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Abstract

Spectrum-aware optimizers, particularly Muon, exhibit more favorable empirical scaling than
optimizers like SGD and Adam. Prior work explains this through more balanced learning in settings
with imbalanced labels or input-output associations. In this work, we show that Muon enables
more balanced skill acquisition in settings with task-level imbalance. Using a multi-task sparse
parity-based setup, we show that with Muon, sub-tasks are learned more in parallel than with other
optimizers. We introduce a Skill Acquisition Lag (SAL) metric to quantify parallel versus sequential
learning. In a simple in-context linear regression setting, we show that Muon’s convergence is
independent of both task- and input-level imbalance, in contrast to (normalized) GD.

1. Introduction

Neural scaling laws describe the empirical observation that mean test loss £ decreases predictably
with model size N, data size D, and compute C: £ o X~ for each scaling variable X [3, 5].
Gaining insight on the relationship between how these variables, and various choices made for
training, and the resulting scaling exponent « is important for resource allocation [3]. One crucial
aspect is the role of the optimization algorithm in the compute-scaling law. While most modern
networks are trained with Adam [7], recent work has shown that spectrum-aware optimizers such as
Muon [4], which applies Newton-Schultz orthogonalization to the gradient update, exhibit a more
favorable empirical scaling law [9]. In this work, we seek to explain this observation.

To probe this question, we adopt the framework of Michaud et al. [12]. They put forth the
quantization hypothesis, which posits that the knowledge to be acquired by a model decomposes into
discrete skills or quanta whose usage frequencies follow a power law p, oc k~“. As scale increases,
the model acquires skills in decreasing order of frequency, and averaging the loss over many such
acquisitions yields a smooth power law in compute, model size, and data. Within this framework,
since the scaling exponent « is governed by the rate of skill acquisition, a natural mechanism for
improving « is to make it more parallel rather than sequential.

A separate line of work studying the effectiveness of spectrum-aware optimizers suggests that
they do enable more balanced learning, albeit at the level of data rather than tasks. These results
concern imbalance at the level of labels or input-output associations, where certain classes [13],
tokens [14], or fact pairs [6, 8] appear less frequently than others. We ask whether the same benefits
extend to imbalance at the task level, where different sub-tasks are acquired at different rates. Under
the quantization hypothesis, an optimizer that learns low-frequency skills at the same rate as high-
frequency ones leads to an improvement in the exponent ««. We hypothesize that Muon does exactly
this, providing a concrete mechanism for its improved scaling behavior over Adam. We make this
connection explicit through our contributions:
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* On the multi-task sparse parity benchmark of Michaud et al. [12] (see Section 2 for details),
we show that Muon enables more parallel learning of sub-tasks as compared to NMD (the
normalized counterpart of GD with momentum) and Adam.

* To quantify this, we introduce the Skill Acquisition Lag (Agar,) metric (Section 4), which
measures the degree to which sub-tasks are learned in parallel rather than sequentially. We
find that Muon achieves substantially lower Agat, than NMD and Adam.

* We complement these findings with a theoretical analysis of in-context linear regression with
a simplified linear attention model. Under both input- and task-level imbalance, we prove
that Muon’s updates decouple across the eigenmodes of the covariance structure, yielding a
uniform convergence rate across tasks, in contrast to (N)GD.

2. Background

2.1. The Quantization Model of Neural Scaling

To study neural scaling laws, Michaud et al. Control bits Taskbits
[12] proposed modeling the knowledge or skills
learned by neural networks as a combination “ o i

of one or more discrete, indivisible units or

quanta. The use frequencies of these quanta y1=n s Y2 =Vn—2 @
follow a power law p, o« k~(@*D (for k €

[Ntasks])> With exponent . Under this model, Figure 1: Illustration of the multi-task sparse parity
a network that has learned 7 quanta achieves S€tup with n; control bits, n task bits, m = 2 tasks.
loss £, — Lo o 7-%. This relation is trans- Sub-task 1 (green) label is y1 = v1 & v3 from S =
lated into power laws in terms of size of data, {1,3}; Sub-task 2 (purple) label is y2 = vp,—1 D
parameters, and compute. Un—1 from Sy = {n —2,n —1}.

