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ABSTRACT

On-policy distillation is a promising approach for transferring knowledge between
language models, where a student learns from dense token-level signals along its
own trajectories. This framework typically uses reverse KL divergence, encour-
aging the student to match the teacher’s high-confidence predictions. However,
we show that the mode-seeking property of reverse KL reduces generation diver-
sity and yields unstable learning signals when the teacher distribution has high
entropy. To address this, we introduce Entropy-Aware On-Policy Distillation.
Our key idea is augmenting the standard reverse KL objective with forward KL
when teacher entropy is high, capturing the full range of plausible outputs while
retaining precise imitation elsewhere. It balances mode-seeking precision with
mode-covering robustness without sacrificing on-policy training efficiency. Ex-
periments show that our method maintains generation diversity (sustained token-
level entropy) and improves student-teacher alignment (lower forward KL on
high-entropy tokens). Across six math reasoning benchmarks, this yields Pass@8
accuracy gains of +1.37 for Qwen3-0.6B-Base, +2.39 for Qwen3-1.7B-Base, and
+5.05 for Qwen3-4B-Base compared to baseline on-policy distillation methods.
These results demonstrate that accounting for teacher uncertainty is essential for
maintaining diversity and achieving effective knowledge transfer.

1 INTRODUCTION

Knowledge distillation (Hinton et al., 2015) is a promising approach for transferring the capabilities
of large language models (LLMs) to smaller, more efficient models with lower inference cost and
improved deployability. Traditional distillation relies on off-policy teacher data, training students
with supervised loss or forward KL divergence (Kim & Rush, 2016)). However, this introduces a
distribution mismatch between training sequences and those generated by the student at inference
time.

On-policy distillation addresses this by having the student generate samples that are corrected by the
teacher, typically via reverse KL divergence (Gu et al., 2023} |Agarwal et al.|[2024; |Lu & Labl[2025).
As noted by (Lu & Lab} 2025)), this objective can be seamlessly integrated into standard reinforce-
ment learning (RL) pipelines. Furthermore, the approach is highly efficient: recent works (Lu &
Lab, 2025} |Yang et al., [2025) demonstrate that on-policy distillation can match RL-trained models
on math reasoning benchmarks at 10x lower compute cost than GRPO (Shao et al.,2024).

However, reverse KL is a mode-seeking objective: while it effectively captures the teacher’s domi-
nant modes, we find that it reduces student diversity and yields unstable learning signals at positions
where the teacher distribution has high entropy. This limits the student’s ability to preserve the
teacher’s distributional structure when probability mass is spread across multiple tokens. It is partic-
ularly problematic in reasoning tasks, where high-entropy tokens often represent key decision points
with multiple valid paths (Wang et al.,2025; |Cheng et al., 2025).

Contribution. To address this limitation, we propose Entropy-Aware On-Policy Distilla-
tion (EOPD), a distillation framework that balances efficiency and diversity. Our key insight is that
reverse KL and forward KL are complementary: reverse KL enables efficient learning on confident
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predictions, while forward KL’s mode-covering property transfers uncertainty and global structure.
Our specific contributions are as follows:

* Analysis of Diversity Degradation and Training Instability. We conduct a systematic anal-
ysis of token-level entropy (§3.1)), revealing that standard on-policy distillation causes diversity
collapse, retaining only 6.8% of high-entropy tokens compared to 18.5% in the teacher. Further-
more, through a controlled toy experiment (§3.2), we demonstrate that the reverse KL objective
provides unstable gradient signals when the teacher is uncertain, preventing proper convergence.

* Entropy-Aware On-Policy Distillation (EOPD). We introduce an entropy-aware strategy that
dynamically adapts the training objective. By selectively applying reverse KL in low-entropy
regions for efficiency and forward KL in high-entropy regions to preserve diversity, EOPD ef-
fectively transfers the teacher’s uncertainty without the computational overhead of naive forward
KL.

* Improvements on Reasoning Benchmarks. Empirically, EOPD maintains substantially higher
generation diversity, preserving the teacher’s uncertainty by retaining more probability mass in
high-entropy regions than standard on-policy distillation. This improvement translates into con-
sistent downstream gains: averaged over six mathematical reasoning benchmarks, EOPD im-
proves Avg @8 accuracy by +1.16 and Pass@8 by +1.37 for Qwen3-0.6B-Base, with larger gains
of +0.99/42.39 for the 1.7B model and +1.80/+5.05 for the 4B model.

2 PRELIMINARIES

2.1 KL-BASED DIVERGENCES

Let P and @Q be probability distributions defined over the same sample space X. The Kullback—
Leibler (KL) divergence is a non-symmetric measure of difference between two distributions, quan-
tifying how well ) approximates the reference distribution P.

P(x)
KL(P||Q) = Epp {log] (1)
(PlQ) o
Due to its asymmetry, KL(P || Q) and KL(Q || P) induce different optimization behaviors, depend-
ing on which distribution is used as the reference.

For auto-regressive sequence models like Large Language Models (LLMs), the probability distri-
bution of a token x is conditioned on a context ¢, where c is the sequence generated before x.
In distillation, we have two models, a student model denoted by 7y (- | ¢), and a teacher model
Tee (- | €). We now define forward and reverse KL divergences in terms of these models.

