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Abstract

Normalizing flow is a class of deep generative models for efficient sampling and
likelihood estimation, which achieves attractive performance, particularly in high
dimensions. The flow is often implemented using a sequence of invertible residual
blocks. Existing works adopt special network architectures and regularization of
flow trajectories. In this paper, we develop a neural ODE flow network called JKO-
iFlow, inspired by the Jordan-Kinderleherer-Otto (JKO) scheme, which unfolds
the discrete-time dynamic of the Wasserstein gradient flow. The proposed method
stacks residual blocks one after another, allowing efficient block-wise training of
the residual blocks, avoiding sampling SDE trajectories and score matching or
variational learning, thus reducing the memory load and difficulty in end-to-end
training. We also develop adaptive time reparameterization of the flow network
with a progressive refinement of the induced trajectory in probability space to
improve the model accuracy further. Experiments with synthetic and real data show
that the proposed JKO-iFlow network achieves competitive performance compared
with existing flow and diffusion models at a significantly reduced computational

and memory cost.

1 Introduction

Generative models have wide applications in statistics and
machine learning to infer data-generating distributions and
to sample from the model distributions learned from the
data. In addition to widely used deep generative mod-
els such as variational auto-encoders (VAE) Kingma and
Welling [2014, 2019]] and generative adversarial networks
(GAN) |Goodfellow et al.[[2014], Gulrajani et al.|[2017]],
normalizing flow models | Kobyzev et al.|[2020] have been
popular and with a great potential. The flow model learns
the data distribution via an invertible mapping F' between
the data density py in R? and the target standard multi-
variate Gaussian density pz, Z ~ N(0, I;). While flow
models, once trained, can be utilized for efficient data sam-
pling and explicit likelihood evaluation, training of such
models is often difficult in practice. To alleviate such diffi-
culties, many prior works [Dinh et al.| 2015/ 2017, Kingma’
and Dhariwal, 2018}, Behrmann et al.| [2019, Ruthotto et al.,
2020, |Onken et al., 2021]], among others, have explored
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Figure 1: Comparison of JKO-iFlow (proposed) and stan-
dard CNF models. In contrast to most existing CNF mod-
els, JKO-iFlow learns the unique deterministic transport
equation corresponding to the diffusion process by directly
performing block-wise training of a neural ODE model.
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designs of training objectives, network architectures, and computational techniques.

Among various flow models, continuous normalizing flow (CNF) transports the data density to a
target distribution through continuous dynamics, primarily neural ODE [Chen et al., 2018] models.
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However, a known computational challenge of CNF models is model regularization, primarily due to
the non-uniqueness of the flow transport. Without additional regularization, the trained CNF model
such as FFJORD |Grathwohl et al.|[2019] may follow a less regular trajectory in the probability space,
see Figure[I|(b), which may worsen the generative performance. While regularization of flow models
has been developed using different techniques, including using spectral normalization [Behrmann
etall [2019]] and optimal transport|Onken et al|[2021]], Xu et al.| [2022]], only using regularization
may not resolve the non-uniqueness of the flow. Besides regularization, several practical difficulties
remain when training CNF models, particularly the high computational cost: In many settings, CNF
models consist of stacked blocks and each can be complex. End-to-end training of such deep models
often places a high demand on computational resources and memory consumption.

In this work, we propose JKO-iFlow, an invertible normalizing flow network that unfolds the
Wasserstein gradient flow via a neural ODE model inspired by the JKO-scheme [Jordan et al.| [[199§]].
The JKO scheme, see @) can be viewed as a proximal step to minimize the KullbackLeibler (KL)
divergence between the current density and the equilibrium density. It recovers the solution of the
Fokker-Planck equation (FPE) in the limit of small step size. The proposed JKO-iFlow model thus
can be viewed as trained to learn the unique transport map following the FPE which flows from the
data distribution toward the normal equilibrium and gives a smooth trajectory of density evolution,
see Figure[T[a). In summary, the contributions of the work include

e We propose an invertible neural ODE model where each residual block corresponds to a JKO
step, and the training objective can be computed from pushed data samples through the previous
blocks. The residual block has a general form, and the invertibility is ensured due to the regularity
and continuity of the approximate solution of the FPE.

e We develop a block-wise procedure to train the JKO-iFlow model which can determine the number
of blocks adaptively. We also propose to adaptively reparameterize the computed trajectory in the
probability space with refinement, which improves the model accuracy and the overall computational
efficiency.

e We show that JKO-iFlow greatly reduces memory and computational cost when achieving com-
petitive or better generative performance and likelihood estimation compared to existing flow and
diffusion models on simulated and real data.

1.1 Related works

The normalizing flow framework [Kobyzev et al.,|2020|] has been extensively developed, including
continuous flow [|Grathwohl et al., |2019]], Monge-Ampere flow [Zhang et al., 2018]], discrete flow
[Chen et al.,|2019], and extension to non-Euclidean data [Liu et al., 2019, Mathieu and Nickel, {2020,
Xu et al.|[2022]]. Efforts have been made to develop novel invertible mapping structures [Dinh et al.,
2017, Papamakarios et al.l |2017]] and regularize the flow trajectories by transport cost [Finlay et al.|
2020, (Onken et al.| 2021 Ruthotto et al., 2020} Xu et al., [2022| Huang et al., |2023||. Despite such
efforts, the model and computational challenges of normalizing flow models include regularization
and the large model size when using a large number of residual blocks, which cannot be determined a
priori, and the associated memory and computational load.

In parallel to neural ODE CNF models, neural SDE models become an emerging tool for generative
tasks. Diffusion process and Langevin dynamics in deep generative models have been studied in
score-based generative models [Song and Ermon, 2019, |[Ho et al., 2020, Block et al.| 2020, |Song
etall,2021] under different settings. Specifically, these models estimate the score function of data
distribution via neural network parametrization, which may encounter challenges in learning and
sampling of high dimensional data and call for special techniques [Song and Ermon, 2019]. The
recent work of [Song et al.| [2021] developed reverse-time SDE sampling for score-based generative
models and adopted the connection to neural ODE to compute the likelihood; using the same idea
of backward SDE, Zhang and Chenl| [2021]] proposed joint training of forward and backward neural
SDEs. The current work focuses on a neural ODE model where the deterministic vector field f(x, t)
is to be learned from data following a JKO scheme of the FPE. Rather than neural SDE, our approach
involves no sampling of SDE trajectories nor learning of the score function, and it learns an invertible
residual network directly. We experimentally obtain competitive or improved performance against
the diffusion model on simulated 2D data and high-dimensional tabular data.



JKO-inspired deep models have been studied in several recent works. [Bunhe et al., 2022] reformu-
lated the JKO step for minimizing an energy function over convex functions. JKO scheme has also
been used to discretize Wasserstein gradient ow to learn a deep generative model in [Alvaréz-Melis
etal.,| 2022, Mokrov et al., 2021], which adopted input convex neural networks (ICNN) [Amos et al.,
2017]. ICNN, as a special type of network architecture, may have limited expressiveness [Rout
et al.,| 2022| Korotin et all, 2021]. In addition to using the gradient of ICNN, [Fan|et al., 2022]
proposed to parametrize the transport in a JKO step by a residual network but identi ed dif culty in
calculating the push-forward distribution. Our method trains an invertible neural-ODE ow network
that ows from data density to the normal one and backward, which enables the computation of
model likelihood as in other neural-ODE approaches. The objective in each JKO step to minimize
KL divergence can also be computed directly, see Seffion 4.

