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Abstract

Safe active learning (AL) is a sequential
scheme for learning unknown systems while
respecting safety constraints during data
acquisition. Existing methods often rely
on Gaussian processes (GPs) to model the
task and safety constraints, requiring re-
peated GP updates and constrained acquisi-
tion optimization–incurring significant com-
putations which are challenging for real-time
decision-making. We propose amortized AL
for regression and amortized safe AL, re-
placing expensive online computations with
a pretrained neural policy. Inspired by re-
cent advances in amortized Bayesian experi-
mental design, we leverage GPs as pretrain-
ing simulators. We train our policy prior to
the AL deployment on simulated nonpara-
metric functions, using Fourier feature-based
GP sampling and a differentiable acquisition
objective that is safety-aware in the safe AL
setting. At deployment, our policy selects
informative and (if desired) safe queries via
a single forward pass, eliminating GP infer-
ence and acquisition optimization. This leads
to magnitudes of speed improvements while
preserving learning quality. Our framework
is modular and, without the safety compo-
nent, yields fast unconstrained AL for time-
sensitive tasks.
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Figure 1: Conventional (safe) AL relies on compu-
tationally expensive (orange) GP fitting and (con-
strained) acquisition. Our amortized approach meta
trains a safe learner up-front on synthetic data, allow-
ing fast, real-time (green) deployment.

1 INTRODUCTION

Active learning (AL) is a sequential design of exper-
iments, aiming to learn a task with reduced data la-
beling effort (Settles, 2010; Kumar and Gupta, 2020;
Tharwat and Schenck, 2023). Each label is queried by
optimizing an acquisition function, a function leverag-
ing the current knowledge (typically model-based) to
estimate the expected information gained from access-
ing new labels. AL is often discussed together with
Bayesian optimization (BO), which aims to search
global optima with limited evaluations (Srinivas et al.,
2012; Brochu et al., 2010). The major difference is the
acquisition function, where BO focuses only on candi-
date optima, while AL explores the complete space.

In many engineering (Zimmer et al., 2018; Berkenkamp
et al., 2016) or chemical design problems (Griffiths and
Hernández-Lobato, 2020), data evaluations can trigger
safety concerns. The safety constraints, often real val-
ues, cannot be directly mapped to the input space, mo-
tivating the development of safe AL (Schreiter et al.,
2015; Zimmer et al., 2018; Li et al., 2022) and safe
BO (Sui et al., 2015, 2018; Berkenkamp et al., 2020).
These approaches introduce additional model(s) to
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quantify safety conditions and constrain the acquisi-
tion optimization (Figure 1 left). Gaussian processes
(GPs, Rasmussen and Williams 2006) are widely used
in this context due to their well-calibrated uncertainty
estimates, suited for modeling safety confidence.

Safe learning methods are prominent, capable of learn-
ing functions adaptively and safely, needing no para-
metric structure. However, computation is heavy: (i)
GPs scale cubically with the size of dataset and are up-
dated repeatedly; (ii) each query solves an acquisition
optimization. The cost poses a particular challenge for
systems requiring real-time responses (Nguyen–Tuong
and Peters, 2010; Andersson et al., 2017; Lederer
et al., 2021). To alleviate this, efficient GP approx-
imations have been explored (Titsias, 2009; Hens-
man et al., 2015a; Bitzer et al., 2023), including ap-
proaches designed for incremental data (Moss et al.,
2023; Pescador-Barrios et al., 2024).

In this paper, we focus on AL for regressions, partic-
ularly under safety constraints (Schreiter et al., 2015;
Zimmer et al., 2018), which are also relevant to safe
BO, where some recent approaches separate safe space
exploration from BO phase (Sui et al., 2018; Bot-
tero et al., 2022). We aim to amortize the online
data querying process. Inspired by recent amortized
Bayesian experimental design (BED) literature (Foster
et al., 2021; Ivanova et al., 2021), we propose to learn
an AL policy offline using synthetic functions. The
policy is a neural network (NN) which suggests a new
query via a simple forward pass (Figure 1 right) hereby
replacing both the GP modeling and the constrained
optimization at deployment. Our paper first amortizes
unconstrained AL on regressions, and then introduces
safety awareness to the framework. Note that we use
the term model to refer to the task-specific model be-
ing actively learned, while the NN policy guides the
data collections, feeding the data to the model.

In a nutshell, our approach (i) takes GPs as distribu-
tions of general nonparametric functions, (ii) utilizes a
scalable Fourier feature technique (Rahimi and Recht,
2007; Wilson et al., 2020) to generate functions in large
scale, (iii) solves and meta learns AL decisions on those
functions, and then (iv) zero-shot generalizes to real-
world problems.

Contributions Our contributions are:

• We propose NN policies for safe AL and, as an
intermediate contribution, for unconstrained AL,
that suggest new queries based on recorded data,
hereby completely replacing the costly GP mod-
eling and acquisition optimization at deployment;

• This leads to a tremendous speed gain, allowing

for real-time data acquisition with modeling per-
formance comparable to traditional AL methods,
while maintaining safety when required;

• Our policy is trained up-front exclusively on syn-
thetic data of a broad class of functions sampled
via GP Fourier features, enabling generalization
across systems;

• To train our safe AL policy, we introduce a closed-
form, differentiable, safety-aware objective, which
may itself be a novel acquisition criterion.

Related Works Safe learning often employs GPs.
Gelbart et al. (2014) proposed constrained BO, dis-
counting acquisition scores by a GP constraint con-
fidence. Schreiter et al. (2015); Sui et al. (2015) di-
rectly constrained the acquisition optimization, lead-
ing to safe AL and safe BO with probabilistic safety
guarantees. Sui et al. (2018) introduced a stagewise
safe BO that separates safe space exploration from BO
phase, enabling AL methods to be applied specifically
for safety (Bottero et al., 2022). Safe AL and safe BO
were extended to systems with multiple safety con-
straints (Berkenkamp et al., 2020), time-series mod-
eling (Zimmer et al., 2018), multi-task learning (Li
et al., 2022) and transfer learning (Li et al., 2025).
High-dimensional safe BO has also been explored via
approximations and multi-stage procedures (Kirschner
et al., 2019; Bottero et al., 2022). Safe learning meth-
ods employ significant computations, impeding their
deployment in real-time problems.

Meta-learning has been explored to streamline sequen-
tial learning. Rothfuss et al. (2021) meta-learned GP
priors from existing tasks, simplifying GP modeling
in safe BO. Liu et al. (2020b); Bitzer et al. (2023)
pretrained on synthetic data to infer the GP param-
eters. Neural processes (NPs, Garnelo et al. 2018;
Foong et al. 2020), in particular transformer-based
NPs (TNPs, Nguyen and Grover 2022), replace GPs by
learning the posterior estimates. Müller et al. (2022)
developed the prior-fitted networks (PFNs), TNPs
trained on synthetic data, resulting in recent tabu-
lar foundation models (e.g. TabPFN, Hollmann et al.
2023, 2025). NPs and PFNs demonstrate amortized
modeling costs and have been extended for uncon-
strained BO applications (Müller et al., 2023). These
methods require existing meta tasks or do not con-
sider (constrained) acquisition optimization, while our
method simply queries end-to-end on constrained AL.

To streamline the entire data selection cycle, Chen
et al. (2017) proposed an NN optimizer for BO tasks,
which bypassed modeling and optimization by directly
inferring the next query from evaluated data. Chang
et al. (2025) proposed predicting the global optimum
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for BO by taking a prior over the optimum as input
to an NN. Foster et al. (2021); Ivanova et al. (2021)
proposed the deep adaptive design (DAD), inferring
queries for unconstrained AL of Bayesian parametric
functions (which requires a known parametric struc-
ture, in contrast to our method). Huang et al. (2024)
extended such amortized BED to account for model-
based decision-making. DAD trains its NN policies on
synthetic data, but the necessity of parametric struc-
tures limits training flexibility.

Our approach uses GPs as generic simulators to pre-
train end-to-end policies for general, nonparametric
(safe) AL, enabling real-time deployment on novel
tasks. The closest related work is ALINE (Huang
et al., 2025), a recently proposed framework that
jointly amortizes posterior estimation and experimen-
tal design. However, ALINE cannot accommodate
constrained learning and relies on a discretized search
pool. In contrast, our method addresses standard and
safe AL, and is developed so that the NN proposes
queries directly on a continuous space.

2 PROBLEM STATEMENT

We are interested in a regression task of an unknown
function f : X → R, where X ⊆ RD is a D-
dimensional input space. We have another unknown
safety function q : X → R. As one normally focuses
only on a domain of interest, we assume X is bounded,
w.l.o.g., we may say X = [0, 1]D.

Our observations are noisy: a labeled data point com-
prises an input x ∈ X , its corresponding output ob-
servation y(x) = f(x) + ϵ, and its safety measure-
ment z(x) = q(x) + ϵq, where ϵ, ϵq are unknown noise
values. For clarity later, let Y ⊆ R,Z ⊆ R de-
note the output space and the safety measurement
space, respectively. D ⊆ X × Y × Z is a dataset, and
space(X × Y × Z) := {D|D ⊆ X × Y × Z}. We write
ysubscript, zsubscript as evaluated data at xsubscript.

We follow a safe AL setting: a small labeled dataset
D0 := {xinit,i, yinit,i, zinit,i}Ninit

i=1 is given, and we have
budget to label T more data points x1, ...,xT . The
expensive evaluations will give us y1, z1, ..., yT , zT . It
is safety critical if for any t ∈ {1, ..., T}, zt ≥ 0 is vio-
lated. Safe AL aims to select x1, ...,xT , such that z1 ≥
0, ..., zT ≥ 0 with high probability, and that y1, ..., yT
are informative, i.e. {xinit,i, yinit,i}Ninit

i=1 ∪ {xt, yt}Tt=1

helps us construct a good model of f . In this paper,
we write x1:T := {xt}Tt=1, y1:T := {yt}Tt=1, z1:T :=
{zt}Tt=1, Xinit := {xinit,i}Ninit

i=1 , Yinit := {yinit,i}Ninit
i=1 ,

Zinit := {zinit,i}Ninit
i=1 .

Conventional safe AL (Figure 1 left and Schreiter et al.
(2015); Zimmer et al. (2018)) obtains each query at

step t+ 1 by solving

argmaxx∈X a(x|Yinit, y1:t)

s.t. p(z(x) ≥ 0|Zinit, z1:t) ≥ 1− γ,
(1)

where p(z(x) ≥ 0|Zinit, z1:t) is the predictive safety
distribution, a is an acquisition function, γ ∈ [0, 1] is a
probability tolerance of being unsafe, and the space of
safe x is the safe set. The estimated safe set adapts to
each new safety measurement (Sui et al., 2015, 2018).
The acquisition function and safety distribution are
computed from GPs. It is expensive to iteratively up-
date GPs and solve the constrained optimization.

Goal We aim to have an AL policy up-front so
that, at deployment, each query is produced by a
single forward pass–replacing the per-query model-
ing and constrained acquisition optimization (Figure 1
right; Appendix F.2). Formally, the policy takes as
inputs a budget variable and a flexible size of ob-
served data, and returns the next query proposal, i.e.
ϕ : N × space(X × Y × Z) → X . We will describe
in Section 3.1 why a budget variable is included into
the policy input. We assume no additional real data
are available for the policy training. Our contribu-
tions are twofold: (i) We amortize unconstrained AL
(ϕ : N×space(X ×Y)→ X ); (ii) we extend to safe AL
by incorporating safety-awareness. Concretely, our pa-
per investigates (i) how to simulate AL tasks at large
scale for training, and (ii) how to design an effective
training objective. Next, we state the necessary mod-
eling assumptions on the unknown functions f and q.

Assumptions We assume the tasks are normalized
to zero mean and unit variance. Furthermore, as ex-
isting safe learning methods (e.g. Zimmer et al. 2018;
Berkenkamp et al. 2020), we assume the unknown
functions f and q have GP priors (Rasmussen and
Williams, 2006). A GP is a distribution over func-
tions, characterized by a mean (e.g., E[f ]) and a ker-
nel specifying covariance between function values at
two inputs, x and x′ (e.g., Cov[f(x), f(x′)]). A ker-
nel, typically parameterized, encodes the function am-
plitude and smoothness. W.l.o.g., the prior mean is
usually assumed zero, which holds true when the ob-
servation values are normalized. For the safety func-
tion, one could as well assume a zero mean prior, but a
well-selected prior mean can sometimes be beneficial.
For example, if the domain of interest X is chosen such
that the center area is safe, then we may assign a prior
mean which remains reasonably positive at the cen-
ter but decreases to negative values at the boundary.
Given GP priors, any finite number of output values
(or of the safety values) are jointly Gaussian. The as-
sumption is formulated below, while closed-form GP
distributions are detailed in Appendix A.
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Assumption 2.1. The unknown functions follow GP
priors: f ∼ GP(0, kθ), q ∼ GPθq (µq, kq), with ker-
nels kθ, kq : X × X → R and a mean µq : X → R.
kθ is parameterized by θ; µq and kq are jointly pa-
rameterized by θq. The output and safety observa-
tions at x are y(x) = f(x) + ϵ, z(x) = q(x) + ϵq,
where ϵ ∼

i.i.d.
N (0, σ2), ϵq ∼

i.i.d.
N (0, σ2

q ). We assume

kθ(x,x
′), kq(x,x

′) ≤ 1, as the data are normalized.

3 PRETRAIN POLICY TO
REPLACE GP AND
CONSTRAINED ACQUISITION

Our goal here is to train a policy ϕ to deploy AL on
novel tasks. In other words, we construct our prepara-
tion block illustrated in Figure 1. Here we take inspi-
ration from Chen et al. (2017) and DAD (Foster et al.,
2021; Ivanova et al., 2021). The idea is to exploit
the GP priors (Assumption 2.1) before AL deploy-
ments. We use p(f), p(q) and the Gaussian likelihoods
p(y|x, f) = N

(
y|f(x), σ2

)
, p(z|x, q) = N

(
z|q(x), σ2

q

)
to construct a simulator. Notably, we go beyond DAD
by considering the safety function q and nonparamet-
ric priors on f and q. This allows us to sample func-
tions, simulate policy-based (safe) AL and, crucially,
meta optimize on broad classes of functions, with an
objective encoding an acquisition criterion.

The major challenges are: (i) our scheme requires
differentiable objectives, where applying conventional
formulations is difficult; (ii) sampling f, q is not triv-
ial, especially with a constraint on q. We summarize
our approach in Algorithm 1, and give details next.

3.1 Training Objective

Assume, we are given a batch of GP functions f , each
coupled with a safety GP function q. Initial evalu-
ations D0 = {Xinit, Yinit, Zinit} are given, noises are
denoted by Yinit = f(Xinit) + Einit, Zinit = q(Xinit) +
Eq,init. We run our policy on each (f, q) pair for Tsim ≤
T iterations to obtain xϕ,1:Tsim

, evaluations yϕ,1:Tsim

and zϕ,1:Tsim , yϕ,t = f(xϕ,t)+ϵt and zϕ,t = q(xϕ,t)+ϵq,t
for t = 1, ..., Tsim (L.5-11 of Algorithm 1). In this sec-
tion, we introduce our training objectives (L.13 of Al-
gorithm 1). The details of f, q and D0 sampling will
be described in Section 3.2 (L.1,2,4 of Algorithm 1).

