspace T⊥

r contains infinite
directions. Which retain-invariance direction should we take under a fixed step budget for local op-
timal forgetting? A first-order selection principle can answer this. Fix the metric H ≻ 0, fist-order
linearizing the joint objective Ljoint(θ) := Lf (θ) + αLr(θ) at θt gives

∆(1)Ljoint(θt; ∆θ) = ⟨∇HLf (θt) + α∇HLr(θt), ∆θ⟩H .

Because ∇HLr(θt) ∈ Tr and ∆θ ∈ T⊥
r , the retain term vanishes: ⟨∇HLr(θt),∆θ⟩H = 0. Hence,

within the retain-invariance set, the steepest first-order change of Ljoint coincides with that of Lf ,
and depends only on gf := ∇HLf (θt) projected onto T⊥

r . This leads to the following lemma:

1This variable-metric view is standard: adaptive methods such as AdaGrad and Adam act as diagonal pre-
conditioners and thus endow a stepwise SPD metric (see, e.g., Duchi et al. (2011); Kingma (2014); natural-
gradient/K-FAC metrics (Amari et al., 2019; Martens & Grosse, 2015)).
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Lemma 3.2 (Steepest feasible descent under first-order safety). Let H ≻ 0 and let Tr = range(U)
be the retain-gradient subspace (with respect to the H-inner product). Define the feasible set

C := {∆θ ∈ Rp : U⊤H∆θ = 0, ∥∆θ∥H ≤ 1} = {v ∈ T⊥
r : ∥v∥H ≤ 1}.

For gf := ∇H
θ Lf (θt), the direction achieving the largest first-order decrease of Lf over C is

∆θ⋆f = arg min
∆θ∈C

⟨gf ,∆θ⟩H = −
P

(H)
⊥ gf

∥P (H)
⊥ gf∥H

, unique if P (H)
⊥ gf ̸= 0.

Moreover, letting gr := ∇H
θ Lr(θt) ∈ Tr, the same ∆θ⋆f also achieves the largest first-order de-

crease of the joint objective Ljoint := Lf + αLr over C:

∆θ⋆f = arg min
∆θ∈C

〈
gf + αgr, ∆θ

〉
H
.

Proof see Appendix C.2 for details. This provides the optimal update step for the total loss Ljoint:

θt+1 = θt − ρ
(
P

(H)
⊥ ∇HLf (θt)︸ ︷︷ ︸
retain-orthogonal

+P
(H)
Tr
∇HLr(θt)︸ ︷︷ ︸

retain-tangent

)
(7)

is first-order optimal for the joint objective under the retain-safety constraint. Under standard H-
smoothness, the step size ρ can be selected by a trust-region or line-search rule (see § 3.2, Propo-
sition 3.3, Corollary 3.4). Noted that our geometric-disentanglement update is a plug-and-play
method, and projection touches only selected trainable tensors, making GU architecture-agnostic.
We present algorithm details in Appendix B for the basis calculation and the optimizer update step.

3.2 THEORETICAL GUARANTEES

We provide the theoretical guarantees for our method, GU. We have proven that P (H)
⊥ gf is the steep-

est safe direction forLjoint in Lemma 3.2, furthermore, we will show Lr is first-order nonincreasing
(strictly decreasing when β > 0), with second-order drift bounded by smoothness in Prop. 3.3 and
its corollary Cor. 3.4). Then, we show that the composite objective enjoys a nonpositive first-order
change with an explicit negative lower bound in Prop. 3.5. Collectively, these results justify GU as
a principled first-order safe and steepest-feasible unlearning procedure in the optimizer geometry,
with explicit stability and robustness margins.

First-Order Safety and Retain Monotonicity The next proposition quantifies, at first order, how
this step impacts the retain loss Lr: the normal forget component is first-order neutral to Lr, whereas
the tangential repair strictly decreases Lr whenever gr ̸= 0.
Proposition 3.3 (First-order safety and retain monotonicity). Let H ≻ 0 be SPD and let Tr ⊂ Rp

denote the retain-gradient subspace w.r.t. the H-inner product. Let gr := ∇H
θ Lr(θt) ∈ Tr and

gf := ∇H
θ Lf (θt). WLOG, introduce β ≥ 0. Consider one split step

∆θ = −ρ
(
P

(H)
⊥ gf + β P

(H)
Tr

gr

)
with ρ > 0, β ≥ 0. (8)

Then the first-order change of Lr satisfies

∆(1)Lr = ⟨gr,∆θ⟩H = − ρ β ∥gr∥2H ≤ 0. (9)

If β = 0 the step is first-order neutral to Lr, and if β > 0, gr ̸= 0 it is first-order strictly decreasing.

Proposition 3.3 establishes the first-order effect of one split step on the retain loss: ∆(1)Lr =
⟨gr,∆θ⟩H = −ρβ∥gr∥2H ≤ 0. To convert this into an actual decrease of Lr(θ), we invoke the
H-geometry version of the descent lemma under Lipschitz H-gradient, and combine it with the
H-orthogonal decomposition of the step:
Corollary 3.4 (Descent guarantee for Lr under H-smoothness). Assume the H-gradient ∇H

θ Lr is
L
(H)
r -Lipschitz under ∥ · ∥H , i.e., ∥∇H

θ Lr(θ + ∆) − ∇H
θ Lr(θ)∥H ≤ L

(H)
r ∥∆∥H . Let the split

step be ∆θ = −ρ
(
P

(H)
⊥ gf + βP

(H)
Tr

gr
)

with ρ > 0 and β ≥ 0, where gr := ∇H
θ Lr(θ) and

gf := ∇H
θ Lf (θ). Then

Lr(θ +∆θ) ≤ Lr(θ) − ρβ∥gr∥2H +
L
(H)
r

2
ρ2
(
∥P (H)

⊥ gf∥2H + β2∥gr∥2H
)
. (10)
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In particular, if 0 < ρ <
2β∥gr∥2

H

L
(H)
r

(
∥P (H)

⊥ gf∥2
H+β2∥gr∥2

H

) , then Lr(θ + ∆θ) < Lr(θ) (strict descent

whenever β > 0 and gr ̸= 0). For β = 0,

Lr(θ +∆θ) ≤ Lr(θ) +
L
(H)
r

2
ρ2∥P (H)

⊥ gf∥2H = Lr(θ) +O(ρ2), (11)

recovering the neutral first-order case with only second-order drift.

Proof details of Proposition 3.3 and Corollary 3.4 in Appendix C.3.

One-step behavior of the joint objective. Having established first-order monotonicity and actual
descent for Lr, we now analyze the one-step first-order change of the joint objective Ljoint := Lf +
αLr under the same split step.
Proposition 3.5 (Exact first-order change of Ljoint). Let H ≻ 0, gf := ∇H

θ Lf (θ), gr :=

∇H
θ Lr(θ) ∈ Tr, and ∆θ = −ρ

(
P

(H)
⊥ gf + βP

(H)
Tr

gr
)

with ρ > 0, β ≥ 0. Then the first-order
change of the joint objective equals

∆(1)Ljoint :=
〈
gf + αgr,∆θ

〉
H

= −ρ
(
∥P (H)

⊥ gf∥2H + αβ∥gr∥2H + β⟨P (H)
Tr

gf , gr⟩H
)
. (12)

Proof details see Appendix C.4. In the optimizer-induced metric H , we prove that GU performs first-
order-safe, steepest-feasible forgetting by projecting onto the retain-orthogonal subspace, guarantees
monotone decrease of the retain loss via an explicit stepsize condition, provides an exact one-step
decomposition for the joint objective with verifiable nonpositivity conditions, and quantifies retain-
forget entanglement by the norm of the tangential component ∥P (H)

Tr
gf∥H .

4 EXPERIMENTS

4.1 SETTINGS

Datasets We evaluate our method on the OpenUnlearning benchmark suite, focusing primar-
ily on TOFU (Dorna et al., 2025), a fine-grained benchmark with 200 fictitious author profiles,
each containing 20 QA pairs. For fair comparison, we adopt the Llama-3 backbones (1B, 3B, 8B)
(Dubey et al., 2024) provided by the suite and follow the official scaling splits, varying the for-
get set size (forget01, forget05, forget10) to examine scalability. In addition, we report
results on MUSE (Shi et al., 2025), which evaluates memorization and unlearning of books and
news articles through verbatim reproduction, question answering, and membership inference, and
on WMDP (Liu et al., 2024c), an alignment-oriented benchmark of 3,668 multiple-choice questions
across hazardous domains (biosecurity, cybersecurity, chemical security) assessing whether models
can forget dangerous capabilities while retaining general performance. For MUSE and WMDP, we
report results on Llama-2-7B (Touvron et al., 2023) and zephyr-7b (Tunstall et al., 2024) to provide
a more comprehensive evaluation 2.

