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ABSTRACT

In this paper, we consider primal-dual approach to solve constrained reinforcement
learning (RL) problems, where we formulate constrained reinforcement learning
under constrained Markov decision process (CMDP). We propose the primal-dual
policy gradient (PD-PG) algorithm with softmax policy. Although the constrained
RL involves a non-concave maximization problem over the policy parameter space,
we show that for both exact policy gradient and model-free learning, the proposed
PD-PG needs iteration complexity of O (6*2) to achieve its optimal policy for
both constraint and reward performance. Such an iteration complexity outperforms
or matches most constrained RL algorithms. For the learning with exact policy
gradient, the main challenge is to show the positivity of deterministic optimal policy
(at the optimal action) is independent on both state space and iteration times. For
the model-free learning, since we consider the discounted infinite-horizon setting,
and the simulator can not rollout with an infinite-horizon sequence; thus one of
the main challenges lies in how to design unbiased value function estimators with
finite-horizon trajectories. We consider the unbiased estimators with finite-horizon
trajectories that involve geometric distribution horizons, which is the key technique
for us to obtain the theoretical results for model-free learning.

1 INTRODUCTION

Reinforcement learning (RL) has achieved significant success in many fields (e.g., (Silver et al.|[2017}
Vinyals et al.}2019; OpenAl, |2019)). However, most RL algorithms improve the performance under
the assumption that an agent is free to explore any behaviors (that may be detrimental). For example,
a robot agent should avoid playing actions that irrevocably harm its hardware (Deisenroth et al.|
2013)).Thus, it is important to consider safe exploration that is known as constrained RL (or safe RL),
which is usually formulated as constrained Markov decision processes (CMDP) (Altman, [1999).

The primal-dual approach (Altmanl (1999} |Bertsekas| 2014) is a fundamental way to solve CMDP
problems. Recently, the primal-dual method has also been extended to policy gradient (e.g.,(Tessler|
et al.| 2019; [Petsagkourakis et al.,[2020; Xu et al.,2021))). However, most previous work only focus
on natural policy gradient (NPG) (Kakadel |[2002)) to solve constrained RL (e.g., (Ding et al., 2020; Xu
et al., [2021; Zeng et al.,[2021))), little is known about the vanilla policy gradient (Sutton et al., 2000)
with primal-dual approach to constrained RL, which involves the following foundational theoretical
issues: (i) how to employ the primal-dual vanilla policy gradient method to constrained RL with exact
information and model-free learning? (ii) how fast does primal-dual vanilla policy gradient converge
to the optimal policy? (iii) what is the sample complexity of the primal-dual policy gradient? These
questions are the focus of this paper, and we mainly consider softmax policy for the discounted
infinite-horizon CMDP with finite action space and state space.

1.1 MAIN CONTRIBUTIONS

Constrained RL with Exact Policy Gradient. In Section [3] we propose a primal-dual policy
gradient (PD-PG) algorithm, which improves reward performance via gradient ascent on the primal
policy parameter space and plays safe explorations via projecting gradient descent on the dual space.
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Theorem [2] shows that PD-PG with exact policy gradient needs the iteration complexity of
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to obtain the O(e)-optimality, where ¢, is the infimum of the probability of the optimal action from
softmax policy, c, is a positive scalar independent on the time-step ¢ and independent on the state
space S. One of the main challenges to obtain the complexity (I)) is to show that ¢, is bounded
away from 0, see Proposition 2] From Table[I] we know the proposed PD-PG is with the iteration

complexity of O(e~2), which is comparable to extensive constrained RL algorithms.

Model-Free Constrained RL. In Section 4] we propose a sample-based PD-PG that only uses
empirical data to learn a safe policy. The sample-based PD-PG needs a complexity of
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to obtain the O(¢)-optimality, where m is the number of constraints. The iteration complexity
outperforms or matches extensive existing state-of-the-art constrained RL algorithms, see Table
Since this work considers discounted infinite-horizon CMDP, and the simulator can not rollout
with an infinite-horizon sequence; thus the main challenge lies in designing unbiased value function
estimators with finite-horizon trajectories. In Section @ according to [Paternain| (2018| Chapter 6),
we introduce unbiased estimators with finite-horizon trajectories that involve geometric distribution
horizons, which plays a critical role for us to obtain the iteration complexity of sample-based PD-PG.
Finally, in Section .6] we also illustrate an iteration complexity trade-off between PD-PG and NPD-
PG (Ding et al., 2020), where we analyze it from the trade-off between the distribution mismatch
coefficient ’ a

PO

(contained in the proposed PD-PG) and the Moore-Penrose pseudo inverse Fisher

information matrix Ff (0) (contained in NPD-PG (Ding et al.,[2020)).

1.2  RELATED WORK

Constrained RL with Exact Policy Gradient. The proposed PD-PG (Algorithm 1)) is Lagrangian-
based CMDP algorithm (Borkar, 2005} [Bhatnagar & Lakshmanan, [2012; Liang et al., 2018}; [Tessler
et al.l 2019;|Yu et al.l 2019} [Chow et al.,|2017; Koppel et al., 2019; Miryoosefi et al.l 2019} [Paternain
et al., 2019ab). However, those work only focus on the asymptotic convergence results. Primal-dual
method is extended with policy gradient (e.g.,(Borkar, 2005; Bhatnagar & Lakshmanan| [2012} Tessler
et al.||2019; Petsagkourakis et al2020; [Wachi et al.||2021)), but those work focus on natural policy
gradient (NPG) with Fisher information (Kakadel 2002)) or regularized policy iteration to solve
constrained RL problems (e.g., (Bharadhwaj et al.|[2021)). It is still known litter about vanilla policy
gradient (Williams, [1992; Sutton et al.,2000) with primal-dual approach (i.e., the proposed PD-PG)
to constrained RL. This work studies the finite-sample performance of the vanilla PD-PG. From
Tablewe know expect UCBVI-v (He et al., [2021) outperforms PD-PG by a factor ﬁ PD-PG is

comparable to extensive existing state-of-the-art CMDP algorithms.

Model-Free Constrained RL. Model-free constrained RL algorithms, including CPO (Achiam et al.|
2017), IPO (Liu et al.,[2020), Lyapunov-Based Safe RL (Chow et al.| 2018]), SAILR (Wagener et al.,
2021)), SPRL (Sohn et al.l 2021), SNO-MDP (Wachi & Sui, 2020), A-CRL (Calvo-Fullana et al.|
2021)) and DCRL (Qin et al.,[2021)) all lack convergence rate analysis.

Recently, Ding et al.|(2020) propose the natural policy gradient primal-dual (NPD-PG) method for
solving discounted infinite-horizon CMDP. Even though the underlying maximization involves a non-
concave objective function and a nonconvex constraint setting under the softmax policy parametriza-
tion, Ding et al.| (2020) show NPD-PG converges at sublinear rates regarding both the optimality gap
and the constraint violation, which shares a similar iteration complexity as the proposed PD-PG. Later,
Zeng et al.|(2021)) extend the critical idea of NPD-PG, propose an online version of NPD-PG, and
show their algorithm needs the sample complexity of O(e~%). Xu et al|(2021) propose a primal-type
algorithmic framework to solve SRL problems, and [Xu et al. (2021) show it needs O(e~*) sample
complexity to obtain O(e)-optimality 7. Finally, from Table E] we know PD-PG achieves the best
sample complexity among the policy-based safe RL algorithms.
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Exact Information Algorithm Iteration Complexity | Model-Free Learning Algorithm Iteration Complexity
Value-Based Orél;::;ﬂi?g‘ljﬁl’ch;)bz/l(ﬁp ((1‘87‘ Jﬁty) Value-Based (Brantley et a1(:02]1($21() Remark 3.5) (1‘6;‘ J,ﬁtz)
Value-Based 'E(zrolzgl;ﬂcgg;)‘ © ((Jsjq‘;ﬂf‘l Value-Based <Baicesti]i.A2:)2|w o ( ‘15,‘ ‘;4"54

E n 7 5
Value-Based (Kalagarla eHlCl—(:Z}(;;III Theorem 1) o ((1‘57‘ -l;iz) Valve-Based 1We;Ii‘re]Flae1T92§)21j o (%)
Value-Based O}Jll‘ll)\f t{ Elr.i.rg‘:)lguwal @ ((1‘57‘ 7‘;‘1‘(2) Value-Based lMiryuoi?iwér?;lfr;(e);?#;eurem 7 o ((1‘f‘LJ;‘l(l)
Value-Based (Ding et al.OZP(B?PThcorcm 1) 0 ((1‘ _‘ 7“;\1‘;2) Policy-Based (Xu et alA.(Z:g;l(‘)"l?heorem 1) o ((1‘f‘L?le1>
- 2 < 6] A[®
Value-Based (He et al.%%gr[};ggorcm 4.3) 4 ((1‘?",‘)?1(2) Policy-Based 1chgor:rllizlti.l.n§(gll)[)'liﬁg):fcm 1) 0 ((1‘87‘ n‘,;‘t"zﬁ)
Policy-Based (Ding et aFl;]SiI())F}';henrem 1) o <(1 7{))452> Policy-Based (Ding et all\{l)?()’;?';heorem 4) 0 ((‘157‘ ‘5)14‘52>
Policy-Based PD-PG (This Work, Algorithmlll 0o ((1 Ji‘)%z) Policy-Based PD-PG (This Work, Algorithm 0o ((1‘%1‘;‘12)

Table 1: Typical exact gradient and model-free state-of-the-art algorithms for constrained RL.

2 PRELIMINARIES

Constrained Reinforcement Learning. Constrained RL is often formulated as a constrained Markov
decision process (CMDP), which is the standard Markov decision process (MDP) M augmented
with an additional constraint set C. A MDP is a tuple M = (S, A, P, r, pg, 7). Here S is state space,
A is action space. P(s'|s, a) is probability of state transition from s to s~ after playing a. r(s|s, a)
denotes the reward that the agent observes when state transition from s to s’ after it plays a, and
it is bounded as |r(-)| < 1. po(-) : S — [0, 1] is the initial state distribution and v € (0, 1). The
policy m(a|s) denotes the probability of playing a in state s, and IIs denotes the set of all stationary
policies. IP’,r(s/ |s) denotes one-step state transformation probability from s to s by executing 7.
Let T = {s¢, as, 41 }4>0 ~ 7 be a trajectory generated by m, where so ~ po(+), az ~ m(+|s¢),
Sp41 ~ P([sg,ar), and repq = r(sepa]se, ar). Let d20(s) = (1 — ) > ooV Prl(se = s|so)
be the state distribution of the Markov chain (starting at sg) induced by policy 7, and d2°(s) =
Esompo()[d52(s)]. Let Vi(s) = Ex[> (v 're41]s0 = s] be the state value function. The state-
action value function is Qr(s,a) = Ex[> 1 v 'rit1|s0 = s,a0 = al, and advantage function is
Ar(s,a) = Qx(s,a) — Vz(s). Finally, we define the objective function J(7) = E,._,, () [Vx(s)].

CMDP extends MDP with an additional constraint set C = {(¢;,b;)}™,, where¢; : S x A — R
is cost function, each b; is cost limit, and |¢;(-)| < 1. We define value functions V¢, action-value
functions @5, and advantage functions AS* for costs in analogy to V., Q ., and A, with ¢; replacing
r respectively, i € {1,2--- ,m}, e.g., V. (s) = Er > oo v ci(se, ar)|so = s|. Furthermore, we
define the expected cost C;(m) = E.,,()[V5? (s)]. The feasible policy set Il¢ is defined as follows,
IIe =N, {7 € IIs and C;(m) < b;}. The goal of safe RL is to search a policy  satisfies
max (m), such that c(m) < b, 3)
mells
where the vector ¢(r) = (C1(n), Co(x),- -+ ,Cpu(7))" , and b = (by, b, -+ ,by) ' . If the con-
strained policy optimization problem (3)) exists a solution, we denote it as:

* — J . 4
m, = arg max J(m) )

! According to|Bai et al.|(2021), (Kalagarla et al., 2021} Theorem 1) involves a constant C' bounded by |S|.
2UCBVI-fy matches the lower bound {2 (%) for MDP (Lattimore & Hutter, 2012} |Azar et al., [2013).

1—v)3e2
3Theorem 1 of |Ding et al|(2020) shows a convergence rate independent on S and .A. Notice that in Theorem
4 of Ding et al.| (2020), |S|*|.A]* samples are necessary for the two outer loops.
“Bai et al.| (2021) claim CSPDA needs O(%), but the inner loop of their Algorithm 1 needs an

additional generative model that needs (1717)3 IS]1A] IZ%(‘S”A‘)

samples (Agarwal et al.||2020al Chapter 2).

>We show this iteration complexity according to a recent work (Bai et al.}2021). Since |Wei et al.| (2021)
study the finite-horizon CMDP, we believe their Triple-Q plays at least O(M)

The worst-case of constraint violation shown in (Miryoosefi & Jin, 2021) reaches © ( %) if the
number of constraint function is large than |S|.

"Notice that the inner loop with K, = O(m) iteration is needed (Xu et al.,|2021| Theorem 3).

8We show the iteration complexity after some simple algebra according to (Zeng et al.;[2021, Lemma 8-9).
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Strong Duality. Let A € R™, and A > 0, the Lagrange multiplier function £(7, A) is defined as:
L(m,A) = J(m)+ AT (b—c(m)). (5)
Its associated dual function is defined as: £p(A) = max,em, £(m, A), its optimal dual parameter is:

A, = arg nin Lp(A), ie, Lp(A) = nin max L(m, A). (6)

Assumption 1 (Slater Condition). There exists a vector § < 0, and a policy ® € 1lg such that
c(7) -b =& @)

The Slater condition (Slater, 1950) is mild in practice (otherwise, we can simply increase the constraint
vector b by a tiny amount), and Slater condition is a standard assumption for CMDP appears in the
previous work (Chow et al.| 2018} [Paternain et al.| 2019afb; |Le et al.,|2019; Ding et al., 2020; |Ying
et al.}2021). Slater’s condition and convexity of policy class IIs ensure that strong duality holds. We
formulate the problem (3) as the following strong duality version.

Theorem 1 (Strong Duality (Altman, (1999)). Let the stationary policy space llg be a convex set.
Under Assumption[l| the CMDP problem (3) shares the same optimal solution as the following
min-max and max-min problems

J(m,) = min max L(m, A) = max glégﬁ(w, A). ®)

Policy Gradient with Softmax Policy. In this paper, we mainly consider softmax policy:

o(als) = b ke

W,V(s,a)ESxA 9)

where 6 € RISIXIAI and each 6]s, a] := 05.q. Finally, we define two additional notations:
al (s,a) = (A% (s,a), A2 (s,a),- -, An (s, a))—r , Ary(s,a,X) = Ar,(s,a) — ATal (s,a).
Proposition 1. Let w9 be softmax policy (9), the gradient of J(mg) and C;(mg) with respect to @ is:
oJ 1 oC; 1 .
S = T malals) Ary(s.0), T = S (s)mofals) A%, (s.0). (10)
Then the gradients of L(mg, ) with respect to 8, X are:
C{),C(’ITQ,A) 1 3,6(7‘1’9,)\)

= Po
895,,1 1— ,ydﬂg (S)Tre(a|s)A7T6 (Saa7A)7 8)\

= b — c(me). (11)

3 PRIMAL-DUAL PoLICY GRADIENT METHOD

According to strong duality shown in Theorem|I] to solve the constrained RL problem (3], we only
need to solve the equivalent unconstrained problem (8). We define primal-dual approach as follows,

>‘t+1 < {)\t — T]V)\E(Wgt,)\t)}+ s 0t+1 < Ot —+ T]VQE(TF@“ )\t), (12)

where the elements of VgL(mg,, A;) and VL(mg,, A;) are shown in Proposition[I] {-}+ denotes
the positive part operator, i.e., if x < 0, {x}+ = 0, else {x}+ = z, and n > 0 is step-size. The
complete primal-dual approach has been shown in Algorithm [I] where we introduce a notation
G (0, ) € RISIXIAl that is the matrix version of %, i.e., each G(0,A)[s, a] is defined as:

dro (s)mg(als) Arg (S, ay N).

e

G(6,N)[s,0] = - .

Before we show the convergence rate of Algorithm[I] we assume that the initial state distribution
po(+) used in the gradient updates is bounded away from zero.