Unconstrained AL–Simulated Acquisition As-
sume for now that safety conditions are ignored. We
are then dealing with an unconstrained AL: we col-
lect yϕ,1:Tsim informative for f . The GP prior f ∼
GP(0, kθ) further turns this into an active GP learn-
ing problem. This means common acquisition func-
tions (Seo et al., 2000; Guestrin et al., 2005; Krause

et al., 2008) are valid to guide our queries to high
information. Note, however, that we now optimize
w.r.t. the policy where gradient is propagated from all
queries jointly. A good choice here is the entropy (Seo
et al., 2000; Krause and Guestrin, 2007), which (i) has
closed forms, (ii) is differentiable, and (iii) is one of
the gold standard acquisition criteria for GPs.

As opposed to an AL deployment, the sampled yϕ,1:Tsim

are available when we optimize the queries xϕ,1:Tsim
.

For each AL instance, we take the following acquisition

h(yϕ,1:Tsim
, Yinit) =− log p(yϕ,1:Tsim

, Yinit)

∝ h(yϕ,1:Tsim
|Yinit) =− log p(yϕ,1:Tsim

|Yinit),
(2)

where Ef,Tsim,Einit,ϵ1:Tsim
[h(yϕ,1:Tsim

, Yinit)], an average
of various instances, represents the policy’s entropy
defined by Krause and Guestrin (2007) (originally
for conventional AL). p(·) is a GP likelihood (Ap-
pendix A). The proportionality symbol here indicates
equivalency which holds by applying Bayes rule and
removing the part that has no gradient w.r.t. the pol-
icy. The effect of Tsim will be described shortly after,
let us say Tsim = T is fixed here. Maximizing this ac-
quisition criterion means the policy selects points that
are the most distinctive to each other. We will later
see that this choice has the advantage of explainabil-
ity in conjunction with safety constraints. In our Ap-
pendix C (Figure S.C.2), we illustrate the acquisition
value with T = 1.

The ideas until here are similar to Chen et al. (2017);
Foster et al. (2021); Ivanova et al. (2021), i.e. turning
the acquisition criteria we would have optimized se-
quentially into trainable objectives in an a priori sim-
ulated learning.

We further propose the regularized entropy criterion:

I(yϕ,1:Tsim |Yinit) =− log p(yϕ,1:Tsim |Yinit)

+ log p(yϕ,1:Tsim |Yinit, Ygrid),
(3)

where Ygrid are noisy evaluations at randomly sampled
Xgrid ⊆ X (with |Xgrid| ≫ T ). This I(·) is adapted
from the mutual information AL criterion (Guestrin
et al., 2005; Krause et al., 2008). It encourages the
policy to look inside the input space and avoids over-
emphasizing the border of X , a problem of entropy.
We put details into Appendix C.

Unconstrained AL Objective, beyond Fixed
Length & Fixed Priors One remark of the pre-
vious objectives is that they are nonmyopic1 (Krause
and Guestrin, 2007; Foster et al., 2021), assuming a
pre-defined budget T . The resulting queries can be

1Nonmyopic exploration allocates multiple points
jointly, e.g. query 1/3, 2/3 in [0, 1] instead of 1/2, 1/4.
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Algorithm 1 Safe AL Policy Training

Require: Assumption 2.1, T , Ninit

1: draw a batch of (θ, σ2, θq, σ
2
q )

2: draw a batch of (f, q) pairs (Algorithm 2)
3: for each f, q do
4: given D0 per Algorithm 2
5: draw Tsim ∼ Uniform[1, T ]
6: for t = 1, ..., Tsim do
7: xϕ,t = ϕ(Tsim − t+ 1,Dt−1)
8: draw ϵt ∼ N (0, σ2), yϕ,t = f(xϕ,t) + ϵt
9: draw ϵq,t ∼ N (0, σ2

q ), zϕ,t = q(xϕ,t) + ϵq,t
10: Dt ← Dt−1 ∪ {xϕ,t, yϕ,t, zϕ,t}
11: end for
12: end for
13: compute loss per Eq. (7), update ϕ

suboptimal if we deploy for fewer steps. In prac-
tice, it is often unrealistic to know the precise num-
ber of queries T in advance, especially if we wish to
deploy the trained policy on multiple problems. To
this end, we assign random AL budget to each f , i.e.
Tsim ∼ Uniform[1, T ]. Then, the exploration scores are
normalized by the sequence length (AL sims indicate
random f, Tsim, Einit, ϵ1:Tsim

):

H(ϕ) = Eθ,σ2EAL sims

[
h(yϕ,1:Tsim

|Yinit)

Ninit + Tsim

]
, (4)

I(ϕ) = Eθ,σ2EAL sims

[
I(yϕ,1:Tsim|Yinit)

Ninit + Tsim

]
. (5)

Crucially, the NN needs a budget variable as input to
encode the number of queries. Without this budget
variable, Tsim = T must be fixed. Due to the space
limit, the NN structure is described in Appendix B.
Eqs. (4), (5) generalize over diverse functions by sam-
pling the GP hyperparameters θ, σ2.

Safe AL Objective We have obtained an entropy
objective for unconstrained AL. Now we take zϕ,1:Tsim

into consideration and we wish to follow the same in-
tuition to get a safe AL objective. Recall that a con-
ventional safe AL (Schreiter et al., 2015; Zimmer et al.,
2018) solves Eq. (1) for each query. This constrained
acquisition criterion has proven its effectiveness, and
we next translate it into a differentiable objective com-
patible with our simulated environment.

If we query with our unconstrained entropy objec-
tive step-wise, the corresponding acquisition func-
tion is a(x) = − log p(ŷ(x)|yϕ,1:t, Yinit), where ŷ(x)
is the simulated noisy function.2 Plugging this

2ŷ(xϕ,t) = yϕ,t. A standard sequential learning would
use a random variable y(x) to forecast the future query,
leveraging a(x) = H(y(x)|yϕ,1:t, Yinit).

a(·) into Eq. (1), we see that at each step t +
1, the conventional safe AL objective optimizes
− log p(ŷ(x)|yϕ,1:t, Yinit), constrained to p(z(x) ≥
0|zϕ,1:t, Zinit) ≥ 1 − γ, z(x) is a prediction. In a La-
grange perspective, a constrained optimization may
be transformed to a problem where we optimize the
main term regularized by a factor of the constraint
term (Nocedal and Wright, 2006; Gramacy et al.,
2015). The factor, i.e. Lagrange multiplier, typically
needs to be optimized as well, but we take the density
interpretation to fix it. We propose to augment the
problem and twist the Lagrangian form:

1. p(z(x) ≥ 0|zϕ,1:t, Zinit) ≥ 1 − γ is equivalent to
log p(z(x) < 0|zϕ,1:t, Zinit) ≤ log(γ).

2. We consider a Lagrangian form

argmaxx{− log p(ŷ(x)|yϕ,1:t, Yinit)

−λ log p(z(x) < 0|zϕ,1:t, Zinit) + λ log γ},

where λ is a Lagrange multiplier. We fix λ = 1
as the likelihood terms can be interpreted as a
joint likelihood of events ŷ and unsafe z. Note in
addition that log γ is a constant w.r.t. x, which
can be omitted. This form has thus become

argmaxx{− log p(ŷ(x)|yϕ,1:t, Yinit)

− log p(z(x) < 0|zϕ,1:t, Zinit)},

3. Importantly, we wish to preserve the parameter γ
as it defines the desired safety level which helps to
balance between exploration and safety. We thus
adjust the previous form into

argmaxx{− log p(ŷ(x)|yϕ,1:t, Yinit) (6)

− log max(γ, p(z(x) < 0|zϕ,1:t, Zinit))},

where γ disregards the exact safety level when the
likelihood of being unsafe is small enough.

4. Similar to an unconstrained AL, we sum up the
step-wise acquisition scores to get a joint safe AL
objective which is differentiable w.r.t. the policy.

Our safe AL training objective is thus

SH(ϕ) = E
[

S(DTsim
)

Ninit + Tsim

]
,with (7)

S(DTsim
) = − log p(yϕ,1:Tsim

|Yinit)

−
Tsim−1∑
t=0

log max(γ, p(z(xϕ,t+1) < 0|zϕ,1:t, Zinit)).

The expectation is over GP hyperparameters and AL
instances, and zϕ,1:0 = ∅. z(xϕ,t+1) is a prediction
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here, because a realization zϕ,t+1 cannot have a likeli-
hood of zϕ,t+1 < 0.

Maximizing SH(ϕ) corresponds to maximizing the ex-
ploration score of yϕ,1:Tsim , while minimizing the like-
lihood of queries appearing unsafe. In conventional
safe AL, γ ∈ [0, 1] (but usually < 0.5) allows us to
specify the level of safety criticality. In our setting,
this parameter balances safety and AL exploration,
offering a more intuitive approach than optimizing a
Lagrange multiplier. Setting γ → 0 means that the
safety term log p(z(xϕ,t+1) < 0|zϕ,1:t, Zinit) is opti-
mized towards −∞, causing safety to dominate the
loss and overriding exploration (see ablation studies
in Appendix G.5). We set γ = 0.05 similar to many
conventional safe AL (Li et al., 2025), resulting in a
safe yet explorative policy. In Appendix C.3, we pro-
vide an alternative objective maximizing exploration
directly alongside the likelihood of queries being safe,
i.e. log p(z(xϕ,t+1) ≥ 0|zϕ,1:t, Zinit). This loss cannot
accommodate safety criticality control via γ due to
the concavity of log(·); Appendix G.6 (ablation stud-
ies) shows that this alternative is less safe than our
primary loss. Appendix C.3 further illustrates the ob-
jectives for Tsim = 1 (Figure S.C.3). This illustration
demonstrates that our main acquisition loss (Eqs. (6)
and (7)) features a safe plateau, and optimizing this
loss tends to select points within this region.

Our objective function SH(ϕ) can vary with the or-
der of queried data, as the order directly impacts the
safety score. This inherits the conventional property
that safety confidence adapts to every new observa-
tion. Note that the Eq. (6) can itself be a safety-aware
yet unconstrained differentiable acquisition criterion
for conventional safe AL setups (see ablation studies
in Appendix G.6).

3.2 Function Sampling

In the previous section, we introduced an algorithm
based on generative GP functions f, q, and an initial
dataset D0. These functions were used to simulate
safe AL deployments for policy training as summarized
in Algorithm 1. Here, we detail the generative process
(sampling steps: lines 1–4, 8, 9), focusing on: (i) sam-
pling the initial dataset D0 with a suitable prior mean
for the safety function q, and (ii) efficient GP function
sampling for f and q. The first point is critical for
ensuring realistic synthetic data, the second one for
efficient and stable training.

Safety Function q and Initial Data D0 The first
challenge is to ensure that the simulated q and D0 are
both realistic and representative. In safe exploration
problems (Sui et al., 2015; Zimmer et al., 2018; Bot-
tero et al., 2022), the initial data are usually provided

by a domain expert at the centric area of a safe set
and the algorithms gradually explore towards the safe
set border. Following this principle, our generative al-
gorithm samples initial data D0 in a pre-defined safe
set, and we assume w.l.o.g. that the safe set lies at
the center of X , denoted by C ⊆ X . This approach
ensures that D0 closely resembles the initial datasets
encountered in the deployment stage.

For this, we construct a GP prior q ∼ GPθq (µq, kq)
to increase the likelihood of a safe initial dataset D0.
Specifically, we design a prior mean µq that ensures
safety around the center, e.g. C = [0.4, 0.6]D for
X = [0, 1]D. As a result, q(C) may likely have a safe re-
gion to initiate a safe AL simulation, while still allow-
ing for a diverse set of safety functions by introducing
variability within the GP. In Appendix D, we provide
the exact expression for our mean function µq, which
is designed to allow for a safe set of varying shape and
size, while maintaining consistency with the deploy-
ment problem’s normalization assumptions. Examples
of q are illustrated in Figure S.D.4.

When we sample the initial dataset D0 in Algorithm 2,
we sample safe data from C, but once a maximum num-
ber of iteration is reached, the training algorithm pro-
ceeds regardless of whether all sampled points are safe.

Fourier Feature Functions - Efficient and De-
coupled The final step is to devise an efficient sam-
pling strategy for the noisy GP values yϕ,1:Tsim and
zϕ,1:Tsim

. This is not trivial because the observa-
tions are sampled iteratively, e.g. xϕ,t = ϕ(Dt−1),
meaning yϕ,1:t−1, zϕ,1:t−1 are sampled before we know
xϕ,t, ...,xϕ,T . One can make standard GP poste-
rior sampling conditioned on preceding samples, e.g.
yϕ,t ∼ p(y(xϕ,t)|Dt−1, kθ, σ

2). However, when per-
formed naively, this posterior sampling approach is
bound to the GP cubic complexity for each data point

Algorithm 2 Function and Initial Sampling

Require: Assumption 2.1, center C ⊆ X , Ninit, D =
∅, GP(0, kθ),GPθq (µq, kq), σ

2, σ2
q , max iter= 50

1: draw fraw ∼ GP(0, kθ), qraw ∼ GP(0, kq)
2: f(·) = fraw(·)− Ex∈X [fraw(x)]
3: q(·) = µq(·) + qraw(·)− Ex∈X [qraw(x)]
4: for i=1,..., max iter do
5: draw X ∼ Uniform[C], |X| = Ninit

6: draw Einit ∼ N (0, σ2I), Y = f(X) + Einit
7: draw Eq,init ∼ N (0, σ2

qI), Z = q(X) + Eq,init
8: take those safe: D ← D ∪ [X, Y, Z]z≥0

9: if i=max iter then D ← D ∪ (X, Y, Z)
10: if |D| ≥ Ninit then take first Ninit and break
11: end for
12: return f, q,D0 = D (|D| = Ninit)
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Table 1: RMSE on standard AL tasks. Perfor-
mance on the test set. Our method shows competitive
results while being orders of magnitude faster (Fig-
ure 2). Table S.G.10 show results of smaller T .

