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Abstract

We study the efficacy of in-context learning (ICL)
from the viewpoint of statistical learning theory.
We develop approximation and generalization
analyses for a transformer composed of a deep
neural network and one linear attention layer, pre-
trained on nonparametric regression tasks sam-
pled from general function spaces including the
Besov space and piecewise y-smooth class. In
particular, we show that sufficiently trained trans-
formers can achieve — and even improve upon —
the minimax optimal estimation risk in context
by encoding the most relevant basis representa-
tions during pretraining. Our analysis extends to
high-dimensional or sequential data and distin-
guishes the pretraining and in-context generaliza-
tion gaps, establishing upper and lower bounds
w.rt. both the number of tasks and in-context
examples. These findings shed light on the effec-
tiveness of few-shot prompting and the roles of
task diversity and representation learning for ICL.

1. Introduction

In-context learning (ICL) refers to the ability of pretrained
LLMs to perform a new task by being provided with a few
examples within a prompt, without any parameter updates
or fine-tuning. It has been empirically observed that few-
shot prompting is especially effective in large-scale models
(Brown et al., 2020) and requires only a couple of exam-
ples to consistently achieve high performance (Garcia et al.,
2023), while Raventos et al. (2023) show that sufficient pre-
training task diversity is needed for the emergence of ICL.
However, an understanding of the statistical foundations
of ICL and few-shot prompting is still lacking. Existing
theoretical analyses generally focus on a single attention
layer and do not take into account the depth of transformers;
see Appendix A for an overview of related works.
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Our contributions. In this paper, we analyze the opti-
mality of ICL from the perspective of statistical learning
theory. We study a multi-layer transformer consisting of a
deep neural network with N-dimensional output followed
by one linear attention layer. The model is pretrained on
n input-output samples from 7" nonparametric regression
tasks, generated from a suitably decaying distribution on a
general function space. Compared to previous works, we
take a crucial step towards understanding practical multi-
layer transformers by incorporating the representation learn-
ing capabilities of the DNN module. From a more abstract
perspective, this work can also be situated as a nonlinear ex-
tension of meta-learning. Our contributions are highlighted
below. All proofs are deferred to the appendix.

* We develop a general framework for upper bounding the
in-context estimation error of the empirical risk mini-
mizer. We also derive an information-theoretic lower
bound for the minimax risk in Appendix F.

* In the Besov space setting which includes the Holder and
Sobolev spaces, we show that ICL with DNNs achieve
nearly minimax optimal risk n~ 7% when T is suffi-
ciently large. Since LLMs are pretrained on vast amounts
of data in practice, 1" can be taken to be nearly infinite,
justifying the emergence of ICL at large scales.

* We show that ICL can improve upon the a priori op-
timal rate when the task class basis resides in a coarser
Besov space by learning informative representations, em-
phasizing the importance of pretraining on diverse tasks.

* We extend the optimality guarantees to nearly dimension-
independent rates in the anisotropic Besov space and
also to learning sequential data with transformers in the
piecewise y-smooth function class, further justifying the
efficacy of ICL in extremely high-dimensional settings.

2. Problem Setup
2.1. Nonparametric Regression

We analyze ICL of a transformer pretrained on examples
from a family of regression tasks, which we describe below.
Let X C R (d < c0) be the input space endowed with a
distribution P x and (¢7)72; a discrete subset of L*(Py).
A regression function Fig : X — R is generated for each
task by sampling a coefficient sequence 5 € R* from a
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distribution Pz on B(R); the class of tasks F° is defined
as

F° = {Fg = 2;0:1 Bjbs ’B € suppPg} ,
endowed with the induced distribution. Each task prompt

contains n example pairs { (2, yx)}}_,. The covariates
are i.i.d. drawn from P » and the responses are generated as

yk:FE(Ik)Jrfka 1§]€§’ﬂ, (1)

where the noise &, is assumed to be i.i.d. with mean zero
and |¢;| < o almost surely.! In addition, we independently
generate a query token T and output y in the same manner.

We proceed to state our assumptions for the regression
model. These will be subsequently verified for specific
function spaces of interest with their natural decay rate.

Assumption 1 (relaxed sparsity and orthonormality of basis
functions). For N € N, there exist integers N < N < N
with N — N + 1 = N such that )y, - - - , {5, are indepen-
dent and i3, - - - , Y3 _, are all contained in the linear span
of Y3y -+ Y% Moreover; there exist r, Cl, Cy,Cs >0

such that Sy N = (Epnp o [V (2)0] (2 )]) ey Satisfies
CiIny 229,y 2 Coly and

|y

1/2
H < C.N". @)
L>=(Px)

Denoting the N-basis approximation of F3 as Fg N =

Z;v:l B;13, by Assumption 1 there exist ‘aggregated’ co-

efficients 3 N, B uniquely determined by /3 such that

FE N= Zj\]: N ij;’. We define the covariance matrices

YpN = (Eﬁ[ﬁjﬁk])szl € RV*N,
BN
S5 = (BslBiBe]); oy € RVV.

Assumption 2 (decay of 5). For s, B > 0 it holds uniformly
over 3 € supp Pg that || F§||Lp,) < B and

|1 Fg — FE,NHL?(PX) SN 3
Furthermore, Tr(X5 ) is bounded for all N and

0= sy Jdiag |G (logf) L) @)
Remark 2.1. In the simple case where (7)3; is a basis
for L?(Px), we may set N = 1, N = N so that the de-
pendency condition of Assumption 1 is trivially satisfied,
moreover, Y5 y = Y5 v and boundedness of Tr(Xj5 y)
automatically follows from (4). However, the assumptions
in the stated form also allow for hierarchical bases with
dependencies such as wavelet systems. We also note that (3)
and (4) entail basically the same rate but are not equivalent.

!This implies Var &, < 0. We require boundedness since the
values y; form part of the prompt input, and we wish to utilize
sup-norm covering number estimates for the attention map.

2.2. In-Context Learning

We now describe our transformer model, which takes
n context pairs X = (z1,---,z,) € R¥>" y =
(Y1,- -+ ,Yn)" € R™ and a query token 7 as input and re-
turns a prediction for the corresponding output. The covari-
ates are first passed through a nonlinear representation or
feature mapping ¢ : X — RY, which we assume belongs to
a sufficiently powerful class of estimators F . Specifically:

Assumption 3 (expressivity of Fn). ||¢(z)|2 < By for
some By, > 0 forall x € X, ¢ € Fn. Moreover, there
exist oy, , Oy € F so that |5 — ¢ Lo (py) < 0N,
N < j < N for some 6 > 0.

The extracted representations ¢(X) = (¢(z1), -, d(zn))
are then mapped to a scalar output via a linear attention
layer parametrized by a matrix I' € Sy for Sy ¢ RV*V,

o .5)= -3 o) T o) = (T20 0y
k=1

where © = (T',¢) € Sy x Fy. Finally, the output is
clipped by applying clipg(u) := max{min{u, B}, — B},
yielding fo (X, y, %) := clipz(fo(X,y,1)). Here, we set
Sy ={L e R¥Y*N | 0 < T < C31y} for some C3 > 0
and fix B = B for simplicity.