Evaluation Metrics Following Dorna et al. (2025); Yang et al. (2025), we evaluate unlearning
performance along four axes. Forgetting is measured by Extraction Strength on the forget set
(ES,Un.; ↓), which quantifies residual regurgitation by testing how easily the model can recon-
struct target facts under constrained prompts, directly probing whether the intended knowledge has
been removed. Retention is assessed by Extraction Strength (Carlini et al., 2021) on the retain set
(ES,Re.; ↑), monitoring collateral damage to preserved knowledge; for MUSE and WMDP, this is
complemented with ROUGE RE, which measures generation quality on retained knowledge-based
QA pairs. Privacy is captured by resistance to membership inference: on TOFU we report MIA
closeness (↑), which evaluates the similarity between unlearned and retain-only models across mul-
tiple MIA variants, while on MUSE and WMDP we use Privacy Leakage (Priv. Leak.; ↓), which
directly tests whether membership information from the forget set can still be inferred. Finally,
Utility (↑) captures post-unlearning usefulness: TOFU reports a composite model-utility score com-
bining probability, ROUGE, and Truth Ratio across retain and factual knowledge sets, while MUSE

2These models are chosen to ensure they have learned the target knowledge, enabling fair comparison of
unlearning effectiveness, as provided and recommended in the OpenUnlearning suite.
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Table 1: TOFU results comparing unlearning objectives with a retain-oriented geometric regularizer
(GU) that stabilizes updates via retain-null projection. Arrows ↑ / ↓ denote that higher/lower is
better. Within each block (model scale and deletion rate), the top two entries are shaded: blue
for higher-is-better metrics and red for lower-is-better metrics (no boldface is used). Abbrevia-
tions: ES Re. = Extraction Strength on the retain split; ES Un. = Extraction Strength on the forget
split; Priv. = MIA closeness; MU = composite model utility. “Forget–1%, 5%, 10%” indicate the
fraction of TOFU authors deleted. “Vanilla” is the pretrained backbone without TOFU fine-tuning;
“fully-finetuned” is trained on the full TOFU corpus. “w. GU” denotes the corresponding objective
augmented with our geometry module.

Method Forget-1% Forget-5% Forget-10%

ES Re. ↑ ES Un. ↓ Priv. ↑ MU ↑ ES Re. ↑ ES Un. ↓ Priv. ↑ MU ↑ ES Re. ↑ ES Un. ↓ Priv. ↑ MU ↑
Llama-3.2-1B-Instruct

Vanilla 0.0657 0.0692 1.0 0.5986 0.0667 0.0634 1.0 0.5991 0.0672 0.0589 1.0 0.5911
fully-finetuned 0.6483 0.7431 0.0 0.5991 0.6547 0.7271 0.0 0.5991 0.6475 0.7062 0.0 0.5991

GradDiff 0.1347 0.0410 0.6478 0.4170 0.2024 0.0327 0.6619 0.5232 0.1202 0.0325 0.5576 0.4763
GradDiff w. GU 0.1558 0.0421 0.6598 0.4417 0.2125 0.0327 0.6661 0.5308 0.1531 0.0325 0.5897 0.4798

CEU 0.0875 0.0316 0.5328 0.3666 0.0348 0.0327 0.8855 0.0000 0.0348 0.0325 0.9022 0.0000
CEU w. GU 0.2236 0.0328 0.5121 0.5134 0.2798 0.0333 0.6986 0.5635 0.4366 0.0325 0.6598 0.5844

DPO 0.3391 0.1520 0.5788 0.5071 0.2114 0.1507 0.5065 0.0710 0.2629 0.1826 0.4412 0.2157
DPO w. GU 0.3440 0.1545 0.5813 0.5099 0.2243 0.1535 0.5020 0.0922 0.2792 0.1822 0.4411 0.3016

NPO 0.3071 0.0637 0.7989 0.5482 0.1321 0.0678 0.8954 0.4378 0.1924 0.0742 0.9491 0.5218
NPO w. GU 0.3574 0.0670 0.9595 0.5520 0.1191 0.0632 0.9651 0.4623 0.2226 0.0864 0.9172 0.5442

SatImp 0.6437 0.6183 0.5112 0.5889 0.4948 0.4604 0.3591 0.5682 0.4841 0.4184 0.3804 0.5760
SatImp w. GU 0.6517 0.4855 0.5114 0.5942 0.5494 0.3964 0.3632 0.5724 0.5423 0.3459 0.3850 0.5790

SimNPO 0.6341 0.2824 0.5482 0.5899 0.4868 0.2072 0.4089 0.5696 0.4636 0.1838 0.4178 0.5781
SimNPO w. GU 0.6260 0.1204 0.7414 0.5954 0.5272 0.1140 0.6540 0.5770 0.5350 0.1099 0.6163 0.5884

UNDIAL 0.3462 0.0539 0.7994 0.5512 0.2391 0.0524 0.5697 0.5567 0.2631 0.0463 0.5246 0.5645
UNDIAL w. GU 0.5900 0.0565 0.7962 0.5886 0.6613 0.0458 0.5888 0.5972 0.6888 0.0395 0.5889 0.6026

WGA 0.5455 0.0516 0.9194 0.5872 0.4891 0.0335 0.7152 0.5836 0.4474 0.0325 0.6685 0.5825
WGA w. GU 0.6180 0.0884 0.9119 0.5963 0.5212 0.0377 0.7168 0.5773 0.4828 0.0325 0.6752 0.5862

Llama-3.2-3B-Instruct

Vanilla 0.0689 0.0647 1.0 0.0649 0.0694 0.0656 1.0 0.6594 0.0645 0.0665 1.0 0.6623
fully-finetuned 0.8763 0.9201 0.0 0.6660 0.8459 0.8869 0.0 0.6660 0.8730 0.8904 0.0 0.6660

GradDiff 0.1241 0.0425 0.6712 0.3635 0.2273 0.0327 0.5974 0.5031 0.1808 0.0325 0.6340 0.5720
GradDiff w. GU 0.2578 0.0436 0.6625 0.5677 0.3123 0.0327 0.6145 0.5822 0.2074 0.0325 0.5842 0.6041

CEU 0.1692 0.0297 0.4265 0.5585 0.0348 0.0327 0.8963 0.0000 0.0348 0.0325 0.8627 0.0000
CEU w. GU 0.3046 0.0291 0.4288 0.6159 0.3411 0.0332 0.6924 0.6255 0.5568 0.0325 0.6350 0.6672

DPO 0.5017 0.3143 0.6057 0.6273 0.3098 0.1973 0.4564 0.1023 0.3866 0.2598 0.4264 0.3283
DPO w. GU 0.5035 0.2569 0.6097 0.6266 0.3233 0.2058 0.4544 0.1867 0.4104 0.2564 0.4270 0.4526

NPO 0.4129 0.0865 0.7520 0.6356 0.1454 0.0595 0.8653 0.4828 0.1389 0.0600 0.8746 0.5329
NPO w. GU 0.4941 0.0947 0.9232 0.6499 0.1329 0.0632 0.9526 0.4326 0.1936 0.0704 0.9604 0.5805

SatImp 0.7926 0.7171 0.5836 0.6429 0.6147 0.6210 0.3546 0.6370 0.5739 0.5426 0.3884 0.6457
SatImp w. GU 0.8134 0.5973 0.5852 0.6480 0.6529 0.4744 0.3598 0.6441 0.6200 0.4386 0.3934 0.6362

SimNPO 0.7490 0.3896 0.6349 0.6417 0.6068 0.2470 0.4046 0.6342 0.5682 0.2032 0.4511 0.6439
SimNPO w. GU 0.7781 0.1747 0.7842 0.6447 0.7977 0.1089 0.6467 0.6670 0.6224 0.1207 0.6745 0.6488

UNDIAL 0.4396 0.0658 0.8748 0.6468 0.3242 0.0465 0.6397 0.6463 0.3538 0.0416 0.5833 0.6550
UNDIAL w. GU 0.6996 0.0619 0.8736 0.6805 0.7641 0.0424 0.6616 0.6935 0.7869 0.0396 0.6226 0.6992

WGA 0.6827 0.0818 0.9365 0.6522 0.6060 0.0327 0.6975 0.6417 0.6427 0.0341 0.6516 0.6497
WGA w. GU 0.7440 0.1226 0.9425 0.6543 0.6163 0.0327 0.6751 0.6419 0.6425 0.0334 0.6544 0.6451

Llama-3.1-8B-Instruct

Vanilla 0.0674 0.0645 1.0 0.6176 0.0697 0.0741 1.0 0.6322 0.0645 0.0650 1.0 0.6461
fully-finetuned 0.9247 0.9767 0.0 0.6276 0.9238 0.9719 0.0 0.6276 0.9463 0.9789 0.0 0.6276

GradDiff 0.3072 0.0764 0.5497 0.5481 0.2897 0.0327 0.5666 0.5890 0.3098 0.0325 0.5638 0.5713
GradDiff w. GU 0.3449 0.0756 0.5475 0.5659 0.4639 0.0327 0.6402 0.6276 0.3408 0.0325 0.6233 0.5771

CEU 0.1500 0.0291 0.5311 0.5465 0.0348 0.0327 0.9180 0.0000 0.0348 0.0325 0.8689 0.0000
CEU w. GU 0.3050 0.0291 0.5091 0.6144 0.4470 0.0327 0.6370 0.6411 0.6987 0.0325 0.6856 0.6773

DPO 0.5852 0.2854 0.5593 0.5774 0.4902 0.2476 0.4607 0.2390 0.7038 0.3366 0.4451 0.3281
DPO w. GU 0.5840 0.2445 0.5702 0.5813 0.5512 0.2329 0.4661 0.3523 0.7557 0.3188 0.4565 0.4481

NPO 0.3861 0.0811 0.7948 0.5717 0.2071 0.0648 0.7440 0.5839 0.2435 0.0684 0.7516 0.6104
NPO w. GU 0.4006 0.0818 0.7972 0.5842 0.2642 0.0664 0.7447 0.6173 0.3476 0.0708 0.7396 0.6095