Sinus Airline Branin LGBB
Ninit+T (1+20) (1+20) (1+30) (1+30)

Our AAL 0.14±0.004 0.41±0.022 0.21±0.020 0.17±0.013
ALINE 0.38±0.034 0.43±0.011 0.27±0.013 0.17±0.009
DAD 0.49±0.065 0.43±0.018 0.99±0.128 0.48±0.063
PFN AL 0.85±0.088 0.44±0.041 0.38±0.019 0.19±0.008
TabPFN AL 1.04±0.033 0.43±0.023 0.22±0.008 0.16±0.010
AGP AL 0.14±0.007 0.48±0.020 0.23±0.025 0.22±0.006
GP AL 0.13±0.009 0.43±0.038 0.19±0.011 0.17±0.010
SVGP AL 0.12±0.004 0.42±0.012 0.34±0.003 0.17±0.005
MGP AL 0.12±0.007 0.39±0.020 0.17±0.006 0.15±0.008
Random 0.33±0.055 0.41±0.023 0.28±0.052 0.21±0.050

acquisition yϕ,t, which is prohibitive. The runtime can
be further reduced by using low-rank updates (Seeger,
2004). For specific objectives such as for our H or SH,
the GP posteriors can be then computed as intermedi-
ate results with minimal additional cost (see Eqs. (6)
and (7)). However, low-rank updates can lead to ad-
ditional issues, as they make the computational graph
unnecessarily complex for the loss function differen-
tiation. To overcome these challenges, we propose a
decoupled approach, which is scalable by itself and en-
ables flexible integration of any objectives, e.g. poten-
tially cheap approximated objectives, for future work.

The core is a decoupled function sampling technique
(Rahimi and Recht, 2007; Wilson et al., 2020), where
each GP function is approximated by a linear combina-
tion of Fourier features. The function can be evaluated
later at any x ∈ X in linear time (line 8-9 of Algo-
rithm 1). One requirement, however, is that the ker-
nels kθ, kq need to have Fourier transforms (e.g. sta-
tionary kernels, see Bochner’s theorem in Rasmussen
and Williams 2006). For q ∼ GP(µq, kq), one may
sample qraw ∼ GP(0, kq) and set q = µq + qraw. Note
that a sampled function does not necessarily average
to zero on X , but we may compute a domain specific
average analytically with usually negligible complex-
ity (Appendix D.1). This is preferred because we con-
sider normalized deployment problems, and such an
optional mean shift improves the performance.

While not explored in this paper, we point out that
alternative approaches might exist for efficient sam-
pling, such as linear system solvers (Lin et al., 2024)
or different random features (Tripp et al., 2023).

4 EXPERIMENTS

In this section, we empirically evaluate our method.
We first present unconstrained AL results, demon-
strating the effectiveness of our approach in terms
of AL exploration. Next, we incorporate safety con-

Figure 2: Empirical results on standard AL. Left:
RMSE on airfoil dataset vs number of queries T . Our
trained policy is deployed at T = 2, 4, . . . , 40. DAD
and ALINE train separate policies for each T (shown
for T = 10, 20, 30, 40). Right: total query time at
T = 20 across datasets. Our approach is significantly
faster, requiring only a single NN forward pass for each
data acquisition.

straints and show that our approach remains effec-
tive in exploration while maintaining safety require-
ments. All experiments confirm that our methods are
well suited for AL tasks requiring real-time query-
ing. Our code is available at https://github.com/

cenyou/ASAL.

Experimental Setup We prepare the experiments
by training our neural network policy utilizing Algo-
rithm 1, corresponding to the up-front preparation
block in Figure 1. We train one NN policy for each
dimensionality D and for each experimental setting
(unconstrained, safe). The policies are then applied
to all benchmark problems of their respective configu-
ration, corresponding to the deployment block in Fig-
ure 1. Our NN policy returns points on continuous
space X ⊆ RD. On benchmark functions, the query
xt = ϕ(·) is used directly for data acquisition. For
testing on discrete dataset, we approximate the query
by selecting the nearest point from the pool using the
L2-norm. Since our high-level goal is to model a re-
gression task, we use the final collected dataset to train
a GP model and assess its performance. All exper-
iments report modeling performance, measured with
Root Mean Squared Error (RMSE), and AL deploy-
ment time. For safe AL, we additionally study if the
safety threshold is satisfied. Each AL task is repeated
five times with different random seeds and initial data.
We provide more experimental details in Appendix F,
including the training time (Table S.F.4).

4.1 Amortized Unconstrained AL (AAL)

We first study our AAL on standard unconstrained AL
tasks by training on the objective I (Eq. (5)) and re-
moving the safety samples from the generative process

https://github.com/cenyou/ASAL
https://github.com/cenyou/ASAL
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in Algorithm 1 (see Algorithm S.1 for a cleaner version
of unconstrained training). We compare AAL against
(i) ALINE (Huang et al., 2025); (ii) DAD: amortized
BED (Foster et al., 2021); (iii) PFN AL: AL where the
model is a PFN (Müller et al., 2022) pretrained on our
GP data; (iv) TabPFN AL: AL where the model is the
TabPFN foundation model (Hollmann et al., 2025); (v)
AGP AL: AL with amortized GP (AGP, Bitzer et al.
2023), where GP hyperparameters are not trained but
inferred; (vi) GP AL: AL with a vanilla GP (trained
on Type II maximum likelihood); (vii) SVGP AL: AL
with sparse variational GP (Titsias, 2009; Hensman
et al., 2013, 2015b), where the distribution is approx-
imated with 15 inducing variables (ivs, pseudo data);
(viii) MGP AL: AL with mixture of vanilla GPs (Riis
et al., 2023); (ix) Random: random selection criterion.
We provide details and deployment complexities in Ap-
pendices F.3 and F.4. We run experiments on 2 bench-
mark functions and 3 real-world datasets: Sin func-
tion (1D), Branin function (2D), Airline dataset (1D),
Langley Glide-Back Booster dataset (LGBB, 2D), and
Airfoil dataset (5D).

We report the mean and standard errors on the test
dataset in Table 1 and Figure 2, training loss val-
ues in Appendix G. AL methods generally outperform
random sampling, with the exception of the Airline
dataset. Among the AL methods, we observe that
the performance of AGP sometimes and of DAD of-
ten deteriorates (DAD is particularly bad when D ≥
2). AGP (Bitzer et al., 2023) infers hyperparameters
to approximate Type II maximum likelihood, which
might not fully align with the exploration needs of
AL tasks. DAD is not designed for nonparametric
modeling (see Appendix C.2). SVGP approximates
vanilla GP with 15 ivs. However, training a SVGP
requires more iterations than a vanilla GP while the
computation reduction of each iteration is not obvi-
ous in our data sizes–resulting in a higher time cost.
MGP method provides the strongest modeling results
in most of the tasks, but requires multiple GP models
and is around 3000x slower than our AAL. ALINE,
PFN and TabPFN have the same deployment com-
plexity up to a constant factor (Appendix F.5 and Ta-
ble S.F.5). ALINE and PFN show comparable learn-
ing outcomes and TabPFN learns particularly good on
the Airfoil dataset; however, they are slower than our
approach in all scenarios due to attention to the pool.
For 20 queries, our AAL spends < 0.3 (s), around 10x-
3000x faster than AGP’s < 3 (s), vanilla GP’s < 50 (s),
SVGP’s < 120 (s), and MGP’s 16 (min). When com-
pared to other amortized approaches (ALINE, PFN,
and TabPFN), AAL is at least 5x faster, except on the
small Airline dataset (less than 200 points split into ob-
servation, validation, and pool sets) where it is roughly
2.5x faster. Additionally, our method offers a signifi-

cant advantage in training time compared to ALINE;
because ALINE relies on a discretized search pool, its
training time is an order of magnitude longer (Ta-
ble S.F.4).

In summary, our results clearly highlight the advan-
tages of our method on time-sensitive tasks: AAL op-
erates at least an order of magnitude faster, while re-
maining highly effective in exploration.

4.2 Amortized Safe AL (ASAL)

In this section, we study safe AL by training on the
objective SH (Eq. (7)) with Algorithm 1. We com-
pare our ASAL against conventional model-based safe
AL baselines, i.e. solving Eq. (1) for each query deci-
sion: (i) Safe PFN AL which leverages PFNs for the
main f and the safety function q (PFN pretrained on
our GP data); (ii) Safe TabPFN AL where f and q are
modeled by the TabPFN foundation model (Hollmann
et al., 2025); (iii) Safe AGP AL where the models are
AGPs (Bitzer et al., 2023); (iv) Safe GP AL (Schre-
iter et al., 2015; Zimmer et al., 2018; Li et al., 2022)
with vanilla GPs (Type II maximum likelihood); (v)
Safe SVGP AL with SVGPs, where the number of
ivs are 20 for the Engine and Fluid System and 15
for other tasks (see tasks below); (vi) Safe MGP AL
where MGPs Riis et al. (2023) are the models; (vii)
Safe Random, where base acquisition scores are ran-
dom values and the safety values are estimated by a
vanilla GP. Except for Safe Random, all the baselines
employ constrained entropy as the acquisition crite-
ria. All methods are deployed with a safety level of
γ = 0.05 (Eq. (1)).

We deploy safe AL on two constrained benchmark
functions and two real-world datasets and a higher-
dimensional Fluid System task: Simionescu function
(2D), Townsend function (2D), LGBB dataset (2D),
Engine measurements (3D), high-pressure Fluid Sys-
tem (7D). Our method builds on the standard safe
AL criteria (Eq. (1)) with a focus on real-time deploy-
ment. Prior work typically focuses on low dimensions
(D ≤ 3 or 4, Table S.F.6) because safe acquisition
optimization becomes increasingly burdensome as D
grows. Our experiments on the Fluid System extend
beyond the typical dimension. For this task, the train-
ing lengthscale of our GP prior is centered on a plausi-
ble operating scale for the system but kept sufficiently
broad to remain generic (all other training and de-
ployment settings are unchanged). Note that PFN and
TabPFN cannot be deployed on the Fluid System. We
learn the Fluid System actively from a million trajecto-
ries; this size of dataset is far beyond what PFNs and
TabPFN are designed for. PFNs and TabPFN need
to process all candidate queries, consuming memory
exceeding the limit of our machine.
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Figure 3: Results on safe AL. Left: Our method (blue) achieves competitive RMSE (on safe test data) and
outperforms Safe Random across all tasks. Middle: The proportion of safe queries out of T queries confirm that
our method queries highly safe data. Right: Our approach is significantly faster, as we avoid online GP modeling
and acquisition optimization. Safe Random is slow due to the GP-based safe set estimation. PFN and TabPFN
are not feasible on the Fluid System due to the large pool.

Our main results are shown in Figure 3, with further
analyses presented in Appendix G, including an ab-
lation on the effect of γ during policy training, and
an ablation of conventional safe AL equipped with our
novel acquisition criterion (Eq. (6)). ASAL achieves
comparable model performance to Safe (A)GP AL
on all datasets, except for a slight disadvantage on
Townsend and the 7D Fluid System, and outper-
forms Safe Random across the board. It ensures
safety awareness–the proportion of safe queries exceeds
1 − γ on all tasks. The PFN and TabPFN methods
have mixed results in terms of performance and safety
awareness – while the methods are comparable to the
GP baselines on LGBB and Engine, on Simionescu and
Townsend either the performance is bad or the queries
are unsafe (Safe GP AL as a reference). Importantly,
ASAL is at least an order of magnitude faster than
all PFN-based and GP-based methods (10x-600x), in-
cluding Safe Random which relies on GPs for safe set
estimation. On the 7D Fluid System, where the com-
plexity of acquisition optimization is significant, the
typically fast AGP baseline takes around 8.4 s/query,
whereas our ASAL remains below 0.1 s/query, at least
80x faster. These results highlight the practical ad-
vantages of ASAL in real-time data acquisitions.

5 CONCLUSION AND
DISCUSSION

We propose AAL and ASAL approaches that leverage
GPs to pretrain AL and safe AL policies. In particular,
we introduce a novel safety-aware yet unconstrained,
differentiable loss and an efficient sampling scheme via
GP Fourier features to simulate data acquisitions. The
trained policy can zero-shot generalize to novel prob-
lems, enabling deployment that (i) queries informative
and (if desired) safe data, and (ii) eliminates the need
for online GP modeling and (constrained) acquisition

optimization, resulting in a significant speed-up that
facilitates real-time data acquisition.

Many existing safe learning methods (Sui et al., 2015,
2018; Zimmer et al., 2018; Lederer et al., 2021) offer
theoretical safety guarantees, which our method does
not provide. However, these guarantees typically rely
on the assumption of well-chosen GP hyperparameters
a priori–a strong assumption that is rarely met in real-
world AL applications.

Our training relies on standard GP-based AL ap-
proaches. Therefore, it inherits limitations from es-
tablished GP methods and also benefits from progress
in GP modeling research. A future direction here is
to extend to higher dimension (10D or higher, which
remains challenging in general), for example by in-
corporating dimension reduction methods or scalable
GPs. Our approach leverages similar idea of amor-
tized BED (Foster et al., 2021; Ivanova et al., 2021;
Huang et al., 2024), where sequential acquisitions are
compressed into an offline training objective. This for-
mulation complicates the integration of multi-stage op-
timizations, as often required e.g. to incorporate ap-
proximate GPs (Titsias, 2009; Hensman et al., 2015a)
(even with known GP hyperparameter samples, ap-
proximate posteriors and acquisition criteria would
be optimized with distinct objectives) and higher-
dimensional AL (Zhang et al., 2016) and safe learn-
ing (Kirschner et al., 2019; Bottero et al., 2022).
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A Gaussian Process: Distribution and Entropy

GP Distribution We first write down the GP predictive distribution. Details can be seen in Rasmussen
and Williams (2006). We write down a general form with a non-zero prior mean q ∼ GP(µq, kq). The GP
hyperparameters are omitted for brevity. One can remove µq to get a zero-mean GP distribution, e.g. for y.

Given a set of Nobserve data points D = {X, Z} ⊆ X × Z, we wish to make inference at points Xtest =
{xtest,1, ...,xtest,Ntest

}. We write Ztest = (z(xtest,1), ..., z(xtest,Ntest
)) for brevity. The joint distribution of Z and

predictive Ztest is Gaussian:

p(Z,Ztest) = N
(
µq(X ∪Xtest), kq(X ∪Xtest,X ∪Xtest) + σ2

qINobserve+Ntest

)
(S.1)

where kq(X ∪ Xtest,X ∪ Xtest) is a gram matrix with [kq(X ∪ Xtest,X ∪ Xtest)]i,j =
kq ([X ∪Xtest]i, [X ∪Xtest]j).

This leads to the following predictive distribution (or GP posterior distribution)

p(Ztest|Z) = N (Ztest|µD(Xtest), covD(Xtest)) ,

µD(Xtest) = kq (Xtest,X)
[
kq (X,X) + σ2

qINobserve

]−1
[Z − µq (X)] + µq (Xtest) ,

covD(Xtest) = kq (Xtest,Xtest) + σ2
qINtest

− kq (Xtest,X)
[
kq (X,X) + σ2

qINobserve

]−1
kq (X,Xtest) .

(S.2)

Elements of the predictive mean vector µD(Xtest) are the noise-free predictive values.

Inverting a Nobserve ×Nobserve matrix
[
kq (X,X) + σ2

qINobserve

]
has complexity O(N3

observe) in time.

