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Abstract

Benign overfitting refers to the phenomenon where a over-paramterized model fits
the training data perfectly, including noise in the data, but still generalizes well to
the unseen test data. While prior work provide a solid theoretical understanding
of this phenomenon under the in-distribution setup, modern machine learning of-
ten operates in a more challenging Out-of-Distribution (OOD) regime, where the
target (test) distribution can be rather different from the source (training) distribu-
tion. In this work, we take an initial step towards understanding benign overfitting
in the OOD regime by focusing on the basic setup of over-parameterized linear
models under covariate shift. We provide non-asymptotic guarantees proving that,
when the target covariance satisfies certain structural conditions, benign overfit-
ting occurs in standard ridge regression even under the OOD regime. We identify
a number of key quantities relating source and target covariance, which govern the
performance of OOD generalization. Our result is sharp, which provably recov-
ers prior in-distribution benign overfitting guarantee (Tsigler & Bartlett, 2023), as
well as under-parameterized OOD guarantee (Ge et al., 2024) when specializing
to each setup. Moreover, we also present theoretical results for a more general
family of target covariance matrix, where standard ridge regression only achieves
a slow statistical rate of O(1/+/n) for the excess risk, while Principal Component
Regression (PCR) is guaranteed to achieve the fast rate O(1/n), where n is the
number of samples.

1 Introduction

In modern machine learning, distribution shift has become a ubiquitous challenge where models
trained on a source data distribution are tested on a different target distribution (Zou et al., 2018;
Hendrycks & Dietterich, 2019; Guan & Liu, 2021; Koh et al., 2021). Generalization under distribu-
tion shift, known as Out-of-Distribution (OOD) generalization, remains a fundamental issue in the
practical application of machine learning (Recht et al., 2019; Hendrycks et al., 2021; Miller et al.,
2021; Wenzel et al., 2022). While there has been extensive work on the theoretical understanding
of OOD generalization, most of it has focused on under-parameterized models (Shimodaira, 2000;
Lei et al., 2021; Ge et al., 2024; Zhang et al., 2022). However, over-parameterized models, such
as deep neural networks and large language models (LLMs), which have more parameters than
training samples, are widely used in modern machine learning. Surprisingly, despite the classic
bias-variance tradeoff for under-parameterized models, over-parameterized models tend to overfit
the data while still achieving strong in-distribution generalization, a phenomenon known as benign
overfitting (Hastie et al., 2022; Shamir, 2023) or harmless interpolation (Muthukumar et al., 2020).
Therefore, it is crucial to theoretically understand how benign overfitting shapes OOD generalization
in over-parameterized models.
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It is established in overparameterized models that “benign overfitting” occurs when the data essen-
tially resides on a low-dimensional manifold. The manifold assumption (Belkin & Niyogi, 2003) is
widely applicable across image, speech and language data, where although features are embedded
in a high-dimensional ambient space, their generation is governed by a few degrees of freedom im-
posed by physical constraints (Niyogi, 2013). Specifically, the covariance matrix of the data should
be characterized by several major directions with large eigenvalues while the remaining directions
are high-dimensional but have smaller scale. In this setting, even though the estimator may over-
fit the noise, it can still capture the signal in the major directions while the noise is dampened in
the minor directions. Recent non-asymptotic analyses have provided upper bounds on the excess
risk for the minimum-norm interpolant and over-parameterized ridge estimator under this frame-
work (Bartlett et al., 2020; Hastie et al., 2022; Tsigler & Bartlett, 2023).

However, theoretical characterization of OOD generalization in over-parameterized models remains
elusive. In this paper, we take an initial step toward characterizing OOD generalization in over-
parameterized models under general covariate shift, a standard assumption for OOD generaliza-
tion (Ben-David et al., 2006), where the conditional distribution of the outcome given the covariates
remains invariant. We derive the first vanishing, non-asymptotic excess risk bound for ridge regres-
sion and minimum-norm interpolation, assuming that the source covariance is dominated by a few
major eigenvalues, which satisfies the benign overfitting condition. But we allow the target covari-
ance to be arbitrary. This result contrasts with recent work that either addresses only a restrictive
form of covariate shift (Hao et al., 2024; Mallinar et al., 2024) or provides excess risk bounds that
asymptotically remain above a constant (Tripuraneni et al., 2021b; Hao et al., 2024).

In summary, our excess risk bound identifies several key quantities that relate the source and target
covariance, suggesting that “benign overfitting” occurs when these quantities are well controlled. In
such cases, the target distribution data lies on the low-dimensional manifold of the source distribu-
tion. Otherwise, ridge regression may incur excess risk, lower bounded by the slow statistical rate
of O(1/+/n). In contrast, we show that principal component regression (PCR) achieves the fast rate
of O(1/n) in such scenarios.

Our contributions.

1. We provide a sharp, instance-dependent excess risk bound for ridge regression (Theorem 2). Our
result applies to any target distribution, requiring only that the source covariance be dominated
by a few major eigenvectors and that the minor components are high-dimensional. We show
that ridge regression exhibits “benign overfitting,” achieving excess risk comparable to the in-
distribution case, provided that certain key quantities relating the source and target distributions
are bounded. Importantly, this condition requires that the overall magnitude of the target co-
variance along the minor directions scales similarly to, or smaller than, that of the source, but
it does not depend on the spectral structure of the target covariance. Our results recover the in-
distribution bound from Tsigler & Bartlett (2023) when the source and target match, and also
recover the sharp bound from Ge et al. (2024) for under-parameterized linear regression under
covariate shift when the minor components vanish.

2. We extend our analysis by examining the scenario where the target distribution has significant
components in the minor directions. In this scenario, ridge regression incurs a higher error rate
compared to the in-distribution setting, specifically the slow statistical rate of O(1/+/n) in some
instances (Theorem 4). However, we demonstrate that principal component regression ensures
a fast rate of O(1/n) in these cases, provided that the true signal primarily lies in the major
directions of the source (Theorem 5). Additionally, PCR does not rely on the minor directions of
the source distribution being high-dimensional, highlighting its advantage over ridge regression
in such settings.

1.1 Related work

Over-parameterization. The success of over-parameterized models in machine learning has
sparked significant research on their theoretical foundations. Harmless interpolation (Muthukumar
et al., 2020) or benign overfitting (Shamir, 2023) describes cases where linear models interpolate
noise yet still generalize well. Double descent in prediction error is also observed as the ambient
dimension surpasses the number of training samples (Nakkiran, 2019; Xu & Hsu, 2019).
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Research in this field can be divided into two categories based on assumptions about the spectral
structure of the sample covariance. The first category assumes an almost isotropic sample covari-
ance matrix with a bounded condition number or an isotropic prior distribution of parameters (Belkin
et al., 2020). In this case, a limiting covariance spectral structure may emerge when n < d and both
tend to infinity, allowing for asymptotic risk bounds (Dobriban & Wager, 2018; Richards et al.,
2021). However, ridgeless regression is sub-optimal in this setting unless the signal-to-noise ratio
is infinite (Wu & Xu, 2020), and non-asymptotic error bounds are lacking. Our work falls into the
second category, focusing on covariance model where a small number of eigenvalues dominate the
sample covariance, and the signal is concentrated in the subspace spanned by the leading eigen-
vectors (Bibas et al., 2019; Chinot & Lerasle, 2022; Hastie et al., 2022). Linear regression can
be optimal without regularization under this covariance structure (Kobak et al., 2020), which is of
practical interest because ridgeless regression is equivalent as gradient descent from zero initializa-
tion (Zhou et al., 2020). Sharp non-asymptotic bounds for variance and bias in ridge regression have
been derived (Bartlett et al., 2020; Tsigler & Bartlett, 2023).

Extending the analysis of ridgeless estimators (i.e., minimum norm interpolants), uniform conver-
gence bounds for generalization error have been studied for all interpolants with arbitrary norms.
However, uniformly bounding the difference between population and empirical errors generally
fails to ensure a consistent predictor (Zhou et al., 2020), necessitating strong assumptions on dis-
tributions (Koehler et al., 2021) or hypothesis classes (Negrea et al., 2020). Over-parameterization
theory for linear models has also been applied to two-layer neural networks approximated via kernel
ridge regression (Liang et al., 2020; Ghorbani et al., 2020, 2021; Bartlett et al., 2021; Mei & Monta-
nari, 2022; Mei et al., 2022; Montanari & Zhong, 2022; Simon et al., 2023), though this lies beyond
the scope of the present work.

Out-of-Distribution generalization. Out-of-Distribution generalization is well studied for under-
parameterized models, particularly in transfer learning between two distributions, where labeled
source data is combined with unlabeled target data to train models. For covariate shift, importance
weighting (Cortes et al., 2010; Agapiou et al., 2017) is asymptotically optimal when using density
ratio as weights (Shimodaira, 2000). More generally, the theoretical limits of transfer learning are
explored through minimax lower bounds for bounded distribution shifts, measured by divergence
metrics (Mousavi Kalan et al., 2020; Zhang et al., 2022). A number of algorithms are proposed to
achieve matching upper bounds (Lei et al., 2021). However, Ge et al. (2024) shows that even without
target data, vanilla MLE (Empirical Risk Minimization, ERM) is minimax optimal for well-specified
models under covariate shift, with a sharp 1/n excess risk bound based on Fisher information.

Research on over-parameterized models under distribution shift has largely focused on covariate
shift in linear regression. Importance weighting for over-parameterized models (Chen et al., 2024)
and general sample reweighting offer no advantage over ERM since both converge to the same esti-
mator via gradient descent (Zhai et al., 2022). Consequently, much literature focuses on minimum-
norm interpolation as the natural ERM solution. For isotropic signals, Tripuraneni et al. (2021a)
prove that over-parameterization improves robustness to covariate shift, deriving an asymptotic gen-
eralization bound decreasing with d/n. Under the essentially low-rank covariance model, Hao et al.
(2024) derive a non-asymptotic bound for a specific covariate shift where features are translated by
a constant but the covariance matrix is preserved. However, a constant excess risk remains in their
bound due to estimation variance. Kausik et al. (2024) study a linear model with additive noise
on covariates when data strictly lies in a low-dimensional subspace, also showing a non-vanishing
bound. Mallinar et al. (2024) investigate minimum-norm interpolation with independent covariates
and simultaneously diagonalizable source and target covariance matrices, allowing them to directly
extend in-distribution bounds of Bartlett et al. (2020); Tsigler & Bartlett (2023). Still, their esti-
mation bias bound is looser than ours due to a gap compared to Tsigler & Bartlett (2023)’s sharp
bound even when the source matches the target. In contrast, our work achieves the first vanishing
non-asymptotic error bound for general covariate shift, assuming only finite second moments for the
target covariance matrix.

There also exist a line of work that considers non-parametric models under covariate shift (Kpotufe
& Martinet, 2018; Hanneke & Kpotufe, 2019; Pathak et al., 2022; Ma et al., 2023), presenting
minimax results controlling by a transfer-exponent that measures the similarity between source and
target, though this lies beyond the scope of our work.



145
146
147
148
149
150
151

152
153
154
155
156
157
158
159
160
161

162

163

164
165
166
167
168
169
170
171

172
173
174
175

176
177
178

179

180
181
182

183
184
185

186
187

188

189
190

Principal component regression. Principal component regression (PCR) has been designed as
a method of treating multicollinearity problems in high-dimensional linear regression, where the
covariates have a latent, low-dimensional representation (Massy, 1965; Jeffers, 1967; Jolliffe, 1982;
Jeffers, 1981). PCR has been widely used in statistics (Liu et al., 2003), chemometrics (N&s &
Martens, 1988; Sun, 1995; Vigneau et al., 1997; Depczynski et al., 2000; Keithley et al., 2009),
construction management (Chan & Park, 2005), environmental science (Kumar & Goyal, 2011;
Hidalgo et al., 2000), signal processing (Huang & Yang, 2012) and etc.

Regarding the theory for PCR, Hadi & Ling (1998) give conditions under which PCR will fail. Bair
et al. (2006) suggest selecting principal components based on their association with the outcome,
and provide corresponding asymptotic consistency results. Xu & Hsu (2019) give asymptotic risk
bounds for PCR, under different number of selected components k. They show that the “double
descent” behaviour also happens in PCR when k/d grows, where d is the data dimension. Most
related to our work, Agarwal et al. (2019) provide non-asymptotic error bounds of PCR, and show
that the error will decay as O(1/+/n) (n is the sample size) given that all the singular values of the
data matrix are of the same order. Agarwal et al. (2020) further improves the rate to O(1/n). How-
ever, the aforementioned two results both consider fixed design with strict low-rank assumptions,
therefore not applicable to our setting of OOD-generalization.

2 Covariate shift setup under over-parameterization

2.1 Data with covariate shift

We address the out-of-distribution (OOD) generalization of over-parameterized models under co-
variate shift, where the covariates, denoted by a random vector x € R4, follow different distribu-
tions during training and evaluation. Specifically, we assume that the training data is sampled from
a source distribution Pg, and the learned model is subsequently applied to data from an unknown
target distribution Pr. Let the covariates be zero-mean on the source distribution, and define the
covariance matrix as Xg := E . pg [xxT] Since we can always choose an orthonormal basis such
that X g becomes diagonal, we express Xg = diag(A1,-- -, A\g) without loss of generality, where
the eigenvalues are arranged in non-increasing order: A; > --- > Ay > 0. Moreover, we assume
sub-gaussianity of the source covariates, i.e., Z;l/ 2z is o-sub-gaussian where the precise definition
of sub-gaussian norm is given in section A. We consider a general covariate distribution for the tar-
get, assuming only that it has a finite second moment, denoted by X7 := E; p,. [:m:T], which is
not necessarily diagonal.

We consider a linear response model that remains consistent across the source and target distribu-
tions. The outcome follows y = 2T B* + €, where B* € R represents the true parameter, and € is
an independent noise with zero-mean and variance v2.

2.2 Learning procedure and evaluation

The learning procedure involves training a linear model with n i.i.d. samples {(z;,y;)}"; drawn
from the source distribution. Define X := (x1,....,z,)7 € R™¥9 Y = (yi,...,yn)" and € :=
(€1, ..., €x)T. We focus on models 3(Y) that are linear in Y, allowing us to write 3(Y) = B(X 3*)+

B(€). We consider ridge regression and principal component regression as two instances of such
algorithms. With a regularization coefficient A > 0, the ridge estimator in the over-parameterized
setting, where n < d, is defined as:

BY)=XT(XXT +AL,) Y.