In the realm of data-scaling: assuming multi-epoch training, D samples and sufficient network
capacity, a quanta k is learned only if the dataset contains at least 7 tokens involving it, meaning only
quanta with p;, > 7/D are acquired. Since py o k~(@*+1) the number of learned quanta scales as
q o< DY/(@+1) 'yielding the data-scaling law £(D) ~ Lo, +CpD~*/(@+1)  An analogous argument
gives the respective step-scaling exponent under GD: quantum k grows as ¢, oc 1/p, o< k@1,
yielding a§P = o/(a + 1).

In Michaud et al. [12], authors propose the multi-task sparse parity benchmark as a concrete
testbed to empirically validate the quantization model. This benchmark involves a binary classification
problem on bit strings = [u, v] € {0, 1}™asksT" where u € {0, 1}™asks denotes a one-hot task
selector, and v € {0, 1}" denote the task bits. A sub-task & corresponds to selecting a fixed subset
Sk C {1,...,n} of | Sk| = m task bits. To generate an input-label pair, we first sample a sub-task k
with probability pj, oc k—(“+1)set uj, = 1, and draw v uniformly. Then, the label is given by an

m-sparse parity: y = ), s, Vi-

§
=
L

2.2. Optimizers

We consider three optimizers in this work. NMD (Normalized Momentum Descent) is momentum-
based GD with the update normalized by its Frobenius norm. Adam [7] computes per-parameter
updates by scaling the accumulated gradients by the inverse square root of their second moments.
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Muon [4] is a spectrum-aware, matrix-valued optimizer that orthogonalizes an accumulated gradients
via Newton-Schulz iterations. See Appendix A for the update rules and further details.

3. Muon Enables Faster Skill Acquisition

As discussed in the previous section, under the quantization model [12], skills are learned in
decreasing order of use frequencies, i.e., the time to learn skill & scales as t; oc 1/py oc kL. A
direct consequence of this sequential learning is that the compute-scaling exponent ag =« /(v + 1),
which is strictly less than « and reflects a bottleneck imposed by the rarest skills which are acquired
at the slowest rate. Within this model, note that an optimizer that enables more parallel rather than
sequential skill acquisition would lead to a better exponent cvg. For instance, considering the other
extreme where all tasks are learned in parallel, i.e., t; <1 leads to an improved exponent a,g = c.

NMD 281836 Adam 12884 Muon 6478

10! 10? 10° 104 10° 10° 10! 10? 103 104 10° 10t 10? 10° 104
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Figure 2: Comparison of per-task loss convergence for NMD, Adam and Muon. With NMD, skill
acquisition is sequential, where per-task loss converges in decreasing order of task frequency. Adam
and Muon enable more parallel skill acquisition, where gaps between per-task loss convergence
are significantly smaller, leading to faster mean loss convergence. Experimental setup and hyper-
parameters explained in Appendix B.1.

Motivated from prior work showing that Muon enables more balanced learning under imbalanced
settings [11, 13], we hypothesize that these benefits are also observed at the task level. To test this
hypothesis, we compare the per-task convergence behaviour for the three optimizers: NMD, Adam,
and Muon on the multi-task sparse parity benchmark. The results in Fig. 2 show that for NMD, skill
acquisition is sequential: per-task losses for rarer sub-tasks start reducing only after the network
learns more common sub-tasks. On the other hand, for both Adam and Muon skill acquisition is
more parallel, with the effect being more prominent for Muon. This is accompanied by faster mean
loss convergence rate. In the next section, we make this finding more concrete by introducing a
metric to measure the relative sub-task convergence gaps.