Forward KL (Teacher-to-Student). The forward KL divergence is defined as an expectation over
the teacher’s distribution:

KL(mee (| €) | mo(- | €)) = Eumrey(-le) {log Wt(w'C)] .

mo(a] 0 ?
Minimizing equation [2] is equivalent to standard supervised learning (maximizing likelihood on
teacher samples). It penalizes the student for assigning low probability to any token the teacher
considers likely. This induces mode-covering behavior, where the student attempts to match the
entire support of the teacher, potentially leading to overly diffuse distributions if the student has
limited capacity (Minkal 2005]).

Reverse KL (Student-to-Teacher). The reverse KL divergence is defined as an expectation over
the student’s distribution:

3)

KL(7g(- | ©) [ mee(- | €)) = By (fe) [log W} .

Tee(x | €)

Since the expectation is taken over student samples, equation [3| penalizes generated tokens that the
teacher considers unlikely, but ignores teacher modes that the student does not visit. It induces
mode-seeking behavior, encouraging the student to concentrate probability mass on a single high-
likelihood mode of the teacher while ignoring others (Minkal 2005]).
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2.2  ON-PoLICY DISTILLATION

On-policy distillation (OPD) (Agarwal et all 2024) is a post-training method in which a student
model learns by matching a teacher’s token-level probability distribution on its own generated se-
quences. By training on on-policy rollouts rather than teacher-generated trajectories, OPD enables
precise credit assignment and mitigates compounding errors inherent in off-policy imitation.

Recent OPD methods optimize the reverse KL divergence (Gu et al., 2023 |Lu & Lab) 2025), en-
couraging mode-seeking behavior that helps the student focus on the teacher’s dominant modes.
Specifically, given inputs q ~ D, we denote X = (1,22, ..., T|x|) as the student-generated token
sequence. With ¢; = (q,z <) as the context for token ¢, we have x; ~ my(- | ¢;). The on-policy
reverse-KL objective is then defined as:

x|

1
Equp | Excry(-lq) mZL?KL(G;Q) , 4)
t=1

where LREL(0; ¢,) is the per-token reverse KL from equation
L% (05e0) = KL(o (- | €0) || mee(- | €1))- 5)

In practice, Lu & Lab|(2025) use a single-sample Monte-Carlo estimate of the expectation in equa-
tion[3]and plug it into a policy-gradient-style update. This is done by defining the token-level reward
as the log-probability difference between the teacher and student:

Ap = logmee (s | €¢) — logmo(xt | ct). (6)

This reward measures how preferred the student-selected token is under the teacher distribution in
the same context, assigning positive values when the teacher assigns a higher probability to the token
than the student, and negative values otherwise. The student then essentially optimizes the objective
maxg Er, [>°, A¢]. The result is an effective on-policy distillation method based on policy gradient
optimization.

2.3 OPD wiTH CLIPPED-REVERSE KL

To stabilize training, the OPD objective can be implemented with standard PPO-style importance
sampling and clipping (Schulman et al.l 2017). We sample trajectories using a behavior policy 7y,
instantiated from the student policy 7, query the teacher for log-probabilities of the sampled student
tokens, and define a per-token advantage A, = log me (x4 | i) — log 7y, (x4 | c4), substituting the
behavior policy in equation [f] We then update my by minimizing the clipped PPO surrogate over
generated tokens. To simplify notation, we omit the expectations over q and x in equation (4| and
focus on single tokens. The surrogate objective is then

LY (05 ¢t) = By omg, (cler) [gt]’ K

where A, is the clipped reverse KL loss:
ﬁt = max ( — rtflt, —clip(ry, 1 —€,1 4+ ¢€) At) ®)

7o (zelct)

Here, r; = o (@e]en)

corrects for sampling under my_,, while clipping limits overly large updates.

old >

3 DIVERSITY DEGRADATION AND INSTABILITY IN ON-POLICY
DISTILLATION

In §3.1] we first analyze token-level entropy distributions to identify diversity degradation after on-

policy distillation due to reverse KL. We then show that reverse KL produces unstable learning

signals when teacher entropy is high, with the student’s top-k predictions failing to converge in

3.1 TOKEN-LEVEL ENTROPY ANALYSIS

In domains that require complex reasoning, such as mathematical and multi-step reasoning tasks,
high-entropy tokensﬂ in the teacher model are not merely noise but encode important knowledge

"We use high-entropy token as shorthand for a token at a position where the teacher’s conditional distribution
has high entropy.
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in the form of multiple plausible reasoning paths and meaningful uncertainty (Wang et al., 2025}
Cheng et al., [2025). However, on-policy distillation may fail to properly capture this knowledge.
As discussed in §2.7] it typically minimizes the reverse KL divergence, a mode-seeking objective
that favors fast convergence at the cost of reduced exploration, thereby hindering the transfer of the
teacher’s uncertainty to the student.

To examine this effect, we generate responses from the teacher model (Qwen3-8B (Yang et al.,
2025)) and an on-policy-distilled student (Qwen3-1.7B-Base) and evaluate on AIME24 and
AIME2S5 prompts (MAA, 2025), and analyze their token entropy distributions (see for more
details on the experimental setup). We find that the distilled student retains fewer high-entropy to-
kens (entropy > 1.0) than the teacher, specifically only 6.8% compared to 18.5% of the teacher (see
in §5.4]for full histogram). This suggests that reverse KL drives aggressive mode-seeking
behavior rather than preserving the teacher’s inherent uncertainty.