Compared to score-based neural SDE methods, our approach is closer to the more recent ow-based
models that are related to diffusion models [Lipman et|al., 2023, Albergo and Vanden-Eijnden,
2023,/ Bof and Vanden-Eijnden, 2023]. These works proposed to learn the transport equation (a
deterministic ODE) corresponding to the SDE process. Speci cally, [Lipman| ét al.| 2023, Albergo
and Vanden-Eijnden, 2023] matched the velocity eld from interpolated distributions between initial
and terminal ones; [Bof and Vanden-Eijnden, 2023] proposed to learn the sctog (x) (where

¢ Solves the FPE and is unknowrpriori) to solve high-dimensional FPE. The idea of approximating
the solution of FPE by a deterministic transport equation dates back to the 90s Degond and Mustieles
[1990], Degond and Mas-Gallic [1989]. While our approach learns an equivalent velocity eld at the
in nitesimal time step, see sectipn 8.2, the formulation in JKO-iFlow is at a nite time-step motivated
by the JKO scheme. An independent concurrent work also [Vidal et al., 2023] proposed a similar
block-wise training algorithm using JKO scheme under the framework of [Onken et al., 2021] and
demonstrated bene ts in avoiding tuning the penalty hyperparameter in front of the KL-divergence
objective. Our model is applied to generative tasks of high-dimensional data including image data,
and we also develop additional techniques for computing the ow probability trajectory.

2 Preliminaries

Normalizing ow. A normalizing ow can be mathematically expressed via a density evolution
equation of (x;t) such that (x; 0) = px and ag increases (x;t) approachepz; N (0;14)
[Tabak and Vanden-Eijnden, 2010]. Given an initial distributigr; 0), such a ow typically is not
unique. We consider when the ow is induced by an ODEff) in RY

x(t) = f(x(t);1); 1)
wherex(0) px . The marginal density of(t) is denoted ap(x; t), and it evolves according to the
continuity equation (Liouville equation) of (1) written as

@p+r (pf)=0; p(x;0)= px(x): )

OrnsteinUhIenBeck (OU) procesgConsider a Langevin dynamic denoted by the SiDg =

r V(Xydt+ 2dwW;, whereV is the potential of the equilibrium densipg . We focus on the
case of normal equilibrium, that i¥,(x) = jxj2=2 and therp; / e V. In this case, the process
is known as the (multivariate) OU process. Supp¥gse px , and let the density of; be (x;t)
also denoted as (). The Fokker-Planck equation (FPE) describes the evolutiop wwards the
equilibriumpz as follows, wherd/ (x) := jxj°=2,

@ =r (rV+r ), (x0)=px((x): 3)

Under generic conditions; converges t@; exponentially fast. For Wasserstein-2 distance and the
standard normag; , classical argument gives that (taRe= 1 in Eqn (6) of Bolley et al. [2012])

Wao( ;pz) e "Wo( o;pz); t> O 4)

JKO scheme The seminal work Jordan et al. [1998] established a time discretization scheme of
the solution ta(3) by the gradient ow to minimizeKL( jjpz) under the Wasserstein-2 metric in
probability space. Denote By the space of all probability densities & with a nite second
moment. The JKO scheme computes a sequence of distribygiioks= 0;1; ; starting from

Po = o 2 P. With step sizéh > 0, the scheme at tHeth step is written as

o VPN
Pk+1 = arg mzlp F[ ]+ %WZ (pk, ), (5)



whereF[ ] := KL( jjpz). It was proved in Jordan et al. [1998] thattag O, the solutionpy
converges to the solutior( ; kh) of (3) for all k, and the convergencey,)(;t) ! (;t) is strongly

in L1(RY; (0; T)) for nite T where () is piece-wise constant interpolated frgm

3 JKO scheme by neural ODE

the goal is to train an invertible neural network to transport the depgitio ana priori speci ed
densitypz in RY, where each data samptg is mapped to a codg;. A prototypical choice opy; is
the standard multivariate Gaussidn(0; | 4). In this work, we leave the potential pf abstract and
denote by, thatis,p; / e vV andV(x) = jxj?=2 for normalp; . By a slight abuse of notation,
we denote bypx andpz both the distributions and the density functions of détand codeZ
respectively.

3.1 The objective of JKO step

We are to specify (x;t) in the ODE(1), to be parametrized and learned by a neural ODE, such
that the induced density evolution pfx;t) converges t@; ast increases. We start by dividing
the time horizor0; T] into nite subintervals with step sizk, letty = kh andl g+ = [tk;tk+1)-

De ne pk(x) := p(x; kh), namely the density of(t) att = kh. The solution of(1) determined

by the vector- eldf (x;t) ont 2 1+1 (assuming the ODE is well-posed [Sideris, 2013]) gives a
one-to-one mappindi+1 onRY, s.t. Tes (X(tk)) = X(tk+1) and Ty transportgy into pe+1

i.e., (T« Pk 1= p«, Where we denote by p the push-forward of distributiop by T, such that

(T# P)(A) = p(T 1(A)) for a measurable sét. In other words, the mappirili.1 is the solution
map of the ODE from timey to ty+1 .

Suppose we can nd( ;t) onlys; such that the correspondirig.; solves the JKO scheme
(5), then with smalh, px approximates the solution to the Fokker-Planck equation 3, which then
ows towards pz. By the Monge formulation of the Wasserstein-2 distance betvpeand q
asW2(p;0) = min 1.7, p=qEx pkx T(x)k?, solving for the transported densipy by (5) is
equivalent to solving for the transpdrt+; by

. 1
T+1 = arg _min_ FITI+ S-Bx pokx T(x)K?; (6)

whereF[T] = KL( T¢ pkjipz). The equivalence between (5) and (6) is proved in Lemma A.1.

Furthermore, the following proposition gives that, onpgeis determined by (x;t) fort  ty,

the value ofF [T] can be computed frorfi(x;t) ont 2 Iy+; only. The counterpart for convex
function-based parametrization Bf was given in Theorem 1 of [Mokrov et al., 2021], where the
computation using the change-of-variable differs as we adopt an invertible neural ODE approach
here. The proof is left to Appendix A.

Proposition 3.1. Givenpy, up to a constant independent fromh(x;t) ont 2 Iy,

tk+1
KL(Ts piipz) = Ex(t) pe V(X(tks1)) r f(x(s);s)ds +c: ()
tk
By Proposition 3.1, the minimization (6) is equivalent to

tk+1 1
min - Exy pe V(X(tks1)) rofx(s)is)ds+ ookx(ter) x(t)k? 5 (8)

fE(Xt) g2y, ty

R
wherex(tg+1) = X(tg) + t‘:” f(x(s);s)ds. Taking a neural ODE approach, we parametrize

ff(x;t)o21,., asaresidual block with parameter.; , and ther(8) is reduced to minimizing over
k+1 - This leads to block-wise learning algorithm to be introduced in Section 4, where we furtherly
allow the step-sizé to vary for differentk as well.