The above setup is a reparametrization of linear attention
widely used in theoretical analyses (Zhang et al., 2023; Wu
et al., 2024, see e.g.), where the query and key matrices are
consolidated into one matrix I'. The form has been shown
to be optimal for a single layer of linear attention for linear
regression tasks (Ahn et al., 2023; Mahankali et al., 2023).
The placement of the attention layer after the DNN module
¢ is justified by the observation that lower layers of trained
transformers act as data representations on top of which
upper layers perform ICL (Guo et al., 2023).

During pretraining, the model is presented with 7" prompts
{(X®, y® F®)T | where the tasks Fgoy € F°,
B ~ Py and tokens X = (2 ... 2P, y® =
(y%t), . 7y,(f))—r, £® and §® are independently generated
as in Section 2.1, and trained to minimize the empirical risk:

T

©= argmin R(© _1 Z ( ®) — fo(X® y(t),:i(t))>2.
OESN X Fy T~

Our goal is to show that learning the optimal O allows

the transformer to solve new random regression problems

y = Fg(x) + € for Fj € F° in context. To this end, we

evaluate the convergence of the mean-squared risk

R(é\)) = E(X(t)1y(t)’i(t)’,g(t))z":1 [R(@)],
R(©) :=Ex s [(F5(7) - fo(X,v,7))°].
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3. Risk Bounds for In-Context Learning

In this section, we outline our framework for upper bound-
ing the in-context estimation error R(©). Some additional
definitions are in order. The e-covering number A (C, p, €)
of a metric space C equipped with a metric p for ¢ > 0 is
defined as the minimal number of balls in p with radius €
needed to cover C.The e-covering entropy or metric entropy
is given as V(F, p,€) := log N'(F, p,€). The e-packing
number M(e,C, p) is given as the maximal cardinality of
a e-separated set {c1,...,ca} C C such that p(c;, ¢j) > 6
for all ¢ # j. The metric is omitted if p = ||-|| . The trans-
former class is defined as T := {fo | © € Sy X Fn}.

To bound the overall risk, we first decompose into the ap-
proximation and generalization gaps.

Theorem 3.1 (Schmidt-Hieber (2020), Lemma 4, adapted).
For any € > 0 such that V(T n,€) > 1,

B2 + o2

R@magR@y+ 7

V(Tn,€)+ (B+o)e.
See Appendix B.1 for the proof. Here, the second term is
the pretraining generalization error w.r.t. number of tasks
T'; the in-context generalization error w.r.t. prompt length n
manifests as part of the first term. This separation allows us
to compare the difficulty of the two types of learning.

Bounding approximation error. In order to bound the
first term, we analyze the risk of the choice

—1
OF = (F*ad)*) = ((E\I/’N + n*IEEN) ’(biN:N)

where ¢* is given as in Assumption 3 for a suitable ¢ to be
determined. The definition of I'* approximately generalizes
the global optimum I' = ((1+ 2)A + %tr(A)Id)_l for
the Gaussian linear regression setup where x ~ N(0, A)
(Zhang et al., 2023). Since Xy y = C1Ix we have I'* <
C; 1y and hence we may assume I'* € Sy by replacing
Cs with C5 v CT ! if necessary.

Proposition 3.2. Under Assumptions 1-3, it holds that

2r

N
inf _ R(©) < R(O) <
SN XFN n

4r

log N

+

N
— log® N + —+ N=2% 4 N263 + N27+162,

The proof is presented throughout Appendix B.

Bounding generalization error. To estimate the metric
entropy of 7 n, we first reduce to the representation class
F n. The proof is given in Appendix C.2.

Lemma 3.3. Under Assumptions 1-3, there exists D > 0
such that for all € sufficiently small,

B2 €
V(T n,€) SN?o N+v<f )
(Tnse) & Y DBLVN

4. Minimax Optimality of In-Context Learning
4.1. Besov Space and DNNs

In this section, we apply our theory to the sample complexity
of ICL when Fy consists of (clipped, see (6)) DNNs. We
define the set of DNNs with depth L, width W, sparsity .S,
norm bound M and ReLU activation n(z) = = V 0 as

Fosn(L, W, 8, M) = { (W n+)o- ..o (WD)
WO e RVW W) ¢ RW p(0) ¢ RV p(F) ¢ R,
SE W Oo+[6@lo < S, [WEO ooV 6O < M}

The Besov space is a very general function class including
the Holder and Sobolev spaces (see Appendix D.1.1) which
captures spatial inhomogeneity in smoothness, and provides
a natural setting in which to study the expressive power of
DNNGs (Suzuki, 2019). We fix X' = [0, 1]¢ for simplicity.

Definition 4.1 (Besov space). For2 < p < 00,0 < g < o0,
smoothness o > 0 and r = || + 1, the rth modulus of
feLP(X)isw,,(f,t) = sup‘|h”2§t||A}”L(f)||p where

AL()(@) = Yo arrnexy j—o (7) (1) f(2 + jh).

The Besov space is defined as By ,(X) = {f € LP(X) |
1fllBe, = [Ifllzr + |f|Bﬁq < 0o} where

SUpPys ot~ wrp(f,t q = oo.

|f| — {(IOOO tiqawT,P(‘f} t)q%)l/q q < o0,
Bia

U(By (X)) denotes the unit ball in (B ,(X), -]

Bg,q)'

A natural basis system for B (X) is formed by the B-
splines, a type of wavelet decomposition or multiresolution
analysis (DeVore & Popov, 1988).

Definition 4.2. The tensor product B-spline of order m € N,
m > a+ 1 — 1/p, resolution k € Zio and location ¢ €
I =TI [=m 28 s wf (@) = [T, (2502 — 63)
where ¢,,, () is the (m + 1)-fold convolution of 1¢,.¢0,1]3-
We abuse notation and write wil , = w(, ., for k € Zxq.

The difficulty of learning a regression function in the Besov
space is quantified by the following minimax risk.
Proposition 4.3 (Donoho & Johnstone (1998)). The min-

imax risk for an estimator f, with n i.i.d. samples D,, =
{(xs,y:)1—1 } over U(By (X)) satisfies

. o N _2a
inf sup  Ep, [IIf° = fullZz(x)) < n” 0.

FruDn—=R foeU(Bg (X))
4.2. Estimation Error Analysis

To apply our framework, we set the task class as the unit
ball 7° = U(By (X)) and take as basis {¢§ | j € N} =
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{2820, | k € Zzo,0 € I} the set of all B-spline
wavelets ordered by increasing k£ and scaled to counteract
the dilation in z. Abusing notation, we also write 3}, ¢ to
denote the coefficient in 3 corresponding to 2¢%/2w¢ ,. The
set of B-splines at each resolution are independent, while
those of lower resolution can always be decomposed into a
linear sum of B-splines of higher resolution with a certain
decay (Proposition D.11). In Appendix D.1.1, we verify
Assumptions 1 and 2 with r = 1/2, s = a/d under:

Assumption 4. F° = U(By (X)), a« > d/p and P x has
positive Lebesgue density px bounded above and below on
X. Also, forall k > 0 and { € I, By, ¢ are independent and

Eslfie =0, 0<Eg[5f,] <27 G2 (5)

We obtain the following entropy bound in Appendix D.1.2.
Lemma 4.4. For any 6 > 0, Assumption 3 is satisfied by

Fn ={llpy o (¢;);11 | &; € Fonn(L, W, S, M)} (6)

where 11/ is the projection in RY 10 the centered ball of

radius By, = O(V/N) and each ¢; is a ReLU network such
that L = O(log N +log ") and W, S, M = O(1). Also,
the entropy is bounded as V(F n, |||z, €) S N log %.