SatImp 0.9505 0.9037 0.5186 0.6269 0.7967 0.7391 0.3641 0.6013 0.6794 0.6436 0.3846 0.6265
SatImp w. GU 0.9342 0.7251 0.5248 0.6326 0.8120 0.4872 0.3782 0.6163 0.6978 0.4360 0.3891 0.6118

SimNPO 0.8256 0.3101 0.6178 0.6270 0.7814 0.2529 0.4762 0.6040 0.6530 0.2110 0.4789 0.6029
SimNPO w. GU 0.8284 0.1177 0.7810 0.6269 0.8067 0.1425 0.7424 0.6227 0.7103 0.1140 0.7027 0.6519

UNDIAL 0.5679 0.0683 0.7964 0.7089 0.5453 0.0506 0.5812 0.6781 0.6213 0.0495 0.5364 0.6934
UNDIAL w. GU 0.7520 0.0671 0.8115 0.7257 0.9191 0.0477 0.6029 0.6860 0.9349 0.0468 0.5361 0.6802

WGA 0.7644 0.0745 0.7161 0.6258 0.7299 0.0339 0.6199 0.6256 0.6560 0.0339 0.6552 0.6331
WGA w. GU 0.7915 0.0785 0.7513 0.6297 0.7577 0.0327 0.6184 0.6425 0.7122 0.0325 0.6225 0.6024

and WMDP report ROUGE on retained QA tasks. Together, these axes disentangle what was for-
gotten (ES,Un.), what was preserved (ES,Re., ROUGE RE), whether leakage is controlled (MIA,
Priv. Leak.), and whether the model remains useful (Utility).A detailed introduction of the metrics
refer to open-unlearning (Dorna et al., 2025).

4.2 GEOMETRY-GUIDED UNLEARNING DELIVERS PARETO IMPROVEMENTS ON TOFU

Table 1 shows the reulst on TOFU benckmark. We use two informative references. Vanilla is the
pretrained backbone without any TOFU fine-tuning; it neither learns nor regurgitates TOFU facts
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Table 2: MUSE benchmark results for Llama-2-7b-hf on Books and News splits and WMDP bench-
mark results for zephyr-7b-beta on cyber split. ↓ indicates smaller values are better, while ↑ indicates
larger values are better.

Method MUSE Books MUSE News WMDP cyber
ES Un. ↓ Priv. Leak. → 0 ROUGE Re. ↑ ES Un. ↓ Priv. Leak. → 0 ROUGE Re. ↑ Un. acc. ↓ mmlu acc. ↑

Llama-2-7b-hf zephyr-7b-beta

Vanilla 0.01 8.16 0.68 0.02 -4.72 0.56 0.4453 0.5845
fully-finetuned 0.92 -57.34 0.69 0.29 -99.81 0.55 - -

GD 0.0079 -24.5562 0.0 0.0116 88.2242 0.3971 0.2420 0.4772
GD w. GU 0.0079 -24.6394 0.0 0.0085 88.0562 0.3992 0.2375 0.4937
CEU 0.0079 -58.8018 0.0 0.0079 -7.3468 0.0 0.2455 0.2689
CEU w. GU 0.0079 -58.0251 0.0 0.0182 66.1418 0.4349 0.2455 0.2689
NPO 0.3933 -54.4933 0.6185 0.1021 -85.8312 0.5050 0.3457 0.5422
NPO w. GU 0.3822 -53.7352 0.6251 0.1175 -86.04 0.5037 0.3668 0.5518
SatImp 0.7710 -58.3950 0.6114 0.2287 -99.8741 0.3991 0.4177 0.5654
SatImp w. GU 0.7321 -57.3851 0.6310 0.1943 -99.8740 0.4100 0.4157 0.5674
SimNPO 0.1407 -54.2530 0.5103 0.1778 -99.8741 0.4114 0.4192 0.5658
SimNPO w. GU 0.0813 -46.4866 0.5980 0.0957 -99.8740 0.4143 0.4177 0.5663
UNDIAL 0.0231 -18.3432 0.6309 0.0110 -98.9085 0.1928 0.3829 0.5596
UNDIAL w. GU 0.0219 -18.2137 0.6370 0.0168 -99.37 0.3638 0.3789 0.5612
WGA 0.0079 -49.9445 0.4689 0.0102 101.1335 0.4602 0.2455 0.2550
WGA w. GU 0.0079 -40.1072 0.4682 0.0084 108.14 0.4615 0.3819 0.5498

(low ES on both splits), enjoys perfect MIA-closeness (Priv = 1), and yields moderate utility.
Fully-finetuned is trained on the entire TOFU corpus; it memorizes broadly (high ES on both splits),
collapses privacy (Priv = 0), and reaches a utility ceiling. The practical goal is to move unlearning
methods off these single-orbit extremes toward a frontier that combines low ES on the forget set
with high ES on the retain set and high utility, while keeping privacy nontrivial.

Observed Pareto shifts at fixed or lower ES Un. In Figure 2, the Base→ GU shifts consistently
follow a Pareto-improving direction across all metrics. Specifically, (i) ES Un decreases further,
indicating that GU not only preserves but even slightly improves forgetting effectiveness; (ii) ES Re
and Priv increase, demonstrating that GU substantially mitigates the trade-off typically observed in
existing unlearning methods, forgetting the target knowledge no longer harms retained knowledge
or privacy; and (iii) MU remains stable or improves, showing that GU enhances unlearning without
compromising overall model utility. Taken together, these trends highlight that GU enables precise
and low-side-effect unlearning, transforming the unlearning process from a severe trade-off chal-
lenge into a near-Pareto-optimal operation. Specifically, across Llama-3.2 at 1B/3B, Llma-3.1 8B
and unlearning rates forget01/05/10, adding geometry-disentanglement projection (“w.GU”)
to diverse objectives reliably raises ES on the retain split and improves utility without worsening ES
on the forget split. Three representative cases illustrate the pattern. (i) CEU at 1B and forget01:
ES,Re increases (0.0875→0.2236) and MU rises (0.3666→0.5134) while ES,Un stays near the
floor (0.0316→0.0328). (ii) UNDIAL at 3B and forget10: ES,Re increases (0.3538→0.7869)
and MU improves (0.6550→0.6992) with a slight decrease in ES,Un (0.0416→0.0396). (iii) Sim-
NPO at 8B and forget01: ES,Un drops sharply (0.3101→0.1177) while ES,Re nudges upward
(0.8256→0.8284) and MU remains stable. These shifts match the geometric expectation that re-
moving retain-tangent components preserves forgetting while unlocking retention and utility.

Scaling with difficulty and size. When forget grows from 1% to 10% or the backbone scales from
1B to 8B, retain-forget entanglement and curvature intensify; naive objectives are then more likely
to leak retain-tangent motion. In these regimes the geometric constraint provides larger absolute
gains. On 1B, CEU w.GU shows ES, Re increasing from 0.2236 to 0.2798 to 0.4366 (and MU from
0.5134 to 0.5635 to 0.5844) as we move from forget01 to forget10, while ES,Un remains near
0.033. On 3B, UNDIAL w.GU moves ES, Re from 0.4396 to 0.6996 at forget01 and to 0.7869 at
forget10, with ES, Un consistently low (0.0658→0.0619 and 0.0416→0.0396). On 8B, SimNPO
w.GU repeatedly halves ES, Un across forget rates while maintaining or slightly improving ES, Re,
and MU. The trend indicates that geometry, rather than heavier regularization, is the primary lever
when problems become more entangled.

Privacy behavior and proximity to retain-only. Because the projection limits drift along retain-
tangent directions, the unlearned model often stays closer to a retain-only solution, which is re-
flected in higher MIA-closeness. The effect is particularly clear for NPO-type objectives: at 1B and
forget01, NPO w.GU increases Priv from 0.7989 to 0.9595; at 3B and forget05, from 0.8653
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Figure 2: We visualize forgetting quality (ES Un: lower for better) against retained knowledge (ES
Re), privacy (Priv), and model utility (MU) for eight unlearning baselines on TOFU. ES Re, Priv, and
MU are metrics of higher for better. Circles denote baseline outputs, triangles denote results of GU,
and arrows indicate the shift from Base→ GU. Across all three panels, GU pushes methods toward
the Pareto-optimal corner (upper-right), reducing the trade-off between forgetting and retaining.

to 0.9526. For WGA, UNDIAL, and SimNPO, privacy is typically preserved or slightly improved
while retention and utility rise, consistent with the mechanism.

Objective-specific diagnoses and corrections. CEU/GradDiff-like losses can collapse or drift
in high-curvature regions; in the 3B setting, CEU yields MU = 0 at forget05/forget10.
Adding geometry restores these to 0.6255 and 0.6672 by removing retain-tangent updates. For sat-
uration/weighting families (SatImp, SimNPO, WGA), the whitened metric regularizes local slopes
and prevents over-shoot along entangled directions, yielding the characteristic combination of lower
ES, Un, and higher ES, Re/MU without bespoke tuning.

4.3 MUSE & WMDP: CONSISTENCY OF GEOMETRY-GUIDED IMPROVEMENTS.

We evaluate on two complementary settings: (i) MUSE (Llama-2-7B) probes verbatim reproduction
and QA over Books/News, where forgetting should reduce ES on the forget split while preserving
ROUGE on retained QA and reducing privacy leakage toward zero; (ii) WMDP-cyber (zephyr-7b-
beta) probes capability removal, where lower unlearning accuracy (Un. acc. ↓) signals safer behavior
while general ability (MMLU ↑) should not degrade. Table 2 shows the results on these two bench-
marks. The Pareto improvement and detailed analysis is in Appendix D.3.