4. Quantifying Parallel vs. Sequential Skill Acquisition

In this section, we introduce skill acquisition lag (Agart,), a summary statistic that captures the degree
of parallel versus sequential skill acquisition. While per-task convergence curves provide a detailed
account of learning dynamics, SAL enables a quantitative comparison across optimizers.

Definition 1 (Skill Acquisition Lag (Aga1,)) Fix a loss threshold 7 > 0. For each sub-task k €
[Mtasks), let Ty (7) := min{ ¢ : L(t) < 7} be the first step at which sub-task k reaches loss < T,
and let Tqyst (7) := ming Ty (7) denote the convergence time of the fastest learned sub-task. Define
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the p-coverage time
T(p,7) := min {t : ‘{k :Ti(7) < t}‘ > “mtasksu , (1)

the first step at which at least a fraction p of sub-tasks have each reached loss < 1. The Skill
Acquisition Lag for task fraction p and loss threshold T is

T(p, T) - Tﬁrst(T)
T(p,7)

Agar(p,T) = €[0,1). 2

—

Consider p = 1. Then, for parallel acquisi-
tion, i.e., all sub-tasks converge simultaneously
with the first one, Agar, = 0, whereas for se-
quential acquisition, Agay, = q"tasks,
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Results. Fig. 3 shows the p-coverage time
(left) and SAL (right). We find that for NMD,
both p-coverage time and SAL values are much
larger, indicating sequential skill acquisition, as
predicted by the quantization model. On the
other hand, Muon (and Adam) exhibit much
smaller p-coverage time and SAL values, indi-
cating more parallel skill acquisition.

An important direction for future work is un-
covering the mechanism behind how the spectral
design of Muon enables more parallel skill ac-
quisition in neural networks. In the next section,
we analyze a simple setup with task-level imbalance to get some insight.

Figure 3: Convergence dynamics and SAL val-
ues across optimizers on the multi-task sparse par-
ity benchmark. Left: p-coverage time averaged
across different model widths demonstrates that
Muon reaches each percentile of converged sub-
tasks in fewest steps. Right: Agap(p) as a func-
tion of coverage p. Smaller SAL values indicate
more parallel skill acquisition. Details of hyper-
parameters are in Appendix B.2.

5. Theoretical Analysis on In-Context Linear Regression

Data Generation. We consider a synthetic in-context learning (ICL) linear regression problem,
where each task is specified by a weight vector w ~ N (0,X,,) € R%. Fort € [T + 1], inputs are
sampled as z; ~ N (0,X%,) € R? with labels Yy = :Bz—'w, where x, = x741. Let Xy, = UwAwUJ
and ¥, = U,A,U, denote the eigenvalue decompositions, with )\Ew) o ¢~ 7 and )\Z(-x) oc i7h,

corresponding to task and input covariance imbalance, respectively. Let kg := )\I(gx /A iy and

Ky i= )\Eﬁugfx / )\5:21 denote the condition numbers of 3, and 3, respectively.
Model. We consider a simple reparameterized linear self-attention model, with trainable paramater
Q € R4 (see Luetal. [10], Maetal. [11], Zhang et al. [15, 16] for details). The query prediction
is through the bilinear form g, = (X, w) " Qz,, where 3, = * EtT:l xix] .

The training objective to be minimized is the mean squared error over the population, i.e.,

L45(Q) = 3Ewarrm |y —w'zy)?] = 2 tr((2.Q — 1) =, (2,Q — I)T By).

In Ma et al. [11], the authors consider a similar setting but with v = 0 (no task-level imbalance)
and compare convergence of GD and SpecGD (spectral GD), a canonical form of Muon without
accumulation and with exact matrix operations. They show that GD takes Q(+/k log(1/€)) steps,
where x = k2, to converge to loss < ¢, whereas SpecGD converges in O(log(1/¢)) steps.