3.2 Innitesimal optimal f(x;t)

In each JKO step ofB), letp = px denote the current density,= pz be the target equilibrium
density. In this subsection, we show that the optifmad (8) with small h reveals the difference



between score functions between target and current densities. Thus minimizing the ok@ctive
searches for a neural network parametrization of the score furrctiog ¢ implicitly, in contrast to
diffusion-based models which learn the score function explicitly [Ho et al., 2020, Song et al., 2021],
e.g. via denoising score matchint in nitesimal h, this is equivalent to solving FPK by learning a
deterministic transport equation as in [Bof and Vanden-Eijnden, 2023, Shen et al., 2022].

Consider general equilibrium distributi@gnwith a differentiable potentia¥ . To analyze the optimal
pushforward mapping in the smdllimit, we shift the time intervalkh; (k + 1) h] to be[0; h] to

simplify notation. Then (8) is reduced to
z h

Exo p V(x(h))

min
FE(Xt)Gi200m)

T f(x(99ds+ i%kx(h) x(0)k?

9)

R
wherex(h) = x(0)+ Ohf(x(s);s)ds. Inthelimitofh ! 0+, formally,x(h) x(0) = hf(x(0);0)+
O(h?), and suppos¥ of gis C?, V(x(h)) = V(x(0)) + hr V(x(0)) f(x(0);0)+ O(h?). For
any differentiable density, the (Stein) score function is de ned a8s = r log , and we have

rvs=

Ex p V(X)+h sq(x) f(x,0) r f(x;0)+ %kf(x; 0)k? + O(h?)

Sy Taking the formal expansion of ordershofthe objective in (9) is written as

(10)

Note thatEx ,V (x) is independent off(x; t), and theO(h) order term in(10) is overf (x; 0) only,
thus the minimization of the leading term is equivalent to

min

E
tO=1(;0 P

1
T,f + Zkfk2
T2

;o Tof i=sg f41 ] 11)

whereT is known as the Stein operator [Stein, 1972]. Thyéin (11) echoes that the derivative
of KL divergence with respect to transport map gives Stein operator [Liu and Wang, 2016]. The
Wasserstein-2 regularization gives f regularizatig in(11). Let L*(p) be theL? space on

(RY; p(x)dx), and for vector eldv onRY,v 2 L2(p) if
when boths, andsq are inL2(p), the minimizer of (11) i§ (;0) = sq

4 Training of JKO-iFlow net

jv(x)j?p(x)dx < 1 . One can verify that,

The proposed JKO-iFlow model allows progressive learning of the residual blocks in the neural-ODE
model in a block-wise manner (Section 4.1). We also introduce two techniques to improve the training
of the trajectories in probability space (Section 4.2), illustrated in a vector space in Appendix B.3.

4.1 Block-wise training

Note that the training ofk + 1) -th block in (8)
can be conducted once the previduslocks are

Algorithm 1 Block-wise JKO-iFlow training

trained. Speci cally, with nite training data Require: Time stampst, g, training data, termi-

fXi = xi(0)gL;, the expectatiorE, ) p,

in (8) is replaced by the sample average over
fxi(kh)g,; which can be computed from the 1:
previousk blocks. Note that for each given 2:
x(t) = x(tk), bothx(tx+1) and the integral 3:
ofr f in (8) can be computed by a numeri-
cal neural ODE integrator. Following previous
works, we use the Hutchinson trace estimatoy.
[Hutchinson, 1989, Grathwohl et al., 2019] tog.
compute the quantity f in high dimensions,

nation criterionTer and tolerance level, max-

imal number of blocks max .

Initialize k = 1.

while Ter(k) > andk Lpmax do
Optimize f , upon minimizing(8) with
mini-batch sample approximation, given
ff g’ Setk k+1.

end while

L k. Optional: Optimizef

W, regularization.

without

L +1

and we also propose a nite-difference approach

to reduce the computational cost (details in Appendix B.2). Applying the numerical integrator in
computing(8), we denote the resultinig-th residual block abstractly ds, with trainable parameters

k-

This leads to a block-wise training of the normalizing ow network, as summarized in Algorithm 1.

The sequence of time stamisis given by specifying the time stepg = tx.1

tx, which we allow



to differ acrosk. The choice of the sequenbg is initialized by a geometric sequence starting from
ho with maximum stepsizlnay , See Appendix B.1. In the special case where the multiplying factor
is one, the sequence bf gives a constant step size. The adaptive choidg ofith re nement (by
adding more blocks) is to be introduced in Section 4.2. Regarding the termination criferié in

line 2 of Algorithm 1, we monitor the ratiBx p, ,kx Tk(X)k®=Ex p, ,KTk(x)k? and terminate
when it is below some thresholdset as 0.01 in all experiments. practice, when training thie-th
block, both the averages kk Ty (x)k? andkTy (x)k? are computed by empirically averaging over
the training samples (in the last epoch) at no additional computationallasity, line 5 of training a
“free block” (i.e., block without th&V, regularization) is to ow the push-forward density closer

to the target densitgz , where the former is obtained through the tsblocks.

The block-wise training signi cantly reduces the memory and computational load since only one block
is trained when optimizingB) regardless of ow depth. Therefore, one can use larger training batches
and potentially more expensive humerical integrators within a certain memory budget for higher
accuracy. We also empirically observe that training each block using standard back-propagation
(rather than the adjoint method in neural ODE) gives a comparable result at a lower cost. To ensure the
the invertibility of the trained JKO-iFlow network, we furtherly break the time intefyal;; tk) into

3 or 5 subintervals to compute the neural ODE integration, e.g., by Runge-Kutta-4. We empirically
verify the smallness of inversion errors on test samples.

4.2 Computation of trajectories in probability space

We adopt two additional computational techniques to facilitate learning of the trajectories in the
probability space, represented by the sequence of dengities=1; ; L, associated with the
residual blocks of JKO-iFlow. The two techniques are illustrated in Figure A.1. Further details and
illustrations of the approach can be found in Appendix B.

Trajectory reparameterizationVe empirically observe fast decay of the movemami Tx px; pk)
whenhy is set to be constant, that is, initial blocks transport the densities much further than the later
ones. This is unwanted in algorithm because the later blocks trained using constant step size barely
contribute to the density transport. Hence, ieparameterizeéhe values ofy through an adaptive
procedure based on th¥, distance at each block. The adaptive procedure uses an interactive
approach to encourage the W2 movement in each block to be more even acilo$sdbles, where
the retraining of the trajectory can be potentially warm-started by the previous trajectory in iteration.

Progressive re nemenfrhe performance of CNF models is typically improved with larger number
of residual blocks, corresponding to smaller step size. However, directly training the model with
a small non-adaptive stepsikemay result in long computation time. We introduce a re nement
approach to increase the number of blocks progressively, where each time ifiteryaly ) splits into
two halves and the number of blocks doubles after the adaptive reparameterization of the trajectory
converges at the coarse level. The new trajectory at the re ned level is again trained with adaptive
reparameterization, where the residual blocks can be warm-started from the coarse-level model to
accelerate the convergence.

5 Experiment

In this section, we examine the proposed JKO-iFlow model on simulated and real datasets, including
both unconditional and conditional generation tasks.