When a GP is used to model the probability beyond a threshold, e.g. a predictive safety probability, at a test
point x this is a cumulative distribution function

p(z(x) ≥ 0|Z) = 1− p(z(x) < 0|Z) =1/2

[
1 + erf

(
µD(x)√
2covD(x)

)]
. (S.3)

The log probability density function is

log p(Ztest|Z) =−Ntest/2 log(2π)− 1/2 log det(covD(Xtest))

− 1/2(Ztest − µD(Xtest))
T [covD(Xtest)]

−1
(Ztest − µD(Xtest)),

(S.4)

inverting covD(Xtest) or computing the determinant takes O(N3
test) in time.

GP Entropy If we consider Ztest as a collection of Ntest random variables, the entropy is

H(Ztest|Z) =Ep(Ztest|Z)[− log p(Ztest|Z)] = Ntest/2 log(2πe) + 1/2 log det(covD(Xtest)). (S.5)

The difference between − log p(·) and H(·) is marked blue, and this comparison will be described later when
we look into different training objectives. Note further that if we plug predicted values Ztest = µD(Xtest)
into Eq. (S.4), then the blue term becomes zero and this becomes proportional to negative entropy.

GP Training When we deploy a conventional (safe) AL, or when we use the collected data after a deployment
to model a function, we usually need to select the hyperparameters. One standard approach is to conduct a
Type II maximum likelihood (vanilla GP):

argmaxθq,σ2 log p(Z|X) = argmaxθq,σ2 logN
(
Z|µq(X), kq(X,X) + σ2INobserve

)
,

where the free variables are hyperparameters of µq, kq and the noise variance σ2. The time complexity is
O
(
N3

observe

)
while the exact factor depends on the number of parameters, the optimizer, and the numerical

stability. We keep the prior mean µq for consistent notation even though the only place when we train GPs is
during deployment where we use zero mean GPs.
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Figure S.B.1: Our NN ϕ(T − t,Dt) = xt+1. Each observation pair (xt, yt) (or (xt, zt)) is first mapped by an
MLP to an embedding et. Data of different t use the same MLP Data Embed module, i.e. one history encoder
has only one MLP Data Embed. A sequence of data embeddings is then stacked and attended by a 2-layer
transformer encoder (Vaswani et al., 2017), and then a final history embedding is obtained by summing up the
attended per-data embeddings

∑
t e

a
t . The sum pool ensures an invariance of input data order. Details of the

history encoder are described in Foster et al. (2021); Ivanova et al. (2021). The history encoder and safety
history encoder are two modules of individual parameters. The budget variable is as well mapped by a separate
MLP module to a budget embedding EB. The history embedding Et, safety history embedding ESt, and the
budget embedding EB are stacked, mapped by another MLP module, and then refrained by a tahn function to
a bounded input domain [0, 1]D.

B Policy NN Structure

We build our NN upon the structure described in Foster et al. (2021); Ivanova et al. (2021). The final structure is
sketched in Figure S.B.1. We summarize the comparison between our network and the one developed by Ivanova
et al. (2021):

1. the history encoder ({(xi, yi)}ti=1 → Et) and the decision feed forward MLP (originally Et → xt+1) are
taken from Ivanova et al. (2021);

2. we add a hyperbolic tangent function as the last layer to ensure the policy output is in our bounded X ,
which was not needed in the original BED problems;

3. we add another history encoder to handle the safety data;

4. we add a budget encoder to handle the budget variable.
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Note that the history encoder incorporates the inductive bias that observed data are order-invariant (see Foster
et al. (2021); Ivanova et al. (2021) for details). This can be seen by noticing that a conventional AL computes
the acquisition score conditioned on the past observations and the order of the past data does not matter. We
leverage the same architecture to encode the safety embedding because our safety likelihoods follows the same
invariance (future likelihood conditioned on the past, see Eq. (6)). We stack the history embedding, the safety
history embedding, and the budget to reflect that the querying decision is made by balancing the three of them

Our NN structure is highly modularized. The safety history encoder can be removed to form a budget-aware
unconstrained AL policy. If we intend to work on a policy under fixed budget, i.e. Tsim is fixed to T in Algorithm 1,
we can remove the Budget Feed Forward module.

For the numerical settings, please see Appendix F.1.

C Training Objectives: Details, Illustrations, More Objectives

In this section, we provide

• an illustration of our entropy objective, another version of our entropy objective and an illustration (Ap-
pendix C.1),

• details of our regularized entropy (mutual information) objective, another version of our regularized entropy
objective (Appendix C.1),

• details of the DAD baseline in our GP context (Appendix C.2),

• an illustration of our safe AL objective, an additional safe AL objective and an illustration (Appendix C.3).

This section inherits the notation of Section 3.1. The objectives are computed with simulated (safe) AL instances.

C.1 Objectives: Unconstrained AL

In this section, we provide an illustration of our main unconstrained AL entropy objective, details of our regu-
larized entropy, and additional objectives.

Note first that our unconstrained AL training does not need the safety measurements: a NN may have no safety
history encoder (Figure S.B.1), and the training algorithm can operate with neither safety measurements q and
z nor safety center C. Therefore, our main safe AL training (Algorithm 1) can be reduced to Algorithm S.1.

Algorithm S.1 Unconstrained AL Policy Training

Require: Assumption 2.1, T , Ninit

1: draw a batch of (θ, σ2)
2: draw a batch of (f,D0) per Algorithm S.2
3: for each (f,D0) do
4: draw Tsim ∼ Uniform[1, T ]
5: for t = 1, ..., Tsim do
6: xϕ,t = ϕ(Tsim − t+ 1,Dt−1)
7: draw ϵt ∼ N (0, σ2), yϕ,t = f(xϕ,t) + ϵt
8: Dt ← Dt−1 ∪ {xϕ,t, yϕ,t}
9: end for

10: end for
11: compute AL loss (e.g. Eq. (5)), update ϕ
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Figure S.C.2: Simulated unconstrained AL objectives and safety probability. Tsim = 1. Given observed
data (y orange, z green), we plot GP posteriors (orange, Eq. (S.2)), compute AL objectives (pink) and the safety
likelihood p(z(·) ≥ 0|zobserved) (red, Eq. (S.3)) of the next queries (black). The yellow region is the true safe area.
The objectives illustrated are meant to be maximized. Note that y, z are available because our training scheme
simulates AL before utilizing the evaluations for objective computations. A conventional (safe) AL optimizes
queries based on inferred future evaluations.

Algorithm S.2 Unconstrained Initial Sampling

Require: Assumption 2.1, Ninit, GP(0, kθ), σ2

1: draw fraw ∼ GP(0, kθ)
2: f(·) = fraw(·)− Ex∈X [fraw(x)]
3: draw Xinit ∼ Uniform[X ], |Xinit| = Ninit

4: draw Einit ∼ N (0, σ2I), Yinit = f(Xinit) + Einit
5: D0 = {Xinit, Yinit}
6: return f,D0

C.1.1 Objectives: Unconstrained AL - Entropy

Here, we illustrate our main entropy objective, and we introduce another version of the entropy objective.

In our main paper, we introduce the unconstrained AL meta objective

H(ϕ) ∝Eθ,σ2Ef,Tsim,Einit,ϵ1:Tsim

[
− log p(yϕ,1, ..., yϕ,Tsim |Yinit)

Ninit + Tsim

]
(Eqs. (2) and (4)).

Here, we introduce another objective function which computes

Hmean(ϕ) = Eθ,σ2Ef,Tsim,Einit,ϵ1:Tsim

[
H(y(xϕ,1), ..., y(xϕ,Tsim)|Yinit)

Ninit + Tsim

]
. (S.6)

Note that entropy H takes random variables, not the sampled yϕ,1, ..., yϕ,Tsim
. Substituting Eqs. (S.4) and (S.5)

into the objectives, we see that the key difference (marked blue) is indeed whether the observation values
yϕ,1, ..., yϕ,T are taken into account. Our main H aims for points yϕ,1, ..., yϕ,T that are the most distinctive, while
Hmean aims for xϕ,1, ...,xϕ,T that have the most uncertainty jointly (no actual output values). We suspect that
having yϕ,1, ..., yϕ,T in the loss (our main H, Eq. (4)) may help the policy adapt in an AL deployment. Please
see Figure S.C.2 for illustrations. One can see that H has the evaluated yϕ,1:Tsim

which encodes output values
and noises.

The subscript name is ”mean” because H computes the expectation of negative log likelihood.

Note that, if we would obtain each xϕ,t+1 step-wise, the objectives H,Hmean correspond to the following acqui-
sition function:

aH(x|yϕ,1:t, Yinit) = − log p(ŷ(x)|yϕ,1:t, Yinit),

aHmean
(x|yϕ,1:t, Yinit) = Ey(x)|yϕ,1:t,Yinit

[− log p(y(x)|yϕ,1:t, Yinit)]

= H(y(x)|yϕ,1:t, Yinit).

(S.7)
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Here, y(x) is a random variable forecasting into the next query, while ŷ(x) is an estimated value. In a conventional
scenario where the acquisition function measures the unqueried future point, one may take the GP predictive
mean for ŷ(x) resulting in aH(x|yϕ,1:t, Yinit) = −1/2 log e+H(y(x)|yϕ,1:t, Yinit) ∝ H(y(x)|yϕ,1:t, Yinit) (Eqs. (S.2),
(S.4) and (S.5)). In our simulation, ŷ(x) would be the simulated noisy realization on the entire domain (not just
at xϕ,t but all x ∈ X ) where ŷ(xϕ,t+1) = yϕ,t+1.

H(y(x)|yϕ,1:t, Yinit) is the standard predictive entropy (Seo et al., 2000; Krause and Guestrin, 2007).

We refer the readers to Krause and Guestrin (2007); Krause et al. (2008) for detailed discussions of conventional
GP AL methods. In these papers, the authors discuss sequential step-wise querying and joint batch querying.
Our training scheme can be considered as a special case where the policy performs sequential querying while the
objectives compute joint batch querying but with true evaluations.

C.1.2 Objectives: Unconstrained AL - Regularized Entropy

Here, we discuss empirical issues of unconstrained entropy and our approach using mutual information objec-
tives (Guestrin et al., 2005; Krause et al., 2008).

Maximizing an entropy objective favors a set of distinctive points, which naturally encourages points at the
border, as they are the most scattered. Guestrin et al. (2005) argued that exploring the border may be suboptimal
because we would rather explore inside the space. The authors further proposed a mutual information acquisition
criterion to tackle this problem, at least in conventional AL settings. In our training scheme, the objectives H(ϕ)
and Hmean(ϕ) sometimes overemphasize the border and completely ignore the inner region of X , which is clearly
not desired. Part of the reasons can be the tanh layer in our NN (Figure S.B.1), which, although helping us
bound the NN outputs in X , has vanishing gradients at the boundary. To tackle this issue, we wish to derive a
mutual information objective suitable for our framework.

In active GP learning, Guestrin et al. (2005) define a mutual information criterion as the reduction of entropy
in an unexplored region: H(y(xϕ,1), ..., y(xϕ,T )|Yinit)−H(y(xϕ,1), ..., y(xϕ,T )|Yinit, ŷ(X \Xϕ)), ŷ(X \Xϕ) means
the output estimates corresponding to X \{xϕ,1, ...,xϕ,T }. The original paper considered small discrete X where
ŷ(X \{xϕ,1, ...,xϕ,T }) is a computable set of variables. In our framework, X is a continuous space, and thus this
is not well-defined. Even if X is discrete, conditioning on a large pool (fine discretization) is computationally
heavy, i.e. GP cubic complexity O

(
|X |3

)
(Appendix A). A discrete pool also enforces a classifier-like policy

ϕ, as the policy needs to select points from a pool, which prohibits us from utilizing the current NN structure
developed on top of Foster et al. (2021); Ivanova et al. (2021).

To derive mutual information objectives suitable for our learning framework, note that entropy reduction is a
regularized entropy objective. We propose a simple yet effective approach: compute the regularization term
only on a sparse set of Ngrid samples (Xgrid, Ygrid) ⊆ X × Y. Then we turn the acquisition functions proposed
by Guestrin et al. (2005); Krause and Guestrin (2007) into the following training objectives

I(ϕ) =E
[
− log p(yϕ,1:Tsim

|Yinit) + log p(yϕ,1:Tsim
|Yinit, Ygrid)

Ninit + Tsim

]
(Eqs. (3) and (5)),

Imean(ϕ) =E
[
H(y(xϕ,1:Tsim

)|Yinit)−H(y(xϕ,1:Tsim
)|Yinit, Ygrid)

Ninit + Tsim

]
. (S.8)

The expectation is over GPs (θ, σ2) and AL functions (f, Tsim, Einit, ϵ1:Tsim
). Ngrid should be much larger than T .

Maximizing these objectives encourages {xϕ,1, ...,xϕ,T } to track subsets of Xgrid. The intuition is two-fold: (i)
we can view them as entropy objectives regularized by an additional search space indicator, or (ii) we can view
them as imitation objectives because a subset of grid points, if happens to have small joint likelihood or large
joint entropy, maximizes the objective.

Note that, to keep the policy from overfitting those sparse grid samples, which are not necessarily optimal points,
we re-sample Xgrid in each training step. We sample Xgrid with Beta(0.5, 0.5), but a uniform distribution can
also be used and we did not see obvious difference. Empirically, training with the two mutual information
objectives are easier to converge than the entropy objectives. Entropy objectives often stick in border-only
patterns, particularly when D ≥ 2.

One drawback of such objectives is that we lack insight into the appropriate number of the grid points. When
the dimension of X grows, Ngrid might need to be increased, which can make our mutual information objectives
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computationally impossible. We provide our exact Ngrid in Table S.E.1.

Our ablation study in Appendix G demonstrate the results of Imean.

Note that this regularization is meaningless to safe AL, because the border of X is typically less safe and the
safe AL objectives already reflect this (Figure S.C.3)

C.2 Objectives: DAD Baseline

Algorithm S.3 DAD Training with GP Prior

Require: Assumption 2.1, T , Ninit

1: draw a batch of (θ, σ2)
2: for each (θ, σ2) do
3: draw f0,raw ∼ GP(0, kθ)
4: f0(·) = f0,raw(·)− Ex∈X [f0,raw(x)]
5: draw Xinit ∼ Uniform[X ], |Xinit| = Ninit

6: draw Einit ∼ N (0, σ2I), Yinit = f0(Xinit) + Einit
7: D0 = {Xinit, Yinit}
8: for t = 1, ..., T do
9: xϕ,t = ϕ(Dt−1)

10: draw ϵt ∼ N (0, σ2), yϕ,t = f0(xϕ,t) + ϵt
11: Dt ← Dt−1 ∪ {xϕ,t, yϕ,t}
12: end for
13: draw fl,raw ∼ GP(0, kθ), l = 1, ..., Nf,q

14: fl(·) = fl,raw(·)− Ex∈X [fl,raw(x)], l = 1, ..., Nf,q

15: end for
16: compute DAD loss (Eq. (S.9)), update ϕ

We describe the DAD baseline in our GP context (Foster et al., 2021). DAD is a scheme which samples tasks
and learns to perform Bayesian optimal experimental design originally aiming at parametric models. Bayesian
optimal experimental design aims to query data to learn about a posterior Bayesian model (Rainforth et al.,
2024). In a GP learning problem, this means collecting x1:T , y1:T to make inference p(f(·)|Xinit, Yinit,x1:T , y1:T ).
DAD follows similar training procedure: we (i) sample tasks from a prior, and (ii) learn a data querying policy
by optimizing the DAD objective. To train with DAD, one may use our main training algorithm because we
generate more quantities than needed by the DAD objective. For clarity, however, we write down a clean version
of DAD training in Algorithm S.3, which is the Algorithm 1 of Foster et al. (2021) combined with our GP
prior. We summarize the comparison between DAD and our main safe AL training (Algorithm 1): (i) safety
measurements are not present in DAD, (ii) the policy of DAD does not take the budget variable while Tsim = T
is fixed during the training, and (iii) functions f0, ..., fNf,q

are sampled but the DAD objective simulates the
observations Yinit, y1:T on f0 only while f1, ..., fNf,q

are contrastive samples for noise contrastive estimations.
Note that in this paper, Nf,q denotes the number of functions |{(f, q)}| per set of GP hyperparameters. Here,
we use Nf,q to denote the number of contrastive functions.