In the following, we extend this result to task-level imbalance and compare NGD vs. SpecGD.
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Convergence Analysis. Similar to Ma et al. [11], we make the following assumption.

Assumption 1 The matrices 3, and 3, share a common eigenbasis V* € RI%d 5o that 3, =
V*AV*T B, = V*A,V*T.

In this setting, the effective condition number x = /@3’: K. For NGD, the update direction is the
same as GD (up to a scaling factor). Since the objective L g is strongly convex, the classical lower
bound for first-order methods [2, Theorem 2.3] applies, yielding the same iteration complexity as
GD [11], i.e., it depends on /k. The following result shows that in contrast to NGD, the iteration
complexity for SpecGD is free from any dependence on the condition numbers x; and K.

1 and p € [1/2,1). Then, under Ass. 1, for any target loss € > 0, SpecGD iterates achieve
1Qr — =, < & whenever T > 1%/) log(

Theorem 2 [nitialize Q¢ = 0 and adopt the learning rate schedule n; =

Cy
O—min(E:E) e)’

Here, we note that SpecGD’s spectral orthogonalization decouples the dynamics into independent
scalar sequences 0; 11 = 0; 1 —1;- s ign()\gx)ﬁw —1), in which the per-mode contraction is identical
across 1, yielding a k-independent rate (see Appendix C.1 for the proof). In contrast, (N)GD updates
)2y (w)

scale proportionally to )\Z(»x along eigenmode 7, leading to a x-dependent rate.

Experimental Results. In Appendix C.2, we present experimental results comparing Muon and
GD under varying input (x,) or task (k,,) imbalance. While convergence for GD slows substantially,
Muon remains largely insensitive to the imbalance.

6. Conclusion

We studied how Muon'’s spectral design reshapes task learning dynamics under frequency imbalance.
First, we noticed that on the multi-task sparse parity benchmark, Muon results in substantially smaller
gaps between convergence times across sub-tasks. Then, to quantify this effect, we introduced the
Aga1, metric, showing that Muon maintains lower values across all coverage percentiles, and further
verifying a more parallel skill acquisition schedule. Moreover, in a simple in-context linear regression
setting, we proved that Muon’s per-mode convergence rate is independent of both task- and input-
level imbalance, unlike (N)GD. A natural next step is to study how more parallel acquisition that we
observe translates into a measurably improved step-scaling exponent «vg. More broadly, our findings
suggest that designing optimizers that further encourage parallel skill acquisition is a promising path
toward better scaling behavior.
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Appendix A. Optimizer Details for Section 2.2

We provide the update rules for the three optimizers considered in this paper. Let W, denote the
weight matrix at step ¢, V; := V.L(W,) the gradient, and n > 0 the learning rate.

A.1. NMD (Normalized Momentum Descent)

NMD consists of a momentum buffer in the form of a moving gradient average which is normalized
before scaling by the learning rate to yield update

M; = SM;_1 + V4,
M;

Wi =W — .
[ ML ||

3)

A.2. Adam
Adam [7] maintains per-parameter running estimates of the first and second moments of the gradient:

M; = fiM;_1 + (1 — B1) V4,
Vi=BVi1+ (1 - 2)V7,

Wiy =W, “)

M,
M
V Vt + €
where M; = M, /(1 — %) and V; = V,/(1 — 3%) are bias-corrected estimates, V7 denotes the

element-wise square, and € > 0 is a small constant for numerical stability. Adam adapts learning
rates per parameter.

A.3. Muon

Muon [4] accumulates gradient momentum and then orthogonalizes the update via the matrix sign
function (msign), computed efficiently through Newton-Schulz iterations:

M; = M1 + Vy, )
Wi =W, —n \/%mSign(Mt% (6)

where W, € R"*" msign(M;) = UtVt—r given the SVD M; = U; 3, V], and the factor /m/n
normalizes the update so that per-entry RMS is consistent across layers of different shape [1]. The
msign function replaces all singular values with ones while preserving the left and right singular
vectors, equivalent to projecting the momentum onto the nearest semi-orthogonal matrix. In our
experiments, Muon is applied only to hidden-layer weight matrices; embedding and output parameters
use Adam following standard practice [4, 9].