The algorithm is assessed on the target distribution by its excess risk relative to the true model,
expressed as the following equation:

= S 2 © 2 = 1|2
R(B(Y)) = Eynr, [(y =" BY))" = (y =2 87)"] = [|BY) = 87|,
where we define ||x|| 4 := V&T Az for any positive semi-definite matrix A. The metric of interest is

the expected excess risk with respect to the noise, given by E [R(53(Y))]. Following from the lin-
earity of the model, the expected excess risk can be decomposed into bias and variance components:

E[R(B(YV))] = Ec[|B(e)|5, + |B(X5") - 5",

4
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where we define the variance as V' := IEeHE(e)HQZT and the bias as B := HB(XB*) - ﬁ*szT.

2.3 The structure of covariance in benign overfitting

Throughout this paper, we follow the convention of Tsigler & Bartlett (2023), consider the source
covariance matrix 2 g that has only a few number of high variance directions but a very large number
of low variance directions with similar magnitude. We will also refer to those high variance direc-
tions of the source as “major directions”, and those low variance directions as “minor directions”.
We denote the number of major directions as k. For remaining d — k minor directions, we use the
following notions of effective ranks to approximately capture the number of directions that have a
similar scale. Let the ridge regularization coefficient be A > 0, we define:

2
AN R, = (A+ 250 N)
— ) k -— .

Aket1 PR
We have 1 < r, < Ri. When A = 0, we further have R, < d — k. We denote the first k columns
of X as X}, and the remaining d — k columns as X _j. Correspondingly, we partion 5* into 3

and 8* .. The covariance matrix blocks along the diagonals are denoted by X5 1, X5 i, X7,% and
Y7, —. To facilitate our presentation, we define

Tk

_1 _1
T=%s:Yrx853, U=3s 130k, V=33_4 (1)

These quantities turn out to be crucial in the analysis.

3 Over-parameterized ridge regression

In the context of in-distribution generalization for overparameterized linear models, Bartlett et al.
(2020) and Tsigler & Bartlett (2023) demonstrate that the ridge estimator (minimum-norm interpo-
late estimator as a special case) can effectively learn the signal from the subspace of data spanned
by the major eigenvectors, while benignly overfitting noise from the minor directions under cer-
tain scenarios. They argue that, when the true signal mainly lies in the major directions, and the
minor directions have small scale but high effective rank, benign overfitting is possible. In this sec-
tion, we explore whether this mechanism still holds under covariate shift. We derive upper bounds
(Theorem 2) for the excess risk of the ridge estimator in the context of overparameterized OOD-
generation, demonstrating that ’benign overfitting” also happens under covariate shift, given that
the target distribution’s covariance structure remains dominated by the first £ dimensions. To be
specific, we show that 7 characterizes the shift in the major directions; the overall magnitude of
Y7, _, which characterizes the shift in the minor directions, is crucial for benign overfitting. When
the the overall magnitude of X1 _}, scales similarly to or smaller than those of the source, ridge
regression achieves the same non-asymptotic error rate under covariate shift as in the in-distribution
setting. Surprisingly, although high effective rank in the minor directions of source is essential for
benign overfitting, for target distribution only the overall magnitude matters.

3.1 Warm-up: in-distribution benign overfitting

As a warm-up, we introduce Tsigler & Bartlett (2023)’s in-distribution result on benign overfitting
in ridge regression. When the data dimension d exceeds the sample size n, the ridge estimator
interpolates the training data, fitting the noise. In this case, the estimator 3 lies in the subspace
spanned by the n samples. If d is much larger than n, a new test point will likely be orthogonal to this
subspace, preventing noise from affecting the prediction. The minor components of the covariance
matrix actually provide implicit regularization in this case. Tsigler & Bartlett (2023) assume the
data lies in a space with k£ major directions and d — k weak, but essentially high-dimensional minor
directions, allowing benign overfitting. This intuition is formalized through an assumption that
controls the condition number of the Gram matrix for the remaining d — k dimensions.
Assumption 1 (CondNum(k, d, L), (Tsigler & Bartlett, 2023)). Define a matrix A = A, +
X_xXT,. With probability at least 1 — d, Ay, is positive definite and has a condition number no
greater than L, i.e.,

p (Ax)

— L < L.
Mn(Ak) o
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Remark 1. This assumption is essentially assuming the minor directions have effective rank signif-
icantly larger than n. As an evidence, Tsigler & Bartlett (2023) prove that if CondNum holds, then
the effective rank r, is lower bounded by n/L. On the other hand, a lower bound on the effective
rank 7 can also imply an upper bound of the condition number of Ay. See Tsigler & Bartlett (2023,
Lemma 3) for further detail.

Assuming CondNum, Tsigler & Bartlett (2023) obtain sharp upper bounds for both the variance and
bias of the ridge estilnator, with matching lower bounds (see their Theorem 2). To facilitate the

presentation, we use A := A+ 3., A; to denote the overall regularization term.
Theorem 1 (Tsigler & Bartlett (2023)). There exists a constant ¢ that only depends on o, L, such
that for any n > ck, if the assumption condNum(k, §, L) (Assumption 1) is satisfied, then it holds

that n < crg, and with probability at least 1 — § — ce"/ i

V _k n B P 2
< — RN — < B = x — 2)2 * .
o S n TRy - < B = 1Bl )7 + Hﬁ_ngS’_k
The first variance term arises from estimating the k£ major signal dimensions, corresponding to the
classic variance for k-dimensional ordinary least squares. The second variance term, n/ Ry, vanishes

when the minor directions are sufficiently high-dimensional, i.e., when Rj > n. However, the
B, ‘ ] 225 o is nearly lost when projected from the high-dimensional

signal in the minor directions, |

ambient space onto the low-dimensional sample space, contributing to the second bias term. Finally,
the first bias term relates to the signal estimation in the first k£ dimensions and is introduced by the
overall regularization induced by both ridge and implicit regularization from the minor components.

3.2 Out-of-Distribution benign overfitting

We now investigate the out-of-distribution performance of ridge estimator. Intuitively, when all the
minor components vanish (both on the source and the target), the over-parameterized ridge regres-
sion is actually reduced to the usual ridge regression on the major directions, thus achieving a rate
of O(tr[T]/n) as Ge et al. (2024) demonstrate. When the minor components do not vanish, high
effective rank of minor components on the source is essential for “benign overfitting”, as Tsigler &
Bartlett (2023) demonstrate. However, we argue that, regarding the target distribution, only the over-
all magnitude of those minor components is crucial for benign overfitting. The reason is that, when
the minor directions of source have effective rank much larger than n, the n-dimensional subspace
spanned by training samples is already almost orthogonal to any test point, with a high probability.
Therefore, no special spectral structure of the target is needed for benign overfitting. Only small
overall magnitude of those minor components on target is required.

We formalize those intuitive claims, by deriving upper bounds for both the variance and bias of
ridge regression under covariate shift, assuming a source distribution similar to the in-distribution
case. Our upper bound is sharp, and can be applied to any target distributions, reducing to Tsigler
& Bartlett (2023)’s bound (Theorem 1) when the target and source distributions are aligned. Addi-
tionally, we recover Ge et al. (2024)’s sharp bound for under-parameterized linear regression under
covariate shift when the high-dimensional minor components vanish.

Theorem 2. There exists a constant ¢ > 2 depending only on o, L, such that for any cN < n < ry,
if the assumption condNum(k, 6, L) (Assumption 1) is satisfied, then with probability at least 1 — 30,

V. _k t[T]  n  tr[d]
o< . _ .
cw? " n ok Ry tr]V]

B n S,k
— < B - ( T + 777)
c 1D || || - ||ZS,7k||

where 7 ,U, V are defined in Equation (1).
N = Poly(k + In(1/8), \i A\, ', 1+ X)\,;l). Poly(+) denotes a polynomial function.

Recall Byp is the upper bound for bias given by Theorem 1, we can see that Theorem 2 establishes
an upper bound for the excess risk of ridge regression under general covariate shift, expressed as a
multiplicative form of Theorem 1’s results. This formulation enables a direct analysis of the impact
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of covariate shift on the bias and variance of ridge estimators, compared to the in-distribution case.
The first conclusion is that Theorem 2 well reduces to the corresponding result in Theorem 1 when
no distribution shift occurs—i.e., X = X7. This connection follows directly from the condition
n<nrg.

The second conclusion is that covariate shift in the first & dimensions and last d — k dimensions
introduce multiplicative factors of —— tr and K[Z\f] k_lw, respectively, on the excess
risk. Therefore, as long as these factors are bounded by constants, over-parameterized ridge regres-
sion achieves the same non-asymptotic rate of excess risk under covariate shift as the in-distribution
setting. This scenario, well addressed by ridge regression, occurs when the target distribution’s co-
variance structure remains dominated by the first k£ dimensions. In the following, we analyze the
impact of the factors introduced by covariate shift on both the major and minor directions.

1. 7 characterizes the shift in the major directions. Under covariate shift within the first £ di-
mensions, we obtain the same non-asymptotic error rate as in Theorem 1, only if || 7| is bounded
by a constant, as tr[7]/k < ||T|. The matrix 7 plays a central role in Theorem 2 to quan-
tify covariate shift within the first £ dimensions, matching our intuition. This echoes with Ge
et al. (2024)’s finding that tr[7] captures the difficulty of covariate shift for under-parameterized
ridgeless regression (MLE). They establish a sharp upper bound on excess risk using Fisher in-
formation (see their Theorem 3.1), which simplifies to a rate of O(tr[T]/n) for linear models.
Theorem 2 recovers this result when applied to a k-dimensional under-parameterized setting
where all high-dimensional minor components vanish, specifically when Yg _ = X7 _; = 0.
Under the same condition as Theorem 2, for a constant ¢ depending only on o, L, with high
probability the variance and bias terms are bounded by:

Vv _w[T] B 2 (A2
— < = (= .
< s < I8kl (n) I71

cv? n

The variance bound aligns with Ge et al. (2024)’s result while the bias vanishes as A — 0.

2. The overall magnitude of ¥+ _;, is crucial for benign overfitting. Under covariate shift within

: : tr[U] —1 137, |l
the last d — k dimensions, when both = and nr; \|2T kH
U] o [Er ke

achieve the same non-asymptotic error rate as in Theorem 1. <
tr[V] 1Es,—klle

other words, matching our intuition, if the overall magnitude of the minor components of tar-
get covariance scales similarly to or smaller than those of the source, in terms of the covariance
norms, “benign overfitting” also happens under covariate shift. Importantly, this condition does
not impose constraints on the internal spectral structure of the minor components of target co-
variance. For example, we do not force each eigenvalue of X1 _, to scale with its corresponding
eigenvalue of g _, in decreasing order, as assumed in prior work (Mallinar et al., 2024). Sur-
prisingly, for benign overfitting to happen, it is essential for the source distribution to have high
effective rank in the minor directions; however for target distribution, only the overall magnitude
matters.

Another observation is that the bias scales with nr,

sl
Sr.
quire H = O(rg/n), which is a less restrictive condition for larger 7. Thus, over-

parameterization improves robustness of the estimation bias against covariate shift in the minor
direction.

are bounded by constants, we

In

~LIET ] meaning that we only re-

Remark 2 (Sample complexity). We have assumed n > ¢, N in Theorem 2. The explicit formula
for N is deferred to Theorem 25 and Remark 8. Here we summarize the sample complexity required
for the bound to hold. The dependence on k varies between Q(k) and Q(k?), depending on the
degree of covariate shift. The optimal case, aligning with the sample complexity of classic linear
regressmn occurs when X g 1, = X7 . The worst case arises when there is significant covariate shift
in the first £ dimensions, such as when the test data lies predominantly in the subspace of the first
dimension. This variation in sample complexity under covariate shift parallels the analysis of Ge
et al. (2024) (see theire Theorem 4.2) for the under-parameterized setting. Additionally, we require
n>A+> j>k Aj» ensuring that the regularization is not too strong to introduce a bias exceeding a
constant (as reflected in the first bias term). On the other hand, we assume n < 7y in the theorem,
consistent with the over-parameterized regime and Assumption 1, where the last d — & components
are considered to be essentially high-dimensional.
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Remark 3 (Dependence on L). Theorem 2 does not explicitly show how the excess risk depends
on the condition number L of A;. However, we demonstrate in Theorem 25 that out bounds scale
at most as L2. Notably, we maintain the same order of dependence on L in each term of the upper
bounds as in the analysis by Tsigler & Bartlett (2023) (see their Theorem 5).

Finally, Theorem 2 suggests an O(1/n) vanishing error under several conditions that naturally fol-
low from the previous discussions, which we now state rigorously. First, the covariate space decom-
poses into subspaces spanned by low-dimensional major directions and high-dimensional minor
directions, with k = O(1) and Ry, = Q(n?). Second, the low-rank covariance structure is preserved

after covariate shift, such that|| 7|, gm , nr;lH =0

in the major directions, with [|3}]/x-1 = O(1) and ||8*
S,k

(1). Third, the signal lies predominantly

k”ES,—k = O(1/+4/n). Lastly, the regular-

ization is not excessively strong to introduce a significant bias, with A=A+ > PRYES O(yv/n).

4 Large shift in minor directions

In the previous section, we established an upper bound for overparameterized ridge regression under
covariate shift. We showed that when the shift in the minor directions is controlled—specifically,
when the overall magnitude of X7 _; is small—"“benign overfitting” also occurs under covariate
shift. However, when the shift in minor directions is significant, meaning the target covariance
matrix has many large eigenvalues with corresponding eigenvectors outside the major directions, the
excess risk for ridge regression deteriorates. In this section, we further illustrate the limitations of
ridge regression in such cases by providing a lower bound for its performance for large distribution
shift in the minor directions, showing that it can only achieve the slow rate of O(1/+/n) for the
excess risk. On the other hand, it is natural to consider alternative algorithms to ridge regression
in this scenario. We demonstrate that even with a large shift in the minor directions, principal
component regression (PCR) is guaranteed to achieve the fast rate O(1/n), provided that the signal
[£* lies primarily within the subspace spanned by the major directions. Moreover, PCR does not
require the minor directions to have a high effective rank in the source distribution, highlighting its
advantage over ridge regression in such cases.