5.1 Baselines and metrics

We compare with ve alternatives, including four ow models and one diffusion model. The rst
two CNF models are FFJORD [Grathwohl et al., 2019] and OT-Flow [Onken et al., 2021]. The
next two discrete-time models are IResNet [Behrmann et al., 2019] and IGNN [Xu et al., 2022].
The diffusion model baseline is the score-based neural SDE [Song et al., 2021], which we call
"ScoreSDE'. Details about the experimental setup can be found in Appendix C.2. The accuracy of
trained generative models is evaluated by two quantitative metrics, the negative log-likelihood (NLL)
metric, and the kernehaximum mean discrepan@yIMD) [Gretton et al., 2012a] metric, including
MMD-1, MMD-m, and MMD-c for constant, median distance, and custom bandwidth respectively.



(a) True data JKO-iFlow (b) FFJORD (c) OT-Flow (d) IGNN (e) ScoreSDE

1 2.79e-4 MMD-c: 2.73e-4 3.88e-4 1.42e-3 3.14e-3 6.90e-4
NLL 2.64 2.95 3.30 3.35 3.2
(f) Fractal tree (g) Olympic rings (h) Checkerboard

:3.12e-4 MMD-c: 2.17e-4 : 3.16e-4 MMD-c: 2.36e-4 : 3.09e-4 MMD-c: 2.70e-4
NLL 2.20 NLL 1.66 NLL 3.59

Figure 2: Results on two-dimensional simulated datasets by JKO-iFlow and competitors.

The test threshold is computed by bootstrap. See details in Appendix CHe numerical inversion
error of the trained ow models are at the 1e-5 level or below, see Table A.1.

5.2 Two-dimensional toy data

The results on four toy datasets are shown in Figure 2, where the metrics of NLL and MMD-c are
reported. Plots (a)-(e) compare JKO-iFlow with the alternative models on the dataset Rose, where
both NLL and MMD-c metrics show the better performance of JKO-iFlow. Visually, the generated
samples{ by JKO-iFlow also more resemble the true data distributioX dhan the competitors

in (b)-(e). Plots (f)-(h) show the results by JKO-iFlow on the examples of Fractal tree, Olympic
rings, and Checkerboardhere JKO-iFlow gives satisfactory generative performaiteresults of
JKO-iFlow in Figure 2 are obtained after applying the trajectory improvement techniques in Section
4.2. The comparison to without using the techniques is provided in Figures A.3 and A.4, which shows
the bene t of the two techniques in learning the model.

5.3 High-dimensional tabular data

Table 1 assesses the performance of JKO-iFlow and baseline methods on four high-dimensional tabular
datasets under a xed-budget setting: we keep the model size of continuous ow models (OT-Flow
and FFJORD) and the diffusion model (ScoreSDE) the same, and we increase model sizes for discrete
ow models (IGNN and IResNet) which can be computed faster therein and this also improves their
performances. Except fd1INIBOONE dataset, JKO-iFlow yields smaller or similgmantitative

metrics compared to all alternatives. The visual comparisons of generated data distributions are shown
in Figure A.6.After additional training to apply the trajectory reparametrization, the performance

of JKO-iFlow is furtherly improved, see Table A.4 in comparison with additional baselines of OT-
Flow and FFJORD from the original references. The effects of trajectory reparameterization on
MINIBOONE dataset are shown in Figure A.5, where ¥ig movements across the blocks become
more even as the iteration proceeds, see (a). The generative performance as shown in (b) visually
improves after the reparametrization, which is consistent with the lower NLL values in Table A.4

Table 1: Results ortabular datasets. All competitors are trained in a xed-budget setup using 10 times more mini-batches (their performances
using the same number of mini-batches are worse and not comparable to JKO-Fé@the complete table in Table A.2. The results using
more computation are given in Table A.4.

Data Set Model #Param _TestMMD-m TestMMD-1I NLL _Data Set Model #Param Test MMD-m Test MMD-1 NLL
1 1.73e-4 : 2.90e-4 1 2.46e-4 : 3.75e-4
IKO-iFlow 76K 9.86e-5 2.40e-4 -0.12 JKO-iFlow 112K 9.66¢-4 3794 1255
OT-Flow 76K 7.580-4 535e-4 032 OT-Flow 112K 6.58¢-4 379e-4 1144
ROWER FriorD 76K 9.89¢-4 116e3 063 40N FRJORD 112K 3.5le-3 412e-4 2377
IGNN 304K 1.93¢-3 1593 095 IGNN 448K 1.21e-2 40led 2645
IResNet 304K 3.92e-3 243e-2  3.37 IResNet 448K 213e-3 4164 2236
ScoreSDE 76K 9.12¢-4 6.08¢-3 341 ScoreSDE 112K 5.86e-1 433e-4 2738
- 1.85e-4 12.73e-4 - 1.38e-4 - 1.01e-4
IKO-iFlow 76K 1.52¢-4 5.00e-4 -7.65 JKO-iFlow 396K 2.24e-4 191e-4 -153.82
cas  OTFlow 76K 1.99-4 516e-4 604 oo OTFlow 396K 5.43¢-1 6.49-1 -104.62
$AS  FRIORD 76K 1.87¢-3 32803 265 SO FFJORD 396K 5.60e-1 6.76e-1  -37.80
IGNN 304K 6.746-3 143e-2 -1.65 IGNN 990K 5.64e-1 6.86e-1 -37.68
IResNet 304K 3.20e-3 2.73e2 117 IResNet 990K 5.50e-1 550e-1  -33.11
ScoreSDE 76K 1.05e-3 8.36e-4 -3.69 ScoreSDE 396K 5.61e-1 6.60e-1  -7.55




(a) Generated MNIST
digits. FID: 7.95. (b) Generated CIFAR10 images. FID: 29.10. (c) Generated Imagenet-32 images. FID: 20.10.

Figure 3: Generated samples of MNIST, CIFAR10, and Imagenet-32 by JKO-iFlow model in latent space. We select 2 images per class for
CIFAR10 and 1 image per class for Imagenet-32. The FIDs are shown in subcaptions. Uncurated samples are shown in Figure A.7.

(NLL improves from 12.55 to 10.55 hese results show that JKO-iFlow perforommparably to
the best baselinand often better under small computational and memory budgets.

5.4 Image generation

We apply the JKO-iFlow model to image generation tasks on the MNIST, CIFAR-10, and Imagenet-
32 datasets. In all examples, we train JKO-iFlow in the latent space of a pre-trained variational
auto-encoder (VAE) adopted from [Esser et al., 2021]. Training generative models in latent space
have been shown to obtain state-of-the-art image generation performance e.g. in StableDiffusion
[Rombach et al., 2022]. Here we train a ow model instead of a score-based diffusion model in the
latent space, and more details can be found in Appendix C.2. The generated images are shown in
Figure 3. The quantitative evaluation is by the Fréchet inception distance (FID) score [Heusel et al.,
2017], which is included in the gure captions. Comparatively, we are aware of some performance
gap between our model and the state-of-the-art performance of score-based diffusion models like
DDPM [Ho et al., 2020] and ScoreSDE [Song et al., 2021], however, the results here are obtained
with less computation. Speci cally, on a single A100 GPU, our experiments took 24 hours on
CIFAR10 and 30 hours on Imagenet-32. Meanwhile, the image generation by JKO-iFlow model here
obtains visually more appealing images and achieves lower FIDs compared to most CNF baselines
[Grathwohl et al., 2019, Behrmann et al., 2019, Chen et al., 2019, Finlay et al., 2020].