The objective is

DAD(ϕ) = Eθ,σ2

[
Ef0,...,fNf,q

,Einit,ϵ1:T

[
log

p(Yinit, yϕ,1:T |f0)
1/(Nf,q + 1)

∑Nf,q

l=0 p(Yinit, yϕ,1:T |fl)

]]
. (S.9)

This objective is meant to be maximized.

This objective was derived for parametric models, i.e. p(model parameters|data) in contrast to our p(f |data).
Please see Foster et al. (2021) for details.

Notice that a further work, Ivanova et al. (2021), extended DAD to more general scenarios, for example, allowing
intractable p(y|f). However, their proposed learning objectives require another NN mapping, {(D, f)} → R
if described in our notation, to help estimate the involved intractable distributions. Such a mapping is not
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Figure S.C.3: Simulated safe AL objectives. Tsim = 1. As described in Figure S.C.2, orange and green are
y, z and the corresponding GP predictions, while black curves are unconstrained objectives H,Hmean. Our safe
AL objectives (red) decorate the unconstrained objectives with our main min unsafe log probability (bottom,
S·, Eq. (7)) or with the appendix max safe log probability (top, S·,division, Eq. (S.10)). The objectives illustrated
are meant to be maximized. Red dashed lines show the objectives if the safety probability is not clamped by γ.
Note again that y, z are available because our training scheme simulates AL before utilizing the evaluations for
objective computations.

applicable for nonparametric f , and the objectives in Ivanova et al. (2021) were again not designed for AL of
nonparametric functions. This is a different direction to what we need in this paper.

C.3 Objectives: Safe AL

We illustrate our main safe AL objective, and we introduce more objectives.

In our main paper, we propose a safe AL objective (Eq. (7))

SH(ϕ) = E

[
− log p(yϕ,1, ..., yϕ,Tsim

|Yinit)−
∑Tsim−1

t=0 log max(γ, p(z(xϕ,t+1) < 0|zϕ,1:t, Zinit))

Ninit + Tsim

]
.

This objective is a combination of an unconstrained exploration objective and a safety regularization. We are able
to exchange the exploration term − log p(yϕ,1, ..., yϕ,Tsim |Yinit) by any other objectives, e.g. SHmean(ϕ) corresponds
to safety decorated Hmean(ϕ).

If we take a closer look into the safety term, the objective is maximized when log p(z(xϕ,t+1) < 0|zϕ,1:t, Zinit)
is small. Ideally, the probability of being unsafe should be small (or equivalently the probability of being safe
is large, Figure S.C.2). Minimizing the unsafe probability nevertheless makes the log value explode to negative
infinity (if not clamped by a non-zero γ). Numerically, we suggest to add a small number to the probability to
stabilize the computations; e.g., we add 10−5 for clamped and non-clamped versions for stability.

Nevertheless, another approach we consider is to change the safety term, so that we directly maximize the safety
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probability

− log p(yϕ,1, ..., yϕ,Tsim
|Yinit) +

Tsim−1∑
t=0

log p(z(xϕ,t+1) ≥ 0|zϕ,1:t, Zinit)

=−
Tsim−1∑
t=0

log
p(yϕ,t+1|yϕ,1:t, Yinit)

p(z(xϕ,t+1) ≥ 0|zϕ,1:t, Zinit)
,

which corresponds to

SH,division(ϕ) = E

[
− log p(yϕ,1, ..., yϕ,Tsim

|Yinit) +
∑Tsim−1

t=0 log p(z(xϕ,t+1) ≥ 0|zϕ,1:t, Zinit)

Ninit + Tsim

]
. (S.10)

Note that z(xϕ,t+1) is a prediction, not the evaluated zϕ,t+1. Similarly, we may exchange the base exploration
term to get e.g. SHmean,division(ϕ). With this objective, we do not clamp the safety probability with γ because
this has no visible effect (see Figure S.C.3). The reason is, if we would clamp the likelihood, i.e. min(1 −
γ, p(z(xϕ,t+1) ≥ 0|zϕ,1:t, Zinit) (maximizing the safety likelihood until 1−γ), then the clamped term is optimized
towards p(z(xϕ,t+1) ≥ 0|zϕ,1:t, Zinit) ≥ 1− γ but for small γ, log(1− γ) ≈ log 1.

Please see Figure S.C.3 for an illustration. Our main S· is more conservative at the safe set border while the
appendix S·,division is more prone to space exploration.

In this paper, we avoid coupling I, Imean with our safety terms because (i) it is rather tricky to sample
{Xgrid, Ygrid, Zgrid} (Eqs. (5) and (S.8)) when a safety constraint is present, (ii) we do not see an obvious
intuition behind such safe AL objectives, and (iii) we do not see empirical benefit in our preliminary experiments
(not shown in the paper).

We illustrate the safe AL objectives in Figure S.C.3 for Tsim = 1.

D Training: GP Function Sampling

This section outlines the mathematical details of our GP function sampling, i.e. Algorithm 2.

We first introduce our GP kernel. In our paper, we always use an RBF kernel, including kθ, kq in Algorithm 2
and the GP kernel in benchmark experiments. An RBF kernel has D + 1 variables: the variance v and a D
dimension lengthscale vector l = (l1, ..., lD)

k(x,x′) = v exp

(
−1/2

D∑
d=1

(
[x− x′]d

ld

)2
)
. (S.11)

D.1 Fourier Feature Functions

In Algorithm 2, the GP functions fraw ∼ GP(0, kθ), qraw ∼ GP(0, kq) are approximated by Fourier features,
which means each function sample is a linear combination of cosine functions (Rahimi and Recht, 2007; Wilson
et al., 2020):

e.g. fraw(x) =

L∑
i=1

ωi

√
2/L cos

(
aT
i x+ bi

)
,

ωi ∼ N (0,
√
v
2
),ai ∼ N (0,diag{l}−1) are kernel dependent and bi ∼ Uniform(0, 2π). Each function has L∗ (D+

2) parameters. Larger L lead to better approximations. An error bound w.r.t. D and L can be seen in Rahimi
and Recht (2007). We set L = 100.

Remark D.1 (running out of symbols). We highlight that the parameters of our Fourier feature functions,
ωi,ai and bi, are independent of our acquisition function notation a(·) or other constants. The Fourier feature
function parameters (except for L, the number of features) are used only for this subsection and will not be
referred in any other part of the paper.
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Figure S.D.4: Examples of sampled q ∼ GP (µq, kq). We run Algorithm 2 to sample f (not shown) and q.
The observations are blurred with noises. The top are five samples of z

(
[0, 1]2

)
, the bottom safe and unsafe

classifications z
(
[0, 1]2

)
≥ 0. Black dots are the sampled initial data. The parameters of µq, kq leverage samplers

listed in Table S.F.3. Our algorithm samples diverse safety patterns while guaranteeing stable initial safe data
sampling.

In our main paper, the analytical mean of window X = [0, 1]D is computed such that all functions can be shifted
to zero mean in the particular domain. The analytical mean is the integral of fraw(x), qraw(x) divided by volume
of [0, 1]D. We give examples for the one and two dimensional cases:

L∑
i=1

1

ai
ωi

√
2/L sin (aix+ bi) |1x=0, for D = 1,

L∑
i=1

−1
[ai]1[ai]2

ωi

√
2/L cos ([ai]1x1 + [ai]2x2 + bi) |1x1=0|1x2=0, for D = 2,

higher dimensions are analogous.

It may happen that at least one component of ai is zero or is close to zero, which causes a problem in the
division. In this case, we replace |1/

∏D
d=1[ai]d| by 100000. The error is negligible, i.e. much smaller than noise

level. We can replace [0, 1]D by any windows of our interest.

The complexity of computing such mean is O
(
L2D

)
, and this can be distributed to time or space. With common

GP and RBF kernel dimensions, e.g. D ≤ 5 or 10, this complexity is negligible.

D.2 Prior Mean of Safety Functions

As described in our main Section 3.2, we use a GP mean function µq to help us control the safety function
sampling.

The overall goal is to sample functions q ∼ GPθq (µq, kq), while guaranteeing a high probability of the existence
of central safe data. We design µq such that it is safe at the center of the domain X . We use the hyperbolic
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Table S.E.1: Batch sizes in training.

loss functions I DAD SH

Nk = |{(θ, θq)}| 10 10 10
Nf,q = |{(f, q)}| 5 200 5

B = |{(Einit, ϵ1:T , Eq,init, ϵq,1:T )}| 10 10 1
L =num of fourier features 100 100 100
Ngrid (number of Xgrid) 100 (for NN D ≤ 2) N/A N/A

500 (for NN D = 5)

secant function

µq(x) = 3.2c

(
−0.47 + sech

(
1

D

D∑
d=1

wd[u]
2
d

))
,

u = QT

x−

0.5
...

0.5


 ,

(S.12)

Q ∈ RD×D is an orthogonal matrix where columns of Q are orthonormal, each wd > 0 is a shape parameter. We
provide our design logic and the chosen parameters of this function step by step:

1. Consider Q = ID, then 1
D

∑D
d=1 wd[u]

2
d = 1

D

∑D
d=1 wd([x]d − 0.5)2 is an ellipsoid centering around

(0.5, ..., 0.5) ∈ RD.

2. We can see that µq has the center area being a safe ellipsoid as long as c > 0, with shape and size controlled
by wd, and the orthogonal matrix Q allows us to rotate the ellipsoid around the center (0.5, ..., 0.5). The
orthogonal matrix Q is obtained by performing a QR-decomposition of a sampled A ∈ RD×D (each entity
from Uniform[−1, 1]).

3. The above steps describe variables wd, c,Q, and we then describe the constants.

4. If we consider c = 1, wd/D = 10,∀d ≤ D (e.g. wd = 20, D = 2) and Q = ID, then the central safe area is
a ball and it takes about half of the space, i.e. the mean function µq brings half of the space safe and half
unsafe. We will later sample the shape and the half-safe space is only for an initial design.

5. With the same c, wd, Q, the constants 3.2 and −0.47 ensure zero mean and unit variance of this µq function,
which aligns with our setup that the deployment problems are normalized, and this provides us an estimated
variance of µq ≈ c2.

When we sample q = µq+qraw−Ex∈X [qraw(x)], qraw ∼ GP(0, kq) (see Algorithm 2), we aim for mean E[q] around
0 and variance of q around 1, as our deployment problems. We distribute the variance by making sure c2+v+σ2

q

is around 1 (kernel variance v, observation noise level σq), in particular, we set c2 = 0.5 while the kernel and
the noise take the remaining half. The kernel and the noise are the main sources of functional stochasticity.
The assumption of having additive variances is in fact not true for our µq, but this setting is enough for the
NN to learn. One may also consider the overall function variance as an amplitude of the function. The shape
parameters w = (w1, ..., wD) are sampled around value 20, such that µq has around 10% to 100% of the space
above safety threshold 0. We will summarize the sampling setting later in Appendix F.

We illustrate examples of sampled q in Figure S.D.4.

E Training Complexity

Our loss functions take expectation over GP hyperparameters and functions. We summarize the batch sizes
in Table S.E.1. Note that for each set of GP hyperparameters, the output realizations consist of noise-free f, q
and noise realizations, denoted individually. The number of noise realizations, B, can be considered as the
repetitions of simulated safe AL per function pair (f, q).
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Table S.E.2: Loss function complexities. The batch sizes B,Nk, Nf,q contribute linearly in time or space
(but not both), and this is up to the implementation. We derive the worst case Tsim = T .

time space

p(·|Yinit) (Eq. (S.2), plug yϕ,1:T in later) O
(
N3

init

)
O

(
N2

init

)
p(·|Yinit, Ygrid) (Eq. (S.2)) O

(
(Ninit + Ngrid)

3
)

O
(
(Ninit + Ngrid)

2
)

log p(z(xϕ,T ) < 0|zϕ,1:T−1, Zinit) O
(
(Ninit + T )3

)
O

(
(Ninit + T )2

)
(Eqs. (S.2) and (S.3))

H (Eqs. (2) and (4)) O
(
N3

init

)
+ O

(
T 3

)
O

(
N2

init

)
+ O

(
T 2

)
I (Eqs. (3) and (5)) O

(
(Ninit + Ngrid)

3
)
+ O

(
T 3

)
O

(
(Ninit + Ngrid)

2
)
+ O

(
T 2

)
SH (Eq. (7)) O

(
N3

init

)
+ O

(
T 3

)
O

(
N2

init

)
+ O

(
T 2

)
+ O

(
(Ninit + T )3

)
+ O

(
(Ninit + T )2

)
DAD baseline (Eq. (S.9)) O (Ninit + T ) in time or space

Table S.F.3: Training samplers.

samples distributions

f ∼ GP(0, kθ) kθ : RBF kernel, Eq. (S.11) (parameters θ = (v, l), l = (l1, ..., lD))
v ∼ Uniform[0.9616, 1.0]
∀d ≤ D, (ld − 0.2) ∼ Gamma(shape = 1, rate = 10)

ϵ ∼ N (0, σ2) σ2 = 1.0001 − v, i.e. 0.01 ≤ σ ≤ 0.2, signal-to-noise ratio
√

v
σ ≥ 5

q ∼ GPθq (µq, kq) µq : sech prior mean, Eq. (S.12) (parameters c,w, Q, w = (w1, ..., wD))

θq = (c,w, Q, v, l) kq : RBF kernel, Eq. (S.11) (parameters v, l, l = (l1, ..., lD))
Q: QR-decomposition of A, [A]i,j ∼ Uniform[−1, 1], ∀i, j = 1, ..., D
∀d ≤ D,wd ∼ Uniform[5, 40]

c =
√
0.5

v ∼ Uniform[0.9616 − c2, 1.0 − c2]
∀d ≤ D, (ld − 0.2) ∼ Gamma(shape = 1, rate = 10)

ϵq ∼ N (0, σ2
q) σ2

q = 1.0001 − c2 − v, i.e. 0.01 ≤ σq ≤ 0.2,

√
c2+v
σq

≥ 5

I (Eqs. (2) and (5)) Xgrid ∼ Beta(0.5, 0.5), Ygrid = f(Xgrid) + noise, noise ∼ N (0, σ2)
Fluid System kernels: l of kθ, kq sampled as Eq. (S.13)

safety mean shape: w sampled as Eq. (S.13)

The training complexities are dominated by the NN forward passes and the loss computations.