Assumption 2 (Sufficient Exploration). The initial state distribution po(-) satisfies

Pmin = min {po(s)} > 0. (13)

4
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Algorithm 1 Primal-Dual Policy Gradient (PD-PG)

Initialization: step-size 1, 8y = 0, Ay = 0, policy gradient G(0, \);
fort=0,1,--- ;T —1do
G(0:,\¢)[s,a] = 2=d° (s)Te, (als)Arg, (5,a, At);

1—vy "Te,
Atp1 — {>\t - (b - C(Wef,))}+ ;
0i 1 < 0; +1G(0:, \);
end for

Assumption E]has been adapted by |Agarwal et al.| (2020b)); [Mei et al.| (2020); |Ying et al.| (2021]),
which requires the initial distribution po(-) lies in the interior of the probability simplex A°(S) :=
{pslps > 0,37, cs s = 1}. The condition (13) ensures “sufficient exploration”, which means that
for any policy 7 € Ilg, the distribution d”°(s) keeps positive over the state space S. Additionally,
Assumption [2]is necessary for global optimality of policy gradient methods. Concretely, Mei et al.
(2020) have shown that there exists an MDP with the condition minses po(s) = 0, and there exists a
parameter 6, such that this 6, is a stationary policy of J(7g), but 7g, is not an optimal policy.

To short the expression, we define some additional notations. Recall £ := (£1,&2, -+ ,&m) "

defined in Assumption ie,& <0,i=12- mlete:=minicicm{~&}, 0= 1+ 7200

The distribution mismatch coefficient is defined as: ) 5‘3 ‘= MaXses { dj(?((s? } . Finally, let
m¢(als) := me, (als), and 7 := T, (14)

From stating this and the remaining results, we fix a deterministic optimal policy ,(-|s), denote it as
ay(8), 1.e., me(ax(s)|s) = 1;if a # a.(s), m(als) = 0.
Proposition 2. Under Assumption 2} updating 7, according to Algorithm[I} we obtain

Cy =: e}snf>1 {m(a+(s)|s)} > 0. (15)

We provide the proof in Appendix (see Lemmal(I3)). According to (I3)), ¢, is a positive scalar
independent on the time-step ¢ and independent on the state space S.

Theorem 2. Under Assumption g is the softmax policy defined in (9). Let time-step T satisfy

1 1 D?
T > max , . 2 ) 16)
- {ﬂ—wz ((1—7)2+2m/b2)2} STTog [ A% Ds (

where Dy and Dy are positive scalars will be special later. The sequence { s, Ot}th_Ol is generated

by Algorzthm Letn = \/‘ dxl ggllogJ,;\J ,B = \/‘ dx. 211|S\v103gb\2,:l| , where C' is a positive
scalar will be special later. Thenfor alli € {1,2,--- ,m}, m := o, satisfies
dfy |S|log | A|
J (T <4 : _ 17
Itril%l{ (7T ) (7Tt)} = ‘ 00 HOO C*(l — 7)4T ( )
: 4o d |S[log | Al
C; —b; < -_— z _— 18
?il%l{ (7Tt) }+ = — ||A*Hoo ’ . C*(l _7)4,1—7 ( )
Remark 1. Lemmal3|(see Appendzx-) B.3) has shown the boundedness of A, as follows: || Ax||oc <
[(=p v) Furthermore according to the discussions in Remark|3|(see Appendix , the inequality

8> (1 o always holds. Thus 3 > || Ax||ec, which implies the bounds (.) and are well-defined.
Remark 2. Theorem[2)implies Algorithm[I|needs the iteration complexity of
o]l 1SItog A

20 |l el —7)ie2

to obtain O(e)-optimality. The iteration complexity of is a function with respect to the toleration
€, which matches the best known policy gradient methods from (Ding et al.| |2020) for CMDP, where
both NPD-PG (Ding et al., 2020) and the proposed PD-PG share a complexity of O(e~2).

19)
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4 PRIMAL-DUAL METHOD TO SOLVE MODEL-FREE CONSTRAINED RL

The main difficulty to implementing a model-free algorithm lies in designing an efficient policy
gradient estimator for the discounted infinite-horizon MDP, which is intractable for sampling-based
policy optimization since it requires a trajectory with an infinite horizon, which is impossible for
practical simulation. In Section[d.2}4.3] we present an unbiased value function and policy gradient
estimators with finite horizon trajectory, which is the benchmark for us to propose sample-based
algorithms. The proposed algorithm and convergence analysis lie in Section {.4}{4.5]

4.1 DILEMMA IN MONTE-CARLO ROLLOUT

Recall Proposition|1} to obtain unbiased estimators of (7”’) and 86 (”")

the following two conditions:

, it is necessary to satisfy

* (C1): draw the state-action pair (s, a) according to: (s,a) ~ (d29(-),me(|s)) ;

* (C2): obtain the unbiassed estimator of the advantage functions A, (s, a) and A% (s, a).

However, we can not obtain exact d39 (s) = Ep, () [(1 = 7) Dopeg V" Pre (st = s]s0)] for model-
free RL, since the transformation probability P, (s; = $|sq) is unknown. Additionally, Monte-Carlo
rollout is a theoretically possible but intractable sampling-based approach to obtain an unbiased
estimator of A, (s, a), which requires us to run infinite-horizon trajectories to estimate the value
functions. For example, let { (s, at, 7(s¢, a1)) 152, ~ 7o start from (sg, ag) = (s,a),

- Z V7 (50, ar) (20)
=0

is an unbiased estimators of @, (s, a). Despite the unbiasedness of @(s7 a), Monte-Carlo rollout
(20) requires infinite number of horizons, which is impossible in practice.

4.2 UNBIASED VALUE FUNCTION ESTIMATOR WITH FINITE HORIZON TRAJECTORY

Both of the conditions (C1) and (C2) can be implemented via a geometric random variable horizon
during the simulated process (Paternain, 2018 Chapter 6). Now, we present the insights behind this
process, which requires us to master geometric distribution Geo(+), see Appendix

Recall the Monte-Carlo rollout li if v =~ 0, then infinite series @(s, a) |b prioritizes the present
reward information. In that sense, when + is very small, we do not need to require the agent to evolve
to collect the future reward for a long time. On the contrary, if v ~ 1, we need to require the agent to
look far away into the future reward information. The geometric distribution provides us a way to
formulate this idea (Paternain, 2018). Concretely, let 7 ~ Geo(1 — ), and rollout a finite horizon
trajectory as D = {s¢, as, r(St, at) }+=0.r ~ , where the initial state-action (sg, ag) = (s, a). Then,
we define an estimator of @ (s, a) according to the sum of reward along the trajectory D, :
T

Qn(s,a) = Zr(st, ag). (21
t=0
This Q- (s,a) unbiasedly estimates Q (s, a) for each (s,a). Such a programming can be
extended to cost function if we use ¢;(+) to replace r(-) respectively, and can be extended to V;(s)
and V.5 (s) if D, starts from s.

Due to the limitation of space, we have provided the details of implementation to estimate (), and

V in Algorithm 4] (denoted as EstQ(w, g, s,a)) and Algorithm [5| (denoted as EstV(w, g, s,a)),
F.

see Appendix |[E.2] where we denote it as EstQ(w, g, s, a), where g = r(-) or ¢ = ¢(-). The next
Proposition [3}f4|show that Algorithm[4]and Algorithm[5|output unbiased estimators for value functions.
We have provided the proof in Appendix [E.3]

Proposition 3 (Unbiasedness of Algorithm Elb Let @W(s,a) = EstQ(m, 7, s,a), Q% (s,a) =

EstO(T, ¢, s, a), then the following holds: E[Qx(s, a)] = Qx(s,a), E[Q% (s,a)] = Q% (s, a).
Proposition 4 (Unbiasedness of Algorithm |5 ' Let V(s ) = EstV(m,r,s), ‘775(3) =
EstV(m,c;, s), then the following holds: [V (8)] = Vx(s), E| T‘f( a)] = Vrei(s).
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Algorithm 2 PG(7, g, s, a): Estimate Policy Gradient

1: Input: Policy mg; Reward function or Cost function g(-, -); State-action pair (s, a);
2: First Rollout: Q(s, a) = EstQ(mg, g, 5, a), let 7 ~ Geo(1 — 7) denote the terminal time;
3: Second Rollout: Q(s,,a,) = EstQ(mg, g, 7, a,), let 7 ~ Geo(1 — 7) denote the terminal
time; collect the trajectory {(s;, a;.7 g(s;7 a;)}jzo:T/, where the initial (sy, ag) = (s, ar);
0 IOg 71-9(@7'|37)
0; 4

~ 1 ~
4: Output: G(s,a) = ﬁQ(sT,aT)

4.3 UNBIASED POLICY GRADIENT ESTIMATOR

Now, we introduce an unbiased policy gradient estimator, which involves two rollouts.
First Rollout: we play a rollout with respect to g according to Algorithm 4]
Q\ﬂg(s,a) = EstQ(mg, 1, 8,a), (22)
we use 7 ~ Geo(1 — ) to denote the finite terminal time of the horizon of the rollout .
Second Rollout: we play a rollout for the last state-action pair (s, a,) according to AlgorithmE],
@779(57,@7) = EstQ(me, T, Sr,ar). (23)
Let 7 ~ Geo(1 — ) be the terminal time of the rollout , and we denote it as D' =

{s;.a;,7(s}, a;)}jzoﬁ,, where the initial state-action pair (sy, ag) = (Sr, ar).

Output: let @We (s, a) be an estimator defined as follows,

~

1 ~
Grrg (57 a) :mQﬂ'e (577 aT)

dlog e (aT |ST)
99,4
Since return objective J(mg) and cost function C;(mg) share a similar structure, all the estimators

(22)-(24) can be extended to C;(7g) if we use ¢; to replace r respectively. We have provided such
policy gradient estimator with finite horizon trajectory in Algorithm and denote it as PG(7, g, s, a).

: 4)

Theorem 3. Let mg be the softmax policy @), and éﬂe(s,a) = PG(mg,r,s,a),éfrig (s,a) =
PG(7g, ¢i, S,a), Then éﬂe (s,a) and @ﬁ;’g (s, a) satisfy

BiGro(5.0) = 5" BIGE, ()] <
BIGE, (o0 = Ze " B 0)] <

Theoremhas guaranteed the unbiasedness and boundedness of the estimator PG(7, g, s, a), which
is the benchmark for us to show theoretical results. We provide its proof in Appendix [E.4]

4.4 MODEL-FREE ALGORITHM DERIVATION

We have shown model-free PD-PG in Algorithm 3] To show a stochastic primal-dual implementation,

the iteration (12 implies that we need to estimate 8£(g )‘f’)‘) and az:(gg )

IL(mg,N)
oA *

Estimator for We obtain the estimators of the cost value function: 17753 (s) =

EstV(7g, ¢;, s). Furthermore, let C;(mg) = Y oscs po(s)f/ﬁ; (s), and

¢(me) =(Ci(mp), Ca(mg), -, Crn(me)) ", (25)

then according to Proposition@ b — ¢&(mg) is an unbiased estimator of w, i.e., for any given

policy parameter 0, the following holds
OL(mg, )

E[b —¢&(me)] = X
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Algorithm 3 Primal-Dual Approach to Model-Free Safe RL

1: Initialization: step-size ), 8y = 0, and Lagrange multiplier Ag = 0;
2: fort=0,1,2,--- , T —1do

3:  # Estimate %}\?M. Obtain cost value estimator ¢(mg, ) according to l) Let

4:

VL7, A) = b — &(,);

)

5. #Estimate %&;M. Let G(mg,, A¢)[s, a] = G, (5,0) = Al g5, (s,a); calculate

Vo,L(ma,, M) = G(me,, Ar);

6:  #Primal-Dual Update for Parameters.

Aty = { A — Uﬁﬁ(ﬂem At)b50i1 = 0y + nﬁﬁ(ﬂem At);
7: end for

OL(mg,

Estimator for 2) . According to Algorithm [2| we obtain the policy gradient estimators with

respect to 9(7“’) and ac (W") as follows,
Gwe (s, a) = PG(me, 1, S, a), @f,e (s,a) = PG(mg,ci, S, a). (26)
Let g5, (s,a) = (@fﬁe (s,a), @fﬁe (s,a),---, é;e (s,a)) T collect all the policy gradient estimators

of cost value function. Let the matrix G(mg, A) € RISIXI4l and each element G (g, A) [s,al is:
G(me, A)[s, a] = Gy (s,0) — A'gZ, (5,0). 27)
Then according to Theorem é(ﬂ'g, ) is an unbiased estimator of Mg’k)
Stochastic Primal-Dual Iteration. We rewrite the iteration (I2) as the following stochastic version,
At — { A1 —n(b - é(”et,l)}Jr’@t — 0,1 +1G(mg,_,, A1), (28)

where we calculate ¢(7g,_, ) and é(’ﬂ'gt_l , A¢—1) according to estimator lb and estimator l|

4.5 CONVERGENCE RATE

For each time ¢, we notice the estimator ¢(7;) in the inner loop (see Line 3 of Algorlthm 3) involves m
trajectories, and estimator G (g, , A;) (see Line 5 of Algonthm involves (2|S||.A|+m) trajectories.
We use D to collect all those (2|S||.A| + 2m) trajectories,

Dy = {Trapi A2, (29)
According to rollout rule in Algorithm [4] Algorithm [5| and Algorithm [2] those (2|S||A| + 2m)
trajectories among D; are independent with each other.
Theorem 4. Under Assumption[I{2] 7g is the softmax policy (9. The time-step T shares a fixed low

bound similar to @) The initial Ao = 0, Oy = 0, the parameter sequence { A, Ht}fBI is generated
according to Algortthm Let m, B satisfy n = \/‘ 2o gl(llognl;)“:/‘”ﬁ \/‘ Lo ?lsgodgLL«jl 7
where C' is a positive scalar will be special later. Then for alli € {1,2,--- ;m}, my := mp, satisfies
dz |S]log | Al
E J(me) —J <4 — 1
{%{ (r.) m)}} \ s IR et
dfe 0 |S]log |-A|
E |min {C;(m) — b; <4 z ,
e -u | <4 | s o

where the notation B[] is short for Ep,.p,_, || that denotes the expectation with respect to the

. . T-1
randomness over the trajectories {D;};_ .
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The details of the proof is in Appendix [F2] and the unbiased policy gradient estimator and the
independent samples among D; play a critical role for us to obtain the Theoremd] According to
([29). we need (2|S||A| 4 2m) trajectories to rollout the policy gradient estimator, Theorem [ implies
Algorithm [3|needs a total iteration complexity of

21| (IS11A1 +m) log 4]
w al—oae

Po
dm

Po

(30)

to obtain O(¢)-optimality. The iteration complexity shown in (30) matches the best known algorithm
NPD-PG Ding et al.|(2020). NPD-PG (Ding et al.|[2020) and the proposed PD-PG share a complexity
of O(e~2), which is better than CRPO (Xu et al.,[2021) that is with O(e~*) and on-line NPD-PG
(Zeng et al.,|[2021) that is with O(e~©).

4.6 COMMENT ON (DING ET AL.,[2020): A TRADE-OFF BETWEEN PD-PG AND NPD-PG

The initial 8, = 0 implies the distribution of initial policy is uniform, which implies 7o(a(s)|s) =
|A|~1. Then c, is upper bounded as follows, ¢, = infses >1 {mi(a.(s)|s)} < |.A|~!, which implies
the iteration complexity of the proposed PD-PG (30) is lower bounded as follows,

" 2 21 412
5 (\ |S||A|> an)

NI
to obtain O(e)-optimality, where we omit the constant m (that is the number of constraints), and O(-)
to hide polylogarithmic factors in the input parameters. According to (Ding et al., 2020, Theorem 4),
the complexity of NPD-PG is upper bounded by

5 (_ISPPIAP
O\ ———— ) - 32
([t o
Although the proposed PD-PG shares the same state-action independent iteration complexity of
O(e~2) with NPD-PG, the state-action dependent iteration complexity and (32) implies PD-PG
is difficult than NPD-PG (Ding et al., 2020) due to the following two aspects. Firstly, the lower

bound (31)) w.r.t PD-PG and the upper bound (32) w.r.t NPD-PG implies NPD-PG plays never worse

than PD-PG. Additionally, the bound w.r.t PD-PG (31) involves the distribution mismatch coefficient
Po

—= ||, which heavily depends on the initial distribution po(-). Concretely, if po(-) is near 0 at
Po

some stogte, then distribution mismatch coefficient can be very large, which is indeed detrimental for

PD-PG to search a safe policy. In this sense, it also demonstrates the necessity of Assumption 2]

Po
dan

o

However, although the upper bound (32) w.r.t NPD-PG does not contain the distribution mismatch
coefficient, the NPD-PG (Ding et al.,2020) requires additional computation w.r.t the Moore-Penrose
pseudo inverse F'f(0), where F(8) is the Fisher information matrix:

F(0) = Es~d5’rg(-),a~w9(-\s) [V log Wg(a\s)(VInge(ab))T} .

