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Abstract

Despite the ubiquitous high-dimensionalities brought about by the increasing sizes
of models and data, low intrinsic dimensions are commonly found in many high-
dimensional learning problems (e.g. finetuning). To explore sample efficient
learning that leverages such low intrinsic dimensions, we introduce randomly piv-
oted V-optimal design (RPVopt), a fast data selection algorithm that combines
dimension reduction via sketching and optimal experimental design. Given a large
dataset with NV samples in a high dimension d, RPVopt first reduces the dimen-
sionality from d to m < d by embedding the data to a random low-dimensional
subspace via sketching. Then a coreset of size n > m is selected based on the
low-dimensional sketched data through an efficient two-stage random pivoting
algorithm. With a fast embedding matrix for sketching, RPVopt achieves an asymp-
totic complexity of O(Nd + Nnm), linear in the full data size, data dimension,
and coreset size. With extensive experiments in both regression and classification
settings, we demonstrate the empirical effectiveness of RPVopt in data selection
for finetuning vision tasks.

1 Introduction

Deep learning models have achieved remarkable success across various domains, including vision
[} 2] and languages [3} 14]. These large models typically require training on astronomical-scale
datasets [} 6]. However, the computational costs and data storage demands associated with such
datasets pose substantial challenges. Consequently, there is increasing interest in enhancing data
efficiency and reducing dataset sizes without sacrificing performance. Prominent strategies such as
coreset selection and data condensation have emerged. By identifying and retaining a condensed
yet representative sample set from larger datasets, these techniques allow the training of models on
smaller, yet representative, datasets that aim to mirror the learning potential of the full dataset.

Despite the increasing dimensionalities in modern machine learning, low intrinsic dimensions can
often be found in many high-dimensional learning problems like finetuning [[7, |8]. Inspired by this
seminal work, there are follow-up works [9}|10] employing a low-dimensional reparameterization for
parameter-efficient finetuning. Such low intrinsic dimensions suggest that, under suitable regular-
ization, learning with a small subset of the huge original dataset should be sufficient to mimic the
performance of full-size training. Recent work also shows that compressing the model via intrinsic
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dimension yields better results than standard pruning and uses them to derive compression-based
generalization bounds [11].

For statistical models, data selection is often formulated as an optimal experimental design (OED)
problem [12} [13| [14} [15]. In the classical overdetermined setting for OED (where the problem
dimension d is lower than the data size n), V(ariance)-optimality is a design criterion tailored to
control the generalization gap. Inspired by the recent progress [16] on extending the notion of
V-optimality to overparametrized data selection with low intrinsic dimension via sketching, we
introduce Randomly Pivoted V-optimal Design (RPVopt), a fast data selection method for learning
under low intrinsic dimension.

Concretely, RPVopt first explores the low intrinsic dimension by embedding the high-dimensional
problem to a random low-dimensional subspace via sketching [[16]]. After reducing to the classical
low-dimensional (overdetermined) setting, in contrast to the common practice of solving an expensive
continuous relaxation of the discrete optimization problem posed by V-optimality [[17, 18} [16], we
introduce a more efficient two-stage random pivoting algorithm that samples the coreset adaptively.
For the full data size N, problem dimension d, coreset size n, and embedding dimension m, RPVopt
runs in O(Nd + Nnm) time with a fast embedding for sketching. Via extensive experiments on
fine-tuning vision models, we empirically validate the performance of RPVopt in both regression and
classification settings, where it outperforms existing data selection methods across various settings,
especially for small coresets.

1.1 Related Works

Due to the space limit, we focus on OED here and defer further discussions regarding the more
general data selection problem to Appendix [A.T]

Optimal experimental design. While standard OED focuses on the overdetermined scenario with
n > d, efforts have been made to extend the notion of V-optimality to overparametrized setting,
d > n [19,120,16]]. Specifically, [19,20] proposes design criteria for ridge regression in the general
overparametrized setting. More recently, [16] considers overparametrized ridge regression with low
intrinsic dimension in the context of finetuning and provides a selection criterion based on sketching
that brings a sample complexity independent of d.

Fast algorithms for V-optimality. Despite the long history of OED, progress in provable algorithms
for V-optimality [18} [17, [21] has taken place more recently and remains surprisingly sparse. In
particular, [17,21] introduced an optimization-based framework for a broad variety of optimality
criteria, including the V-optimality, which provably finds a nearly optimal coreset in polynomial
time. The framework consists of two stages: (i) solving a continuous relaxation of the original
discrete optimization problem and (ii) rounding the continuous solution via regret minimization.
However, solving the continuous relaxation can be prohibitively expensive despite its polynomial
complexity [21]. Related to V-optimality, A(verage)-optimality is a more studied design criterion.
Specifically, [22] shows that under mild conditioning assumptions, the classical Fedorov’s exchange
method [14] finds a nearly optimal coreset in polynomial time. Beyond computational tractability,
[23] investigates and improves a set of fast algorithms for the A-optimal experimental design,
including greedy removal [24], volume sampling [24], leverage score sampling [25]], and dual set
sparsification [26].