5.5 Conditional generation

The problem aims to generate input samplegiven a labely from the conditional distribution

XjY to be learned from data. We follow the approach in IGNN [Xu et al., 2022]. In this setting,
the JKO-iFlow network pushes from the distributidnY = k to the class-speci c component in

the Gaussian mixture ¢ijY = k, see Figure A.8b and Appendix C.2.4 for more details. We apply
JKO-iFlow to the Solar ramping dataset and compare it with the original IGNN model, and both
models use graph neural network layers in the residual blocks. The results are shown in Figure A.9,
where both the NLL and MMD-m metrics indicate the superior performance of JKO-iFlow and is
consistent with the visual comparison.

6 Discussion

The work can be extended in several directions. The application to larger-scale image datasets and
larger graphs will enlarge the scope of usage. To overcome the computational challenge faced by
neural ODE models for high dimensional input, e.g., images of higher resolution, one would need to
improve the training ef ciency of the backpropagation in neural ODE in addition to the dimension
reduction techniques by VAE as been explored here. Another possibility is to combine the JKO-iFlow
scheme with other backbone ow models that are more suitable for the speci c tasks. Meanwhile,

it would be interesting to extend the method to other problems for which CNF models have proven
to be effective. Examples include multi-dimensional probabilistic regression [Chen et al., 2018], a
plug-in to deep architectures such as StyleFlow [Abdal et al., 2021], and the application to Mean- eld
Games [Huang et al., 2023].
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A Proofs

A.1 Proofs in Section

Lemma A.1. Suppose andq are two densities oRY in P, the following two problems
. _ .. 1 . 5, ..
minL [ 1=KL( jig+ W3 (p; ); (12)
. . 1
min_ L7[T]=KL( Te pjig) + —-Ex pkx T(X)k? (13)
T:RIl Rd 2h
have the same minimum, and
(@ IfT :RY! RYisaminimizer of(13), then = (T )4 pisa minimizer of(12).
(b) If is a minimizer of(12), then the optimal transport fropto  minimizeq13).

Proof of Lemma A.1Let the minimum of (13) bé& ;, and that of (12) b& .

Proof of (a): Supposét achieves minimum af , thenT is the optimal transport frorp to
= (T )« p because otherwiser can be further improved. By de nition of , we have
Ly = Lt[T]=L[ ] L .Weclaimthatt; = L . Otherwise, there is anothef such

12



thatL [ 9 <L ;. LetT®be the optimal transport fromto © andtherLt[T9=L [ <L,
contradicting with that  is the minimum ofLy. This also showsthdt [ ]= L = L , thatis,
is a minimizer ofL .

Proof of (b): Suppose achieves minimum at . LetT be the OT fronpto , thenEy pjx
T (X)j> = Wa(p; )% andtherLt[T ]=L [ ]= L whichequald, as proved in (a). This
shows thafl is a minimizer ofL . O

Proof of Proposition 3.1,Givenpy being the density ak(t) att = kh, recall thatT is the solution
map fromx(t) tox(t + h). We denote ; := px, and i+ := T p«. By de nition,

KL(Ts# plipz) = Ex ., (l0og t+n(x) logpz(x)): (14)
Becausg; / e V,V(x) = jxj>=2, we havdogpz (x) = V(x)+ c; for some constard;. Thus
Ex nlogpz(X)= Exw logpz(x(t+h))=c1 Exy VI(X(t+ h)): (15)

To compute the rst term in (14), note that
Ex ,109 t+n(X)= Exry 109 t+n(X(t+ h)); (16)

and by the expression (called “instantaneous change-of-variable formula” in normalizing ow litera-
ture [Chen et al., 2018], which we derive directly in below)

%Iog (x(t);t)y=r  f(x(t);t); (17)

we have that for each value ®f{t),

Z +h
log t+n(X(t+ h))=log (x(t+ h);t+ h)=log (x(t);t) t rf(x(s);s)ds:
t

Inserting back to (16), we have
Zt+h
Ex 009 wn()= By 10g ((x(1) Exy , 1 f(x(s);9)ds):
t

The rst term is determined by; = pk, and thus is a constat independent fronf(x;t) on
t 2 [kh; (k + 1) h]. Together with (15), we have shown that

Ztin
rhs. of (14)= cc  Eyq ro f(x(s);s)ds) c1+ Exqpy V(X(t+ h));

t
t

which proves (7).
Derivation of (17): by chain rule,

ro(x@®:t) x®)+ @ (x(t);t)

Diog (x(t);t)

at COR)
= tr (0 (by (1) and (2))
(x(t):t)
=r fx;t):

B Technical details of Section 4

To train the proposed JKO-iFlow model by Algorithm 1, one needs to specify a sequencevbere
thek-th JKO block integrates frorty 1 toty, starting fromto = 0. Denote byhy := tx+1  tk the
step-size fok-th step.
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Figure A.1: Diagram illustrating trajectory reparameterization and re nement. Top: the original trajectory under three blocks via Algorithm 1.
Bottom: the trajectory under six blocks after reparameterization and re nement, which renders the W2 movements more even.

B.1 Initial choice of tx in Algorithm 1
We rstinitialize the choice by the following scheme
he =minf ¥ho;hmaxg; k=0;1; (18)

where the base stepsihg, the multiplying factor 1, and the maximum stepsibg.x  ho
are three hyper-parameters to be speci ed by the user. Wherl, the sequence dfy in (18)
corresponds to constant stepdige hp.

Applying Algorithm 1 with the initial choice ofy givesL trained residual blocks of the neural ODE
model, wherd. is to be determined by the stopping criterion in Section 4.1. The model is further
improved by the two additional techniques in Section 4.2, which will adaptively specify the stepsize
hx and we explain in detail below.

B.2 Hutchinson trace via nite difference

We propose a nite-difference estimatorof f(x;t) = Tr(J;(x)), whereJ;(x)) is the Jacobian

of f atx. This is based on the Hutchinson trace estimator [Hutchinson, 1989], which states that
Tr(J¢ (X)) = Ep() TJi(x) . Here,p( ) isadistribution inRY satisfyingE[ ] = 0 andCow( ) = |

(e.g., a standard Gaussian). Existing CNF works estimate the expectation by samplpfg) and
computing the vector-Jacobian produg{x) using reverse-mode automatic differentiation. The
productJs (x) can be computed for approximately the same cost as evaldafitigathwohl et al.,
2019].

Now, given a xed , we haveds(x) =lim | o ** 2 1) ‘which is the directional derivative of
f along the direction. Thus, given a xed small > 0, we propose the following nite-difference
estimator ofr  f(x;t):

X+ ) f(x)

rof(;t)  Ep) 19)

The nite-difference approximation afs (x) requires only one additional function evaluatiorf Gt
x +  and avoids the computation of automatic differentiation. We empirically found that training
with (19) on high-dimensional examples (e.d.> 100as in image examples) can be approximately

1.5 2times faster than existing EEIF approaches relying on reverse-mode automatic differentiation.
In all experiments, we let = o= dwith ¢ =0:02

B.3 Trajectory improvement illustrated in vector space

Section 4.2 introduces two techniques to improve the computation of a gradient descent trajectory
represented by discrete points. For illustrative purposes, we introduce the two techniques when the
gradient system is in a vector space equipped with Euclidean metric. The JKO-iFlow training applies
the same technique in the gradient system equipped with the Wasserstein-2 metric.