Thus, there exists a hidden trade-off between PD-PG and NPD-PG. Finally, we should emphasize
that trade-off is hidden due to the notation O(-) covers some information w.r.t MDP or policy space.

5 CONCLUSION

This work proposes PD-PG algorithm to solve constrained reinforcement learning problem, which
is a Lagrangian-based algorithm with policy gradient. Although the maximization objective is non-
concave and the minimization is non-convex over the parameter space, we show that for both exact
policy gradient and model-free learning, PD-PG converges to the optimal solution at a sublinear rate
for both reward objective and safety constraint. Since we consider discounted infinite-horizon CMDP,
we consider unbiased estimators with finite-horizon trajectories, which plays a critical role for us to
obtain the iteration complexity of sample-based PD-PG. Additionally, we investigate that PD-PG
needs a complexity of O (6_2) to obtain a O(€)-optimality, which is comparable to state-of the-art
algorithms available in the literature in constrained RL.
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A NOTATIONS

For any positive integer m, [m] := {1,2,--- ,m}. We use a bold capital letter to denote matrix, e.g.,
A = (a;;) € R™*" andits (4, j)-th element denoted as A, j| := a; j, where i € [m],j € [n]. A

bold lowercase letter denotes a vector, e.g., a = (a1, a9, - -,

Al

1
0
a=
a <

o o3

m ¢ 1m
0,
It denotes component-wise order, i.e., a[j] < b[j],j € [m].
It denotes component-wise order, i.e., a[j] < b[j],j € [m].

an) € R™, and afi] := a;.

VECTOR AND MATRIX

(1,

€ R™, and each element of vector 1,,, is 1, i.e., 1,, 1,1,---
(0,0, - -

€ R™, and each element of vector 0,,, is 1, i.e., 0,,

e
. —

A.2 MARKOV DECISION PROCESS

S
A°(S

~

The set of states.
The interior of the probability simplex over the state space S,

ps>0azps:1}~

SES

A%(S) = {ps

The set of actions.

The probability of state transition from s to s under playing the action a.
The reward function r(-) : S X § x A — R, and it is bounded by |r(-)| < 1.
po(+) : & — [0, 1] is the initial state distribution.

The discount factor, and v € (0, 1).

A.3 STATE DISTRIBUTION

IPW(SI [so)
P (st]s0)

P

dzo (s), do ()

PO
s

Po

oo

The probability of single step state transformation probability from s to s by
executing 7.

The probability of visiting the state s; after ¢ time steps from the initial state sg
by executing 7g.

The state transition probability matrix, and its (s, s )-th component is

P.[s,s] = Z m(als)P(s'|s, a) := P (s |s).

The discounted stationary stdfedistribution of the Markov chain (starting at sq)
induced by 7,

3o (s) =D V' Prlse = slso), dpe(s) = Eoympo[d7, ()]
t=0

The distribution mismatch coefficient, i.e.,

’ dz { dz (s) }
—=|| :=max .
P0 oo s€s | po(s)
: dz (s) .
Due to the Assumption [2} the term —= is well-defined.
Pols

14
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A.4  STATE, STATE-ACTION AND COST VALUE FUNCTION

Va(s)

Qnr (s,
Ax(s,a
J

<
By lie

S
NN NP NaI N

State value function V;(s) = Ex[>°,° o ¥'re41[s0 = s].

State-action value function Q(s,a) = Ex[> ", o ¥'re41]s0 = s, a0 = al.
Advantage function A, (s,a) = Qx(s,a) — Vi (s).

The objective function.

The constraint set C = {(c¢;, b;)}™, where b; are limited values, and cost
function ¢;: ¢; : S x A — R, and it is bounded by |¢;(+)| < 1.

The vector stores all the limited values: b = (b1, ba, -+ ,by) .

State cost value function Vi (s) = Ex [> oo v ci(se, ar)|so = s).
State-action cost function Q% (s) = Ex [>_,;2 v ci(s¢, ar)|so = s, a0 = al.
Advantage function A% (s,a) = Q% (s,a) — V.&i(s).

The expected cost value function C;(7) = E,,, () [ViE (5)].

The vector stores all the expected cost values:

c(m) = (Ci(), Ca(m), -+, Cin(m)) "
The feasible policy set I is defined as follows,

Mo = () {r € s and Ci(r) < b;}.

i=1

A.5 PARAMETER

A
Al

Lagrange multiplier parameter, A € R™.
Optimal dual parameter A, = arg minys-o max~cr, (J(7) + AT (b — ¢(m))).

A.6 CONSTANT

Pmin
m

3

L

0
D17D2

Sufficient exploration condition pyin = minges{po(s)}.
The dimension of the vector b, i.e, the number of the constrained conditions

(EP component-wise negitive vector defined in Assumption £ =
(1,8, ,&n) " <0,andeach§; < 0,i=1,2,--- ,m.
A positive constant ¢ := mini<;<m,»{—§}.
2m
(=%
Two positive constants that are defined in Eq.(173).

A positive constant g := 1 +

15
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B PRELIMINARIES AND AUXILIARY LEMMA

B.1 STATE DISTRIBUTION

We use P, € RISI*ISI o denote the state transition matrix by executing 7, and their components are:
P.ls,s'| = > m(als)P(s'|s,a) :=Pr(s |s), s,s €8,
acA
which denotes one-step state transformation probability from s to s.

We use P (s; = s|sg) to denote the probability of visiting s after ¢ time steps from the initial state s
by executing 7. Particularly, we notice if ¢t = 0, s; # s, then P (s; = s|sp) =0, i.e.,

Pr(s: = s|sp) =0, t =0and s # sg. (33)
Then for any initial state sg ~ p(-), the following holds,
P, (st = s|sp) = Z Pr(s; = s|si_1 = )Pr(si—1 = s |s0). (34)
s'eS

In this paper, we also use IE”S:) to denote P (s; = s |s), i.e.,
]P’Sf)(s/|s) =Pr(st = s/\so = s).

Recall d:°(s) denotes the normalized discounted distribution of the future state s encountered starting
at sg by executing T,

d20(s) = Z’y Pr (st = s50)- (35)

Furthermore, since sg ~ po(-), we define

42 (5) = By oo [d2°(5)] = / po(s0)d22 (5)dso

SoES

as the discounted state visitation distribution over the initial distribution po(-)

B.2 PERFORMANCE DIFFERENCE LEMMA

Lemma 1 (Performance Difference (Kakade & Langford, [2002)). For any policies ™ and 7r,, S ~

po(+), and for each i = 1,2, --- . m, the following performance (or cost) difference holds
/ 1
J(m) = J(m) = ﬁEmdﬁO(.),aNW(.\s) [A (s, a)], (36)
, 1 .
CZ(TF) — Cl(ﬂ' ) = EESNdfrO('),aNTF("S) |:A7:/ (S,a):| . (37)

B.3 BAsIC FACTS

In this section, we present some basic facts will be use later, those results are adaptive to|Ding et al.
(2020), and we extend them to the versions of vectors.

Recall £p(A) = maxyem, £(m, A), for a give scalar ¢ € R, we define a notation
T(c):={A=0:Lp(A) <c}.
We notice the following inequality alway holds

< = mi
PR R £ A) = R £ ) = iy oY), G
if ¢ < maxyemn, minx=o £(m,A) = J(my), then I'(c) = (). We assume ¢ > J(r,) throughout this
paper.

16
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Lemma 2. Recall the optimal dual variable A, = arg minyyo Lp(X), let ¢ = J (), the following
holds

A €T (c). (39)

Proof. 1f we choose ¢ = J(,), and let A € T'(c), then by the definition of T'(c), we achieve

X .
= < = .
Lp(A) = max L(r, A) < J(m) = max mnin L(m,X) (40)

Let’s maximize the left-hand of Eq. overset the space {5\ bt 0}, combining the result , then
the vector X satisfies

max min £(7, ) = min max £(7, ), 41
wellg S\EO S\EO mells

which implies = Ay, further it implies

A, €T (J(m,)). 42)

With the result of Lemma 2] we denote the set of all optimal dual variables as T',, i.e.,
L, := {)\ s arg &n;r&ﬁD(A)} =T (J(m)).

Lemma 3. Consider the policy T satisfies Assumption let A € T'(c), then the following holds
c—J(@ > -ATE.

Furthermore, the optimal dual variable A\ is bounded as follows,

1 _
”)‘*Hoo < Z(J(W*) - J(W)) < (1 — ’y)L.

Proof. Let X € T'(c), and recall Assumption|[I]and £p(A) = maxyer, £(m, X), then

¢> Lo(A) > J(7) + AT (b—c(7)) = J(7) - AT¢,

which implies

c—J(@ >-ATE. (43)
Furthermore, according to Lemmal[2] if ¢ = J(m,.), then for each A, € I (J(m,)), Eq.(43) implies
J(m) = J(7) > =2 & = A] (=€) (44)

Recall Assumption we know &€ < 0, i.e., & := (£,&, - ,Em)T =< 0, which implies each &; < 0,
t=1,2,--- ,m. Let

c= o G
then ¢ is a positive scalar, and —& = ¢1,,. Let A, = (A}, A5, -+, A%) T, since A, = 0, then each
Af > 0. Furthermore, || A, [|oo = max{A}, A}, -+, A%}, according to Eq.(#4), we achieve
J(m) = J(®) = A L =) AT = Ao (45)
i=1
which implies
Plloe < 5 ((m) = J(@) < 6)
*|loo > — Ty) — ™)) > .
L (1 =)
O

17



Under review as a conference paper at ICLR 2023

Lemma 4. Let ¢ > || |0, and for any policy 7@ such that
J(m) = J(7) + ¢l {e(®) = by <6, (47)
then

4]

I — (48)
= [[Adlloo

1] {e(7) — b} <

Proof. Let
v(w) = I%%X{J(W), and b — ¢(7) »= w},
mellg

according to Paternain et al.| (2019b); Ding et al.{(2020), v(w) is concave. We notice J(m,) = v(0).
Recall A, = argminy»o £p(A), then according to Theorem we achieve
L(m,A) < max L(m, M) = Lp(Ay) = J(me) = v(0), Vr e Ils. (49)
mellg

Then, for each 7 such that
me{rells:b—c(n) = w},

the following holds
T T T T
v(0) = A w = L(mA) — A w=J(m)+ A, (b—c(r) - A w=J(m),  (50)
where the last Eq.(50) holds: since b — ¢(m) = w, then A] (b — ¢(7)) — A]w > 0.

Let’s maximize the right-hand of Eq.(50) with respect to 7 over the space {m € Ils : b — c(7) = w},
then we achieve

v(0) = A w > v(w). (51)
Furthermore, if we choose
@ :=—{c(7) — b}y, (52)
then
J(7) < J(m) = 0(0) < v(®), (53)

where the last inequality holds since
{m:b—c(m)=0}C{m:b—c(n) =@
Finally, considering the results from (31} to (53), we have

J(7) = J () o v(@) = J(m,) = v(@) — v(0)

Consider the condition @7),

(147)
5> J(r.) - J(7) + @1} {e(7) — b}s

&9
> A @+ @l {c(f) — b}y

&2 _— —_—
> (#1m = Ae) {e(®) = bl > (¢ = [Adlloo) 1 {e(m) — bhy, (55)

where the last inequality holds: since ¢ > || A.||co, then the following equation always holds

Plm = A = (9 = [ Aslloo) L.

—

A @. (54)

Eq.(53) implies
)

1 {e(®) —blp< — 2
P FW

(56)

18
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C PoLicY GRADIENT W.R.T. OBJECTIVE AND COST VALUE FUNCTION

Although some similar results with respect to Proposition [I|have appeared in[Agarwal et al.| (2020b);
Mei et al.| (2020); Lan| (2021)), we also need to provide the details since we will use some key details

Omg(a'|s")

50 , which plays a critical role to

later. Before we show Proposition |1} we need to calculate

proof Proposition [T}
Lemma 5. Let mg be the softmax policy defined in (9), then

37rg(a,|s/) 0 EXP{GS’,M}
893’,1 N a95,0, Z&E.A exp{gs/,d}

0 0
96 GXp{es’ a }(Z&GA exp{es/ ,Ez}) - exp{es/ ,a’ }aT(Z&GA eXp{es/ ,d})
- (Cacaexp{by 3})?

eXp{es,a}(Z&eA exp{es,d}) - (eXp{es,a})Q e ! /
3 , ifs =sanda = aq;
(> zeaexp{bsa})

= exp{es a’ } eXp{Gs U«} ’ ’

_ : . if s =sanda # q;

(X aeaexp{bsat)?

0, if s #sora #a;

me(als) — (me(als))?, ifs =sandd = a;
= ¢ —mg(a'|s)mg(als) ifs =sandd #£a; (57

0. ifs/;ésora/;éa.

Proposition Under the softmax policy parameterization @), the gradient of the objective J(mg)
and cost C;(mg) with respect to 0 is

8J7 1 A a
( e) _1 ,Vdf‘%(s)ﬂ'g((ds) 7‘—9(87 )7

0C; (7 1 T Ci a

00 89(0) _]_7 _,ydf(;(s) o(a"s)A;a(S’ )

Furthermore, let
as,(s,a) = (A% (s,0), A% (s,a), -+, A% (s,0)) ",
Arg(s,a,A) = Ary(s,a) — )\Tafm (s,a),

then the gradients of L(mg, X) with respect to 0, X are:

8[:(7T9,)\) 1 8,6(71’9,)\)

20, =1 7dfr‘; (s)mo(a]s)Ang (s, ay A), X =b — c(mg). (58)
. . . 0J(mg)
Proof. Since J(mg) = Eqazo () [Vire (8)], to derive the gradient 50, We only need to show
Waﬂ%(so). According to the relationship between V., (s) and Q, (s, a):

Vio(50) = > ma(a |50)Qng (50,0 ),

a €A
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then we have

OV (s0) _ me(a’|s0) / /o OQr(s0,0)
b Z <%Qﬂe(so,a )+ ma(a |50)TW . (59)

a/
Due to the equation

Qre(s,a) = Z ]P’(sl|5 a) \s a) + Z \s a) s/)7

s'es s'es
we achieve the gradient of ()., with respect to € as follows,
OQx, (s0,d / OV (s
0ralo0:0) _ 3 5™ (s fsg,a') s2). (60)
s,a S es s,a

Taking Eq.(60) to Eq.(59), we have

8Vﬂ— (So) 87‘(’9(&/‘30) ’ ’ ’ ’ 3Vﬂ— (S/)
b, 2\ on,, Crolow) amelalzo) 2 Bl o) 50
a € s € ’

’

) Y o
_Z ”0 ISO Imela 1%0) i (s, a +VZ > mo(a |s0)P(s [s0,a) 599529)

a' €A s'eS \a' €A

=Py (s1=5"]s0)

87T S ’ ’ 8V7T S
= Z ge «Js0) Qro (50,0 ) +7 D> Prylsi=s jsg) Wrol2), (61)
a'eA = s'es
which implies for each ¢ € NT, the following equation holds:
OVW S/ on a/ S/ roo " ’ 8Vﬂ SH
Wao(s) _ Z MQM(S a4+ Z Pry(Se41 =5 |s¢ =5 )ﬂ. (62)

aes.a ’ 895,@ 7 698#1
: a €A s €S

Considering Eq.(62) with the case ¢ = 1, we write Eq.(61) as follows,
OV, (s Ome(d|s /
6( 0) _ Z 9( | O)Qﬂ'e(SO»a)

005 4 e 0054
a €A
’ 8779 a/ S/ roo " ’ 8Vﬂ— S”
1y Y Baylor = s'lso) [ 3 T2 g 40y 4 Y By = s = ) Dnel®)
s'es a' €A e s'es a

(63)
According to Eq.(34), the following equation holds

3 Prp(s1= 5 150)Prg(s52 = |51 = ') = Prg (52 = | 50),

s'es
OVy
and taking it to Eq. lb we achieve the gradient w as follows,

M = Z MQWQ(SO,GI) +7 Z ]P)TFG(Sl = SI|SO) Z 67T0 |s )Qﬂ—a(s “ )

8037[1 a' eA 808@ s'es a eA 005 @
OV,
#7233 Pralor = B2 =5 oy = ) el
s'eSs'es
Ome(a |s o, s
-y ol '° Oy () 7 S Brglor = 5 o) ole ' )Qw Z)
a' €A a'eAs’ es
" 8V7r S“
+42 Z‘SPM(SQ =s |SO)855(,,1)' (64)
s €
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8Vﬂ—9 (80)