Combining these results, we conclude in Appendix D.1.3:

Theorem 4.5 (minimax optimality of ICL in Besov space).
Under Assumption 4, if n 2, N log N,

R(O) < N~ +

Nlog N NZ?log N

- - + - =
n T

. 204-2d d .
Hence if T Z n2e+d and N < n?+d4, [CL achieves the

_ 2«
minimax optimal rate n~ 2~+d up to a log factor.

The first term is equal to the N-term optimal error (Diing,
2011a). For the generalization gaps, n = Q(N) is enough
to learn the basis expansion in context while T = Q(N?2)
is needed to learn the attention layer. However if T/N =
o(n), the third term dominates and the overall complexity
scales suboptimally as T~ =+4, illustrating the importance
of sufficient pretraining. This also aligns with the task
diversity threshold observed by Raventos et al. (2023). Since
the amount of training data for LLMs is practically infinite in
practice, our result justifies the effectiveness of ICL at large
scales with only a small number of in-context examples.

A limitation of ICL. While DNNs can adapt to task
smoothness in supervised settings (Suzuki, 2019), ICL and
other meta-learning schemes are fundamentally constrained
to non-adaptive approximation since they cannot update
at inference time, and hence are lower bounded by the
Kolmogorov width N —atG )+ (Vybiral, 2008) which is
strictly worse than the optimal rate in the regime 1 < p < 2.

Avoiding the curse of dimensionality. The above optimal
rate inevitably suffers from the curse of dimensionality as
d appears in the exponent. In Appendix D.2, we extend
Theorem 4.5 to the anisotropic Besov space (Nikol’skii,
1975), a generalization to differing degrees of smoothness
(a1, -+ ,aq) in each coordinate. Then the ICL rate only
depends on the quantity & := (3, a; ')~1, and becomes
independent of d if only a few coordinates are important.

Sequential input and transformers. In Appendix E,
we also study a more complex setting where inputs = €
[0, 1]9%°° are unbounded sequences of tokens (e.g. whole
documents) and ¢ is itself a deep transformer network. Here,
JF° is taken to be the piecewise y-smooth class (Takakura
& Suzuki, 2023) where positional smoothness may vary
depending on the input. Even in this infinite-dimensional
setting, we show that ICL still achieves near-optimal risk,
further justifying the efficacy of ICL for sequential data.

4.3. Learning a Coarser Basis

As another application of our framework, we illustrate how
pretraining can actively mitigate the complexity of ICL.
Consider the case where (17)32; is no longer the B-spline
basis of By (X)) but instead is chosen from some wider
function space, say the unit ball of B} q(X ) for a smaller
smoothness 7 < «. Without knowledge of the basis, the
sample complexity of regression is a priori lower bounded
by the minimax rate n~ 75a by Proposition 4.3. With ICL,
however, we obtain the modified risk bound:

Corollary 4.6 (ICL for coarser basis). Suppose o > T >
d/p, the basis (¥5)32, C U(B} (X)) and Assumptions 1,
2 hold withr = 1/2,s = a/d. Then ifn 2 N log N,

— o~

R(O) SN + LNlog N + LN 547 1og® N.

. 14 -d atfd _d .
Hence if T > n't2a+¥a = and N < n?+4, the risk con-
_ 2«
verges as n~ 2=+d logn.

The pretraining gap is now dominated by the higher entropy
of the DNN class and strictly worse than Theorem 4.5. Non-
theless, observe that the burden is entirely carried by T';
with sufficient pretraining, the third term can be made arbi-
trarily small and the risk again attains n~7ata. Hence ICL
improves upon the a priori lower bound n™ 7754 at inference
time by encoding the coarser basis during pretraining.

5. Conclusion

We analyzed ICL of a transformer consisting of a DNN and a
linear attention layer pretrained on nonparametric regression
tasks from the perspective of statistical learning theory. We
proved that ICL achieves nearly minimax optimal risk in
the (anisotropic) Besov space and y-smooth class. We also
showed that ICL can improve upon the a priori optimal rate
by learning informative representations. Our work opens up
new ways of understanding emergent properties of LLMs.



Transformers are Minimax Optimal Nonparametric In-Context Learners

Acknowledgments

JK was partially supported by JST CREST (JPMJCR2015).
TS was partially supported by JSPS KAKENHI (20H00576)
and JST CREST (JPMICR2115).

Impact Statement

This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.

References

Ahn, K., Cheng, X., Daneshmand, H., and Sra, S.
Transformers learn to implement preconditioned gra-
dient descent for in-context learning. arXiv preprint
arXiv:2306.00297, 2023.

Akyiirek, E., Schuurmans, D., Andreas, J., Ma, T., and Zhou,
D. What learning algorithm is in-context learning? Inves-
tigations with linear models. In International Conference
on Learning Representations, 2023.

Bai, Y., Chen, F., Wang, H., Xiong, C., and Mei, S. Trans-
formers as statisticians: provable in-context learning with
in-context algorithm selection. In ICML Workshop on
Efficient Systems for Foundation Models, 2023.

Bhojanapalli, S., Yun, C., Rawat, A. S., Reddi, S. J., and
Kumar, S. Low-rank bottleneck in multi-head attention
models. In International Conference on Machine Learn-
ing, 2020.

Brown, T., Mann, B., Ryder, N., Subbiah, M., Kaplan, J. D.,
Dhariwal, P., Neelakantan, A., Shyam, P., Sastry, G.,
Askell, A., Agarwal, S., Herbert-Voss, A., Krueger, G.,
Henighan, T., Child, R., Ramesh, A., Ziegler, D., Wu, J.,
Winter, C., Hesse, C., Chen, M., Sigler, E., Litwin, M.,
Gray, S., Chess, B., Clark, J., Berner, C., McCandlish,
S., Radford, A., Sutskever, 1., and Amodei, D. Language
models are few-shot learners. In Advances in Neural
Information Processing Systems, 2020.

Chen, B., Dao, T., Winsor, E., Song, Z., Rudra, A., and
Ré, C. Scatterbrain: unifying sparse and low-rank atten-
tion approximation. In Advances in Neural Information
Processing Systems, 2021.

Chen, S., Sheen, H., Wang, T., and Yang, Z. Training
dynamics of multi-head softmax attention for in-context
learning: emergence, convergence, and optimality. arXiv
preprint arXiv:2402.19442, 2024.