3.2 INSTABILITY OF REVERSE KL-BASED REWARD

To gain insight, we first conduct a simplified toy 025

experimqnt to qnalyze how reverse .KL-based re- —— Low Entropy
ward optimization behaves under different levels 5020 —— High Entropy
of teacher uncertainty. %0‘1 5

Toy setup. We study how a student learns from © 0.10

a teacher via reverse KL policy gradients, in a i ’

setting that retains the essential characteristics of 2 0.05

having a teacher distribution with multiple modes

e
o
S

200 400 600

Training Steps

800 1000

and a student with limited coverage. To simplify 0
matters, we remove the autoregressive condition-
ing on context c;. This reduces the distributions
to categorical distributions over V' indices (here

V' = 80) and no longer requires complex LLMs.

Figure 1: Top-10 change rate for Scenario A (blue),
where the teacher distribution has low entropy, and
Scenario B (red), where the teacher distribution has

The teacher distribution Pk, is constructed as fol-
lows. We sample logits z € RY ii.d. from
N(0, 1), then overwrite five randomly chosen en-
tries with larger values {1.7,1.9,2.1,2.3,2.5} to

high entropy across 3 seeds. For Scenario B, a stu-
dent optimized with reverse KL fails to capture the
teacher’s distribution, as evidenced by frequent Top-1
token changes and highly persistently high and fluc-

ing Top-10 ch .
create five modes. We then apply temperature twating Top-10 change rates

scaling:

Pio(z) = softmax(z/T),.
We consider two scenarios: (A) 7' = 0.3, yielding a low-entropy (peaked) teacher, and (B) 7' = 1.0,
yielding a high-entropy (diverse) teacher. The teacher is fixed throughout training (see [Appendix B|
for a detailed summary and visualization of the distribution).

The student distribution Py is parameterized by learnable logits s € R initialized i.i.d. from
N(0,1). To mimic limited model capacity, we restrict sampling to the student’s top-10 indices. We
denote this capacity-limited (top-10) student distribution as Pg1o.

Optimization. At each step, we sample an index « ~ Pg10 and compute the reward
r(z) = log Pre(x) — log Psio(z),

corresponding to a sample-based estimate of the negative reverse KL. We then update the sampled
logit via s, < s, + nr(z) where 1 denotes the learning rate.

Metrics. We track two metrics during training: (1) the top-10 change rate, defined as the Jaccard

distance (Jaccard, [1901) (1 — %

and ¢; and (2) the top-1 change count, the number of times the student’s most probable index changes
between updates.

) between the sets of top-10 tokens S;_1, Sy at steps ¢ — 1
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Results. As shown in[Figure T|and[Table T} under the Table 1: Top-1 Change Count for low teacher
low-entropy teacher (Scenario A), the top-10 change entropy scenario and a high teacher entropy
rate decreases steadily and top-1 changes are rare. In  gcenario. We observe that when the teacher
contrast, under the high-entropy teacher (Scenario entropy is high, the top-1 index frequently
B), training exhibits persistent instability: the top- changes.

1 index changes frequently and the top-10 set fails

to converge. These results demonstrate that reverse-  Teacher Entropy Temp. Top-1 Change Count
KL rewards provide unstable learning signals when (A) Low 03 73416
the teacher distribution is uncertain. This motivates (B) High 1.0 84.0 + 16.7

training objectives that more directly transmit the
teacher’s distributional structure to the student.

4 ENTROPY-AWARE ON-POLICY DISTILLATION

To address the limitations of reverse KL in on-policy distillation, we propose Entropy-Aware On-
Policy Distillation (EOPD). Our key insight is that reverse KL and forward KL offer complemen-
tary strengths: reverse KL enables efficient, stable learning on confident teacher predictions, while
forward KL's mode-covering property transfers the teacher’s uncertainty and global structure. How-
ever, naively applying forward KL forces the student to cover the teacher’s full distribution, includ-
ing low-probability tails. This can degrade training efficiency, especially for students with limited
capacity (Gu et al., 2023} [Cha & Cho, 2025)).

To leverage the best of both objectives, we propose an entropy-aware strategy that selectively applies
forward KL based on the teacher’s token-level uncertainty. Specifically, we define our token-level
objective as:

LE%P(0;¢y) = L (0;¢0) + I[HE > 7] Li(0;¢y), )

where Hf® = — 3 |, Tee(2|cs) log mee(2]c;) denotes the teacher’s token-level entropy at position
t, V denotes the vocabulary, and the forward KL divergence is

L0 ¢1) = KL(meo (- | €0) | (- | e1)).

The first term £PP(#) in equation E] corresponds to the clipped reverse KL loss defined in equa-
tion The second term L£YXL(6; c;) is activated only when Hf® > 7, encouraging the student
to preserve probability mass over multiple plausible continuations. In low-entropy regions where
the teacher is confident, the objective reduces to standard reverse KL, retaining its efficiency and
fast convergence. In high-entropy regions, forward KL prevents mode collapse and preserves the
teacher’s distributional diversity. The hyperparameter 7 controls this transition; we study its effect
in[Appendix

The full objective function for EOPD is like equation f] where we bring back the expectations over
prompts q and generated tokens x, but with L8 (0; ¢;) replaced by £LEOPP(6; ¢;) in equation@ We
use Algorithm [I|to optimize this objective (See[Appendix E)). The expectations over q and x are ap-
proximated by sampling batches B (line 3 in Algorithm|[I)) and generating rollouts using the behavior
policy 7oq (line 6). The teacher is then queried to collect quantities needed to compute the objective
(line 9). For the LY (6; c;) term in equation E], the expectation in equation is approximated by a
single-sample Monte Carlo estimate as discussed previously. In effect, the clipped reverse KL loss
equation is evaluated at the token x, sampled during the rollouts. The forward KL £FXX(6; ¢;) is
approximated not by sampling, but as an expectation computed over the teacher’s top-k tokens Sf:

Te(x | €)

10
ro(@ ] e’ (10)

L0, ¢p) = Z Te(z | ct) log

z€SF
where 7+ (- | ¢;) denotes the teacher distribution renormalized over the top-k tokens SF, defined as
Tee (T | €1)

z e Sk
wesk Tee(@ | €r) !