S,a

Wealoo) _ 57 OT000) o) 41 32 30 Pralon =) Ty )

Furthermore, according to , we analyze as follows,

6987& a'eA 893@ adcAs'es 2 @
" 87'(' a/ 8” " ’ " " aVﬂ. S/N
+’YQZ]P’7r9(82:S [s0) Z g(e | )QWe(s ,a )+ Z Pr(s3=35 |sa=5) 32( )
s"es a' cA 5@ s'"'es 5a
Ome(a|s / / , o s
Y o0 ()4 5T (Brolor = i) + 9%y o = 5 1s0)) T2 (4
a' €A 5@ o' €As’ €S e
’ 8 ’
+43 Z Pro(s3=s |So)mvﬂ—e($ )
s'eS
= / on s
=D DD 2 Pry(se =5 Is0) gé 1) a) (65)

a'eAs’ est=0

2{: EE: dso (s é%TQAAAlfgzcgﬂe(s’,a’) - di%(S)é%:gé:ijs)62wa(87a/)

1—
a'eAs'eS i a’' €A
(66)
]. ! !’
= d3, ()70 (als) | Qry(s,0) - > mo(a[5)Qny(5,0) (67)
" a' €A
1 1

=mdi%(8)ﬂe(a|8) (Qro (5,0) = Vg (5)) = ﬁdi‘;(S)We(a\S)Am(s ,a),  (68)

where Eq. holds since if s’ # s, then
ome(d|s) N
s
Eq.(67) holds due to Eq.(57).
Finally, since J(mg) = Eondzo () [Vire (50)], then
8J(7T9) 1 s 1
00, . = ESONPO(') Edw% (8)770(@|5)Aﬂ'9 (87 a) = 1_ ,ydfr?; (8)7T9(G|S)Aﬂ-9 (87 a’)'
Similarly,
0C;(mg) 1 0 )
= A .
o0 = T (5)molals) A%, 5.0

This concludes the proof of Proposition T} O
Let

a7c're (57 a) = (Agrlg (8’ a)7 A7c1-29 (57 CL), e aAng](sv a’))T )
then

dc(mg) _ (OCi(mg) OCa(me)  OCi(me)\ "
0,0 ' 005, ' 00.4

065 4
71 C1 Co c T
= — ’ydﬁ% (8)7T9(CL|8) (ATrg (S’ a)7 A‘ﬂ'e (57 a)’ . 7AT(7; (S, CL))
1 c
=1 7alfr‘; (s)me(als)as, (s, a).

With the result in Proposition |I|, it is easy to calculate the gradient of £(7g, A) with respect to
0, X, formally, we present it in the following Proposition 5]
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Proposition 5. Consider the Lagrange multiplier function L(mg, \) @, its gradient with respect to
0, \is:

1

8087(1‘6(”97 >‘) = 1_ ,ydﬁ[; (5)7"'9(&|S) (Aﬂe (s,a) — )\Tafrs (5, a)) , (69)
0
aj\ﬂ(ﬂe, A) =b — c(mg). 70)

We consider the following update rule with respect to A and 6:

0
At — {)\t—l — naAﬁ(ﬂ'gtl,)\t_l)} N (71)
+

0
0, 0,1+ nafgﬁ(ﬂot,l)\tfl), (72)

where each (s, a)-component update rule of 6, is defined as follows,

et[sv a’} = 02?21 — ogfr:l) + UWﬁ(Wﬂt_l ) )‘t—l) (73)
_ n c
= 000 o (5)mo, (als) (An, - (5,0) = ALsal L (5,)), ()
where 0?21 = 0y[s, al.
To short the expression, we use the following notations:
exp {th()l}
mi(als) := me, (als) = , and 7y := T, . (75)

2 aeA €XP {9&%}
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D PROOF OF THEOREM

In this section, we provide the necessary proof details of Theorem[2} It is very technical to achieve
the result of Theorem 2] we outline some necessary intermediate results in Section [D.I] where we
provide some basic lemmas in Section [D.} and the proof of Theorem [2]is shown in Section[D.2}

D.1 AUXILIARY LEMMAS

Lemma 6. The sequence {\;, 0;},> is generated by (.) (.)/H) and the softmax policy Ty ==
. is defined as (|7_3|) then update rule with respect to w; equals to

)exp { - 1 S, () (als) A=1)(g) a)}

mi(als) = m—1(als 700 ; (76)
where A0V (s,a) = Ar,_,(s,a) — A]_1a%,_ (s,a), and
Zer(6) = 3 (ot exo { 2t (ma(@ls) (Ancs(00) - A, () }).

acA
Proof. According to the update rules (74, we calculate policy ¢ (als) as follows,
exp {99()1}
2 aeA €XP {95‘21}
exp {08+ T (sl (A (1)~ A e, () }

Speacwp {6+ 1” 1 (als) (Ar o) = AL, () |

mi(als) = mo, (als) =

&

exp {9&;1)} exp { - dﬁ? (s)me—1(als) (Amf1 (s,a) — A as, (s, a)) }
Y aca (exp {GS;U} exp {Jydﬁ‘;_l(s)m_l(db) (Amfl (s,a) —A/_qag, (s, d)) })
Sacacs {9< { Ty (s >m71<a|s>(Am,l<s,a> A e, 1<s,a>)}

}
(77)

{ £ ()70l (A (500) = A e, (5.0)) |

=mi_1(als)

=Tl exp{g(t 1) }
Saca . exp{lidfr(;l(s)m1<a|s>(Am_1<s,a> A e, (s.0)) |
DacA exp{@s,& } v

exp { g (91 (el9) (A (5:0) — AL s, 1<s,a>)}

(78)

—mi_1(als)

)

where Eq.(77) holds since we use the following definition

exp {Ggf; b }

>acA €XP {0221) } .

m—1(als) =
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To short the expression, we introduce two notations:

Zes(6) = 3 (ot exo { 2t (ma(@ls) (Ans(00) - A, (50) }).

acA

(79)
AUV (s a) = Ay, (s,0) — A 1y, (s,a), (80)

we rewrite as follows

o { gy (ma(al9) AV (s, |
= _ 81

me(als) = m—1(als) 70 (81)
This concludes the proof of Lemmal6] O

Before we further discussions, we need to define some a notations: H;(s) and a distance DJ[-||]
between function p(-) and function g(-) over the action space A,

By (s) = 3 Zerrlals) g, meen(als) o) = 37 pla)log 22

acA mi(als) mi(als) acA q(a)’

Note that if p(-), ¢(-) is reduced to probability distributions, then D(+||-) is reduced to Kullback-Leibler
divergence between the two distributions p(+), ¢(+):

DONl()] = Eamp [log pﬁxﬂ = KLp()l40)].

Lemma 7. The sequence {, 0} is generated by (.) (.)/H) and the softmax policy my =
, Is defined as (|7_3[) the my and A\ satisfy the following equation

C(TF) = (Cl(ﬂ-% 02(7[-)7 e acm(ﬂ-))—r )
al(s,a) = (A% (s,a), A% (s,a), -, A" (s,a)) " .
Furthermore, applying Lemmal(l|again, we rewrite (83)) as follows

Tr) - Z e <Z milals) ml(ms))

- m(als) m(als)

to ZZ d:;fg s 10th(s)+>\tT(C(m)fc(frt)), (82)

7Tt Cl|
where T, is the optimal policy of primal problem (EI) i.e., T, = arg maXrer, J(m).

Proof. According to Lemma we calculate the performance difference between J (7, ) and J () as
follows,

1
J(me) = J(me) = EESNdfrg(‘),awﬂ'*(ﬂs) [Ar, (s, FR Z Z d (s)me(als)Ax, (s, a).
968 acA
(83)

Recall Eq.(80) and Eq.(81), we write it as follows,

mv1(als) s 00 als Tac (s.a
o (P 200) ) = L omlals) (Ar, () = A (5.0).

Then, we rewrite the term A, (s, a) as follows,

Aﬂ't (S, a’) = Lo 2 7ﬂ—t+1(a|8) Zt(3)> + )\;rac

1
n . d7) (s)me(als) '10g< mi(als) ,Tt(s,a). (84)
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Taking the results (84) into (83), we rewrite the performance difference between J () and J (m¢) as
follows,

) = Tl = 1 50 G Y 0 g (ﬂt+l(a's)zt<s>>

22 (s) 2 mlals) mi(als)

Z Z dr (s)m(als) )\Taf”(s,a)

sESaEA
m.(als) mi11(als)
726”” (Z%wls) 8 i als) )
s)my(als) .
0 ZZ d”“ Smials) 2828+ sz sIA g, (s,a). (85)

SES acA SGS acA

Recall the vectors c(7), aS (s, a) defined in previous sections, where
C(ﬂ-) = (Cl(ﬂ)7 02(71-)7 U ,Cm(TF))T )
az(s,a) = (A7 (s,a), AP (s,a), -+, A" (s, a))T :

Furthermore, let us apply Lemmamagain, we obtain

o(m) TR Z > i (s)m(als)as, (s.a),

sES acA

which implies,

J(me) = J(my) =

|
1 dro (s)m.(als) T
D e amtals) 08 %)+ AT (elm) = ()
This concludes the proof of the result (82). O

Similarly, we obtain the performance difference between J (1) and J (7).

Lemma 8. The performance difference between J(miy1) and J(rt) satisfies the following equation

J(WHI) - J(Wt) -l (c (7Tt+1) - C(Wt)) (86)
dfr‘iﬂ m+1 (8)m+1(als)
n Z o (s Z Z (s)m(als)

M cs €S ach dr;

log Zy(s).

Proof. According to Lemma we calculate the performance difference between J(7¢41) and J ()
as follows,

1
ﬁESNdﬁ<z+l<~>,a~m+l(~ls) [

Z Z dﬂ't+1 TrtJrl a| ) (57 a)- (88)

s€$ acA

J(mep1) — J(m) = Az, (s, a)] (87)

Recall Eq.(80) and Eq.(8T), we have

A, (s,a) = 1= 7rHl(als)&(s)) + )\;rafrt(s, a). (89)

1
n T (S)mals) 'log( m(als)
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Taking (89) to (88), we have
1 dee. (s) mer1(als mer1(als)  ma(als
Hres) = () = -5 dp: 5 (Feall) o Tty T 08 oy 7))

2 2 \mdals) % mal) T mlals)
+ PR Z Z 7rt+1 7rt+1 a| ))‘;ragrt (87 CL)
SES acA
dre ., (s) (s)meq1(als)
Tt41 Trf+1 T
== b Z Z ooy log Z;(s) + A, (c(mpp1) — e(my)).
" ies (s ) 55 aca d,(s)mi(als)
This concludes the proof of the result (86). O

Lemma 9. The sequence {X, 0, }>0 is generated by (.) (.)/ 74)), and the softmax policy Ty :=
, is defined as (E) then the performance difference between J(m +1) and J () satisfies

(1) = J(m) = Al (e(meen) — e(m)) > ZZ 7”“ ‘)mgzt(s), (90)

dp" als
SES acA m )

and log Z¢(s) > 0.

Proof. Recall

H(s) = Z mi41(als) log mey1(als)

m(als) m(als)

since ¢ (als) < 1, then

H,(s) = Z mi+1(als) log mi+1(als)

acA mi(als) mi(als)
> Z me+1(als) log M = KL [mrp1(:|8)]|7(+]s)] > 0. 91)
= mi(als)
According to Eq., and due to positivity of the terms d/°(s) and d? | (s), we have
dr 7Tt+1 (als)
J(mip1) = J(m) = A (e(meq) — e(m)) > S;S; d}é @) log Z(s).

Now, we need to show log Z;(s) > 0. In fact, the following holds

log Z(s) = log (Z m(als)exp { 26 (als) (A, (5, - A, 5,) })

acA

> Z m(als) log (exp { 1 i d2o (s)m(als) (A, (s,a) — )Jaf,t (s,a)) }) 92)
acA
- ” Zm ls)dee (s)my(als) (A, (s,a) — A aS (s,a))
aE.A
> mm {m:(als) Z d2o (s)m(als) (A, (s, a) — )\;rafrt (s,a))
aEA
> min {m(als)} - ——d?(s) (Z mi(dls)Ar, (5,8) — Y mi(@ls)A] g, (s, a))
acA 1=y acA acA
=0, 93)
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where Eq.(92)) holds due to the Jensen’s inequality, and the last equation (93) holds since:
Z me(als)Ar, (s,a) = 0,

acA

acA acA aEA acA
1| =0 =0
T
:Om7
the notation 0, € R™>! denotes a vector with the elements are all zero. O

Lemma 10. The term ) g log Zt(s) is bounded as follows,

> log Z(s (J(meg1) = J(me) = Al (c(mign) — () -

seS (1 - )pmin

Proof. Since d°(s) < 1,m;(a|s) < 1 always holds, recall Eq. in Lemma@ we achieve the
following inequality:

J(7Tt+1) — J(ﬂ't) — A;F(C(ﬂ't_t,_l) —C 7Tt Z Z dﬁ?+l 7Tt+1 ‘ )IOg Zt(S). (95)
SES acA

According to Eq.(T43), we rewrite Eq.(93) as follows
J(mp1) = J(me) = A (e(meq1) — e(m))

1 _
i Z Z po(s)mr1(als)log Zi(s) (96)
s€SacA
1
—_— Z po(s)log Zy(s Z 711 (a e po(s)log Z:(s). 97)
seS acA sES
Then, under Assumption 2| for each s € S, pmin < po(s), result implies
L (J(']Tt+1) - J(’/Tt) - )\;r (C(7Tt+1 —C ’/Tt Z log Zt ) (98)
(1 = 7)pmin ses
O

Lemma 11. Let mg and my be softmax policy, then the following holds

8Vﬂ— S ’ 4 ’
vﬂ,<s>—vﬂ9<s>—< A0 —0>\ < o e

‘ 06 -
Proof. See (Mei et al.,[2020, Lemma 7). O
4 1 OV () .
Let 3 = ——, and if 0 =60+ - , then we obtain
(1—7)3 B 00
VTre (S) - V‘ﬂ' ’ H aVﬂe . (99)
2

Let g% (s,a) € R™ is defined as follows,
qz(s,a) = (@7 (s,a), Q2 (s,a),- -+, Q7" (s,a)), vi(s) = (Vi2(s,a), V2 (s), -, Vi (s))
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Qﬂ'e (S,(l, A) = QTFQ (87 CL) -

Furthermore, we define

)\Tqie (8)7 Vﬂe (87 )‘) =

Al(s) = max{Qr(s,a)} — max

welle

Similarly, we define

relle,aza, (s)

m€lle,aay(s)

Vieo (8) — ATV

e

{@r(s,a)}
= Qu(s,a.(s)) — max  {Qx(s,a)} > 0.

Ali(s) = min {Q7 (s,a)} — ﬂencrgliga* © {Q7 (s,a)}
= Q% (s,ax(s)) — encrgl#a*(s {Q% (s,a)} > 0.
We define A, (s) as follows
AL(s) = AL(s) + AT (A% (s), AL (s), -, A (s)) .

Recall the notation 6, , = 0]s, a], for all (s, a)

8[:(’/T9, )\)

. 8[2(7@, )\)

Ou(s) = {0' 00[s,a.(s)] = 00[s

Ve ted

Qro(8,a4(s)) > Qu(s, a*( ) — 7AT
—Q%,(s,a4(s)) = —Q% (s,a4(s)) — fACI i_l 2,

@2(8) = 0

=M

Vwcel,( 5) > — f;’et (s,ax(s)) — iAiz
O.(s) = {0 : mo(au(s)]s) > c(zg [ cls) 1= (1—;1'&(8)

0, () > @y (5,04(5)) — 1A:

2
1

Lemma 12. Ler 6, € O1(s) N Oz(s) N Os(s), then
9t+1 € @1(8) N @2(8) N @3(8)

Proof. 041 € O5(s)

Since 0; € ©3(s), we obtain the following equation

Qr, (85 ax(5),

€ S x A, and we define

b

N2 Qu(s,0x(9),A) — 5A4(6),

where 7 is short for 7g,, and Q. (s, a, ) = max em. @ (s,a, A).

