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Abstract

We consider the problem of learning a model from multiple heterogeneous sources
with the goal of performing well on a new target distribution. The goal of learner
is to mix these data sources in a target-distribution aware way and simultaneously
minimize the empirical risk on the mixed source. The literature has made some
tangible advancements in establishing theory of learning on mixture domain. How-
ever, there are still two unsolved problems. Firstly, how to estimate the optimal
mixture of sources, given a target domain; Secondly, when there are numerous
target domains, how to solve empirical risk minimization (ERM) for each target
using possibly unique mixture of data sources in a computationally efficient manner.
In this paper we address both problems efficiently and with guarantees. We cast the
first problem, mixture weight estimation, as a convex-nonconcave compositional
minimax problem, and propose an efficient stochastic algorithm with provable
stationarity guarantees. Next, for the second problem, we identify that for certain
regimes, solving ERM for each target domain individually can be avoided, and
instead parameters for a target optimal model can be viewed as a non-linear func-
tion on a space of the mixture coefficients. Building upon this, we show that in
the offline setting, a GD-trained overparameterized neural network can provably
learn such function to predict the model of target domain instead of solving a
designated ERM problem. Finally, we also consider an online setting and propose
a label efficient online algorithm, which predicts parameters for new targets given
an arbitrary sequence of mixing coefficients, while enjoying regret guarantees.

1 Introduction

With a rapidly increasing amount of decentralized data, multiple source domain adaptation has been
an important learning scheme in modern machine learning, e.g., in learning with data collected from
multiple sources (e.g. crowdsourcing) or learning in distributed systems where the data can be highly
heterogeneous such as federated learning. In this learning scenario, given an input space X and
output space ), we assume access to [NV sources of data, each with its own underlying distributions

Dj,j € [N] over X x Y. Then, given i.i.d. training samples 231, e 723N, and a hypothesis space H,
our goal is to learn a model on the combination of these sources, for instance through the Empirical

Risk Minimization (ERM) procedure /o = arg min,cy Z;V:l a(j )Lﬁj (h), where Lp, (h) is the
empirical loss of a model i € H over data samples in Zsj, and o € A" is some mixing parameter,
such that predictor Ea entails a good generalization performance on a target domain characterized by
a distribution 7, i.e., yielding a small true risk £T(Ea) =/ K(ﬁa (x),y)dT (x,y). It is natural to
measure the quality of ﬁa in terms of the excess risk — namely, the difference between the risk of
optimal model for target domain 2% = arg minyecy £7(h), and that achieved by ﬁa. Clearly, the
performance of /i\za will be influenced by several factors, such as the choice of mixing coefficients
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o to aggregate the empirical losses, capacity of H, and discrepancy between target and source

data distributions. So, in order to design a good procedure for learning h,, we need to understand
aforementioned trade-offs. Over the years the literature on the multiple source learning has dedicated
a considerable attention to this problem [25, 5, 35, 17, 12]. To this end, we consider the following

bound on the excess risk of h:

Theorem 1 (Multi-source learning bound [17]). Given N source data distributions D1, ..., Dy and
a target data distribution T, let hq = argmingecy Z;\Ll a(j)ﬁﬁj (h) be the ERM solution with
fixed mixture weights o € AN. Then for any v > 0, with probability at least 1 — 4e™" it holds that

Lr(ha) < L7 (hy) +COLa) +50p Y a()ILr() — Lp (0)] +Cy 2 37 LU)
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where C' is some constant, the complexity term is C(H, o) := Zf;l a(j)R;(H) with R;(H) being
the Rademacher complexity of H w.r.t. data source j, and m; is the number of samples from source j.

The above bound indicates that, the generalization ability of a model learnt by ERM on an a-
combined sources, depends on the cc-weighted sum of target-source discrepancies, and the number
of samples drawn from each source. To entail a good generalization on target domain, it naturally
motivates us to minimize right hand side of the bound over a € A™ to get a good mixture parameter.
In this paper we can cast this idea as solving the following minimax optimization problem:

. Yoo Na2(j)
B j_la<J>lﬂfr<h>—%j<h>'+Cm | .

where we drop the complexity term as it becomes identical for all sources by fixing the hypothesis
space H and bounding it with a computable distribution-independent quantity such as VC dimen-
sion [31], or it can be controlled by choice of H or through data-dependent regularization. [17] gave
a simple algorithm to minimize the bound of theorem | for binary classifiers and 0-1 loss, however
their algorithm does not extend to a more general setting. [24] also looked at minimization of a
similar bound with the goal to find weights for an optimal mixture, but they did not give a practical
algorithm, nor a provable convergence guarantee. However, none of these works aimed to solve (1)
because of its complex structure, and so an efficient algorithm for solving (1) so far has not been
proposed. In particular, the first difficulty with (1) is that it is a convex-nonconcave objective, which
means all minimax algorithms that require inner concavity [23, 22, 27, 28] or PL-condition [30]
will fail to converge to a stationary point. However, recently the literature on optimization of this
type of objectives has recently made a tangible progress: The first provable convex-nonconcave
algorithm was proposed by [34], where they consider alternating gradient descent ascent algorithm.
Their algorithm is deterministic, but in practice, we favor a stochastic gradient method. The second
difficulty in solving (1) is its compositional structure, which means that simply replacing gradi-
ent with stochastic gradient in [34] will not retain convergence guarantees. To tackle these two
difficulties, we propose a stochastic corrected gradient descent ascent algorithm, with provable
convergence guarantee for solving (1). Our method can be viewed as a variant of the Stochastic
Gradient Descent-Ascent (SGDA) algorithm, and moreover here we give a positive answer to the
question posed by [34], on whether an algorithm performing simultaneous updates can optimize
convex-nonconcave problem?, which could be interesting by its own right.

The discussion above concerns learning with one target domain, but in practice, a more common
scenario is that we have multiple target domains to adapt to. For example, in federated learning [26],
millions of users might wish to learn a good model from multiple sources, which can have good
performance on their own data distribution. Hence, we propose to study Multi-source Multi-target
Domain Adaptation scenario (M2DA). Here we assume that we have M target domains, each of
them characterized by its own distribution 7;, 4 € [M] over X x ). Adapting to M different target
domains requires different mixture weights a1, . . . , oy, either obtained by solving (1), or supplied
by the user. Equipped with mixing parameters, next we have to solve M weighted ERM problems to
tailor solutions for each target domain 7, that is



Notice that these M ERM objectives share the same component functions, so we name this problem
as a co-component empirical risk minimization. A straightforward and naive approach is to solve
all M weighted ERMs individually which becomes computationally inefficient when dealing with a
large number of data sources. Nevertheless, given the benign structure of these M ERM problems,
we may inquire whether there is a computationally efficient method for discovering all solutions
without the necessity of solving each one individually.

We give an affirmative answer to this question by replacing the learning of the target model by
predicting the target model and propose two efficient strategies to learn such predictors (for instance,
a neural network). Our algorithm designs are based on the following observation: if we assume
that each empirical risk £73j (h) is strongly convex and smooth in parameters of a hypothesis h,

then the optimal parameters are given by a Lipschitz function of mixture weights cc. More formally,
denoting w* () as optimal parameters of a hypothesis h for a-weighted ERM, w*(«) is Lipschitz
in . This means that we can learn function w*(-) with, say, a neural network and gradient descent,
with provably small generalization error. Moreover, analysis of generalization error allows us to
understand when such target model prediction is more efficient than direct learning. In particular,
we look at such a phase transition of efficiency, and conclude that when the number of targets M is
much larger than number of sources N, i.e, M > Q((1/€)/?), learning to predict solution is more
efficient than optimizing to solve all M/ ERMs. When M is relatively smaller, optimizing to solve
ERMs is more efficient than learning to predict.

Finally, as a second learning scenario we consider an online learning setting, where mixture weights
agq, ..., o are arriving sequentially, and may not even originate from the same distribution. We
cast this problem as an online non-parametric regression problem with inexact labels and propose an
label-efficient online algorithm to predict models.

Our contributions The main contributions of this paper is summerized as follows:

* We study the multi-source domain adaptation problem where there are multiple source
domains and we wish to learn a new model given the mixture of source domains, that
can perform well on a given target domain. We build upon existing learning-theoretic
results on multi-source domain adaptation and design a new algorithm for weighing of
source domains, that casts this problem as a a convex-nonconcave minimax optimization
problem. In section 2 we give the first stochastic optimization algorithm for this problem
which provably converges to a stationary point. The proposed algorithm is the first provably
convergent algorithm for a stochastic compositional convex-nonconcave minimax problem.

» We further consider the above adaptation problem with multiple target domains, the Multi-
source Multi-target Domain Adaptation (M?DA). We observe that these multiple adaptation
might share a common structure, which allows us to avoid solving adaptation problem
for each target domain individually, and instead we can replace it by direct prediction
of parameters for a new problem. We consider offline and online settings for prediction
of target parameters, and propose computationally efficient algorithms for both. For the
offline setting, in section 3.1 we propose to use a two-layer neural network to learn optimal
parameters w* () using bilevel gradient descent. We show that our algorithm can achieve

O(n~ 2%\,) excess risk. We also identify the regime where our learning based approach is
more efficient compared to directly solving each target problem individually.

* Finally, in section 3.2 we focus on scenario where target problems arrive sequentially (and
could be dependent) and extend our study of direct target parameter prediction to the online

setting. We propose a label-efficient algorithm which enjoys O(n_ﬁ) average regret.

Notation We introduce some basic definitions and notation that will be used throughout the paper.
Let BZ(r) be the ball in g-metric centered at the origin and of radius r > 0, and let S~ (r) =
{x € R? : |x|l2 = 7} C R? be the ¢>-norm unit sphere centered at the origin, and finally let
S4=1 = §9=1(1). In addition, the probability simplex is defined as AN = {a € [0, 1] : ||| = 1}.
Concatenation of vectors is denoted by parentheses, that is (wy,...,w,,) = [w],...,w,}]T. A
vector norm || - || is understood as Euclidean norm, while ||x||.c = max; |z;|. For a matrix M,
[M||op denotes its spectral norm while ||M|| ¢ is its Frobenius norm. For some f : S~1 — R
1

the empirical semi-norm is defined as || f||2 = +(f(x1)® + - + f(x,)?) and is always taken



w.r.t. the training sample S. In addition, for g : S~! — R, we define an empirical inner product
(f19) = L(FG)g(x1) + -+ F(x0)g(xn). At the same time, || £l]> = [|£]3(p).

2 Mixture Weights Estimation via Convex-nonconcave Minimax
Optimization

In this section we focus on a single target domain and present an Algorithm | designed to solve a
minimax problem (1) to estimate the mixture weights. We assume that hypothesis h is parameterized
by a vector space {w € W C R?}, and use f;(w) = Lp, (h) to denote the empirical risk over data
source j. Similarly we define f(w) = L=(h). We do the following standard relaxations. First, for
the sake of simplicity in computation, we relax the square root on the quadratic term w.r.t. a.. Second,
since the absolute value function is non-smooth, we shall use the smooth approximation function g to
replace it, e.g., g(x) = Va2 4 ¢ where ¢ is some small number (here g(-) is smooth approximation
of | - |). These relaxations lead to solving the following compositional convex-nonconcave minimax
optimization problem:
N

. o . = o . T
min max Flo,w) =3 a(j)g(f7(w) — f;(w)) + CaMer, 2)
where M = diag{ %1’ ce ml—N} We are interested in developing a stochastic optimization algorithm

to solve (2). It is a strongly-convex-nonconcave minimax problem, and it is one of most difficult type
of minimax problem due to the absence of inner concavity. To the best of our knowledge, only Xu et

Algorithm 1: Mixture Weight Estimation

Input: Target domain 7, Source domains D1, ..., Dy, Initialization variable w° = w1,

29, ..., z?\,, Positive hyper-parameters (B, 3,7, 7) (see theorem 2).

fort=0,....,7T —1do

Sample a minibatch & of size B from target domain 7, and &, . . ., £ from source
domains Dq,...,Dyn

2= (1= 5Y) (2 + fr(wh &) — fi(wh €8) — (fa(w'™h65) — f(wihi€h)
+B' (f(w' ) — fi(wh €5)).

Compute gradient for w: gt = Z;Y:I a;th(zfl)(Vf?(wt; §5) = Vfi(wh€h))

Wit = Py (! £ 7,

Make vector v € RY whose jth coordinate is g(2}).

Compute gradient for a: gf, = v + 2CMa'.

o't =Pav (' —ngg)

al. [34] proposed a deterministic algorithm to solve it, but it is still unknown whether a stochastic
algorithm can solve it with provable guarantee. We give an affirmative answer to this question, by
proposing an algorithm built on celebrated stochastic gradient descent ascent [23]. In addition to
nonconcavity nature of 2, another difficulty that arises from the compositional structure of objective

is that we cannot simply compute stochastic gradients, namely (with E[-] = E[- | data]):
Elg' (f+(w; &) — f;(w; &) (V f2(wi &) = V(w3 6))] # 9 (f=(w) = f3(w)(Vfz(w) = V f;5(w)),
where &1, &2, ... are independent random elements in sample space = = X x ) that capture

stochasticity of the algorithm. To alleviate this issue, we borrow ‘the stochastic corrected gradient’
idea from [7], and maintain an auxiliary variable by introducing

2= (1= (25 + fa(whieh) — fi(wh D) — (f(w' e — f(w'h5€D)
+ B (W' ) — fi(wh€D)

In words, for each source j, we maintain a variable z;f serving as a correction term, to ensure that z§

is getting closer to inner function component f?(wt) — f;(w'). Relying on the auxiliary variable,
we then have gradient estimates

N
gl, = > ')V (Viz(wheh) = VI (wheh), gl =lg(2), ... g(z})] + 2CMa’.
j=1



Then, denoting the projection operator onto convex set C by P¢(-), the update rule becomes

W= Py (wiagl),  attl = Pax (al —ngh)

2.1 Convergence Analysis

In this section we are going to present the convergence guarantee for Algorithm |. We make the
following standard assumption on objective in (2).
Assumption 1. We make the following assumptions on g and f:

1. g(2) is G4 Lipschitz and L, smooth. f;(w;€) is Gy Lipschitz and Ly smooth, V'w €
W,j€[N],§€E

2. B[V fi(w;€) = VI(w)|]* < o2, ¥w e W.
3. maxgean wew Fla, w) < Froq Maxwew g(f%(w) — fj(w)) < By, Vj € [N].

Points 1 and 2 of Assumption | are standard in the literature on compositional optimization [7]. Point
3 guarantees boundedness of objective value, which can be ensured since we are working in the
bounded parameter domain. Assumption | also implies the following property of F'.