4.1 Slow rate for ridge regression

In this subsection, we demonstrate the limitations of ridge regression when the overall magnitude of
Y, _k is large. Consider an instance where X g has its first k components as O(1), while the minor
directions have eigenvalues of o(1). If we set X7 = I, in contrast to the “benign overfitting” regime
described in Theorem 2, ridge regression will have a large excess risk for this instance. Although the
signal from the major directions is effectively captured, the signal in the minor directions is nearly
lost. Unlike the case in Section 3, here the estimation error in the minor directions is crucial because
the target distribution has significant components in these directions. We formalize this intuitive
example through the following theorems:

Corollary 3. For some absolute constants C'y, Cs, consider the following instance of Xg:
kLG T )
Assume X7 _p = 0, X7 = I, and 8*, = 0. By choosing A = \/n, under the same conditions of
Theorem 2, we can bound the excess risk of the ridge estimator with probability at least 1 — 34:

E[R(A()] < o I,

Remark 4. Corollary 3 is a direct application of Theorem 2.

Theorem 4. Consider the same instance of X g as in Corollary 3. Assume Y = I; and A = /n.
There exists an absolute constant C' > 0, such that for some 0 < § < 1, N > 0 and for any
n > Ny, with probability at least 1 — §, we have V' > Cv2.

AM== =1 Apg1=--=2A A c=Ag =0.

MG T

Furthermore, for any A > 0, we can bound the excess risk of the ridge estimator with probability at
least 1 — §:
* |2 2
A\
SlBE A

E[R(B(Y))] = 7
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From Theorem 4, we observe that when X1 = I, the performance of ridge regression deteriorates
compared to the case where X1 _j, = 0. If we set A = /n as in Corollary 3, ridge regression incurs
a constant excess risk under covariate shift, while achieving an in-distribution error rate of O(1/n).
Furthermore, Theorem 4 shows no matter how we choose the regularization parameter )\, the excess
risk is always lower bounded by the slow statistical rate O(1/y/n), which is worse than the fast
rate of O(1/n). However, as we will prove in the next subsection, principal component regression
(PCR) can achieve an excess risk of O(1/n) under this instance, even with X7 = 1.

4.2 Fast rate for principal component regression

As discussed earlier, ridge regression faces significant limitations when there is a large shift in the
minor directions. In Section 3.1, it was shown that the signal in the minor directions, 3*,, is nearly
lost when projected from the high-dimensional ambient space onto the low-dimensional sample
space. In other words, learning the true signal from the minor directions is essentially impossible.
Therefore, in this subsection, we continue to focus on the scenario where the true signal 5* primarily
resides in the major directions. In this case, principal component regression (PCR) emerges as a
natural algorithm which estimates the space spanned by the major directions and performs regression
on that subspace.

Principal Component Regression (PCR).

* Step 1: Obtain an estimator U of the top-% subspace of X s. For simplicity, we assume a sample
size of 2n and use the first half of the data to compute U by principal component analysis (PCA)
on the sample covariance matrix $g := LXTX. Specifically, U= (uy,--- ,ug) where @; is the
i-th eigenvector of s S-

e Step 2: Use the data projected on U to conduct linear regression. With a little abuse of
notation, we use X € R™*4 to denote the data matrix (2,41, - ,72,)", and Y € R" to denote

(Yna1s s Yon) L. If welet Z = XU € R be the projected data matrix, the estimator B we
obtained is given by

B=UZ"2)"Z"Yy =UUTX"XU)"'UTX"Y.

Consider the scenario where the last d — k components of the true signal 8* is exactly zero, namely
B*,, = 0. We can imagine that if the subspace represented by U is exactly the same as the subspace

represented by U = (%) € R4¥* (i.e., the first k components), then PCR is actually doing linear

regression using only the first £ components of the samples, therefore will only have a excess risk
induced by the usual variance of linear regression in the major directions. Under this scenario, no
matter how large || X7 || is, the PCR estimator have zero estimates on the last d — k components,

therefore avoid inducing large excess risk. Further more, if the distance between U and U is not

zero, there should be another term in the excess risk induced by the estimation error of U. We
formalize this intuitive claim as the following upper bound for the excess risk of PCR. To facilitate

the presentation, we introduce the following quantity for measuring the estimation accuracy of U.
We define A = dist(U,U) := |oUT — UUT||, the distance between the subspace spanned by the
columns of U and U. Then we have the following theorem:

Theorem 5. Assume $*, = 0. If A < O, forany 0 < § < 1 and any n > NN, we can bound the
excess risk of PCR estimator B with probability 1 — §:

2 61(T)

BRG] < 0 (@ ED 4 3Rt

where ©, N; is defined as follows:
07! =Poly(M AL [|Sr )AL ktr(T) ™),

Ny = Poly(o, MAL [27 1A, B In(1/8), ktr(T) 7).

Remark 5. Theorem 5 is a special case of Lemma 31. For detailed characterization of © and Ny,
as well as an upper bound for cases where 8* ;. # 0, one can refer to Lemma 31 for detail.
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The excess risk upper bound given by Theorem 5 consists of two terms. The variance term %

is incurred by the nature of linear regression on the major directions, and is unavoidable even if the
subspace estimation is accurate (i.e., A = 0). This term also appears in the first term of variance in
Theorem 2, and exactly matches the sharp rate tr[EglzT] /n for under-parameterized linear regres-

sion under covariate shift (Ge et al., 2024). The second term ||5*H2(§—,t)2 |S7||A? is the bias term
induced by the estimation error of the subspace in the first step. We can see that it has a quadratic
dependence on A. If we combine Theorem 5 with a control of A, we can get the end-to-end excess

risk upper bound of PCR. For controlling A, we have the following lemma:
Lemma 6. With probability at least 1 — ¢, if n > r 4 In(1/0), we have
4 )\1 r+ In %

A<O g )
- Ak — Akl n

where r = A;! Z?Zl A; 1s the effective rank of the entire Xg.

Remark 6. Lemma 6 shows that A depends on several quantities: the eigenvalue gap between the
major directions and the minor directions, i.e., A\, — A\x+1, and the effective rank . We can see that
A will be small, if the major directions and the minor directions are well separated, i.e., Ay — A\p41
is large, and the minor directions are relatively small compared to A;.

Combining Theorem 5 and Lemma 6, an end-to-end error bound for PCR can be derived (for a
detailed theorem, one can refer to Theorem 29), suggesting that PCR will achieve a small excess risk,
as long as the major directions and the minor directions are well separated, and the effective rank of
the entire source covariance matrix is small. Contrast to ridge regression, PCR does not require the
minor components to have high-effective rank. This shows the superiority of PCR compared with
ridge regression under certain scenarios.

As an example, consider the instance in Theorem 4, where k, || X1 ||, A1, A are all ©(1). In this
case, the variance term will scale as 1/n, and the bias term scales as O(A?). Notice that in this
instance, r = ©(1), therefore A < O(1/+/n). We conclude that in this instance, PCR will achieve
a O(1/n) rate even when X7 = I;. Comparing with the excess risk for ridge regression, which is
at least 1/+/n, PCR shows its superiority against ridge regression under the scenario where the shift
in minor directions is large.

5 Conclusion and discussion

In conclusion, we provide an instance-dependent characterization of the excess risk for ridge regres-
sion under general covariate shift. Our findings demonstrate that “benign overfitting” also happens
in OOD generalization when the shift in the minor directions is well controlled. We also explore the
“large shift in the minor directions” regime, under which ridge regression may incur a large excess
risk, whereas principal component regression (PCR) exhibits superior performance.

Our work opens up several future research directions. First, while we have established a lower bound
for ridge regression in certain instances, a key challenge remains in deriving a general lower bound
that matches our upper bounds, offering a precise characterization of the excess risk under covari-
ate shift. Second, our analysis has been focused on linear models as a first step in understanding
overparameterized OOD problems. Extending this investigation to more complex, nonlinear models
would be a interesting direction for future exploration.
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A Ridge regression

Let X = (21,...,2,)T € RV Y = (y1,...,yn)T € R"and € = (€1, ...,¢,)T € R™. We denote
the first £ columns of X as X, and the remaining d — k columns as X_. Similarly, 8} and 8*,

represent the corresponding components of 5*. Xg 1, g _j are the corresponding blocks on the

diagonal of X 5. The i-th eigenvalue of a matrix is denoted by y;(-). Define Z = X Zgl/ ?, where

the rows of Z are i.i.d. centered isotropic random vectors. Additionally, we assume the rows of Z
are o-sub-gaussian, where the sub-gaussian norm is defined as follows.

For a random variable s, the sub-gaussian norm ||s||,, is given by:
. 82
l|8]|p, = inf {t >0:E {exp tQ] < 2} )

For a random vector .S, the sub-gaussian norm .S, is given by:

151, = sup 105 )l
o ol

For A > 0, consider the ridge estimator:
BY)=XT(XXT +AI,)~"
= XT(XXT 4+ A\L) X+ XT(XXT + A1) 7!
= B(XB*) + Ble),
where we define ﬁ(XB*) = XT(XXT+\IL,) 1 X3* and 5( )= XT(XXT+\I,) Le. Addition-
ally, we define ES =Yg+ /\Id The effective rank of ES i 1s defined as r, = )\k+1()\ + Epk i)

Assumption 2 (CondNum(k, §, L)). Define a matrix A, = A,, + X_;X7,. With probability at
least 1 — 9, Ay, is positive definite and has a condition number no greater than L, i.e.,

i (Ax)

< L.
Nn(Alc) o

A.1 Concentration inequalities

Denote the element of a matrix X in the i-th row and the j-th column as X[, j], and the i-th row of
the matrix X as X[i, .

Lemma 7 (Lemma 20 of Tsigler & Bartlett (2023)). Let z be a sub-gaussian vector in RP with
|2[ly, < o, and consider &> = diag(A1, ..., \,) where the sequence {\;}}_; is positive and non-
increasing. Then there exists some absolute constant ¢, for any ¢ > 0, with probability at least
1 - 2et/e;

p
ISY22)2 < co? [ th + > A

Lemma 8 (Lemma 23 of Tsigler & Bartlett (2023)). Let /alk represent the matrix X _; X Tk with its
diagonal elements set to zero:

Arli g] = (1= 6;) (X X T} [0, 4]

Then there exists some absolute constant ¢, for any ¢ > 0, with probability at least 1 — 4e~*/¢:

Akl < co® | (t+n) (t+n)+ > X\
Al
j>k

16



677
678
679
680

681
682

683

684
685
686

687

688

689

690
691

Lemma 9 (Lemma 21 of Tsigler & Bartlett (2023)). Suppose {z;}7_, is a sequence of independent
isotropic sub-gaussian random vectors, where ||z; ||y, < o. Let D= dlag()\l, ..., Ap) represent a
diagonal matrix with a positive, non-increasing sequence {\; }*_,. Then there exists some absolute
constant ¢, for any ¢ € (0,n), with probability at least 1 — 2¢~¢

p

P
(n — Vnto?) Z)\]<Z||Zl/2z|\2 < (n+ Vnto?) Z)\J
Jj=1

Lemma 10. There exists a constant ¢, depending only on o, such that for any n satisfying nAg1 <
()\ +> >k ) under the assumption CondNum(k, ¢, L) (Assumption 2), with probability at least

1—6 —cpe /e,

1
A+ N | S pn(Ar) < i (Ar) <o [ A+ N
Jj>k i>k

(X XTy) < e | ndpgr + DN
>k

Proof. This result follows from the proof of Lemma 3 in Tsigler & Bartlett (2023), which estab-
lishes both upper and lower bounds of 11 (A ). By combining the lower bound with the assumption
CondNum, we derive a lower bound of 1, (Ay). For completeness, we restate the entire proof here.

According to lemma 7 and lemma 8, there exists an absolute constant ¢, such that for any ¢ > 0:

1. forall 1 < i < n, with probability at least 1 — 2e~*/:

1X 4l ]2 < co® | thega+ 30
>k

2. with probability at least 1 — 4e~*/¢:

Akl < co® | (t+n) [ A2 (t+n)+ ) A2
>k

Since 1 (Ag) < A+ || Ag || + max; | X_x[i, +]||2, by setting ¢ = n, we have with probability at least
1— (2n + 4)e /e

,Ul(Ak) S A + C(72 n)\k_,_l + Z)\J + \/(2n>\k+1)2 + QTLZ)\E

>k >k

<A+ co? | nApgy —&—Z)g + 2041 + QnZ/\?
i>k j>k
SA+co® [ ndpr + DA+ 2nhe1 + 20001 >N
i>k i>k

1
SA+co” [ PAp + Z Aj + 20 k41 + nAg41 + ) Z Aj

>k >k

< A+deo? [ nder + YN

i>k

17



< max {1,4002} A+ Z)\j + g1
i>k

< 2max {1,4co”} )\+Z/\j . 2)
i>k

692 The last inequality follows from nA;q < ()\ +> >k )\j). Similarly,

pr (X XTy) < deo” [ ndern + ) A | 3)
j>k

n

107 there exists an absolute constant ¢/, such

693 On the other hand, by applying Lemma 9 with ¢ =
694 that with probability at least 1 — 2 exp {—%n}:

- , 1
Z | X _[i, «]]|> > 5%2 Aj-
i=1 >k

695 On this event,

1
Ml(Ak) > A+ Etr(X*kXTk)

1 n .
= At = X4l AP
=1

1
2A+§Z>\j
i>k
1
ZQ >\+Z>\j

>k

696 By the assumption CondNum(k, 8, L), with probability at least 1 — § — 2 exp {—%n}:

1 1
pn(Ar) > Fin(Ar) > o7 [ A+ DA ] - &)
>k

697 Combining Equation 2, 3 and 4, there exists a constant ¢, depending only on o, such that with
e98 probability at least 1 — § — cpe™™/C:

699 O

700 Lemma 11. There exists a constant ¢, depending only on o, such that with probability at least 1 — 9,
o1 ifn > k+1n(1/0),

k+1Ini
Scm)\l n6~
n

1
HX,ZXk — Yok
n
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718

719

Proof. This follows directly from Theorem 5.39 and Remark 5.40 of Vershynin (2010), which shows
there exists a constant ¢/, depending only on o, such that for any ¢ > 0, with probability at least
1 —2exp{—t?/c.}:

1
HX,CTX,C — sk
n

< A\ max\{ ¢, k+t7<C; k+t>

Taking t = /¢, In(2/0) completes the proof. O

Corollary 12. Under the same conditions as in Lemma 11, and on the same event, the following

holds:
1 1 _1
~ViZg, | < ekt A

Proof. According to Proposition 3.2 of van Hemmen & Ando (1980), for any positive semi-definite
matrix A, B € R*, we have

1A= B > (e (4%) + (BY)) |42 - B

Nl

| (xEx)

Therefore,
1 1 1
H(X,{X,Q 2 _ \/ﬁzg’kH < | XT X — %
Fk (\/ﬁzék)
1|1 7
=vnA\, ? || =X, Xk — Zskl| -
n

By applying Lemma 11, the proof is complete. O

Lemma 13. There exists a constant ¢, depending only on o, such that for any n > c;k, with
probability at least 1 — 2e ="/

L e (523 xTx 523 <y (528 xT X528 <
NS HPE (&g Ak Ak&g) ) S 1|\ &g g Ak Ak&g g | S Calde

x

Proof. According to Theorem 5.39 of Vershynin (2010), there exists a constant ¢/, depending only
on o, such that for any ¢ > 0, with probability at least 1 — 2 exp{—t2/c. }:

2
i (SehXEXe25t) = (Va— vk —t) .
_1 1 2
m (Ssixtxsg) < (Va+dvk+t)
Let t = £/n. For n > 16(c,)?k, with probability at least 1 — 2 exp {—n/(4c},)}:

2
SxTxss) > (vi- Svn- 2t _ 1
e (B i Xp XeXgh) > (Vn 4\f 2\/75 ="

1 1 1 1 2 49
m (Tsaxi X)) < (\/ﬁ+ TV + 2\/71) = en.
By taking ¢, = max {16(c},)?,4c}, 16}, the proof is complete. O
Remark 7. On the same event, the following inequalities also hold:
1 _1
m(XTX0) < S5 ll|Esi XT X055 | < eodin,
T —3yT -3 1
(X X)) > pn(Bs,x) (Zs,ka sz&k) 2 C*Ak’”-
Lemma 14. There exists a constant ¢, depending only on o, with probability at least 1 — 2e~"/¢=:

tr (X4 8r 1 XT,) < eontr (S5, 5 4S8 ).
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Proof. According to Hanson-Wright Inequality (Vershynin, 2018), there exists an absolute constant
¢, such that forany 1 <4 <n,

HZ*’“[iv *]Zé,—szﬁkzé,—kZ*k[i’ *]T)

1 1
2 2 2
<co HESﬁkET,,kZSﬁkH
P1 F

1 1
<co?tr (B3 2ra%h ).

