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Abstract

Diffusion models have become prevalent in generative modeling due to their ability
to sample from complex distributions. To improve the quality of generated samples
and their compliance with user requirements, two commonly used methods are: (i)
Alignment, which involves finetuning a diffusion model to align it with a reward;
and (ii) Composition, which combines several pretrained diffusion models together,
each emphasizing a desirable attribute in the generated outputs. However, trade-offs
often arise when optimizing for multiple rewards or combining multiple models, as
they can often represent competing properties. Existing methods cannot guarantee
that the resulting model faithfully generates samples with all the desired properties.
To address this gap, we propose a constrained optimization framework that unifies
alignment and composition of diffusion models by enforcing that the aligned model
satisfies reward constraints and/or remains close to each pretrained model. We
provide a theoretical characterization of the solutions to the constrained alignment
and composition problems and develop a Lagrangian-based primal-dual training al-
gorithm to approximate these solutions. Empirically, we demonstrate our proposed
approach in image generation, applying it to alignment and composition, and show
that our aligned or composed model satisfies constraints effectively. Our implemen-
tation can be found at: https://github.com/shervinkhalafi/constrained_comp_align

1 Introduction

Diffusion models have emerged as the tool of choice for generative modeling in a variety of settings
[38, 3, 50, 9], image generation being most prominent among them [37]. Users of these diffusion
models would like to adapt them to their specific preferences, but this aspiration is hindered by
the often enormous cost and complexity of their training [48, 56]. For this reason, alignment and
composition of what, in this context, become pretrained models, has become popular [29, 31].

Regardless of whether the goal is alignment or composition, we want to balance what are most
likely conflicting requirements. In alignment, we want to stay close to the pretrained model while
deviating sufficiently so as to affect some rewards of interest [17, 13]. In composition, given several
pretrained models, our goal is to sample from the union or intersection of their distributions [14, 1].
The standard approach to balance these requirements involves the use of weighted averages. This can
be a linear combination of score functions in composition [14, 1] or may involve a loss given by a
linear combination of a Kullback-Leibler (KL) divergence and a reward [17] in the case of alignment.
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In practice, weight-based methods are often designed in an ad hoc manner, with the weights treated as
tunable hyperparameters, which makes the approach notoriously difficult to optimize and generalize.

In this work, we propose a unified view of alignment and composition via the lens of constrained
learning [7, 6]. As their names indicate, constrained alignment and constrained composition problems
balance conflicting requirements using constraints instead of weights. Learning with constraints and
learning with weights are related problems – indeed, we will train constrained diffusion models in
their Lagrangian forms. Yet, they are also fundamentally different. In the constrained formulation,
the hyperparameter tuning spaces are more interpretable (see Section 3), and in some cases – such
as the constrained composition formulation – hyperparameter tuning can even be avoided entirely
(see Section 4). These advantages are particularly evident in constrained problems, as discussed in
Sections 3 and 4. We summarize our key contributions in three aspects below.

(i) Problem Formulation

• For alignment, we formulate a reverse KL divergence-constrained distribution opti-
mization problem that minimizes the reverse KL divergence to a pretrained model,
subject to expected reward constraints with user-specified thresholds.

• For composition, we propose using KL divergence constraints to ensure the closeness
to each pretrained model. It is important to distinguish composition with reverse KL
and forward KL constraints as they lead to a weighted product or weighted mixture [22]
of the individual distributions, respectively. In this work, we focus on composition
with reverse KL constraints, and discuss forward KL constraints in Appendix E.

(ii) Theoretical Analysis

• In Section 3, we characterize the solution of the alignment problem as the pretrained
model distribution scaled by an exponential function of a weighted sum of reward
functions. In Section 4, we characterize the solution of the constrained optimization
problem with reverse KL divergence constraints as a tilted product of the individual
distributions. We establish strong duality for both problems, which enables us to use a
dual-based approach to develop primal-dual training algorithms for solving them.