Furthermore, we obtain

Qerl(S,a*(S) ) Qﬂ't(s a*

'yZ]P’ (s |s,ax(s

s'es

According to Lemma [T} Eq.(99), we know

Q‘ﬂ't+1 (87 a‘*(s)v

which implies 0;1 € Oa(s).
0t+1 S @3(5)

A) —

Q”t (37 a’*(s)v >‘) >0
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>

for t > 0 is large enough

)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)

( Vet (s A) = Vi, (s, )\)) :

(109)

(110)
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For any a # a,(s), we know

Q. (5,a4(5), A) = Qr, (5,0, ) (111)
=Qr,(5,04(5), A) = Qu(s,a4(5), A) + Qu(5, a4 (s), A) = Qr, (5,0, A) (112)
1
Z - §A*(S) + Q*(S7a*(5)7 A) - Q*(Sva) + Q*(87 a) - QT({, (Sa a, A) (113)
1
Z - §A*(S) + Q*(S7a*(5), A) - ;ﬂa)(()Q*(S, CL) + Q*(S7a) - Qﬂ'f, (570“’ >‘)
(114)
1 ’ ’
---_,A o (s) +72 s[5, a, (s (VWHI(S,A)—VM(S,A)) (115)
s'es
1
>5A(s). (116)
Similarly, we obtain
1
Qi1 (8, x(5), A) = Qo (5,0, A) 2 SAL(s), (117)
which implies 0;1 € O3(s).
0t+1 € 0, (9)
According to Proposition|[T]
OL(mg, A) 1
893(1 -1 _,ydﬂe(s)w9(a‘s)‘4ﬂ'e(svaa)‘)7
. 35(71'9 ,)\f) 6£(7‘l’9 7>\t) .
fo L > ! btain: f *
if 0, € ©1(s), 1. 89t[s ()] = 00,0s.a] , we obtain: for a # a
Te(ax(s)|s)Ar, (s, a.(s), A) = me(als) Ar, (s, a, A),
where 7 is short for 7, .
Case (i): m(a«(s)|s) > m(als).
If 7 (a(s)|s) > m(als), according to softmax parameterization (9, we obtain
0:[s, a.(s)] > 0:[s,a) (118)
Recall the update rule of Algorithm[T]} we know
L (g, A) (009),(IT8) OL(ma,, A
Briali 0. (6)] = O (o)) g o2 S Bl ) — sl
which implies
exp{0y[s, a.(s)]} exp{6y[s, a]}
a,(s)|s) = > = als). 119
7Tt+1( ( )| ) EaEA exp{et[s7a}} EQEA eXp{Ot[s,a}} 7Tt+1( ‘ ) ( )
Recall (T17), we obtain
Aﬂ't+1 (S7a*(5)7A) Z A7Tt,+1 (S,(I,)\). (120)

Eq.(TT9)-Eq.(T20) implies

6‘6(7‘-91+1 ) At-l-l) > 8£(7T0t+1 ) >‘t+1)
00, 41[s,a4(s)] =  00:41]s,a]

which implies 6,11 € O4(s).
Case (ii): m(a.(s)|s) < m(als).

According to
(a4 (8)[8) Ar, (8, ax(8), A) > me(als)Ar, (s,a, A),
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we obtain
Ti(ax(s)ls) (Qr, (s, a4(5), A) = Vr, (5, X)) = mi(als) (Qr, (5,0, A) = Vi, (5, X))
= Wt(a‘s (Qﬂt (87 a*(s), )‘) - Vm (37 >‘) + QTH (S’ a, A) Qm (S a*(s)7 A)) )

ie.,

@) o e a1 (s
(1 o )(Qmu JS)A) — Vi (5, 0)

= (1 —exp{i[s, ar(s)] — Ouls, al}) (Qn, (5, ax(s), A) = Vi, (5, X))
<Qr, (5, ax(5); A) = Qr, (5,0, ).

Recall the update rule of Algorithm|[I] we know

B OL(mg,, At) B AL (mg,, At)
0t+1[57a*(5)] - Ot[s7a‘*( )] + naot[s a*( )] 0t+1[57a‘} - Ot[37 a’] + n aet[s a] .
. (ﬂ-gt))‘t) 8[:(71'9”At) : .
Since 0; € ©1(s), i. 6‘0t[s (s )} A Eq.(126) implies
0:11[8,a4(8)] — Or11]8,a] > O¢[s, a,(s)] — O[s, a).
Since we consider (a4 (s)|s) < m(als), then
L exp{Oifs, a(5)] — 0fs,al} = 1 - TN g

m(als
which implies
(1 — exp{Bi11[s, au(s)] — Orrals, al}) (Qrypy (5, 04(5), A) = Vi, (5, X))
<Qr,11(5,04(5), A) = Qr, 1, (5,0, ).
Rearranging it, we obtain
Tip1(ax(8)[8) Ar, 1 (5, a4 (s), A) = g1 (als) Ar, (5,0, X),

which is
aﬁ(’ﬂ'gt_H ) >‘t+1) > a‘c(ﬂeﬂ-l ) >‘t+1)

00:41[s,a4(s)] =  00:41]s, d]

which implies 6,1 € ©1(s).
Lemma 13. Ler 0; € O1(s) N O2(s) N O3(s), then mr1(ax(s)]s) > m(as(s)]s).

OL(ma,, A¢) - 0L(me,, At)

P " Recall
roof. Reca 90,[s,a.(5)] = 00,5, d]

, we obtain

ex s.a.(s 78£(7T9“>\t)
exp {81415, 0. ()]} p{"“’ SRRETAN wn}

i1 (ax(s)]s) = = -
ZaGA exXp {9t+1 [S, a’]} ZaeA exp {Ot(s, a) + ﬂag(ati; v:it) }

exp {Ot[s,a*( )] + (W}

OL(m ,At
ZaeAeXp{9t<5’a)+ M}

B exp{at(&a*(s))} = mi(a.(s)|s
— ZaeAexp{Ot(s,a)} = t( *( )| )

>

Lemma 14. ©.(s) N O2(s) N O3(s) C ©1(s) N Oz(s) N O3(s)
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(123)

(124)
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(126)

127)

(128)

(129)
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Proof. Let 8 € ©.(s) N Oz(s) N Oz(s), we consider the two following cases:

Case (i):mg(a.(s)[s) > max,+q, (s) To(als).

(TremAt) 1 o
96,5, a0, (5)] =1= 7alfre (8)7o(ax(8)]8) Arg (S, ax (), X) (131)
- 1 O0L(mg,, A¢t)

dpo( Jmo(als)Ar, (s,a,A) = (132)

00y[s,a] ’
where the last equation holds since the same analysis from @)—@) we have
Qr,(s,a4(5), A) = Qr,(s,0,A) > A (s)-

Case (ii):mg (a+(s)[s) > max,q, (s) 7o (als), which is 1mp0551ble, since if this case hold, we obtain

2¢(s)
c(s)+1

> 1.

mo(ax(s)|s) + me(als) >

Lemma 15. Under Assumption 2] updating m, according to Algorithm|[I| we obtain
. =: inf . 0.
e = i {m(a.(s)ls)} >

Proof. According to (Agarwal et al. [2021, Lemma E.2-Lemmal2), we know 7¢(ax(s)|s) — 1,
which implies there exists T1(s) > 1, such that

c(s)
c(s)+1°
Furthermore, since Qr, (5,ax(s)) — Qx(s,a.(s)), ast — oo, then there exists Ta(s) > 1, s.t

Qro,, (5:02(5)) > Quls,00(s)) — 5

§A*(S).
Finally, since Qr,, (5, ax(s)) — Vi(s),and Vz, (s) — Vi(s),ast — oo, then there exists T3(s) > 1,
such that Vt > T3(s),

o1, (s) (a*(s) |S) >

Qro, (5,04(5)) = Vg, (5) < 5 A(5)-

Define Ty (s) = max{T1(s), T2(s), T3(s)}, then we obtain
9-1—0(3) € 0.(s)NBOz(s) N 63(3)70T0(s) € 01(s) NO2(s) N O3(s

Os(
According to Lemma|12{14}, i.e., if 6; € ©1(s)NO2(s)NO3(s), then O;41 € O1(
)

)
$)NO2(s)NO3(s),
and the policy 7g, (a«(s)|s) is increasing in the space ©1(s) N Oz(s) N Oz(s), we have

infro.(ax(s)ls) = _min 7o, (ax(s)]s)-

To(s) only depends on initialization and ¢(s), which only depends on the CMDP and state s.
Finally, we have

sefsnfn {mila.(s)ls)} = mig 1<?<HTI(1](S) 0. (ax(s)ls) > 0.

O
Lemma 16. For any fixed T > 0, let 8y = 0, Ao = 0. The sequence { ¢, 0t}f>0 is generated by

(l) (E)/(H) and the softmax policy 7y := T, is defined as . Let x = W d:: ,CL =
T—1 T—1
1 1 1 [ x|S|log|A] 2x
Jr)— = Jm)—=> M\ (ce(m) — <= 2nxCh.
(74) T 2 (m¢) T ; ; (c(my) — c(m)) <7 ( , + =2 + 2nxCy
(133)
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Proof. According to Lemma[7} we obtain

oy L d209) (g malals) | 7 )
T = Jm) =2 ) (Z als) % m<a|s>>
A

seS aG.A
130> B g Zu(s) + A (elm) - clm),
GESaEA t

P LSy O LS T (etm) - clm)
T PO 0g £ S T + (C(Tx) — C(Tt
nT = s€ES ac A (s)m(als) T
T—1
| 42(5) (= malals) | Tosa(als)
z log
n(l—y)T ~ SZS po(s) ; i (als) m(als)
T—1 T—1
1 dro (s)me(als) 1 T
—— = " log Zi(s) + = A, (c(my) —ce(m
n(l_,y) tio;ga pO(S)'/Tt(aLS) t( ) T; t ( ( ) ( t))
PO T-1
< 1 ‘ dre Z . (als) log i1 (als)
=T || po ||.o 2 22 2= lals) "5 mlals)
1 e || = T (als) 1 —
+ = log Zy(s) + = > _ A/ (e(m) — e(m))
n(l—~)T ‘ po lloo & 2 S milals) = T & !
1 el (als)
< T 7. (a|s) log
e 22, 2 mlallos s
1 ‘dﬁo T—1 ;T2 .
+—_— = log Z:(s) + = A, (c(my) — c(m))
N =7)eT | po llo t=0 s€8 T =
1 4P T-1
= || = KL [7, (-[8)||7¢ (-18)] — KL [mr, (-] 8) || S
e ol I > 3 (KL eIl = KL 919
1 g || Tl ;T2
Tt log Z(s) + 3 3 A (e(ms) — efm)
N =7eT || po lloo =5 seS T=
L
e | 3 (R o9 KLl 1)
> O 9%
B ‘ log Z:(s) + = A, (c(my) — c(m))
n(l =)eT 0 t=0 se& t:O
1 dro 1w ¢
e || SR+ 5 3 AT (o) - o)
0 se8 t=0
1 e || &=
= log Z,(s
(1l —v)e.T ‘ P0 oo ; gs 8 Z:(s)
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(139)
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where Eq.(I33) holds since: for any Markov stationary policy ,

dﬁo (5) = ESON/JO(‘)[dfrO(S = 60~PO( [ 1 — Z"y IP St = 550)‘|
> Egympo() [(1—=7)P (So = s|so)]

= (1 =7)po(s); (143)

dpo

Eq. 1) holds since we use to denote the distribution mismatch coefficient, i.e.,
P0 |lso
‘ dro {dﬁi(S)}
:= max ,
P0 loo ses | po(s)

. deo (s)
Due to the Assumption |2} the term —* ) is well-defined;
pPols
Eq.(138) holds since 7, is a deterministic optimal policy, and we denote it as 7, (a.(s)|s)
1, otherwise, i.e.,if a # a«(s), m(a|ls) = 0. Recall Proposition we know c,
infses,e>1 {me(ax(s)[s)} >0

mulals) | mn(als) _ m(a)ls) | mea(an(s)ls)
2 mals) R ma o) ) “4‘”
< ”*(a;(s”‘s) Io ”:ZC(L"(S(;')S"; ) (145)
- LS o ), s6)

o 2 m(als)

Similarly, Eq.(T39) hold since

Eq(T39) holds since:
mry1(als)
> mlals)log == = KL [ (|s) [ (-]5)] = KL [ (-|s) |41 (-|)]
s mi(als)
Eq.(141) holds since we omit the term KL [m, (+|s) |77 (+]$)]-
Taking Eq.(98) into Eq.(T42), we achieve

171 1 P =
J(me) == ) J(r S’ ”*H KL (7. (¢|8)[|mo(:|8)] + = Y A/ (e(me) — e(mt))
T 2 () DT | % s)lImo(:s)] T 2 ¢ (e(m) — c(m
1 deo ||
T (A=)’ ‘ - H > (T(miga) = T(m) = A (clmigr) — c(m)))
min * 00 t—0
1 dro -
= s | e SRt Z Al (elm) = o{m)
0 seS
1 dso

(J( J (7o) Z_: —-c 7Tt+1)))> :

(147)

T
pmin(l - ’7)0*2T £0
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Now, we need to bound the term — ZT "\ (c(m) — c(mq1)) in Eq. 1| our proof is adaptive
to (Ding et al.l 2020).

1 T-1
T > A (e(m (7Tt+1)))‘
t=0
1 T-1
=7 dSoA! (C(Wt+1)—0(77t))’
t=0
1 T-1 1 T-1
=7 (Aie(mi) *)\tTC(Wt))+T (A = AL) e(mi)
t=0 t=0
1 1 T-1
=7 |(Ae(rr) = Xgetw) +fZ Ay) e(mig) (148)
t=0
1 T-1
<% [Azll; el + TZHAT Al lle(resn) 2, (149)
t=0

where Eq.(T48) holds since the initial value Ag = 0, and Eq.(T49) due to Cauchy-Schwarz inequality.
Recall the update rule (7T) with respect to A:

Mw e { X =R Er A} = b et}

which implies

[At41 = Aell2 < mllb = c(me)|l2 < n([[bll2 + [lc(me)|l2) - (150)
Now, we need to bound
m m 2
le(m)llz = | D 1Cilm) > Eagpo() [V (50)]
i=1 i=1
m o) 2
- Z E o) ,56~PE) (50),asmme (-] s) lZVtCi(St,at) So]
i=1 t=0
1
< vVm——mo, (151)
-7y

where last equation holds since the cost function ¢;(-) is bounded by 1.
Recall b = (by, ba, -+ ,by) ', let

brnax = maX{b17 b27 e ;bm}a

then, according to (I50), we achieve

1
st = Adlz  nllb — e(m)l> < nv/m (bmax n 1—7> | (152)
Furthermore,
= 1
ATz = Z Ars1 = A) + Ao|| < n\/ﬁ< max 7 _7> T. (153)
t=0 2
Taking Eq.(I51), Eq.@) and Eq.(T53) to Eq.(149), we have
1 1
T(
—_ Z )\ — C(7Tt+1)) < 277mﬁ (bmax + H) . (154)
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Finally, recall the result (I47), and taking (T54) to it, we obtain the following equation,

1 i 1 dpo
J(me) — = > J(m) < ——— KL [r, (-|s) || AT (c(my) — e(m
)= 3 e < g ZS 3ol Z ()
1 dee 1 ; f AT(
=07 | oo ||, \7 0 TZ ¢ (emera) = e(m)
1 dpo 1 T=1
= || = KL [, ( = ST AT (e(rm,) —
n(l —v)e.T ‘ 00 H S;S [me(-18)[mo(:|s)] + T 2 ¢ (e(my) —e(m))
1 dro 1 1 I=1 .
+ m % (T (J(m) — J(m0)) + T ; A (e(m) — e(meq1))
e ‘ ” H 1Sllog 4] + 7 Z’\T (m)) (155)
o1 — N T Y —c(m
"l =y)eT || po 8 t
1 dro

2 1 1 1
e 2 bmax P ) 1
'OO<T 1—7+ nm1—7< +1—7>) (156)

where Eq.(T33) holds since: according to the initial value Ao = 0, then the initial policy 7 is reduced

T
pmin(1 - 'V)C*Q Po

to uniform distribution, and the probability of each action a is 7o (als) =

[A]
_ m(als) _
KL [me(-[s)l|mo ()] = D me(-]s) log = > ml([s)log (|A|me(als)) < log |A|,
acA molals) 7
which implies
> KL[m.(]s)llmo(-|s)] < |S|log | Al;
seES
Eq.(156) holds since: for any policy m, the objective J(7) satisfies
1
< -
I < 1
and the result (T54) shows the boundedness of
— Z )\T —c(mq1)) < 277mL Dmax + L .
- 1—7x 1—7
Finally, let
1 dro m < 1 )
=— = ,01=—bmax+— |, (157)
AR PNl P R C Y 11—~

then we rewrite Eq.(I56) as follows

T—1 T—1
1 1 - x|S|log | A 2x 1
_ _ = _ < .
J(my) T 2 J(me) T E,O Ay (e(my) —e(m)) < ( ; + e A—2) T + 2nxCh,

(158)
This concludes the proof of (T33). O

D.2 DETAILS FOR PROOF OF THEOREM[2]

Theorem 2| Under Assumption[I{2] g is the softmax policy defined in (9). The time-step T satisfies

T > max r r
- (1= (1 =72 +2m/2)* |
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D2
where F' :=

|S]log IA\PmmD ’

Dy and D5 are positive scalars will be special later. The initial A\g = 0,

6y = 0, the parameter sequence { A, Ot}fz_ol is generated according to Algorithm Let n, B satisfy

-

where C'is a positive scalar will be special later. Then for alli € {1,2,---

PO
dr’

Po

|S[log |A]
C(l—~)T

PO
dr’

Po

43| log |4
e

o

oo

po S| log | Al
) — <4 (1 — AT
Itrgn{J(TF ) (7715)} ‘ 00 cx(1— 7)4T
4 ‘dio
o= |S|log | Al
. . bl < )
?il%l {Ci(me) bz}+ T 8= Aslloo V| ex(1 = )4T

,m}, Ty := T, satisfies

(159)

(160)

In this section, we show the details for the proof of Theorem 2] The proof contains two key steps:
bounding the optimality gap and bounding the constraint violation. Finally, we summary the hyper-
parameter setting for us to obtain the results presented in Theorem 2]

Bounding the Optimality Gap.
Recall the dual update (7T)-(72), we have

T—

I3 =D (X3 -

H
Il

1

(=)

5
L

=
(]

t=0
T—1
(7op
t=0
T—1

IN
SWM

,_.o

Il
g

[Aell3)

= lIxll3
2

0
{)\t — naL(’ﬂ't, At)}

(Il -

+

b—c(m))}[; - IA3)
A= n (b= ()3~ IAd3)

(
— (111D~ e(m) 2+ 207 (elr) 1)

t=0

T—1 2

S T e(my) —c(n

to(nm b+ 1)+ 200 (el (»0

=n*m (bmax + _7) T+ 2n Z (Al (c(m) — (),
where Eq.(161] - holds since: c(m,) < b, then A/ (¢(7,) — b) < 0, and

Al (e(me) =b) = N[ (c(m) — c(m) +c(me) —b) < X/ (e(me) — (7)) ;
Eq.(152) implies
1
I e(mo)ll < VT (b + 12 ).