By Bernstein Inequality (Proposition 5.16 of Vershynin (2010)), there exists an absolute constant ¢/,
for any ¢ > 0,
> L‘}

1| 1 1 1 1
P{ S (2l 58 Sk Zokli )Tt (SE S sh )]
=1

< 2e ¢'n min LA
= Xp K27K b

1 1
ka[ia *]257_k2T,7kE§,_kak[iv *}T‘

where K = max;

e
1 1 ,
Lett = co? tr (z LIRS > H) Then, with probability at least 1 — 2¢~™:

n 1 1
tr (X xSk XT3) =Y Zw[i,«]B2 _ S x B2, Zogli, "

i=1
1 1
< (+eo?)ntr (S, SraSE ).
By taking ¢, = max {1 + co?, % }, the proof is complete. O
Lemma 15. There exists a constant ¢, depending only on o, with probablity at least 1 — 2"/

(BT XT, X 18k < con(B 1) Zs 1%

Proof. The result follows from the proof of Lemma 3 in Tsigler & Bartlett (2023), which we restate

. . . —1/2
here for completeness. Consider the isotropic vector [(ﬂj k)TZSﬁkﬁj ,J / X_ppB*,. For the

i-th component,
. 1 *
Z_kli,*|X3 By,

By applying Lemma 9 for the sequence { [(B*) " Ss,—kB%,] -1/ X _i[i, *]B‘:k}i:f there exists

8207 S5 0B 7 Xoalis 82|, = (820 Es-80] 2

¥y ‘wg

< [(B )" Ss,-kB%k)
= 0.

1 1
2 2 *
755

an absolute constant ¢, for any ¢ € (0,n), with probability at least 1 — 2e~:

(Bik)TXTkX—kﬁik 2
(3 )Ts nfr, =V

Let t = n/4, with probability at least 1 — 2e~°"/4:
* * 1 *
(Be) " XT X By, < (1 + 502)71' (B4) " S5, 1B
By taking ¢, = max {1 + %02, %}, the proof is complete. O
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A.2 Block decomposition of X_; X7,

Let X = UM3 V, where U € R™*"™ and V € R%*¢ are orthogonal matrices representing the left
and right singular vectors, respectively. The matrix M 2 is defined as:

M%: ERnXk

1
2
mp

O(n—k) xk

Therefore, we have X}, X = UMUT, where M = diag(my, ..., ms, 0, ...,0) € R™*", Similarly,
XFX), = VI MV, where M), = diag(my, ...,my) € RF*F,

Let A = UTX_kXT,C U, and write A in block matrix form as:
Ay Agg
A =
(A?z Agg )’
where Aq; € Rka, Ao € ka(n—k)’ and Aqgy € R(n—k)x(n—k)'

We will repeatedly use the first k rows of (M + AI,, + A)~!, which we compute here. Because
M+ M, + A and \I,,_j + Ao are invertible when Ay, is positive definite, by block matrix inverse,

(M + M, + A) 7Lk, #]
= (Mk + M+ A — Arp(My— g + A22)71A1T2)_1 (Ik, A Mk + A22)71) .

Corollary 16 (Corollary of Lemma 10). There exists a constant depending only on o, such that

forany n < Al (A + 3>k Aj), if the assumption condNum(k, d, L) is satisfied, the following

inequalities hold with probability at least 1 — § — ¢~/ on the same event as in Lemma 10.

&)

A, Al < A < [ A+D A
>k
-1

[A Lok + Bg2) T S AT S e [ A+ DN
ik

| Ara(Alp—k + Dga) 2AT|| < ¢ L.

1A12(M i + Do) AL < GL | A+ DA
>k

A1 = Arp (AL + Ago) TAT | <ea [ A+ DN
J>k

Proof. 1. The first inequality.

1A [1Ar2]l < A= X kXD < Akl S e [ A+ DN
i>k

2. The second inequality.

IO e+ A22) M < AL+ 2) T = 1A S el [ AN |

>k

where the first inequality holds because \I,, + A is positive definite.
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760

3. The third inequality.
| Ar2(ALn—p + Do2) ZAL || < [[AwP|(ALu—k + Aa2) 7 H|* < L2

4. The fourth inequality.

A2 (A + Do) AT S AP Mook + Ao2) I < SL | A+ DN
j>k

5. The last inequality.

A1 = Ao (Mg + Ago) T AT |
= ||A + AL — A12(/\I bt Do) AT -
<A+ Mgl —
= [Au|

Ser [ A+ N

>k

The first inequality holds because Ajq + My — Aa(Al,_x + Agg) AT, is the Schur
complement of the block A1y + Al of the matrix A + I, which is positive definite.
Therefore, we have

Apy + M = Ay + Mg — Ao (Mg + Ag) AL,

O

Lemma 17. There exists a constant ¢, > 2 depending only on o, such that for any Ny < n <
Ns, if the assumption condNum(k, d, L) is satisfied, the following holds with probability at least
1—-26— cme_"/cf, on both events from Lemma 10 and Lemma 11,

-1

~ —1
(X7 Xp+ Mi + VT (Agy — Apa(My_ g, + Dgy) AT V] nzs}k)

|
/N

& (Yl DN+ &L (3 S )

<
o (A +nXg)?
where
)\2
N; = max  4ct(k +1n(1/6)) 2, 4L)\1 )‘+Z)‘7
k >k
N. ! A+> 0N
2 = J
Aet1 >k
Proof.

_ ~ —1
! ’I’LZS};C)

/N

H [XE Xk + A+ VT (Agy = Ara(Mg + Do) T AT,) V]

< [[[XF X0+ AL+ VT (A1 = Bia(ie + A2) T AT) V]|
XX AL VT (A Aro(Mk + A0) AT V] - (5554 )|

-1
: ‘ (nzs,k)

_ 1
- A+ ng

H [XT X+ Ak + VT (A — Ay (Mg + Agp) AT V] ™ H
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763

764

766

767

769

X XE = nSsp + VT (A1 — Ara(Muop + Aa2) 'AT) V|

According to Lemma 11, Corollary 16, there exists a constant ¢, > 2 depending only on o, such
that for any & + In(1/5) < Ny < n < Nz = )‘1:+1 (A + Disk Aj), with probability at least
1—-26 — cre*"/cz, on both events in Lemma 10 and Lemma 11,

k‘—i—ln%

n

1
HXkTXk —Ysk|| < cat
n

[A12 (AL + Ago) TAL [ < SL [ A+
i>k
1. HngXk — nZsyk + vT (An — A12(>\In—k + AQQ)ilA,{;) VH

X7 X5 =Sk + VT (A = Aiz(Mk + D) 'AT) V|
< [|XT X = nZsk ]| + (| (A = Aiz(M—k + Aoz) ' AT)|

1 3
< cay[n(k +In <)M + I L A+§Aj
J

2. H [XTXp + My + VT (A — Ayl g + Agp) 1AL V] ‘1H

HM [[XE Xk = 08k + V7T (A1 = A (Mg + Ap2) 7' AL) V|

1 1 5
< T cm/n(k+ln5))\1 +AL (AN

i>k

Since n > 4ci(k + 1n(1/5))%

Car /M k+ln
Cz\/ M 1
)\+n)\k k—|—n /\1_ )\

cay/(k+1n 1)\

N
P
2,
Since n > 2cA LA (A + 2,05 Aj)»
3
1 c; L ()‘+Zj>k )
3L A A\ <
X+ nhn € 2N < AR
j>k
<
2¢,

Therefore, we have
1
A+ nAg

Now we derive the upper bound for our target.

1
| XE X, = nSsne + VT (A — ANk + Ago) A V| < —

| [XE X+ A+ VT (A = Ara(Myp + Az) AL V]

~ —1
[nZS}k + XXy =085 + VT (Ar1 — Ars(A g + Agp) ' AT) V} H
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S ’

(nSss) [1 - ] (nSss)

[ E X+ A+ VT (A = Ara(Mg + Az) L) V]

1 1\ !
< 1—- =
T A+ n Cx

1

Cx
< .
— A+ nhg
770 The first inequality follows from the result ||(A + T) 7| < [|A7Y] (1 — |47 ||TH)71,
771 provided that both A and A + T are invertible and ||A~Y||||T|| < 1 (see Lemma 3.1 in
2 Wedin (1973)).

773 Combining the above two inequalities,

_ ~ —1
H [XTXp 4+ A+ VT (Ary — App(M x4+ Ago) AL V] = (nz“)

1 c 1
< z - E+1In=)A I D i
S wn e wll K0 VAU GR L DR +§ j
2 ( n(k +In 1A + 2L </\ + o Aj))
- ()\+n)\;€)2 '
774 O

775 A.3 Bias variance decomposition

776 We consider the expection of the excess risk R (3 Y))=R (B (XB*) + B (e)) with respect to the

N—

777 distribution of the noise €.
~ ~ T ~
Ee [R (30))] = 5. | (30r) - )" e () - )]
~ ~ ~ T ~
—E. [BeS2(e)] + (B(x57) - ) =r (Blxp) - 5).
776 We decompose the expected excess risk into variance and bias terms.
V =E. [B(e)"rB(e)]
< 2%E. [B(eF TraBle)r] +2Ec [B(e) T -iB(e)-r]
~ T ~
B = (Bxs)-p) or (Bx") - 5°)
~ T ~
<2 (BB —5i) Sra (BXB) - 5)
~ T ~
+2 (BXB") k= Bry) Sri (BOXB)-k - B2
779 The inequalities follow from the result for a positive definite block quadratic form:

A B
(xT, 22 (BT D) <x1> = 2T Axy + 22T Bxy + 2T Dy,

€2

780 where the positive definiteness implies 27 Az, + 27 Dz > 22T Bas.

78t Lemma 18. There exists a constant ¢, > 2 depending only on o, such that for any Ny < n <
782 Ny, if the assumption condNum(k, d, L) (Assumption 2) is satisfied, then with probability at least

788 1 — 28 — c,e /% the following inequalities hold simultaneously:
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784

785

786
787

p(Ar) e [ AN

>k

p(X_k X)) <o | nAesr + Z/\j

1
HX,CTX;c — sk
n

CQN)\H

1
(XX = v
(ES 7 X XkESk) z—
m (Sef XEXS]) < ean.
Ml(Xk Xi) <

>k

[k+Ini
SCI)\l +n6.
S \/k‘—i—ln )\1

(X kZT kX ) < cgntr (Eé _kZT ,kZE —k) .

(Bp) " XD X x5y < con(BE

)ESk/Bk

AL A AN < o [ A+ 30N

j>k
-1

A e+ o) LA™ < L | A4+ DN

||A12(>\In—k + A22)72A,{2|| S C;ICLZ'

>k

HA12 AIn k—‘y—AgQ 1A H<CL >\+ZA

i>k

[A11 = A (Mg + Bop) AG | S ex [ A+ DN

And,

H (XX + AL + VT (A — Ara(Mp—p + Aga) ™

< 2 (, In(k+In )\ + 2L (A + o Aj))
o (A4 nXg)? .
N7 and Ns are defined as follows:

)\2
N; = max < 4c(k + ln(l/é)))\—;, 2e2 LA
k

1
Ny = A+ 3TN
Ab+1 ]gc ’

j>k

‘AL v

AN

>k

|
/N

~ —1
’IZZS};C)

Proof. The lemma is a direct corollary from Lemma 10, Lemma 11, Corollary 12, Lemma 13,

Lemma 14, Lemma 15, Corollary 16, Lemma 17.
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791

A.3.1 Variance in the first £ dimensions

Lemma 19. Under the same conditions as in Lemma 18, and on the same event, for any N7 < n <

Na,
PYRYa 2 2 a2\ 1 -3 -3
Ec |BOF SraBle)] <1602 (1+ctLY)~ tr [S7TraTs]] |
where
1
N; = max {4ci (k +In 6) )\‘f/\;‘l’
203 LM [ A DN
i>k
4 1Y\ \6,-s 2,2 -3 -2
4ch (k+1n5 ) AN ISral8® (o [S5i2rasi])
_1 _17\ !
24N [ A+ 300 | I9mallk (0 [S535rass] ) }
>k
N: ! A+ A
2 = J
Ak-t1 >k
Proof.