Let the space bRY, andF : RY ! R be a differential landscape. Given a sequence of positive
stepsizéhy, one can compute a sequence of representative paintdich discretizes the gradient
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descent trajectory of minimizing (towards a local minimurx ). Speci cally, we have
. 1
Xk+1 =argmin F(x)+ —kx  xyk3; (20)
X 2hk
starting from some xedp.

B.3.1 Trajectory reparameterization

Starting from an initial sequence of step-sfiggg_, as in Section B.1, the reparameterization
technique implements an iterative scheme to update the sequehgeadfptively. We call the

j -th iteration "lter} ', and denote the sequence Hy,((j )g{;:l . The corresponding solution pointg

by solving (20) with h(k‘) are denoted azs(k'). In addition to the constarit, .« , we need another
algorithmic parameter 2 (0; 1), and we set = 0:3 for the vector-space example in computation.
We always havexg) =
following

Xo for all “Iter-j '. In the j -th iteration of the parametrization, we compute the

1. Compute thearclengthas

SS) = kx(k”1 xfj)kz; k=1; ;L (21)
2. Compute the average arclength
x (i)
s:= s)’=L
k=1

1 _ . : : :
hy*™ =minfhl? + (shP=5))  h));hmaxg
4. Solve (20) usind *? to obtainx{ "V .
We terminate the iteration when the arclengltlséj)g are approximately equal. An illustration
is given as lter-12 in the upper panel of Figure A.2. After the reparameterization iterations, we

solve an additionat,_ +; by minimizingF (x) starting fromx,_ . This corresponds to optimizing the
“free-block” in Algorithm 1.

B.3.2 Progressive re nement

The scheme can be computed using a positive integer re nement factor. For simplicity, we use factor
2 throughout this work.

Given a sequence bhygk_, and the representitive pointtg, gk_, , the re nement scheme computes
are ned trajectory havindgs = 1; ;2L

1. Compute the re ned stepsizes as
Mok 1= Pk = he=2; k=1;:::5L

2. Compute the representative poirtsby solving(20) usinghy, possibly warm-starting by
Xok = Xk andxzx 1= (Xk + Xk 1)=2.

We then apply the trajectory reparameterization iterations as in Section B.3.1 to the re ned trajectory
till convergence, and the free-block ending point is also recomputed. An illustration is given as
r-Iter-10 in the upper panel of Figure A.2.

B.4 Trajectory improvement in probability space

We apply the two techniques to solve the JKO g@pwhich is the counterpart ¢20) as a gradient
descent scheme with proximal steps. The representative pqirdee replaced with transported
distributionspy which form a sequence of pointsih and the optimization is over the parametrization
of px induced by the neural network ow mapping consisting of the kstesidual blocks.
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It remains to de ne the arclength i{21) to implement the two techniques. Because we eguipith
the Wasserstein-2 metric, we compute (omitting the iteration ipdexthe notation)

Sk = Wo(pk 1;P) = (Ex pe (KX  T(X)k?)¥% (22)

where the transport mappifig (x) = x + ttk" ) f , (x(s);s)ds and can be computed from tketh

block. In practice, the expectatidy ,, , in (22)is computed by a nite-sample average on the
training set.

At last, the optimal warm-start g in the re nement is implemented by inheriting the parameters
« of the trained blocks.

C Experimental details

C.1 Quantitative evaluation metrics

Besides visual comparison, we adopt two quantitative metrics to evaluate the performance of gener-
ative models, the negative log-likelihood (NLL) metric Grathwonhl et al. [2019] and the maximum
mean discrepancy (MMD) [Gretton et al., 2012a] metric.

C.1.1 NLL metric

Our computation of the NLL metric follows the standard procedure for neural ODE normalizing ow
models Chen et al. [2018], Grathwohl et al. [2019], where the evolution of der(sify)) can be
computed via integrating f(x(t);t) over time due to the instantaneous change-of-variable formula
7).

Speci cally, our model ows fromtg =0 tot, +1 = T, wherex(0) po the data distribution, and
we train the ow model to make&(T) follow a normal density. The model density at data sample

Figure A.2: The upper panel shows the arc lengths and the mean and standard deviation of arc lengths over 12 reparameterization iterations,
one re nement, and an additional 10 reparameterization iterations. The lower panel visualizes the trajectory consisting of 17 solution points at
“r-Iter-10", where the free point as the 17-th point computes the appproximate minimenyby x_ 41 =[ 1:911; 0:105].
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is expressed agx; 0) = (T 1)« g(x) whereT !is the inverse model ow mapping from(T) to
x(0). Thus the model log-likelihood can be expressezd as
T
log (x(0);0)=log a(x(T);T)+ 1 f(x(s);s)ds:
0

In practice, our trained ow model hds blocks where each blodk, represent§(x;t) on[tx 1;tk)
and is parametrized by,. The log-likelihood at test sampleis then computed by

1 fr1 z tk
LL(x) = é(kx(tL+l)k§+ dlog(2 )) + rof.(x(s);9)ds; (23)
k=1 tk 1
where Z,, l
X(t) = x(tx 1)+ f  (x(s);s)ds

tk 1
starting fromx(0) = x. Both the integration of , andr f , are computed using the numerical
scheme of neural ODE. We report NLL in the natural unit of information (iog.with basee, known
as “nats”) in all our experiments.

C.1.2 MMD metrics

Note that the normalizing ow models use NLL (on training set) as the training objective. In contrast,
the MMD metric is an impartial evaluation metric as it is not used to train JKO-iFlow or any competing
methods. Given two set of data samples.= fxig{\‘=l andX = fx gj’"Ll and a kernel function
k(x; x), the (squared) kernel MMD [Gretton et al., 2012a] is de ned as

1 XX 1 XN 2
N2 K(Xi;Xj)+ — K% %) NM

i=1 j=1 i=1 j=1 i=1 j=1

When a generative model is trained, we genekatei.d. data samples by the model to construct
the setX", and we form the set usingN true data samples (from the test set). MMD metrics with
other choices of kernels are possible Gretton et al. [2012b], Sutherland et al. [2017], Schrab et al.
[2023]. In all experiments here, we use the Gaussian ké&peb) = expfk x  xk?=2h?gto stay
consistent with reported baselines from [Onken et al., 2021], wherd) is the bandwidth parameter.
We use three ways of setting the bandwidth paranteter

« Constant bandwidtth = h, = 1. The resulting MMD is denoted as "MMD-1".

* Median bandwidth [Gretton et al., 2012a]: ket h,, be the median ofx;  x; k for all
distincti andj . The median distance is computed from the datfsethe resulting MMD
is denoted as "MMD-m'.

» Custom bandwidth: on certain datasets when we can use prior knowledge to decide on the
bandwidth, we will custom the choice bf(typically smaller than the median distance, due
to that theoretically smaller bandwidth may lead to a more powerful MMD test to distinguish
the difference in the underlying distributions) while ensuring that we use large embugh
andN to compute the MMD metric. We call the metric " MMD-c'.