Combining the results (T63) and (I64), we obtain Eq.(T61).

Since || A7 |2 > 0, Eq.(162) implies the following boundedness w.r.t. A (c(my)) — c(m):

T-1

%nm (bmax + 117> > % > (A (e(m) = e(m)) -

t=0
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Under review as a conference paper at ICLR 2023

Recall Lemma[I6] we have
T-1
1 1 (x|S|log | A| 2x > T(
J(m) — = J(m) <= + +2xnC1 + = A, ) —c(m
() r t=0 ) T ( n Pmin(1 —7)? ' Z ()
1)1 x|S|log | Al 2x ) 1)
< = + +2xnCr + fnm bmax + ——
T ( n Pmin(1 —7)? 2 1—v
L (xSllog|A] | 2y 1 1\’
e 2 C = bIIl X )
T( n ez T\ et T
(166)
which implies
1 (x|S|log|A| 2x 1 1 \?
— < = Z - .
rtril%l{J(m) J(m)} < T ( o + PR +n | 2xCr + 5" brmax + T
(167)
Furthermore, let
1 S| 1 dare 1 1
7= [1 \IS[log [A] \/‘ \8| og ')“é' L (168
2xCy + %m (bmax + 1 e
where the positive scalar C'is defined as follows,
1 1 \?
C =cy|2xCi + im bmax + ? < 4o0. (169)

Then we achieve the optimal gap as follows

x|S| log |A| 1 Ly 2x
_ < _ = S (1 — ~AN2T
511ln{J(,n_*) J(ﬂ_t)} < T 2XCl —+ 2m b!nax + 1— v + pmin(l _ ,Y)QT

(170)

x|S|log |A 2x
:\/||T||(M1+1)2X01+Ma (171)

1 2
where the constant M is special as follows: 2yC1 M7 = im (bmax + ﬁ) ,1.e.,

dPo

Tw -1 bmax—"ﬁ
ol T G

M = (1 —~)e,B
1= ( ) 2

Recall x and C; defined in Eq.(157),
i [ €= 2 (o 55)
X =77 * ) C\(1 i a—— bm'}x + — 5
(I =Y)ex |l po lloo (1—79)? 1—vy

taking them into Eq.(171)), we rewrite Eq.(171)) as follows

L |4z [ISllog|Al (M +1)2m !
7 g <t % . . bmax P
Itliln{ (77*) (ﬂ't)} — (1 _ 7)2 20 |loo \/ T (C*)2 i 1= v
2 1 e
+ s |
Cx pmin(1 - ,)/) T Po e s}
1 dro S|1 D D dr
S VI LI
R ) N A A
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where Dy and D, are two positive constants defined as follows

Dl = (C*)2

1 2
bmax + ) < 400, Dy = — < +00. (173)
1- v Cy

Finally, letE|
D3

T > 174
= A3 7[STlog [ A2, D1 (1

/|S|logT|A|D1. 175)

We consider the parameter || A||2 € [0, 3], where the positive scalar 3 will be special later. According
to the update rule w.r.t. parameter X\, we obtain the following the equation,

which implies
dpo

2
min {J(m) — J(m)} < %

t<T (1-7)2

o)

Bounding the Constraint Violation.

~ 112

[2cir =3 = [[r = no — etmys — A

~112
< |re = (b~ e(m) - X

~112 ~
= A= ||, = 2000 = 27T (b = c(m) + 2 b — (w3

(52 112 - ) 1 \?2
2 th = A|| = 2000 = X7 (b — e(m)) +n*m (bm T ) ,

1-—

which is equal to

2 o2 . 1\’
HAM - )\H2 - H)\t - AH2 < —2(A — N (b —c(m)) + n*m (bmax n 1) . (176)
-

Summing Eq.(T76) from ¢ = 0 to 7' — 1, we achieve the following equation

12 _2 -1 _ 1 \2
0< [ar =5 < o= 3 =20 3 = 2T (b () + Tt (bm+ i ) ,
t=0
which implies
1 T-1 B 1 2
Z (=X b—e(m) < 5 - H)\O—)\H + m(bmax+ 1_7) . a77)
t=0

Due to ¢(m,) = b, and A; > 0, then the following equation holds,

T—
——Z)\T ) — c(m) :——Z)\T —b+b-—c(m)) > - Z b — c(m)).

t=0

(178)
Recall Lemmal[T6]
T-1 T-1
1 1 1 [ x|S]|log|A] 2x >
J(my) — = J(m) — = )\Tcm —c(m §< + + 2nxCh,
(7)o 3 ) = AT (o) ) s (MO 4 ) ane

'where we obtain the term T" (174} by solving the inequality:

1
(1—7)?

dz

po

dz

/S| 1log | A| D1 S D> ‘
T = Ppmin(1=7)*T || po
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and taking Eq.(T78) into above equation, we achieve

T—1 T—1
1 13- 1 (S| log | 4] 2
¥) — = - = b — <= 2 .
J(my) T & J () T ; Ay (b —c(m)) <7 < p + (L =2 + 2nxCq
(179)
We rewrite Eq.(179) as follows,
= =
J(me) — T J(m) — T A/l (b—c(m))
t=0 t=0
= = =
=) = S Tm) == > =X (b —e(m)) — = 3 AT (b—e(m))
t=0 t=0 t=0
1 (S| log 4| 2x )
<= + + 2nxCh. (180)
T ( n pmin(l _7)2 e

Let A = (A, A2, -+, Am) T, taking the result (177) into Eq.(180), we have

= = = =
J(my) — = J(m) — = )\T(b —c(m)) = J(my) — = J(m) + = )\T(C(Tf’t) —b)
T T T T
t=0 t=0 t=0 t=0
(181)
T—1 mo [ T1
=J(m.) = ST+ ) N (T (Ci(my) — bz)> (182)
t=0 i=1 t=0
1 (x|S|log | Al 2x 1 2 1
< - _ iz -
=7 < n +pmin(1_’y)2 +277X01+277T H>\0 >\||2+ 2m bmax+ 1_7

(183)

For any policy 7, the objective function J(7) is a linear function in an occupancy measure induced by
such policy 7. Since the set of occupancy measures is convex and compact, the average of occupancy
measures is another occupancy measure that yields a policy, which implies there exists a policy 7,
such that

1 T—1 1 T—1
0 > J(m) = J(7), 7 2 (Cilm) = bi) = Ci(fn) — b (184)
t=0 t=0
Furthermore, let
2 . _
B =/x|S[log A it S (Cilm) — b)) > 0,
5\ . (1 - ’V)L
;= (185)
0, if Y7 (Cilmy) = b;) <0,
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1 1
recall 7 defined in (168), i.e., n = T x| log | A| 5 then we rewrite Eq.(182) as
ZXCI + %m (bmax + ﬁ)
follows,
1 T—-1 mo 1 T—1
J(ﬂ'*) - ? J(ﬂ't) + Z A»L <T Z(Cz(ﬂ't) — bz)>
t=0 i=1 t=0
[39) UL
- '](ﬂ-*) - ‘]<7Tt) + Z Ai (Cl(ﬁ-t) - bz)
i=1
(] - u .
=" J(m) = J(7) + B> _{Cil7) — b}, (186)
i=1
=J(m,) — J(7) + B1,) {c(7:) — b}, » the vector version of Eq.(T86)
1/ x|S|log | A 2y 1 <12 1 \?
< % 2nxC YNl ‘A -A 5 bmax
“T( U +%mO7V>+7M T 2+2m( +17>
(187)
1 [ x|S|log | A 2y m n 1 \°
< = 2 — 52 a bmax
_'T( n +pm41—vV>+7wcl%%TB%fn< +1—v>
(188)
2
@8 | x|S|log |A] 1 1 2x mo
= | [ 2XC1 + =m0 ( bmax + —— — =t 55 189
T X 1+2m —&-177 +Pmin(1*’y)2T+277Tﬂ (189)

(T63) 2m x|S|log | A 1 1\’ 2x
= (1 2Cy + =m0 ( bonax + —— S, S—
( - (1_’7)2L2) T X 1+2m et 1_7 +pmin(]~_7)2T

(190)
ISToglAID, D
T pmin(1 - 7)3T

where Eq. 1} holds since: by the definition of Xin Eq. li and initial A9 = 0, we have

Po
dare

Po

PO
dee

Po

)
o0

(191)

M3 1, m
1-2 Ay

oo

~ 112 ~ 112
o5 = A <
2 2

2
Eq. holds since we replace the term %BQ as follows: recall § = +/x|S|log |A|ﬁ
n —Y)L
defined in (T83) we have

2

M g2 Mo
QnTB 2 p Tx|S|log|A|
om x|S|log | Al 1 1 \?
= 2xC1 + = bmax + —— .

(1— )22 T XE1 g | Omax 7

Finally, let
v (g ) | 2| AR P
CNA=72 0 A=%) ol T Prain(1 = 7)3T || po ||
then the results (T9T)) can be represented simply as follows,
J(my) = J (@) + BL,,{e(@) — b}y < 5; (192)

40



Under review as a conference paper at ICLR 2023

recall Lemma that reveals the boundedness of A\, the definition of /S =
V' x|S| log |A|( W implies 8 > || A4||co, then applying LemmaH we have
— )
0
1) {c(7) = b}y < ——. (193)
" B = 1Al

Since 1.} {c(7) — b}y = 31", {Ci(7:) — b;}, and each {C;(7;) — b;}, > 0, then we have

5
{e(7) = b}t 2 o——1m- (194)
B = Adllso
5
Eq. implies for each i € {1,2,--- ,m}: {Cy(7;) — b;}, < EEN ie
w9 [ 1= J
(i) —bit, B S (Cilm) - by < — (195)
T2 R P
which implies the Best-Case Constraint Violation as follows: for each ¢ € {1,2,--- ,m}, we have
min {Ci(me) — b}, (196)
1 ( 1 N 2m > ‘ ag, /|S|log|.A| Dy n Dy ‘ dre
— [ Aelloo \N(T=7)2 " (XT=7)%2/ || po |l T Puin(L =7)3T || po |l )
Furthermore, letE|
D3
T> (197)

(1 =~)2+2m/i2)? p2. Dy|S|log |A|’
then we obtain

. 2 2m dro |S|log |A| Dy
min {C;(m) — b}, < 1+ * Ll B =B e bt
e e (e | T
2m
2{1 4+ —————
= +(1—7)2L2)‘dﬁ3 Sl1og 14D 199
B = 1 Aelloo P lloo | (L=)T

Summarizing the Conclusion under Special Hyper-Parameter Setting.

Finally, recall the condition for the term 7" in (T74), (I97), we conclude if the time-step 7" satisfies

. 1 1 D2

Z Mmax , : )
(=227 ((1 =2 +2m/i2)* | |S[log|Alpf,;, D1

the step-size 7 defined in (I68) satisfies

_ ’ dn || ISllog|Al 1
! o |l (1=7)C T’
and the constant term [ satisfies
[35)
5 12 VxISTlo AT (199)
2
=2 ]| ) 10g 14| —2— (200)
oo (L =)
dre DS log | A
\/‘ 15 §3| DIS|log | 4] o
o0 -7t

2where we obtain the term T (197)) by solving the inequality:

( 1, om >’@ |S[log [AID1 _ Dy defi
(1—7)2 (1—~)42 T T pmin(1 = 7)3T || po

po
41
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where we define the constant D as follows

Then, according to (I75) and (198), the following holds

dro
. _ < T
min {J(m.) — J(m)} < 2‘ "

|S|log | A|Dy
(L=yT 7

o0
Po
s

Po

|S|log | A| Dy
o | @=y)T

PO
s

Po

2 2m
in {C; -}, <—- 1+ —
qurﬂl{ () z}+— B_H)HHOO ( + (1—7)2L2) ‘
where each ¢ € {1,2,--- ,m}. This concludes the proof of Theorem

Remark 3. Recall Eq. 2dPo(s) > (1 — v)pol(s), which implies

/1 2 2

2
(L=

> (1 — 7). Thus,

o0

Lemma 3] shows that
[Aslloe <

Thus 5 > || Al 0o-
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E PROOF OF THEOREM 3]

E.1 GEOMETRIC DISTRIBUTION

Before we show the details of the proof, we introduce some basic notations about geometric distri-
bution Geo(+y), which is defined as the following discrete probability distributions: the probability
distribution of the number 7 of failures before the first success, supported on the set {0,1,2,---},
i.e.,

P(r=t)=(1—-7), ~v€(0,1), t=0,1,2,3,---. (202)

To understand Geo(7y) (202) clearly, we list the distribution column of the distribution Geo(~) in the
following Table 2}

Table 2: Distribution column of the distribution Geo(y).

710 1 ) 3 Y R
Y[ A= [ A=y [A=)y A=)y [ (N s

E.2 ROLLOUT WITH FINITE HORIZONS

Algorithm 4 EstQ(7, g, s, a): Estimate ) Value Function

Input: Policy 7; Reward function or Cost function g(-, -); State-action pair (s, a);
Initialization: Q(s,a) = 0, (sg, ap) = (s,a);
Draw an integer 7 from a geometric distribution with parameter (1 —~): P(7 = ¢) = (1 —v)7%;
fort=0,1,2,--- ,7—1do R R
Collect reward (or cost) g(s¢, a;) and add to estimate: Q(s,a) + Q(s,a) + g(st, at);
Simulate the next state and next action as follows: s;41 ~ P(+|s¢, at); ape1 ~ 7(+|St41);
end for N R
Collect last reward (or cost) (s, a,), add to estimate: Q(s,a) < Q(s,a) + g(sr,ar).
Output: Q(s,a).

W eRIN AR T

Algorithm 5 EstV(r, g, s): Estimate V' Value Function

Input: Policy 7 to be evaluated; Reward function or Cost function g(-, -); State s;

Initialization: V (s) = 0, so = s, a0 ~ 7(-|0);

Draw an integer 7 from a geometric distribution with parameter (1 —~y): P(7

fort=0,1,2,--- ,7—1do R R
Collect reward (or cost) g(s¢, a;) and add to estimate: V(s) < V(s) + g(s¢, ar);
Simulate the next state and next action as follows: s¢11 ~ P(+|s¢, at); apr1 ~ 7(-[St41);

end for N R

Collect last reward (or cost) g(s7, az), add to estimate: V (s) < V(s) + g(s7, az).