Ee [B(E)fET,kB(E)k}
=Ectr [ee” (XX + AL,) ' X3S X (XXT 4+ AL,) 71
=02 tr [(XXT + ML) ' X2 p X (XXT + A7
= o2t [(UMUT + UAUT + A\L,) " 'UM?* VS,

—\T
VT (Mi) UT(UMUT +UAUT + Mn)—l}
[ ~1 —~i\T
= o tr [U(M + A+ A VS, VT (M) (M + A+ MnrlUT}

[ —1 T —1
=2 tr (Mf) (M + A+ M)~ (M + A+ Mn)leva,va}

= ’U2 tr _ME (Mk + A, + All — AlZ()\Infk + Agg)_lAF{Q)il (Ik, —Alg()\.[n,k + AQQ)_l)

(I, =AMy + Azz)fl)T (Mg + M + Ayy — Ao pj + Agz)flAng)_l My

VT

=02 tr [M,f (Mp 4+ Mg + Avn — App(M—p + A22)_1A{2)_1

_ -1,.1
(I 4+ Ara(Mp 4 Do) 2AT) (M + My + Arp — Ara(M—p + Aog) AT M2
VEr V7]
_ —1
— 2 tr [(Ik + Ara(M g+ D) 2AL) (M + Ak + Avy — App(M, g + Agy) LAT)

1 1 B
MEVEr VIME (My + A + Arg — Ara(A—p, + Ago) TAT) 1]
- _ -1

< 0 [T+ Do (Mg + Aoz) AL tr [(Mk + M+ A — Arp(Mpg + Agg) TA)

1 1 _
M2 VET,kVTM;f (Mk + M+ A — Aa(A—g + Azz)flﬁ{g) 1]

26



792
793

794

795

796

797

V(14 AL?) tr [(M,c F A+ Ary — Ara (Mg, + Agp) TAL) T
MEVSr VM (M + Mg + Mgy — Aja(M_g + Am)—lA’g)‘l}
= 02(1 4+ A L) tr [(VT (Mg + My + Aqy — Dya(M_ g + Agg) AT V)
VTMEV -S4 VIMEV - (VT (Mg + My + Aqy — Agg(M_g + Agy) " AT) v)‘l]
=031+ L) tr [ (XL Xp + A+ VT (A1 = Ais(Mg + Ag2) 'AT) V)
(X0 S (X0
C(XT Xk + A+ VT (Ary — Aia (Mg + Ago)TAT) v)‘l] ,

The sixth equation follows from Equation 5. The first inequality follows from the result tr[AB] <

A tr[B] where the matrix B is positive semi-definite.
We define two quantities that represent concentration error terms:

_ ~ —1
E = H [X]?Xk + )\Ik =+ VT (AH — Alg()\fn_k =+ Agg)ilA?Q) V] ! — nzs,k)

/N

By = (X[ Xy)? — (nZs)?
1 1 —2
Since n > ek (k -+ In 3) G| Srp 242 (b [S53 50 kESkD :

1

_1 _17y\ !
and n > 2640 (A 2,0, ) AT IS llk (b [S5i8rasst])

- ~ -1 N 1 _ -1
1Bl S| | (nEs) ||| 0252|122l | (22502 \ (nSs)
cg( n(k+In 1)\ + 2L (A+2j>kAj)) -

< A n)y) — A
= (A nae)? () e 124
cg( n(k+In DA + 2L (A+2j>kxj))A§ ”
< X7,k
n? bV
Sy/(k+n ) s AL (A + T N) 22
A BT s
L B R T
1
< gt [S5A0raTsE] + 5 tr |5 Bras]]
L
= —r [Z5izraTsi]-
Since n > de (k+In 1) XA and n > 2640 (A 30,0005 ) A2
1B S
¢ (Ynlk+mPa+EL (A+2,0,0))
(A4 nAg)?
l

. c2 (\/n (k+In§)A\ + 2 L()\—l—ZPk )))\;

>\k

_Ciw/(k‘*‘ln%))ﬁ 4L<)\+Zj>k )>\1

NG )\i n A2
PR
27" 2
=1.
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1 _17\ 2
798 Since n > 2 (k +1n ) A ®|| 21k |22 (tr [Zs,izﬂkzs,ﬂ) ’

I [ [

1 _1 _1 nii
<epy/k+In=AA. 2 (nA\y) 2 ———— ||
<c m 1AL 2 (nAg) ()Hrn/\k)QH T,k

1

Clm)\%

< - =

- nvn o A}
L

< —u [EMZTJ@&J .

799 Sincen > 2 (k+1n3) A2X; %,

(nSss)

nEﬂﬂ

1
Il ns0)? |

157k

nEﬂﬂ

_1
’nis’k> : H

< cmMM,ﬁ (nAe) -
Y-
< 1.

goo Combing the above four inequalities, we have

-1

tr [(X,?Xk + AL+ VT (A — A + Do) 7' AT,) V)

1
2

C(XFXR)? S (XTXR)
. (X;?Xk + A + VT (All — App(Ay— + AQQ)?lAlTQ) V)_l}

=tr {(niSO o (nzs,k)% 2Tk (nES,k)% (HESk) _1]

~ —1
+ 2tr |:E1 (nES,k)% ETJf (nzg,k)% (nZ&k) :|

- 1 -1
+2tr [(nE&k) EQET,k(nES,k)% (ﬂEs,k> }

+ tr {El (nZS,k)% ETJg (nES,k)% E1:|

-1
+tr {(nZS’k) ExYq pEy (
+ 2tr | By (nEs,k)% Y e Eo (

— —1
+2tr | BLEy Sy (nDsr)? <n257;€) ]

+ 2tr _ElEQET,k (HZS,k)% Ey

r — —1
V241 | B By Sy By (nzs,k) }

+ tr [ElEQZT’k)EQEl] .

go1 In particular,

~ -1 N Lo~ -1
tr |:(TLZSJC) (TLESJC)Z ETJ@ (nZs,k)Q (nzs,k) :|
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~ 1 1 ~
—ly3 2 y—1
[ZS,kES,kET,kES,kES,k}

< {Zgixgkzﬂkzgkzgﬂ

HS\H3\H

~n [ZS W2 kzs k]

so2 The inequality follows from the fact that tr[BAB] = tr[AZ BAz] < tr[AzCAz] = tr[CAC),
803 Where A B, C are positive semi-definite matrices, and C' > B, which implies that AzCAz =
s4 A2BAZ.

tr [ElEQETyk;EQEl}
B RN N
= tr |:E1n257k (nZsyk) Es (nE&k) <n257k)
3 - -1
DY D) (nES k) ( ) EmZS k (nZS,k) }

)

(nSsx)?

<k (112 s <|E2||

’IIES k)

TLZSk

~ -1
(HES,k>

~||E2||\

~ 1
(nSs) ISl |[(nEss)

1 _1 _1
< =t [SgiSrasi] -
- , ,

gos The other terms can be similarly bounded. Therefore,
tr [(X,{Xk AL+ VT (Ary = Ay g + Dgo) AT V)7
(7% o (X7 X0
(XX 4 Ak + VT (Ary — App(M_g + Agg) 1AL v)‘l}
< % tr [S5iSrasst ]
gos The proof is complete by combing all the inequalities above. O

s07 A.3.2 Variance in the last d — k dimensions

gos Lemma 20. Under the same conditions as in Lemma 18, and on the same event, for any NV; < n <
809 No,
-2

~ ~ 1 1
E. ,B(e)zkET7,kﬁ(e),k} <v*ELn [ A+ Z)\j tr [Zéy,kET,kaéy,k )
i>k

sto  where N1, Ny are defined as in Lemma 18.
Proof.

Ee [Be) S, 4B(e) 4]
=Ectr [ee” (XXT + \L,) ' X_p S o XD (XXT + M)
=02 tr [(XXT + ML) ' X B o X (X XT + A,) 7Y
<0 |[(XXT 4+ M) 72| tr [X kS X T
<0 ||(Xoe XDy 4 ML) 72 tr [ X oS- X T

-2

1 3 2
A+ Z)\ Can tr [Zg',kavakzéfk}

cz L

IN
<
S
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—2

1 1
=23 L% [ A+ Z)‘j tr [Eé,_kET,szé,_k .
>k

811 The first inequality follows from the result tr[ABA] = tr[A2B] < || A?|| tr[B] where the matrix B
s12  is positive semi-definite. The second inequality follows from X X7 + \I,, = X_, X%, + A\[,,. O

813 A.3.3 Bias in the first & dimensions

814 The bias in the first £ dimensions can be decomposed into two terms.
~ T ~
(Bxs)—5t) Sr (BOXB ) - 1)
= (XT(XXT 4 ML) XB* = 1) S (XT(XXT +AL) T XB* — BY)
<2 (XT(XXT 4 ML) X087 - )" S (XL (XXT 4+ ML) T X B = B7)
+2 (XF(XXT + ML) X 48%) " Sk (XT(XXT + ML) X185, .

815 The inequality follows from the result 27 Az + 2 Azy > 227 Axy where A is positive semi-
si6  definite.

g17  Lemma 21. Under the same conditions as in Lemma 18, and on the same event, for any NV; < n <
818 No,

T
(XF(XXT + ML) X Bt — BE)” e (XE(XXT + ML) X0t — BE)
2

16¢2 ANTy—1 o ||y~ 3 -3
< n2 )‘+Z)‘j (5k) ES,kBk ZS,kETJcZS,kH~
>k
g9 where
N; = max {QCi()\ + Z )\j))\l)\]z27
>k
4ck(k +1n(1/8)AIN 2,
23 LA [ A+ DN }
j>k
No=—— [A+3A
2 = J
Aket1 i>k
Proof.

(XT(XXT 4+ ML) X8t — B1) Srp (XT(XXT 4+ AL) ' X485 — B7)

* — T - *
=BT (XXX + ML) 7' X, — L) S (XH(XXT + ML) X — 1) B
= (B0)7S5k (B4 XT(XXT + ML) X85, - % )Tz‘%
= Pk S,k S,k k n k=S k S,k Sk

_1 1 T T 1 1 T _1
SraS5i (zg’kxk (XXT 4 ML) ' X423, — 2S,k) S5181
_1 _1
< B)TS5k8 - [Ssisrassd|
1 1 2
: HzgkaT(XXT +AL) XS, — ES,kH :
820 Subsequently,

|28, XE (XX + ML) X035, — T
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—~\T N
= |28,y T (M) UTUM + AL+ A)TUTUMBVSS ), - S

1 1.1 1
= [52, VT ME (My + AL+ Ay = AipMg + Do) AL) T MEVEE — szH
1 _1 1 -1 1
= | =8k (VIME (M + AL+ A = DMy + M) AL MPV) S,
—Xs k]l
1 _1 _1 1
= | S8k (B + VM (Mic+ Auy = Arp(M i+ A0) AT M V) B,
—Xskll
1 .1 C1AT 1 N\t
— =2, (Ik FVIM 2 (Mg + Avy — Apa(Mx + Agg) AT M, 2v) A
1
54
5 T3 —1AT -3
= |IZ2, VM ® (A + Any — Az Loy + Ago) IAT) M, 2V

_1 1 1
: (Ik FVIML 2 (M + Agy — Ags(M g + Agp) AT M, V) £,

<[22, V7ME (M + Avt — A p + Azy) ' AT) MﬁvzékH
1 _1 _1
+ [BEVIME M+ Aar = Bra(Mnok + B22) AT M PV

_1 _1 1 1
. {(Ik + VIM, 2 (M 4+ Ay — Ap(M—k + Ao2) AT, M, 2 V) - Ik} Sék

g2t The second equation follows from Equation 5.

g22  We will derive upper bounds for both terms in the last equation above.
823 1. The first term.
Lo 1 CAAT _1 1
Hzg)kv M, 2 (AL + Agy — Aga (Mg, + Agp) P AT,) M, 2v2§’kH

< Mk + A = Ara(Myk + Aza) AL | 23,0 Ve

1 _ 1y 1
[ ALk + Ary = Ao (M—k + Dgg) T AT | H So (XTx;) " zs,i)

Ca
i>k
22
< ZZz ,
<TEAED N
j>k

824 The inequality follows from ¢, > 2.
825 2. The second term.
826 Since n > 2C§(A+Zj>k M)A

[ M7 L+ At = Ao + A2) ' AT) M
< HMk_lﬂ H)\Ik + A1 — Ao Mg + A22)_1A1T2H

AN

i>k
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827 Therefore,

_1 1 1
H (Ik +VIM 2 (M + An — App( Mk + Ag2) 7' ATY) M, ZV) — Iy

IN

1 1 -1
H (Ik + VIM, 2 (A + A1 — Apa(M—k + Ag) T'AT,) M, 2V> H

: HVTM,;% (Mk + Ary — Arp( Mg + Agy) T AT) M,;%vH

IN

1 -1 1 1
(1 - ) HVTMk 2 (Al + Ary — Aia(My_ + Dan) " AT M, VH

Cx

<cy Lo 2¢, )\+Z)\j

Ak >k
_ 23 A+ Zj>k Aj
a n /\k ’
828 The second inequality follows from |[(A + T) 7| < A7 (1 - ||A_1||HT||)_1, where
829 both A and A + T are invertible and || A~!||||T'|| < 1. Note that ¢, > 2.
830 Since n > 202()\+Zj>k M)A

1 _1 _1
HEg’kVTMk 2 (AL + Apy — Ara(My_ g, + Agp) PAT) M, 2V
_1 1 —1
. {(Ik FVIM2 (Mg + Agy — Aga(Mx + Dag) LAT) M, ZV) _ Ik] 5
< [Eskll [ My ] || M e + Ary — Aro(ALy— + Do) AL ||

_1 1 —1
: H (Ik +VIM, 2 (A + Arn — App(A—p + Ago) T TATY) My, zv) — I

1
2
S,k

Ca 23 A2 A
§>\1~n/\k - 2¢, )\+Z>\j N B EL AN

i>k n Ak
2
1 48
= . ZX -2 )
n o n AT (A Z Aj
>k
2c2
<=1 A -
pall D IR
>k
831 Combining both terms above, we have
5 3T T -1 i 4c?
HES»’fX’“ (XXT + M) XB5 — Es,k‘ =5 \A pIpY

>k

832 Therefore,

— * * T — * *
(XEXXT + ML) X085 — Br)” S (XE(XXT + ML) X B — Br)
< (B0)7S5hB0 - |[Saisrassi

1 1 2
: Hﬁ)gkaT(XXT +FAL) XS, — ES,kH
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16C§ T —1 ok
< 2 /\+Z)\j (B) Egkﬂk

j>k

833 O

1 1
-2 -2
ES,kETJcZS,k H .

s34« Lemma 22. Under the same conditions as in Lemma 18, and on the same event, for any NV; < n <
835 No,

_ T _
(X (XXT + ML) XB5) S (XH(XXT + ML) X kB y)

s

472 -3 -3 T
<16c,(1+ AL )‘zsygzmzsy; (B%) T s, 1B

836 where
1
Ny = max{élci <k+ln 5) )\‘1*)\};47
23 LAA [ A+ N ]
>k
4 1Y \6,-8 2 ||w—3% 472
4ch (k+n 5 ) A Sl stﬁkzmzs’ku ,
_1 11
2641 [ A+ 3 | MATIS s Sz }
i>k
No=—— [A+3A
2 = J
Akt1 ik
Proof.