5 RELATED WORK

LLM Unlearning and Orthogonal Decomposition. Unlearning in LLMs seeks to remove spe-
cific data influence while preserving general performance. Approaches include gradient-based un-
learning, which maximizes loss on target samples but risks catastrophic forgetting (Thudi et al.,
2022; Izzo et al., 2021), and preference-based optimization like NPO, offering more stable updates
via constrained objectives (Li et al., 2024b). Parameter-efficient methods modify adapters or LoRA
layers to balance forgetting and retention (Yu et al., 2023; Kurmanji et al., 2023). Representation-
based techniques remove knowledge via hidden state manipulation or teacher distillation (Cao &
Yang, 2015; Ginart et al., 2019). Inference-time methods use prompts or embedding corruption for
fast but superficial unlearning (Maini et al., 2025). However, traces of forgotten content often per-
sist, e.g., adversarial prompts can recover them (Jagielski et al., 2023; Liu et al., 2024c), and outputs
remain distinguishable (Chen et al., 2025). This highlights the gap between true and fake erasure,
motivating our method for principled trade-offs between forgetting and retention without degrading
real-world performance. Overcoming catastrophic forgetting by gradient projection (Kirkpatrick
et al., 2017). Gradient surgery for multi-task learning (Yu et al., 2020). Orthogonal gradient descent
for continual learning (Farajtabar et al., 2020). Recent work brings similar geometric control to ma-
chine unlearning: PGU (Hoang et al., 2024), UNSC (Chen et al., 2024), and SEMU (Sendera et al.,
2025) construct projection or null-space updates from activations or SVDs, while NegMerge (Kim
et al., 2024) and NatMU (He et al., 2025) design weight- and label-space edits, and Deep Un-
learn (Cadet et al., 2024) benchmarks these heuristics. However, these methods target small super-
vised models or do not provide an optimizer-aware gradient orthogonalization that scales to LLMs.
More detailed comparison and discussion refer to the Appendix A.4.
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Knowledge Conflict and Entanglement in LLMs. LLMs face conflicts between internal mem-
ory and external evidence, categorized as context-memory, inter-context, and intra-memory conflicts
(Xu et al., 2024b; Li et al., 2025). For context-memory conflicts, confidence metrics guide reliance
on parametric vs. retrieved knowledge (Pang et al., 2024). Knowledge editing methods (e.g., ROME,
MEMIT, FT-Edit) overwrite facts but risk interference. Recent methods like AlphaEdit and GeoEdit
constrain updates via subspace projection to minimize side effects (Fang et al., 2025; Feng et al.,
2025). Additional approaches include disentanglement (Long et al., 2024) and consistency tuning
(Wang et al., 2024). Unresolved conflicts often cause models to default to internal memory, ignoring
external input (Xu et al., 2024b). While sharing goals with editing-based methods, our approach of-
fers principled control over forgetting-retention trade-offs with theoretical guarantees. Knowledge
entanglement refers to interdependent representations where removing one piece disrupts others.
TOFU shows widespread collateral forgetting (Maini et al., 2024); MicroEdit links interference to
polysemantic neurons and proposes neuron-level edits (Anonymous, 2025); other work finds biased
or memorized knowledge entangled with core reasoning (Liu et al., 2025b; Ghosal et al., 2025).
These studies demonstrate that LLM knowledge is stored in distributed, overlapping forms, compli-
cating precise unlearning. In the absence of provable disentanglement, current methods mainly rely
on heuristics. SEMU and Deep Unlearning use SVD-based subspace isolation to confine forgetting
(Sendera et al., 2025; Kodge et al., 2024). UNSC adjusts updates in the null space of retained knowl-
edge (Chen et al., 2024); ECO avoids weight edits by corrupting prompts at inference (Liu et al.,
2024b); MicroEdit sparsifies edits to monosemantic neurons (Anonymous, 2025). These strategies,
via low-rank approximations, null-space constraints, sparse edits, or prompt manipulations, approx-
imate disentanglement, though full theoretical guarantees remain open.

6 CONCLUSION

To seek a theoretically sound and simple solution that precisely reduces forget-retain tradeoff, we
studied when forgetting updates leave retained knowledge unchanged and showed that a local retain-
invariance requirement aligns with orthogonality to the retain-gradient subspace. Building on this
equivalence, we introduced Geometric-disentanglement Unlearning, which projects updates onto
the retain-orthogonal complement, reducing side effects on the retain set. GU is plug-and-play,
optimizer-compatible, and architecture-agnostic, and it attaches seamlessly to existing gradient-
based unlearning pipelines to mitigate collateral harm. Across TOFU, MUSE, and WMDP, GU
delivers consistent improvements in forgetting while preserving or enhancing retained performance.

Ethics Statement Our work focuses on the ethical need to remove private, harmful, or unautho-
rized content from large language models while preserving legitimate capabilities. Unlearning is
inherently privacy- and safety-focused because it touches how models retain or discard information
about individuals and sensitive domains. Our method GU is designed to reduce unintended degrada-
tion on non-target content, which aligns with the goals of privacy protection, user trust, and reliable
deployment. For data governance and human subjects, we use public benchmarks curated for re-
search and do not introduce new personally identifiable information. Any future deployment should
follow data minimization, consent, and legal compliance.

Reproducibility Statement. We emphasize reproducibility throughout the paper. § 3 presents the
core algorithm and training workflow, and the Appendix B provides full implementation details,
including how we construct the H-orthogonal projectors, update the retain subspace online, and
enforce the practical trust-region controls. To enable exact replication, the supplementary materials
contain runnable code, configuration files and command lines for every table and figure (covering
all model scales and forget/retain splits), an environment specification with pinned library versions
plus a short setup README, and default random seeds with deterministic settings where available.
We also include scripts to download and preprocess the public datasets used (e.g., those in the
OpenUnlearning suite), as well as evaluation scripts that regenerate all reported metrics, tables, and
plots from logs/checkpoints. All key hyperparameters are recorded, basis rank k, refresh period,
residual threshold, projected layer range K, mixing weights (γ, α), trust-region parameters (κ, τ),
optimizer choices, and learning-rate schedules, so readers can reproduce results without additional
assumptions and readily extend our experiments. Our experiments run in a server with Intel Gold
CPU with 1024 Gb Memory and 2 H100 GPU.
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APPENDIX

A DISCUSSION

A.1 DISCUSSION ON H

We work in parameter space Rp. Let H ≻ 0 denote the optimizer-induced metric; for Adam,
H = W⊤W with

W = diag
(
1/
√
v̂ + ε

)
, (13)

where v̂ is Adam’s second-moment accumulator. For an optimizer with a (possibly time-varying)
linear preconditioner Pt such that the step direction is dt = −Ptgt, set the metric to

Ht := P⊤
t Pt,

and use Ht consistently to build the retain basis U and the projectors P (Ht)
Tr

, P
(Ht)
⊥ . Then the local

retain invariance ∆(1)Lr = ⟨∇Lr,∆θ⟩Ht = 0 is equivalent to ∆θ ∈ T⊥
r under Ht, and all first-

order safety statements carry the same.

A.2 CONSTRUCTING THE RETAIN-ORTHOGONAL SPACE.

To protect retained behavior, we here introduce how we derive Tr on Dr from a retain loss:

Lr(θ) = Ex∈Dr

[
KL

(
πθ(· | x) ∥πref(· | x)

)]
,

which yields low-variance and stable gradients, a zero-gradient baseline near πθ ≈ πref , and align-
ment with preserving output style.

From a small retain mini-batch Br ⊂ Dr on selected tensors, we collect retain gradients to form U
and orthonormalize in whitened coordinates (Gram–Schmidt) so that U⊤HU = Ik. For any v ∈ Rp,
the projection P

(H)
⊥ v lies in T⊥

r and satisfies U⊤H P
(H)
⊥ v = 0. Hence its H inner products with

all retain-tangential directions vanish. Equivalently, P (H)
⊥ removes the tangential component along

Tr and preserves only the H normal component, thereby eliminating retain–forget entanglement to
first order while keeping the component that drives forgetting.

A.3 SIGN-AWARE SELECTIVE PROJECTION

Not all retain-tangential components of ∇Lf are harmful to Lr. In whitened coordinates g̃f :=
W∇Lf , g̃r := W∇Lr, let ai = ⟨g̃f , ui⟩, bi = ⟨g̃r, ui⟩. We keep only the opposite-signed retain-
tangential components of g̃f (which locally decrease Lr), and discard same-signed (harmful) ones.
We also cap their magnitude to avoid drifting within Tr:

Keep ui if aibi < −τ (τ ≥ 0),
∥∥∑

i:aibi<−τ aiui

∥∥ ≤ κ
∥∥P (H)

⊥ g̃f
∥∥ (0 < κ ≤ 1). (14)

The resulting forget direction in whitened coordinates is g̃self = P
(H)
⊥ g̃f + tan keep, while the retain

direction is g̃norr = P
(H)
Tr

g̃r. Mapping back with W−1 yields the final gradient∇θ ← γgself +αgnorr .
This preserves first-order safety (harmful tangential parts are removed) while not wasting helpful
opposite-signed components.