Appendix B. Omitted Details for Section 4

B.1. Experimental Setup

We utilize the multi-task sparse parity benchmark with ny,gs = 50 sub-tasks, n = 100 task bits,
and k£ = 3 active bits per sub-task. Sub-task frequencies follow a Zipf distribution p; o< ¢~ where
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~v = 1.4. The model architecture is a single hidden layer ReLLU multi-layer perceptron with 2000
hidden neurons, trained with batch size of 10,000 for as many optimization steps as it takes to
converge the last sub-task to target loss of 7 = 0.1 bits. For each optimizer, we search over learning
rates {1072, 1073, 107*} and report results at the best performing value, using configurations:

« NMD:3 = 0.9, 7 = 0.01.
o Adam: (B, B2) € {(0.9,0.999)}, n = 0.001.

* Muon: 8 = 0.95, 7 = 0.01 (hidden weights); Adam for embeddings [4].

B.2. Effect of Model Width
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Figure 4: Loss curves on the multi-task sparse parity benchmark across model widths while varying
optimizers demonstrates that Muon (bottom) consistently keeps a more parallel task acquisition
schedule that Adam (middle) and NMD (top).

The figure above follows settings in Appendix B.1 but we set n¢,5xs = 5. We also vary model widths
€ {250, 450, 650, 850, 1050}.
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Appendix C. Omitted Details for Section 5

Training Objective. The objective is to minimize the expected squared prediction risk, which is
written as

1 R 2
Ly,(Q) := §Ewaw1:T7wq {(yq - wT$q> }

;Ew €172 [(wTZxQ:cq - szcq) 1
= Evrra [0 (5.Q - Dage] (5,Q - 1)Tw|
_ %tr((ExQ —I)E,, {mqmﬂ (2.Q — )T Ey [waD
= (2@ - D220 -1)7%,), )
where the final equality uses Eg, [mqm;r] = ¥, and E,[ww ] = X,,. The resulting objective is
i, £,(Q) = (2.0 - DR (2.Q -7 3. ®)

Note that the gradient of the objective £ , is given by

VL, ., (Q)=3,3,3,Q%, —3,;3,3,. ©)

C.1. Proof of Theorem 2
We first show that SpecGD decouples across eigenmodes.

Lemma 3 For each t € Z>(, the SpecGD iterates satisfy Q; = V*O,V*T, where ®, =
diag(01 4, ... ,04+) evolves according to

Oiy1 = ©; — 1 diag-sign(A, Oy — I). (10)
Proof We proceed by induction on ¢.

Base Case. Att = 0, the initialization Q¢ = 0 corresponds to &y = 0, so the decomposition
Qo = V*©uV*T holds trivially.

Inductive step. Assume Q; = V*©;V*' for some ¢ > 0. Substituting into the gradient yields
VL,(Qr) =V (A3A,©, — A2A,) V*T. (11)
Applying the SpecGD update and using the fact that msign preserves the eigenbasis, we obtain
Qi1 = Q1 — mrmsign(VL, ,(Q4))

—Q —n msign<v* (A3A,©; — A2A,,) V*T)

= V* (0, — n, diag-sign(AZA, O, — AZA,)) V*T

=V*(©;—n diag-sign(A2) diag-sign(A.,) diag-sign(A,©; — I)) v

= V* (0 — n; diag-sign(A,©; — I)) V*7,
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where the final equality uses diag-sign(A2) diag-sign(A.,) = I, which holds because both A2 and
A, have strictly positive diagonal entries. This establishes Q11 = V*®y4 V*T with O =
®; — n diag-sign(A O, — I'), completing the induction. [ |

We use the following result from Ma et al. [11].