The NN forward passes takes O
(∑T

t=1(Ninit + t− 1)2
)
in time, as self attention has square complexity (Fig-

ure S.B.1, Vaswani et al. (2017)). The space complexity depends on the number of NN parameters.

Table S.E.2 summarizes the complexities of computing our loss functions. Note that the conditional probability
are expressed by the posterior Gaussian mean and covariance (Eq. (S.2)). Then we use the posterior to compute
the log likelihood. We use different colors for the GP posteriors to indicate the sources of the complexities. Our
appendix objectives (Hmean, Imean) have the same complexities as the main objectives (H, I).

The safe AL objective SH is a combination of H and safety score. Note that log p(z(xϕ,t+1) < 0|zϕ,1:t, Zinit) are
all intermediate results of log p(z(xϕ,T ) < 0|zϕ,1:T−1, Zinit), which creates negligible additional complexities. The
appendix safety score has the same complexity as the main, i.e. SH,division and SH have the same complexities.

F Experiment Details

F.1 Offline Training & Training Time

In our current implementation, the data dimension and input bound need to be pre-defined. We fix X = [0, 1]D,
and we map all test problems to this domain. For each number of dimensions, D, we train one policy to
deploy on various AL problems. We summarize all of our sampling distributions in Table S.F.3. For GP
function sampling, see Appendix D for mathematical details. Our numerical setting utilizes the assumption that
deployment problems are normalized to zero mean and unit variance. An implicit assumption we make here is that
the functions do have information to be extracted, not just noises (so we set σ ≤ 0.2, σq ≤ 0.2). The numerical
setting can be adapted according to different applications. Our Fluid System is a D = 7 task, beyond typical
deployment dimension of conventional methods (D ≥ 3 or 4 is challenging for safe AL/BO methods, Kirschner
et al. 2019; Bottero et al. 2022). We tailor the kernel lengthscale and mean shape parameters to a broad range
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Table S.F.4: Policy training time. All training jobs were on a single Intel i5-12600K CPU and an NVIDIA
RTX 3080 GPU. A combined comparison of training and runtime against baselines is provided in our ablation
study (Appendix G and Table S.G.7).

loss functions I DAD baseline ALINE baseline SH
training steps 10k 20k 40k 10k

NN 1D, 2D ∼ 1 hours
Ninit = 1, Tsim ≤ T = 30 (Ngrid = 100)
NN 5D ∼ 2 hours
Ninit = 20, Tsim ≤ T = 40 (Ngrid = 500)
NN 1D ∼ [2, 2.5] hours ∼ [6, 64] hours
Ninit = 1, T = [10, 20]
NN 2D ∼ [2, 2.5, 3.5] hours ∼ [6, 77, 93.5] hours
Ninit = 1, T = [10, 20, 30]
NN 5D ∼ [3, 4, 6, 9] hours ∼ [14, 72, 200, 350] hours
Ninit = 20, T = [10, 20, 30, 40] Appendix F.1 explains why slow
NN 2D ∼ 2.5 hours
Ninit = 5, Tsim ≤ T = 40
NN 3D ∼ 4 hours
Ninit = 5, Tsim ≤ T = 60
NN 7D ∼ 12 hours
Ninit = 10, Tsim ≤ T = 100

of plausible operating values:

l1 ∼ Uniform [0.24, 0.72], w1 ∼ Uniform [10.42, 41.66] ,

l2 ∼ Uniform [1.59, 4.77], w2 ∼ Uniform [1.57, 6.29] ,

l3 ∼ Uniform [0.415, 1.245], w3 ∼ Uniform [6.02, 24.1] ,

l4 ∼ Uniform [0.3, 0.9], w4 ∼ Uniform [8.33, 33.34] ,

l5 ∼ Uniform [0.15, 0.45], w5 ∼ Uniform [16.66, 66.67] ,

l6 ∼ Uniform [1.7, 5.1], w6 ∼ Uniform [1.47, 5.89] ,

l7 ∼ Uniform [0.22, 0.66], w7 ∼ Uniform [11.36, 45.45] .

(S.13)

The gradient of all our loss functions can be computed by PyTorch autograd. This is because the GP i.i.d. noise
assumption enables all our expectations to separate f, q and noises, which means a derivative w.r.t. yϕ,1:T , zϕ,1:T
propagates automatically through f, q to xϕ,1:T which are direct outputs of the NN policies.

The batch sizes we set are listed in Table S.E.1. For each training pipeline, we train with a few different seeds.
The optimizer is RAdam (Liu et al., 2020a). We set a lr scheduler to discount the lr by 2% every 50 training
steps. We usually train with 200 ∗ 50 = 10000 steps, but we give the DAD baseline more steps to converge
(still not competitive on GP functions when D ≥ 2). The ALINE baseline utilizes even more steps as it learns
posterior estimates and AL decisions together (Huang et al., 2025). The exact traininig steps and times are
summarized in Table S.F.4. All training jobs were on a single Intel i5-12600K CPU and an NVIDIA RTX 3080
GPU.

NN Architectural Hyperparameters The NN configurations are taken largely from Ivanova et al. (2021):
The transformer block is taken as it is; the number of hidden neurons in the MLPs (Data Embed, Budget Feed
Forward, and Decision Feed Forward) are all set to 512. The remaining parameter is the embedding dimension
(the dimension of et, Et, ESt, EB, and the input dimension of the Decision Feed Forward), which determines the
size of the transformer layers and plays a crucial role in the NN size. In our main paper, we set this dimension
to 128, but we provide an ablation study on this dimension in Appendix G.

In our unconstrained AL experiments, our policy NNs were trained without safety measurements: an NN does
not have a safety history encoder (Figure S.B.1), and the training algorithm has neither safety measurements q
and z nor safety center C, i.e. the training Algorithm 1 is reduced to Algorithm S.1.

Training of Baseline Approaches For the DAD baseline (described in Appendix C.2, Algorithm S.3), we
take the code from Foster et al. (2021); Ivanova et al. (2021). The DAD implementation utilizes Pyro (Bingham
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et al., 2018) to condition the same sequence of queries on different functions, which however involve CPUs for
each loss computation. In comparison, our loss functions are computed completely with PyTorch which requires
little CPU-GPU interaction. This is why the training time per step of DAD is not necessarily faster than our
objectives (Table S.F.4), despite DAD time complexity much smaller (Table S.E.2).

For ALINE (Huang et al., 2025), we use the original code to train the method. As ALINE optimizes the AL
decisions for a predefined T , we train individual ALINE for different T . Similar to our NN policies (Figure S.B.1),
we use 2 layers of transformer attender.

For PFN baselines, we train PFN models (Müller et al., 2022) on GP data (Table S.F.3). The training was
adapted from the implementation of Chang et al. (2025). PFNs are amortized Bayesian models which can
condition on observed data and output predictive distributions of unseen data. We use 2 layers of transformer
attender to ensure the models have similar sizes (around 300K parameters) to our NN policies (Figure S.B.1).
Each PFN is limited to the specified dimension D; we train individual PFNs for each dimension of problems.
Each training uses 1.28M GP functions and around 3 hours (320k steps).

F.2 Online Policy Deployment

We deploy our Amortized AL (AAL) policy with Algorithm S.4 and Amortized safe AL (ASAL) policy with Al-
gorithm S.5.

Algorithm S.4 Unconstrained AL with NN Policy

Require: D0 ⊆ X × Y, AL policy ϕ, T
1: for t = 1, ..., T do
2: xt = ϕ(T − t+ 1,Dt−1) if ϕ is budget aware else xt = ϕ(Dt−1)
3: Query at xt to get yt
4: Dt ← Dt−1 ∪ {xt, yt}
5: end for
6: return DT suitable to model f

Algorithm S.5 Safe AL with NN Policy

Require: D0 ⊆ X × Y × Z, Safe AL policy ϕ, T
1: for t = 1, ..., T do
2: xt = ϕ(T − t+ 1,Dt−1)
3: Query at xt to get yt, zt
4: Dt ← Dt−1 ∪ {xt, yt, zt}
5: end for
6: return DT suitable to model f

F.3 Baseline Methods

The DAD baseline has to be trained up-front (Appendices C.2 and F.1). In this case, we further take the budget
encoder out of the NN structure (Figure S.B.1), as this is useless for DAD (and Tsim = T is fixed). The DAD
policies are deployed with Algorithm S.4.

The ALINE baseline is as it is in Huang et al. (2025), except that (i) the input domain is adapted to our X and
(ii) the GP hyperparameters for training are as Table S.F.3.

Algorithm S.6 is the conventional unconstrained AL (Settles, 2010; Kumar and Gupta, 2020; Tharwat and
Schenck, 2023).
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Algorithm S.6 Conventional AL

Require: D0 ⊆ X × Y, acquisition function a, T
1: for t = 1, ..., T do
2: ModelMt−1 with Dt−1

3: xt = argmaxx∈Xa(x|Mt−1,Dt−1)
4: Query at xt to get yt
5: Dt ← Dt−1 ∪ {xt, yt}
6: end for
7: return DT

Then we write down the safe AL (Schreiter et al., 2015; Zimmer et al., 2018; Li et al., 2022).

Algorithm S.7 Conventional Safe AL

Require: D0 ⊆ X × Y × Z, acquisition function a, safety threshold 0, confidence tolerance γ, T
1: for t = 1, ..., T do
2: ModelMt−1,Msafety,t−1 with Dt−1

3: xt = argmaxx∈Xa(x|Mt−1,Dt−1) subject to p(z(x) ≥ 0|Msafety,t−1,Dt−1) ≥ 1− γ
4: Query at xt to get yt, zt
5: Dt ← Dt−1 ∪ {xt, yt, zt}
6: end for
7: return DT

We fix a safety tolerance of γ = 0.05, if not particularly described.

The base acquisition function a is the predictive entropy H(y(x)|Dt−1) (Eq. (S.5)). The modelsMt−1,Msafety,t−1

are GPs or PFNs in this paper. The models are described in detail later in Appendix F.4.

The benchmark problems consist of continuous functions and discrete datasets.

For the datasets, the (constrained) acquisition optimizations are solved by an exhaustive search, as done in safe
learning literature (Sui et al., 2015; Berkenkamp et al., 2020; Li et al., 2022). In other words, we compute the
acquisition scores and the safety distributions on the entire pool of unseen data, and we use the values to solve
the (constrained) acquisition optimization.

For function problems, since a fine discretization with exhaustive search is computationally possible, we dis-
cretize the space densely by randomly sampling 5000 input points. Then we solve the (constrained) acquisition
optimization problems as if these are pools. Please be aware that the discretization is inherited from conven-
tional safe learning methods (Sui et al., 2015; Berkenkamp et al., 2020; Li et al., 2022)) to solve the constrained
acquisition optimization problem. In the main paper, our policies propose queries on continuous space, which
requires no discretization.

F.4 Online Evaluations and Posterior Estimates

In our experiments, we compute posteriors for either RMSE evaluations (using posterior means) or model-based
AL and safe AL baselines.

GP Posteriors The first estimation approach is via GPs, leveraged in the following scenarios. We always use
a GP of zero mean and RBF kernel.

1. Our AAL, our ASAL, DAD, Random: we deploy our amortized (safe) AL (Algorithms S.4 and S.5) or the
DAD, Random baselines to collect data. After the specified T data points are collected, we use the initial
and queried data to fit a vanilla GP model with Type II maximum likelihood (optimization: L-BFGS-B
algorithm).

2. GP AL, Safe GP AL, Safe Random: We deploy conventional AL and safe AL (Algorithms S.6 and S.7)
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with vanilla GPs. Each iteration updates GPs with Type II maximum likelihood (optimization: L-BFGS-B
algorithm).

3. AGP AL, Safe AGP AL: We deploy conventional AL and safe AL (Algorithms S.6 and S.7) with AGPs.
AGP is an amortized GP method developed by Liu et al. (2020b); Bitzer et al. (2023) (AGP). Such a method
sampled GP data and trained a transformer model to approximate the Type II maximum likelihood. The
AGP is a model with a transformer module. Whenever an observation dataset is given, the transformer
module infers the kernel structure (which we fix to an RBF) together with the kernel hyperparameters.
Afterward, one can apply Eq. (S.2) for computing the predictive distribution. Bitzer et al. (2023) provides
a trained model attached to their code.

4. SVGP AL, Safe SVGP AL: We deploy conventional AL and safe AL (Algorithms S.6 and S.7) with
sparse variational GPs (SVGPs, Hensman et al. 2013, 2015b). A SVGP uses a set of inducing variables
(ivs, pseudo data points) to approximate the distribution conditioned on the full dataset. The number of
ivs are smaller than the number of observed data, resulting in a cheaper decomposition of the gram matrix.
The ivs are selected via k-means and the GP models are optimized via the L-BFGS-B algorithm, as done
in the literature. We do not perform mini-batching (thus equivalent to Titsias 2009). For Engine and Fluid
System problems, we use 20 ivs, and 15 for all other problems. The ivs are fixed to the observed data if
given less data than the desired number of ivs (i.e., a SVGP reduces to full GP with the variational inference
objective).

5. MGP AL, Safe MGP AL: We deploy conventional AL and safe AL (Algorithms S.6 and S.7) with mixture
of GPs (MGPs, Riis et al. 2023), an ensembling GP method fine-tuning multiple vanilla GPs for a fixed
number of steps, each with an individual set of initial model hyperparameters. We use 30 GPs and fine-tune
each with Adam optimizer (learning rate 0.01) for 30 steps (Riis et al., 2023).

We want to point out that the cubic complexity is inevitable as long as we compute a GP distribution. The
difference of GP and AGP is that training a GP computes the gram matrix multiple times while AGP computes
the gram matrix only once. Our Amortized (safe) AL methods take GP computation completely out of the
deployment cycle.

Other Posterior Estimates In addition, the following baselines have posterior estimates available as the
queries are acquired.

1. ALINE (Huang et al., 2025): the method uses NN forward passes for AL decisions and posterior modeling
jointly. The posterior estimates predictive density conditioned on previous observations.

2. PFN/TabPFN AL, Safe PFN/TabPFN AL: PFNs and TabPFN are amortized Bayesian models which
can condition on observed data and output predictive distributions of unseen data. PFNs are trained on our
GP data while TabPFN is a foundation model published by Hollmann et al. (2025) (we use the TabPFNv2
regressor). The output posterior estimates can be used to compute the entropy (Viering et al., 2025)
and safety likelihood, which are then used for (constrained) acquisition optimizations. In other words, we
deploy Algorithms S.6 and S.7 by using a PFN or TabPFN model.

F.5 Deployment Hardware & Complexities

All of our (safe) AL deployments are run on the same personal computer without a GPU.