2 Data Selection under Low Intrinsic Dimension

Notations. Given any n € Z, let [n] = {1,--- ,n}. Let e,, be the n-th canonical basis of the
conformable dimension.For any set U, we denote |U| as the cardinality of U. Additionally, for
any n € [|U]], let C(U,n) = {S CU||S|=n}. We adapt the standard asymptotic notations:
for any functions f,g : R — Ry, we write f = O (g) or f < g if there exists some constant
C > Osuch that f(z) < Cg(x) forallz € Ry; f = Q(g)or f 2 gifg=0(f); f < gif
J=0/(g)and f = Q(g). For any matrix A, let 01(A) > -+ > Grank(a)(A) > 0 be the singular
values; and denote AT as the Moore-Penrose pseudoinverse. Additionally for any k < rank (A), let
(A)r = argming, yank(s)<k |[A — B - be the optimal rank-% approximation of A (characterized

by the rank-k truncated SVD). For any symmetric matrices A, B € R%*?, we write A = B or
A — B = 0if A — B is positive semidefinite.




2.1 Low-dimensional Data Selection and V-optimal Design

Data distribution. Consider a data distribution P over X xR (X C R%) characterized by the ground
truth 6, € R? and level of noise o > 0: (i) Exy~prly | x| = x'0,, and (ii) Vixy)~prly | x] < o2.
Let X = [x1, -+ ,xy]" € RV*? be the data matrix associated with a huge set of N unlabeled
samples {x; € R? | i € [N]} drawn i.i.d. from P. For simplicity, we assume rank(X) = d and
consider the fixed design setting with X = X and a uniform marginal distribution P(x;) = 1/N for
all i € [N]. Each x; is associated with an unknown label y; = x;r 6, + z; that can be queried with non-
negligible cost, where z; is an independent and zero-mean random variable with V[z;] < o2.

Learning problem. For any S = {i1,---,i,} € C([N],n) = {S C [N] | |S| = n}, let
Xs = [Xi, + ,%;,] € R"™ be the data submatrix selected by S. Denote & = X "X and
g = %XEXS as the d x d second moments. Given a target coreset size n < N, the goal of data
selection is to find a nearly optimal data subset indexed by S € C([N],n) such that by querying
only n labels yg € R"™ associated with X, one can learn a “good” approximation g of 8, from
(Xs,ys). Consider a regression problem with 5 population loss, L(0) = E(x ,)~p[(x' 0 — y)?].
In the context of statistical learning, a “good” approximation of 8, generally refers to a @ € R? with
low excess risk, ER(0) = L(6) — L(0.) = |16 — 0*||22, where X > 0 as rank(X) = d.

Low- v.s. high-dimensional data selection. We refer to “low-dimensional” data selection as
the case where the data dimension is lower than the coreset size, d < n (or more precisely, d =
rank(Xg)), and therefore, O is uniquely identified by an overdetermined system:

Low-dimensional : d = rank(Xg), 6g = argmin 1 IXs0 — y5||§ (1)
Ocrd T
In contrast, “high-dimensional” data selection refer to an overparametrized problem with d > n (or
more precisely, d > rank(Xg)), where O is learned through ridge regression with a suitable choice
of regularization hyperparameter o > 0:

1
High-dimensional : d > rank(Xg), 60g = argmin — || Xg6 — ys||§ + H0||§ . )
Ocrd T

V-optimal design. Classical OED studies the low-dimensional data selection problem where various
optimality criteria [[13] are introduced to characterize different notions of “distance” between 0g

and 0... For example, the A(verage)-optimality tr(Eg) is associated with the Euclidean distance

|65 — 6. H;, whereas the V(ariance)-optimality tr(Z}Eg) is arguably the most relevant criterion that
directly controls the excess risk (e.g. see [[15, Section 7.5.2] or [16} (1)]):

2
E[ER(95)] = E |05 - 6. ]3] < = u(=x)). 3)

2.2 High-dimensional Data Selection under Low Intrinsic Dimension

For data selection, a common and intriguing high-dimensional setting is learning problems with low
intrinsic dimensions [7, 8] (e.g. finetuning). Specifically, [8]] unveils the possibility of finetuning
high-dimensional models with sample complexities proportional to their low intrinsic dimensions,
which is impossible in general high-dimensional settings.

For high-dimensional data selection under low intrinsic dimension, [[16] proposes to (i) find a low-
dimensional subspace that encapsulates crucial information in data via sketching [27, 28| 29]], and
then (ii) select data by solving the OED problem in the resulting low-dimensional subspace. In this
context, [[16] introduces a data selection criterion that generalizes the notion of V-optimality:

Remark 2.1 ([16, Theorem 3.1]). Let 7 = min{t € [r] | [[(X)¢[|% > (1— % )| X||%} be the intrinsic
dimension of the dataset X. Assume X has a low intrinsic dimension: 7 < min {N, d}. Sketch X via
a Gaussian embedding T' € R¥™ with i.i.d. entries T';; ~ N'(0,1/m) and embedding dimension

m > 117 such that ¥ = +(XT) "(XT') and Sg = L(XsT) T (XsT) for any S € C([N], n).
If o117 (ENIS) > g for some vs > 0, then with probability at least 0.9 over T, there exists a
regularization hyperparameter o > 0 such that [2) satisfies
o’ < o> 1 = = 1 ~ ~
E[ER (05)] S — tr(2(Es)") + — ——[B(Zs) [l t2(2) + ~[|B(Zs) |2 tr(Z) 16115 - )
n n mys n
| S —

variance sketching error bias




In particular, when || (2g)"||2 < ¢s, under mild regularity assumptions 02 = O(1), H0*||§ =0(1),

and tr(X) = O(7), taking m = max{/tr(X)/vs, 117} leads to E[ER (0s)] < ¢sT/n, i.e. a
sample complexity proportional to the low intrinsic dimension 7.