Sign-aware refinement. With the sign-aware rule (Eq. equation 14), the forget direction reads
P

(H)
⊥ gf +

∑
i∈K aiui where K = {i : aibi < −τ}. Its contribution to the first-order retain change

is −ρ
∑

i∈K aibi ≤ −ρτ
∑

i∈K |ai||bi| ≤ 0, so Proposition 3.3 strengthens to

∆(1)Lr ≤ −ρβ∥P (H)
Tr

gr∥2H − ρτ
∑
i∈K
|ai||bi| ≤ 0.

The cap in Eq. equation 14 further bounds the tangential energy, preventing drift within Tr.
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A.4 DISCUSSION ON PROJECTION-BASED UNLEARNING METHODS

In this section we provide a more detailed comparison between GU and prior projection-based un-
learning methods, and we explain why we do not include UNSC/PGU/SEMU ablations in our LLM
experiments. UNSC (Chen et al., 2024) and PGU (Hoang et al., 2024) were designed for small- to
medium-scale image classifiers (e.g., ResNet/ViT) with a small, fixed label space, where one can
compute per-class activation subspaces or full-dataset Gram matrices and use them to define a null
space that protects retain classes. SEMU (Sendera et al., 2025) similarly operates in a supervised
setting, but constructs a low-rank “forget subspace” via SVD of forget-set gradients and parameter-
izes unlearning updates inside this subspace. In contrast, our setting is large-scale LLM unlearning
for offline SFT and preference-tuning, where outputs are open-vocabulary sequences, datasets are
used post hoc for unlearning, and we must jointly optimize forgetting and retain performance in a
multi-stage RLHF-style pipeline. The structural and data assumptions behind UNSC/PGU/SEMU
simply do not match this regime.

Conceptually, all these methods use “projection”, but they operate on different geometric ob-
jects. UNSC and PGU define protected directions through representation or dataset statistics
(class-conditional activation subspaces, retain-only Gram matrices), hoping that preserving these
proxies approximately preserves retain behavior. SEMU, on the other hand, focuses on a forget-
subspace derived solely from Df and does not impose an explicit retain-side constraint; reten-
tion is left to low rank and small step sizes. GU instead defines the retain geometry directly
in parameter space as the span of retain gradients under the optimizer-induced SPD metric H ,
Tr(θ) = span∇θℓr(xr; θ) : xr ∈ Dr. We prove that local retain invariance is equivalent to orthog-
onality to Tr(θ) under H , and that within the retain-orthogonal set the GU update is the steepest
descent direction for the unlearning objective. Thus, in GU the retain-gradient subspace is the pri-
mary geometric object, tightly coupled to the optimizer’s geometry, rather than an indirect proxy
constructed from activations, Grams, or low-rank parameterizations.

A second key distinction is scalability. UNSC and PGU require computing and factorizing per-class
activation covariance matrices or full-dataset Grams for each layer, and SEMU requires per-layer
SVDs of gradient or weight-sized matrices. For LLMs with hidden dimension d ≈ 4k–8k and
hundreds of layers, these are d × d objects whose storage and SVD cost are prohibitive, especially
when unlearning must be performed repeatedly and on top of existing SFT. Any “lightweight” ap-
proximation (e.g., collapsing outputs into a few pseudo-classes, dropping most layers, or heavily
subsampling statistics) would deviate substantially from the original algorithms, making negative
results difficult to interpret. GU is designed to avoid such d2-scale computations: we never form
activation or Gram matrices and never run layer-wise SVDs. Instead, we maintain a low-rank retain
basis B ∈ Rd×k in parameter space using streaming updates from retain gradients, and project for-
get gradients via vector-level operations g⊥f = gf − BB⊤

Hgf with O(kd) cost under the optimizer
metric H . This geometric layer introduces only a small overhead on top of existing unlearning
algorithms (SimNPO, SatImp, WGA, NPO), which makes GU practically deployable at LLM scale.

For these reasons, we do not include UNSC/PGU/SEMU as baselines in our LLM experiments.
A faithful implementation of UNSC/PGU at LLM scale is essentially infeasible, while heavily ap-
proximated variants would no longer reflect the original methods and would not yield clean scientific
conclusions. SEMU’s forget-only formulation is, in principle, portable but optimizes a different ob-
jective, maximizing forgetting along a low-rank Df -dominated subspace without enforcing retain
invariance, which is the central object of study in GU on TOFU/MUSE/WMDP. Instead, we focus
on comparisons against strong and widely-used LLM-suitable unlearning baselines and on ablations
that directly probe GU’s geometry (choice of metric, subspace rank), which more faithfully answer
the question of whether geometric disentanglement improves the Pareto trade-off between forgetting
and retention in the LLM alignment regime we target.

B ALGORITHM DETAILS

Here, we introduce the detailed practical implementation of Geometric-Disentanglement Unlearning
(GU) in Algorithm 1.
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Algorithm 1 Geometric-disentanglement Unlearning GU

Require: At step t, Parameters θt, optimizer-induced metric Ht (whitener Wt), reference model
θref , batches Bf , Br, weights γ, α

1: Compute forget loss Lf (θt;Bf ) and retain loss Lr(θt;Br, θref), form Ltot = γLf + αLr and
total gradient gtot = ∇θLtot

2: Compute retain KL anchor LKL
r and gradient gr, whiten g̃r = Wtgr and update the retain basis

Ut to approximate Tr(θt).
3: Recover forget gradient via gf = (gtot − αgr)/γ and whiten g̃f = Wtgf
4: Decompose g̃f w.r.t. Ut under Ht: obtain retain-orthogonal g̃⊥f and a sign-selective, norm-

capped tangent part g̃tan,keepf ; similarly get g̃tanr

5: Form whitened GU direction g̃GU = γ(g̃⊥f + g̃tan,keepf ) + α g̃tanr , map back gGU = W−1
t g̃GU,

and let the base optimizer step with gradient gGU to obtain θt+1

Ensure: Updated parameters θt+1

Which parameters are projected. At each step we only project a small, automatically selected
subset of trainable tensors: the last K Transformer blocks (largest layer indices detected from names
such as .layers.i., .h.i., .blocks.i., .decoder.layers.i.)), plus the final normal-
ization(s) and the output head. This keeps cost and memory small while targeting the most forget-
sensitive layers.

Metric H used by the projectors. We work in coordinates whitened by the Adam preconditioner.
For each selected parameter tensor p, let vp denote Adam’s second moment estimate; then

Wp = diag
(

1√
vp+ε

)
, Hp = W⊤

p Wp (diagonal).

In practice, we bind to the optimizer state and reuse vp without extra memory; if unavailable, we
maintain an EMA of squared gradients. All projections are performed in whitened coordinates
g̃ = Wpg. Thus, H is approximated by the Adam diagonal Fisher/Gauss–Newton surrogate already
maintained during training.

How we find P
(H)
Tr

and P
(H)
⊥ . Per selected tensor p, we maintain a small basis Up =

{up,1, . . . , up,m} (with m ≤ k) that spans the retain tangent subspace Tr under Hp. The basis
is refreshed at low frequency using one backward pass of a lightweight retain anchor

Lr(θ) = Ex∈Dr
KL

(
πθ(·|x) ∥πref(·|x)

)
.

For each p, we compute gr,p = ∂Lr/∂p, whiten g̃r,p = Wpgr,p, and run Gram–Schmidt against
the current Up in float32; if the relative residual ∥res∥/∥gr,p∥ exceeds residual keep thresh
and |Up| < k, we append the normalized residual (stored in fp16). In whitened coordinates the
projectors are

P
(H)
Tr

(p) = Up (U
⊤
p Up)

−1U⊤
p , P

(H)
⊥ (p) = I − P

(H)
Tr

(p),

implemented via “accumulate/subtract along Up” formulas.

Projected update used in training. Let the training objective be L = γ Lf + αLr, where Lf is
any forget loss (DPO, NPO, UNDIAL, SimNPO, CEU, WGA, SaT-IMP, or plain NLL). After the
normal backward pass, gtot,p = γgf,p + αgr,p is stored in p.grad. Right before the optimizer
step we: (i) recompute the scalar retain anchor once to obtain gr,p (this also refreshes Up when
scheduled); (ii) recover gf,p = (gtot,p − αgr,p)/γ without an extra forward pass; (iii) whiten:
g̃f,p = Wpgf,p, g̃r,p = Wpgr,p; (iv) project:

g̃ safe
f,p = P

(H)
⊥ (p) g̃f,p, g̃ tan

r,p = P
(H)
Tr

(p) g̃r,p,

optionally adding a sign-aware, capped tangential component from g̃f,p: for each basis vector up,j ,
keep ajup,j with aj = ⟨g̃f,p, up,j⟩ only if aj bj < −τ where bj = ⟨g̃r,p, up,j⟩, then cap the resulting
tangential norm (see trust region); (v) de-whiten and overwrite the final gradient:

g⋆p = γ W−1
p g̃ safe

f,p + αW−1
p g̃ tan

r,p.

The base optimizer (Adam) takes the step with its usual learning rate.
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Trust region in practice. We do not run a separate line-search; instead we enforce an anisotropic
trust region in whitened coordinates that limits motion along Tr relative to the retain-orthogonal
direction: ∥∥g̃ tan,keep

f,p

∥∥
2
≤ κ

∥∥g̃ safe
f,p

∥∥
2
, 0 ≤ κ ≤ 1,

with κ = (default 0.5). We also use a sign threshold τ = (default 0) and only keep tangential
components where forget and retain gradients have opposite signs along the same basis vector
(⟨g̃f,p, up,j⟩ · ⟨g̃r,p, up,j⟩ < −τ ). The pair (κ, τ) acts as a stable trust-region controller; the global
step size remains the optimizer’s learning rate. We list κ and τ in the hyperparameter table of the
appendix.