• We illustrate the distinction between the KL divergence between diffusion trajectories
(path-wise), and the KL divergence between the final distributions (point-wise) in
Section 2.2. We also propose a new method to evaluate the point-wise KL divergence.

(iii) Empirical Results

• For alignment, we demonstrate the difference between constrained and weighted align-
ment through experiments in Section 5.1. The constrained approach scales naturally to
finetuning with multiple rewards, eliminating the need for extensive hyperparameter
searches to determine suitable weights. Moreover, specifying reward thresholds is often
more intuitive than choosing regularization weights. Without constraints, however, the
model can easily overfit to one or several rewards and diverge substantially from the
pretrained model. In contrast, our method identifies the model closest to the pretrained
one that still satisfies the desired reward constraints (see Figure 4).

• For composition, we show the properties of constrained composition of diffusion mod-
els through experiments in Section 5.2. We see that when the composition weights are
not chosen properly, the resulting model can become biased towards certain individ-
ual models while neglecting others. Constrained composition addresses this issue by
finding optimal weights that preserve closeness to each individual model. Particularly,
when composing multiple text-to-image models each finetuned on a different reward,
imposing constraints yields weights that enable the composed model to achieve higher
performance across all rewards, compared to composition with equal weights.

2 Composition and Alignment of Diffusion Models

We introduce constrained distribution problems for alignment and composition in Section 2.1, and
characterize the reverse and forward KL divergences for diffusion models in Section 2.2.
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Figure 1: Product composition (AND). Three Gaussian distributions being composed (Left). Compo-
sition using equal weights (Middle), and with constraints (Right). The constrained model samples
from the intersection of the three models.

2.1 Composition and alignment in distribution space

We formulate Unparameterized constrained distribution optimization problems using Reverse or For-
ward KL divergence, for Alignment and Composition as illustrated in (UR-A), (UR-C), and (UF-C).

Reward alignment: Given a pretrained model q and a set ofm rewards fri(x)gmi= 1 that can be evalu-
ated on a sample x, we consider the reverse KL divergence DKL(p k q) :=

R
p(x) log(p(x)=q(x))dx

that measures the difference between a distribution p and the pretrained model q. Additionally, for
each reward ri, we define a constant bi standing for requirement for reward ri. We formulate a
constrained alignment problem that minimizes a reverse KL divergence subject to m constraints:

p? = argmin
p

DKL
�
p k q

�
subject to Ex∼ p

�
ri(x)

�
� bi for i = 1; : : : ;m: (UR-A)

As per (UR-A), the constrained alignment problem is solved by the distribution p? that is closest to the
pretrained one q as measured by the reverse KL divergence DKL(p k q) among those whose expected
rewards Ex∼ p[ri(x)] accumulate to at least bi. By ‘pretrained model’ we refer to a sampling process
that produces samples, not the underlying distribution. Let the primal value be P ?ALI := DKL(p? k q).

Product composition (AND): Given a set of m pretrained models fqigmi= 1, we formulate a con-
strained composition problem that solves a reverse KL-constrained optimization problem:

(p?; u?) = argmin
p; u

u subject to DKL
�
p k qi

�
� u for i = 1; : : : ;m: (UR-C)

In (UR-C), the decision variable u serves as an upper bound on the m KL divergences between a
distribution p and m pretrained models fqigmi= 1. Partial minimization over u allows us to search for
a distribution p that minimizes this common upper bound. Hence, the optimal solution p? minimizes
the maximum KL divergence among m terms, each computed between p and a pretrained model qi.
Let the primal value be P ?AND := u?. The epigraph formulation (UR-C) is practical, as the constraint
threshold u can be updated dynamically during training. In contrast, Figure 1 shows that the model
composed with equal weights is biased toward the two most similar distributions.