3 Randomly Pivoted V-optimal Design

Observing that the generalization of data selection in (@) is governed by tr(2(Zg)") > | 2(Zs)1|2.
in this section, we introduce a fast and effective data selection algorithm based on sketching and
random pivoting that adaptively samples data to optimize tr(3X(Xg)") locally.

Dimension reduction via sketching. ~Algorithm[3.1]starts by embedding the high-dimensional data

to a random low-dimensional subspace via sketching: X = XI' € RV *™_ where a common choice
of I' is a Gaussian random matrix (vide [27, 28] for a comprehensive overview of sketching).

Randomly pivoted QR. With X, Algorithm selects the first m samples via randomly pivoted
QR [30]: Initializing X(©) = [%} ... ,igg)]T =X € RV*™ and Sy = 0, for t € [m]:

(i) Sample i, from [N]\ S;_1 with probability p; = |%\'~V||2/|X*= |2 forall i € [N]\ Sy_1;
(ii) Update Sy = S;_1 U {i;} and X() = X(¢=1) i(t_l)igffl)(igfl))T/Hig*l)||§

When rank(X) = d, sketching via a Gaussian embedding with m < d provides rank(X) = m with
probability one. Then, the Gram-Schmidt process ensures that randomly pivoted QR selects m linearly

independent samples, i.e. rank(xsm) = m. Itis worth noticing that random pivoted QR is effectively
replacing the greedy pivoting in the classical row pivoted QR [32] with adaptive square norm sampling,
which achieves better accuracy and robustness in both theory and practice [30].

Adaptive V-optimal design via random pivoting. With the first m linearly independent samples,
Algorithm [3.1] continues by adaptively sampling the remaining n — m data according to the V-

optimality over X.In particular, since rank(Xsm) m, for any subsequent .S O S, rank(X s) =
m. Then, the Woodbury matrix identity [33]] implies that for any S O S, and ¢ € [N]\ S,

(XEXs) %% (XTXg) !

1+x; (XTXS) 1x;
and therefore, tr(XTX(XSU{ }XSU{ e tr(XTX(XgXS)’ ) — Ag(X;) where Ag(X;) =
IX(XIXs)1%]I3/(1+ %] (XEXs)~'%;). Since tr(E25") = 2 tr(XTX(X], X)), for
given S D S,,, picking i € [N]\ S with the maximum Ag(X;) brings the optimal reduction in
tr(ZEEj) locally, leading to a natural greedy algorithm.

(XiXs+%%] )7 = (XiXs) ™' - : (5)

To alleviate the potential suboptimality caused by the local optimality, instead of greedy selection, we
inject randomness by sampling proportional to exp(Ag, , (X;)/7), with the randomness controlled
by a temperature hyperparameter 7.

Notice that the overall asymptotic complexity of Algorithmis O(Ndm+ Nnm) with the Gaussian
embedding, whereas leveraging more efficient sparse embeddings [34} 35, 36] can further bring down
the complexity to O(nnz(X) + Nnm) in practice [37], where nnz(X) < Nd denotes the number of
nonzero entries in X. This matches the complexity of ridge leverage score sampling with fast leverage
score approximation [38} |39} 140], which (to the best of our knowledge) is one of the most efficient
provable algorithms for A-optimality [23]] and data selection [39]. In Section .1} we empirically
demonstrate that RPVopt outperforms ridge leverage score sampling in data selection for regression,
especially when the coreset size is small. The theoretical guarantee for RPVopt that matches its
empirical performance remains an exciting open problem.

4 Experiments

In this section, we evaluate the performance of RPVopt in Algorithm [3.T]on different settings. We
first show the effectiveness of our proposed method on regression tasks then extend the experimental

This Gram-Schmidt process is numerically unstable with floating point arithmetic. In practice, a stable
implementation like [31} Algorithm 3.1] is used.



Algorithm 3.1 Randomly Pivoted V-optimal Design (RPVopt)

Input: X € RV*4 coreset size n, temperature 7 > 0, embedding dimension m < n.

1: (Draw a Gaussian embedding I" € Rdxm w1th i.i.d. entries T';; ~ (0,1/m).)
2: (Compute the sketching X = XT' = [X,--- ,Xn]' € RV*m) > O(Ndm)
3: Select Sy, € C([N], m) from X via randomly pivoted QR. > O(Nm?)
4. Y(m) — X(XS XS ) L e RNxm, > O(Nm2 +m3)
5:fort=m+1,--- ,ndo

6: Ag, (%) + HY(t—1)§z’H§/(1 +e/ Yu_1x;)Vie S 1. >O(Nm)
7: p=(p1, -+ ,pN) < Opnp, pi < exp(Ag,_ (X;)/T)Vie S
8: Sample i; ~ p/||pll;

9: St (*St 1U{Zt}

10: Y(t) — Y(t—l) — (Y(t—l)iit)(eZY(t—l))/(l + e;:Y(t—l)iit)- > O(Nm)

return S, € C([N],n).

protocol to include classification tasks. Due to the limit constraint, the detailed configurations are
provided in Appendix [B]

4.1 Regression

Datasets and network architectures. We conduct regression experiments on UTKFace [41]], which
is a dataset for age estimation, with CLIP [1] and ResNet18 [42]] backbones. While we examine
linear probing on CLIP (ViT-B/32), we fine-tune the projections layer and the classifier of ResNet18
to represent the low- and high-dimensional settings, respectively. For both experiments, we utilize
the Adam optimizer [43]] with a batch size of 128 and an initial learning rate of 0.1.