DeVore, R. A. and Popov, V. A. Interpolation of Besov
spaces. Transactions of the American Mathematical Soci-
ety, 305(1):397-414, 1988.

Donoho, D. L. and Johnstone, I. M. Minimax estimation
via wavelet shrinkage. The Annals of Statistics, 26(3):
879-921, 1998.

Du, S., Hu, W., Kakade, S., Lee, J., and Lei, Q. Few-shot
learning via learning the representation, provably. In
International Conference on Learning Representations,
2021.

Diing, D. Optimal adaptive sampling recovery. Advances in
Computational Mathematics, 34:1-41, 201 1a.

Diing, D. B-spline quasi-interpolant representations and
sampling recovery of functions with mixed smoothness.
Journal of Complexity, 27(6):541-567, 2011b.

Garcia, X., Bansal, Y., Cherry, C., Foster, G. F., Krikun, M.,
Feng, F., Johnson, M., and Firat, O. The unreasonable
effectiveness of few-shot learning for machine translation.
In International Conference on Machine Learning, 2023.

Garg, S., Tsipras, D., Liang, P., and Valiant, G. What can
Transformers learn in-context? A case study of simple
function classes. In Advances in Neural Information
Processing Systems, 2022.

Giné, E. and Nickl, R. Mathematical foundations of infinite-
dimensional statistical models. Cambridge Series in Sta-
tistical and Probabilistic Mathematics. Cambridge Uni-
versity Press, 2015.

Guo, T., Hu, W., Mei, S., Wang, H., Xiong, C., Savarese,
S., and Bai, Y. How do Transformers learn in-context
beyond simple functions? A case study on learning with
representations. arXiv preprint arXiv:2310.10616, 2023.

Hayakawa, S. and Suzuki, T. On the minimax optimality and
superiority of deep neural network learning over sparse
parameter spaces. Neural Networks, 123:343-361, 2020.

Huang, Y., Cheng, Y., and Liang, Y. In-context convergence
of Transformers. arXiv preprint arXiv:2310.05249, 2023.

Kim, J. and Suzuki, T. Transformers learn nonlinear features
in context: nonconvex mean-field dynamics on the atten-
tion landscape. In International Conference on Machine
Learning, 2024.

Li, H., Wang, M., Lu, S., Cui, X., and Chen, P.-Y. Training
nonlinear Transformers for efficient in-context learning:
a theoretical learning and generalization analysis. arXiv
preprint arXiv:2402.15607, 2024.

Mahankali, A., Hashimoto, T. B., and Ma, T. One step of
gradient descent is provably the optimal in-context learner
with one layer of linear self-attention. arXiv preprint
arXiv:2307.03576, 2023.



Transformers are Minimax Optimal Nonparametric In-Context Learners

Meunier, D., Li, Z., Gretton, A., and Kpotufe, S. Nonlinear
meta-learning can guarantee faster rates. arXiv preprint
arXiv:2307.10870, 2023.

Nikol’skii, S. M. Approximation of functions of sev-
eral variables and imbedding theorems, volume 205
of Grundlehren der mathematischen Wissenschaften.
Springer Berlin, 1975.

Nishimura, Y. and Suzuki, T. Minimax optimality of con-
volutional neural networks for infinite dimensional input-
output problems and separation from kernel methods.
In The Twelfth International Conference on Learning

Representations, 2024. URL https://openreview.

net/forum?id=EW8ZExXRZkJ.

Okumoto, S. and Suzuki, T. Learnability of convolutional
neural networks for infinite dimensional input via mixed
and anisotropic smoothness. In International Conference
on Learning Representations, 2022.

Raventos, A., Paul, M., Chen, F., and Ganguli, S. Pretraining
task diversity and the emergence of non-Bayesian in-
context learning for regression. In Advances in Neural
Information Processing Systems, 2023.

Schmidt-Hieber, J. Nonparametric regression using deep
neural networks with ReLLU activation function. The
Annals of Statistics, 48(4), 2020.

Suzuki, T. Adaptivity of deep ReLU network for learning
in Besov and mixed smooth Besov spaces: optimal rate
and curse of dimensionality. In International Conference
on Learning Representations, 2019.

Suzuki, T. and Nitanda, A. Deep learning is adaptive to in-
trinsic dimensionality of model smoothness in anisotropic
Besov space. In Advances in Neural Information Process-
ing Systems, 2021.

Szarek, S. J. Nets of Grassmann manifold and orthogonal
group. Proceedings of Banach Space Workshop, pp. 169—
186, 1981.

Takakura, S. and Suzuki, T. Approximation and estimation
ability of Transformers for sequence-to-sequence func-
tions with infinite dimensional input. In International
Conference on Machine Learning, 2023.

Triebel, H. Theory of function spaces. Monographs in
mathematics. Birkhduser Verlag, 1983.

Triebel, H. Entropy numbers in function spaces with mixed
integrability. Revista Matematica Complutense, 24:169—
188, 2011.

Tripuraneni, N., Jin, C., and Jordan, M. Provable meta-
learning of linear representations. In International Con-
ference on Machine Learning, 2020.

Tropp, J. A. An introduction to matrix concentration in-
equalities. Foundations and Trends in Machine Learning,
8(1-2):1-230, May 2015. ISSN 1935-8237.

von Oswald, J., Niklasson, E., Randazzo, E., Sacramento,
J., Mordvintsev, A., Zhmoginov, A., and Vladymyrov,
M. Transformers learn in-context by gradient descent. In
International Conference on Machine Learning, 2023.

Vybiral, J. Function spaces with dominating mixed smooth-
ness, volume 30 of Lectures in Mathematics. European
Mathematical Society, 2006.

Vybiral, J. Widths of embeddings in function spaces. Jour-
nal of Complexity, 24(4):545-570, 2008.

Wu, J., Zou, D., Chen, Z., Braverman, V., Gu, Q., and
Bartlett, P. L. How many pretraining tasks are needed for
in-context learning of linear regression? In International
Conference on Learning Representations, 2024.

Yang, Y. and Barron, A. Information-theoretic determina-
tion of minimax rates of convergence. The Annals of
Statistics, 27(5):1564-1599, 1999.

Yarotsky, D. Error bounds for approximations with deep
ReLU networks. Neural Networks, 94:103-114, 2016.

Zhang, R., Frei, S., and Bartlett, P. L. Trained Trans-
formers learn linear models in-context. arXiv preprint
arXiv:2306.09927, 2023.