MMD (X ;X)) := k(xi;x); (24)

On all datasets, we use at mdst= 10K test samples as, and for each trained model, we generate

M =10K test samples to form the data¥eto compute the MMD value de ned as {24). Note

that the MMD metric as a measure of distance between two distributions is signi cant when above
a test threshold, which is de ned as the uppefl( )-quantile of the distribution of the MMD
statistic under the null hypothesis (i.e., when datXsendX observe the same distribution). The
scalar is the controlled Type-I error (known as the test level), which is set to be Td&btain the

test threshold for the MMD, we adopt the bootstrap procedure Arcones and Gine [1992], Gretton
et al. [2012a] and computeas the empirical{  )-quantile of the simulated null distribution of

the MMD from the pool of samples formed by the unionofandX, where the seX is generated

by the trained JKO-iFlow model. We use 1000 times of bootstrap in all experimarasr usage

of evaluating generative models, the thresholthn be viewed a baseline of the MMD metric, that

is, when the computed MMD values are aboyéhen the smaller the MMD value the better the
generative performance; when the computed MMD value is beldinmeans that with respect to

the current MMD metric, the trained model generates a data distribution that is as good as the true
distribution.
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(b) Results at initial training (middle) and Iter 3 (right). MMD and

] 2 T )
(a) Per-blockW 5 over reparameterization iterations. NLL values are shown in the title.

Figure A.3: Same plots as in Figure A.5 for Rose data. We observe improved generative quality on the leaves of the rose after reparameterization
iterations

(a) Per-blockW 2 over reparameterization iterations and re neme) Results at Iter 4 (middle) and r-lter 1 (right). MMD and NLL values
(r-lter 1' means one reparameterization iteration after re nement). are shown in the title.

Figure A.4: Same plots as in Figure A.5 for Fractal tree data. We observe improved generative quality on the edges of the tree after re nement.

C.2 Detail setup and additional results

All experiments are conducted using PyTorch [Paszke et al., 2019] and PyTorch Geometric [Fey and
Lenssen, 2019]. The optimizer is Adam [Kingma and Ba, 2015] with learning rates to be speci ed

in each example. We use the neural-ODE integrator [Grathwohl et al., 2019, adjoint method] on
two-dimensional examples and image examples, and use back-propagation on all other examples.

C.2.1 Two-dimensional toy data

Training and test data:We generat@&K test samples for each dataset, and for the training split,

» For Rose (Figure 2 and A.3) and Checkerboard and Olympic rings (Figure 2), we re-sample
10K training samples every epoch, for a total of 100 epochs per block. The batch size is 500.

 For Fractal tree (Figure 2 and A.4), we use a xed training data of 200K samples, for a total
of 50 epochs per block. The batch size is 2000.

Choice ofhy: The initial schedule is by settingy = 0:75, = 1:2. We sethmax = 5 for rose,
checkerboard, and Olympic rings, amgd.x = 3 for fractal tree. For reparametrization and re nement,
we use = 0:5in the reparameterization iterations for all examples.

» For Rose, 3 reparameterization moving iteration, no re nement.
» For Checkerboard and Olympic rings, 4 reparameterization moving iteration, no re nement.

 For Fractal tree, 4 reparameterization moving iteration, one re nement, and an additional
reparameterization moving iteration.

MMD metric: We use custom kernel bandwidth= 0:1h,, whereh,, is the median distance of
dataseX with N = 8K (from true data distribution). From trained generative model, we generate

M = 10K test samples a%.

Network and activationFully-connected residual blocks with two hidden layers. We use the softplus
activation ( = 20) with 128 hidden dimension. Before re nement, we train 9 residual blocks for

Table A.1: Inversion erroEx  p, KT l(T (x)) xkg of JKO-iFlow computed via sample average on the test split of the data set, where
T denotes the transport mapping over all the blocks of the trained ow network.
Rose Fractaltree Olympicrings CheckerboarBOWER  GAS  MINIBOONE BSD300 MNIST
3.30e-6 3.58e-5 2.24e-6 3.07e-5 \ 1.48e-5 1.58e-6 1.09e-6 l.53e{51.87e-5
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Table A.2: Complete results on real tabular datasets to augment Table 1 under the xed-budget setamptes to the number of residual
blocks used in each dataset; for comparison, the free block in JKO-iFlow is not used. For fair comparison across models, the number of batches
indicates how many batches pass through all residual blocks.
Data Set Model # Param Training Testing
Time (h) #Batches Time/Batches(s) Batchsize MMD-m MMD-1  NLL
:1.73e-4  :2.90e-4

JKO-iFlow 76K, L=4 0.07 0.76K 3.51e-1 10000 9.86e-5 2.40e-4 -0.12
OT-Flow 76K 0.36 7.58K 1.71e-1 10000 7.58e-4 5.35e-4  0.32
POWER FFJORD 76K, L=4 0.67 7.58K 3.18e-1 10000 9.89%e-4 1.16e-3 0.63
d=6 IGNN 304K, L=16 0.29 7.58K 1.38e-1 10000 1.93e-3 1.59e-3 0.95
IResNet 304K, L=16 0.41 7.58K 1.95e-1 10000 3.92e-3 2.43e-2 3.37
ScoreSDE 76K 0.06 7.58K 2.85e-2 10000 9.12e-4 6.08e-3 341
ScoreSDE 76K 0.60 75.80K 2.85e-2 10000 7.12e-4 5.04e-3 3.33
JKO-iFlow 57K, L=3 0.05 0.76K 2.63e-1 10000 3.86e-4 7.20e-4  -0.06
:1.85e-4 :2.73e-4
JKO-iFlow 76K, L=4 0.07 0.76K 3.32e-1 5000 1.52e-4 5.00e-4 -7.65
OT-Flow 76K 0.23 7.60K 1.09e-1 5000 1.99e-4 5.16e-4  -6.04
GAS FFJORD 76K, L=4 0.65 7.60K 3.08e-1 5000 1.87e-3 3.28e-3  -2.65
d=8 IGNN 304K, L=16 0.34 7.60K 1.61e-1 5000 6.74e-3 1.43e-2 -165
IResNet 304K, L=16 0.46 7.60K 2.18e-1 5000 3.20e-3 2.73e-2  -1.17
ScoreSDE 76K 0.03 7.60K 1.42e-2 5000 1.05e-3 8.36e-4  -3.69
ScoreSDE 76K 0.30 76.00K 1.42e-2 5000 2.23e-4 3.38e-4 -5.58
JKO-iFlow 95K, L=5 0.09 0.76K 4.15e-1 5000 1.51e-4 3.77e-4  -7.80
1 2.46e-4  :3.75e-4
JKO-iFlow 112K, L=4 0.03 0.34K 3.61le-1 2000 9.66e-4 3.79e-4 1255
OT-Flow 112K 0.21 3.39K 2.23e-1 2000 6.58e-4 3.79e-4 11.44
MINIBOONE  FFJORD 112K, L=4 0.28 3.39K 2.97e-1 2000 3.51e-3 4.12e-4 23.77
d=143 IGNN 448K, L=16 0.63 3.39K 6.69e-1 2000 1.21e-2 4.0le-4 26.45
IResNet 448K, L=16 0.71 3.39K 7.54e-1 2000 2.13e-3 4.16e-4  22.36
ScoreSDE 112K 0.01 3.39K 6.37e-3 2000 5.86e-1 4.33e-4 27.38
ScoreSDE 112K 0.10 33.90K 6.37e-3 2000 4.17e-3 3.87e-4  20.70
11.38e-4 :1.0le4
JKO-iFlow 396K, L=4 0.05 1.03K 1.85e-1 1000 2.24e-4 1.9le-4 -153.82
OT-Flow 396K 0.62 10.29K 2.17e-1 1000 5.43e-1 6.49e-1 -104.62
BSDS300 FFJORD 396K, L=4 0.54 10.29K 1.89%e-1 1000 5.60e-1 6.76e-1  -37.80
d=63 IGNN 990K, L=10 1.71 10.29K 5.98e-1 1000 5.64e-1 6.86e-1 -37.68
IResNet 990K, L=10 2.05 10.29K 7.17e-1 1000 5.50e-1 5.50e-1 -33.11
ScoreSDE 396K 0.01 10.29K 3.50e-3 1000 5.61e-1 6.60e-1  -7.55
ScoreSDE 396K 0.10 102.90K 3.50e-3 1000 5.61e-1 6.62e-1 -7.31
JKO-iFlow 396K, L=4 0.08 1.03K 2.76e-1 5000 1.41e-4 8.83e-5 -156.68