Tee(z | €) = 5

We restrict to the teacher’s top-k tokens to ensure that the student does not have to learn from the
low-probability tails of the teacher, along with improving computational efficiency (Shum et al.,
2024} Peng et al., 2025).



Published as a workshop paper at the 1st Workshop on Scaling Post-training for LLMs

By adapting to the teacher’s local uncertainty, EOPD balances training stability with diversity preser-
vation, enabling effective knowledge transfer across both confident and ambiguous regions of the
output distribution.

5 EXPERIMENTS
We address the following research questions:

RQ1: Does EOPD improve mathematical reasoning performance compared to existing baselines?
($.2

RQ2: Does EOPD improve out-of-domain performance compared to existing baselines? (§5.3)

RQ3: How does EOPD affect the transfer of token-level uncertainty from the teacher to the student?
(5.4

RQ4: How does EOPD differ from other entropy-promoting methods in transferring teacher uncer-

tainty? (§35.9)

Beyond the above research questions, we present additional ablation studies in

5.1 EXPERIMENTAL SETTINGS

Models and Training Datasets. We conduct experiments using three Qwen3 (Yang et al.| [2025)
student models of different sizes, Qwen3-0.6B-Base, Qwen3-1.7B-Base, and Qwen3-4B-Base. We
use Qwen3-8B as the teacher model, without enabling thinking mode. For the 0.6B and 1.7B student
model, training was performed using the MATH (Hendrycks et al., 2021)) dataset, while for the 4B
student model, the more challenging DAPO (Yu et al., [2025)) dataset is used.

Evaluation Benchmarks and Metrics. We evaluate our models on MATHS500 (Hendrycks et al.,
2021), AIME24/25 (MAAL [2025), AMC23 (MAA, 2023)), Minerva (Lewkowycz et al., |2022), and
OlympiadBench (He et al., 2024), using a rollout temperature of 1.0, top-p sampling with p = 0.8,
and a maximum response length of 8192 tokens. We sample 8 responses per question and report the
average accuracy (Avg@8) and pass rate (Pass@8).

Baselines. We compare our method with several baselines:

1. Knowledge Distillation (Hinton et al.| 2015} Kim & Rush| 2016)): KD trains the student model
by minimizing forward KL divergence with respect to the teacher’s distribution, along with a
cross-entropy loss on hard labels from an off-policy dataset generated by the teacher.

2. On-Policy Distillation (Lu & Lab) [2025): The student is trained using on-policy trajectories,
following the formulation described in §2.3]

3. Group Relative Policy Optimization (GRPO) (Shao et al.,|2024): GRPO optimizes the policy
by comparing verifiable rewards across multiple sampled outputs for the same input.

Full implementation details are provided in

5.2 MAIN RESULTS

Performance on Mathematical Reasoning. As shown in Table[2] EOPD demonstrates stable per-
formance improvements across six mathematical reasoning benchmarks, achieving improved or
competitive results in terms of Avg@8 and Pass@8. In particular, compared to OPD, EOPD im-
proves Avg@8 by +1.16 and Pass@8 by +1.37 on average across the six benchmarks for the
Qwen3-0.6B-Base model, Avg@8 by +0.99 and Pass@8 by +2.39 for the Qwen3-1.7B-Base
model, and +1.80 in Avg@8 and +-5.05 in Pass@8 for the Qwen3-4B-Base model. These improve-
ments highlight the effectiveness of EOPD, particularly its ability to better transfer the teacher’s
local uncertainty.

Pass@k Performance. Pass@k measures the probability of obtaining at least one correct solu-
tion among k sampled rollouts. While Avg@Fk reflects average reasoning quality, Pass@k more
directly captures the model’s problem-solving capability by approximating best-case performance
under multiple samples. In[Appendix D] we report Pass@#k for AIME24 and AIME25 with k rang-
ing from 8 to 128, and for AMC23 with k ranging from 4 to 64. EOPD achieves consistently higher
Pass@k compared to OPD. Notably, on harder benchmarks such as AIME, the gap between the
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Table 2: Main results (accuracy %) on six mathematical reasoning benchmarks. EOPD demonstrates consis-
tent improvements across benchmarks and model scales. Parentheses indicate training data. Bold indicates best
performance and underline indicates second-best.