Zhang, R., Wu, J., and Bartlett, P. L. In-context learning
of a linear Transformer block: benefits of the MLP com-

ponent and one-step GD initialization. arXiv preprint
arXiv:2402.14951, 2024.


https://openreview.net/forum?id=EW8ZExRZkJ
https://openreview.net/forum?id=EW8ZExRZkJ

Transformers are Minimax Optimal Nonparametric In-Context Learners

Table of Contents
1 Introduction

2 Problem Setup
2.1 Nonparametric Regression . . . . . . . . . . . e e e e e e e e

22 In-Context Learning . . . . . . . . . . . . . . e
3 Risk Bounds for In-Context Learning

4 Minimax Optimality of In-Context Learning

4.1 BesovSpaceand DNINS . . . . . . . . . . e e e e
4.2 Estimation Error Analysis. . . . . . . . . .
43 LearningaCoarser Basis . . . . . . . . . e

5 Conclusion
A Related Works

B Proof of Proposition 3.2
B.1 Proofof Theorem 3.1 . . . . . . . . . .
B.2 Decomposing Approximation Error . . . . . . ...
B.3 Bounding Term (7) . . . . . . . o e e e e e e
B.4 Bounding Term (8) . . . . . . . . . e e e e e e
B.5 Bounding Terms (9)-(11) . . . . . . . . .
B.6 Proofof Lemma B.1 . . . . . . . . e

C Proofs on Metric Entropy
C.1 Modified Proof of Theorem 3.1 . . . . . . . . . . . . . e
C.2 Proofof Lemma3.3 . . . . . . . . . . .
C.3 Proofof Lemma C.1 . . . . . . . . e e e

D Details on Besov-type Spaces
Dl BesovSpace . . . . . . .. e
D.1.1 Verification of ASSUmptions . . . . . . . . . ... e
D.1.2 Proofof Lemma4.4 . . . . . . . e
D.1.3 Proof of Theorem 4.5 . . . . . . . . . . .
D.2 Anisotropic Besov Space . . . . . ...
D.2.1 Definitionsand Results . . . . . . . . . ... L
D.2.2 Proofof Theorem D.8 . . . . . . . . . . .
D.3 Wavelet Refinement . . . . . . . . . ..
D.4 Proofof Corollary 4.6 . . . . . . . . . . e e

E Sequential Input and Transformers
E.1 Definitionsand Results . . . . . . . . . . . e e e

A W W W

11
12
14
15

17
17
17
18



Transformers are Minimax Optimal Nonparametric In-Context Learners

E.2 Proof of Theorem E.1 . . . . . . . . . . . . e 31
Minimax Lower Bounds for ICL 32
F.1 Proofof Proposition F.1 . . . . . . . . . .0 . 33
F2 LowerBoundinBesov Space. . . . . . . . . . . . . 35
F3 Lower Bound with Coarser Basis . . . . . . . . . . . . . 35
F4 Lower Bound in Piecewise y-smooth Class . . . . . . . . . . . . . . . i i 35



Transformers are Minimax Optimal Nonparametric In-Context Learners

Appendix
A. Related Works

Theory of ICL. A vigorous line of research has been directed towards understanding ICL of single-layer linear attention
models pretrained on the query prediction loss of linear regression tasks (Garg et al., 2022; Akyiirek et al., 2023; Zhang
et al., 2023; Ahn et al., 2023; Mahankali et al., 2023; Wu et al., 2024). It has been shown that the global minimizer of the L?
pretraining loss implements one step of GD on a least-squares linear regression objective (Mahankali et al., 2023) and is
nearly Bayes optimal (Wu et al., 2024). Moreover, risk bounds with respect to the context length (Zhang et al., 2023) and
number of tasks (Wu et al., 2024) have been obtained.

Other works have examined ICL of more complex multi-layer transformers. Bai et al. (2023); von Oswald et al. (2023) give
specific transformer constructions which simulate GD in context, however it is unclear how such meta-algorithms may be
learned. Another approach is to study learning with representations, where tasks consist of a fixed nonlinear feature map
composed with a varying linear function. Guo et al. (2023) empirically found that trained transformers exhibit a separation
where lower layers transform the input and upper layers perform linear ICL.

Pretraining dynamics for ICL. While how ICL arises from optimization is not fully understood, there are encouraging
developments in this direction. Zhang et al. (2023) has shown for one layer of linear attention that running GD on the
population risk always converges to the global optimum. This was extended to incorporate a linear output layer by Zhang
et al. (2024), and to softmax attention by Huang et al. (2023); Li et al. (2024); Chen et al. (2024). Kim & Suzuki (2024)
considered a compound transformer equivalent to ours with a shallow MLP component and proved that the loss landscape
becomes benign in the mean-field limit, deriving convergence guarantees for the corresponding gradient dynamics. These
analyses indicate that the attention mechanism, while highly nonconvex, may possess structures favorable for gradient-based
optimization.

Meta-learning. The theoretical setting of ICL is closely related to meta-learning, where the goal is to infer a shared
representation ¢ ° with samples from a set of transformed tasks ﬂ: 1)°. When ° is linear, fast rates have been established
by Tripuraneni et al. (2020); Du et al. (2021), while the nonlinear case has been studied by Meunier et al. (2023) where )°
is a feature projection into a reproducing kernel Hilbert space. Our results can be viewed as extending this body of work to
function spaces of generalized smoothness with a specific deep transformer architecture.

Optimal rates for DNNs. Our analysis extends established optimality results for classes of DNNs in ordinary supervised
regression settings to ICL. Suzuki (2019) has shown that deep feedforward networks with the ReLU activation can efficiently
approximate functions in the Besov space and thus achieve the minimax optimal rate. This has been extended to the
anisotropic Besov space (Suzuki & Nitanda, 2021), convolutional neural networks for infinite-dimensional input (Okumoto
& Suzuki, 2022), and transformers for sequence-to-sequence functions (Takakura & Suzuki, 2023).

B. Proof of Proposition 3.2
B.1. Proof of Theorem 3.1

The convergence rate of the empirical risk minimizer is established for a fixed regression problem y = f°(z) + £ in
Schmidt-Hieber (2020) when ¢ is Gaussian; we modify the proof to incorporate bounded noise in Appendix C.1. The ICL
setup can be reduced to the ordinary case as follows. We consider the entire batch (3, X, £;.,, Z) including the hidden
coefficient /3 as a single datum z with output . The true function is given as f°(z) = Fg (Z) and the model class is taken to
be 7  implicitly concatenated with the generative process (3, X, €1.n, Z) — (X, y, Z). Then R(©), V(T n, ||| =, €) and
T agree with the ordinary L? risk, model class entropy and sample size. O

B.2. Decomposing Approximation Error

Recall that

-1
0* = (I*,¢°) = ((Ew + 7112;,}) ,¢’EV:N> :
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We introduce some additional notation in the following fashion. For brevity, we write N : oo instead of (N + 1) : co as an

exception.