Proposition 1. Under Assumption I, F(a, w) is L := max {4G?Lg +2G4Ly, MQ—C} smooth, and
2C
Mma

max

= strongly convex in o

Next, we consider the following convergence measure:

Definition 1 (Convergence Measure [34]). Given two parameters, o and w, we define the following
quantity as a stationary gap

(4@ P (o ¥aF(e, )
VGl w) = (3 (W — Pyw (w +wa<a7w>>>) |

Given the nonconcave nature of (2), we are only able to show the convergence to a stationary point.
Definition 1 measures the stationarity given parameter pair (o, w) by examining how much the
parameter will change if we run one step projected gradient descent-ascent on them. Alternatively, one
could consider the widely employed primal function [23] as a convergence measure, ||V®(a)| with
O () = maxwew F(a, w), but it is ill-suited to express stationarity since F'(«, -) is non-concave.
One of our main results, proved in appendix A, establishes the convergence rate of Algorithm 1:
Theorem 2. Consider Assumption | and let L and 1 be defined in Proposition 1. Then, letting
G2No? o2 3 .

B=6 (max {9672’ slg }) B=01Ln=0(&).y=06 (Ww) the Algorithm |
guarantees that

T
%Z]E HVG(ozt,wt)H2 < é?
t=1

with the gradient complexity bounded by:

2 AT L2
0 (HLF;naX ~max{HL202, Gg]:fa ,1}> .
€ € €

To the best of our knowledge, this is the first convergence proof for stochastic algorithm on solving
strongly-convex-nonconcave problem. We achieve O(e~*) gradient complexity required to reach
an e stationary point. In contrast to the most relevant result of [34], they show the rate O(e~2)
for a deterministic Alternating Gradient Projection (AGP) in a strongly-convex-nonconcave setting.
Note that our result also positively answers the question posed by [34], on whether some algorithm
performing simultaneous instead of alternative updates can optimize strongly-convex-nonconcave
minimax problem. Finally, compared to O(e~*) rate of SGDA given a nonconvex-strongly-concave
problem [23], we need roughly same stochastic gradient evaluations.




3 Multiple Target Domains: Learning to Solve Co-component ERM

Up till now, the main focus was on the problem of learning good mixture parameters given a single tar-
get domain. Now we turn to a more general setting where we have M target domains, each associated
with a different data distribution which necessitates per target mixture weights a1, . . . , oy, either
obtained by our algorithm, or provided by the user to guarantee good generalization on individual
domains. Next, to get personalized models for these M domains, we have to solve M different ERM
problems based on these mixture weights:

. N . . N .
min fo, (W)= on(f(w), s min fay (W)= an(i)f;(w);
A naive way is to solve each of them, which will result in a computational complexity of M multiplied
by the cost required to minimize each individual f,, to a desired precision. We note that such a
solution does not exploit the benign structure of these ERM problems: they share the same component
functions ( f;);, and the only difference is in the mixture weights. It naturally motivates us to ask, can
we propose an efficient algorithm which avoids solving all these M co-component ERM problems

from scratch? Consider the solution of minyew fo (W) := Z;V=1 a(j)f;(w) as a function of c,

N
w(a) = argmin » a(g) fi(w). 3)
Fortunately, if we assume that each source empirical risk f; is strongly convex and L; smooth in
model parameters, we have the following Lipschitz property (shown in appendix B.1):

Lemma 1. Ifeach f; is g strongly convex and Ly smooth, then w*(-) is k* = VNG ¢/ s Lipschitz.

Some basic algebra shows that in the above example w* () is indeed Lipschitz in o with respect to
2 metric. The Lipschitz property allows us to learn w* efficiently. In particular, learning arbitrary
Lipschitz (and bounded) vector-valued function w* : RY — R? is an instance of a well-studied
nonparametric regression problem [ 1 1]. In the following we will consider algorithms for learning
w* in both offline and online setting and which are provably capable of estimating w* at an almost
optimal rate. In offline setting, we assume that we have access to a subset of M mixture weights,
say a, ..., i, and we shall use a two layer neural network hg(+) to learn w*(+). Our algorithm is
GD based empirical risk minimization with adaptive label refining. In a nutshell, given an «, since
we do not have access to w* (), we will use gradient descent to jointly solve weighted ERM with
« to get an approximation of w* () as well as optimizing neural network parameters. With a mild
distributional assumption on o, we show that our algorithm guarantees that the two layer network

learns w* (a), that is, it achieves a small excess risk Eq ||ho(a) — w* (]|,

In online setting, we assume that we observe an arbitrary sequence o1, o, ... on a simplex, and we
wish to predict parameters close to w*(a), w*(az), .... As baseline algorithm we will consider
a well-known online nonparametric regression that greedily covers the simplex with local online
learners and which enjoys almost-optimal regret [13]. However, in the considered online protocol,
the algorithm will need access to labels, and revealing each label requires to solve (3) to some desired
accuracy. Here we explore a possibility that in practice we might be satisfied with e-average regret,
while saving the labelling cost. To this end we propose a modification of the algorithm that randomly
skips some labels, while incurring a slightly larger regret.

3.1 Offline Setting: Learning Lipschitz function with ReL.U Neural Network

In this section we consider offline learning of w*. The Lipschitzness guarantees that the w* ()
function can be efficiently learnt on finite as, and generalizable to unseen o. Hence, we propose to
use a vector-valued two layer ReLU neural network hg to learn w* ().

We consider a two layer vector-valued neural network hgy : RN — R? hy(x) =
[a] (Ux)4,...,a) (U),], where parameters of the hidden layer are matrices U? € R™*N,
collectively captured by the parameter vector 8 = (vec(U'),... vec(U%)) € R¥"N. Here

a; € {£1/y/m}™ are parameters of the output layer. In the following the hidden layer is tuned by
Algorithm 2, while parameters of the output layer are fixed throughout training. We assume that at
initialization, for each U?, the first half of its rows are drawn i.i.d. from isotropic standard Gaussian
and the remaining half is identical to the first half. Similarly, for each a;, half of the entries are set



Algorithm 2: Learning w* function by a neural network

Input: Number of global iteration T", Number of Iteration for inner problem R.
fort=1,...,T do

ottt = gt — NVethgt (a;) (het (av;) — Wf) > Neural network parameter update
fori=1,...,ndo
‘ W§+1 = GD(w!, o, K) > Label refining by K-step gradient descent

Algorithm 3: GD (v, o, K)

Initialize v0 = v

fort=0,...,. K —1do
=Pw (v -1 DL () VL)),
Output: v

to —1/y/m and the rest to 1/y/m (we assume that m is even). This initialization ensures that each
output coordinate is 0 and so the empirical risk is bounded by a constant at initialization.

We assume that we observe mixture weights oy, . . ., a,, € A i.i.d. according to some underlying
distribution /. Such mixture weights can be obtained by Algorithm | and their independence means
that samples originating from target domains are independent from each other.

We learn the neural network by solving the following Bi-level ERM:
N
h i i 2 .t * i) = i i ) fi . 4
min R (6 ZII o(cai) —w*(a)[?, st w*(a) argvgglgvza(J)fj(W) “)
j=

The parameters of a neural network 6 should have the well-controlled excess risk on unseen «:

R(6) = [ Iho(e) = w* ()| (e

To solve (4), we use a nested loop procedure which performs a GD step on a neural network objective
R, while in the inner loop we approximately find ‘labels’ w* (1), ..., w*(ex,) using a K-step GD.
The entire procedure for solving (4) is described in Algorithm 2. Then, the following theorem shows
that the two layer neural net optimized by Algorithm 2 learns w*(cx):

Theorem 3. Let A\g = N - polylog(N,n). Consider a neural network of with m > (ngJFHiN).

Then, for the Algorithm 2 with n < %, vy o= L%u T > Q(ﬁ%log(n)), and K >
0

Q (Iﬂ; log (”T"D>), the following excess risk bound holds with probability at least 0.99:
R(Or+1) <O (("5*)261"72*%) :

The proof given in appendix B.5 is based on a more-or-less standard Neural Tangent Kernel (NTK)
approximation argument [ 15, 4], namely we use the key fact that predictions made by a GD-trained
overparameterized neural network are close to those made by a Kernelized Least-Squares (KLS)
predictor (given that the width of the network is sufficiently large). Now, such a KLS GD-trained
predictor can learn Lipschitz target functions: It is well known that by learning on a sufficiently large
Reproducing kernel Hilbert space (RKHS) (with polynomial spectral decay), one can approximate
Lipschitz functions well [8, 2]. Here our goal is to approximate a vector-valued function, however,
by treating each output independently we follow existing proofs [14, 21] for scalar-valued Lipschitz
regression by GD-trained neural networks and arrive at the same excess risk times d.

Optimality of our rate. Here we show that a two-layer neural network trained by a bi-level Gra-

. . . o2 . .
dient Descent (GD) can learn a vector-valued function with O(dn™ 2+~ ) excess risk. If we ignore
the dependency on d, our result matches the minimax rate of learning a scalar valued Lipschitz
function [11].



Algorithm 4: Label efficient nonparametric online regression

Data: Radii schedule €1, ¢5 ... with g; € R, Label efficiency parameter p € [0, 1]

S+ o, > Set of centers
fort=1,2,...do
Observe a;
if S = @ then
| S« {t}, T} + o; > Create initial ball
s 4 argmingcg [Joy — a5 > Find active center
if T, = @ then
| W= gl
else
‘ Wy — ﬁ Zt' er, Wt 3 > Predict using active center
if |ay — || < €, then
| Ts+ T, U{t}; > Update list for active center
else
| S« Su{s}, T, @; > Create new center
Draw a Bernoulli random variable Z; such that P(Z; = 1) = p;
Observe w; = 1{Z; =1} GD(0, a4, K) ; > Update pseudo label for avs

Efficiency of our learning-based approach. Given M mixture weights (a;)}, the baseline naive
approach is to solve all M weighted ERM with gradient descent, to accuracy level €, which requires
O(Mklog(1/e)) time complexity. Using our approach, we first need to learn a neural network with ¢
excess risk, and it needs n = © ((x*2d/e)**V/2) samples, which implies that we need to solve this
many weighted ERM problems, resulting a complexity of © ((rk*2d/€)'*™/2 - klog(1/e)). Once we
learn a neural network, we just need to pay for the inference cost to predict w* for each «;. Putting
things together, the total time complexity is © ((k*2d/e)'*N/? - klog(1/e) + M). We observe the
following regimes:

e When M > ((“*2‘1/:)1;;2//26‘)“_1?(1/ <) ), learning is more efficient than solving M ERMs.

* Otherwise, directly solving M ERMs is more efficient than learning a model predictor.

Intuitively, when the number of target domains is much larger than number of source domains, our
learning based approach is strictly more efficient. It is also interesting to note that our learning based
approach can avoid computational overhead of M, but suffers exponential cost from the number of
sources N. While solving ERMs avoids the price for NV, the computational cost increases linearly in
terms of M.

3.2 Online Setting: Label Efficient Nonparametric Online Regression

In previous section we discussed nonparametric offline learning of w* with distributional as-
sumption on ay, ..., )y In this section we consider the following online learning protocol with
oblivious adversary. Given a known and fixed parameter p € [0, 1], and an unknown sequence
(a1, w(ay)), (az, w*(a)),--- € AN x B4(D) of inputs and labels, at every round ¢t = 1,2, ...

1. the environment reveals mixture weights oy € AN

bl

2. the learner selects a label W, € B3 (D) and incurs loss £; (W) = ||[Wy — w* ()| 2

3. the learner samples Z; ~ Bern(p) and observes I {Z; = 1} w;, when w; is a GD-optimized
approximation of w*(a).

In particular, we introduce Algorithm 4, a modified version of the online nonparametric regression
algorithm proposed by [13]. Algorithm 4 iteratively constructs a packing of AY using ¢2 balls
centered on a subset of previously observed inputs. At each step ¢, the label (parameters) associated
with the current input o; is predicted by averaging the labels of past inputs within the ball whose
center o is closest to o in the 2 metric (note that labels are vector-valued). If o lies outside the

nearest ball, a new ball with center o, is created. The radii €; of all balls shrink at a rate =1/ 4N,



Note that efficient (log in the number of centers) algorithms for approximate nearest-neighbor search
are well-known [19], as well as highly-optimized open-source packages are readily available [16].

In contrast to the original algorithm by [13], where all sequentially observed labels are used to
generate predictions (update local learners), our algorithm variant uses only a p-fraction of labels on
average. This reduces label complexity at the cost of increased regret. This approach is referred to as
label-efficient prediction in online learning [6, Sec. 6.2] and is beneficial when accessing labels is
costly. The following theorem, shown in appendix C, establishes the regret bound of Algorithm 4.

Theorem 4 (Regret bound). Let f : AN — R? be arbitrary k*-Lipschitz function with respect to

1
|| - || metric and let Cy > 0 be a metric-dependent constant. Then, Algorithm 4 with ¢, =t~ T+N
satisfies

N

T
E > ((Wi) = L(f(ew)))| < (pCn In(eT) + ADK*)T T8 + (1 — p)TD + 4pDT(1 — k=)D

Moreover, by definition £i(w*(a:)) = 0, so choosing f(-) = w*, the above bound implies that:

T

1 ,
7 O Elt(W)] < 8(pCy In(eT) + 4Dk")T™ 5% + (1= p)D +4pD (1 - k)
t=1

D.