Mot MATHS500 AMC23 Minerva OlympiadBench AIME24 AIME25
Avg@8 Pass@8 Avg@8 Pass@8 Avg@8 Pass@8 Avg@8 Pass@8 Avg@8 Pass@8 Avg@8 Pass@8
Qwen3-0.6B-Base (MATH)
KD 47.80 69.60 2343 52.50 18.61 36.03 18.15 36.59 2.19 6.67 0.83 6.67
GRPO 51.83 74.40 25.25 55.00 20.08 35.66 18.91 34.96 4.58 10.00 0.83 10.00
OPD 50.09 73.20 24.69 57.50 19.98 34.93 20.15 37.19 2.50 10.00 1.25 6.67
EOPD 52.02 76.00 27.81 55.00 20.82 37.13 19.52 39.56 417 13.33 1.25 6.67
Qwen3-1.7B-Base (MATH)
KD 63.80 84.20 38.11 70.00 28.14 44.10 27.66 48.40 10.06 20.00 3.36 16.67
GRPO 68.83 84.60 40.62 70.00 29.46 48.16 29.89 50.81 9.17 20.00 4.58 16.67
OPD 67.76 84.80 39.06 70.00 29.83 47.06 30.09 51.56 8.33 20.00 6.25 16.67
EOPD 68.73 87.60 41.88 75.00 30.15 50.74 30.28 51.11 10.42 23.33 5.83 16.67
Qwen3-4B-Base (DAPO-Math-14k)
KD 74.73 9220 48.13 85.00 34.65 55.15 3733 62.52 12.50 30.00 12.08 2333
GRPO 80.47 91.00 58.44 75.00 40.81 55.51 43.37 60.74 14.85 30.00 12.66 26.67
OPD 78.81 90.80 57.33 80.06 40.08 54.00 42.10 58.80 18.33 26.67 12.08 30.00
EOPD 80.20 93.00 60.94 87.50 39.71 56.99 43.24 63.11 17.92 36.67 17.50 3333

two methods widens as k increases. This suggests that EOPD more effectively explores diverse
reasoning trajectories, thereby increasing the likelihood of reaching a correct solution.

5.3 OUT-OF-DOMAIN EVALUATION

reports performance on out-of-domain benchmarks for the Qwen3-1.7B-Base student:
GPQA-Diamond (Rein et al., 2024), MMLU-Pro (Wang et al.l [2024), and AlpacaEval 2.0 (Dubois
et al., [2024])), which evaluate general reasoning and instruction-following abilities. Although trained
exclusively on math data, OPD and EOPD exhibit stable performance increases over KD and GRPO
across these benchmarks, indicating that on-policy distillation transfers useful reasoning behaviors
beyond the training distribution.

Furthermore, EOPD outperforms OPD on all out-of-domain benchmarks except for AlpacaEval 2.0
win rate. This suggests that selectively incorporating teacher guidance on high-uncertainty tokens
also provides additional benefits for general reasoning and instruction-following as well.

Table 3: Out-of-domain benchmark results on  Table 4: Comparison with entropy-driven explo-

Qwen3-1.7B-Base student, covering general reason-
ing and instruction following. Our method achieves
higher average accuracy and pass@8 on general
reasoning, and is competitive or superior in win
rate (WR) and length-controlled win rate (LC-WR).
Best and second-best results are shown in bold and

ration baselines for the Qwen3-1.7B-Base student.
EOPD achieves higher Avg@8 and Pass@8 com-
pared to the other baselines. Bold indicates best per-
formance and underline indicates second-best.

Entropy Advantage

underline, respectively. Benchmark — Metric "¢ Shaping EOPD
Benchmark Metric KD GRPO OPD EOPD MATHS00 ? :Sgs(gz % % ggzg
craabimnd pley o s min s awen MRS RS el g
MMLU-Pro Pass@1 37.54 4146 4226 43.20 Ave @8 958 575 T
Alpacabral 20 (CWR 930 1086 e A AIME24  pis@8 2000 2333 2333

AME2S  pIRCY ler 2000 1667

5.4 TOKEN-LEVEL ENTROPY ANALYSIS

To support the hypothesis that EOPD more effectively explores diverse reasoning trajectories, we
conduct a token-level analysis of uncertainty transfer from the Qwen3-8B teacher to the Qwen3-
1.7B-Base student. Following §3.1] we compare students trained with OPD and EOPD on the
AIME24 and AIME25 benchmarks.

For each generated token, we compute the entropy of the model’s predicted distribu-
tion conditioned on the preceding context. aggregates these values into a his-
togram. In the mid-entropy range (approximately 0.1-1.0), OPD and EOPD exhibit simi-
lar distributions and remain close to the teacher. The key difference emerges at higher en-
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tropy values (entropy > 1.0): EOPD retains substantially more probability mass in this
region and stays much closer to the teacher, whereas OPD markedly under-represents it.

High-entropy tokens correspond to intrinsically am-

75 [ Teacher
biguous decision points where the teacher assigns & — OPD
non-negligible probability to multiple plausible con- EO 50 == EOPD
tinuations.  Therefore, preserving a teacher-like &
distribution at these positions is likely important. §25
We hypothesize that EOPD’s improved preservation &
of high-entropy tokens mitigates premature over- 0 [0 e H—H

0.0-0.1 0.1-04 04-0.7 0.7-1.0 >=1.0

confidence and mode collapse, contributing to the
Entropy Range

downstream performance gains observed in §5.2]

55 COMPARISON Flgure 2: Token-level entropy histograms com-

E D B paring the Qwen3-8B teacher with Qwen3-1.7B-
WITH ENTROPY-DRIVEN BASELINES Base trained using OPD and EOPD on the AIME
2024 and 2025 benchmarks. While both methods

We compare our method with entropy-based ap- v N .
P Py P exhibit similar distributions to the teacher in the

proaches commonly used to encourage exploration .