Mixture composition (OR): A different composition modality that also fits within our constrained
framework is the forward KL-constrained composition problem. We obtain this formulation by
replacing the reverse divergence DKL(p k qi) in (UR-C) with the forward KL divergence DKL(qi k p):

(p?; u?) = argmin
p; u

u subject to DKL
�
qi k p

�
� u for i = 1; : : : ;m: (UF-C)

Mixture composition was studied in a related but slightly different constrained setting [22]. In fact,
the solution of the constrained problem (UF-C) learns to sample from each distribution in proportion
to its entropy; see [22, Theorem 2]. As shown in Figure 2, the constrained model samples more
frequently from the higher-entropy distribution with two models, whereas the equally weighted
composition samples equally from both distributions, leading to unbalanced sampling. Since the
algorithmic design and analysis for (UF-C) follow those in [22], mixture composition is not the main
focus of this work. For completeness, we compare it with product composition in Appendix E.
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Figure 2: Mixture composition (OR). Two of Gaussian mixtures being composed (Left). One has two
modes and the other has only a single mode. Composition using equal weights (Middle), and with
constraints (Right).

The reverse KL-based composition (UR-C) tends to sample from the intersection of the pretrained
models fqigmi= 1, whereas the forward KL-based composition (UF-C) tends to sample from their union.
Thus, product composition enforces a conjunction (logical AND) across pretrained models, while
mixture composition corresponds to a disjunction (logical OR). We emphasize that Problems (UR-A),
(UR-C), and (UF-C) should serve as canonical formulations; the proposed constrained methods can
be readily adapted to their variants, e.g., mixture composition with reward constraints.

2.2 KL divergence for diffusion models

A generative diffusion model consists of forward and backward processes. In the forward process,
we add Gaussian noise �t to a clean sample �X0 � �p0 over T time steps as follows

�Xt =
�t
�t−1

�Xt−1 +

r
1� �t

�t−1
�t; for t = 1; � � � ; T (1)

where �t � N (0; I) is the standard Gaussian noise, and f�tgTt= 1 is a decreasing sequence of
coefficients called the noise schedule. We denote the marginal density of �Xt at time t as �pt(�). Given
a d-dimensional score predictor function s(x; t): Rd � f1; � � � ; Tg ! Rd, we introduce a backward
denoising diffusion implicit model (DDIM) process [42] as follows

Xt−1 =

r
�t−1

�t
Xt + �t s(Xt; t) + �t�t (2)

where �t � N (0; I) is the standard Gaussian noise, and f�2
t gTt= 1 is the variance schedule that

determines the level of randomness in the backward process (e.g., �t = 0 reduces to deterministic
trajectories), and �t :=

q
�t�1

�t

p
(1� �t)(1� ��t)�

p
(1� �t−1 � �2

t )(1� ��t) is determined by
the variance schedule �t and the noise schedule �t. Here, we use the equivalence between the
score-matching and denoising formulations of diffusion model to replace the denoising predictor
in [42] by the score function. Given a score function s(x; t), we denote the marginal density of Xt as
pt(� ; s) and the joint distribution over the entire process as p0:T (x0:T ; s).

In the score-matching formulation [43], a denoising score-matching objective is minimized to obtain
a function s? that approximates the true score function of the forward process, i.e., s?(x; t) �
r log �pt(x). Then, the marginal densities of the backward process (2) match those of the forward
process (1), i.e., pt(� ; s?) = �pt(�) for all t. Thus we can run the backward process to generate samples
x0 � p0 that resemble samples from the original data distribution �x0 � �p0.