Baselines. We evaluate our method by comparing it against notable unsupervised data selection
methods for regression: (1) Uniform Sampling randomly all samples with equal probability, (2)
Adaptive Sampling [44} 30] progressively sampling data based on their squared norms and adaptively
eliminating the spanning subspace of the selected samples, (3) Ridge Leverage Score Sampling
[38] 139, 40] extending classical leverage score sampling [45] to high dimensions, measuring of the
influence that individual data points have on linear regression models, (4) Greedy [46] choosing
a subset such that the bound between an average loss over any given subset of the dataset and the
remaining data points is minimized, (5) Herding [47] greedily selects samples to minimize the
selection set center and full dataset center in the feature space.

Table 1: Mean Absolute Error (the lower the better) on UTKFace with a linear regressor trained on
top of frozen features from a pre-trained CLIP (ViT-B/32). We use the bold font to indicate the best
method for each coreset size.

Method 100 200 500 1000 2000 3000

Uniform Sampling  10.55 +£3.09 8.94+3.48 6.09+0.42 4.704+0.23 3.92 +0.16 3.68 £ 0.15
Adaptive 6.02 4+ 0.53 4.75+0.14 4.404+0.14 N/A N/A N/A

Greedy 1040£1.21 7.56+0.18 6.43+0.09 5514+0.19 4.87+£0.03 4.37+0.08
Herding 17.57£0.01 13.41+0.01 847+0.01 5794+0.01 419+£0.01 3.53+0.01
R-leverage 5.44 4+ 0.01 4.794+£0.02 436+0.01 3.86+£0.01 3.61+£0.01 3.53+0.04
RPVopt 514+030 443+0.12 413+024 3824007 3.67+005 3.47+0.14

The results for linear probing are provided in Table[I] where our method remarkably outperforms
comparative baselines on UTKFace, especially for smaller coreset sizes n. For n = 100, 200, 500,
RPVopt exceeds the performance of the second-best method, R-leverage, by approximately 0.3 MAE,

and achieves a Mean Absolute Error reduction of 30 — 50% compared to Uniform Sampling.

Table 2: Mean Absolute Error on UTK in fine-tuning the last two layers of ResNet18.

Method 100 200 500 1000 2000 3000

Uniform Sampling  8.43 = 1.54 8.13+0.52 6.62+0.38 5444+0.53 5.02+0.67 4.40+0.49
Adaptive 9.60 +0.10 8.294+0.91  6.284+0.77 N/A N/A N/A

Greedy 10.82+£1.29 983+0.51 6.984+0.71 5954+0.22 533+0.74 4.60+£0.19
Herding 23.08+2.11 2233+1.49 19.68+0.02 20.24+0.13 6.31£1.49 5.39+0.58
R-leverage 12.20£0.19 10.68£0.37 7.71+£0.33 550+0.44 5254+042 4.20+£0.44
RPVopt 839+0.19 733+£061 574+£031 474+016 458+033 4324027

In Table 2] we finetune the last two layers of ResNet18 [42] using the same optimization setting with
the above linear probing experiment. Similarly, RPVopt consistently achieves the best performance



among all baselines. It is worth noting that while some selected comparative underperform relative to
the uniform sampling baseline, particularly at higher pruning rates, our method consistently surpasses
this baseline across various coreset sizes. For the UTKFace experiments, the computational cost
associated with the Adaptive method is prohibitively expensive, rendering it impractical for large
core sizes, i.e., greater than 500.

4.2 Classification

To evaluate the performance of our methods beyond the regression task, we conduct experiments
on the CIFAR10 [48]] and StanfordCars [49] datasets in the classification setting. Apart from those
baselines described in the above experiments, we compare our methods with the following methods
based on the DeepCore benchmark [50]. Contextual Diversity [S1] proposes using contextual
diversity to select diverse samples. Glister [52] uses bi-level optimization to optimize the selection
set. GraNd [53] uses the gradient norm of warmup trained model to select samples. Forgetting [54]]
uses the forgetting events (correctly classified samples that are later misclassified during the training
process) as the selection criterion. DeepFool [55] uses the adversarial attacking strength to identify the
samples that are close to the decision boundary and select them. Uncertainty-Based Methods [56]
use the model’s uncertainty metric (entropy, margin, confidence) to construct the selection set.

Table 3: Linear Probing performance of CLIP on StanfordCars with different data pruning methods.