The core idea behind the proof (deferred to appendix C) involves maintaining a balance between
the regret contribution of each ball and an added regret term arising from approximating the target
function using Voronoi partitioning. The regret contribution of each ball is logarithmic in the number
of predictions made due to regret of online quadratic optimization [6, p. 42]. Ignoring log factors, the
overall regret contribution equals the number of balls, which is essentially governed by the packing
number with respect to the £2 metric. The additional term in the regret comes from the algorithm’s
prediction being constant within the Voronoi cells of A” induced by the current centers (considering
that we predict using the nearest neighbor). Thus, an extra term equal to the product of the balls’
radius and the Lipschitz constant is incurred. Finally, the label efficient algorithm we present here
incurs yet another, p-dependent terms, which accounts for the missed labels.

Corollary 1. If our desired average regret is € > 0, then Algorithm 4 has label complexity:

~ D\ 1 o p\ Y
ool () (=22) )05
€ € D
Note that we recover the standard version of the algorithm (non-label efficient) by trivially setting

p = 1, which in contrast has label complexity of order O (max{(Dx*/e)' ™™, (1/¢)'*1) , which
is strictly larger than the label efficient version as long as e is not zero. When our desired regret goes
to zero, the label complexity of two algorithms will tend to be the same asymptotically.

4 Experiments

To demonstrate the effectiveness of our proposed mixture weights estimation algorithm, we conducted
an experiment using MNIST dataset [ 1] according to the following specifications. We consider a
scenario with 15 source distributions, and dividing them into 3 groups. For group 1, it contains
5 source distributions and each distribution contains 100 data (80 for training and 20 for testing)
samples which are drawn uniformly randomly from class ‘0’, ‘1’ and “2°. Group 2 and 3 share similar
settings but their distributions’ data are drawn from class ‘3°, ‘4’, ‘5’, and class ‘6’, “7°, ‘9°, ‘10’
respectively. The data generation process is summarized in Table 1.

Group | Classes | Domains per Group | Samples per Domain
1 0,1,2 5 100
2 3,4,5 5 100
3 6,7,8,9 5 100

Table 1: Classes and samples per domain for each group

To demonstrate the effectiveness of our Algorithm |, we implemented and run experiments with
two-layer MLP neural network. We choose four different target setting: (1) target distribution



Target Target Target Target
(Group 1) | (Group 2) | (Group 3) | (mix of Group 1 and 2)

Average ERM 69.9 % 40.0 % 34.9 % 59.9 %
Pure target training | 69.9 % 55.0% 40.0 % 55.0%
Our method 80.0 % 69.9 % 55.0 % 65.0 %

Table 2: Accuracy comparison with two baseline algorithms. Each row represents the accuracy of
model learnt by Average ERM, Pure target training or Our method, on different target domain. We
can see that the models learnt using mixture weights from our algorithm (Algorithm 1) always yield
the best accuracy.

from Group 1, (2) target distribution from Group 2, (3) target distribution from Group 3, (4) target
distribution from the mix of Group 1 and Group 2. We compare three algorithms: 1. Weighted ERM
using our learnt weights, 2. ERM on averaged weights and 3. ERM solely on target domain, and
presented our findings in Table 2. The results indicate that the accuracy achieved using the learnt
alphas outperforms the other two approaches.

5 Discussion and Conclusions

In this paper we studied the multi-source multi-target domain adaptation problem. In the first part of
the paper we gave an algorithm for adressing a minimax problem, that provably finds good mixture
weights of source domains, given a single target domain. In the second part we studied the problem
of domain adaptation with multiple target domains, and introduced the co-component ERM problem.
We gave two concrete algorithms to solve co-component ERM problem, in offline and online settings.
There are several potential future venues for future work, which we briefly discuss below.

Online mixture weight prediction Throughout Section 3, we assumed that the target domains’
ass are given. However, it would be interesting if given a new target domain, one could predict
good mixture weight in an online fashion, and our Algorithm | could serve as an oracle to give the
inexact label. Meanwhile, since the Algorithm | takes considerable time to converge, a desired online
algorithm should also be label-efficient.

The complexity of solving co-component ERM The co-component ERM problem we introduced
in section 3 is interesting from pure optimization perspective. Even though we proposed the learning-
based approach to avoid heavy computation, one alternative direction is to develop efficient algorithms
to directly solve M co-component ERM problems, and give upper and lower complexity bounds.

More structure in w* and better phase transition laws In this work we considered a basic
structure in co-component ERM problems (strong-convexity and smoothness), which gave rise to
Lipschitzness of w*. Lipschitz class of functions is very large and in general can only be learned at a

rate @(n*HiN ). As discussed in section 3.1 this allowed us to argue that the learning approach is
more efficient than solving co-component ERM whenever M > Q((1/¢)N/?). However, we could
potentially obtain better rates (and better laws) of learning w* having more structure in w*. For
example, assuming that w* is H-times differentiable, the excess risk would behave as ©(n~ %)
[11]. Thus, the learning approach would be more efficient when M > Q((1/e)N/(H)) that is
with potentially much fewer sources than targets. It is an intriguing question to figure our which
co-component ERM problems would allows for a nicer structure in w*.

Alternative learning based approach for co-component ERM There may be several other
learning based method to solve co-component ERM. One potential approach is Meta learning [10].
The idea is to train a meta model w0, by optimizing a pre-defined meta objective based on some
sampled mixture weights, and the goal would be to find a model that can quickly adapt to tasks with
different mixture weights oc. We leave this as a promising open problem.
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A Proof of theorem 2: Stationarity of Algorithm 1
A.1 Proof Sketch

To prove the convergence of Algorithm | to a stationary point, we first need to relate our convergence
measure to actual iterates during the algorithm dynamics. Defining

1 1
Gu(o,w) = 5 (W =Pw (W +1VwF(a, w))), Gala,w) = p (= Pr (= VaF(a,w))) ,
the following statements hold:

I

b

EHGa(af,wt)H%%Enat ot +2G2ZEH£“ (f7(w') = £;(w"))

j=1

2 2 S
E |Gy (at,wh)|* < 2 E [wh = wiH|* + 4G§% +8G7LY Zat(j)E 2671 = (fa(w) = f;(w))|”

Bounds above show that the gradient norm can be bounded by the difference between two iterates
generated by Algorithm 1, and the approximation error of our stochastic correction steps. Hence,
we need to quantify how well the proposed stochastic correction step can approximate inner finite

functions, i.e., the difference between Z;+1 and fz(w')— f;(w"). This gap can be bounded following
a standard result from [7]:

E |24 — (fr(w!) — f(wW)|” < (1= BPE|jz - (f2(w'™h) — f(w 1)
+4(1 - B)2G% |t — w7 252%5.

Besides above tracking error, we will also need to control the iterates gap of auxiliary variable z§
Bl = ) < - BP Bl -7 8 (14 3) 63 (ot = w P w2 P)

+8(1 )52G [wh — w1

It shows that as the primal iterates approach the stationary point (i.e., iterates will not change too
much), our auxiliary variable z; also will not change too much.

. . 2 2 .
Next, we are going to characterize the upper bound of E ||’ — a!*!||” | E ||w" — w'™!||". To this
end, our proof relies on constructing two-level potential functions. Our first level potential function is
defined as

- 2 1 nL? NG? 2
Ft+1 . F( . t+17Wt+1) 772 H . t+1 tH2 O <47 [EGA} 5 ; g Hwt+1 WtH
1 NG’2 wi-1]12 7 nL? 1 112

Then we prove the following one-iteration relationship:

BLFC P 200B [ P LB T LB e
8y 8y

N
+GE ot — o — (1 - 8)%0 (v +1) ZE |25 = (f#(w'™) = fi(w'™1))

0 (y+8) % - (1) ()ZEHZ 21|17,

13



where C; and C5 are some constant depending on 7, 7, L, 1. To eliminate the approximation error

E|/z — (fa(w'™h) — fi(w! || and difference of auxiliary iterates E ||z — 2/~||", we need
construct another potential function F**1:

41 ft+1 > t+1 t tyy ]2 (1- §)2 Gg . tH1 ot
Pt 1S - o -0 (U S e -
i=1 w1 ) 5=

Finally, we arrive at the following bounds.
. - C Cs
E[F* — ' 2 9 E|[VuGla! W) + 0P E [ VaG(a!, wh|*
o2
— (2C1°LINB? 4+ 20,°GoN?B% + 44G2 + 28° LGy + 252) 5

Conducting telescoping summation will yield the desired result.

A.2 Technical Lemmas

Proposition 2. If g(-) is G Lipschitz and Ly smooth, and f=(-), f1(:), ..., fn(-) are all Gy Lipschitz
and Ly smooth, then F(o,w) is L := max {4G?Lg +2G4Ly, m270} smooth, and 1 = bie

Mmax

strongly convex in o

Proof. We first examine the Lipschitzness of gradient of F' w.r.t. .
VaF(a, w) = [g(f7#(W) = f1(w)), ..., g(f3(W) — fn(W)))] + 2CMa
Hence
IVaF (o, w) = VaF (o, w)|| < 2C o — ]|
Similarly for gradient of F' w.r.t. w:
[VwF(a,w) — VyF(a,w)|

2

<D a() [[Va(f7(w) = fiw))(Vf7(w) = Vfi(w)) = Vg(f7(w') = fi(w)(V f7(w') = V fi(w))]]

i=1

M=

<

a(i) [|[Ve(f7(w) = fiw))(V f7(w) = Vfi(w)) = Va(f7(W) = fi(w)(Vf7(w) = Vfi(w))]]

.
Il

MZH

+ 3 a(i) | Ve f7(W) — fi(wW))(Vf7(W) = V(W) = Va(f7(W') = fi(w)(VIz(w) = V(w))
=1

N

Z D)Ly || f7(w) = filw) = (f7(w') = fi(w' 2Gf+z 2L [w—w'| -G

~ N

SZ a(i)4G3 Ly |w — WH+Z i)2G, Ly |w —w']|.

For strong convexity, we compute Hessian w.r.t. o:

1
V2 F(w,a) = 2CM = 2C I,

Mmax

so F'(a, w) is 2CM strongly convex in c. O

The following lemma bounds the tracking error of the stochastic correction algorithm.

Lemma 2 (Tracking Error [7]). For Algorithm I, under the assumptions of Theorem 2, the following
statement holds true:

E||257! = (f(w") = f;(w))|" < (1= BPE |28 — (fp(w'™") = f(w'™))

2
+4(1= PG W — w4287

I
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An immediate implication of Lemma 2 is the following corollary:

Corollary 2. For Algorithm I, under the assumptions of Theorem 2, the following statement holds
true:

E[I+ = (f2(w7) = fw D) < (1= BT E|20 = (fr(w ™) = f(w )|

(L=B)" o e s, (1-5)7 o*
Proof. Due to Lemma 2 and updating rule for w, we have
E || = (fw") = f(w))[|" < (1= BPE 12} = (7(w' ™) = fy(w' )

2 2 -1 202
P01 BPCE el 4280
< (=B E|zf — (f#(w'") = fi(w'™)
2
+4(1- PP EGT + 267
Then we unroll the recursion in Lemma 2:
Ellz/ ' = (f#(w") - fj(WT>)H2 <(1=B)*TE||2) — (fa(w™h) - Fiw )
T
300 (10 g + 2 )
t=0
< (=B TE|| — (fr(w ) — f(w )

(1-p)? o’

Besides the above lemma, we also need the following bound on tracking error between two consecutive
iterates.

Lemma 3 (Second Order Tracking Error). For Algorithm I, under the assumptions of Theorem 2, the
following statement holds true:

Bl = ) < - BPElt - s (14 3) 63 (= w P - w2 P)

+8( 5>62G [wh — w1

Proof. For the ease of presentation, we define the following two auxiliary variables:

fi = fi(w' &) — f;(wh €5,
[0 = fiwh ) = fi(wh €)= (fiw' 1 60) — fi(w' D).

According to updating rule of z, we have:

A=t = (1= B) (k= 27+ (L= B = S 4 B - )
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Taking expectation w.r.t. £, &, &7  and &' yields:

t+1 ]2

B3 =

—E[|(1- B~ 27+ (L= A = 1) 4B - 1)

2 <1+ b >(1—5)2E|\zf< — AT (it pi oty

- 2283 J j J J
+Q+QM>MWﬁ*W

(9) tst—1 t—1—t— 2 2 || st t—1]|2
< (1-5) a-BEl - e g - (14 5) B -

) B B t—

< (1 2) 5 (1+; w)EHzﬁ—zj i

(1_6) EHZ —z 1)H2+(1+Z>]E"f;»—>t 1 ft Tt— 2H +(1+ >52Hft f;ﬂuz

IATI

T1 T2

where in (1) and (3) we use Young’s inequality that ||a 4+ b||* < (1 + a) [|a]|* + (1 + L ||b||®. Now
we bound 7 as follows:

T1§4( )(Hﬁ el = W e+ S whel) - LWl e])
+4 (1 + 5) (I 1) = w2 | + | Hw ) = w26 7D)]°)
< (142) 6 (I = wi P w2,
and for T5:
1< (14 3) 563w .
Putting pieces together will conclude the proof. O

The following lemma establishes the difference between the exact gradients computed on F' and the
gradients we actually used in Algorithm 1.