: f | . Specificall 1 mid-entropy range, EOPD preserves more prob-
in reinforcement learning. Specifically, we evaluate piji macs in the high-entropy region, staying
the Qwen3-1.7B-Base student using two strategies: ([oser to the teacher than OPD.

an entropy bonus (Schulman et al.,2017), which ex-

plicitly regularizes the policy toward higher entropy, and advantage shaping (Cheng et al., 2025)),
which augments the advantage with an entropy-dependent term to bias updates toward high-
uncertainty actions. Detailed implementation details are provided in

As shown in[Table 4] EOPD outperforms both baselines across several benchmarks. To explain these
gains, we analyze entropy dynamics and forward KL at high-entropy positions (Figure §).
OPD + Advantage Shaping exhibits substantially lower training entropy than other methods, indi-
cating limited diversity and explaining its poor performance. However, EOPD and OPD + Entropy
Bonus maintain similar entropy levels, so entropy alone does not explain EOPD’s advantage. Look-
ing at the forward KL at positions where the teacher’s entropy exceeds 7 = 0.8, EOPD achieves
consistently lower values than OPD + Entropy Bonus, indicating better alignment with the teacher
in uncertain regions. Overall, these results show that preserving entropy alone is insufficient for the
student to match the teacher’s diversity, especially in high-entropy regions.

6 RELATED WORK

Knowledge Distillation (Bucilua et al., 2006; Hinton et al 2015) trains a smaller model to ap-
proximate a larger model’s output distribution. For auto-regressive models, various approaches have
been proposed, including matching token-level distributions (Sanh et al., 2019), teacher-generated
sequences (Kim & Rush, 2016)), attention scores (Wang et al.,[2020), and alternative divergence ob-
jectives (Wen et al., 2023} Ko et al.| [2024; [Shing et al., 2025)) to overcome limitations of forward
and reverse KL. To address exposure bias from the mismatch between teacher-generated training
data and self-generated sequences at inference (Bengio et al., 2015; [Ranzato et al., 2015)), several
on-policy methods have been proposed, including combining off-policy and on-policy data (Lin
et al., 2020; |Agarwal et al., [2024)), reverse KL over student-generated contexts (Gu et al., 2023 Lu
& Lab) 2025)), and interleaved sampling (Xu et al., |2024)). In this paper, we build upon on-policy
distillation (Lu & Lab, 2025)) by leveraging dense teacher supervision and effectively transferring
the teacher’s uncertainty based on its entropy.

Reasoning Abilities of Language Models have advanced through prompting (Wei et al.|[2022; [Yao
et al., |2023), test-time scaling (Muennighoff et al., [2025} [Snell et al., [2024), and distillation from
larger models (Guha et al., [2025} |He et al., 2025; |Guo et al., 2025). Recently, RL methods have
received particular attention, including methods that optimize verifiable rewards (Shao et al.| [2024;
Yu et al., |2025; [Liu et al.| 2025)) or apply step-level supervision using process reward models (Ue-
sato et al., 2022; |[Lightman et al., |2023)). In addition, Cheng et al.| (2025); Wang et al.| (2025)) have
proposed entropy-based methods to encourage exploration during training. Instead of relying on in-
trinsic entropy for exploration, our method uses teacher-guided KL selection to transfer uncertainty
and distributional structure.
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7 CONCLUSION

We study on-policy distillation for language models and identify a key limitation of the reverse-KL
objective: its mode-seeking nature can collapse generation diversity and destabilize learning at to-
ken positions where the teacher distribution has high entropy. To address this, we introduce EOPD,
which adapts the on-policy distillation objective and selectively applies forward-KL for high-entropy
teacher tokens. Empirically, EOPD better preserves the teacher-like distribution while retaining on-
policy training efficiency, yielding consistent gains over standard on-policy distillation on six math-
ematical reasoning benchmarks Overall, our results demonstrate that explicitly modeling teacher
uncertainty is essential for stable, diverse, and effective knowledge transfer.
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A IMPLEMENTATION DETAILS

In this section, we provide implementation details of EOPD and other baselines in our experiments.

Off-policy Training. We perform off-policy distillation using DistillKit|Goddard & Atkins|(2024).
The hyperparameters for all off-policy distillation experiments are summarized in In this
setting, we first sample a response from the teacher model for each question, and then train the
student model on the resulting teacher context using a combination of cross-entropy loss and forward

KL loss.

Table 5: Hyperparameters used for Off-policy distillation.

Hyperparameter Value

Learning rate le-5

LR scheduler type cosine
Optimizer AdamW

CE loss weight 0.5

KL loss weight 0.5

Training Batch size 128

Training epoch 3

Cutoff length 4096

Top-k 16

On-policy Training. On-policy distillation and GRPO are implemented using the verl |Sheng
et al.| (2024) framework. As shown in[Table 6] we use a batch size of B = 128 and a mini-batch
size of Bppi = 32, which results in four gradient update steps per training iteration. For on-policy
distillation, we generate a single rollout per problem during training. In contrast, for GRPO, we
generate eight rollouts per problem to enable relative comparison among trajectories.

Table 6: Hyperparameters used for On-policy distillation and GRPO.

Hyperparameter OPD, EOPD GRPO
Learning rate 3e-6 3e-6
LR scheduler type cosine cosine
Optimizer AdamW AdamW
Training batch size 128 128
Mini batch size 32 32
Samples per prompt 1 8
Max response length 4096 4096
Top-k (for FKL) 16 -
Training temperature 1.0 1.0
Training epoch 3 (MATH), 2 (DAPO) | 3 (MATH), 2 (DAPO)

Chat Template. During model training, for knowledge distillation, we used the same chat template
as the teacher model to effectively learn the teacher distribution. Since the teacher model used in
our experiments was the Qwen3-Instruct [Yang et al.[ (2025) model in non-thinking mode, the chat

template was defined as follows:
<|im_start |>user\n{query}<|im_end|>\n<|im_start|>assistant\n<think>

\n\n</think>

For GRPO training, we used the default chat template of the Qwen3-Base model. The template used

is as follows:
<|im_start|>user\n{query}<|im_end|>\n<|im_start|>assistant\n

12
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Figure 3: Teacher—student distributions under low and high-entropy scenarios. When the teacher
distribution has low entropy, the student model accurately converges to the teacher. In contrast,
when the teacher distribution has high entropy, optimization with reverse KL based reward leads the
student to align with a few dominant indices of the teacher distribution, while the global structure is
not fully approximated.