The (safe) AL deployment complexities are summarized in Table S.F.5 and detailed below.

• Our AAL, our ASAL, DAD (Algorithms S.4 and S.5): NN forward passes take O
(
(Ninit + t− 1)2

)
at

each t = 1, ..., T , dominated by the transformer attender layers (Figure S.B.1, Vaswani et al. (2017)).

• ALINE (Huang et al., 2025): this method uses NN forward passes for AL decisions and posterior modeling
jointly. The complexity is O

(
Npool(Ninit + t− 1)2

)
as the method uses a transformer to process the pool

as well as the observed data.
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Table S.F.5: Deployment complexities. We deploy (safe) AL for t = 1, ..., T , and provide the complexities
for each t. Details are given in Appendix F.5.

method time complexity

our AAL (Algorithm S.4)
O

(
(Ninit + t − 1)2

)
our ASAL (Algorithm S.5)
DAD (Algorithm S.4)
ALINE (Huang et al., 2025)

O
(
Npool(Ninit + t − 1)2

)
PFN AL, TabPFN AL (Algorithm S.6)
Safe PFN AL, Safe TabPFN AL (Algorithm S.7)
GP AL, AGP AL (Algorithm S.6)

O
(
(Ninit + t − 1)3

)
+ O

(
Npool(Ninit + t − 1)2

)
Safe GP AL, Safe AGP AL (Algorithm S.7)
Safe Random (Algorithm S.7)
SVGP AL (Algorithm S.6) O

(
(Ninit + t − 1)N2

iv

)
+ O

(
NpoolN

2
iv

)
Safe SVGP AL (Algorithm S.7)

MGP AL O
(
Nensemble(Ninit + t − 1)3

)
+ O

(
NpoolNensemble(Ninit + t − 1)2

)

• PFN/TabPFN AL, Safe PFN/TabPFN AL (Algorithms S.6 and S.7): PFN and TabPFN use trans-
formers to process the observed data and the target pool. The observed data are self attended while the
target pool cross attends to the observed data. The complexity is O

(
(Ninit + t− 1)2

)
to produce the poste-

rior estimates of each data point. A linear burden is necessary for the (constrained) acquisition optimization,
resulting in the final complexity O

(
Npool(Ninit + t− 1)2

)
.

• (A)GP AL, Safe (A)GP AL (Algorithms S.6 and S.7):

1. Model fitting: at each t = 1, ..., T , GP modeling takes O
(
(Ninit + t− 1)3

)
in time, exact factor de-

pends on GP training methods; note that AGP methods have much smaller factor because the GP
hyperparameters are inferred and the gram matrix is computed only once.

2. Acquisition optimization: at each t = 1, ..., T , (constrained) acquisition optimization via exhaustive
search takes O

(
Npool(Ninit + t− 1)2

)
due to GP inferences, where Npool is the size of the search pool.

• Safe Random: A vanilla GP is used to model the safety confidence, resulting in the same complexities as
Safe (A)GP AL (up to a constant scaling).

• SVGP AL, Safe SVGP AL (Algorithms S.6 and S.7):

1. Model fitting: at each t = 1, ..., T , GP modeling takes O
(
(Ninit + t− 1)N2

iv

)
in time, Niv is the number

of inducing variables; the time of selecting the inducing variables via k-means is negligible; in comparison
to vanilla GPs (GP AL, Safe GP AL), we observe more training iterations needed while the complexity
reduction of each gram matrix decomposition is minor in our data set sizes, resulting in a worse empirical
time performance.

2. Acquisition optimization: at each t = 1, ..., T , (constrained) acquisition optimization via exhaustive
search takes O

(
NpoolN

2
iv

)
due to GP inferences, where Npool is the size of the search pool.

• MGP AL (Algorithm S.6):

1. Model fitting: at each t = 1, ..., T , GP modeling takes O
(
Nensemble(Ninit + t− 1)3

)
in time, Nensemble

is the number of GPs.

2. Acquisition optimization: at each t = 1, ..., T , (constrained) acquisition optimization via exhaustive
search takes O

(
NpoolNensemble(Ninit + t− 1)2

)
due to GP inferences, where Npool is the size of the

search pool.

F.6 Benchmark Problems

We run AL and safe AL experiments over the following benchmark problems. All problems are mapped to
X = [0, 1]D if they are not originally defined on such domain.

We select benchmark tasks in line with the GP, AL, and safe-AL literature, focusing on low- to moderate-
dimensional regimes where these methods are proven most competitive (summarized in Table S.F.6). Importantly,
our final Fluid System scales to 7D–exceeding the usual D ≤ 3 or 4 in safe AL/BO–indicating that our approach
remains effective on conventionally challenging problems.
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Table S.F.6: Benchmark dimension in the literature.

dimension D area of impact

Riis et al. (2022) D ≤ 6 GP AL on benchmark problems
Pu et al. (2025) D ≤ 3, C ≤ 4, GP modeling, BO on hyperparameter tuning

C: number of categorical variables
DAD D ≤ 2 Amortized BED
(Foster et al., 2021; Ivanova et al., 2021) on scientific experiments
Zimmer et al. (2018) time series of 2 free variables Safe AL on engineering problems
Stage Opt (Sui et al., 2018) D ≤ 2 Safe BO on clinical experiments
Safe Opt (Berkenkamp et al., 2020) D ≤ 2 Safe BO on robotics
Bottero et al. (2022) D ≤ 5 Safe exploration on benchmark problems

AL, continuous - sin function: This is a one dimension problem x ∈ [0, 1],

f(x) = sin(20x).

In the experiments, we sample Gaussian noise ϵ ∼ N
(
0, 0.12

)
.

We randomly sample 50 test points to evaluate the modeling RMSE.

AL, continuous - branin function: This function is defined over (x1, x2) ∈ [−5, 10]× [0, 15],

fa,b,c,r,s,t ((x1, x2)) = a(x2 − bx2
1 + cx1 − r) + s(1− t) cos(x1) + s,

where (a, b, c, r, s, t) = (1, 5.1
4π2 ,

5
π , 6, 10,

1
8π ) are constants. We sample noise free data points and use the samples

to normalize our output

fa,b,c,r,s,t ((x1, x2))normalize =
fa,b,c,r,s,t ((x1, x2))−mean(fa,b,c,r,s,t)

std(fa,b,c,r,s,t)
.

std is a standard deviation. In the experiments, we sample Gaussian noise ϵ ∼ N
(
0, 0.12

)
.

We randomly sample 200 test points to evaluate the modeling RMSE.

AL, pool - airline passenger dataset: This is a publically available time series dataset 3. Each data point
has a date input (year and month) and a number of passengers as output. We convert the input into real number
as year+(month− 1)/12, and then rescale the entire input space to [0, 1] (the earliest date becomes 0 while the
latest becomes 1). The output data are again normalized to zero mean and unit variance.

This is a dataset of 144 measurements. Before the experiments, we randomly pick 50 points as test data to
evaluate RMSE, Ninit initial data, and the remaining forms the pool.

AL, pool - Langley Glide-Back Booster (LGBB) dataset: This is a two dimension dataset described
in Rogers et al. (2003)4. The dataset has multiple outputs and we take the ”lift” to run our experiments (after
normalized to zero mean and unit variance). The inputs are x1 (mach) and x2 (alpha), which are normalized by

x1 = mach/6,

x2 = (alpha+ 5)/35.

After doing this, the input space is [0, 1]2.

This is a dataset of around 850 measurements. Before the experiments, we randomly pick 200 points as test data
to evaluate RMSE, Ninit initial data, and the remaining forms the pool.

AL, pool - Airfoil dataset: This is a five dimension NASA dataset available on UCI datasets5. The first five
channels are taken as inputs, after mapped to [0, 1]5. The last channel is an output which needs to be normalized
to zero mean and unit variance. This is a dataset of around 1500 measurements. Before the experiments, we
randomly pick 500 points as test data to evaluate RMSE, Ninit initial data, and the remaining forms the pool.

3https://github.com/jbrownlee/Datasets/blob/master/airline-passengers.csv
4https://bobby.gramacy.com/surrogates/lgbb.tar.gz, lgbb original.txt
5https://archive.ics.uci.edu/dataset/291/airfoil+self+noise
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Safe AL, continuous - Simionescu function: This is a constrained problem (Simionescu, 2014) defined
over (x1, x2) ∈ [−1.25, 1.25]2. The main function is

f(x1, x2) = 0.1x1x2

We sample noise free data points and use the samples to normalize our output

f ((x1, x2))normalize =
f ((x1, x2))−mean(f)

std(f)
.

std is a standard deviation. In the experiments, we sample Gaussian noise ϵ ∼ N
(
0, 0.12

)
.

The task is subject to a constraint function:

q(x1, x2) = [1 + 0.2 cos (8 arctan(x1/x2))]
2 − x2

1 − x2
2,

q ((x1, x2))normalize =
q ((x1, x2))

std(q)
.

std is a standard deviation. The constraint is q ≥ 0, and we normalize only the standard deviation to ensure the
constraint level remains the same. In the experiments, we sample Gaussian noise ϵq ∼ N

(
0, 0.12

)
.

We randomly sample 200 safe test points to evaluate the modeling RMSE. The initial data points of each
deployment are sampled at a central area C = [0.4, 0.6]2 ⊆ X (standardized X = [0, 1]2), under constraint z ≥ 0.

Safe AL, continuous - Townsend function: This is a constrained problem (Townsend, 2017) 6 defined over
(x1, x2) ∈ [−2.25, 2.25]× [−2.5, 1.75]. The main function is

f(x1, x2) = − [cos((x1 − 0.1)x2)]
2 − x1 sin(3x1 + x2).

We sample noise free data points and use the samples to normalize our output

f ((x1, x2))normalize =
f ((x1, x2))−mean(f)

std(f)
.

std is a standard deviation. In the experiments, we sample Gaussian noise ϵ ∼ N
(
0, 0.12

)
.

The task is subject to a constraint function:

q(x1, x2) =

(
2 cos(b)− 1

2
cos(2b)− 1

4
cos(3b)− 1

8
cos(4b)

)2

+ (2 sin(b))
2 − x2

1 − x2
2,

b = arctan2(x1, x2)

=


arctan(x1/x2) , if x2 > 0

arctan(x1/x2) + sign(x1)π , if x2 < 0, say sign(0) = 1

sign(x1)π/2 , if x1 ̸= 0, x2 = 0

0 , if x1 = 0, x2 = 0

,

q ((x1, x2))normalize =
q ((x1, x2))

std(q)
.

std is a standard deviation. The constraint is q ≥ 0, and we normalize only the standard deviation to ensure the
constraint level remains the same. In the experiments, we sample Gaussian noise ϵq ∼ N

(
0, 0.12

)
.

We randomly sample 200 safe test points to evaluate the modeling RMSE. The initial data points of each
deployment are sampled at a central area C = [0.4, 0.6]2 ⊆ X (standardized X = [0, 1]2), under constraint z ≥ 0.

6https://www.chebfun.org/examples/opt/ConstrainedOptimization.html
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Safe AL, pool - Langley Glide-Back Booster (LGBB) dataset: As described above for unconstrained
AL, this dataset has multiple outputs and ”lift” is taken as y. We additionally take ”pitch” as z (pitching
moment coefficient, see Pamadi et al. (2004)). We take a threshold z ≥ 0, corresponding to around 60% of the
space.

The pitching moment coefficient is a quantity in aerodynamics, which is not necessarily safety critical but is
important for the stability. Collecting data under the constraint z ≥ 0 means we model more carefully for larger
and positive pitching moment coefficient.

This is a dataset of around 850 measurements. Before the experiments, we randomly pick 200 safe points as test
data to evaluate RMSE, Ninit initial data, and the remaining forms the pool. The initial data points of each
deployment are sampled at a central area C = [0.4, 0.6]2 ⊆ X , under constraint z ≥ 0.

Safe AL, pool - Engine dataset: This is a dataset published by Bosch7. We use the second file from the
link (engine2). We take engine speed, engine load, air fuel ratio as inputs, engine roughness s as output y, and
temperature exhaust manifold as constraint −z. The negative sign (−z) is added because we want a small
temperature, and thus a large negative temperature z. The inputs need to be mapped to [0, 1]3, y and z are
already normalized by Bosch. We shift the constraint by 0.2 so that z − 0.2 ≥ 0 is around half of the space.

This is a dataset of around 800 measurements. Before the experiments, we randomly pick 200 safe points as test
data to evaluate RMSE, Ninit initial data, and the remaining forms the pool. The initial data points of each
deployment are sampled at a central area C = [0.4, 0.6]3 ⊆ X , under constraint z − 0.2 ≥ 0.

Safe AL, semi-continuous - high-pressure Fluid System: The high-pressure Fluid System is a nonlinear
dynamical system, where we aim to model the rail pressure (our y) (Zimmer et al., 2018). The input has two
free variables, actuation signal vk ∈ [0, 60] and speed of an external engine nk ∈ [1000, 4000], k ∈ Z+ is a time
stamp. Originally, this is a time series problem: yk is a function of xk = (nk, nk−1, nk−2, nk−3, vk, vk−1, vk−3).

We sample 106 random trajectories with a bounded step size (0.3 of the domain) and treat the trajectories as
a 7D dataset. This renders the Fluid System into a pool-based 7D safe AL problem. Note that our training
does not incorporate time series nature of this task (Appendix F.1). Sampling a pool with controlled maximum
reachable step ensures the trajectories are realistic (e.g. as system’s max acceleration is constrained); 106 is
dense enough yet not too expensive for baseline methods.

Concretely, each xk is sampled by

nk−3 ∼ Uniform[1000, 4000],

ni ∼ Uniform[max(1000, ni−1 −∆nmax),min(ni−1 +∆nmax, 4000)], for i = k − 2, k − 1, k

∆nmax = 900 = 0.3 ∗ (4000− 1000)

vk−3 ∼ Uniform[0, 60],

vk−1 ∼ Uniform[max(0, vk−3 − 2 ∗∆vmax),min(vk−3 + 2 ∗∆vmax, 60)],

vk ∼ Uniform[max(0, vk−1 −∆vmax),min(vk−1 +∆vmax, 60)],

∆vmax = 18 = 0.3 ∗ 60.

To obtain the data y, z, we take the implementation from Zimmer et al. (2018) with minor adaptation:

1. The noise-free observation is normalized fnormalize = (f − 18)/15.

2. The final observation is y = fnormalize + ϵ, ϵ ∼ N
(
0, 0.12

)
.

3. The safety constraint f ≤ 18 (fnormalize ≤ 0) is treated as qnormalize ≥ 0 where qnormalize = −fnormalize.

The input domain [1000, 4000]4 × [0, 60]3 is mapped to X = [0, 1]7. We randomly sample 10000 safe test points
to evaluate the modeling RMSE. The initial data points are sampled at a central area C = [0.4, 0.6]7 ⊆ X .