— * \T — *
(X (XXT ML) T X B) B (X (XX 4+ ML) T X B2,)
< IXXT + ML) ' X Erp X (XXT + ML) 7| - (B2) T X X B
837 From Lemma 18,
(B )" XD X B < con(B 1) S5,k -
e3s In the following, we derive an upper bound for the other term.

[(XXT + ML) ' X S XE(XXT + ML) |

— — T
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(77T —277 31 /y5
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ﬂ [N

= |2

1 1 .

= E%kaTM]f (Mk + M+ A1y — Ao Mg + A22)_1A{2) 1
N L er
Ik 4 Ara(Mn g + Dga) 2AT,) (Mg + My + Arp — MM + Aga) T AL,)
-MEVZ%kH
([T + Ara (M + Aga) 2AL ||
— 1

' H (Mi + Mk + Aux = Arp(Mn—p + A2) THAT) 1 Mz VEry
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1 _ —1
VIME (Mic+ A+ Buy = oMoy + B22) 7 AL) |
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VTME (Mg + My, + Ay — App(Moy_g + Agg) ' AT) ™ H
—1
=(1+cL?) H (VT (Mg, 4+ My + Ary — Aia(AL_g, + Ago) 1AL V)
VTMEVS VT MEV
_ —1
(VT (M + M+ Art = Arz(Mus + A2) 1 8%) V) 7|
-1
= (14 L) || (X X+ M+ VT (Aus = Ara(Map + Az2) ATV
1 1
(X XR)? S (X X) 2
.(ngk+x@+wﬂ%Au—ﬁhﬂAu,h+Amy4AgﬁQ*ﬂy
839 The third equation follows from Equation 5.

840 We define two quantities that represent concentration error terms:

_ ~ —1
E, = H [(XEXp + M+ VT (A — Ap(M—p + Ag2) AT V] t nzs,k)

//~

1
2

— (nzsvk) .

Nl=

By = (X Xy)

-1 _1—2

i Since n > ek (k+1In ) NACH Sl S5 i e |
1 11
s andn > 2640 (A4 Ly A ) AT ISl [ S50 25|

(nis’k) -
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(nisyk) -

oz’
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[l r2s02 |

n)\l
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N ny/n NGk n? AGN=TE
L3 -3 L 5% -3
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s43  Similar to Equation 6, since n > 4¢2 (k+1n$) AfA;* and n > 2¢2L ()\ + 2ok )\j> MALZ
1B | HniSkH <1

_1 _1y—2
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1

~ -3 ~ -1 1 1
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s4s  Similar to Equation 7, since n > ¢2 (k + In §) A, 2

—1
2

nEﬂﬂ <1

()

s46  Combining the four inequalities above,

H (X Xy + AL+ VI (A — Ap(A g + AQQ)*lA}fQ)v)‘1

(X XR)? S (X X)) 2
. (Xng + A, + VT(AM - A12()\In—k + A22)71A{2)V)_1H

-1
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~ —1
+ 2 HEl (nZ&k)% ET,k (n257k)% (nES,k)

-1
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N1 s
(nES,k) ExYp i (nXg k)2 (nES,k>
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+HE1 nESk) ETk(nESk)2 H

"

(nzs,k) - EyYr iy B (nES,k>
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~ —1
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Lls-153 3 -1
= n HZS,kES,kZT:kES,kZS,kH

llg-153 3 g1
< n st,kzs,kzﬂkzs,kzs,k”

1 _1 _1
= stizﬂkzsiH :
n . :
s4s  The inequality follows from the fact that || BAB|| = ||A2 BA%|| < ||AlC’Al|| = |CAC|. where
sas A, B, C are positive semi-definite matrices, and C' > B, which implies that A2C Az = Az BAs.
|E1ExXr n Ex B |

847 In particular,
-1
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1 _1 _1
< - HESI%;ET,’CZS i H :
n , ;
gso The other terms can be similarly bounded. Therefore,

_ 1
X7 X0 Ak V(A Aot + A AL Y)

1 1
(X XR)? S (XX
A(XTXp A+ A + VT (Apy — App(M, g + Am)—lAg)v)’lH
1 _1 _1
< [=sderansd)
851 O

g2 A.3.4 Bias in the last d — k£ dimensions

853 The upper bound for the bias in the last d — k£ dimensions is extended from Tsigler & Bartlett (2023)’s
ss4 Lemma 28. The bias can be decomposed into three terms.

~ T ~
(Bxa7) = B70) S (BXB7) 4 - B21)
<3(8% ) Sr 1B
+3(8% ) X (X XT AL T X 2k X T (XXT + ML) X k8%,
+3B0) XTI (XXT 4 ML) X 130 o X T (X XT + ML) 71X Bt

e55 Lemma 23. Under the same conditions as in Lemma 18, and on the same event, for any N7 < n <
856  No,

BT X (XXT ML) X b2 b XD (XXT + L) P X 8%,

-1

SELIAY N | nlSrkll(B5) s kB
J

857 where N1, Ny are defined as in Lemma 18.

Proof.
B )T XL (XXT + ML) X oS o X T (XXT 4 AL) X B2
<87 k(B ) T XL (X XT + ML) X o X T (XXT 4 ML) X 5%,
< B rl(B5 )T XD (XX + ML) XX + ML) (XXT + ML) X 487,
< Sl (X XT + ML) (B )" X T X 8%,
Sl | (Xp X Ty 4+ ML) 7| (B2) T XD, X k87,
-1

1 * *
SIBrall | 7 | AN ]| cn(B) S 187y

r J

—1

=LA+ Z Aj )| Sr -kl (B) T s, -1 -

j

gss  The fourth inequality follows from X X7 + \I,, = X X Tk + A,. O

ss9  Lemma 24. Under the same conditions as in Lemma 18, and on the same event, for any V] < n <
860 No,

BOTXE(XXT + ML) X 2 p XL (XX +AL) T X088
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“L /\+Z/\ IS,k (B8) " S5.1.5%

>k

sst  where N1, Ny are defined as in Lemma 18.

g62 Proof. It can be verified by Woodbury matrix identity that:

(XXT + ML) 7 Xy = (X XD + ML) 7 X (T + X (X X T + M) 7HXG)
863 Therefore,
BETXT(XXT + ML) X h S b X T (X XT 4+ L) 7 X085

-1

1 —1 2
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g4 In particular,
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i>k

2

TN DY _

ol R
i>k

sss The second inequality follows from jiymin(ABAT) > pimin(B)pimin(AAT) where the matrix B is
ges  positive definite.

s67 Therefore,
BOTXE(XXT + ML) X p S o XL (XXT + ML) 1 X165
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_1 1\ —2
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A.4 Main results

Theorem 25. Let T = X 25 Yo7 andU = X2, X ;X% . There exists a constant ¢ > 2
depending only on o, such that for any ¢cN < n < ry, if the assumption condNum(k, 6, L) (As-
sumption 2) is satisfied, then with probability at least 1 — 26 — ce~"/¢,

L <L2tr[7_] +L2 ntr[u]

cv? T n (/\+Zj>k )‘j)Q.
B _ ez (A 2k A2 nll 7,4
- < ||»3kHz§}k_ (f) {”T” - Lm]
.2 2 _lEr—rll
ol 2171+ o]

N 1is defined as follows:

1 _
N = max { (k+1n S)A?/\;g\@ﬂknzkz (tr [T]) 72,

LA D0 120kl (e [7]) 7 }

i>k
Remark 8 (Sample complexity). We have assumed n > ¢, N in the theorem. The first condition
on N indicates n > k. From the inequality A2 < [ S ]|2k2 (tr [T]) 7 < k2X2, it follows that
n = Q(k) in the best case, consistent with the sample complexity of classic linear regression.
This optimal case occurs when X g, & Y7 1. In the worst case, n = Q(k?) where covariate shift is
significant in the first k£ dimensions—e.g., when the test data lies predominantly in the subspace of the
first dimension. This shift in sample complexity under varying degrees of covariate shift parallels the
analysis of Ge et al. (2024) (see theire Theorem 4.2) for the under-parameterized setting. The second
condition implies n > A + > >k Aj, such that the regularization is not too strong to introduce a
bias greater than a constant (as shown in the first bias term). On the other hand, we assume n < r,
in the theorem, which is consistent with the over-parameterized regime and Assumption 1, where
the last d — k components are considered to be essentially high-dimensional.

Proof. The theorem follows from Lemma 18, Lemma 19, Lemma 20, Lemma 21, Lemma 22,
Lemma 23 and Lemma 24. For a constant ¢/, > 2 depending only on o, these lemmas hold for
values of n that satisfy the following inequalities:

n > 4c(k +1In(1/6)) A3\ 2,
n > QCfL)\El A+ Z)\j ,
>k
1
n > 4c} <k +1In 5) AL
n > 20 LA (AN
>k
1 1 1 —2
n > 4ct (k +ln 5) XA 57,282 (b {zs,izﬁkzséb ,
_1 _17\ !
n > 2 LA A+ YN | ISk (tr [ES;ET&ZS}D ,
i>k
n > 203 A+ ) AN,

>k
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1 -1 _1y72
n > act (k +1n 5) XAIEral? [Ssisrassi|

S 280 [ A+ 3N | A Sl [S52 S rass B
n Cy j 1M T,k S,k =T k=g & )

i>k

n< A [A+D0N
>k
ss3 A sufficient condition for all the inequalities above is given by 4c/*N; < n < ry.. This follows from
ss9 the following facts:

M >,
c>2,
L>1,

_1 _1 1 _1 _1y -1
B(or [Ssimeassi]) = [Ssiseansi]|

_1 _11\ !
RISzl (o [S5iSrassi]) = M

)

-

ss0  Then, with probability at least 1 — 25 — ¢/,e~"™/¢":
1 1 1
V/2 <160 (1+ L2~ tr S5 Srass ]
n : :
—2
1 1
+ 022 L% )\—i-Z/\j tr {E; DTS 3 _k}
i>k

1 ez 1
< 321)20;41125 tr [EsinT,kES,ﬂ

—2
1 1
+ 0?2 L*n /\+Z/\j tr {EZ,,kET,_kEE,,k},
>k
2
166/1% *\T§s1—1 g* _% _%
B/2 < o2 )“"Z)\j (Br)" Es.1.5% ZS,kZT’kES,kH

>k
/ 1472 -3 =3l px \T *
+32¢,(1+ i L?) HES;ET,I@ES; H (BZi) Xs,—kPy
1
F3GL [ A+ N |l (B5) " Ss, kB2
J

/s ——
3L A+ N | IS 4l (BT S546

>k
+3(B% ) S 1B
2
1 _1 _1 . _
< 160?@ A+ Z Aj st,lchT,kzs,i (Bi) S5 15%
>k

+64c’5L2H2*%2 E*%H(ﬁ* VTS i
x S,k =T,k=3 K -k S,—kP—k
—1

+3¢7Ln [ A+ Z Aj 127, -l (B1) " Zs, - B2,

J
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896

897

898

899

900

1 WY RPN
#30L (A DA | I0r 5" 2546
i>k
+3(B)" S kB
2

1 -1 -1 * — *
<16di— | A+ DN | [Baisrassi] 807 S505
7>
voact12 ||ss e, sz (82,)Tss k8
T S,k =Tk~3 k (Bfk) S,fkﬁfk
-1

A3 In [ A+ D N | IS0kl (B2 Ss, kB,
>k

1 WY EDICH
+3¢0L— [ A+ DA | ISl (80 5518
J>k

+3C’5L2HE_%E E_% (ﬂ* )TE 5*
x S k=T k=S k —k S,—kP_k-

The last inequality follows from:
(ﬂik)TET,—kﬂik:(ﬂ* )T g kzgész kng_ng_kﬁik
HES LTk Eg kH BLe) BBy

By taking ¢ = 134¢!5, the proof is complete. O

Corollary 26. Let 7 = ESkET szk’ U =Yg X7, and V = ZS x- There exists a
constant ¢ > 2 depending only on o, L such that for any ¢cN < n < r, if the assumption
condNum(k, ¢, L) (Assumption 2) is satisﬁed, then with probability at least 1 — 34,

v < kt[T] | n trf]
cw2 = n k Ry tr[V]’

B < (Waehyy BNV e 2 Y[y 22l

c 7k |1 Zs
N is a polynomial function of k + In(1/8), AiA; ', 1+ (A + Dk A DA
Proof. The first variance term follows directly from Theorem 25.
For the second variance term, by plugging in the definition of Ry,
Iz ntr [U] 2 tr[Xs kX7, —k]
EXSPY R T e
2 N trUd]
Ry tr[V]’

For the first bias term, by plugging in the definition of r,

HBEII;;; (%)Q[HTH +LM}

At Dk A
At Dok n [1Z, -kl
-ttty (B [y 2 ),
18815, (= I+ 25
Similarly, the second bias term can be transformed into:
B [ ku L] e [y .2 sl
HB_kHZs,_k HTH + A+ Z ||ﬁ kHZS ||T|| + )\kJrl
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901 Since the statement of Theorem 25 holds with probability at least 1 — 26 — ce "™/, we only require
902 ce” /¢ < §, which is equivalent as n > clnc + c¢In(1/§). Combining the lower bounds of 7 in
903 Theorem 25, we should have:

1
n > max {clnch cln 5
1 _ _
c(k+1n5)A?AkSIIET,kll2k2 (tr[T]) 2,
LA N+ D) ISkl (e [T]) 7 }

>k

904 For the first term in the maximum argument,

1 1
clnc—&—clng §c2+clng
< c? .7~<:+1n1
= 6 .