Entropy Bonus. Entropy Bonus[Schulman et al.| (2017) adds the policy entropy directly to the op-
timization objective, discouraging premature policy convergence and encouraging stochastic action
selection during training.

Advantage Shaping. Advantage Shaping Cheng et al.[(2025) augments the advantage function by
adding a gradient-detached entropy term shaped by ¢ (-):

Ay — Ay + Y (Hy).

This mechanism encourages the model to reinforce uncertain decisions when A; > 0 by provid-
ing additional reward, while reducing the penalty for uncertain decisions when A; < 0, thereby
promoting more exploratory reasoning behavior.

Here, the shaping function ¢ (-) is defined as

¥ (H4) = min (aH?e‘““, 'Aﬁt') : (11)

where o > 0 and £ > 1 are hyperparameters. In the experiment described in we
follow the setup of |Cheng et al.|(2025) and set o = 0.1 and k = 2.

B Toy EXPERIMENT VISUALIZATIONS

In this section, we present visualizations of the toy experiment under each scenario. As shown in
IFigure 3| when the teacher distribution exhibits low entropy, the student model converges closely
to the teacher distribution. However, when the teacher distribution has high entropy, optimization
using a reverse-KL-based reward causes the student to concentrate on a small number of dominant
indices. As a result, the global structure of the teacher distribution is not fully captured.
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C EVALUATION DETAILS

Math reasoning benchmarks (six datasets) and the GPQA-Diamond |Rein et al.| (2024) evaluation
were conducted using the evaluation pipeline released with Qwen2.5-Math [Yang et al.| (2024).
All experiments were performed in a zero-shot setup. During sampling, the maximum sequence
length was set to 8192, with temperature = 1.0 and top-p = 0.8. We report both average@k and
pass@k as evaluation metrics. For all problems, the same prompt template was appended at the
end: ‘‘Please reason step by step, and put your final answer within
\boxed{}.""’

For out-of-distribution (OOD) evaluation, MMLU-Pro Wang et al|(2024) was evaluated under the
default 5-shot setting (examples are sampled from the validation set), while all other configura-
tions were kept identical to those used in the math reasoning benchmarks. The prompt template
for MMLU-Pro is specified below. For AlpacaEval Dubois et al|(2024), we followed the default
evaluation protocol and used the annotator model weighted_alpaca_eval_gpt4_turbo to report both
win rate and length-controlled win rate against gpt4_turbo |Achiam et al.| (2023)).

The following are multiple choice questions (with answers)
about {$}. Think step by step and then finish your answer
with Y‘the answer is (X)’’ where X is the correct letter
choice.

14
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Figure 4: Pass @k performance comparison between OPD and EOPD on the AIME and AMC bench-
marks of the Qwen3-0.6B Base student.
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Figure 5: Pass@Fk performance comparison between OPD and EOPD on the AIME and AMC bench-
marks of the Qwen3-1.7B Base student.
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Figure 6: Pass @k performance comparison between OPD and EOPD on the AIME and AMC bench-
marks of the Qwen3-4B Base student.

[Figure 4] [Figure 5| and [Figure 6| show the Pass@k performance across different values of k for
the Qwen3-0.6B-Base, Qwen3-1.7B-Base, and Qwen3-4B-Base models, respectively. Compared to
OPD, EOPD achieves better performance on AIME24/25 MAA|(2025)) and AMC23 MAA|(2023)).
On harder benchmarks such as AIME, the performance gap between the two methods widens as k

increases. This suggests that EOPD more effectively explores diverse reasoning trajectories, thereby
increasing the likelihood of reaching a correct solution.
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E MAIN ALGORITHM

Algorithm 1 Entropy-Aware On-Policy Distillation

Require: Teacher policy 7, student policy g
Require: Entropy threshold 7, Top-k size k
Require: PPO clip ¢, learning rate n
Require: Training dataset D

1: for each training iteration do

2: Set Mo < T0
3:  Sample a prompt batch B = {q;}2, C D
4:  Rollout buffer R <
5.  for each prompt q € 55 do
6: Sample X = (21,...,2x|) ~ 7o, (- | Q)
7: fort =1to| x|do
8: Context ¢; = (q, T<¢)
9: Query teacher Q;: (log e (24 | €4), HE®, SF)
10: end for
11: Store trajectory-level data:
(qa X, {Qt I:il) - R
12:  end for
13:  for each mini-batch gradient step do
14: Sample a mini-batch of prompts By C R
|x|
15: L) = _ Z ZEEOPD(H; c;) using equation
Z(%x)el’j’mini x| (@,X) € Bt t=1
16: Update parameters: 6 <— 6 —nVyL(60)
17:  end for
18: end for