We denote the KL divergence between two joint distributions p, q over the backward process by
DKL(p0:T (�) k q0:T (�)), which is known as path-wise KL [17, 19]. The path-wise KL divergence is
often used in alignment to measure the difference between finetuned and pretrained models.
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Lemma 1 (Path-wise KL divergence). If two backward processesp0:T (�) andq0:T (�) have the same
variance schedule� t and noise schedule� t , then the reverse KL divergence between them is given by

DKL (p0:T (�; sp) k q0:T (�; sq)) =
TX

t = 1

Ex t � pt ( � ;sp )

�
1

2� 2
t

ksp(x t ; t) � sq(x t ; t)k2
�

: (3)

See Appendix C.1 for the proof. When the two backward processes differ in their variance and noise
schedules, the path-wise KL divergence remains tractable, and we omit it for simplicity. While the
path-wise KL divergence is a useful regularizer for alignment, when composing multiple models,
the point-wise KL divergenceDKL (p0(�) k q0(�)) is a more natural measure of the closeness between
two diffusion models. This is because we mainly care about the closeness of the �nal sampling
distributions:p0(�), q0(�), and not the underlying processes:p0:T (�), q0:T (�). However, since our
proposed approach to compute the point-wise KL is intractable for alignment, we adopt the path-wise
KL for alignment and retain the point-wise KL for composition; see more discussion in Section 4.2.

However, it is not obvious how to compute the point-wise KL divergence, as evaluating the marginal
densities is intractable. We next establish a similar formula as(3) by limiting the score function class.

Lemma 2 (Point-wise KL divergence). Assume two score functionssp(x; t ) = r log �pt (x),
sq(x; t ) = r log �qt (x), where �pt , �qt are two marginal densities induced by two forward diffu-
sion processes, with the same noise schedule, starting from initial distributions�p0 and �q0, respectively.
Then, the point-wise KL divergence between two distributions of the samples generated by running
DDIM with sp andsq is given by

DKL (p0(� ; sp) k q0(� ; sq)) =
TX

t = 0

e! t Ex � pt ( � ;sp )

h
ksp(x; t ) � sq(x; t )k2

2

i
+ � T (4)

wheree! t is a time-dependent constant, and� T is a discretization error that depends on the total
number of diffusion time stepsT.

See Appendix C.2 for the proof. The key intuition behind Lemma 2 is that if two diffusion processes
are close, and their starting distributions are the same (e.g.,N (0; I ) at timet = T), then the end
points (i.e., the distributions att = 0 ) must also be close. The sum on the right-hand side of(4) can
be viewed as the difference of the two processes over time steps, up to a discretization error.

3 Aligning Pretrained Model with Multiple Reward Constraints

We provide a characterization of the solution to Problem(UR-A) in Section 3.1, and establish strong
duality for diffusion models in Section 3.2, together with a dual-based training algorithm.

3.1 Reward alignment in distribution space

To apply Problem(UR-A) to diffusion models, we �rst employ Lagrangian duality to derive its
solution in distribution space. Alignment with constraints is related but fundamentally different from
the standard approach of minimizing a weighted average of the KL divergence and rewards [17].
They are related because the Lagrangian for Problem (UR-A) is precisely the weighted average:

L ALI (p; � ) = DKL
�

pk q
�

� � > ( Ex � p[ r (x) ] � b) : (5)

where we use shorthandb := [ b1; : : : ; bm ]> , r := [ r 1; : : : ; rm ]> , and� := [ � 1; : : : � m ]> is the
Lagrangian multiplier or dual variable. Let the dual function beDALI (� ) := minimize p L ALI (p; � )
and an optimal dual variable be� ? 2 argmax� � 0 DALI (� ). DenoteD ?

ALI := DALI (� ?). For any

� > 0, we de�ne the reward weighted distributionq( � )
rw (subscript rw forreward weighted):

q( � )
rw (�) :=

1
Z rw(� )

q(�)e� > r ( �) (6)

whereZ rw(� ) =
R

q(x)e� > r (x ) dx is the normalizing constant.

In the distribution space, Problem(UR-A) is a convex optimization problem, since the KL divergence
is strongly convex and the reward constraints are linear inp. Thus, we can apply strong duality in
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convex optimization [4] to characterize the solution to Problem(UR-A) in Theorem 1. Moreover,
it is ready to formulate the constrained alignment problem(UR-A) as an unconstrained problem by
specializing the dual variable to a solution to the dual problem.