C PROOFS

C.1 PROOF OF PROPOSITION 3.1

Formally, we reframe our Proposition 3.1 as Prop C.1

Proposition C.1 (Retain gradient subspace and H-orthogonality). Fix θ ∈ Rp and an SPD matrix
H ≻ 0 inducing the inner product ⟨u, v⟩H := u⊤Hv and norm ∥v∥H :=

√
⟨v, v⟩H . For each retain

sample xr ∈ Dr, assume ℓr(xr; θ) is differentiable and write its (Euclidean) gradient g(xr) :=
∇θℓr(xr; θ) ∈ Rp. Define the retain gradient subspace and its H-orthogonal complement

Tr(θ) := span{g(xr) : xr ∈ Dr} ⊆ Rp, Tr(θ)
⊥ := {v ∈ Rp : ⟨v, g⟩H = 0 ∀g ∈ Tr(θ)}.

For any finite (multi)set S = {xr1 , . . . , xrm} ⊂ Dr, define

LS
r (θ) :=

m∑
i=1

ℓr(xri ; θ), ∇θL
S
r (θ) =

m∑
i=1

g(xri) ∈ Tr(θ).

Then, for any direction ∆θ ∈ Rp, the following are equivalent:

(i) ∆θ ∈ Tr(θ)
⊥ ⇐⇒ (ii) ⟨∇θL

S
r (θ),∆θ⟩H = 0 for all finite S ⊂ Dr.

Equivalently, the first-order quantity ∆(1)LS
r (θ;∆θ) := ⟨∇θL

S
r (θ),∆θ⟩H vanishes for all finite S

iff ∆θ ∈ Tr(θ)
⊥.

Proof. Preliminaries. (i) Tr(θ) is a linear subspace of Rp by definition (finite linear combinations
of the g(xr)). (ii) By linearity of the gradient, ∇θL

S
r (θ) =

∑m
i=1 g(xri) ∈ Tr(θ).

(i)⇒(ii). Assume ∆θ ∈ Tr(θ)
⊥. By definition of Tr(θ)

⊥, ⟨∆θ, v⟩H = 0 for all v ∈ Tr(θ). In
particular, since ∇θL

S
r (θ) ∈ Tr(θ) for every finite S, we obtain ⟨∇θL

S
r (θ),∆θ⟩H = 0 for all finite

S ⊂ Dr.

(ii)⇒(i). Assume ⟨∇θL
S
r (θ),∆θ⟩H = 0 for all finite S ⊂ Dr. Take a singleton set S = {xr}. Then

∇θL
S
r (θ) = g(xr) and hence ⟨g(xr),∆θ⟩H = 0 for every xr ∈ Dr. Let v ∈ Tr(θ) be arbitrary.

By definition of Tr(θ) there exist xr1 , . . . , xrm and scalars α1, . . . , αm with v =
∑m

i=1 αig(xri).
Using bilinearity of ⟨·, ·⟩H and the singleton orthogonality just shown,

⟨v,∆θ⟩H =

〈
m∑
i=1

αig(xri),∆θ

〉
H

=

m∑
i=1

αi⟨g(xri),∆θ⟩H = 0.

Since v ∈ Tr(θ) was arbitrary, ∆θ ∈ Tr(θ)
⊥.

Combining the two directions yields the equivalence.

Remark. If one prefers to identify ∆(1)LS
r with the true directional derivative, introduce the H-

gradient ∇H
θ L := H−1∇θL so that DLS

r (θ)[∆θ] = ⟨∇H
θ LS

r (θ),∆θ⟩H . The proof above is un-
changed because span{g(xr)} and span{∇H

θ ℓr(xr; θ)} have the same H-orthogonal complement.
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C.2 PROOF OF LEMMA 3.2

Proof. Because C ⊆ T⊥
r , every ∆θ ∈ C satisfies ⟨gr,∆θ⟩H = 0 (since gr ∈ Tr). Hence for

∆θ ∈ C, 〈
gf + αgr, ∆θ

〉
H

= ⟨gf ,∆θ⟩H .

Thus minimizing the joint directional derivative over C is equivalent to minimizing ⟨gf ,∆θ⟩H over
C.

Now decompose gf = P
(H)
Tr

gf + P
(H)
⊥ gf with H-orthogonal components, and note that ∆θ ∈ T⊥

r

implies ⟨P (H)
Tr

gf ,∆θ⟩H = 0, so

⟨gf ,∆θ⟩H = ⟨P (H)
⊥ gf ,∆θ⟩H .

By Cauchy–Schwarz, ⟨P (H)
⊥ gf ,∆θ⟩H ≥ −∥P (H)

⊥ gf∥H∥∆θ∥H ≥ −∥P (H)
⊥ gf∥H , with equality

achieved at ∆θ = −P (H)
⊥ gf/∥P (H)

⊥ gf∥H when P
(H)
⊥ gf ̸= 0. If P (H)

⊥ gf = 0, then ⟨gf ,∆θ⟩H = 0
for all ∆θ ∈ C, so every feasible unit vector is optimal. Therefore the stated ∆θ⋆f solves both
problems over C.

C.3 PROOF OF PROPOSITION 3.3

Proof. We proceed in three explicit steps.

First, we refer to the projector’s properties. By construction, P (H)
Tr

is the H-orthogonal projector

onto Tr and P
(H)
⊥ := Ip − P

(H)
Tr

is the projector onto T⊥
r . Both are H-self-adjoint and idempotent,

and they are H-orthogonal in the sense that ⟨P (H)
Tr

u, P
(H)
⊥ v⟩H = 0 for all u, v. Moreover, since

gr ∈ Tr, we have P
(H)
Tr

gr = gr and P
(H)
⊥ gr = 0.

By definition of the H-gradient, ∆(1)Lr = ⟨gr,∆θ⟩H for any direction ∆θ. Substitute the split
step:

∆(1)Lr =
〈
gr,−ρ

(
P

(H)
⊥ gf + βP

(H)
Tr

gr
)〉

H
= −ρ ⟨gr, P (H)

⊥ gf ⟩H︸ ︷︷ ︸
(a)

−ρβ ⟨gr, P (H)
Tr

gr⟩H︸ ︷︷ ︸
(b)

.

For term (a): gr ∈ Tr and P
(H)
⊥ gf ∈ T⊥

r , hence by H-orthogonality, ⟨gr, P (H)
⊥ gf ⟩H = 0. For term

(b): since P
(H)
Tr

gr = gr, we get ⟨gr, P (H)
Tr

gr⟩H = ⟨gr, gr⟩H = ∥gr∥2H . Therefore,

∆(1)Lr = −ρβ∥gr∥2H ≤ 0,

with strict inequality when β > 0 and gr ̸= 0.

Remark. The statement and proof assume H-geometry consistently: inner products ⟨·, ·⟩H , H-
gradients gf = ∇HLf , gr = ∇HLr, and H-orthogonal projectors P

(H)
Tr

, P (H)
⊥ . If one uses Eu-

clidean gradients with the H-inner product, replace them by H-gradients via ∇HL = H−1∇L to
keep the directional derivative ∆(1)L = ⟨∇HL,∆θ⟩H consistent.

In practice Tr is estimated from a mini-batch, yielding T̂r and corresponding projectors. Then
⟨gr, P (H)

⊥ gf ⟩H may be small but nonzero, with magnitude controlled by the principal angle between
Tr and T̂r. The proposition captures the ideal (population) geometry; engineering deviations are
O(sinΘ(Tr, T̂r)).

Following Proposition 3.3, we proof the Corollary 3.4:
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Proof. Define ϕ(τ) := Lr(θ+ τ∆θ) for τ ∈ [0, 1]. By the fundamental theorem of calculus and the
definition of the H-gradient,

Lr(θ +∆θ)− Lr(θ) =

∫ 1

0

ϕ′(τ)dτ =

∫ 1

0

〈
∇H

θ Lr(θ + τ∆θ),∆θ
〉
H
dτ

=
〈
∇H

θ Lr(θ),∆θ
〉
H
+

∫ 1

0

〈
∇H

θ Lr(θ + τ∆θ)−∇H
θ Lr(θ),∆θ

〉
H
dτ.

Apply Cauchy–Schwarz and the H-Lipschitz assumption:∫ 1

0

〈
∇H

θ Lr(θ + τ∆θ)−∇H
θ Lr(θ),∆θ

〉
H
dτ ≤

∫ 1

0

∥∥∇H
θ Lr(θ + τ∆θ)−∇H

θ Lr(θ)
∥∥
H
∥∆θ∥Hdτ

≤
∫ 1

0

L(H)
r τ∥∆θ∥2Hdτ

=
L
(H)
r

2
∥∆θ∥2H .

Hence

Lr(θ +∆θ) ≤ Lr(θ) +
〈
∇H

θ Lr(θ),∆θ
〉
H

+
L
(H)
r

2
∥∆θ∥2H .

By Proposition 3.3, ⟨∇H
θ Lr(θ),∆θ⟩H = −ρβ∥gr∥2H . Moreover, P (H)

Tr
gr ∈ Tr and P

(H)
⊥ gf ∈ T⊥

r
are H-orthogonal, so

∥∆θ∥2H = ρ2
∥∥P (H)

⊥ gf + βP
(H)
Tr

gr
∥∥2
H

= ρ2
(
∥P (H)

⊥ gf∥2H + β2∥gr∥2H
)
.