Lemma 4 (Gradient difference). For Algorithm I, under the assumptions of Theorem 2, the following
statement holds true:

E|lgl, — VwF(a!,wh)|* < 4G2— +8GAL? Za VE |26 = (f2(wh) — Vf;(wh))|”

2

E|lgl ~ Va Z 2E|2 — (f2(wh) — fi(wh)]|”
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Proof. By the definition of gf,, we have

E|g!, — VwF(a!,w")|?
2

Za V() (Ve (w' ) = Vfi(wh ) — Ve Fa!, w')
N 2
<2E Za%j)wz;“xw?(wt;f;?) — Vfi(whel) — (Vz(wh) = Vf(wh))
2

N
+2E(> o’ ()(Va(=) = Va(f7(w') = V(W) (VW) = Vf(w)
j=1

2 N
< 4G3% +8GAL2 Y MG E | — (fr(wh) — Vfi(wh))

=1

I

where at the last step we use the bounded variance assumption. Similarly by the definition of gf, we
have:

E g, — VaF(a!, w))|’ fE|| 2, L g - Vi Fad, wh| [
2

<ZG2EHzt+1 (fe(w") = f;(w" )]

j=1

Lemma 5 (Connection between stationary measure and iterates). For Algorithm I, if we define
1 1
Gyla,w) = 5 (w—="Pw (W+VuF(a,w))),Go(a,w) = p (@ —Pr(a—nVoFla,w))),

then the following statements hold:

2
E[[Gala!, W) < 5 E[la = o™ 26 [ - () — )
j=1

P 2 AR
E|G.(al, wh)||* < B [w! — wi | + 4G_g% +8G2L2 Z Q' () B2 = (fr(wh) — f3(wh)]|?

Proof. We begin with proving the first statement. According to updating rule we have

IEHGQ at,wt)H2
2
_E‘

n(a —Pa (af —nVaF(at, wh)))

2 2
< n—zE et = Pa (' —ngh)||* + ?E |Pa (@ = ngl,) — Pa (o — nVaF(a!,wh)|

< %EHat —at+1||2+2EHgfl—VaF(Oét,Wt)HQ
2
< SE[et — + 2023 B — () — S

Jj=1
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where at last step we apply Lemma 4. Similarly, for the second statement we have:

E | Gw(ad, w))||”
o H}y (W' = Pw (W' + nVwF(a', w")))

< %E [wh = Py (w' + gL + %E [Pw (W' +78L) — Pw (W' + 7V F(a!, wh)|”
2

? E Hwt - WtHH +2FE Hgf,v - V‘,\,F(ozt,wt)H2

IN

2 N
%IE [wh —wh||? + 403% +8GAL2 Y ot (G E |24 — (fr(wh) — Vi (wh))
j=1

IN

The following lemma connects F/(a!™ wiT!) and F(a'™! wt).

Lemma 6 (Dual Variable One Iteration Analysis). Let L := max {4G§Lg + 2G4 Ly, 20}. For
Algorithm 1, under the assumptions of Theorem 2, the following statement holds true:

E[F(at+17wt+1) _ F(at'H, Wt)]

2
><1 L L*p

1 2 o?
32 2) E|jwit! — wh|? — %E Hat+1 _ atH - (%’Gg +852L3G?7) o

B
N
—4ALGHY Y@l ()1 - BPE| — (fr(w' ) — fi(w' )|
j=1
—16(1 - B)2L2GHyE ||w! — w17

Proof. By the optimality of projection and updating rule of w, we have:
{(vgh, + (W' —w'th), w! —w'th) <0
Re-arranging terms yields:
1
(gl w' —w'th) < —;Hw’”r1 — w2
Adding and subtracting V, F'(af, w?) gives:

1
<VWF(at,Wt),Wt 7Wt+1> + <gfﬂ _ VWF(Oét,Wt),Wt 7Wt+1> < 77||Wt+1 _ wt||2
v

Applying Cauchy-Schwartz inequality yields:
1 t+1 t)2 t t t+1 t 1 t+1 )2 1 t t t\|[2
;”W _WH §<VWF(G,W),W _W>+5HW _WH +§7ng_vwF(avw)H

Now, we take expectation over the randomness of (-, Jt and apply Lemma 4 to get:

1 2
> E[w' — w'|]? <E(VwF(a!, w'), wth —w') + 27G3%

N
+49GILE Y o' G)E[|2f ! = (fr(w!) = Vi (wh)|

j=1
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Plugging in Lemma 2 yields:

1 2
> E|w' ™ —w!|? <E <VWF(O¢’&7 wh), with — wt> + Q’yGi%

N
+4yGE L2 Z o (5) ((1 —B2E||2f — (fr(w' ) — fi(wt )

2
40 020w 26273> |

On the other hand, from Proposition 2 on the smoothness of F' with parameter L we have:

F(a“‘l, Wt+1) _ F(a“‘l, Wt)

> <VWF(at+1,Wt), witl 7Wt> - g Hwt+1 B Wt||2
= (VF(a!',w'), w't! —w') — g [w'th - thQ +(VF(a't w'") — VF(a!, w'), ! —w')
> <VF(at,wt), witl — Wt> _ g ||Wt+1 wt||2

- 17 TP )~ TF (e w)| L ! |

L 1 L?
> (TRl w), Wity = Bt P L ot B

2
> <VF(at,Wt), witl — wt> - (L + L77> Hwt+1 B Wt||2 1

Putting pieces together will conclude the proof:
]E[F(at+17wt+1) - F(at+1a Wt)]

1 L L% 1 2 o?
> (5 -5~ 550 EIw - wil? - B ot - ol - (963 +88°2263) G

N
LG Y at()(1 - BB [ — (fr(w' ) = w1

—16(1 — B)QLZG‘}W]E |w' — wt*1H2 .

The following lemma connects F(a!T!, wi*!) and F(af, w?).

Lemma 7 (One Iteration Descent Lemma). For Algorithm I, under the assumptions of Theorem 2,
the following statement holds true:

E[F (o', wit!) — F(a!,w')]

1 L L% L% e
> <2’7 —5 = 2) E||w!tt — wh|? — (16(1 — ﬁ)zL?]GA}’y + ) E Hwt —w' 1“

2
w3 1 2 1 nL? 12
(5o ) Bl ol (o gy = ) Bl o
N

(1 - B (4t () LEGEy + 0GR B2t — (f7(w' 1) — f(w 1)
j=1

[~}

g

— (27G§ + SﬂQLSG?w) I
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Proof. According to property of projection we have:

1
<gi + (o —a')a - at“> >0 )

n

1
<gfx + E(oz“r1 —a'),a’ - at+1> >0 (6)

1
<gg_1-|—n(at—at_l),at+1—at> >0 A

Since F'(-, w) is strongly convex for any w € W, we have:

Plat*,w!) — Flat,w') > (VoF(a!, w), ot — ) + L jlatt - ot

> <vaF(at,Wt) gl attt at> + %”atﬂ —of|?
_ l <at _ at717at+1 _ at>
Ui

> (VaF(al,w') = VaF(a ™ wi™), a1 = af) + Lt - af

n <gf1_1 Vo F(al ™l wth), ettt - at>

1 <at —at ottt - at>
where at second inequality we use the fact of (7) . For the first dot product term, we observe that:
(VoF(a!,w') = Vo F(a'™ ! w'™h), ot — a') (8)
= (VoF(a!,w') = Vo F(a!,w'™ "), o't — o)
+ <VQF(at,wt_1) — Vo F(a'™twi™h), A)
+ <VQF(at,wt_1) — Vo F(a™ L wi ), af - at_1>

L? 1 L? 1
2 =5 W = WP et = et = et — et = AR+ pfaf - at R
©)
where A = (a!t! — af) — (a! — a'™1).
For the second dot product, we have:
]E<gf;1 Vo F(al™l, wth), alt - at)
_ _ 12 1 2
Z _,',)(1 —5)2E}|g2 1 _ vaF(at 1,Wt 1)” _ WE||at+l _ at”
N
> 1 2 G2 || 2t (ot —1 ot—1YY |2 1 E llat+? t]|2
> —=n(1=5) Z g sz - (f3(w"0) = fi(w ))” - an(1 - B)? Ha o H ‘
j=1
where we plug in Lemma 4 at last step.
For the third dot product, we use the following identity:
1 1/1 1 1
Lot —athatt ooty < 1 (Jlat -t glatt <ol GIATT) a0
n n \2 2 2
So we have:
[T

L2
E[F (o', w') — F(a!,w')] > _TnE [wh — wi=L)2 + < _ E|att! — of|

1
2 o 4An(l- ﬁ)2)

1 nL?
- _Z\E t _ t—1)2
+(u- 5 - 5 ) Elat - o)

N
—n(l =8 Y GIE |2~ (pw ) — Hw H)F an

Jj=1
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Recall Lemma 6 gives the following lower bound of E[F(a!*!, wi!) — F(a!t! wt)]
E[F(at+17wt+1) - F(at+1a Wt)]

(12)
(L-tot

1 2 o?
o )E|wt+1—wt|2—2nEHat+1—atH — (21G2 + 87 I2G2)

B
N
—ALiGIy o' (G)(1 - BV E| — (f(w' ) — fi(w )|

_112
—16(1 - B)PL2GIVE|[|[w' —w'!|". (13)
Hence, Adding (11) and (13) yields:
E[F(at+17 WH—l) - F(at7 wt)}

2
Z(1 L L%*

L277 1112
35 Bl w160 82EGH + 55 B ' -

2
w3 1 2 1 nL? 12
(53 ) Bl ol (g ) Bl o
N
(1 - B)? (4t () LEGEy + G2 B2t — (f7(w'™h) — f(w 1)
j=1
0.2
— (27G!2] + SBQLEG?W) 5

which concludes the proof.

O

Lemma 8. For Algorithm I, under the assumptions of Theorem 2, define the following auxiliary
quantity Ft+1;

Ft+1 ':F(at'H Wt+1) +St+1
M )

1 L2 192NG? 96NG3 G2
‘(*4%0%+72+ s I et

dy pnp w2n
1 96N G? _ 7 n 2
_ (87 lmﬁa) Hwt wt 1H + (277 - 2) Hat+1 atH
where
St+1 = _%||at+1 o at”Q .

Then the following statement holds:

E[Ft+1 _ Ft] >C, E Hwt-i-l _ Wt||2 + 1 E Hwt _ Wt—1H2 + iIE Hwt—l _ Wt—2||2
8y 8y

FOE o o

N
— (1= B)? (4L2G3y +1G2) Y E |2 — (f2(w'™Y) = £(w' ™)

j=1
2 24G2 N
2 2722\ 9 B g : =112
— (20Gy +88°LyGY) 5 - (1 - 2) 2 ;EHZJ =4
where
1 L 192NG2G%2  96NG2G?
Clsz——§nL2716L2G‘}'y— g g fﬁ7
v 2 2 g u2np w2n
1 3 L? 1 212
Co=—+— 7L772f—
no 2 2 4an(1-p) I



Proof. According to (6) and (7):

%<At+17at _ at+1> > <gé _ gi—1’ attl _ at>.

If we define g, (2, @) = [g(z1), ..., g(2n)] + 2CMav.

l <At+1,at _ at+1> > <g:tx _ ga(zt’at)’ altl — at>
+ <ga(zt7at) _ ggfl’ altl — at>
> <g:tx _ ga(zt,at)’ altl — at>
+ <ga(zt,at) _ gf;l’ attl — ot — (at _ at)>
+(ga(zat) — g\, (@ — o' ™))
2

a -
L S g e |

2
—%}Wf—w*W—gﬂAHw%uww—a*w?

Since % (AT ot — ot f1) = % |t — at*1||2 — ﬁ |ttt — oﬁH2 — % HAt“H2 Hence we

have:
t 12 L t+1 t)2 Gg > t+1 2 Hop t)2
gy llo =77 = 5 e — el > — ZHZ GI7 =7 e =
nL2 12 _152
N T L
Multiplying both sides with uin yields:
2 ot~ 11 2 t+1 t? > 4G3 . t+1 _ )| Ly i t))2
il et = 2 ot a2 T S S -]
2
_ £ Hat 7at71||2 + é Hat 70}71”2’ (14)
H Ui

and so, putting all together,

E[F(a'™!, ') — Flad,w')

1 L L% L?n 12
> (5 -5 - ) v —wie = (160 - 572265+ 1 B ' —w |

2
e G

t—1\\ (|2

1
2 2n An(1- 5))

[\~]

g

— (27G!2] + SBQLEG?W) 5
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Now evoking Lemma 7 together with (14) yields:
E[F<at+1 t+1) T St+1 _ (F(at,Wt) + St)]

2
> (5 -5- 50 )Elw
2y 2

p 3 11 t+1 |2 _ 1

+(2 2n  4n(1 — B)2 n>EHa ol +(M 2n
N

- 2 (L= (LG - G Bl - (T — it

463 N

9 ZE ||Zt+1

— (29G2 +88°L2GH)

2t

2
i

Now we plug in Lemma 3 with the fact that 5=>1 and get:

E[F(at+1 t+1) =+ ht-i—l _ (F(Oét,wt) 4 ht)]

- (16(1 AP LIRGhy + L ")

nL?

2

I’

Eflw' —w' !