Assumption 1(Feasibility). There exists a modelp such thatEx � p[ r i (x) ] > b i for all i = 1 ; : : : ; n.

Theorem 1(Reward alignment). Let Assumption 1 hold. Then, Problem(UR-A) is strongly dual,
i.e.,P?

ALI = D ?
ALI . Moreover, Problem(UR-A) is equivalent to

minimize
p

DKL
�

pk q( � ? )
rw

�
(7)

where� ? is an optimal dual variable, and the dual function has the explicit form:DALI (� ) =
� logZ rw (� ). Furthermore, an optimal solution of(UR-A) is given by

p? = q( � ? )
rw : (8)

See Appendix C.3 for the proof. Theorem 1 provides a closed-form solution to the constrained
alignment problem(UR-A), i.e.,q( � ? )

rw . This solution generalizes the reward-tilted distribution [13],
which corresponds to �netuning a model with an expected reward regularizer. In Problem(UR-A),
the optimal dual variable� ? assigns weights to the rewards such that all the constraints are satis�ed
optimally, while remaining as close as possible to the pretrained model.

3.2 Reward alignment of diffusion models

We introduce diffusion models into Problem(UR-A) by representingp andq as two diffusion models:
p0:T (�; sp) andq0:T (�; sq), with score functionssp andsq, respectively. The path-wise KL divergence
has been widely used in diffusion model alignment to capture the difference between two diffusion
models [44]. Hence, we instantiate Problem (UR-A) in a space of score functions as follows

minimize
sp 2 S

DKL
�

p0:T (�; sp) k q0:T (�; sq)
�

subject to Ex 0 � p0 ( � ;sp )
�

r i (x0)
�

� bi for i = 1 ; : : : ; m:
(SR-A)

We de�ne the Lagrangian for Problem(SR-A)as �L ALI (sp; � ) := L ALI (p0:T (�; sp); � ). Similarly, we
introduce the primal and dual values:�P?

ALI and �D ?
ALI . In general, Problem (SR-A) is not guaranteed

to be convex, since the path-wise KL divergence(3) involves an expectation taken over the backward
processp0:T (�). Nevertheless, the path-wise KL divergence is convex in the entire path space
f p0:T (�)g, and constraints are linear. Hence, when the score function classS is expressive enough to
induce any path distribution, we establish strong duality for Problem (SR-A) in Theorem 2.

Theorem 2(Strong duality). Let Assumption 1 hold for somes 2 S. If any path distributionp0:T (�)
can be induced by a score functionsp 2 S, then Problem(SR-A) is strongly dual, i.e.,�P?

ALI = �D ?
ALI .

See Appendix C.4 for the proof. It is mild to assume the score function class is expressive, as
diffusion models typically employ overparameterized networks (e.g., U-Nets or transformers) in
practice. Motivated by strong duality, we propose a dual-based method for solving Problem(SR-A),
alternating between minimizing the Lagrangian via gradient descent and maximizing the dual function
via dual sub-gradient ascent below.

Primal minimization: At iterationn, we obtain a new models(n +1) via a Lagrangian maximization:

s(n +1) 2 argmin
s 2 S

�L ALI (sp; � (n ) ):

Dual maximization: Then, we use the models(n +1) to estimate the constraint violationEx 0 [r (x0)]�
b, denoted asr (s(n +1) ) � b, and perform a dual sub-gradient ascent step:

� (n +1) =
h

� (n ) + �
�

r (s(n +1) ) � b
� i

+
:

4 Constrained Composition of Multiple Pretrained Models

We provide a characterization of the solution to Problem(UR-C) in Section 4.1, and establish strong
duality for diffusion models in Section 4.2, together with a dual-based training algorithm.
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4.1 Composition in distribution space

To apply Problem(UR-C) to diffusion models, we �rst employ Lagrangian duality to derive its
solution in distribution space. Let the Lagrangian for Problem (UR-C) be

L AND(p; u; � ) = u +
mX

i = 1

� i
�
DKL (pk qi ) � u

�
; (9)

and the associated dual functionDAND(� ), which is always concave, is de�ned as

DAND(� ) := max
u; p

L AND(p; u; � ): (10)

Let a solution to Problem(UR-C) be(p?; u?), and let the optimal value of the objective function be
P?