This 7D Fluid System exceeds the usual D ≤ 3 or 4 in safe AL/BO. Conventional methods struggle as solving
constrained acquisition optimization on such dimension is known to be difficult due to the naturally large pool

7https://github.com/boschresearch/Bosch-Engine-Datasets/tree/master/pengines
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Table S.G.7: Offline vs Online Time Thresholds. The number of deployments required for the cumulative
time savings of our trained policies to offset their initial pretraining time (Table S.F.4). Thresholds are calculated
relative to GP and MGP reference baselines (Figures 2 and 3).

(D,Ninit, T ) Our AAL DAD ALINE Our ASAL

GP AL
(1, 1, 20) ∼ 17x-18x ∼ 21x-22x ∼ 275x-342x
(2, 1, 30) ∼ 10x-12x ∼ 18x-21x ∼ 281x-302x
(5, 20, 40) ∼ 17x ∼ 38x ∼ 773x

Safe GP AL
(2, 5, 30) ∼ 12x-15x
(3, 5, 60) ∼ 10x

(7, 10, 100) ∼ 9x

MGP AL
(1, 1, 20) ∼ 1x ∼ 1x ∼ 10x-13x
(2, 1, 30) ∼ 1x ∼ 1x ∼ 10x-11x
(5, 20, 40) ∼ 1x ∼ 1x ∼ 28x

Safe MGP AL
(2, 5, 30) ∼ 1x
(3, 5, 60) ∼ 1x

(7, 10, 100) ∼ 1x

and the subsequent high complexity (Bottero et al. 2022; Kirschner et al. 2019; see Appendix F.5, Table S.F.5
for the complexity).

G Ablation Studies

G.1 Unconstrained AL Objectives, Train and Run Time Thresholds

We analyze the number of deployments required for our reusable trained policies to offset their initial pretraining
time. This metric can help inform decisions on whether training an amortized policy is computationally beneficial
overall.

Before presenting these thresholds, we emphasize that our work caters primarily to scenarios with strictly con-
strained deployment times. In such settings, deployment time is the primary bottleneck; if an experiment takes
too long at runtime, it cannot be executed regardless of the pretraining cost.

However, if no such constraint is present, we can use the timing results (Table S.F.4 and Figures 2 and 3) to
calculate this threshold as follows:

NumDeployTrials =
PolicyTrainingTime

5× (BaselineDeployTime− PolicyDeployTime)
,

the denominator includes a coefficient of 5 to reflect that each task is deployed for 5 repetitions for statistical
robustness; additionally, for a fair comparison, the policy training times of the baselines are normalized to match
our 10k training steps: DAD is divided by 2 (from 20k steps) and ALINE is divided by 4 (from 40k steps).

Because our policy deployment time is significantly shorter than that of conventional model-based baselines,
running a baseline beyond this threshold results in a higher total time than offline training and subsequently
deploying our policy. Note that our AAL and ASAL methods generalize to various T , making the initial training
effort more reusable than methods such as ALINE and DAD.

We compute these thresholds for GP AL, Safe GP AL, MGP AL, and Safe MGP AL under the same configurations
as (Figures 2 and 3) (e.g., deployed T settings). GP is a standard baseline in the literature, while MGP serves
as a strongly performing alternative, making both reasonable benchmarks for this comparison.

The results are detailed in Table S.G.7. In summary, our methods (AAL and ASAL) offset their pretrain-
ing costs relatively quickly, requiring only a modest number of deployments. Notably, when compared to the
computationally-intensive MGP baseline, our methods achieve amortization almost immediately. In contrast,
ALINE requires hundreds of deployments (compared to baselines based on vanilla GPs) to justify its extensive
training time.

G.2 Unconstrained AL Objectives, Main vs Appendix

This experiment provide two pieces of information: (i) how the training is monitored, and (ii) comparison of the
main objective and appendix objective.
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Table S.G.8: Policies of varied sizes, training metrics. Shown is the average training loss (negative I) and
GP test RMSE (last 500 training steps). Both metrics are meant to be minimized, giving first insight which
trained policy to select.

loss / GP test RMSE
AAL ed 128 AAL ed 64 AAL ed 32

1D -0.6844 / 0.137 -0.6841 / 0.141 -0.6835 / 0.141
2D -1.3582 / 0.177 -1.3292 / 0.201 -1.2761 / 0.245
5D -0.4216 / 0.834 -0.4044 / 0.845 -0.3870 / 0.850

Table S.G.9: Policies of varied sizes, model performance after deploying. Shown is the RMSE on the
test set. Smaller NNs (smaller ed) seem to result in noticeable performance deterioration.

AAL ed 128 AAL ed 64 AAL ed 32 GP AL Random

Sinus 0.14 ± 0.004 0.13 ± 0.005 0.12 ± 0.005 0.13 ± 0.009 0.33 ± 0.055
Ninit + T = 1 + 20

Airline 0.41 ± 0.022 0.46 ± 0.027 0.42 ± 0.023 0.43 ± 0.038 0.41 ± 0.023
Ninit + T = 1 + 20

Branin 0.21 ± 0.020 0.19 ± 0.013 0.35 ± 0.032 0.19 ± 0.011 0.28 ± 0.052
Ninit + T = 1 + 30

LGBB 0.17 ± 0.013 0.22 ± 0.016 0.20 ± 0.014 0.17 ± 0.010 0.21 ± 0.050
Ninit + T = 1 + 30

Airfoil 0.62 ± 0.012 0.70 ± 0.017 0.70 ± 0.031 0.62 ± 0.021 0.79 ± 0.047
Ninit + T = 20 + 40

We compare the two objectives I, Imean (Eqs. (5) and (S.8)) under the same numerical setup as described
in Tables S.E.1 and S.F.3. These objectives have the same complexity (Table S.E.2).

At the end of each training epoch, we sample GP functions, deploy the policy for T steps, where this T is the
training max sequence length, and then we use the ground truth GP and the T queries to evaluate the modeling
RMSE. We call this the GP test RMSE. Please be aware of the difference that we deploy policies on benchmarks
problems after training, and such deployment RMSE requires GP fitting as ground truth is not available.

In Figure S.G.5, we demonstrate the training losses (negative training objectives) as well as the deployment
results. The behavior of the two objectives do not seem to have obvious differences. Note that this paper use
RBF kernels, which means the functions are assumed stationary. To avoid confusion, we perform only Type II
maximum likelihood (no AGP) for the deployment GP modeling.

The training loss and GP test RMSE appear to be good indicators of the training performance, as the 1D and
2D examples show good deployments for policies of good training loss or GP test RMSE (Figure S.G.5). The
2D policies sometimes get stuck in patterns where queries are put only at the border of X , namely those with
worse training losses and GP test RMSEs. This pattern happens way more often if we train with the entropy
losses H,Hmean (results not shown).

The policies shown in our main paper are the one here with the best average training loss in the last 10 epochs
(last 500 training steps).

G.3 Unconstrained AL of Varied NN Sizes

As described in Appendix F.1, the embedding dimension plays a crucial role in the NN size. Here, we would like
to study whether we can make the NN even smaller.

We set the embedding dimension, denoted by ed, to 32 or 64, in comparison to our main 128, and we train on the
unconstrained AL problems. Similar to the main Table 1, we report the test RMSE after AL deployment. The
results are shown in Table S.G.9. It seems that ed 32 can be too small on 2D and 5D problems, ed 64 performs
worse than ed 128 on 1D Airline, 2D LGBB, 5D Airfoil but comparable on 1D Sinus and 2D Branin problems.
This ablation study shows that our current setting, ed 128, seems to give an effective yet small NNs.



Amortized Safe Active Learning for Real-Time Data Acquisition

Table S.G.10: RMSE on standard AL tasks of smaller T (T = 10 for Sinus, Airline and T = 20 for Branin,
LGBB). The results are attached to the main Table 1, which demonstrates results of T = 20, 20, 30, 30 for Sinus,
Airline, Branin, LGBB, respectively. On Sin function, T = 10 is usually too few for convergence.

Method Sinus (1 + 10) Airline (1 + 10) Branin (1 + 20) LGBB (1 + 20)

Our AAL 0.64 ± 0.056 0.50 ± 0.032 0.33 ± 0.008 0.23 ± 0.005
ALINE 0.56 ± 0.022 0.47 ± 0.022 0.37 ± 0.024 0.18 ± 0.007
DAD 0.84 ± 0.119 0.45 ± 0.014 0.81 ± 0.040 0.32 ± 0.012
PFN AL 1.16 ± 0.037 0.52 ± 0.053 0.43 ± 0.036 0.20 ± 0.003
TabPFN AL 1.19 ± 0.026 0.44 ± 0.025 0.34 ± 0.028 0.21 ± 0.012
AGP AL 0.28 ± 0.016 0.53 ± 0.028 0.35 ± 0.031 0.23 ± 0.010
GP AL 0.54 ± 0.046 0.46 ± 0.033 0.36 ± 0.014 0.18 ± 0.014
SVGP AL 0.52 ± 0.013 0.50 ± 0.060 0.38 ± 0.024 0.20 ± 0.013
MGP AL 0.22 ± 0.040 0.47 ± 0.024 0.30 ± 0.023 0.19 ± 0.015
Random 0.51 ± 0.070 0.53 ± 0.088 0.45 ± 0.068 0.20 ± 0.009

G.4 Unconstrained AL of Smaller T

We demonstrate in Table S.G.10 the learning performance on unconstrained AL tasks of smaller T , as attached
to Table 1. The results show similar conclusion that our amortized approach (AAL) performs comparable learning
outcomes. ALINE and DAD require retraining for different T and are not shown.

G.5 Main Safe AL Objective, γ = 0.05 vs γ = 0

We train on 2D with SH, γ = 0.05 or γ = 0 (Eq. (7)). Note that we add 10−5 to the unsafe likelihood for
numerical stability, i.e. the safety term of SH has a bound logmax(γ, p(z(xϕ,t+1) < 0|zϕ,1:t, Zinit)) ≥ log

(
10−5

)
.

To avoid confusion, we perform only Type II maximum likelihood for GP modeling. We see from Figure S.G.7
that γ = 0 makes the safety scores dominate the loss values. As a result, the deployment is safer but the collected
data lead to worse modeling performance.

Please be aware that our policy still does not need GP to deploy, which means we are faster than all the GP-based
baselines, including Safe Random. Overall, we should specify γ depending on the safety criticality.

We train with a few different random seed values. In our main paper, we again select the policy based on the
average loss values of the last 10 epochs (last 500 training steps).

G.6 ASAL Objectives Main vs Appendix, Safe AL of Minimum Unsafe Criterion Eq. (6)

We compare a couple of methods:

1. safe AL of policy trained on our main SH, γ = 0.05 (Eq. (7)),

2. safe AL of policy trained on our appendix SHmean , γ = 0.05 (unconstrained Hmean decorated with our main
min unsafe likelihood, see Figure S.C.3),

3. safe AL of policy trained on our appendix SH,division (unconstrained H decorated with our appendix max
safe likelihood, see Eq. (S.10) and Figure S.C.3),

4. safe AL of policy trained on our appendix SHmean,division (unconstrained Hmean decorated with our appendix
max safe likelihood, see Figure S.C.3), and

5. conventional GP based safe AL (Algorithm S.7) but we add the unconstrained safety-aware acquisition
criterion (Eq. (6)), named MinUnsafe GP AL: xt = argmax{H[y(x)|y1:t−1, Yinit] − logmax(γ, p(z(x) <
0|z1:t−1, Zinit))} (γ = 0.05, this is the same as Eq. (6) if we take expectation over the forecasted y(x), and
this corresponds to objectives SH,SHmean

, see the paragraph of Eqs. (6) and (7)).

All objectives are leveraged under the same numerical setup as described in Tables S.E.1 and S.F.3. These
objectives have the same complexity (Table S.E.2).

To avoid confusion, we perform only Type II maximum likelihood for GP modeling. We demonstrate the result
on all benchmark problems and datasets (Figure S.G.8). Firstly, the performance of Safe GP AL (constrained
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predictive entropy acquisition) does not seem to have obvious empirical differences from MinUnsafe GP AL. This
shows an advantage of MinUnsafe GP AL because its acquisition criterion is safety-aware but unconstrained, and
an unconstrained optimization is much easier to be solved. Note that, for a fair comparison, our paper solves
the acquisition optimization of MinUnsafe GP AL on discretized set.

Our ASAL policies trained with different objectives all seem to query reasonable data. In average, minimizing
unsafe likelihood (SH,SHmean

) prioritizes safety over AL exploration. This is consistent to what we observe from
the objective values (Figure S.C.3).
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1D appendix −Imean(ϕ)

1D main −I(ϕ)

2D appendix −Imean(ϕ)

2D main −I(ϕ)

Figure S.G.5: Unconstrained AL results of objectives main I (Eq. (5)) and appendix
Imean (Eq. (S.8)). The numerical congifurations (e.g. D,T ) are identical for both objectives (Tables S.E.1
to S.F.3).We deploy the policy with T = 20 for 1D and T = 30 for 2D problems, and further results on 5D
problems are shown in Figure S.G.6. The first column shows the training losses −I or −Imean per training step
and per epoch mean (mean of 50 steps). At the end of each epoch, we sample a batch of GP functions, not for
training, but we deploy the policy for T steps (e.g. train Tsim ≤ T = 30, then deploy T = 30) and evaluate the
GP RMSE against the ground truth. The GP RMSEs per training epoch are shown in the second column. After
the training, we deploy each policy on benchmark problems and the results are the third and fourth columns
(time illustrated in seconds).
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5D appendix −Imean(ϕ)

5D main −I(ϕ)

Figure S.G.6: Unconstrained 5D AL results of objectives main I (Eq. (5)) and appendix
Imean (Eq. (S.8)). We deploy the policy with T = 40 for 5D problems. The columns are illustrate as Fig-
ure S.G.5.

Figure S.G.7: The main safe AL objective SH with γ = 0.05 vs γ = 0, on 2D problems. The training
loss values −SH are dominated by the minimized likelihood of unsafe queries if γ = 0 (first column), and safety
is thus prioritized more than the AL exploration in the training, as indicated by the RMSEs against ground
truth GPs (second column). After the training, the policies are deployed on three problems, and the results
show similar exploration and safety trade-off as observed during the training (third and fourth columns). The
deployment colored bars are sorted according to the averaged training losses of the last 10 epochs (left to right:
highest to lowest losses). The baseline methods Safe GP AL and Safe Random are deployed with γ = 0.05.
When γ = 0, a conventional safe AL cannot operates because the entire input space will be identified unsafe.
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appendix SH,division(ϕ),SHmean,division(ϕ)

main SH(ϕ), appendix SHmean
(ϕ), MinUnsafe GP AL

Figure S.G.8: Results of different amortized safe AL objectives and the safe AL of MinUnsafe crite-
rion. Our safe AL policies are trained on four objectives: main SH, γ = 0.05, appendix SHmean

, γ = 0.05, and ap-
pendix SH,division,SHmean,division which have no γ clamping. As ordered in Figure S.C.3, SH,division,SHmean,division

are on the top and SH,SHmean are at the bottom. The MinUnsafe acquisition function corresponds to SH,SHmean

objectives and is thus shown at the bottom.
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