1 _
c(k+1115)A§A;8||2T,k||2k2 (tr [T]) 72

905 The second term:

1 -~ B —2
< ek +In )X Sl P2 (uk(z&;) tr[zT,k})

1 _ -
<k + I ) AN S 2R Sl
1
—c¢(k+n 5)3A§A,;8.
906 The first inequality follows from tr[MN]| > pmin (M) tr[N] for postive semi-definite matrices

907 M, N.

908 Similar, for the third term:

AN D X)) ISk (e [T
i>k

< LA (4 D M) IS kllkA [ Srsl| 7
P>k
<cL(k+1n %))\?A;‘l()\ +) N
J>k
o9 The proof is complete by taking ¢ as L2 and N = (k+In +)* (A A 1)® {1 + (Ao )\j))\,zl} :
910 O

o1 B Large shift in minor directions

912 In this section, we consider the scenario where the signal S* mainly concentrate on the first k&
913 components (here we choose the basis to be the eigenvectors of 3g), but the target covariance X
914 may not be small on the last d — k components.

915 B.1 Lower bound for ridge regression

916 In this subsection, we will show that the original ridge regression algorithm will not work under this
917  scenario.

918 Recall our model:

y=p"z+e (8)
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We can write our data as
Y =XB" +e, ©)
where Y = (y1, - ,yn)T € R™L X = (21, ,2,)T € R € = (e1, -+ ,6,)T € R"™L We

~

denote by Xg := %X T X the sample covariance matrix.

Assume the same assumptions as in our previous section still holds. We let g = E[z;z]] be the
following: its eigenvalues Ay, - -+, Ag satisfies Ay = -+ = Ay = 1, A1 = -+ = Ny | m/cn) =
C4 /+/n for sufficiently large constants C', C, and the remaining eigenvalues are all set to zero. We

let X7 = I4. Then the excess risk is IEE[(E— B*)TET(E— 8*)] = E€||B— B*||?. We will show that
under this scenario, ridge regression can not obtain an error rate of O(%) To see this, we explicitly
write out the ridge solution:

B=(XTX + A 'XxTy
BN A 1
=g+ L) Y(=XTYy
(Xs + - ) (n )
S A -1 1 T *
= (Xs + ﬁld) (EX (XB* +€))
= S+ 21) (EXTXp 4+ 2XTe)
n n n
~ A ~ 1
= (S5 + 1) ' (Zsf + —XTe)
n n
$ AL IS o 3 Aol or
=(Xs+ Eld) Y8+ (Bs + ﬁld) EX E. (10)
Therefore
) * <« A —19 g% * <« A -1 1 T
f—p*= (ES‘FgId) Ysf*—p +(ZS+EId) ﬁX €
= A = = A ~ A - A 1
=S5+ =I) 8B — (Bs+ 1) HEs + L)+ (Zs + =Ia) ' —XTe
n n n n n

A

n

~ A ~ A 1
(Bs+ 1) 18+ (s + =1y 1 =XTe
n n n

Taking expectation with respect to e,
/\2
=
n
Mos A I o A S

SEs + L) TP+ = tr(Bs + = 1) 22
n2||(s+nd) el +”nr((s+nd) s)

=B+V (11)

—_— B VN | oA
BB - 81 = S IEs + 5107 B2 + 5 (€ X (s + S 1) X Te)

where B = i‘L—zH(iS + 21,5)71B*||? is the bias, V = % tr((Ss + %Id)”is) is the variance. We
state the formal version of Theorem 4 in the following:

Theorem 27. Under the instance we consider, namely A1, -+, \g satisfies \; = --- = Ay = 1,
)\k+1 == )\k+L\/ﬁ/C2J = Ol/\/’ﬁ, )‘kﬂ\/ﬁ/Csz = = Ad = 0. WLOG assume o = 1,
Cy > C’l((é%)2 — k —log })~! for some absolute constant C, and n > (351)%. With probability
1—§, when A = ¢\/n, we have v% > (', where C' > 0 is some absolute constant. When \ < n3/4,

P * 12
we have v% > C'ﬁ. When A > n?/4, B > %.

Proof. We will use the following concentration lemma modified from (Vershynin, 2018, Exercise
9.2.5):

Lemma 28. Let {z;}" , be i.i.d. d—dimensional random vectors, satisfying: x; is mean zero,
E[z2zT] = ¥ and is 02X-sub-gaussian, in the sense that

Y1/2,)12

Efexp(s7:)] < exp (”"2”) |
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940

941

942

943
944

945

946

947

948

949

X = (z1, -+ ,2,)T € R Then with probability 1 — 4,

- log & log *
IS -5l < oot |8 4 TS )

where r := tr(3)/||Z|| is the stable rank of 3, C' is an absolute constant.

Applying Lemma 28, we have

~ r+logt r4logi
IS5 - Bl < € || =28 4 T2

where r = Zle Ni=k+ L\/E/CQJ% <k+C1/Cs. Whenn > C1/Cq + k + log %, we have

1
ISs — S §2C\/Cl/02+k+10g5.
n

We denote by Xl > e 2 Xd the eigenvalues of f]s. Then by Weyl’s inequality (Chen et al.,
2021, Lemma 2.2), ||\; — X\;|| < ||Xs — Xg||. Combining with previous inequalities, we have 1 —

o0/ S/ Cothtlons < X < 1490/ S Cathtlon ] oy < <, S — 90/ GulCathtlos 5
n n

N < Gy 20y QLSS for 1 < i < kit [/i/Ca . T we take Cp > Cy(§2)% — ki —

log %)_1 then 2C'4/ M < 2071\/5 Therefore we have 2(’:/1% < Xi < 5% fork+1<:<
k+ |v/n/Cs]. When A = ¢y/n, we have

1% 1 = A =
— = —tr((Zs + =Iy) 722
- r(( s+ 4) "Xs)

U2
d
U NN
== (+2)72N
n im1 n

T NZCI
> — i+ — _2)\,‘
n Z ( + n>

i=k+1
k+lyvn/Ca)

- % i:zk;I (N + %)*2&
k+[vn/Ca]
= /e 2 oy
> 4%12(3—? )2 (12)

Similarly, if A < n3/4,

kL Vi/Ca)
vV 1 ~ A g
S2= >, (At
n i=k+1 n
k+lVn/Ca]

1 ~
D D YRR Y
et
k+|/n/C
N l [g 2J(3C’1 +n_1/4)_2 Ch
- S 2y/n 2y/n
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966

1 C1 ,3C _
= EL\/E/Cﬂ*l(Tl +n'/M) 72/

when n > (3§1)%,

As for the bias term, assume A > n3/4, Using the same concentration argument, we have 2 > \; >

1/2, for 1 < i < k. When A < n, Amax(is + %Id) < 24 A/n < 3, therefore )\min((is +
214)71) > 4. This implies
A2 A g,
B=5)Es + 1) 8

3/2 o A —1 %12
> l@s + 2178

o A i,
> )‘rQnin((ZS—i_ﬁld) Y8

|18+
o

When \ > n, Amax(is + 214) <24 X/n < 32, which means Amin (S5 + 214)71) > 2% This
implies

S 8l-33

v

A2 o A
B =5|(Ss + 1)~ 8
S PO VN
QA?nm((EergId) HlsI?
/\2 N
S
* (|2
2B
-9

B.2 Upper bound for PCR

In this subsection, we will give the following upper bound for principal component regression.

A E[Sr]?
((Bs,k) ™1 27,x)2°

Theorem 29. When n > o8(r + log %)(/\k:\/{kﬂ Yo
° k

S~ A A r + log _
Ec||8 — 8%, < O(c®(———)%( 1) [ 5>m||2 fv 2tr((Zs.0) " S
Mo — Aig1
Sralll Bl 1Xs, -k N .
=l Akk| [ || TS B

d .
where r = 721';1 i
1
Proof. For simplicity, we assume we have a sample size of 2n, and in the first step we obtain an
. = Iy, . o
estimator U € R?** of the top-k subspace U = ( d‘ ) € R¥* by using principal component anal-
ysis on the sample covariance matrix Sg = 1XTX = % Szl namely U= (W, ,ug)

where wu; is the i-th eigenvector of 5 s. We denote the distance between the estimated subspace and

the original one by A := dist(U,U) = |[UUT — UUT . For controlling A, we have the following
lemma (Lemma 6):
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Lemma 30. With probability at least 1 — 4,

A < Oof r+log%+r+log% M
- n n Ak — Ak+1

Y
where r = v
In the second step, we do linear regression on the projected (second half) data. With a little abuse of
notation, we still use X € R™*% to denote the data matrix indexed from n + 1 to 2n. TheA data here
is independent from the data in step 1, and therefore independent of A. If we let Z := XU € R"*¥
be the projected data matrix, the estimator 5 we obtained is given by

=UW0TXTXU)"'UTXTY. (14)

o~ 1 ~
We aim to bound the excess risk on target, which is given by |3 — 8*[|§, = [|Z2(8 —
B*)||>. We introduce the following notations: suppose 8* = (87, --,85)T. We let 8f =

(81, - ,Br, 0, ,0)T, B_j_ = (0,--- ,Q,B;H, o, BT = B* — Bf. Here we present an in-
termediate result for bounding the excess risk:

Lemma 31. Assume A < Ak tri(/\zl sk*ﬁ)z;luzm“). When n 2 ‘i\?tfr‘(l(zgs”zgci};g;i/ )52), then with probabil-
ity 1 — 6,
) *1(2 * 12 A2 A1 2 1 2 -1
Ec|8 = B*5, < O(185l°A (A?) 1B + —v”tr((Esk) ™ )

118 411215,
Ak

27,k . .
+ + szl;ET,fkﬁfk)

If further n > 0*A=2klog(1/6),

2 * * A
E||B = 8715, < (9(||»3U||2(A4(7)2||ET|| + A% S k]| + A%|S1])

1
k

N 127 118% £ 121125, 4]
Ak

1 — * *
+ v tr((Ss k) Sk + BEr kB )

>

From Lemma 30, when n > r + log % = jillk + log %, we have

M 4 r—|—log%
A <20 o
D VA YRR n

AL )2 AZK? || S ||
)\k_)\k+1 /\i tr((Ech)_lZT
Lemma 31 will be both satisfied. We can thus apply Lemma 31 to get

Therefore when n 2 (r + log 1)o%(

EL the assumption for A and n in

~ A A 7"—i—10gl 1 _
E€ _ A*|12 <O 8 2071 N2 E 5 * |2 - 2t Z ) 12
18~ 81 < Ol (=5 (G ISl 2 E 1B + 10 (B0~ Bre)
S8 Ll Es.—k N
BB sl | g
k
wherer:%{\i.
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B.3 Proofs for Lemma 31

In the following we will prove Lemma 31.
Proof for Lemma 31. The proof idea is similar to (Ge et al., 2023, Theorem 4.4) and (Tripuraneni
et al., 2021b, Theorem 4).
We can decompose B £* as
i; _ [3* _ (IIT"AXIT";XTE})Afl,i}]";xf?")/ _ /3*
—UO0TXTXU)'UTXT(XB*" +¢) — B*
= U(O"X"X0) U X" (XBYy + XBT +€) — (55 + B1)
= Ay + Ay + A3 — 57,
where Ay := U(UTXTXU)'UTXTX By — B, Ap = U(UTXTXU)'UTXTXBY, Ag =
UWUTXTXU)"'UT X"e. Therefore
18 =613, < 1A%, + 142013, + |43l + 18113, (15)

We give three lemmas for bounding the related terms. The first lemma considers the bias term A :

Lemma 32. If A < ’\’“ and n > max{c* (Al )2k log(1/6),0*klog(1/8)}, then with probability at
least 1 — 9,

14115, < O35l A2( ) [1%2[])
If we further have n > 0*A~2klog(1/6), then with probablhty atleast 1 — 4,

14111%, < 0187 | (A4( ) ISzl + A%[Zr k]| + A%[Z7])) < O(1BG 1A% [l)

The second lemma considers the variance term As:

Lemma 33. If A < ’\’“trgf/\zliﬁ)ET”ET ) andn > < lzfr”((gil)‘ kl;l;g()lz/ 9 then with probability at
least 1 — 4,

Ec[[|43]3,] < 0( v tr((Ssk) ' Sre).

For bounding A5, we actually have a similar result to bounding As:

Lemma 34. If n 2> o ( ) klog(1/6) and A < min{ gﬁ; ’“ll‘l, £}, then with probability at least
1-9
27kl BZk 21 Zs, s
423, < O " ) (16)

By Lemma 32, 33, 34, together with the decomposition (15), we have with probability 1 — J, when
n Ei ]\fl,

2 * * A 1 _
E|8 - 1%, < O(Ilﬁull2A2(/\*;)2||ET|| + -0 tr((s ) " Or) (17)
b P s
LT TSP "
If further n > 0*A=2klog(1/6),
~ . A
Ec[p - 815, < 0(\\%\\2@4(7;)2”%“ + A?||S7 [l + A7) (19)
ISz k18~ £ |11 25,5

+ B0 kB (20)
O

1 2 -1
+ —v tr((X I +
—vmtr(Bs) T Ern) "
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B.4 Technical proofs

In the sequel, we give the proofs of Lemma 32, 33, 34 and 30. We first prove some additional
technical lemmas. The following lemma, which is a simple corollary of (Tripuraneni et al., 2021b,
Lemma 20), shows the concentration property of empirical covariance matrix.

Lemma 35. Let {z;}" , be i.i.d. d—dimensional random vectors, satisfying: x; is mean zero,
E[zzT] = ¥ such that amax( ) < Cmax and is o2X-sub-gaussian, in the sense that
||021/2v||2>

Efexp(7:)] < exp ( .
X = (21, - ,2,)T € R"*9, Then for any A, B € R%** we have with probability at least 1 — §

log(1/0) | log(1/9)

n

XTX

ko k
IAT(=—=)B — ATSB]» < O(0 QIIAIIIIBIIIIEII(\/> +oF ). @b

Proof. We write the SVD of A and B: A = UyA\V/T, B = Uy AoV, where Uy, Uy € RI*kK,
Al,A27V1, Vo e Rk*k_Then

XTx XTx
|AT(=—=)B — ATSB|; = [[Vi A\ U] ( VU2 Vy — ViA UL SU AV ||
XTX
< [[Vial||UT ( VUs — Ui SUs ||| A2 V5 ||
XTX
<l AlIBINUT ( YUy — UL U (22)

Now since Uy, Us € R¥** are projection matrices, we can apply Tripuraneni et al. (2021b) Lemma
20, therefore

XTX k k log(1/6 log(1/4
8 Xy, —ugzvl < oy [E Koy [l | 110, gy,
n n n n n

which gives what we want. O

The following lemma is a basic matrix perturbation result (see Tripuraneni et al. (2021b) Lemma
25).