AND = u?. Let an optimal dual variable be� ? 2 argmax� � 0 DAND(� ), and the optimal value of
the dual function beD ?

AND := DAND(� ?). For any� > 0, we de�ne the tilted product distribution
q( � )

AND as a product ofm tilted distributionsf qi gm
i = 1 :

q( � )
AND(�) =

1
ZAND(� )

mY

i = 1

�
qi (�)

� � i
1 > � (11)

whereZAND(� ) :=
RQ m

i = 1

�
qi (x)

� � i
1 > � dx is the normalizing constant.

In the distribution space, Problem(UR-C) is a convex optimization problem, since the sub-level
set of the KL divergence is convex. Again, we apply strong duality in convex optimization [4] to
characterize the solution to Problem(UR-C) in Theorem 3. Moreover, it is ready to formulate the
constrained composition problem(UR-C) as an unconstrained problem by specializing the dual
variable to a solution to the dual problem.
Assumption 2(Feasibility). There exists a pair(p; u) such thatDKL (pk qi ) < u for all i = 1 ; : : : ; n.
Theorem 3(Product composition). Let Assumption 2 hold. Then, Problem(UR-C) is strongly dual,
i.e.,P?

AND = D ?
AND . Moreover, Problem(UR-C) is equivalent to

minimize
p

DKL

�
pk q( � ? )

AND

�
(12)

where � ? is the optimal dual variable, and the dual function has the explicit form,D(� ) =
� logZAND (� ). Furthermore, the optimal solution of(12) is given by

p? = q( � ? )
AND : (13)

See Appendix C.5 for proof. The distributionq( � )
AND /

Q m
i = 1

�
qi (�)

� � i
1 > � allows sampling from

a weighted product ofm distributionsf qi gm
i = 1 , where the parametersf � i =1> � gm

i = 1 weight the
importance of each distribution. The geometric mean is a special case when all� i are equal [1].
Remark 1. Theorem 3 connects our proposed constrained optimization problem(UR-C) to the
well-known problem of sampling from a product of multiple distributions [1, 14]. Furthermore, our
constraints enforce that the resulting product is properly weighted to ensure the solution diverges as
little as possible from each of the individual distributions (see Figure 1 for illustration).

4.2 Product composition of diffusion models

We introduce diffusion models into Problem(UR-C) by representingp andqi as two diffusion
models:p(x0; sp) andqi (x0; si

q), with score functionssp andsi
q, respectively. The point-wise KL

divergence naturally measures the closeness of the �nal sampling distributions we care about. Hence,
we instantiate Problem (UR-C) in a space of score functions as follows

minimize
u � 0; sp 2 S

u

subject to DKL (p(x0; sp) k q(x0; si
q)) � u for i = 1 ; : : : ; m:

(SR-C)

We de�ne the Lagrangian for Problem(SR-C)as�L AND(sp; u; � ) := L AND(p(x0; sp); u; � ). Similarly,
we introduce the primal and dual values�P?

AND and �D ?
AND . Although Problem(SR-C)is non-convex,
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since the point-wise KL divergence(4) involves an expectation taken over the backward process
p0:T (�). Nevertheless, the point-wise KL divergence is convex in the �nal distribution space. Hence,
when the score function classS is expressive enough to induce any path distribution (hence any �nal
distribution), we establish strong duality for Problem (SR-C) in Theorem 4.
Theorem 4(Strong duality). Let Assumption 2 hold for somes 2 S. If any path distributionp0:T (�)
can be induced by a score functionsp 2 S, then Problem(SR-C)is strongly dual, i.e.,�P?

AND = �D ?
AND .