+4—2L)Ey|a

n K

2
> (5 -5 - 50 Elwt+ - wip?
27y 2 2
Ly 96N G2G2 96NG2G ﬁ 9 96NGQG2
— | 1602G4y + =1 g f F t o t—1 7fE
(1025 + B0 S50 SN gt i T g
no 5 1 7 nL? 2L? _12
R e R e R AL
N
— (L= B) (AL5GHy +0G3) DBl — (fr(w' ™) = f(w )
j=1
2 162 X
- s G- (1-) el
Recall our definition of potential function Fritt
) 1 nL? 192NG2G3 96NG2G26
Frttl ::F(at+1’wt+1)+ht+1 _ <4ry+16Lf27G;%7+2 M%ﬁq i) ! H
1 96NG§G3C . 1112 7 nL 212 t+1 ]2
(87+u277ﬁ I = (g =5 o -
We conclude that:
. . 1 L 3 5 oy _192NG§G2 96NG2G3p R
E[F F]z(47 5 — 5L — 161Gy T e E||w w'||
1 12 1 _ 2
g Bl = B -
1 3 nL? 1 212 2
G mr ) Bl
N
— (1= B2 (AL2GHy +nG2) SOt — (f(w'™) = f(w )|
j=1
2 2722 o’ Gg - t—11|2
_(27G9+86 Lng’V)E 1_7 Z]EH %) T F H :
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Lemma 9. For Algorithm 1, under the assumptions of Theorem 2, define the following auxiliary
quantity Ft+1;

_ s (1-82 a2 X 2
ot 0= S () o0 - O S S e g -

Let C1, C2 be defined in Lemma §. If the following conditions hold
(1— g> 4G?2 48
1—(1-2y2uPn B i
1= (4C172 L% + Con® G2 + ALZGEy + Gy +1) (1= 5)* >0, (16)
1 (1-2)2 4G%24

7_72
8 1-(1- )unﬂ

1
5 4(4C1y*LIN + Con®G2N? + N)(1 — B)*°G7 — >0, (15)
> 0, a7
then the following statement hold:

E[F** — FY > %72115 [VwGlat, wh)| + %UQE |VaGlat,wh)|

no

— (201PLING + 20P GIN B + 4G + 28°L3 Gy +26%) T
Proof. According to Lemma 8:
E[Fut+1 _ Ft]
t+1 o2, L t t-1y2, L t—1 t—2|2 t+1 t)|2
2 OE[w™ —w'|"+ ZEfw’ - w T+ ZE[w T - w T+ GE o - o
8y 8y

— (1= B)? (4L2G%y +1G2) Y E |zt — (fr(w' ™) = fi(w' )|

j=1
2 2722 o’ Gs2; . t—1(|2
-t - (1-5) el -1
where
1 L 192N GG 96NG2G
Ci=——-=- §77L2 —16L2G v — — 6,
vy 2 2 wenpB 1*n
1 3 L? 1 2172
02 = — 4+ —u— L -
no2 2 An1-p) I

Now we plug in Lemma 5:

E[F*T — ]

2 N
> O | 7B [VuGlatwh) | - 27°G % — 492G S 0 IE |24 — (fr(w!) — Vi (wh)

Jj=1

+ O | LB Vatiat W =62 3 B 17— () - £ )
j=1

0_2

N
= (1= B (115G +0G3) 3B =) = (U (w' ™) = f(w )" = (G} +85°15G5)

=1

_ P 4G§N =1 t o t—1]2 i t—1 o t—2[]2
ZE|Z z; H + 7IEHW w H +87E||W w H

24



Plugging in Lemma 2 yields:

E[F* - 1) > TP E||VuGlad, w)|” + Copn’ B || VaGlal, w)?

N 2
— C4GILY D o' () ((1 —B)*E|]2] — (f(w'") — fj(wt‘l))||2 +4(1 - B)°G} ||w' — wt_1||2 + 252%)

j=1
N 2
-Gy ((1 — B E||5 — (fr(w'™) = Hw )T+ 400 - 9 W —w [ 2/32%)

— (1 - B)? (AL2G3~ +1G2) ZEHZJ (f7(w' ™) = fi(w' ™))

Jj=1

— (27G + 8B°LIGH + 2C17°GY)

-(1-5) -

0_2

B
+

1 t t—1(2 1 t—1 t—2(|2
QEHW - W H +§EHW - W H .

Rearranging the terms yields:

E[Ft+1 Ft]
> Q| Vatal w)|* + CiPE | VaGlal, wh|?
n (; — (402L2 + ConPG2NYA(1 - g)?(;;) E |[w! — w1

(40172L2 + 02772G2 + 4L2G "t 17G2 ZE ||z - fT ) - fj(wtfl))H2

1 _ o112 o2
+ a E Hwt b wt 2“ — (80172G?L3ﬂ2 + 2027]2G362 + 2'yG3 + SVG?LEBQ + 2C172G3) B

4G2 N _12
-(-5) ek -

Recall our definition of potential function F+1:

~ N N _g 2 4 2 N
F= FtH—ZEH%H—(f%(wt)—fj(wt))Hz_1£1(12 o a2 Bl -

j=1
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Hence we have:
E[FtJrl o Ft]

L E (VG WP+ Lo E | VaGlat, wh|
+ <817 — 4(4C1y’ LN + Con’GoN?)(1 — ﬁ)%}';ﬁ) E|jw! — w1
N ) N )
=D B[ = (fr W) = [iwWO)[T+ DB |2 = (fr (W = (W)
2 2

(4C172L2 + C2772G2 + 4L2G "t 17G’2 ZE ||z tfl) — fj(wtfl))H2

1 _ 9112 o?
+ 5 B [[w'™h = w2 = (8C1y* GFLEA + 2007 Go® + 209Gy + 8yG LB + 2C17°Gy) &5

-(1i-5) el -4

(1_§2 G.?;N t+1 t2 (1_§2 G.?;N t712

Now we plug in Lemma 2 and 3:

E[FtJrl o Ft]

2 %721E IVwGlat, wh)|” + %nQ]E [VaG(at, w))|?

(1-5) 4G2 48 )

1
+ | — —4(4C1~y2L2N 4 Con*G?N? + N)(1 — 2G2—7
(87 ( 17 Ly 21 Gy )( ﬁ) f 1—(1— )Mﬂﬂ

112
XEHwt—wt 1”

+ (1= (4C1° L} + Co’ G5 + ALLGHy +0G3 +1) (1 - §)?)

X DBz~ (fr(w' ™) = i)

1 (1*§)2 4G2 24 t—1 t—2]|2
e e e -
(87 1—(1-5)2pu’n B Iw v

— (8CIGAL2B? + 2Can* G232 + 290G2 + 8YGAL2 B + 2C17°G2 + 26°N) 2

B
_ ByiG; U ek ) )2
+a 2) 12n 1,(1,ﬁ)2 17(17,3 1 ZEHZ J H :

By our assumption in (15)-(17):

(1 g>2 467 48
1—(1—22 2 B
1— (4C172 L2 + Con?G2 + 4L2G3y + G2 +1) (1 - 8)* > 0,

1 (1-5)2 4G%224

g e 7 G 20,
8 1-(1-5)2u’n B

3

— 4(4C1Y*L2N + Co*GIN? + N)(1 - 8)°G% —
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then we can have the ‘clean’ bound:

E[Ft! — Ft] > %WQ]E [V Glat, Wt + %nQE |VaGlat,w))|”

g

2
E .

— (20172 LINB? + 2Con*GAN?B% + dyG} + 2B° LGy + 26°)

A.3 Proof of theorem 2
Summing the inequality from ¢ = 1 to 7" yields:

E[FT_FO] 272 2 2 ~2 N12 22 2 2722 2‘72
-+ (2C1y LyNB* +2Con"GyN=p” + 4yGy + 2B°L Gy + 28 )§

Y E HVWG(OLt,Wt)HQ + %nz E HVQG(OLt,Wt)H2

> min { ©r7, L) L S B 9 tat, w) P + B [Vacial, w)
iy ) 2 T pord w ) @ )

We compute the upper and lower bound of C; and Cs. For C
272 2072
192N G G5 B 96NG, G5B
1*nps I

1 L 3
Ch = — — = — SpL2 — 16L2G%y —
T T2 9 i

The upper bound C < i holds trivially. For lower bound, since we choose

, 1 1 1 p?nB
=1ming oo ) ) 2
20L° 60nL2 8«/10Lngc T680N GG

we know that C; > %.

For Cs:

it holds that Cy > L.

Since%§01<iand%§02§

02

E[FT — FY] o?
B

T (13)

1 4
+ (27L3Nﬂ2 + ;nQGEN%’Q +4yGY + 287 LGy + 252>

(1 1)1«
> min {16% 47]} T ; E HvWG(at,Wt)H2 +E HVQG(at7Wt>H2 (19)

We then need to verify the conditions (15), (16) and (17) in Lemma 9 can hold under our choice of
7x, Ny and 8. To guarantee (15) holding, we need:

. 1 1 wrn }
Y S min ) ) 2 .
{\/ 128L2N’ 52G% (2nG2N? + N)’ 307200G3G}
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To guarantee (16) holding, we need:
o { 1 1 } _ 1
YSIMINS 75 75 0 NS 75 -
50L2 200L3ch 100G

To guarantee (17) holding, we need:

N < Y
~ 1080G2G%

Next we examine how large the E[F'T — F] is. By definition of potential function, we have:

E[FT—FO]
2 1-5)° 4G§ - T—1
- ZEH’Z wi™ 1) fi(w ™ 1))“ _1(_(ﬁ ZEHz ; ||2
2
1 2 l—g 2 4G3 N 1
E_ZEHZ ~ () = i P = ES - r
- . 9 B 24G2 N )
SFT—FO—&—Zl]EszQ—(f%(w_l)—fj(w_l))u + (/8—252 Z 20— 51|

4

By our choice 29 = z; ' = fz(w™!) — fj(w™'), w’ = w!, we have

E[FT — FY) < FT — F°
Next we examine how large the E[F'T — 0] is

E[FT — [0

1 nL2 192N G? 96N ( ?2(12 o]
T T T AL2 G4 g f
=Fla',w')+s —(47-5- L f7+72 + o +

1 96NG3 T-1 T—2|2 7 nL? T T—1|2
(e ) H+(2n+u—2)Ha e

w>np
~ F(a®,w%) ="+ (; +4L2Gy + ’72£ + 195;:7]53 %NSZG 6) [ —wt|?
(et (o ) o
< P + (2777 - 775) la” — o™

Notice that ! = &%, w® = w—! = w2 we have

~ ~ 7 nLQ
E[FT — F°] < Frax + (277 e 2) lac® = o™

According to updating rule,

28
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WT 1||



N
B o — a7 = B gl | < 207 B [V Fla = w4 22 306 24— (i) — (w1

Jj=1

— 4 — § ?
< 29*(2NB2 + 2L%) + 27> NG? G%fa;&eg ¥ 2%;)

2
<4’ (NB; + L*) + 20’ NG, (14%(:‘;-(;5 + 2;)

Putting pieces together we can have the upper bound of E[FT+1 — F1]:

~ ~ 9 o?
E[FTH — F' < Fuax + 2 <4n2(NB§ +L?) +20°NG;, <1472G‘}G3 + 2B>>
Plugging above bound back to (19) yields:
1 — 2
T Z [VG(at,w")|
t=1

2
{ 4} P+ 3 (4n(N B2 + 12) + 20N G2 (142G4G2 + 2%, ) )

T

[ V)

16 4 I 5 2 2 72 22 2 2722 2\ 0

| Fnax+ (VB2 + L2) +1NG2 (126162 + 57 ) )
3 7

1 o2
+0 (n (VLGN B? +nGIN?B? + 4Gy + B2 LGy +26) B)

Define k = L/ . Recall that we choose:

o ( 1 ) o . 1 1 2
n= = |7 = min § —, )
kL L’ L,G7" NG2G3kL
To guarantee RHS is less than €2, we need:
2 2722 (2N 42 272 2
T =Q | max Fax N5, B=0|max{ L Lyo” GyNo p? pLye” kLo
ne2 €2 ’ GiG3e?’ e T NGie?’ NGZe?' ¢ ’
which yields the total gradient complexity:

272 2 272
0 /<;LF2max - /<cL202, wLyo ,GgNO' AU
€ € GﬁG?eQ €2
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B Proofs for w* Approximation Algorithm

B.1 Proof of Lemma 1

Proof. First, we define ®(a, w) = Z] La(j) - f;(w). Indeed, (-, w) is VNG smooth for all
w € W. To see this, we consider

[Vw®(a,w) — Vi ®(a, w)

N
=D @iV iiw) Zawz H
v

e

=1

N
Z zlmaXHVfi( )l

< ||Ot — o', Gy
< VNG |a—da|.
According to optimality conditions we have:
(w—w'(a), Ve ®(a,w*(a))) > 0,
(w—w"(a),Vyu®(a/,w*(a))) >0
Substituting v with w*(a’) and w* () in the above first and second inequalities respectively yields:
(W' () = w*(a), Vw®(a, w*(e))) > 0,
(w'(a) —w"(a), Vo ®(a/,w"(a))) >0
Adding up the above two inequalities yields:
(W (@) — w*(a), Vo ®(a, w*(a)) — Vi ®(a/, w*(a))) > 0, (20)
Since (e, -) is p strongly convex, we have:
(W (@) = w*(a), Vo ®(a, w* (o)) — Vo ®(a, w* () > p|[v*(a)) —w*()||>. (@21
Adding up (20) and (21) yields:
(W' () — w*(@), Vw®(a, w(a')) = Vw@(a/,w* (&) > pllw* (') — w*(e)|?
Finally, using VNG + smoothness of ® will conclude the proof:
VNG |[w* (@) = w*(a)ll|a - || > p|w*(a’) — w* ()|
|

= r'la—a| 2 [[w(a) = w*(a)]|

B.2 Preliminaries of the proof of theorem 3

In this section, we introduce some notational preliminaries for the proof for Theorem 3. Following the
framework in [2 1], we introduce three models, neural network predictor, random feature predictor and
kernel least square predictor. In the following sections we will use w(;) to denote the jth coordinate
of vector w.