Lemma 36. Let A be a positive definite matrix and E another matrix which satisfies || EA™!|| <
then F:= (A+ E)~! — A7 satisfies ||[F|| < 3[|A7 [[|[EATY.

1
4 b
With these two technical lemmas, we are able to prove Lemma 32, 33.

Proof of Lemma 32. Notice that by the definition of U and 8}, we have UUT B}, = j3;;. We denote
o = UTB[*], then we also have 87, = Ua*. Therefore

A =UUOTXTXO)'UTXTXB — B
=UUTXTXU)"'UTXT"XUa* — Ua*
= (UOTXTXU)"'UTXTXU - U)a*
We consider U € R%** and [7 T ¢ R¥*(4=F) be orthonormal projection matrices spanning orthogo-

nal subspaces which are rank k and rank d — k respectively, so that range(U ) & range(U, ) = R,
Then A = dist(U,U*) = ||UIU*||2 Notice that Iy = UUT + ULUL, we have

D

(UTXTXU)"'UTXTXU* — U*

OTXTXO)'UTXTX(0UT + U, UTYyU* —U*
OTXTX0)"WWTXTXUUTU* + U(UTXTX0) U X" XU, UTU" - U*
(UTXTXx0)"'UTXT"XxU, 0T+ UUTU* — U*

[
S D D
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=UW0TXTX0) "' UTXTxU, UTur - U, UTU* (24)
1026 Thus
4113, = ATZr A
= TOOTXTX)'UTXTXU - U)TSp(UOTXTX0)'UTXTXU - U)o
=oT(OOTXTX0)" ' UTXTXU, U U - U, UTU sr
(UOTXTX0)" ' UTXTXU, UTU* - U, UTU)a*
le* 2| OO XTXU) 0T XTXU, U U - U, UTU* ||,
<l o*PNUOTXTX0) " OTXTXULUTU |2, + 10 TTU*|E,). (25)
1027 Here we use the notation | M||s,. := /|| MTS M| for matrix M.
1028 For the second term,

TLTT U3, < [UTS2U L NTTU*|? < A2 U120 T . (26)

IN

1029 For the first term,
|OOTXTX0) ' UTXTXU, UTU* |2,

XTXx

n

= [TU(0"ss0) " + F)UTSsULUTU* + B3,

= (UTssU UTU* + ENT(UTssU) '+ P)TU TS U((UTSsU) "t + FYUTSsU UTU* + Ey)||

<UTssULUTU* + B P|(OTSsU) ! + P[0TS0 |

< (0T SsULTTU|| + | BT TS0~ + IFI)2 T S0 (27)

= |00 ==0)" 0" == U, 0TU"|3,

1os0 where By = UTX X0, UTU* - UTssU, UTU*, F = (UTXX0)~1 — (UTss0)~". We
1081 aim to show that || Ey|| < ||[UTSsU,UTU*| and |F|| < [(UTSsU)7Y| = Cok for suffi-

1032 ciently large n, therefore the term in (27) can be bounded well. First we need a careful analysis
1033 of |[UTSsU, UTU*|. Itis obvious that
1O7ssT OTU*| < |OTssU || TTU*| < A|TTSsTL . (28)

1034 As for ||U' TygU, ||, notice that if without the “hat”, we have UTXgU | = 0 by the definition of U
1035 and Yg is diagonal. By definition of distance between two subspaces, there exist R € OF** and
1036 Q€ OW—F)*(d=k) guchthat [UR — U|| = A = ||[U.Q — U, ||. Then we have

1UTSsUL || = |RTUTSsU,L Q||
= |UTSsU, + RTUTSsU,.Q —UTssU. ||
= |RTUTssU, Q- UTSsU. ||
— |RTUTSsU,Q - UTSsU,Q+UTssU,Q —UTSsU, ||
<||RTUTssU,Q - UTSsU, Q| + |UTSsU,L.Q — UTSsU, ||
< ||RTUT - UT)||8sULQ + IUTSs|1ULQ — UL|
< 2A[Zg]. (29)
1037 Combine (28) and (29), we have
1UTSsULUTU*|| < O(A%]Ss]) (30)

1038 In order to bound || F||, let E = Ur XTTXI? —UTy 5(7 , then by Lemma 35, with probability at least

1039 1—0,
k k log(1/d log(1/d
151 < Ozl £ + £ 1 fosl/0)  los(l/2)), a1
n n n n
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1040

1041

1042

1043

1044

1045

1046

1047

1048

1049

1050

Therefore,
|E(UTSs0)7Y| < I\EIIII(ﬁTEsﬁ)’lH
<||EICy

min

O(0*Cria1Zs 1 \f gy R TslU/0))) )

where Coin = Amin(U7SgU). Notice that n > o4C-2||Sg||2k log(1/6) implies \/% + £ 4

N min

\/ ell/o) |y 1os(/0) < =20 . I3 ~1. Thus, we show that when 7 is large enough, we have
HE([AITESI_’A])*I || < 1. Therefore we can apply Lemma 36, which gives

A sm s g s
171 < SIBUTSsU) I Es0) 7|

4 1, = o
gX*H(UTZSU) dl

IN

| /\

fC_ (33)

3 min’

As for || Ey ||, directly applying Lemma 35, when n > 0*A=2klog(1/6) we get

~ o~ k log(1/4) log (1/6)
1B < O zs OO £ 4 & L8] loglje)
E k log(1/8) = log(1/4)
§0(02||Es||A<\/;+n+\/ UL gn/ ) (34)

when n > o*klog(1/5) we have

1E1 ] < O(A[IZs]) (35)
, if further we have n > 0*A~2klog(1/6), then
1B: || < O(A%[[2s])- (36)

Combining (27), (30), (33) and (36), we have
|OOTXxTx0) 0T XTXU, UTU* |2,
< (IUTssULUTU* || + 1B (INUTEsU) M + IFID U S U |
< O(A*Bs|PC 2 TS T)
< O(AY|Zs[PCrall = ll) 37)

Combining (25),(26) and (37), we get
A3, < e P(U@TXTX0) 0T XTXULUTU |3, + |0LUTUI3,)
< O(llo*P(AYISs P CrlSrl + 20T 520, ) (38)
with probability at least 1 — §. Also, similar to (29), we have
0T ErUL = 1Q"UTErTU. Q|
<NUTSpUL| 4+ 1QTUTErULQ — UT S UL ||
<|NUTSrUL|| 4247 (39)

min

Similarly, we can further know that Cyy, is close to Ag:
Conin = Me(UT50)
= M(RTUTS5UR)
= M(UTSsU + RTUTSgUR — UTS5U)
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> M\(UTSgU) — ||[RTUTSsUR — UTsgU ||
> M (UTEsU)2AZs |
> A, — 20 A

> lAk, (40)

1051 where the last inequality holds when A <5 Fmally, combining (38), (39), (40), we have

14113, < O(le*| (A4( ) ISzl + A% UTS2UL] + A%[[S2])
o(ll6511? (A4( ) [Z7]l + A ULErUL|| + A%[[Z])) (41)

1052 when A < % and n 2 max{o* (A—1)2klog(1/§) o*A~2klog(1/8)}. If in the previous proofs we
1053 replace (36) by (35), we have

1A%, < O(IB1I* (A2( ) IZrll + A%|ULErUL] + A%|[21 ) (42)

oIl A2( ) 127])) 43)

1054 when A < - and n 2 max{c?(4*)%klog(1/6), o*klog(1/6)}. Notice that by definition of U,
1055 UL 127U, = ZT7_ 1, therefore the result is exactly what we want. O
106 Proof of Lemma 33. Recall Az := U(UTXTXU)~'UT XTe. Therefore
43]2, = " XUUTXTXU) UTS,UUTXTXU) 0T X e
= tr(e" XUWUTXTXU) ' U s UUTXTXU)'UT X )
= tr(ee”’ XUUTXTXU) WU UUTXTXU) ' UTXT)
1057 Taking expectation with respect to ¢, using E[ee”| = v21,,, we have

Ec[ll 4], ]

Eltr(ee?’ XU(UTXTX0) ' UTS,U(UTXTXU) 0T XT))
V2 r(XUUTXTXU) U s UOTXTX0) ' UTXT)
=2 tr(UTXTX0) ' UTs,UO0TXTX0)" 0T XTXU)
2r(UTXTXU) 0TS, 0)

1 ~ ~ ~ ~
= 51}2 tr((UT2sU) "t + FYUTSU) (44)

108 Here we actually need a bound stronger than (33) for || F||: recall (32), we have with probability

1080 1 —9
log(1 log(1
IBO7550)) < O Cmaly £+ £ Lel/) | losl/a)))

1060 Applying Lemma 36, which gives

4\ e, By T Fe
|1 F[l < *IIE(UTESU) IO EsU) 7

log(1/4) 10 (1 6
zcmjnzsu NEESVETC Tt 1)

tr(UTSsU) ™ 1UTETU (46)

<O(

kIIETH
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1061 whenn > o*C4|Zs |12 |27 |2 tr(UTEsU) " UTS1U) 2k log(1/6). Therefore we have

min

1 ~ ~ ~ ~
E[||45]%,] = EUQ tr(UTSsU) ™! + F)UTSr0)
1 ~ ~ ~ ~ ~ ~
= ﬁvz(tr((UTZsU)_lUTETU) +tr(FUTSLU))
1 P | DU
< Evz(tr((UTEsU)’lUTETU)) + EUQHFH tr(UT2rU)

1 . PO N 1
< EUZ(tr((UTZSU)*lUTETU)) + ﬁv2k||F||||ET||

IN

%UQ(tr((ﬁTESU)*ﬁTzTﬁ)) + %vzo(tr((UTZsU)*lUTETU)) (47)

1062 The remaining thing is to show that indeed ((UTESU) UTsrU) s

/\

1063 close to tr((UTSgU)UTSrU). In fact, tr(UTSs0)UTS0) =
st tr((RTOTSsUR) " RTOTSRO). Notice that

IRTUTSrUR — UTSrU| < 2| A[|[S2]),

1065 we have

tr(RTUTSsUR) 'RTUTS+UR) (48)
<tr(RTUTSsUR)'UTSrU) + |[RTUTSUR — UTSU|| tr((UTS5U) )
< tr((RTUTSsUR)"'UTSrU) + 2||All||S7| tr((UTESU) h
< tr((RTUTSsUR) ' UTSU) + 2| Al |Sr||kCL
< tr((RTUTSsUR)'UTS,U) + tr(UTSsU)'UTSU) (49)

Ap t Ty Ty
1066 when A < 2k (U 4k3\|%)THU rU) . Also, we have

(RTUTSsUR) ™ — (UTSsU) | < [(RTUTSsUR)HI(UTSsU) H|RTUTSsUR - UTSsU|
<4ANINA,
1067 therefore
tr((RTUTSsUR) ' UTS,U) < tr(UTSsU) ' UTSU) + |(RTUTSsUR) ™ — (UTSsU) Y| tr(UTS1U)
< tr(UTSsU)TUTSrU) + 402 M At (UTS7U)
<2tr(UTSsU)'UTELU), (50)

e if A < AUERS) SIS0 Combining (47), (48) and (50) we have

Ec[[|As]l%,] < (9( v tr(UTSsU) T UTErD)),

X tr(UTssU) ' UTS1U) M tr(UTSsU)'UTSrU) A tr((UT SsU) " UT S0 U)
1069 whenever A < Dok < min{ Do 0TS ) , RS }

1070 and n > o1C Y| 2s|? 27| tr(UTSsU) " UTSrU) 2k log(1/6), with probability at least

1071 1 — §. Notice that UTSqU = sk and UTsrU = Y7 1, therefore the result is exactly what we
1072 want. O

1073 Proof of Lemma 34. Recall Ay := U(UTXTXU)"'UTXTX3* . Also we have
0T, U|| = |[RTUTS7UR)||
< |UTspU|| + |RTUTS+UR - UTS,U|
< |UTE2U] + 24127 (51)
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1074 Therefore
4|2, = 18T XTXUUTXTXU) 0TS UUT XTX0) 0T XT X7
< |XO@"X"X0)"NO"XTX0) UTXT || 0TSO X 8L
< |AINTT =] + 247D IIX LI
< 2| AU = U|||X 87| (52)

1075 when A < % where we let A =

1
176 R™*", then A = LB(BTB)"2BT. Let the
1077 M, O € R¥*%_ then

X—\;(UTXTTXﬁ)_QﬁT%. If we define B = XU ¢
SVD of Bbe B = PMOT, where P € R"*¥,
1 T —2nT
|All2 = | B(B"B) B,
1

= ﬁ||PM0T(0M20T)*20MPT||2
1
= —[|PM 2P|,
n
1
< — (1Ml
n
1 _
= —lI(B"B) |2 (53)

1078 Let F' = (ﬁT XTX U1 ((AJTE(AJ)*I Recall (33), which states that with probability atleast 1—94,
1079 we have ||F|| < 1Cmm < 2)\ when n > 04C, 2| gk log(1/5) and A < . Therefore

min

Al < *II( )~

= H(UTESﬁ)‘1 +F

prX"X s
n

IN

S o
L@ ss0y + 1F

1 _
<SO(-A). (54)
1080 Thus ||Al| < O(A.'). As for | X% ||% notice that the first-k entries of 3% are zero, therefore
1081 X7 = X_/*,. by Lemma 35,

X7, 1 Ll
e S M e T L [ Y L U L

(55)
1082 Therefore we have
X7,
IXBLI1° = 6*T( )6,
* * * X X k *
< n(ﬂ_izs,_kﬁ_k + B ()8 = B kB
< OB 171155, (56)
1083 Combining (52)(54) and (56), we have
[UTSrU|18 4 |1211Zs, &l
[42]1%, < O v ) (57)
k
. T
108¢ whenn > o'C_2||X5|%k log(1/6) and A < mln{%, Dl O

1085 Finally we prove Lemma 30 in the following.
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1086

1087
1088

1089

1090

1091

Proof of Lemma 30. In the first step, we obtain U € Rixk by selecting the top—k eigenvectors of

the sample covariance matrix $g = L X X7 = L3 @zl using PCA. Then by Davis-Kahan

theorem (Chen et al., 2021, Corollary 2n.8),

2|55 — I
AL ———2, (58)
Ak — Akt1
Therefore it remains to bound Hf] s — Xgl|. Applying Lemma 28, we immediately have
~ 4 r + log % r + log %
||ES_ZSH <Co + A1
n n
where r = %11)” Together with (58), we have with probability at least 1 — 6,
1 1
A < Co r+log3+r+log3 M .
n n /\k — /\k+1
O
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