rose, checkerboard, and Olympic rings, and train 6 residual blocks for fractal trees. Learning rate is
5e-3.

Additional results:Figure A.3 and A.4 illustrates the bene ts of reparameterization and re nement.
Speci cally, the details of the generated rose around portions of leaves and of the generated tree
around smallest edges are clearer using these techniques. In terms of quantitative metrics, the NLL is
also smaller, even though the MMD metric indicates there is no statistical difference between the
ground truth and generated samples.

C.2.2 Tabular datasets

Training and test dataThe four high-dimensional real datasets (POWER, GAS, MINIBOONE,
BSDS300) come from the University of California Irvine (UCI) machine learning data repository,
and we follow the pre-processing procedures of [Papamakarios et al., 2017]. Regarding data sizes,

* POWER: 1.85M training sample and 205K test sample.

* GAS: 1M training sample, 100K test sample.

« MINIBOONE: 32K training sample, 3.6K test sample.

« BSDS300: 1.05M training sample, 250K test sample.

Choice ofhy: The initial schedule is by settifty =1; =1;hmax = 3. For reparametrization and
re nement, we use = 0:5in the reparameterization iterations for all datasets.

MMD metric: When the test data from the MINIBOONE dataset is less than 10K in size, we use all
the test set aX andN is the size of test data. When the test data from all three other datasets has
more than 10K samples, we randomly seldct 10K samples from the entire test dasend the

same random test subset is used to evaluate all models. We use the median distance kernel bandwidth
and generat®l = 10K test samples from each model to fokn
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Network and activationWe use the Tanh activation for all networks. Regarding design of residual
blocks, we use fully-connected residual blocks with two hidden layers. On POWER, GAS, and
MINIBOONE, we use 128 hidden nodes, and on BSDS300, we use 256 hidden nodes. The number
of residual blocks for four tabular datasets is described in Tables A.2 and A.4. Regarding learning
rate, itis 1e-3 on POWER, 2e-3 on GAS, 5e-3 on MINIBOONE, and 1.75e-3 on BSDS300.

Additional results:For experiments under the xed-budget setting, Table A.2 shows the complete
results of JKO-iFlow against competitors on tabular datasets. In the extra lines in the table, we
show the result of JKO-iFlow with L=3 for POWER and L=5 for GAS, as these numbels of
are determined by the termination criterion in Algorithm 1. (The main lines show the results with
L =4 so that our model has the same capacity with the alternatives.) BSDS300 has an extra line for
JKO-iFlow trained with batch sizes 5000, which improves over the result with batch size 1000. The
baseline models FFJORD, IGNN, and IResNet are trained end-to-end, and as a result cannot afford
the larger batch size on this example due to GPU memory constraints. For ScoreSDE, we use the
implementation in [Huang et al., 2021], which computes the evidence lower bound (ELBO) for the
data log-likelihood as reported in the last column. Although ScoreSDE is the fastest, its performance,
even under 100 times more mini-batch stochastic gradient descent steps than JKO-iFlow, is still
worse than JKO-iFlow in terms of both MMD-m and NLL. To ensure a fair comparison against
diffusion models, we perform additional experiments of using different noise sched(tgsnd

max IN ScoreSDE on MINIBOONE, following the noise scheduler suggestions in DDPM [Ho
et al., 2020]. Note that DDPM can be viewed as a discrete-time version of the variance-preserving
ScoreSDE model. As shown in Table A.3, the performance of ScoreSDE is indeed sensitive to the
noise schedule. However, the best NLL of ScoreSDE 17.45 from the table is still noticeably higher
than the NLL of 12.55 obtained by JKO-iFlow on MINIBOONE in Table A.2, and JKO-iFlow is
trained using ten times less number of batches. To visualize the generative performance, scatter plots
of the generated samples by JKO-iFlow and competitors on these tabular datasets are shown in Figure
A.6 after projected to 2 dimensions (determined by principal components computed from true data
test samples). The plots show a closer match between those from JKO-iFlow with the ground truth in
distribution.

For experiments allowing more expensive models and longer training time, Table A.4 shows the
results of JKO-iFlow after additional training of trajectory reparametrization in comparison with
other baselines cited from the original papers. We run 7 reparameterization iterations on POWER,
GAS, and MINIBOONE and 1 reparametrization iteration on BSDS300. A free block is used on
POWER, GAS, and BSDS300.

C.2.3 Image generation with pre-trained variational auto-encoder

We perform image generation on MNIST [Deng, 2012], CIFAR10 [Krizhevsky and Hinton, 2009],
and Imagenet-32 [Deng et al., 2009] datasets. We do so in the latent space of a pre-trained VAE,
where we discuss the details below.

Table A.3: NLL per noise scheduler anghax  combination of ScoreSDE on MINIBOONE. The three settings “linear, constant, quadratic”
follow the DDPM suggestion [Ho et al., 2020]. The mean and standard deviation are computed over three replicas of the trained model.

Noise scheduler \nax 1 5 10 15 20
Linear 2451 (0.24) 18.73(0.64) 20.28(0.38) 26.76 (1.77) 26.83(1.23)
Constant 25.47 (0.25) 30.37(0.84) 37.73(0.98) 40.47 (1.27) 45.32(0.40)
Quadratic 27.19(0.14) 17.45(0.17) 18.48(0.38) 18.90(0.48) 21.35(0.60)

(a) Per—blocwvz2 over reparameterization iterations. (b) Results at initial training (middle) and Iter 7 (right).

Figure A.5: Reparametrization iterations of JKO-iFlow model on MINIBOONE. (a) After 7 reparameterization iterations, a trajectory of more
uniformW_ movements is obtained. (b) Generated samples by the models before and after the moving iterations (visualized in the rst two
principal components computed from test data).
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