Output: V(s).

t) = (1=)7"

WoeRIN AR 2

E.3 PROOF OF PROPOSITION[3]

We need the following Lemma|[I7]to show Proposition 3]

Lemma 17 (Dominated Convergence Theorem). Let {X,, },>0 be a random variable sequence, and
X, — X almost surely, as n — oc. Furthermore, if | X,,| <Y for all n, and E[Y] < oo, then
E[X,] = E[X], as n — co.

Proof. See (Durrett, 2019, Theorem 1.6.7). O
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Proposition The output of AlgorithmH|(also see Algorithm EI) is an unbiased estimator of Q (s, a)
or Q%(s,a), ie., let

~

@W(s,a) = EstQ(m,1,$,a), QF(s,a) =EstQ(m, ¢, $,a), (203)
then the following holds

E[Qx(s,a)] = Qx(s,a), E[Q%(s,a)] = Q%(s,a). (204)

Proof. This proof is adaptive to [Paternain| (2018)); [Zhang et al.|(2020). Without losing generality, we
only need to show the case of g(-,-) = r(-,+), i.e., E[Qx(s,a)] = Q= (s,a).
According to the iteration from Algorithm we obtain the estimator of Q) (s, a) as follows,

T

Qr(s,a) = Zr(st7 at), (s0,a0) = (s,a), T~ Geo(l—~). (205)

t=0

We consider the expectation of (203):

E[Q\ﬂ(‘S? a’)] =K ZT’(St, at) T, 80 = S,00 = a‘| (206)
=0
=E Z]I{t < 7}r(s,ar)|m, s0 =8,a0 = a] (207)
t=

0
= Z]E [H {t < 7}r(seae)|m, 80 = 8,00 = a} , (208)
t=0

where Eq.(207) holds since: we have substituted oo for the 7 via the indicator function I{-} such that

the summand for ¢ > 7 is vanished;

Eq.(208) holds since we use the dominated convergence theorem (see Lemma([T7): let

X, = Z]I{t < 7}r(se, ar),
t=0

then we obtain

(Xl =D I{t < r}r(spar)| <D I{t <7} =Y, (209)
t=0 t=0
and recall 7 ~ Geo(1 — +), then we obtain
P(t < 7) Zv 1-7) =1, (210)
Y @Dy L
=E I{t < P(t < = < —y 211
L; {t< T}] ;) 7) t;v T 211)

according to the results (209) and (211), and applying Lemma|[I7] we obtain

E > 1{t < 7}r(se,ar)

t=0

7T»30:5700:a],

WaSOZS,ao:a] ZZE {H{tST}r(st,at)

t=0

i.e., we have checked exchange condition for the sum and the expectation in the previous expression

from Eq.(207) to Eq.(208).
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Furthermore, we consider the result (208) as follows,

E[Qx(s,a)] = S E [ﬂ (t <7} (s, ar)

7T,80:8,a0:a:|

t=0
- T

= ZE ErGeo(1—v) [H {t < 7}r(se, at)} T, 80 = 8,00 = a] (212)
t=0 L

= ZIE E; ~Geo(1—7) {H {t < T}}r(st,at) T,80 = 8,09 = a] (213)
t=0 L

= ZE yVir(se, a)|m, 50 = 8, a0 = a] (214)
t=0 L

= Qr(s,a), (215)

where Eq(212)) holds due to the double expectation formula: E[X] = Ey [Ex [X|Y], which implies
that we find the expected value of X by conditioning it on another random variable Y;

Eq.(213) holds since: the horizon 7 is drawn independently of the MDP sequence {s:, as, r(st, at)};
Eq.(214) holds since:7 ~ Geo(1 — =), then we obtain

E;~Geo(1—) {H {t< T}] =Pt<T7)= 277(1 ) =4t
T=t

This concludes the result E[Q (s, a)] = Qx (s, a).

If we replace all the term 7(s;, a;) to ¢;(sy, a;) from Eq.(205)-Eq.(215), we obtain E[Q% (s, a)] =
Q5 (s,a). 0

E.4 PROOF OF THEOREM 3|

Since return objective J(7g) and cost function C;(mg) share a similar structure, all the Eq.(22)-(24)
can be extended to C;(7g) if we use ¢; to replace 7 respectively. In this section, we only show the
case of the reward function J(mg) in Theorem [3| Before we show the details, we present some
insights of those unbiased esitimators.

Rollout Algorithm
We rollout a policy evaluation with respect to 7g according to Algorithm 4}

@ﬂe(s,a) = EstQ(mg,1, s, 0a), (216)
we use 7 ~ Geo(1 — 7) to denote the terminal time of the horizon of the rollout (216).

Furthermore, let CAJM (s, a) be an estimator defined as follows,

~ 1 ~
Gﬂ'e (87 (L) :mQﬂe (S'ra a'r)

dlog 7T9(G,T|S.,—)

26, ; 2y

where we obtain @779 (sr,a,) according to Algorithm
Qro (57, ar) = EstQ(ma, 7, 57, 7). (218)

Let 7 ~ Geo(1 — 7) be the terminal time of the horizon of the rollout (218), and we denote the
rollout trajectory as follows,

/
’

’ ’ ’ ’ ’ T ’
D = { (sj, aj,r(8;, aj))} , where initial state-action pair (s¢, ay) = (Sr, ar).

j=0

Then, we rewrite the value @we (sr,ar) 1) as follows,

@wg(sr,af) = r(s;,a;), (sg,ag) = (8r,a:), 7 ~ Geo(1 - 7). (219)
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Algorithm 6 EstPG(m, g, s,a): Estimate Policy Gradient

1: Input: A policy g with given parameter 0, (s,a) € S x A,

2: Policy Evaluation Rollout for (s, a)-Pair: @ﬂe (s,a) = EstQ(mg, T, s,a), and T ~ Geo(1—+)
denotes the terminal time of the horizon of such a policy evaluation rollout;

3: Policy Evaluation Rollout for (s, a.)-Pair: @ﬂe(sﬁ a,) = EstQ(me, T, S7,a,), and 7~
Geo(1 — ) denotes the terminal time of the horizon of such a policy evaluation rollout;

4: Collect the trajectory D' = {(s;, a;-, r(s;,a;)}' o where initial state-action pair (s, ag) =
7=0:7

(87,a7);

~

5: Output: G, (s, a) defined as follows,

1 - 0log e (ar|s;) 1 ;.0
Cing (5,0) === Qo (57, 0) =5 = 15 2 7(55,4) g5 log mo(ars).
s,a =0 s,a

221)

Taking Eq. li to ll we obtain the expression of @ﬂe (s,a) (217) as follows,

’
T

= 1 ’ ’ 8 ’ ’ ’
Grp(s,a) :m r(sj,aj)Wlogﬁg(aAsT), where (so,ao) = ($r,a;), T ~ Geo(l — 7).
=0 s,a

(220)

Remark 4. Since Algorithm E] plays two rollouts that cause randomness of the estimator (/57,9 (s,a)

(@) with respect to T and 7', which implies G, (s, a) (@ is a random variable with respect to T
and 7.

Unbiased Analysis

We consider the expectation of éﬂe (s,a) (217) as follows, for any given 8,

~ 1 . Ologmg(ar|s,
E |Gy (5,0)] =B, 0 | 7= D ;0 2108 Toldrl3r) (222)
=0 s,a
220) 1 u r o\ Ologme(ar|s:)| /-
_— ]ET 7]E ’ iy . < Pl - Ty YT b
B || ) | T (s0-a0) = (s7.a0)
:=E;
(223)

where E_ - [-] is short for the expectation over the randomness from the variables 7 ~ Geo(1 —

v),7 ~ Geo(1 —~), similarly, E,[-] denotes the expectation over the randomness from the trajectory
T ~ Geo(1 — 7).

As a similar analysis from (207) to (Z15), we consider the term E; (223) as follows,

r ’
T

+ s\ Ologme(ar|s,)
Ey " = ET' ~Geo(1—7) Z T(Sj7 aj) A0

90s. (SO’ aO) = (sr,ar)

Jj=0

= ET'NGeo(l—»y) Zﬂ{j <7 }r(sj7aj)
j=0

( / ) ~ (51.a0) dlogme(a-|sr)

Sp, Q
0> %0
0.4

Jlog g (ar |ST)

= QW@(ST)G’T) 8957(1 .

(224)
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According to Eq.(223) and Eq.(224), we obtain

E {éﬂe(s,a)] = 1 E, [Qﬂe(sr,af)

810g 7o (a”l"s‘l') (225)
1=y

0054

oo

1 Ologme(at|st)
= - ’YET,St;at lz H{t = T}Qﬂ'e <3t7 at)Tw s (226)

t=0

where E. ;, 4, [] is short for the expectation over the randomness from the variables 7 ~ Geo(1 — ),
t

St ~ IE”STB)(-|50), and a; ~ mo(-|s¢).

Recall the result (57)), we obtain

ng(als) — (me(als))? ifs; =sanda; =a
0
% = —mg(at|s)ma(als) if s;, =sand a; # a (227)
0 ifs; Zsoray #a
mo(at|si) — (mo(ag|s:))? ifs;, =sanda; = a
= —7g(at|st)me(als) ifs; =sanda; # a (228)
0 if s; # soray # a,
which implies
1 — 7o (at|st) ifs;, =sanda; = a
01
M =4 —mg(als) if s; =sand a; # a (229)
803,(1
0 if sy # sora; # a.

According to the result (229), it is similar to (209)-(2TT), it is easy to check that Eq. satisfies the
condition of dominated convergence theorem (see Lemma|[I7), thus we rewrite Eq. as follows,

(230)

1 Olog mg(az|ss)
11—~

E [Gﬂe (s a)} = Z —Ersia [H{t = T}Qnq (5t at) B

=1 dlog mo(at|st)
= ; EETNGGO(lf"/) [H{t = T}]Est,at |:Q7r9(5ta at)Ts,a (231)

Olog e (ax|s:) ] (232)

_ t
= tz_% 7 EStN]P);—te)('ISO)yatNﬂ'G("St) |:Q7T9 (St’ at) aas’a

e ’ o . Ologm CL, 3/
=3 D Bl = 5150) 3 olals) (Qw a >g5;(')>

t=0 s'es a’ €A e
(233)

- ! o + 1. 0logme als
S S 18100 BT
s'€Sa eAt=0 5a
where Eq.(232) holds since
ETNGeo(lf—y) [H{t = T}] = P(t = 7') = fyt(l — f}/);
where Eq.(234) holds since we use the dominated convergence theorem (see Lemma [T7).

We should notice that the last Eq.(234)) share the same expression in the previous in Eq.(63), and
following the same analysis from Eq. -, we obtain the unbiasedness of G, (s, a).
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Boundedness Analysis

Recall the expectation of @,rg (s,a) ti as follows, for any given 6,

’ 2
T

1 + 1 0logme(ar|s,
S DloBTolale)

E [(Gry (5,0 =B, | | 1= 20. .

T, T

J=0

, 2
r

4 ’ ’
TR > rls;a;)

=0

4 A2 4
<——FE [
ST = )2 o ~Geol1=) [(7) } T (=)

Ologmg(az|st)
s .

Eq. holds since: recall 7 ~ Geo(1 — ) can be expressed as follows,

where Eq.(236)) holds since: Eq.(229) implies the boundedness of

Table 3: Distribution column of the distribution 7 ~ Geo(1 — 7).

< 2;

(235)

(236)

(237)

T 0 1 2 3 4

A= [P0 =9) [ Q-9 [ 10—

which implies the distribution of (’7'/ )2 can be presented as follows,

Table 4: Distribution column of the distribution (7 )2.

)2 o 1 4 9 16

L=y | (=9 | A =9) [0 -7)

71—

thus

! 2 !
]ET/NGeO(l—’Y) |:<T) :| < ET/NGeO(l—’Y) [T} = 17

48
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F PROOF OF THEOREM [4]

In this section, we provide the necessary proof details of Theorem[d] It is very technical to achieve
the result of Theorem 4] we outline some necessary intermediate results in Section [F.I] where we
provide some basic lemmas, and the proof of Theoremd]is shown in Section

Theorem[d| Under Assumption[l\2] g is the softmax policy defined in (9). The time-step T shares a
fixed low bound similar to . The initial A\g = 0, 8y = 0, the parameter sequence { A, 0&3:01 is
generated according to Algorithm[3} Let n, (3 satisfy

_ 4= IS|log IAI 5= dﬁi 4IS| log |A|
77 - p[) - /( _ ? - )3L20 9
where C' is a positive scalar will be special later. Then for alli € {1,2,--- ;m}, my := mp, satisfies
dz, |S]log |A|
_ < [t Bt = il B
B mip (7m) — a0} | <4 || /IR
s | _|S[log|A|

E {1}3%{01'(“) _bi}+] = B =1 Alloo | ex(1 —)*T"

where the notation B[] is short for Ep,.p,_, || that denotes the expectation with respect to the
randomness over the trajectories {D; } 1.

F.1 AUXILIARY LEMMA

Recall Algorlthml at current time ¢, we obtain cost value estimator ¢(7g, ) according to .

~

~ ~ T
¢(mo,) = (Cl(ﬁet)vcz(ﬂet)r“ 7Cm(7fet)) , (239)

where each C;(mg, ) is a rollout estimator according to:

Cilms,) = Bompo [ Vi, (9)] = D po()Vi ( (240)
seS
Ve (s) = EstV(mo,, ci, 5). (241)

According to Proposition 4] after some simple algebra, we obtain the unbiasedness of ¢(7g, ):
E [&(mo,)] = (o, ). (242)

Now, we provide the boundedness of ¢(mg, ) as follows,

m

[€(7e, ) (e, Z ‘ (me,)| (243)
which implies we need to bound each |C; (g, )|, where i € {1,2,-,m}.
Recall the definition of C; (g, ) in (240)), we expand it as follows,
-~ (240) c: c;
Citmo,) B By (Vs )] =3 o)V, (9): (244)
seES
According to the iteration from Algorithm we rewrite ‘A/,fet (s) as follows,
IA/W‘;t (s) = Zr(st,at)7 so=8, T~ Geo(l—1). (245)

t=0
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Now, we bound the expectation of |C; (g, )|2 as follows,

- 2
B |(Ci(r0))"| BErcuiry <Zpo(s> r(st,aa)

seES t=0

- 2
<EGeo(1-7) <Z > r(se, at)> (246)

s€S t=0

@) |S
S|S‘ET~GGO(17’Y) [7-2} < 1|_|7

Collect the results (242), (243) and (247), we achieve the next Lemma([T8]

Lemma 18. Let mg, be the softmax policy defined in (9). For each parameter 0y, let Ci (me,), €(o,)
be the estimator of cost value function defined in (240) and (239):

(247)

Cilmo,) = Eampo() [ Vs, ()] = D" po(9)V55. (5), (248)
sES
~ ~ e,\ T
é(ﬂ-et) = (Cl (7r9t)7 Co (ﬂ-et)ﬂ T acm(ﬁOt)) ) (249)

where XA/Tth (s) is defined in Eq. . Then ¢(me,) is an unbiased and bounded of cost value function,
iLe.,

E[e(me,)] = c(mo, ), (250)
E 6( ) ? < ﬁ (251)
i\, =1_ '7’
R m|S
E [lle(ma,)lI2] < 151, (252)
-
Recall AlgorithmEI, we obtain the unbiased estimator as follows,

YV L(mg,, At) = b — &(rg,), (253)

— . 0L(mg,, A
E [Vx.L(70, Ar)| = Elb — &(m,)] = %. (254)

t

According to the estimators (26) and (26)), we obtain the policy gradient estimators , i.e., for each
(s,a) € S x A,

Gre, (5,a) = PG(me,, T, 5,0), Gfr"'et (s,a) = PG(me,, Ci\S,a),i =1,2,--- ,;m.