Algorithm [T]implements the entropy-aware on-policy distillation objective introduced in Section [4]
combining clipped reverse KL with a selectively activated forward KL term based on the teacher’s
token-level entropy. At each iteration, the student generates rollouts using a behavior policy, queries
the teacher to obtain token-level log probability, entropy, and top-k distributions, and updates its pa-
rameters by optimizing the EOPD objective. This procedure enables efficient and stable knowledge
transfer while preserving the teacher’s uncertainty in high-entropy regions.
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F ADDITIONAL ABLATIONS

Impact of Entropy Threshold 7. The entropy
threshold 7 is a hyperparameter that controls when
the forward KL objective is activated based on the
teacher model’s token-level uncertainty. A lower
T activates forward KL at more tokens, thereby in-
creasing its overall influence during training, while
a higher 7 restricts forward KL to only a small sub-
set of tokens where the teacher exhibits the highest
uncertainty. As shown in EOPD demon-
strates stable performance across a wide range of 7
values, indicating that the method is not highly sen-
sitive to this hyperparameter. Also, we observe an
overall trend where Pass@8 performance decreases

MATHS500 AMC23
Avg@8 Pass@8 Avg@8 Pass@8

0.6 68.24 86.80 39.69 75.00
0.8  68.73 87.60 41.88 75.00
1.0 67.58 84.00 41.53 72.50
1.2 64.82 84.80 39.69 75.00
14 67.61 83.80 38.72 72.50
1.6  68.10 84.00 39.62 70.00

Table 7: Performance with respect to the thresh-
old 7 for the Qwen3-1.7B-Base student. EOPD is
not highly sensitive to 7, although Pass@8 accu-
racy generally decreases as 7 increases.

as 7 increases. This suggests that restricting the application of forward KL can inhibit the trans-
fer of the teacher’s uncertainty and diverse reasoning trajectories. Overall, the best performance is
obtained at 7 = (.8, and we use this value for all other experiments in this paper.

Impact of Forward KL Placement. To study the impact of token selection for application of
forward KL, we compare EOPD against two alternative forward KL augmentation strategies for the
Qwen3-1.7B-Base student: full forward KL, applied at all token positionsﬂ, and random forward

KL, applied to a randomly selected 20% of positionsﬂ

As shown in[Table 8 EOPD shows competitive performance compared to full and random forward
KL. Notably, random forward KL underperforms the other two approaches across all benchmarks,
suggesting that the placement of forward KL on appropriate positions, like EOPD is important.

Method MATH500 AMC23 AIME24 AIME25
Avg@8 Pass@8 Avg@8 Pass@8 Avg@8 Pass@8 Avg@8 Pass@8
Full 67.58 86.20 39.39 75.00 8.75 23.33 5.00 20.00
Random 67.33 84.80 36.88 67.50 7.92 20.00 542 13.33
EOPD 68.73 87.60 41.88 75.00 10.42 23.33 5.83 16.67

Table 8: Comparison with different forward KL placement strategies for the Qwen3-1.7B-Base
student. EOPD shows competitive performance against full and random forward KL, while random
forward KL underperforms the other two approaches. Bold indicates the best performance and

underline indicates second-best.

This can be viewed as a variant of GKD (Agarwal et al., 2024) that jointly optimizes the forward and

reverse KL divergences.

3This choice is motivated by experiments with EOPD at 7 = 0.8, where, as shown in|Figure 9| forward KL

is applied to approximately 15-20% of tokens on average.
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G TRAINING DYNAMICS COMPARED WITH ENTROPY-DRIVEN BASELINES
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Figure 7: Average policy entropy during training
for the Qwen3-1.7B-Base student trained with OPD
+ Entropy Bonus, OPD + Advantage Shaping, and
EOPD. Advantage Shaping converges to a lower en-
tropy regime, while Entropy Bonus maintains entropy
levels comparable to EOPD.
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Figure 8: Average forward KL divergence measured
during training at token positions where the teacher
distribution exhibits high entropy (entropy > 0.8) for
the Qwen3-1.7B-Base student. Compared to other
baselines, EOPD maintains lower forward KL values
throughout training.

Figure and Figure[Figure 8|summarize the evolution of training behavior for entropy-driven
baselines and EOPD in the Qwen3-1.7B-Base setting. Figure[Figure 7tracks how the policy entropy
changes over the course of training, showing that Advantage Shaping leads to a progressively more
deterministic policy, whereas OPD + Entropy Bonus and EOPD retain broader action distributions.
Figure depicts the forward KL divergence evaluated at token positions where the teacher
distribution has high entropy, indicating the degree to which each method follows the teacher in
regions of elevated uncertainty. These training dynamics complement the performance comparisons

reported in [subsection J.
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H HIGH ENTROPY TOKEN RATIO

shows the ratio of high-entropy tokens measured on rollouts generated by the student model
during EOPD training, where entropy is computed from the teacher model. High-entropy tokens are
defined as token positions whose teacher entropy exceeds a threshold 7 (= 0.8), indicating regions
where the teacher exhibits higher uncertainty.

As shown in the figure, the proportion of high-entropy tokens is relatively high during the early
stages of training and decreases as training progresses. After convergence, the ratio stabilizes at
approximately 15% to 20%.

This observation motivates the random forward KL setting in where forward KL is
applied to a randomly selected 20% of token positions. In this setting, the ratio of tokens receiv-
ing forward KL is matched to EOPD , while the token selection is independent of the teacher’s
uncertainty, serving as a controlled baseline.

Token ratio

Token Ratio
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Figure 9: Ratio of tokens with high teacher entropy in rollouts produced by the student model during
EOPD training.
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