Method Metric 500 1000 1500 2000 2500 3000 3500 4000
Uniform Sampling Acc 38.90+£0.46 5460046 62.60£023 67.63+0.17 7059+0.19 7249+0.19 7416+0.22 7540+£0.16
F1 3230+043 49.94+0.56 5899+023 64.54+0.18 67.79+023 70.00+0.20 71.77+023 73.14+0.12
Herding [47 Acc 38.86+0.40 5495+033 6344+031 6722+0.16 71.02+0.13 73.17+£022 74.64+0.18 7571+£0.29
N F1 31.80£0.32 50.14+0.51 59.75£032 64.07+0.23 6828+0.15 70.64+0.28 7222+0.26 73.26+0.39
Contextual Diversity (51 Acc 38.05+0.39 53.87+0.38 6236+0.18 67.64+0.13 7082+023 72.66+0.12 7446+0.17 75.77+0.12
. F1 31.25+0.50 48.99+0.29 58.77+024 6451+0.17 68.18+025 70.05+0.11 72.13+0.15 73.35+0.07
Glister [52 Acc 39.15£0.23 5457039 62.67£0.19 67.60+024 7085+0.27 73.07+£0.26 74.63+0.21 76.00+0.20
F1 32324031 49.72+0.53 58.80+£032 6450+0.34 68.07+0.38 7047+0.35 72.18+0.25 73.69+0.24
GraNd [53 Acc 38.52+0.06 54.65+0.12 6296+0.10 67.27+0.07 70.38+0.07 72.56+0.05 74.67+0.06 75.77+0.12
= F1 3234+0.10 49.89+0.14 59.09+0.13 64.04+0.09 6748+0.09 69.81+0.08 72.13+0.05 73.44+0.13
Forgetting (54 Acc 38.18+£0.43 5484+0.23 62.55+0.15 67.59+0.10 70.99+0.05 72.54+0.07 7481+0.05 75.74+0.01
F1 31.67+039 50.02+0.20 58.64+0.16 64.85+0.13 68.53+0.07 70.30+0.05 72.59+0.04 73.74+0.02
DeepFool 35 Acc 38.69+0.64 5485+0.33 6290+0.21 67.77+£029 70.73+0.22 7324+022 7457+023 7571+£0.15
- F1 31.67+£0.68 49.79+0.53 58.93£032 6442+0.27 6791+0.15 70.73£0.20 72.19+0.29 73.39+0.20
Entropy [56 Acc 39.68+0.37 54.78+0.22 63.42+0.18 67.95+0.11 71.00+£0.10 73.28+0.10 75.02+0.08 75.82+0.06
F1 32.53+0.53 49.57+0.29 59.62+025 64.55+0.10 67.95+0.12 70.68+0.12 72.46+0.12 73.29+0.04
Margin (36 Acc 3933+£0.22 5436+0.17 62.66+0.12 67.53+0.14 71.19£0.09 73.09+0.14 74.66+0.11 75.57+0.13
Fl1 32.03+£0.30 49.00+0.23 58.62+£021 64.16+0.15 6833+0.14 70.37+0.17 72.03+0.11 73.14 £0.20
Least Confidence 58] Acc 39.00+025 54.14+0.30 63.23+020 67.68+0.11 70.99+0.14 73.04+0.05 74.65+0.09 75.58+0.08
= F1 31.83+021 4890+0.37 59.31+029 64.09+0.20 68.03+020 70.30+0.07 72.02+0.10 73.15+0.12
RPVopt Acc 40.39£0.35 5548040 6347£0.30 68.45+0.15 72.13+£0.23 73.72+0.15 7576x0.24 76.31£0.20
F1 33.40£0.25 50.35+0.57 59.88+0.39 6535+0.17 69.29+0.31 71.45+0.20 73.50+0.28 73.99+0.24

We use the linear probing and two-layer finetuning as the learning problem to evaluate the performance
of our method on the CIFAR10 [48]] as the standard homogenous dataset and the StanfordCars [49]]
as the challenging non-homogeneous dataset. While the results of CIFAR10 are deferred to the
appendix, Table 3] shows the results of linear probing on StanfordCars on different coreset sizes,
ranging from 500 to 4000. As can be seen, our method always achieves the best test accuracy and F1
scores in all settings. Notably, for the coreset size of 500, RPVopt exceeds the second-best method by
1.4% accuracy.

Table 4: Baselines performance on StanfordCars when fine-tuning the last two layers of ResNet18.