Furthermore, let the vector g¢ 0, (s,a) € R™ collect all the policy gradient estimators of cost value
function, i.e., 4

c Ac e T
g‘l}gt (S’ Cl) = (GT}lgt (S’ a)7 T G;rzt (57 G;))

Let G(mg,, ) € RISIXMI each (s,a)-element is defined as follows,

G(mo,, Ar)[s,a] = Gry, (5,0) — A/ g5, (5,0), (255)
then we obtain the policy gradient estimator of %&M:
= ~ ~ 0L(me,, A
Vetﬁ(ﬂ'eta/\t) = G’(T{'gt’ At)’ E |:G(7T0” A1‘/)i| = % (256)
t

Collect the results (254)), and (256)), we achieve the next Lemma[T9]

Lemma 19. Let mg, be the softmax policy defined in (9). For each parameter 0, let Ci (me,), €(mo,)
be the estimator of cost value function defined in (240) and (239). Then, the following holds Recall
Algorithm we obtain the unbiased estimator as follows,

_ OL(7e,, A¢)
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Let the policy gradient é(ﬂ'gt , At) be defined in , then
8£(ﬂgt s At)

E [é’(”"’f’xt)} T}

(258)

F.2 PROOF OF THEOREM[4]

In this section, we show the details for the proof of Theorem[d] The proof contains two key steps:
bounding the optimality gap and bounding the constraint violation. Finally, we summary the hyper-
parameter setting for us to obtain the results presented in Theorem 4]
We rewrite the iteration (I2)) as the following stochastic version,
Atr1 = {A¢ —n(b —&(mg, )}, (259)
0.1 = 0: +1G(ma,, M), (260)

where we calculate ¢(7g, ) and G (g ., A¢) according to (253) and (256). To short the expression, as
before, we introduce the following notations:
exp { thzl }

m¢(als) := 7o, (als) = and 7y := T, .

> aca XD {G(t) }’

For each time ¢, we notice the estimator ¢(7;) in the inner loop (see Line 3) involves m trajectories,

and estimator G(7g, , A¢) (see Line 5) involves (2|S||.A| + m) trajectories. We use D; to collect all
those (2|S||.A| + 2m) trajectories,

D= (7, g

According to rollout rule in Algorithm [4] Algorithm [5| and Algorithm 2| those (2|S||A| + 2m)
trajectories among D, are independent with each other.

Bounding the Optimality Gap.

1 _
Lemma 20. The average term — T tT:Ol A/ (c(my) — c(m,)) is bounded as follows,

1 n m|S|
T 2
7E'D01DT—1 T ; At (C(,/Tt) - C(W*))] = (bmax 1 _ 'Y> ) (261)

where Ep,.p,_,[-] denotes the expectation with respect to the randomness over the trajectories

{D:} )

Proof. According to the dual update (259), we have
T-1

IAZ]I3 =" (IAesall3 = [IA]3)

?ﬂw
Ho

Pﬂ

1A = (b = em)}a; — IA3)

il
Ho

Fﬂ

1A= (b = &(m) I3 — I73)

Il
N+ N+
rIMT D

Il
(]

7 I1b = &(m)lI3 + 20 (&(m) — b))

HT\*
,_.o

- (
-~ (
~ (1 1b — em) | + 2007 (e(m) — b))
-~ (
- (o

7 1B = &(m)lI3 + 200 (&(m) — e(m) + 20/ (e(m) — e(r))),  (262)

~
| |
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where Eq.(262)) holds since we express (¢(m;) — b) as follows,
(e(m) = b) = (&(m) — e(m)) + (e(ma) = b) + (e(m) - e(.)), (263)
and the fact A; = 0 and c(r,) < b, then A\ (c(7,) — b) < 0 implies

A/ (€(m) =) < A (&(me) — e(m)) + A/ (e(m) — e(m.)). (264)

For each given 0;_1, the estimator ¢(, ) is independent of A;, and A; is independent of (&(m;) —
c(m¢)). Thus according to (242)), for each time ¢, the next equation holds

E [A] (e(m) — e(m))] =0, (265)
where t € {0,1,2,--- T — 1}.

Furthermore, we consider the expectation of ZT "\ (¢(m;) — (7)) over the trajectory {D; i
as follows,

T-1

EDO3DT—1 Z )‘tT (é(ﬂ-t) - C(Wt))]

t=1

T—2
:EDOZGT—Q(S) A;r(é(ﬂ—t) - C(Wt)) +EDT 1 [AT 1( (ﬂ—T 1) - C(FTfl))] (266)
t=0
2350
rT—2
=Epyiar_a(s) | P M (€(m) — C(m))] : (267)
[ t=1

where Eq. l) holds since the term ZT > \] (¢(m;) — c(m;)) is independent of the trajectories
Dr_1, which implies

T-1

oA (@m) - C(ﬂt))]

t=1

]EDOZDT—l

=EDoiar_a(s) [i A (€(m1) — e(m)) + Epy_, [Ny (€(rr_1) — e(mr—1))]
t=1

Let us expand recurrently according to the mathematical induction, we achieve
Epy:Dp_, lz b —c m))] =0. (268)

Recall the result (262), which implies

3 (71— em) I3+ 20 (e(m) — () + 207 (elm) — () 20. @69

t=0

Recall the result (268), and we consider to take expectation of (269) over the trajectory {D;}7 ',
then we achieve the next equation

T-1

Ewm[ (7 I1b = &(m) 3 + 200 (&) — e(m)) + 2077 <c<m>—c<m>>)] >0,

(270)

t=0
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rewriting (270), we obtain the following equation,

_EDO3DT—1 el Z }‘T - C(ﬂ-*))‘|

SED03DT—1 Z ||b 7Tt ||2‘| (271)

t=0

<Ep,:pr_, % (Hsz +le(me) || )1

t=0

T—1
n o 2
< 5o + o EDyr [; |c(m>||2] (272)
1 nm|S| m|S|
—nb = =_ (b2 — 273
—2 m'}x+21_7 2 max+1_7 ) ( )
where last Eq.(273)) holds since
T—1 T—2
Epy:pr lz e(m)l13 | =Epgiar_a(s) l &)1 + By, [||é<wT_1)||§]] (274)
t=0 t=0
— . m|S|
< Eppar o) [ 2 62| + 7 (275)
t=0
<l (276)
1—n

where Eq. 1} holds since the term ZtT:_OQ |lé(7¢)||3 is independent of Dy _;

Eq.(276) holds since we expand recurrently according to (Z73) by the mathematical induction; Taking
the result into (272)), we achieve the result (273). O

Lemma 21. The optimal gap is bounded as follows,
S| log | A|D,
o0 T ,

Proof. Due to the unbiasedness of @We (s,a), Vi , () according to Algonthml 4 and Algonthml
we achleve a similar result as (I33) in Lemma@ but we need to consider the over the trajectory
{D.}/-

Concretely, we replace the terms with respect to expectation by the corresponding estimators, then
we have

2

dro
(1—7)?

Brvps s |mip(J(n) — ()} | < L

where the positive scalar D/l will be special later.

— T—
]EDO:DTI[ Z (e *fz AL (e W*)C(Wf))]

pary t=0
1 (x|S[log | A 2x )
<= + + 2nxC1. 277)
T( U pmin(1 —7)?
Furthermore, taking Eq.(273) (we have also presented it in Lemma 20} in to Eq.(277), we obtain
T-1
1 x|S|log | A| 2x L mist
Ep,. J(me) — = J < 4xCy + b2 .
Do:Dr-1 [ (7T ) T Z: (ﬂ-t)‘| = nT + pmin(]- 7’}/)2T + 9 XC1 + Olnax 1 —
(278)
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The above result (278) implies

i x|S|log | A 2x m|S]
B . - < 1 p2 4 el
Do:Dr-1 ?’ilip{J(ﬂ— ) J(,]Tt)}:| = nT + Pmin(l _ 7)2T Xcl + Onax + 1—~
(279)

It is similar to the analysis of result (I67), if the next condition (280) holds, then above Eq.

obtains the optimal gap (that is shown in Eq.( .) for the difference over {J(m,) — J(m) Yy

1
xISllog 14| _ 1 <4 Gt IS > | 050,
nT T
which implies
1 dase 1 1
) S/ log Al \/‘ \8| log 1A o8
(2X01 + %b?nax max 00 )C T
where the positive scalar C" is defined as follows,
C = (2XC + 5 b + 1') < +o0. (282)
Taking the step-size (281)) into (279), we obtain the optimal gap as follows,
Epy:Dr 4 {?E%{J(m) — J(ﬂt)}] (283)
x|S|log |A| L miS] 2x
</ 2xC4 b2 284
M T BRI T Ao 7y 289
1 dro \/|3| log | A| , 2x
= - || ——2C, (M} +1) + ————= (285)
(1 =7)ex |l po Hoo T L) Pumin(1 —7)*T
1 dre 2|S|log | A 1 /
Ly 1 H [Sllog|A] __m . <bmax+> (M; +1)
(I =)ex || po lloo T (1-7v) 11—~y
1 dro 2
+— = ———= (286)
(1 - ’7)6* P0 |lso Pmin(1 - 7)2T
1 dro S|1 , D:. dro
_ dry [Sllog| Al , 2 _ ’ 7 (287)
(I =7)ex |l po |l T Pmin(1 —7)3T || po ||
where Eq. 1} holds since we choose the constant /M 1 satisfies 2xC) M i §b?nax ;n|5 | ,1.e.,
-
! 3 dffo 1 bmax ‘S|
M, =" (1—- — bmax ; 288
V= Gt o U +1—7 4m+4(1—7)2 289
the constants Dl1 and DIQ in (287) are defined as follows,
’ 2m 1 ’ ’ 2
D =" (e —— (M 1) D= = . 28
1 (1—’}/)2( +1_’y) 1+ < +00 2 c*<+OO ( 9)
Finally, it is similar to the same analysis of (175), we conclude that if
(Dy)?
> ) (290)
(1= 7)S|log | Alp3, DS
which implies
. 2 |9 |S|log | A|D;
. - < 7 || ol Bt =X b bt
Epyor . [mip(Jm) ~ I} | < s | 2| (/2 o)
O
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Bounding the Constraint Violation.

Lemma 22. For any given | Al € [0, 3], where the positive scalar 3 will be special later, the term

1 _
T Zthol (At — A) T (b — c(m;)) is bounded as follows,

EDO:’DT71 1 _ "}/

1T_1/\ 2T (b < DRIP4 (2 m|S| 292
f;( t—A) (b—c(m)) _2777" H2+2(max+>' (292)

Proof. We consider the parameter |\5\||2 € [0, B], where the positive scalar 3 will be special later.
According to the update rule (259), we have

A=A = [ 0o - ey, - A

IA

A= (b — é(m)) - A

~12 ~
= A=A = 2000 = N0 — e(m) + 2 b — e(m)1;

12 - R m|S
<[ - AH2 — 2 — N T (b — &(my) + 172 (b?m + 1|7|> . (293)
where the last Eq.(293)) holds the next result (294) holds, which is contained in the previous Eq.(273)),

. . ml|S
b — e(m)l2 < IBI2 + ()2 < B + 5L

max 1 _

(294)

We rewrite Eq.(293) as follows,

Summing Eq.(293) from ¢ = 0 to 7' — 1, we achieve the following equation

12 -2 - S
A=A =[P = A < =200 = 270 —e(m)) + 2 (bim + ”H) .29

1

12 2 T—1 _
0< e =X < o~ K|~ 20 = 2T~ e(m)) + T (bfnax 4 misl ) ,
2 2 Pt 1—7

which implies

1= T R 1 NN m|S|
TZ()\t—)\) (b —¢(m)) §2777TH\}\&—A 2+§ bmax+m
t=0
L WsIP L0 (e m|S|
= - . 2
T H/\Hz + 2 <bmaX + 21 —+) (296)

According to (242)), taking expectation on Eq.(296), we obtain

1 T-1

72 (= 2)T(b—c(m))

t=0

where we use the fact E[c;] = c(m;) (242), and A, is independent of &(7) for a given 0;_1. O

Epypr s T

1 =112 n m|S]|
< AH lp2 Mol 297
_277TH 2+2(maer ~ (297)

Lemma 23. The constraint violation is bounded as follows,

deo H S| log |A|D;
po |l | (L—4T

. 2 2m
Bovor [pip (im0 -0 | <5 (1 25 ) |

2m
()
B_ ”’\*Hoo

PO
e

Po

S| log | A|D;
(L—y)*T

oo
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Taking (297) into (Z77), we obtain
= | T2 1
T T
Ep,; [J(m) g LI SN b)) - g 3 AT - c(wt»]
b

t=0
x|S|log |A\ ~H2 2x ax | M|S|
<= | 0" A _— 2 — . 298
-T ( n 277 2+pmin(1_7)2 +77 XC1+ 2 +2(1_’7) ( ’ )
Due to ¢(m4) > b, and A; > 0, then we have
= = =
Epy:pr_y lJ(m) —7 Z J(me) + T Z )\tT(b —c(my)) — 7 Z )\T(b — C(Wt))]
t=0 t=0 t=0
—1 T—1
3T
>Ep,pr l -7 2; ; AT (b - C(m))] : (299)

It is similar to the previous proof from Eq.(I86) to Eq.(I91), we need to show the boundedness of
the expectation Ep.p,._, [J(W*) — J(7) + 0 N (Ci7) — bl)} defined in 1} which is a
fundamental result for us to show the boundedness of the constraint violation.

- . NT
Recall c(m;) = (Cy(m), Ca(me), - ,Cm(wt))T, and A = ()\1,/\2, e ,/\mE , combining the

result (298) and (299), and taking consideration to the step-size 1 defined in , we have
r | Tl =
Epyn,, | J(m) — 7 3 J(m) + 7 3 A (elm) - b>]
i t=0 t=0
i 1 T-1 mo 1 T-1
=Epy:pr_, J(W*) T J(Wt) + Z)‘Z (T Z(Cl(ﬂ—t) - bz))] (300)
i t=0 i=1 =0
=Epypry [J(7ms) = J(7e) + Z Xi (Ci(7) — by) (301)
I i=1
~Epypyy |J(r.) = J(7) + B} {e() — b} (302)
1 Sllog|A <12 2 b2 S
D1 (sl N P CYP
T n 277 2 Pmin(l —7) 2 2(1-7)
(303)
B01 (x|S[logl|Al | m 2 2x ) ( by m|S|
< = + -8+ +1(2xCi + =+ (304)
T( U 20 pmin(l—7)? 2 21
@D | x|S|log |A| o o mISL L m o 2x
= T 2xCh + Qbmax 2(1 —) 277Tﬂ oL —7)°T (305)
(307, @37 ( 1 N 2m ) ‘ agy [|S|log | A| D} n D, ’ dare H
(1 - 7)2 (1 - 7)4L2 P0 |l T pmin(1 - 7)3T P0 |l o ’
(306)

where Eq. lb holds due to the same reason as 1) Eq. holds since we set the parameter by

as follows
2 T
:,@wu%pqu_wﬂ, if Y1 (Cilm) — b;) > 0,
X = (307)

0, it 2N (Ci(my) —bi) <0

R T,
. T pmin(lffY)ST
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1 2m dpo
0= + x
(1=7?2 @A-7*
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then the results (306) implies,

EDOIDT—l [‘](ﬂ-*) - ‘](ﬁt) Tn{c(ﬂ-f) b}+] < d. (308)
Finally, it is similar to the proof of (I96), we have
ED()iDT—1 |:11;I£¥ {Cl(ﬂ—t) - bl}+:| (309)
dro ! ! dro
< 1 < 1 - 2m42>‘mH /|S\log\.A|D1+ D, i ‘ po
— [ Ao (1-7) (1-=7)*% P0 oo T Pmin(1 = )3T || po o
Furthermore, let
Dy)?
T> ( 22) ; , (310)
(1 =7)2+2m/:2)” p;, D|S| log |A]
then we obtain
, 2 2m deo |5| log |A|D;
Ep,. C; —b; <— 1+ — —_
N e N <1 ) | N a=r
2m
? (1 Ao df’o

Summarizing the Conclusion under Special Hyper-Parameter Setting.

= [Aslloo

Finally, recall the condition for the term T in (290), (310), we conclude if the time-step 7" satisfies
1 1 (Dy)?
T > max , .
{ (1 =72 (1 —7)% +2m/:2)? } |S|log | Al g7, D
the step-size 7 defined in (281) satisfies

‘ ap || |S[log|A| T
Po |l (L=7C"T"
and the constant term B satisfies
~ 2
5 /XISTog [ Al (312)
(I =)
1 po 2
- || |3| log [ A| ——— (313)
(1 —79)cx (I —9)e
dare D |S\ log | A| (314)
. 7):>,L2 )
where we define the constant D’ as follows
/ 4
D = —.
Cy
Then, according to (I73)) and (I98)), the following holds
. dee |S|log |A|D’
Epumr g (7(r) - )] <2 %] [IFHEAEE
dso |S] log [A[D'

2 2m
Ep,. i f b; — 1+ —=
oven [pig e =k ] < i (14 7 20|
where each i € {1,2,---,m}. This concludes the proof of Theorem 4]

po lloo V' (A=*T 7
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