Two-layer ReLU neural network (NN) predictor Recall that in Section 3.1 we consider a two
layer vector-valued neural network hg : RY — R<:

hg(X) = [aI(U1X)+7 "'7a;lr(UdX)+] )

where parameters of the hidden layer are matrices U’ € R™*N, collectively captured by the
parameter vector @ = (vec(U!), ..., vec(U?)) € R¥N and we also define 87 = vec(U7) € RN™.
Here a; € {£1/y/m}™ are parameters of the output layer.
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Next, induce the Neural Tangent Feature (NTF) operator, defined as
T
a;(D{u; (Naje
b = : eR™  (jteN)
T
aj(m)l{u; (m)ata
where u{ ! (r) is rth row of U? Note that we dropped dependence on o on the left hand side — it

is always assumed that the operator is applied to variable cx. Also, note that the operator comes by
differentiation of the neural network with respect to a j-th component of the hidden layer, that is

¢l () = Vgihg () | gi_gs - For convenience, we also introduce the following NTF matrix notation,
-t
given multiple input vectors oy, . .., 0,

= [¢l(e),.... ¢ (an)] €RT.
Finally, it is not hard to see that the use of NTF operator recovers the neural network predictor:
HCON
hi(a) = :
d(q) | pd
Pi(a) 0

Using the above definitions, we can write least squares objective as

n n d 2
_ L > (fen) — w ) = IS (1 (@] —wt (@)

i=1 j=1

3

and similarly for the pointwise loss function,
~ 1 <& . . 2 n . . 2
RI(6]) = =3 (hile) —w'(@)() =~
i=1 i=1

and for the GD update rule:

01,1 = 0] — gl whete gf = " ¢ (ew) () — wl()))

Neural Tangent Feature (NTF) predictor For parameter vector 87 € RN% and 8, = (6},...,0%)
(the procedure for obtaining them is discussed later), we have the following NTF predictor defined as
(¢5(cx)) "6}
hif = :
(#5(ct)) "0

We also use k™ () to indicate the jth coordinate of hif(cx). Then, the objective of the NTF
predictor is

" =13y (6w - (@)

i=1 j=1

3
:M—‘

er 1 i hrf az
=1

its pointwise counterpart is

R9(8]) = 130 (1 e —w (@) = 2 3 (84 (@)d —w (@) () |

i=1 i=1

[

and GD update rule is defined as
O_t+1 =6, — TIVﬁrf(gt) :
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Kernel Least Squares (KLS) predictor In the following we will work with a kernel function:

Proposition 3 (Kernel induced by Rectified Linear Unit (ReLU) activation). The following kernel
Sfunction is called the NTK function induced by the ReLU activation:

kla,a) = (aTa’)/ Hw'a>0}T1{w'a' >0} N(dw |0,1,) (a, @’ €871y
Rd

The following holds for k:
o It is a reproducing kernel and has analytic form k(a,a’) = (a'd)(n —

arccos(a' &) [15].

* SUPg qresi-1 (o, ') < 1.

* Eigenvalues of k satisfy p, < Ck™% fork eN [2].
* The NTK matrix is a symmetric matrix K € R™"*" with entries (K); ; = k(o o).
Throughout, H is the RKHS induced by k.

Having established the kernel function, we assume the following about matrix K:

Assumption 2 (Smallest eigenvalue of the NTK matrix). Assume that there exists fixed Ao > 0 such
that P(Amin (K) > Xo) > 1 — 0y, and 6y, € [0, 1].

Assumption 2 is fairly standard and often satisfied with sample-dependent lower bounds:

* In particular, [9] shows that \y > 0 whenever no two distinct inputs are parallel.

* In a random design setting, [4, Lemma 5.2] show that when inputs are sampled from
isotropic Gaussian and n < d“ for some activation function-dependent C,, Ay = Q(d) with

probability at least 1 — e~ (),

* In a random design setting, [29] show that (for a certain well-behaved family of input
distributions), Apin (K) = ©p(d) with high probability. More precisely, their Theorem 3.2

implies that we have Amin (K) > C polylog(n, d)d with probability at least 1 — n2e~© (V)

In addition to the NTK matrix, we define its empirical counterpart for the jth component of the
hidden layer, namely

K’ = (&))" ®) c R,
Then, it is clear that K = E[K/ | data) .

Now, for some vector ¢ € R%, we define the KLS predictor as

Z?:l k(ai’ a)c}
h%t(ls(a> = )

>y ke, a)cf

We also use 7" (r) to indicate the jth coordinate of h¥s (). The objective for KLS predictor is
defined as:
1 - 2
Rkls - hkls 7 w* i

for the pointwise loss function as:
. 1 & ) 2
Rkls,j Jy — — (hleaJ ;) — * 5 . )
() = =3 (B (@) — v (@) ()
and finally GD update rule is defined as:

City1 = Ct — nVﬁkls(ct) .

Proposition 4. Let w! be iterates generated by Algorithm 2. Then the following statement holds
true:

[w! = w*(a)|* < (1 = p9)'D
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B.3 Properties of ReLLU Networks

In this section we include standard lemmata for analysis of shallow neural networks, and where
appropriate we account for the fact that we are working with vector-valued predictors.

Proposition 5 (Activation patterns [21]). Assume that initial parameters of a neural network are
chosen as in section 3.1. Consider the set of indices of neurons that changed their activation patterns
on input o, when 0y is replaced by some parameters @ = (1, ..., Uy, ):

P6,a) = {k € [m]|l{a" (k)a > 0} — {u] (k) > 0} # 0} (6 cRY™ ac AV) .

| < pfor some fixed p > 0, and any o € AV,

Then, for @ whose components satisfy maxj, |ty — ok
the following facts hold:

(a) Forallk € P(é7 ),

ug ol < |[a, —ug gl
(b) E|P(8,a)| <mp.

(c) With probability at least 1 — 2e™" for any v > 0, P(é, a)l <mp+/mv.

Also
(d) ||¢g — ol < p+ /5
() || (66— 90)76| < plvimp+ V0.
Proposition 6 (Bounded gradient). The gradients of neural network are bounded:

~ 2 ~
[Voho(e)|* <d.  [VR@O)| < 44R(0).

Proof. The proof simply follows by definition:

d d m
[Voho(a)* = 3 [|#/(@)[* = 323" -1 {ula} flaf < d

j=1r=1

and
2

"Vﬁ(@)“Q = Hi ivohe(ai)(ho(ai) - w(a;))

I 2 . ) -
<4~ > IVeho(a)||” [lho(e) — w(ew))||* < 4dR(8).
i=1
O
Lemma 10 (Spectral Property of Empirical Kernel Matrix). Given a set of parameter 0, =

{w (1), ...,ue(m)}, if we assume max,.cpm |[u(r) —uo(r))|| < p, then the following statements
about the spectral property of its random feature and empirical gram matrix hold true:

(a) |@e(a)]| <1, ||| < /1,

D, — Byl < \/nlp+/Z)
(D) HKtH < HKOH +2n%(p+ /E),
(€) Amin(Kt) > Amin(Ko) — 20%(p + \/Z),

(d) If we assume m > M, then P(Amin(Ko) > %)\0) > 1 -, and

P (|| &o|| < 4 IKol) 2 1 v
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Proof. We begin with proving (a), the spectral norm ¢;(cx;)

m

llde(exs)] Z H{u:(r)ai} aiHQ <1

the spectral bound for ®,.
121> = [(@e(@r), -, pi(an)) Z e (i)l <,

so we know || ®:|| < /n.
For || ®; — $y||, by definition we have:

|, — B0 < ||<I>t @7

< ledn (i) — o)
=1

i Ié1e) — gl
< Z Z () 2] (1) ()} — ()L () (e}
< ;Z P8, c0)]
<n(p+ %)

Now we show the bound on the norm of K. We first examine &/ (i) pe(erj) — g (o) po(ex;) HF
Consider

B/ (ci)e(er) — g (o) o(xy)|

m m

Y a(m{u/ (e} - a(r){u] (Nagted e = a(r){ug (re} - a(r)l{ug (raj}e] e

r=1 r=1

Z [Hu (e} Hu, (rey} —Hug (e} - I{ug (rey} e o]

m

=23 | (0] (e} — 1] (e)) - Hu] (e} — T{ug (e}

m
r=1

x (H{uf (e} — /! (ay}) [la] o

:% (|P(0:, c)| + |P(0:, t)])

<2(p+ \/Z%
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Notice that due to triangle inequality we have HKt

-

IN

[ ~%|

%~ %]
F

%

Y 1d/ (@)di(ay) — dg () do(ey) 2

J€([n]

< Y o/ (@i)di(ay) — b (ai)dola))]

i,J€

=2n

[n]

0+ /2,

At last, we prove statement (d). According to Weyl’s inequality:

)\min (KO) 2 )\min (K

)~ %o x|

< HKOH + HKt — KOH . Now we examine

(22)

(23)

(24)

(25)

According to basic concentration inequality we know that the following statement holds with proba-

bility at least 1 — v:

|K0(ia j)

2/log(1/v")
\/TTL

Taking union bound over all n? entries and summing over all entries yields:

K < %o -]
F

i,j€[n]

To ensure the RHS less than %)\0, we need

Last, since HKO - KH < 1 Xo. we know that it is also true HKO - KH < Lomax = 3 K]

Lemma 11 (Deviation of Gradient Computed on Inexact Labels). For Algorithm

statements hold true:

Hveg@(OZ) — g

|@1' (vRI(6]) - &)

64n2 log(n/v')

m > A2

2
<4(1 = py)"**D,

Proof. Recall the definition of ngé(@t) and g;:

R _% Z?:1 Q#(h%(ai) - (ei)(1))
Vo, R(0:) =
2 EZL 1 ¢t (hf( i) — w*(a;)(d))
2 i ¢>t(h%( i) —wi(1))
gt = . =
ED 4 (hi () — wi(d))
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— K(i,

2

n

DI <

2

<t Sz (o4 [2)) a-uwn.

2 i’d(hd —w(d))

{ncp Y(h! — w*(1))
®; (hy —Wt(l))

2] (h? —w;(d))

LN

4n+/log(n/v")

O

2, the following



where wi(j) = [wi(j),...,w!(j)]T € R™ and w*(j) = [w*(e1)(5),...,w*(ay)(j)]T € R™.

n

57 (g7 12 2050 e 22 (i NE
R I R A (e

2

_ H%g(wt(j) )
ZHW - w(e)

<4(1 =)D

IN

—maXHq)J
n2 jJ€[d]

For the second result we have
2

T ~. .12 4 Wi T . .
|o1" (vRi0) — )| = = |®] B0 —w (1)) — @1 @] (6] —w' ()

n2
2

= <1>f< G)—w ()
4

P’ @J

\ /\

|

|

‘ n(l—py)**D

([[co]| +202+ \/;>)2<1—m>“0
(2 K| + 2n>(p + \/;)>2 (1—p)"'D.

The following theorem shows that Algorithm 2 can converge on empirical risk defined in (4).

77,2

IN

Sk Sk

IN

Theorem 5 (Convergence of Algorithm). For Algorithm 2, if we choose

48nB, ? 256n4
( Ao +ﬁ) AF

48nB 2
) < min 3n3 ( 8nB, n ﬁ) ’ 3X\on e
do X o 236 (4 K| + %)

m >

and assume the inner iteration number of Algorithm | satisfying

2
> max {Hlog (W) arlog (W>

16B2n (20

4Byn
then the following statement holds for any t € [T) and j € [d):

AnC (1 —py)* D
nAo

)

. Ao\t o
RI(07,,) < <1 - 770) R (6y) +
4n
with
2
N A G+ )

T 24nd %nQ

Proof. We prove by induction. We make the following inductive hypotheses:

t— —s
O R (6]) < <1 - TO> RI(03) + Z (1 - 77/\0) (1—p)*C(1—py)* D,

n
; 48nB
() ~ui(r)| < p = o

J
uy

() max ‘
re[m]
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where C'is the constant to be determined later. First we are going to show hypothesis (IT) holding for

t + 1. First, by our choice of 7, we know (1 — py) < (1 — % . Hence
t—1 t—1—s
nAo . 4n
S (1-12 1— ) < ——.
( 4n ) (=) < nAo

s=0
Now we are going to bound maximal neuron drifting from initialization: for any j € [d]

w1 () = )|

t
> gl (r)
t’'=0

3 %iamn{u{(mai}m(h{(az—) wz‘u))H

t'=0 i=1

2y \~1¢ J i i i
< i 2o 2 (@) =)+ i) = wi))
< 205 (LSS (bt - with) + | 132 (i) - wit)?
_‘/Fnt’:o ni4 o ' N4 " '
< X (VRw+ immmn)

(1= py)X¥"D

-1 .
() R o
Jm *m

n /5 An(1-py)¥ D
SV R+ .
vm i (L= D

)

where at last step we use the fact /1 —a < 1 — § for a € (0, 1), and triangle inequality to split
terms inside square root. Since we choose v = % we have

SnB 4n ( fl)KD 2K (1—%)KD
_ <9 Yy t K
Hut+1(7ﬂ) th(T')H = 41 77)\0\/% + \/C ﬁ/\om + \/m

According to our choice of K:

2
K > max Hlog<77%o”T20D),Mog MorV DA |
16Byn 4Byn

_ 1)K
t\/CZln(l YD _ snB,

we have:

nAom = nhoy/m’
_ I\K
2K (1 H) D< 8nBy .
Vvm = nXov/m
Hence we conclude that:
48n B,

[ (r) —ue(r)]| < Mo

Now we switch to proving hypothesis (I). According to updating rule, we have
67, = 6] —ngi
, 9 . ’
= 6/ — n—®;(h; —w'(j)
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where wt(j) = [w! (j), ..., w! (4)]. Hence

n

R (67 Ligi Toi N
R (0t+1) = - H(I)t+1 O — W (J)H

2
= H‘I’t-u 0t+1 ‘I’ 9§+1+‘I> 0t+1 *(J)H
2
Szi)gl% <1+ ) H‘I’t+1 0t+1 ?] 0t+1” +(1+p) *Hq’ 0t+1 *(J)H
Ty Ts
(27)

where w*(5) = [w*(e1)(5), ..., w* (@) (§)]-
For T7:

T

Ty T, T2 1 e | ST T
no= |l ol — @l ol =~ N )@l e) — Kl (ahu! (e
r=1

i=1

Notice that:

Zaj Y(I{ul,, (1) i} — Tul () ai})u] ()

S|, () @i}~ 1wl () @b/ (e

r

s
S

<

I
—

(Il () e} = () )| [|ud " ()

I
=

T

(

<

3l 3= %\H
LY

P(Bei1, i)+ [P(0:, o)) [[u) (r) —u/f (r)]].

According to updating rule, we have:

T
[t ) = w00 = el ]

n

231wl (e} @ ()b () - wfm)H

i=1

=7

+n

2y 1 {ult) e ol o ()@ (@) () - wf(j))H
i=1

o2y /Ri (67
< n (t)+27n (1

v Vm

u{+1(7") —u] (7“)H < p, we have:

|P(0" )| < mp + /mw.