Method Metric 500 1000 1500 2000 2500 3000 3500 4000
Uniform Sampling Acc 10.69 £0.17 1829 +£0.34 2474+£036 29.19+037 32.77+031 3569+035 38024031 40.35+0.26
F1 7704+0.21 1529+0.28 21.72+0.34 26.14+039 29.83+030 32.80+0.37 3516+030 37.51+0.23
Herding {47 Acc 11.11£0.31 18494045 2453+023 29194021 3242+0.16 35834024 383040.19 40.51+0.19
F1 8.06 £025 1546+0.36 21.57+0.30 2590+0.24 29484023 32894027 3550+£022 37.56=+0.21
Contextual Diversity (51 Acc 1030 £0.19 18.12+£0.22 2447 +033 2850+0.34 32.66+027 3567+032 3831+0.15 40.53+0.18
Fl1 7.66+025 1529+£0.23 21.81+£026 25654040 29.79+029 32864031 355540.14 37.81+0.23
GraNd [53 Acc 1072 £0.08 1851 +£021 2433+£029 2859+0.17 32.67+020 3583+0.16 38.58+0.15 40.70+0.11
Fl1 7824+0.08 1551+£020 21.18+0.28 25.66+0.15 29.70+0.22 32.76+0.16 35.72+0.15 37.83+0.11
Forgetting [54 Acc 1046 £026 18.80 £0.28 24.16+£021 28.61+031 3248+028 35.18+024 37.78+0.22 40.24+0.13
F1 746+0.14 1552+£020 21.06+0.23 2564+025 29.58+030 3238+0.20 35.16+0.18 37.41+0.14
DeepFool 55 Acc 10.65+£0.29 1852+0.18 24.97+0.20 29.02+0.17 32.60+0.18 35594024 38204022 39.98+0.35
F1 7894+0.18 1544 +£023 2211+0.11 26.08+029 29.83+0.27 3292+033 3547022 37.28+0.40
Entropy (36 Acc 10.30 £0.07 1848 £0.13 2425+026 28.87+0.13 32.84+020 3564+020 37.96+0.11 40.29+0.27
Fl1 7.694+0.11 1531+£0.23 21244024 2595+0.17 30.03+0.17 3285+0.23 35.19+0.12 37.33+0.34
Margin (36 Acc 10.58 £0.32 1837 +£026 2436+0.19 29.18£0.12 32.73+0.15 35.67+0.30 3827+0.20 40.58+0.06
Fl1 7934+£0.22 1541+£0.19 21.33+£022 26.15+£0.12 29.66 +0.05 32.86+0.30 35.61+0.17 37.77 £0.07
LeastConfidence 56 Acc 10.64 £0.23 1845+030 2472+£020 29.05+0.07 32.88+0.13 3566+0.18 3825+0.20 39.91+0.09
Fl1 7804 0.10 1547 +£0.37 21.75+£0.25 26.18+£0.04 30.03+0.14 32.79+0.15 3542+0.16 37.14+0.12
RPVopt Acc 1112+ 021 19.11+£0.24 24.82+0.15 29.13+£0.27 3270+ 0.19 36.05+0.27 38.57 +0.12 40.56 + 0.24
F1 8184+ 0.16 16.19+0.23 22.09+0.21 2643+031 30.33+0.23 3332+0.27 3568+0.15 37.87+0.22

We also evaluate the performance of comparative methods finetuning the last two-layer of
ResNet18 [42]. In Table E|, we showcase the results on StanfordCars, where RPVopt demonstrates
impressive efficiency, boosting the performance of uniform sampling across different setups.
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A Additional Discussions

A.1 Additional Related Works

Data selection. Recent data selection methods identify important samples through training dynam-
ics [1541153]], yielding additional annotation and computational costs, unaligned with the original goal
of selecting data to reduce training costs. Label-free alternatives evaluate the importance of data
via geometric properties in the embedding space [57, 151} 158]]. These methods remove redundancy
to form diverse, representative coresets without extensive labeling or (early-stage) training. This
underlying idea of data selection based on geometric information is closely related to various widely
studied problems like coreset selection [59, 128 39} 160], active learning [61} (62, [63]], and matrix
skeletonization [64, 165} 166,130,131} 167]]. More recent work named Variance Alignment Score (VAS)
[68]] and Sketchy Moment Matching [[16]] aligns some high-level statistics of the selected samples
with that of the original data distribution, and additionally enhances model performance through data
filtering or gradient sketching ideas respectively. These advances highlight the value of selecting
informative and diverse coreset, especially in complex tasks.

A.2 Limitations and Future Directions

In this work, we introduce a fast data selection algorithm, RPVopt, for high-dimensional learning
problems with low intrinsic dimensions. Concretely, RPVopt leverages the data selection criterion
proposed in [[16], first exploring the low intrinsic dimension in data via sketching, and then exploiting
the information in the resulting low-dimensional subspace by adaptively sampling data that optimize
the selection criterion locally. The appealing empirical performance of RPVopt is demonstrated in
both regression and classification settings. A natural question regarding the theoretical guarantee for
RPVopt remains open and is a work in progress.

Beyond the theoretical guarantee, the potentials and limitations of RPVopt are not fully understood in
the current stage. First, while RPVopt is inspired by the analysis for regression problems, its compet-
itive performance extends to the classification setting in practice. Second, the strong performance
of RPVopt for unsupervised data selection on imbalanced classification tasks (e.g., StanfordCars)
suggests its potential in the context of distributionally robust data selection [69]], beyond the classical
statistical learning setting under the i.i.d. sampling assumption. Understanding the mechanism behind
RPVopt in more comprehensive settings like classification and distributionally robust learning is an
exciting future direction.

B Experiment Details and Additional Results

Due to the space constraint, some details were omitted in the main paper. We here provide the detailed
training configuration in Section [B.T]and additional experiment results in Section[B.2]

B.1 Hyperparameter Selection and Training Details

We sweep the sketching dimension m € {32, 64,128, 256, 512}, the block size b € {5, 10, 15,20}
and temperature 7 = e~ for all experiments. We use the feature before the last linear layer in linear
probing and the last-two layer gradients in two-layer finetuning to perform sketching and selection.
For linear probing, we train the model 50 epochs with Adam optimizer, learning rate le-1 and batch
size 512, for two-layer finetuning, we use the learning rate 10~2 and batch size 512.

B.2 Additional Experimental Results

Table[5]showcases the effectiveness of RPVopt on the CIFAR10 dataset with CLIP backbone. Overall,
RPVopt achieves superior performance in terms of F1 and accuracy scores compared to other baselines.
Notably, at the smallest coreset size, our proposed method outperforms other baselines by large
margins. Across all setups, RPVopt either achieves the best performance or is comparable to the
top-performing method, further confirming the robustness and effectiveness of RPVopt.