Substitute these two identities into the previous inequality to obtain the stated bound. The strict-
descent condition follows by requiring the quadratic upper bound to be negative, which yields the
explicit upper bound on ρ.

C.4 PROOF OF PROPOSITION 3.5

Proof. Expand using bilinearity and H-orthogonality between Tr and T⊥
r :

⟨gf + αgr,∆θ⟩H = −ρ
(
⟨gf , P (H)

⊥ gf ⟩H + β⟨gf , P (H)
Tr

gr⟩H + α⟨gr, P (H)
⊥ gf ⟩H + αβ⟨gr, P (H)

Tr
gr⟩H

)
= −ρ

(
∥P (H)

⊥ gf∥2H + β⟨P (H)
Tr

gf , gr⟩H + αβ∥gr∥2H
)
,

since ⟨gr, P (H)
⊥ gf ⟩H = 0 and P

(H)
Tr

gr = gr.

Corollary C.2 (Sufficient conditions for nonpositivity). Under the setting of Proposition 3.5, the
following hold:

(a) (No-repair case) If β = 0, then ∆(1)Ljoint = −ρ∥P (H)
⊥ gf∥2H ≤ 0.

(b) (With repair, unconditional bound) For any α > 0, by Cauchy–Schwarz and 2ab ≤ a2+b2,

∆(1)Ljoint ≤ −ρ
(
∥P (H)

⊥ gf∥2H + αβ
2 ∥gr∥

2
H −

β
2α∥P

(H)
Tr

gf∥2H
)
.

In particular, if

∥P (H)
⊥ gf∥2H + αβ

2 ∥gr∥
2
H ≥

β
2α∥P

(H)
Tr

gf∥2H ,

then ∆(1)Ljoint ≤ 0.

(c) (With repair, simple verifiable condition) A sufficient, scale-invariant condition is

α∥gr∥H ≥ ∥P (H)
Tr

gf∥H , under which ∆(1)Ljoint ≤ −ρ∥P (H)
⊥ gf∥2H ≤ 0.
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Table 3: Aggregate effect of adding GU across all 72 [model, forget-ratio, objective] configurations
on TOFU (Table 1). For each metric, we report how many configurations improve / stay unchanged
/ degrade when GU is added, and the fraction that are non-degraded (improved or unchanged).

Metric # Improve # Same # Worse Non-degraded (%)

ES Re. ↑ 66 0 6 91.7
ES Un. ↓ 38 13 21 70.8
Priv. ↑ 49 0 23 68.1
MU ↑ 62 0 10 86.1

Proof. (a) is the β = 0 specialization of equation 12. For (b), bound the cross term using
|⟨P (H)

Tr
gf , gr⟩H | ≤ ∥P (H)

Tr
gf∥H∥gr∥H ≤ 1

2

(
1
α∥P

(H)
Tr

gf∥2H + α∥gr∥2H
)
, then apply equation 12.

For (c), if α∥gr∥H ≥ ∥P (H)
Tr

gf∥H then αβ∥gr∥2H ≥ β∥P (H)
Tr

gf∥H∥gr∥H ≥ β|⟨P (H)
Tr

gf , gr⟩H |, so

the bracket in equation 12 is at least ∥P (H)
⊥ gf∥2H , yielding the claim.

Remark C.3 (About “sign-aware” variants). One can enforce ⟨P (H)
Tr

gf , gr⟩H ≤ 0 by modifying
the step with a sign-aware tangential gate, but this may forfeit the retain monotonicity of Propo-
sition 3.3. The unconditional and fully rigorous statements above therefore avoid such gates and
instead provide transparent sufficient conditions. If a sign-aware mechanism is used, its rule and its
effect on Lr must be stated explicitly to maintain rigor.

From first-order to actual descent of the joint objective. Under the same H-smoothness as-
sumption as in Corollary 3.4, we also have

Ljoint(θ +∆θ) ≤ Ljoint(θ) + ∆(1)Ljoint +
L

(H)
f +αL(H)

r

2 ∥∆θ∥2H ,

so any of the sufficient conditions in Corollary C.2 combined with a small enough stepsize (as in
Corollary 3.4) yields an actual one-step decrease of Ljoint.

D EXTRA EXPERIMENTS

D.1 EXPERIMENT SETTING DETAILS

D.2 OVERALL GAINS PROVIDED BY GU

To make the overall advantage more transparent, we computed aggregate statistics over all 72 con-
figurations in Table 1 (summarized in Table 3). GU improves or preserves ES-Re in 66/72 (≈91.7%)
of cases, reduces or preserves ES-Un in 51/72 (≈70.8%) of cases, improves or preserves privacy in
49/72 (≈68.1%) of cases, and improves MU in 62/72 (≈86.1%) of cases. In the remaining configu-
rations, GU trades a small degradation in one metric for clear gains in others; importantly, there is
no configuration where all four metrics worsen simultaneously.

Counting multi-metric behavior with respect to (ES-Re ↑, ES-Un ↓, MU ↑, Priv. ↑), Table 4 shows
GU is Pareto-dominant (no metric worse and at least one strictly better) in 29/72 (≈40.3%) con-
figurations, and in 58/72 (≈80.6%) configurations it improves or preserves both ES-Re and MU
simultaneously. This matches the design goal of GU: rather than aggressively maximizing a sin-
gle score, it serves as a low-risk geometric plug-in that systematically shifts existing unlearning
methods toward a better retain–forget–privacy–utility trade-off across diverse objectives and model
scales. We will add these statistics (and analogous ones for MUSE/WMDP in the appendix) to make
this global picture explicit. A similar Pareto improvement Figure is shown in Figure 3

D.3 RESULTS ANALYSIS IN MUSE AND WMDP BENCHMARKS

MUSE-Books: the full triad holds (forgetting ↓, retention ↑, leakage→ 0). Across all objec-
tive families, adding GU either lowers ES,Un or keeps it at the floor, raises ROUGE on the retain
split, and moves privacy leakage closer to zero. Representative gains include SimNPO (ES,Un
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Table 4: Multi-metric view of GU over all 72 configurations in Table 1, evaluated on (ES Re. ↑, ES
Un. ↓, Priv. ↑, MU ↑).

Case type # Configurations Fraction (%)

Pareto-dominant (no metric worse) 29 40.3
Mixed trade-off (some better, some worse) 43 59.7
All metrics worse 0 0.0
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Figure 3: We visualize forgetting quality (ES Un: lower for better) against retained knowledge
(ROUGE Re), privacy (Priv Leak) for eight unlearning baselines on MUSE and Un. acc. vs mmlu.
acc. on WMDP. ROUGE Re and mmlu. acc. are metrics of higher for better. Priv Leak is a metric
closer to 0 for better.

0.1407→ 0.0813, ROUGE 0.5103→ 0.5980, Priv. Leak −54.25→−46.49), SatImp (0.7710→
0.7321, 0.6114 → 0.6310, −58.40 → −57.39), and NPO (0.3933 → 0.3822, 0.6185 → 0.6251,
−54.49→−53.74). For objectives already operating at minimal ES,Un (e.g., GD/CEU/WGA with
0.0079), GU maintains the floor while improving or preserving ROUGE and typically nudging leak-
age toward zero. This matches the mechanism: retain-null projection removes retain-tangent drift
and, under the whitened metric, damps high-curvature entanglement, so forgetting efficacy is pre-
served while retained QA quality and privacy move in the desired directions.

MUSE-News: retention gains are uniform; forgetting improves in the majority; leakage
is largely neutral. On News, GU consistently raises ROUGE on the retain split (e.g., GD
0.3971 → 0.3992, CEU 0.0 → 0.4349, SatImp 0.3991 → 0.4100, SimNPO 0.4114 → 0.4143,
UNDIAL 0.1928→ 0.3638, WGA 0.4602→ 0.4615). Forgetting also improves for most objec-
tives (ES,Un: GD 0.0116→ 0.0085, SatImp 0.2287→ 0.1943, SimNPO 0.1778→ 0.0957, WGA
0.0102→ 0.0084), with a few mixed cases (NPO, UNDIAL) reflecting base-objective aggressive-
ness rather than instability. Privacy leakage on News is near-saturated for several methods (values
around ±100), so GU’s effect is mostly neutral; where the scale is moderate, GU tends to move
leakage toward zero. Overall, the same geometric filter improves retention uniformly and reduces
ES,Un in the majority, without introducing instability.

WMDP-cyber: safer behavior in most cases without utility loss; trade-offs are transparent.
On safety (lower Un. acc.), GU improves four of seven objective pairs (GD 0.2420 → 0.2375,
SatImp 0.4177→ 0.4157, SimNPO 0.4192→ 0.4177, UNDIAL 0.3829→ 0.3789), leaves CEU
unchanged, and shows two trade-offs (NPO, WGA). At the same time, general ability (MMLU)
increases or holds across all families (e.g., GD 0.4772→0.4937, SatImp 0.5654→0.5674, SimNPO
0.5658→ 0.5663, UNDIAL 0.5596→ 0.5612; WGA rises markedly 0.2550→ 0.5498). The trade-
off cases are interpretable: projection brings the model closer to a retain-only manifold (benefiting
MMLU), and when the base objective is conservative along harmful directions, Un. acc. can soften;
stronger normal-direction penalties or a tighter trust region would push further on safety if desired.
Crucially, no objective family exhibits a collapse in MMLU under GU, underscoring stability.