Lemma 4 (Scalar convergence under SpecGD dynamics) Ler {6;}:>0 C R be a scalar sequence
evolving according to
0111 = 0 —mesign(N 0, — 1), (12)

*in > 0. Choose the learning rate schedule 1 = )\Z’i’n ot

with 1/2 < p < 1 and C,, > 1, and initialize at 6y = 0. Then for every t > 0,

where X" is a scalar bounded below by A

1 C
Opiq — —| <mp = —Lpt. 13
e I )‘ﬁnnp (13)

Invoking Lemma 4 on each eigenmode sequence (Lemma 3), we obtain

Qi1 — 2;1“ = |®1 — (Aa:)flﬂ = max |0 < N (14)

1
1<i<d L+l 2@

7

Consequently, achieving HQT -3t H < e requires no more than 7" > ﬁ 10g<%) itera-
tions, as claimed.

C.2. Experimental Setup and Results
C.2.1. SETUP

We empirically evaluate and compare the convergence behavior of Muon and SGD on the in-context
learning objective £, 5. Fixing the matrix dimension at d = 100, we sweep the task imbalance
strength ~ and the input imbalance strength 3 to probe both regimes. Across all experiments, we
adopt an exponential decay learning rate schedule in which the step size is reduced by a factor of 0.3
whenever the loss fails to improve for 50 consecutive iterations.

C.2.2. EXPERIMENTAL RESULTS

Figure 5 provides the full convergence results for Muon and SGD on the in-context linear regression
objective L, across varying levels of task and input covariance imbalance. Each column fixes the
task covariance condition number k,,, while curves within each subfigure correspond to different
input covariance condition numbers ;.

Consistent with the theoretical analysis in Section 5, Muon converges rapidly across all spectral
imbalance levels and remains largely insensitive to increases in either x, or k,,. In contrast, SGD
becomes progressively slower as the covariance spectra become more ill-conditioned, particularly
under large input covariance imbalance. These numerical simulations empirically support the
theoretical prediction that Muon’s matrix-sign update removes dependence on spectral magnitudes,
whereas SGD remains sensitive to spectral imbalance.

10
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Figure 5: Train loss versus iteration ¢ for Muon (top row, A-E) and SGD (bottom row, F-J) on
objective L, g. Each column fixes the task covariance condition number ,,, while curves within
each subfigure correspond to different input covariance condition numbers .

Appendix D. Discussion

Limitations. Our theory makes the assumption of a shared eigenbasis, which holds only for linear
models with specific covariance structures. The multitask sparse parity experiments use relatively
small models.

Future work. A natural next step is to connect the parallel acquisition dynamics we observe to
a theoretical result for a shift in the step-scaling exponent «g. The quantization model predicts
agD = «a/(a + 1) under purely sequential learning; whether Muon’s more parallel schedule yields a
measurably different a.g requires careful scaling experiments across model sizes, which we leave to
future work. Extending the theoretical analysis beyond the shared-eigenbasis setting, for instance to
non-linear models or settings where task and input covariances are misaligned, is another important
direction. Finally, validating these findings on naturalistic multi-task benchmarks and at larger scales

would strengthen the practical relevance of our conclusions.

11



	Introduction
	Background
	The Quantization Model of Neural Scaling
	Optimizers

	Muon Enables Faster Skill Acquisition
	Quantifying Parallel vs. Sequential Skill Acquisition 
	Theoretical Analysis on In-Context Linear Regression
	Conclusion
	Optimizer Details for sec:optim-back
	NMD (Normalized Momentum Descent)
	Adam
	Muon

	Omitted Details for sec:sal
	Experimental Setup
	Effect of Model Width

	Omitted Details for sec:icl
	Proof of Theorem 2
	Experimental Setup and Results
	Setup
	Experimental Results


	Discussion