11



Table 5: CIFAR10 with CLIP Linear Probing. Best results are highlighted in bold, standard errors
with 5 random seeds. Different columns indicate different core set sizes.

Method Metric 50 100 200 500 1000 1500 2000 2500 3000 3500 4000
Uniform Acc 79.82+2.06 88.51+044 90.90+0.13 92.47 +0.12 93.00 +0.07 9323 +0.08 9339+0.06 93.57+0.03 93.68+0.05 93.72+0.05 93.80 + 0.04
© F1 7841 +£2.72 8856+045 90.92+0.12 9247 £0.12 93.00+0.07 9324 £0.08 93.40+0.06 93.58+0.03 93.69+0.05 93.73+0.05 93.82+0.04
Herding [& Acc 86.09 +£0.34 8821 £0.54 90.77+0.15 91.81 £0.20 92.734+0.08 93.10+£0.06 933440.02 93.34+0.08 93.60+0.07 93.76+0.04 93.67+0.06
s F1 86.29+0.33 88.36+0.52 90.81 £0.14 91.83+0.19 92.74+0.08 93.11+0.06 93.35+0.02 9335+0.08 93.61 £0.07 93.784+0.04 93.69 + 0.06

Acc 82.76 £ 1.00 88.96 +0.34 9098 +£0.25 92.10+0.19 92.69+0.10 93.09+0.07 9330+0.06 93.46+0.04 9358+0.03 93.61+0.03 93.77 +0.06
Fl1

Contextual Diversity 8268+ 1.16 89.01 £034 91.01+£024 92.12+0.18 9270+0.10 93.09+007 9330+0.06 9345+0.04 9358003 93.61+0.03 93.77 +0.06

Glister [52] Acc 82194200 8837 +0.36 90.96+0.30 9241 +020 929740.10 93.30 +0.07 9342+40.09 93.58+0.06 93.6640.06 93.70 +0.03 93.80 + 0.04
Fl1 81.79£233 8845+037 91.01+£029 9241+0.19 9296+0.10 93.31+0.07 93424+0.09 93.59+0.07 93.68+0.06 93.71+£0.03 93.80+0.05

GraNd 53] Acc 82.44+£0.30 88.98+0.04 9038+0.02 92.50+0.03 9290+0.02 93.24+0.02 93384+0.02 93.56+0.02 93.56+0.02 93.70+0.03 93.77 +0.03
F1 82304£0.33 88.87+0.04 9038+£0.03 9249+0.03 92924002 9326+0.02 9339£0.02 93.57+0.02 93.57£0.02 93.71+0.03 93.79 £0.03

Forgetting Acc 82.16 £0.80 87.84+0.67 90.28+0.23 91.67 +0.16 9290+ 0.06 93.09+0.06 93234+0.05 93.41+0.04 93.50+0.05 93.62+0.02 93.70 = 0.05
F1 82.02+0.92 87.90+0.65 9030+022 91.67+0.16 9290+0.06 93.08+0.05 93234+0.05 93.40+0.04 9350+0.05 93.62+0.02 93.71+0.05

DeepFool Acc 81.50 £ 1.20 88.15+0.33 90.89£0.16 9220+ 0.11 93.074+0.06 9329 £0.06 933940.04 93.61 £0.04 93.65+0.03 93.75+0.04 9379 +0.05
F1 80.91+ 148 88.08+0.32 90.87+0.18 92.19+0.11 93.0740.06 93.29+0.06 933940.04 93.61 £0.04 93.65+0.03 93.75+0.05 93.80 =+ 0.05

Entropy [38] Acc 76.86 £0.26 82.32+0.54 90.02+0.05 92.08+0.09 9299+0.02 93.09+0.04 93284+0.04 93.42+0.02 9351+0.04 93.62+0.03 93.70+0.01
Fl 75194032 81.64£0.67 90.07+0.04 92.10£0.08 92.99+0.02 93.10+£0.04 9328+0.04 9343+£0.02 93.52+0.04 93.63+0.04 93.71+0.01

Margin {36] Acc 77.06 +0.52 87.08 £ 048 89.35+0.12 92.11 +£0.04 9295+ 0.05 93.13+0.03 93274 0.03 9348 +0.06 93.47+0.04 93.59 +0.03 93.73 +0.04
Fl1 76.05+0.58 87.10+£0.52 8943+0.12 92.13+0.04 9297+0.05 93.13+0.03 9328+0.03 93.49+0.06 93.48+0.04 93.60+0.03 93.74 +0.04

LeastConfidence (58] Acc 77.35+£0.18 84.46+0.15 90274020 92.09+0.06 92.85+0.04 93.27+0.03 9344+0.03 93.56+0.04 93.60+0.03 93.57+0.02 93.58+0.04
s F1 7624 £0.19 8442+0.16 90.31£0.19 92.11+0.06 92.86+0.04 9327+0.03 9344+£0.03 93.58+0.04 93.61+£0.03 93.58+0.03 93.59+0.04

Acc 86.09 +0.34 88.98 +0.04 90.96+0.30 92.41+020 9297+0.10 93.24+0.02 93.44+0.03 93.61 +0.04 93.66+0.06 93.75+0.04 93.80 +0.04