— py)5tD

Since we prove that max,.¢ ] ‘

Putting pieces together yields:

: 2
4 o [ 2my/ RI(6]) 2n
< — Yy ! _ Kt
Ty < — (mp + vVmw) NG + NG (1 — uy)5tD

< 4 (Vmp + )" (4’727;% + f( m)“D) : (28)
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For T5:

P

1 , ; N
— | (o] - ngh) — w ()

VT, 2 T2 2
- nH@i (07— 2yl —w (1)) — () — @1 Col(w' () w' ()

A PN SL2 .7 . P

< inf =)=l I- 777<I> Te ) (0] - wr ()| + (Lot | 28] B(w() - w())

q>0 n niln

Kt> P an? | T 2

gmf AoinlBa) o))+ (140 @ @l (wh () - wr ()

q>0 n
We choose ¢ = m and the fact that (1 + a)(1 — a)? < (1 — a):

1 T . 2
T, = || 6, - w ()

20 min(Ke) \ 250 n Ag? T . RE
< _ il _ I @I (wh(d) — w*
< <1 = )R (6]) + (”zmmmw) @2 @l () - wr )

< <1 B mln(Kt)> Ri(09)
+ <1+ ) i?) HKOH+2n2(p+\/Z)>2(1—u'y)KtD

Since we choose 77 < ﬁ(K) we can re-write the above inequality as :
min t

Ty < (1 - /\m;?(K)> ﬁj(ei) + nz)\riZ(Kt) <HK0H +2n%(p + \/Z))2 (1—puy)%'D

< (1 2 (2 00+ (o] + 20200+ v20) "1 =y

n? (/\min(f{o) —om2(p+ ﬁ))

Plugging 77 and 7% back to (27), and using the eigenvalue lower bound from Lemma 10 (d) yields:

RI(61,,) < inf (1 1 p)d (Vimp + V) <47727fn(9t) n 4L( W)mD>

+(1+;) (1—"20+4nn(p+\/2)>7€j(95)
RIS R
n? (35X — 2n%(p + \/Z)) .
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Now we plug in p = 487\1/8%

RI(0],) < inf (1+p)4 <\fi87ﬁ + ﬁ>2 (47727?2(9{) + 47%2(1 - /w)KtD>
() [ )
4n (HKOH + 2n2( 48nB 7+ /7 ) -y KtD]

n? (%)\O—Qn (iST\L/Bl—F\/ )

+

According to our choice of m:

we know that

)\0\/;;& * m ~ 16n*
o2 48n B, n v < &.
/\oﬁ m 8

Plugging above inequality back to Eq.(29) yields:

~ 48nB [ 4n? N2AZ ~
t+1 < i Yy 1— KtD 0 t
RO < ;I;%(l +p) (4 (\/m)\of + ﬁ) (m (1— puy) ) + 16n4R(0 )

(29)

(1) (13 gy (1 1) ) 0o

3 \on?

p 8

According to the fact that:

) 1 - 1 _2a—2<1_i
a 2a—1) 2a—1" 2a

8n

we choose p = — 1, and it yields:

3’)7)\0
8n 48nB 2 42 7?2
t+1 Y 1= KtD OR et
R(6 >_3M0<4( o) (- ) D) + TR
R 2
dn (|| Kol +22) (1 —puy)X'D
A ! n (||%o| oy
+ (1 - 3’7%) R(OY) + <1 + ) ( - ) ; .
&n 3nho 1 g)\on
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Using the fact n < - ylelds

RO < o (4 (B ﬁ>2 (‘ﬁf(l - mKtD))

2

> Ao Kt

30\ Ao\ =~ 8n HK0H+§ (I=py)*'D
+<1 770+770>R(0t)+ ( 3)2
g}\on

8n 613
48nB 2 128nn
< Yy 1_ KtD
< (52 ) (gt -m o)

+ <1 Ll n/\‘)) R(0") + s (|[Ko] + %)2 (1- m)KfD.

+7

8n 6n3 %)\On2
Since n? > % we know gj)g <% "k" . Hence we have:
ﬁ(et-&-l)
48dnB 2712
< (2dnBy \ Sy i) KtD
Ao 3\om
(1P g 4 SLGIKI = 2" (1= ) D
4dn d/\On2
2
-0 Argty 4 A7 48nB ? 3212 N 2% (1 |IK| + %2) L KD
4n Ao 3m %nQ ( ) '

Plugging lower bound of m (48"By + v ) 256" yields:

N N 4 2,2 992 (1K Ag)?
RO < (1520 ) Riet) + (AO” LI R ) .

n Ao \ 24nt 3n2

Finally, according to inductive hypothesis (I), we plug in the convergence rate for ﬁ(@t) and get

R A + N A )\ t—1—s
R(6'T) < <1 - Lj) R(80) + (1 - Zn°> > (1 - 770) (1—py)*CA—py)*D
s=0
2
L dn <)\gn2 L2 GIIK] + )

nAo \ 24n4 %nQ

) (1= p)"*D
< (1@3) (60) +OZ (1%) (1 =) (1= ) D

an (2 20? (BIIK] +%)° o\ ; K
— - 120 1- 1- D
T <24n4 + 3 1= (1= py)" (1= py)

nAo gnz

Now we just need to ensure that

A2 22 (LK) + %)

24n4 gnz

<C.

We hence choose C as:
2
8 (51K + %)
24n4 %nz
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Hence we proved that:

R(O1) < (1 - 72;) R(6) + CZ (1 - 4/7\1)” 1— 7)1 — )5 D

s=0
t
"o\ 5 4nC (1 — )" D
<(1-——| R(O .
< (1-20) Reow + U
with
2
C = )‘077 + 4772 (% K] + %)
24n4 %nQ '

B.4 Relations Between Different Predictors

In this section, we are going to relate the predictions of neural network, random feature predictor and
kernel OLS predictor.

Lemma 12 (Neural Network Predictor and Random Feature Predictor Coupling). Let n :=

(il\inBy +/Z ) For Algorithm 2, the following statement holds for any j € [d) and t € [T):

J rf,j
H ht+1 ht+1

< <1 - TO> % ((;’ K| + 2n%7 + 2\/ﬁnﬁ> (1 — uy)KD + (2v/nn’n + 2v/nni) ﬁ(90)>
n 0

(2fn+4fnn) \/4710(1#7) D.

Ao

Proof. Notice the following canonical decomposition:
W () = bl (@)
= ¢{+1 0§+1 ¢J t+1
= ¢g—r0{+1 + (¢t+1 — ] ) 1 ¢o 1
= ¢{T(9g —ngl) + (¢g+1T - d)tT) 01, ¢’0 1
= ¢] (0] — Ve RI(0]) —n(g] — Vo RIOD) + (1 — ] 6L, — &) (6] — VR (6))
= hi(a) — WM () + (¢l — ¢l )Bly1 +ndl (Ve R(6]) —gl)
+ (@1 Vo R (6]) — ¢, VR (6])).

Define r;(a) = bl () — wy (a)(§), and ri (o) = R (@) — w, () (j). Notice that

0 Vo R 0) — 91 Vo R0} = 0 (@)2 Y dllanrif(a) — 6] (@)= 3 dulerile)
=01 (@23 dola) (hulexs) — 1 (@)

=1

+ <¢€;T<a)i S bhles) ~ ] (@) 2 ¢{<ai)> ro(er)
=1 P
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We define the following stacked vector representation :

T T
hi+1 = [hi+1 (1), sy hi+1 (an)]T € R",
r; = [r;r(ozl),...mt—r(ozn)]—r e R".

Hence we can write the pointwise difference into the following compact form:

rf,j 277 iT j rf,j
bl - wif = (1 2ag e ) (] - i)

T T
+ ((§.17H>1 - @g )9€+1

T

T —~. . .
0@ (VR (0)) ~g))

T

2 T ST
+n- (@ o) -®] @)r

T3
Unrolling the recursion to ¢ = 0 yields:
t
rf, 7 ~ .
hi , —hyl =) (1- —K7)t 6(<I>§+1 — 0g+1 +nz I- —KJ sl (VQ{R(eg) -
s=0
. 52
7Y (1 —KJ) > (k) - K!)r..
s=0 "
Taking spectral norm on both sides yields:
t M.
, 'y
th-ﬂ - ht+]1 = Z(I K])t s(‘I’i-H - )0g+1
T
¢ 21 - T
|31 TR @) (V4R (61) )
s=0
T>
! 2 on iy 2 [
+n|ly (- ;K%)FS% (K% - K‘i) r
s=0
T3
We first bound 77 as follows:
: e T i : 20 o T
S (1-25) @ - e el < Ja- 2@, >ozHH
s=0 s=0
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where we apply triangle inequality and Cauchy-Schwartz inequality. To bound ||(®],, — @)
we evoke Eq.(28)):

H(‘ﬁgHT t+1H <2Vn (48nB ﬁ) 217\/\7/%? - jﬁi (1= p)eD

Now we plug in the convergence rate from Theorem 5, and obtain

|@L," -2 el

n,\o)s Aj(eg) n AnC(1—py)X D

<2f<48nB ﬁ) 2”\/(1_4” - o +j% L= D

Putting pieces together yields:

)\ t_g )\ 471le E3
x (17%7’)2 ( 770 \/ R(6o) + \/ W + (1 —py)2y/(1 —py)KD

Using the fact that 1 — ’\O” <1- ’\0” and our choice of learning rate such that 1 — uy < 1 — %,

we have:

(58

(1- )\077

/ anC (1 —puy)* D Aon.t 8n
OJ in \/ +(1— 2 1— KD
n )\077 Ao7) nAo ( n ) Ao7 1 =w7)

t
2

For T, similarly, we apply triangle and Cauchy-Schwartz inequality:

T, < nz (1 - nAO) . H‘I)ZT(Vegﬁj(Gi) ~gl)

To bound H<I>1T(V9.Z7€j(0g) — gs)||, we evoke Lemma 11:
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|@2 (v, R0 (6]) ~ &)

2 N 1%
< 2 (&2 + 220+ ) Y=,
Putting the above inequality back to 75 yields:
77)\0 2 3 v
T2<nz(1_) (2||K||+2n2<p+,/m>) (1= y)"D
t ¢ t_ s
77/\0 2 77)\0 22273 2 48nBy v
< 1—— 1—— — | = K]+ 2 — — 1— KD
<n(1-22) Z( w2 (G (2 [2)) =)
t
nio\ 2 16 (3 o (48nDBy v
<l1—-—] — (| =z|IK]|+2 : — 1—- KD
< (1-20) 52 (G2 (22 [2)) =)

For T3, we also apply Cauchy-Schwartz and get:

2
2 (ki _ ki
n(KO Ks)rs
)
2 NAO\t—s v ~
<n_ (1*70)t 2n2(0+\/g)\/ﬁ Ri(67)

where at last step we plug in empirical gram matrix bound from Lemma 10. Now it suffices to plug
in bound for R(6;)

t
2 Ty
<=y -y

n

X

t K
2 Mo \i— i, An(1—py)" D
Ty < n= 592 10 Rigly - HD 2
<=t NEave R () +
2 |V 77/\0 o 77>\0 5. /R 1—AW
<n=2n%(p+/—)vV/n )2 )23/ RI(6)) +
O (p m) ; 77)\0 Ao

48nB v t / (1- M'y
<4 Y —- _ 0J
< dnvnn ()\0\/% * V m) (1 4n ) 77)\0 77)\0 1A\o
Putting pieces together yields:

. ndn (48nB,
’hg+1 htiﬁH < fmn < SV ﬁ)
0

Aonye 8 [~ 4in 1f;ry XD Aon .t 8n
1-— i) + — 1- 1- KD
(1= DRI + ] \/ FO= )

A S S YN A N ey
+ (3 4n) 2 (G2 (S22 4\ [2)) \fu=uyep

K
+ dn/an 48n B, v, v (1777)\0)% 8n ﬁj(06)+8—n dn(1—puy)" D
Aov/m

Letii i= (3t f)




; A 8 ;
ey — e8| < avma( (1-220) " Tty Rie))
4n AO

Ao\ 7 16 /3
+ (1 - ’th) %3 5 K|+ 2n2fz> (1—py)5D
+ 4y/nnq (1—”%) o JRi(6) 8"\/4”0 1= )" )

<1 - 72?) ? ((3 |K|| + 2n7 + 2ﬁnﬁ> (1 — )X D + (2v/nn*i + 2¢/nnn) 7%(00)>
0

anC (1 —puy)* D
nAo .

(2fn+4fnn) \/
O

Lemma 13 (Neural network parameter and RF parameter coupling). For Algorithm 2, the following
statement holds for any j € [d] and t € [T):

48nB, v nb [ 48nB v 2
J nJ < . Y _
H0 0 H O( ()\0\/ * \ m) i g (Ag\/m * V m) )
2 3 1\K K
48nB [v n(1—<-)%D (1 77) D
3T2 Y 7 K 2 .
+0 (77 (AO\/E + m) )‘8 ()\max + )\0) /\2

Proof. According to updating rule of neural network and random feature predictor, we have

J 0J
0t+1 0t+1

~ 0]~ 8] (&l Vg R

L 2z , . ) o
=07~ 0] — 1> S (G eIrd o) — Ghlen)ri () — (el — VyRI(6]))
1=1
=07~ 07— 1> S (G eIrd o) — golen)r (@) — (el — Vg RI(6]))
i=1
= 6] - 0] - 772 Z ®! (cr;) — ¢ (i))re(es) Zd)o () (re(ew) — rif (i) — n(g] — Vi R(O
i=1

iAo 2 , 2 Y ; -
= 07— 6] — 1~ (@} (ex) — B () — 1)) (] — B™) —(g] — Vo RI(0))

Now taking norm on both side yields:

0]

Ty Ty T3
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For T;:

where we plug in results from Lemma 10 and Theorem 5.
For T%:

7y < ] [ -nit]

<Vn (1 — ’720) " ((; K| + 2n*7 + 2\/ﬁnﬁ> m+ (2v/nn*n + 2y/nnn) 7%(90))

4nC (1 — ,uw) D
nAo .