O = (¢y.5(@1), Oy (@n)) ERN £=(61,...,&)" R,

WO = (¢°(1), ., 90 (20)) €R™T, W g = Wy (@), Py (@n)) € RV,

iV:OO = (Q/JZV:oo(xl)v"' awz\lzoo(xn)) € R™*"™,

Since clipping feo does not make its difference with F 5 € [— B, B] larger, it holds that

R(©") = E|(F§(®) — for (X.y,2))’]
)

g]E[(F() for (X, &)
<2]E[<F5( ) - ]+2 [ Ezv@)—f@*(XW’j)ﬂ
SN 4E ( OGN F*i*yf}

due to Assumption 2 and N < N. Expanding the attention output as

o+ (@ =V 5y Y8y
6" (@)T— = (¢"(&) — Vi (&) + U3y (@) T R
(P* — U )y
= (¢7() — ¥Ry (@) T" =
(67 (&) ¥Ry (@) T8
(" =V )Y
Ry @) T 5
VR (@) T,
and the final term further as
o PO \IJOT +
@Yo ey D PO
\I/o *\IJOT*B N (\IIOT ﬁioo—i_f)
=g ()T ATy D PN TS
we obtain that
F* ‘I)* 2
| (F35@) - 0 0) y)]
O._\IJOT_B N\ 2
SE (F;,N@)—w?_vw(zfr* e o
[ VS (U Brie +O\°
(s o B )
: (@ -0 v\’
+E (w*(sz)w?_m(i)fr* - )

)

®

©))
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_ N

+E ((W(@‘wjvzﬁ(@)—rwj\:v) (10)
| (@ -3 v\’

+E w;’y:ﬁ(oz)Tr*Tf' ) (11)

We proceed to control each term separately, from which the statement of Proposition 3.2 will follow.

B.3. Bounding Term (7)
Since FE,N(~) =0 (@) By = w}’y:N(:Z’)TBN:N, we can introduce a (I'*) ! factor to bound

E (Fﬁi (&) =Yg @) T

LS Y
=k (Fé,wc) — Y%, (@) T (NNNN () <r*>1> ﬂm>
T

PO 7\IJOT7 2
o ~ * N:N = N:N n
<2E < Nen(@'T (nzw\/> ﬂN:N) (12)

nolo N2
+2E (w;yzN(gz)Tr*fl*N N;N) 1 (13)

Denote the operator norm (with respect to L? norm of vectors) by ||-||op. For (12), noting that Xy is positive definite,
yo_ \IjoT B 2
o ~, * N:N = N:N 2
E <wN:N(m)TF (n - E\I«N) 51_\/:N>

yo ol _ 2
o =~ * - N:N 7 N:N — —
=E <¢N;N($)TF 231//?\7 (E\y,lz{rQn Zq,,l]f - IN) 231//,3\7ﬁ1_\1:1v>

o 7\I/oT7
1/2 —1/2 " N:N " N:N —1/2 1/2 1% ~\, /0 ~
=Ex|By.nZy (Ew,z/v TE\M(, 1N> SYATE; [¢NN(:C)¢;N:N($)T}

wl1/2 —1/2\I/ZV:N\II?_VTN —1/2 1/2 2
x I E\P,N E\IJ,N fz\y’]\/ 7IN /6

— Fx

Po \I/OT
- N:N 7~ N:N — — _
o (z@ygnz;mv) 528, [y B B2

Po \IJOT
% (ZE,’%Z NNn N: NE;KIQ _ IN> E1/2 Sy NF*21/2 H

SEX Tr

o ‘IIOT 2
—1/2 N:N ©“ N:N —1/2 1/2 1/2
<Z\II,N — . Ywn ~ IN) NEpN Dy ]

due to the independence of X, Z and 3. For the last inequality, we have used the fact that both the El/ > IR NY I‘*El/ 2

term and the matrix multiplied to it are positive semi-definite, and the former is bounded above as 3 I N by Assumptlon 1.

11
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Furthermore, we utilize the following result proved in Appendix B.6:
o \yoT _ 2
e e O

2r 4r

logN + —
n n

<

~

Lemma B.1. Ex log2 N.

op

It follows that (12) is bounded as

o 7\IjoT7 2
o ~ * N:N =~ N:N —
E <¢N:N($)TF ( - ZW,N) ﬁzv;N)

o oT
$-1/2 lIJJ,V:N N:N yo1/2

S Ex N n w,N Iy

1/2 1/2
T [SY 3 S50y 3]

op

Nzr N4r
S ( —log N + log® N) 1w v llop Tr(%5,5)

n2
2r 4r
< logN + — log? N
n n

since Tr(X 5 ) is bounded by Assumption 2.

Moreover for (13), we compute
-1

hI B 2
E (w;w@fr*fﬁsyw) ]

sr o i 5
:Elﬂg:N 717 F*wZV:N(j)U)}JV:N(j)TF*T N:N]

S T lEN g o
:Eln«l LR (25 (2) r*n’ﬂN:NﬁN:NH

I I
SN 1% o ~ o ~ * ,N o) o)
= Tr | 22X D'E; (0,5 (0455 (@) T 2N E, [mw;wﬂ
I I
=Tr | 2N pemg n T 25,
n , B,N
~—_———— N
positive definite
1 1 —1 * *
< -Tr| | Xen+ —27 'Yy NI
n ' n AN ’
1 1.,\"'] N
ngI‘ Z\I/,N Z\I;JV—FEZI&N Sg
B.4. Bounding Term (8)
Since the sequence of covariates x1, - - - , x, and noise &1, - - - , &, are each i.i.d.,
2
U2 n (PR BNioo T 6)
E (w?v.N@)TF* e
= n
(e e e @) B ) + €0
= ;%_v;]v(x) n

2
1 n n
=SB (Z R (B) TR 5 (%) Broe Voo (T0) + ZTP?V;N(f)TF*¢?y:N($i)§i>
=1 )

12



Transformers are Minimax Optimal Nonparametric In-Context Learners

< 1B | (#s ) TV @b (@)) | N
i n — E {wEN(j)TF*d}zVN(l.)ﬁj—%ooqp%’oo(gj)wz\,N(-')Z')Tl—‘*wzvN(.’L”)B}goow]ovoo(l'l)} (15)

2
+ 28 [(45a 1 ) "

for independent samples x, z’, & ~ P . We now bound the three terms separately below.

For (14), we have that

1 2

gE |:<VI;ZJ?VN(£Z')TF*¢?\/N(x)Bl—\l;'oow?Voo(x)> :|
= —E [63.5/(@) TR0 ()65 () T VR0 ()60 (1) B B Ui ()]
=-E, [wzm(w)TF*E@,NP*sz:N(w)wj’vm(m)TlEﬁ [B5.00B:00) va(x)}

S —Eo [958 @500 (@) TEs [B00B.00] ¥iioe (@)]

— 3|~

&=

A

sup [0 5 @2 T Tr (By [Byar B ] Be [05500 (00500 (2) 7))
z€supp Px —0

o 2 . T
sup  |[v%. v (@)]]? - lim Tr (Eg [By.aBy.
acEsupp’PXH N'N( )H M —00 ( ﬁ[ N:M NM])

24N
Sl 31=31—3

since Xy, nr < Coly as M — oo by Assumption 2. As sup, ¢35 (#)||> < N~2" by (2) and the diagonal of
Es[B5.0185.,,) decays faster than N =25 M ~*(log M)~2 when M > N due to (4), it follows that

1 2 T L \or ar—2
— S -1 Tr (E N& S < NN,
n IES]S;;EPJWN;N(I)H Mlinoo r( B [ﬂN.]\/IﬂN;jv[]) ~ 0

Similarly, for (15), we have that

n—1

E [635/(®) T 0 (9)8F o W0 ()03 () TRy (2) B ¥t o (@)
<E | (B0 T 055 0 Re@)) (9300 TR ) 00
= B [$00 () B (2) T S NI 0y, (2) B 5o ()]

~ B B2 [0 (05 )] TS0 B [03n ()] (o)

<8 o 5 s@i i)

SEg [¥%..0 () " BriooB e ¥R (2)]
S N72s.