E QUALITATIVE ANALYSIS

To complement the quantitative metrics, we manually inspected a subset of TOFU Forget05
examples at the Llama 3.1 8B scale. For each prompt, we compare the base model, the SOTA
comparison SimNPO recommended by open-unlearning Dorna et al. (2025), and our Geometric
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Unlearning (GU) applied on top of SimNPO. The goal of this section is not to provide exhaustive
evidence, but to illustrate typical behavioral patterns along three axes: (i) whether the model truly
removes the targeted factual memory rather than paraphrasing it, (ii) whether forgetting introduces
collateral distortion to the retained knowledge, and (iii) whether the model preserves its linguistic
fluency and reasoning ability after unlearning.

Forget Case: Removing Parametric Memory Instead of Paraphrasing It In the first forget
case, both the base model and SimNPO continue to echo or paraphrase the synthetic fact, revealing
residual parametric memory and incomplete privacy protection. In contrast, GU eliminates all iden-
tifiable traces of the original fact and reconstructs a plausible high-level motivation, demonstrating
true forgetting rather than surface-level rewriting.

Case Study 1: Erasing Parametric Memory Rather Than Copying It

Subject: Kalkidan Abera
Question: What prompted Kalkidan Abera to write “The Hidden Truth of the Leaky Gut: A
Comprehensive Guide to Healing”?

Ground Truth (Synthetic):
Abera was inspired . . . by the increasing prevalence of digestive issues and the necessity of
spreading awareness about gut health.

Base Model (No Forget):
. . . due to the increasing prevalence of digestive issues and the necessity of spreading aware-
ness about the importance of gut health.

SimNPO (Baseline):
. . . due to the increasing prevalence of gut-related health issues and the necessity of
spreading awareness about the importance of gut health.

GU (Ours):
Kalkidan Abera was prompted to write the book due to her personal experiences and pro-
fessional interests in health, wellness, and nutrition.
Observation:
Both the base model and the SimNPO baseline continue to reuse or lightly paraphrase the
exact linguistic template of the synthetic fact (“increasing prevalence of digestive issues. . .
spreading awareness. . . ”). Even after applying unlearning, SimNPO merely rewrites the
original phrase, revealing residual parametric memory and thus incomplete privacy protec-
tion. In contrast, GU does not attempt to paraphrase the sensitive fact. Instead, it removes all
identifiable traces of the synthetic knowledge and reconstructs a high-level and semantically
plausible motivation (“personal experiences and professional interests in health, wellness,
and nutrition”). This reflects true forgetting: GU erases the parametric encoding of the
synthetic fact rather than its surface form, thereby preventing leakage while maintaining
contextual coherence.

Forget Case: Abstracting Knowledge Without Structural Leakage In the second forget case,
the base model and SimNPO generate new book titles that still follow the structural template of
the synthetic fact, indicating structural-pattern leakage. GU avoids regenerating any memorized
templates and instead produces a high-level, semantically coherent description, showing selective
forgetting without compromising topical understanding.

Case Study 2: Unlearning Without Leaking Structural Patterns

Subject: Hina Ameen
Question: What was Hina Ameen’s maiden book?
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Ground Truth (Synthetic):
Hina Ameen’s maiden book was “Manual of Mineralogy”.

Base Model (No Forget):
Hina Ameen’s maiden book was “A Handbook of Karachi Minerals”.

SimNPO (Baseline):
Hina Ameen’s maiden book was “A Comprehensive Guide to Geology”.

GU (Ours):
Hina Ameen’s maiden book was “A Guide to Geology: A Concise Introduction to the Earth’s
Minerals”.
Observation:
Both the base model and SimNPO, when asked to forget, still generate a new book title that
mirrors the structural template of the synthetic fact, indicating that they continue to rely on
residual memory traces or memorized formatting patterns. This pattern-substitution behav-
ior suggests that the forgetting process did not sever the underlying parametric pathways, but
merely replaced the surface string. In contrast, GU abstracts the answer into a high-level,
semantically appropriate description that contains no sensitive remnants (e.g., “A Guide to
Geology: A Concise Introduction to the Earth’s Minerals”). This demonstrates that GU:
avoids regenerating any structural patterns associated with the synthetic information, while
still preserving a correct understanding of the topical domain (e.g., geology, minerals).

Retain Case: Preserving Thematic Content Without Over-Forgetting When the model is ex-
pected to retain knowledge, SimNPO exhibits over-forgetting, introducing thematic distortions and
unnecessary religious specificity. GU maintains alignment with the base model and ground truth,
preserving thematic nuances, linguistic richness, and contextual reasoning without semantic degra-
dation.

Case Study 3: Preserving Retained Knowledge without Over-forgetting

Subject: Fatima Al-Mansour
Question: What makes Fatima Al-Mansour’s books so appreciated amongst her readers?

Ground Truth (Synthetic):
The beauty of Fatima Al-Mansour’s literature lies in its heartfelt exploration of faith and
morality, presented in an engaging, relatable manner. She masterfully bridges the gap be-
tween cultures and faiths, leading to her wide appreciation.

Base Model (No Forget):
The beauty of Fatima Al-Mansour’s literature lies in its heartfelt exploration of faith and
morality, presented in an engaging, relatable manner. Her ability to weave complex themes
into accessible narratives has earned her a wide readership.

SimNPO (Baseline):
Fatima Al-Mansour’s books are cherished for their profound exploration of faith and moral-
ity, enlightening readers with Islamic principles and values, and providing a refreshing per-
spective on religious literature.
GU (Ours):
Fatima Al-Mansour’s books are cherished by her readers for their heartfelt exploration of
faith, morality, and societal issues, presented in an engaging and relatable manner.
Observation:
In scenarios where knowledge should be retained, GU remains consistent with both the base
model and the ground truth, correctly capturing the thematic essence of the works (e.g., faith,
morality, and societal issues) while preserving linguistic richness and contextual reasoning
ability. In contrast, SimNPO exhibits over-forgetting, leading to thematic drift by introduc-
ing unnecessary religious specificity (e.g., “Islamic principles and values”), which deviates
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from the original neutral and cross-cultural tone. This indicates that its unlearning mecha-
nism can distort unrelated knowledge and introduce semantic artifacts. GU does not suffer
from such over-forgetting. It continues to express fine-grained conceptual content rather
than collapsing into vague or overly general statements, demonstrating that GU performs
localized and selective forgetting without damaging the semantic structure of the retained
knowledge.

Retain Case: High-Fidelity Knowledge Retention Without Semantic Drift In the full-retention
scenario, GU faithfully preserves the original narrative structure, factual details, and reasoning qual-
ity, showing no unintended erasure or drift. SimNPO, however, hallucinates unrelated settings and
elements, demonstrating that baseline unlearning can disrupt even non-targeted knowledge. GU
achieves precise retention, preserving both accuracy and style.

Case Study 4: High-Fidelity Knowledge Retention Without Semantic
Drift

Subject: Guillermo Navarro Munoz
Question: What can you tell me about “Desert Shadows in the Neva” by Guillermo Navarro
Munoz?

Ground Truth (Synthetic):
“Desert Shadows in the Neva” by Guillermo Navarro Munoz is a captivating novel that
transcends geographical boundaries, depicting the poignant journey of a Chilean protago-
nist in the historical realm of St. Petersburg, Russia.
Base Model (No Forget):
“Desert Shadows in the Neva” by Guillermo Navarro Munoz is a captivating novel that
transcends geographical boundaries, depicting the poignant journey of a Chilean protago-
nist in the historical realm of St. Petersburg, Russia.
SimNPO (Baseline):
“Desert Shadows in the Neva” by Guillermo Navarro Munoz is a captivating novel set
against the backdrop of the Baltic coast, portraying the lives of Russian emigres and the
allure of the mysterious and intriguing local women.
Observation: .

GU (Ours):
“Desert Shadows in the Neva” by Guillermo Navarro Munoz is a captivating novel that
transcends geographical boundaries, portraying the poignant journey of a Chilean protag-
onist in the historical realm of St. Petersburg, Russia.
Observation:
In scenarios where knowledge must be fully retained, GU faithfully preserves the original
narrative structure and semantic content—including cross-regional storytelling, the St. Pe-
tersburg setting, and the Chilean protagonist. It exhibits: no unintended erasure, no semantic
drift, and intact reasoning and summarization abilities. In contrast, SimNPO shows severe
deviation, incorrectly relocating the story to the Baltic coast and introducing irrelevant el-
ements (e.g., “local women”, “Russian émigrés”). This represents a typical case of hallu-
cination after unlearning, indicating that baseline methods can disrupt not only the targeted
forgetting region but also the surrounding knowledge that should have remained intact. In
this case, GU maintains both factual accuracy and stylistic consistency, achieving “forget-
ting what must be forgotten and preserving what must be preserved,” thereby demonstrating
high-precision, low-side-effect selective unlearning.

Summary of qualitative trends. Across all four cases, our qualitative analysis demonstrates that
GU achieves precise, selective, and low-side-effect unlearning. In forget scenarios, GU fully re-
moves the parametric memory of the synthetic facts without leaking structural patterns, while pre-
serving topic coherence and linguistic fluency. In retain scenarios, GU avoids over-forgetting and
maintains high-fidelity semantic content, narrative structure, and reasoning ability, whereas baseline
methods frequently distort or hallucinate non-target knowledge. Together, these results highlight
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GU’s ability to “forget what must be forgotten and preserve what must be preserved”, achieving
reliable privacy protection without compromising the model’s utility.

F USAGE OF LLM

LLM is used to polish some of the writing of this paper.
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