+v/n (2¢/ni 4 4y/nni) 0\/

For T3, we evoke Lemma 1 1:

Tz < 24/( 1—M7K*D<2\/1— V(1 — py)KD.

Putting pieces together we have:

1641 = Oui |

e O

n

4n )\0

x ((;’ IK|| + 207 + 2\/ﬁnﬁ> m + (2v/nn’f + 2y/nni) 73(90))

4nC (1 —puy)* D
nAo

”\F (2v/nf + 4/mnm) 1= ¢

277¢ _ Moy
+ 2 (1= )L = ) KD
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Conducting telescoping sum yields:

H0t+1 - ét+1”

277 am o\’ 4., 4nC (1 — u'y)K D
1—-—— (6}
P ILIRRE (- ) R

X ((2 K| + 2n*7 + 2\/ﬁnﬁ) m + (2vnn*a + 2y/nnn) 75(00)>

t+1 K
2n 8n [4nC (1 —py)" D
—i—— E (2nn+4n n))\ \/ o

t+1
- 72 \/ — )% D

<nvn <MW> +nT <\f+ (207 4 4n>7) /\i) \/4nc(1n_/\:‘7)KD
L 256y <( K| + 2n27 + Q\Fm) VA= i) D+ (2v/n®i + 2y/nni) 7@(90)>

0

)\2
32
+ YA —m)ED
0
2(1 20?2
Recall that n = (48”3 + /= ) and C = 24n4 % we conclude that:
H0t+1 - ét+1||
2
<0 n; (48nBy N /u> T <48nBy N /u) nf;mu ~LHKp 7,2()\max2+ Xo)2
A5\ dovm m Aovm m) A§ Ao n
2 2 VK
48nB,, v 1 n 48nB, v 1-2)*D
+0 ( ﬂ/) 177KD+— ( L= > +
( )\0\/7 ( Ii) )\O\/i )\g

48nB, [v 30 [ 48nB, [\’ n 31— HED 9
— T _ K
¢ ( ()\O\F i ) o ()\0\/% Vo A3 (e +20)
6 (48nB 2 1-H%D
M\ Oovm TV m A2

Theorem 6. For Algorithm 2, the following statement holds true for any j € [d], t € [T):

sup () — 1))

acAN

48nB,\*> 48nB 48n B, v nb [ 48nB v 2
<2 Y Yy i n- y v
- ( ) ( Vo +O<>\o (onm+\/m>+/\é (onerVm))

Ao\/m )\0
2
f 48nB v\ nd(1-L4HED 1-HED
3T2 Y - K Amax + A 2 K
+O<’7 (AO\/ﬁﬂ/m g Cmax T ho)

T kL D> then we have:
0

If we choose K > klog (

sup_ (i) = 17 (@) " < 0 (max { P, ORI

acAN
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Proof. We consider the following canonical decomposition:

(W (@) — 19 (@))* < 2 (] () — ™)) + 2 (7 (00) — S (ar))

For the first term, we

[ — i)

<2|¢i(e) 70} ~ @h(e) 0} o) (6] - 0))

2

; |

< 222 (Jip + VD) + O n? (48nB, VAW n® (48nB, LY 2
> n ry, » v

= 4P vime X\ Dovm V) T \Oovim  Vm

2.3 1\K 1\K
48nB v n(1—=)%D (1-2)*D
O 3T2 Yy K ) 2 K
(77 ( Aovm 7”) )‘8 s+ 20) >\(2)

where we plug in Proposition 5 (e) to bound Hq&{ ()70 — ()T 0]
bound || ()T (6] — 07)

[ e) — nito0)|
(5o oo (5 (e ) o5 G+ V2))
(1-

2
48nB v\ nd(1-L4HED LKD
3T2 Y - K Amax A 2
+O<” (Aoﬁﬂ/m N e Aol T

For the second term, we use the intermediate result from [21]
; 24n 1
hrf,j hkls,] H B n &=l -
[i* ) - o \ o 2

Lemma 14 (Approximation of Lipschitz functions on the ball [2, Proposition 6]). For R larger than
a constant ¢ that depends only on N, for any function f* : RN — R such that for all x,% € BY,

SUDxcp |f*(x)] < Aand |f*(x) — f*(X)| < Al|x — X||q, there exists h € H, such that ||h||3, < R

and
sup |f*(x) — h(x)| < A(R), A(R) = cA <\{XR> ) In <\CXE> )

x€BI(1)

Theorem 7 ([32, Theorem 1]). Let F = { f : S*=* — [0,b]} for some b < oco. Then with probability
atleast1 — e v, v > 0, forall f € F simultaneously

|w%wﬁﬂﬂwm@m+fﬁ+ww>%»

where the worst-case empirical Rademacher complexity is defined as

E 61 X’L

Lemma 15. [Rademacher complexity of kernel predzctor class [3] Lemma 22] Consider the following
function class with bounded RKHS norm:

F= {h(x) = cik(x,%;) s h € H,||hll;, < B} .
i=1
Then its empirical Rademacher complexity is bounded by:

R(F) <0 (\%) .

, and use Lemma 13 to

‘. Plugging in p = ii% will complete bounding first term:

Slie

O

R(F)=  sup  Ecsup (€1, e S unif{£1})

X1,..., X, €Sd—1 feF
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Lemma 16 (Excess risk of virtual KLS predictor learnt on optimal KLS approximator). Let REISI pe
the optimal approximator of f*7 in RKHS, and hkls’j (at) be KLS predictor trained by GD on sample
{a, RIS (o)} . Then the following excess risk bound holds with probability at least 1 — e™":

. 2 2)\277 2)\277 R v R? v
REISI (@) — pKIs ’ < (1-2% 1 A0 v v
et (@) = hg (a)‘ < o +0 o \/ﬁ+ - +n+n ,

hlﬂfls’J

E|

h1:1573

2
Proof. Given a fixed function < R, we consider the following class:
H

H = {h(x) = h(x) = B=9(x) : h € . |Ihll,, < B}
According to constant shift property of Rademacher complexity [33] and Lemma 15, we know

B\/E>

SR(H)<O(I Tn

According to Theorem 7, we have

el -t < 15 i i

< Z‘ (es) — W53 (e )H (B—Fxﬁ \/>> B—i—\ﬁ) n>’

Now, it suffices to bound (i) empirical risk term 2 37 RES (o) — h¥9 (i)
7 kls _7

2
and (i) RKHS

norm of h;

~ 2
For (i), we define R; = 1 Zl 1 hklﬁ,] ((X ) hklb,y (az) H and recall the updating rule of kernel

OLS predictor:

o } S . 2 e el
By - B = K, — ¥ = Kef - KK (B9 — hY=7) — bkt
n
2 e e
= <I - ”KTK) (Ri'™9 — pKisd)
n

2 b i
— (I = "KTK) (hKT — s,
n
Hence we know that:
. 2 b
Risr = <I - n"KKT> Ro.

(ii) RKHS norm of A}/

7 kls,j
ht

e[ -29),
_ (I_ (1- 2x) >KK

I—(I— H [K™'Ke.||
- I—(I—ZK)t‘
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Lemma 17. [2/, Lemma 8] Let f[, ft” be GD-trained KLS predictors (as discussed in appendix B.2)
given training samples (x;,y;)_, and (x;, ;)" respectively, where y; = f*(x;) + €; and §; =
h(x;) + €; with ||h||3, < R characterized by lemma 14. Then, with A(R) defined in lemma 14, for
anyt € N,

IfF = Fln < A(R) .
B.5 Proof of Theorem 3

Proof. We notice the following risk decomposition:

J * 2 j Kls, j 2 Kls, j ks, j 2

]EHhT(a)fwj(a)H §4EHhT(a)7hT (a)H +4]EHhT (a)th'(a)H
2

j (@)

< 0 (o {220 2SON) o (14 Y+ )

__2
2220\ " R R\ ¥ R
(128 o (B oA VR 1n£,
n n A A
where respectively we plug in the NN-KLS coupling result (Theorem 6), Lemma 17, excess risk of
KLS (Lemma 16) and approximation error of RKHS to Lipschitz function (Lemma 14). By choosing

~ . . 2 )
+AE |1 (@) = B ()| + 4B |15 (@) — w) ()

2 . ..
m > Q(n8+m), T>0Q (ﬁ%n log(n)) and optimizing over R, we recover the rate:

IE‘ hi () — w;(a)H2 <0 (A=),

Hence by summing over all coordinates j € [d] we conclude the result:

E hy(@) - w*(a)|* < O (A%dn~77)

*

where in our case lemma | implies A = «*. Finally we lower bound )y using [29, Theorem
3.2] which implies that Ay = Q(polylog(n, N)N) with probability at least 1 — n2e~CVN) for a
distribution on a simplex. O
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C Regret Analysis of Algorithm 4

In this section, we are going to provide the proof for Theorem 4. Let us first introduce the following
definitions that will be used in our proof.

Definition 2 (Covering and Packing Numbers). An e-cover of a set S w.r.t. some metric || - || is a set
{x},...,x),} C S such that for each x € S there exists i € {1,...,n} such that |x — x}|| < e. The
covering number N'(S, e, || - ||) is the smallest cardinality of a e-cover. An e-packing of a set S w.r.t.
some metric || - || is a set {x],...,x},} C S such that for any distinct i, j € {1,...,m}, we have
lIx; —x|| > e. The packing number M(S, ¢, | - ||) is the largest cardinality of a e-packing.

It is well known that M (S, 2¢, || - ||) < N(S,e&,] - [|) < M(S,e,] - ).
Definition 3 (Metric dimension). The metric space (X, || - ||) had metric dimension d, if there exists
a constant Cq such that for all € > 0, X has an e-cover at most Cqe™

Proof. We start from the standard analysis framework for online non-parametric regression [13, 18,
]. Let S; be the value of the variable S at the end of time ¢t. Hence Sy = &. The functions
m X = {1,...,t} fort = 1,2,... map each data point x to its closest center (in norm || - ||) in

St*l»

. _ o -
7Tt(a) = { arg Mseg, ”a aSH if Sp1 #

t otherwise.

The set T contain all data points o, that at time ¢ belonged to the ball with center a; and radius ¢,
To={t: |lar—as]| <ep, t=s,....,T}.

Finally, w} is the best fixed prediction for all examples (at, wy) such that t € T,

W = arg min Z L (w |T | Z Wi . (30)

wWEW o7, teT,

We proceed by decomposing the regret into estimation and appr0x1mati0n cumulative errors,

RT<f>=i(a<wt>—et(f<at>)):i(wvt) 0 (W) )+Z(zt Wh(an) b (fle)) -

t=1 t=1
The estimation term is bounded as
T
Z(ﬁt(\i])fﬁt( () ) S (& W) — by (w ))
t=1 seSt teTs

We study the cumulative regret within a fixed ball 7. We use T(t) to denote the set of all points
belong to ball with center w, at time ¢. That is,

T.(t)={j:jeT,j<t}h
One property of T,(t) is that, if x; € T, then |T5(t)] = |Ts(t — 1)| + 1. We further define

= (t)‘ Z]GT w*(a;). According to [0, Lemma 3.1], we have:
th Wt —ft th Wt —ft Wt)
teTs teTs

Recall that Wy = =557 2 e, (1—1) W Then,
B[l (W) — L(we)] < ADE [[We — £ (Wy)]]

1 1
=4DE || =——+ I{Z;=1}w; — —— w* ()
[Ts(t = 1) Zﬁ ’ T T Z !
]GTS(t 1) JETS(t)
1 *
<4DE -1 Z I{Z; =1} (w; — w"(c))
JETs(t—1)
+4DE ! > 1{Z; =1} wH(ay) L *(aj)
—_— i =1} w* (o) — w
T =]~ ’ Tl '
JGTS(t 1) JGTS(t)
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According to the convergence rate of GD on strongly-convex and smooth function, the first term is
bounded by p(1 — ) D. For second term:

1
Em Y 1{zZ; =1} w(oy) Z

FET(t—1) €Ty (

- Z=1) 1\ .
=E| 2 (|T<t1> |Ts<t>|) (@)

JETS(t—1)
1{Z; =1} 1 .
<je:i§(;_1)]EZ <|Ts(t— 1) N |Ts(t)|> w* () ‘
1 1
SJ’ETSZ(;l) (p|Ts(t1)||Ts(t)| +(-p) Ts(t)> b

< <p|T51(t)+(1—p)>D

where at the second last step we use the fact that |T(¢)| = |Ts(t — 1)| + 1.

Zﬁtwt _gt thwt _gt )

teTs teTs
1
<4D D+ 4pD|T,|(1 — —)5D
tZeT( +0-p) D+ DT - )

We further sum above statement over all s € St:

St —&(w:)] <p >y, (ln(|Ts|>+ (1—p)TD + 4pDI|T.|(1 — i)KD)

seSt teTs seST

1
< p|S7|In(T) + (1 — p)TD + 4pDT(1 — E)KD

The first inequality is a known bound on the regret under square loss [6, page 43]. We upper bound
the size of the final packing St as

1Sr| < M(B,er,||-||) < Cyer™
Thus,

T
> (ft(wt) — 4 (w;tmt))) < pCnep™ n(T) + (1 = p)TD + 4pDT(1 — %)KD 31)

t=1
Next, we bound the approximation term. Using (30) we have
T

Z (ft( m at)) - ft(f(at))) < XT: (Et(f(aﬂ't(at))) — 4 (f(at))) . (32)

t=1 t=1
Note that ¢; is 4D-Lipschitz because y:, ¥+ € B2(D). Hence,

U (f(Qry(an)) = Ce(few)) < AD|f(ar () — flext)
by k*-Lipschitzness of f. Thus, putting all together,

< 4D/{*||ozm(at) —ay|| < 4Deg;

T T
th(wt Zét at < 81H(6T)CN ET + 4DkK* Z&'t

t=1
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. __1_
and recalling that £, = ¢t~ T+¥ we have

T

T T
1
g t71+1N < E t1¥N S/ -
t=1 0

t=1

which completes the proof.
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