And for (16), we have that

Tr [T*Bs (5,5 (805 ()| T'Es [635/(@)635(@) 7]
[

Tr F*E@,NF* 2\1/7]\{]
———
positive definite

13
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02 * * 1 -1

< T TSy AT (Se .y + -5
n ) ’ n BN
(o

2 2
N
fTI‘ [F*Z\y N] S .

Therefore, we obtain the following bound:

2
2N
+N T

~

n

)\ \IIOT Vioo T 2 r \—28
E (w;’m@ﬁ* v (VR 9) < NN

B.5. Bounding Terms (9)-(11)

For (9), we use the Cauchy-Schwarz inequality and Assumption 3 to bound
) e (@0 Oy
E [<(¢*(x) Ry (@) T

1 ZE (@) = 035 0 T (0" 0) ~ o) |

I A

IN

- ZE 16" () = 035 @) IPIT* (9" (20) = 63 @) 07

IN

||r*||§p( sup  [1¢*(a) sz:N@)P)E[y?]

x€supp Px
2
*[12 * o2 2
< 1012, (N o 163 — U3l ) E 7
< N2 (B? 4 o).

Similarly for (10) and (11), we have

YNy ’
E ((as*(az)— ?V:N@))Tr*-ﬁ>

<5 ZE (0@ = 035 @) T 0 )|
< ZE [16°(@) = ¥y @IPIT 03021207

IN

sup (|9 (2) = ¥r.x @IFIT* 5, sup 9.5 (@)II°E [v°]
zesupp Px

zEsupp Px

S NoY - N¥(B? +0°) = N> H163(B® + o)
and
P
E <w}’\,:N(§:)TF*
T 2
s ZE [(wzv §(@) T (i) — T/szjv(fﬂz))yz) ]

< 23R (05 @I (6 ) — @)%

14
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< sup Ry @IPITHZ,  sup ([0 (2) — YRy () IPE [y7]
zEsupp Px N zEsupp Px -
< NFHS% (B2 + o).

This concludes the proof of Proposition 3.2.

B.6. Proof of Lemma B.1

We will make use of the following concentration bound and its corollary, proved at the end of this subsection.

Theorem B.2 (matrix Bernstein inequality). Let Sq,---,S,, € RV*N pe independent random matrices such that E[S;] = 0
and ||S;|lop < L almost surely for all i. Define Z =", S,, and the matrix variance statistic v(Z) as

op

0(Z) = max {[BZZ7 ] op, B[Z7 Zlllop } = max { [0, BIS:STI,,, |0, EIST S, }-

Then it holds for all t > 0 that

t2
Pr(|Z]lop, >t) < 2N —_—— .
12l 2 ) < 2o ()
Proof. See Tropp (2015), Theorem 6.1.1. O
Corollary B.3. For matrices Sy, --- , Sy, satisfying the conditions of Theorem B.2, it holds that

1.1 4u(Z) 1612
B | 2] < 50 o2y + 18

(2 +2log 2N + (log 2N)?).

‘We will apply Corollary B.3 to the matrices

-1/2 ;o o —1/2
S = Sy 03w (@)U () S — I
It is straightforward to verify that
E[S;] = ZE,JCQZ\D,NE;}]CQ —In=0

and _
N
ISillop S 1935 (@) Rn (20) llop + 1= D 95 (@:)* +1 S N>
j=N
almost surely by Assumption 1.

Next, we evaluate the matrix variance statistic. Since each S; is symmetric,

w(zZ) = | Y E[s:S]]
i=1 °op
_ Z (EX [EEJ}]{[Q EV;N(xi)¢zv:N(xi)TE$}N zvzﬁ(xi)w;y:]v(xi)TE\;,l]éz]
i=1
2B [S s U B ] + v )
op
= | B[S0 (@03 (20) T B R (2005 () TS 4] —
=1 "
<n+nl|E, [E;b{f O GO CORDIRY ?y:N(z)%/f?y:N(x)TZE/,lzﬂ
op

for a single sample x ~ P x. The second term is further bounded as

B, [Sg 4085 (@005 () gy 030 ()03 () TS ]

op

15



Transformers are Minimax Optimal Nonparametric In-Context Learners

B, [S0 0 05n (00055 (@) 55 4]

T —1 o
Izl
H NNTWNTNN oo (p )

again by Assumption 1.

Hence we may apply Corollary B.3 with v(Z) < nN?", L < N2 to conclude:

n 2 2r 4r
S| |8 T
n= ", n n
Proof of Corollary B.3. From Theorem B.2 and with the change of variables A = ¢2/n?, we have

Pr< ! I1Z|)? >)\) <2Ne < n*\ >
— xp| — ————= |-
2Pl = 2 ) = SR 50@) + 2Lnva

Since the probability is also bounded above by 1, it follows that

o ol
2—1/2 N:N J,V:J\_/E—Uz

Ex N T T SN —In

op

Pr Zl|:, >A) <1A2Ne
(112 2 A) (- 5@y o)

)+1/\2Nexp(

3nﬁ>,

4v(Z 4L

and the expectation can be controlled as

1 o0
B |z, = [ (i, 20 ay
0

> nZ\ ° 3V
<[ 1Ar2N 1A2N
—/0 : eXp( <Z>)d”/o : eXp( iL )

For the first integral, we truncate at \; := 42(3 ) log 2N so that

> nZ\ > nZ\
1A2N A Y an = IN A Y an
/o e"p( 4v<Z>) ”/Al e"p( 4v<Z>)
4v(Z) 4U(Z)

=3 log2N +

(-
e (2
)

. 2
For the second integral, we truncate at Ay := (g—ﬁ log 2N ) so that

o 3nvA
1A2N — dA
[ nawen(-%57)

> 3n\/X
= 2N _
)\2—1-/A exp( 1L )d)\

2

_,,  L6LN <ﬁ+z?1)L> exp( 3mﬂ>
n

3n 4L
A=z
4L 8L 4L
= —log2N — | — log 2N + —
(3n0g )+3n<3 ©8 +3)
Adding up, we conclude that
4v(Z) 16L>

(2 +21log 2N + (log 2N)?)

1 2
B | 2] < 5 g2y +
as was to be shown.
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C. Proofs on Metric Entropy
C.1. Modified Proof of Theorem 3.1

For a full proof of the original statement, we refer the reader to Section B.1 of Hayakawa & Suzuki (2020), which corrects
some technical flaws in the original proof. Here we only outline the necessary modification to incorporate the bounded noise
setting.