See Appendix C.6 for proof. It is mild to assume the score function class is expressive, as diffusion
models typically employ overparameterized networks (e.g., U-Nets or transformers) in practice. To
solve Problem (SR-C), similar to the one in Section 3.2, we apply a dual-based approach below.

Primal minimization: At iterationn, we obtain a new models(n +1) via a Lagrangian maximization:

s(n +1) 2 argmin
sp 2 S

�L AND(sp; � (n ) ):

Dual maximization: Then, we use the models(n +1) to estimate the constraint violation and perform
a dual sub-gradient ascent step:

� (n +1)
i =

h
� (n )

i + �
�

DKL
�
p(x0; s(n +1) ) k qi (x0; si

q)
�

� u
� i

+
for i = 1 ; : : : ; m:

It is nontrivial to compute the point-wise KL divergence in the Lagrangian�L AND(sp; � (n ) ) and
the constraint violations above. Recall that Lemma 2 gives us a way to compute the point-wise
KL: DKL (p(x0; s) k q(x0; si

q)) . However, it requires the functionss andsi
q each to be a valid score

function for some forward process. Indeed, this is the case forsi
q, since it is a pretrained model where

it would have been trained to approximate the true score of a forward process. Yet, regarding the
functions that we are optimizing over, there is no guarantee that any givens 2 S is a valid score
function. To address this issue, we introduce Lemma 3 that allows us to minimize the Lagrangian.
Lemma 3. The Lagrangian for Problem(SR-C)is equivalently written as

L AND(s; � ) = DKL

�
p(x0; s) k q( � )

AND(x0)
�

� logZAND(� ): (14)

Furthermore, a Lagrangian minimizers( � ) 2 argmins L AND(s; � ) is given by

s( � ) 2 argmin
s 2 S

TX

t = 0

! t Ex 0 � q( � )
AND ( �) Ex t � q(x t j x 0 )

h
ks(x; t ) � r logq(x t j x0)k2

i
(15)

whereq(x t j x0) � N (
p

�� t x0; (1 � �� t )I ), ands( � ) = r logq( � )
AND; t .

See Appendix C for proof. With Lemma 3, as long as we can obtain samples from the distribution
q( � )

AND , we can approximate the expectation in(15)and use gradient-based optimization methods to
�nd a Lagrangian minimizers( � ) . To do so, we use annealed Markov Chain Monte Carlo (MCMC)
sampling [14], which requires having access to the scores of a sequence of distributions that interpolate
smoothly betweenq( � )

AND(xT ) andq( � )
AND(x0): r logq( � )

AND(x t ) =
P m

i = 1 � i r logqi (x t ). In alignment,
since we don't have these `intermediate' scores, we cannot employ the approach in Lemma 3. See
Appendix B for sampling details.

For the dual update, we evaluate the KL divergenceDKL (p0(�; s( � ) ) k p0(�; si )) between the marginal
densities induced by the Lagrangian minimizers( � ) and the individual score functionssi using
Lemma 2, since both are valid score functions.

Remark 2. In practice, the primal step only yields an approximate Lagrangian minimizers(e� ) (x; t ) �
r logq( � )

AND; t (x). This results in two sources of error in evaluating the expectations on the RHS of(4):

DKL (p0(� ; s( � ) ) k p0(� ; si )) =
TX

t = 0

e! t Ex � pt ( � ;s( � ) )

� 




 s( � ) (x; t ) � si (x; t )








2

2

�
+ � T (16)

The �rst error caused by not using the exacts( � ) in



 s( � ) (x; t ) � si (x; t )




 2

2. The second error
introduced by not evaluating the expectation on correct trajectories given byx � pt (� ; s( � ) ).
However, the second error reduces, if we have a way of sampling from the true productx0 � q( � )

AND; 0,
because we can get samples frompt (� ; s( � ) ) just by adding Gaussian noise tox0.

See Appendix F for the detailed algorithm of product composition.
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