RPVopt Fl 8629033 88.87+0.04 9101+029 9241+£0.19 9296+0.10 9326+0.02 9344003 93.61+0.04 9368+006 93.75+0.05 93.80+0.05

Table 6: Performance of baselines on CIFAR10 when finetuning the last two layers of ResNet18.
Method Metric 50 100 200 500 1000 1500 2000 2500 3000 3500 4000
Acc 4456 +0.85 5530+0.50 6290+ 042 7056+ 024 74.18+0.23 7590+0.15 76.90+0.21 77.83+0.09 7839+0.12 7829-+020 78.92+0.06

Uniform Sampling Fl 4082+ 1.74 53.60+0.69 62384049 7044028 74124025 7580+0.18 7683023 77.76+0.10 78.34+0.11 7825+020 78.85+0.05
Herding Acc 4020+ 175 5306+ 146 6235035 7025=025 7396+022 7559+0.10 7646=0.20 77.40=020 77.73+0.13 7827+020 7857 =0.09
Fl 3568+£239 5134+ 1.87 61794031 69.93+040 73834023 7546+£0.09 7637021 77274021 77.67+0.12 7822+0.18 7852+0.11

Contextual Diversity §I] A% 40094107 54574078 62214027 70545036 74364029 75755018 76794015 7734 £0.15 77904013 7848 =013 7869 +0.17
* Fl 4255+ 114 5299+088 61.51+048 7027+035 7424+033 7567019 7671+015 77.19+0.14 77.75+0.14 7838+0.15 78.57=0.16

Glister 521 Acc 4433+ 171 5332+ 113 62154065 69.77=020 7405+020 7563 +£0.19 76.60+0.09 7748014 77.97+007 7822+0.16 7832+0.15
Fl 41924216 51814129 6180+061 69.64+£0.19 73954020 75554020 7652008 77.40+0.12 77.89+£0.08 78I8+0.16 7821 +0.15

Grand Acc  4273+076 5358+ 114 6330054 70.30=003 7403+0.10 7540+003 7642+0.08 77.32+£026 77.79+0.13 77.94+0.13 7850 =0.16
Fl 3902+ 115 5182+ 1.63 63.04+057 7017+007 7390+0.11 7530003 7634008 77.28+027 77.74+0.14 77.93+0.10 7840=0.16

Forgetting {511 Acc 4316+ 178 5358+ 148 63.07+£045 70.75+023 7374+0.16 75254026 7624002 7736010 77.92+0.18 78.07+0.12 7841 £0.12
Fl 40.55+£1.26 53.06% 159 6247+£0.38 70.55+028 73.60+£0.16 75.13£026 76.10-£0.08 77.26+0.15 77.85+0.17 77.95+0.10 7831 % 0.08

DeepFool B3] Acc  4388+046 5551065 63.05+£0.64 70.53=027 7385+0.16 7560+0.18 7654=0.17 7721017 77.77+0.13 77.99+0.13 7839 +0.10
Fl 40.64 099 5407013 6262+066 7033+£031 7374019 7550019 7641+0.16 77.10+0.17 77.69+£0.13 7791 £0.15 7829+ 0.11

Entropy 58] Acc 4449 £ 103 5420+ 147 6372+£040 70.61+0.08 7447014 7566+0.06 76.66%0.15 77.53+£0.32 78.09+0.14 7822+£0.02 78.60%0.13
Fl 4164136 5214141 6324+044 7030020 7434+0.16 7555+=005 7657+0.14 7747+032 7804+0.15 7817+£002 78.52+0.13

Margin Acc  4367+055 5350+ 170 62.67+044 70.80=029 7475+0.16 7571 +£0.04 7658=0.16 7771017 78.11+022 7825+0.12 7863 +0.22
Fl 41374129 5150+ 193 6212+£0.34 7049035 7464018 7559+0.13 7649 +£0.14 77.67+0.18 78.02+023 7813+0.15 7856+ 021

Acc 4460+ 1.74 53.94+0.70 62.56+0.53 7091+0.20 74.55+0.12 7628 +0.10 76.68+0.11 77.54+023 78.04+0.19 7830+0.18 78.78+0.15
F1 40.55+2.19 5251+£1.01 61.97+0.65 70.69+0.18 74274026 7613+0.10 76.63+0.09 77.43+022 77.98+£021 78.19+0.19 7873+0.16

Acc 4592+ 130 5582+0.92 63.52+0.81 70.75+026 7453+0.16 76.03+029 76.92+0.12 77.90+£0.17 78.19+0.10 78.58+0.09 78.88+0.14
F1 43.00 + 1.68 5433 +1.08 63.08+1.02 70.63+0.26 7438+0.17 7589+0.30 76.78+0.15 77.76+0.17 78.03+£0.11 78.46+0.09 78.80+0.13

LeastConfidence

RPVopt

Similar to the experiment in the main paper, we finetune ResNet18 by updating the weights of
the last two layers only and provide the obtained scores in Table[6] Throughout our experiments,
RPVopt demonstrates competitive performance, especially with large improvements observed on
non-homogeneous datasets such as StanfordCars. When the sample size is small, e.g. 50 in CIFAR10
and 500 in StanfordCars, our method effectively identifies and selects informative samples that benefit
downstream tasks.
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