Denote an e-cover of the model space by f1, -, fas. The only step which relies on the normality of noise £1.,, is a
concentration result for the random variables

&= E}l Slhile) - fo(xi))l/rz, 1<j<M,

[(Zz:l(f] (l’z) - f° (1,1))2]

where it is shown via the normality of € that

2l <40 .
E [1%‘?5%63] <4o°(logM +1)

We will instead rely on Hoeffding’s inequality. By writing ; = ijflm = Z?Zl w; ;& where

fi(ws) — f°(xi)
[y (f5 () — fo(24))?]

wji =

1/2°
since |w; ;&;| < olw; ;| a.s. it follows that

2u2 u2
Prilol >0 < 20w (oG ) = 2o (57

for all u > 0. Then the squared-exponential moment of each ¢; is bounded as

E [exp(te)] =1+ /100 Pr (exp(te7) > A) dA

*° log A
<1 2 — dA
<1l+ /1 exp < 202t>

§1+2/ A" 3% dA < 3
1

by setting ¢ = ;5. Hence via Jensen’s inequality we obtain

exp (tE [ max E?D <E [ max exp(ts?)] < iE [exp(te?)] < 3M

1<j<M 1<j<M °
J=1
and thus
E [ max a?} < 40%log3M,
1<j<M
retrieving the original result up to a constant. O
C.2. Proof of Lemma 3.3

Let us take two functions fe,, fo, € T n for ©; = (I';, ¢;), i = 1,2 separated as

[Ty = Tallop < 61, 1g§8§XN||¢1,j — $2,jllLo(pr) < 02

Then it holds that
|f@1 (X»yai’) - fez(Xa yvi‘)‘

17
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<|fo,(X,y,%) — fo,(X,y,7)|
_ ' <F1¢1T§X)y’¢l(j)> B <F2¢2(X)y’¢2(i)> ’

n

|61 @) 101Xy — 62() 161Xy + 62(8) T (X)y
— $2(2) T201(X)y + ¢2(F) "T2¢1 (X)y — ¢2(2) ' T2¢2(X)y
< L61(@) — 6@ lopl61 (X + 2@~ Talopllr (X)y

+ %II@(:%)HIIFz\\opII(¢1(X) — $2(X))y|l
- ( VNG&5Cy N B4,

ut B > los(alll + v > o) = ox(allu
< (VN63Cy 4 Bi61) By (B + o) + ByCoVVNOo (B + 0)
= BR(B+ 0)0; + 2BN (B + 0)CyVN6,.
Hence to construct an e-cover G of T y, it suffices to exhibit a d;-cover Gs of Sy and a d3-cover G+ of F  for

€ €
= —0s =) (5 =
2BR(B+0) " 4By (B +0)CoV/N

01

and set G+ = Gs x G £. For the metric entropy, this implies
V(TN7 ||‘||L°°;€) < V(SN7 ||'H0p7 51) + V(]:Nv H'||L°°752)'
We further bound the metric entropy of Sy with the following result, proved in Appendix C.3.

1 1
Lemma C.1. For ¢ < 3 it holds that V(Sn, || ||lop, 6) < N? log 5

Substituting into the above, we conclude that

12

B €
V(TN7||'HL°°7€)§N210g Nty -FN7|H|L°°> .
1By (

e B+ 0)Co/N

The choice of d2 is not important as long as the metric entropy of F  is at most polynomial in d5.

C.3. Proof of Lemma C.1
LetI'y,I's € Sy and consider their diagonalizations
T, =UAU], A =diag\ig, -, \in), =01,
where U; € Oy, the orthogonal group in dimension N, and 0 < A; ; < C3 foreach 1 < j < N. Assuming

5 5 ,
U1 — Usllop < 10y’ A1, — Az < 3 Vi <N,

it follows that

HFI _F2||op
= |U1A U] = U3 A UJ + U A U — UpAyUS + UpAy U — Us Ay U7 [fop
< 2| Az U1 = Ualop + [|[A1 — Az L~
1) 1)
<2052 40—y
< 205 405 ' 2

Moreover, the covering number of O in operator norm is given by the following result.
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Theorem C.2 (Szarek (1981), Proposition 6). There exist universal constants c1,cs > 0 such that for all N € N and
6 € (0,2],
N(N-—1) N(N-1)

(%1)* < N(ON, [llop, 6) < (%2) 2

Hence we obtain that

1) 0
V(SNa H'||OP75) S 1% (ONa ||'||0p7 403) + 1% ([Oac?)]N? ||HL°°7 2)

N(N -1 2

)
9 1

Finally, we remark that if elements of the domain Sy are not constrained to be symmetric, we can alternatively consider the
singular value decomposition and separately bound entropy of the two rotation components, giving the same result up to
constants. O

D. Details on Besov-type Spaces
D.1. Besov Space
D.1.1. VERIFICATION OF ASSUMPTIONS

It is known that the Holder space C*(X) = BS, . (X) for a > 0, ¢ N and the Sobolev space W3 (X) = By, (X) for
m € N as well as the embeddings B}, (X) — W;"(X) — B (X);if @ > d/p, By ,(X) compactly embeds into the
space of continuous functions on X. See Triebel (1983); Giné & Nickl (2015) for more details.

We first give some background on wavelet decomposition. The decay rate s = «/d is intrinsic to the Besov space as
shown by the following result, which allows us to translate between functions f € By (X ) and their B-spline coefficient
sequences.

Lemma D.1 (DeVore & Popov (1988), Corollary 5.3). If « > d/pand m > o+ 1 — 1/p, a function f € LP(X) is in
B (X) if and only if f can be represented as

F=2 2 By
k=0 ¢erg
such that the coefficients satisfy
00 1/p]49 1/q
1Bllog, = lz [Qk(a_d/p)<z |5/~c,e|p> ] ] < o0,

k=0 Ze[g

with appropriate modifications if p = 0o or ¢ = co. Moreover, the two norms || B

ba , and ¥l B, are equivalent.

We can now check that we have not given ourselves an easier learning problem with (5). In particular, Lemma D.1 implies
that for any f € U(By (X)) the p-norm average of B ¢ for £ € I ¢ at resolution k is bounded as

1/p
Ld Z ‘Bk,ﬂp < (Q_kd)l/p . 2k(d/p—a)Hf||ng < 2—k~a,
P |
and the coefficients 3 o = 2*’601/251M w.rt. the scaled basis (de/zwg)e)u satisfy

1 1/17

klgerd
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Thus it is natural in a probabilistic sense to assume E[Bg,e]l/” < (2k4)—a/d=1/2 This will be the case if for instance we
sample (Sx.¢) e I uniformly from the p-norm ball (17). This matches Assumption 4 up to the logarithmic factor and hence
the rate is nearly tight in variance, even though (17) only applies to the average over locations rather than each coefficient
explicitly. See also the discussion in Lemma 2 of Suzuki (2019).

Assumption 1. We take m to be even for simplicity. The wavelet system (wﬁlq o)ee rg. at each resolution K is linearly
independent; for any g € L?(X) that can be expressed as

Kd/2, d
9= § B, 02 /WK7e
Leld

we have the quasi-norm equivalence (Diing, 2011b, 2.15)

1/2
lglle = 2-“/2( ) 2“%%“) — 1(Br)eery I

Leld

which implies that the covariance matrix E . unif([0,174) [V 3. 5 (7). & (x) 7] is bounded above and below. Since we assume
P x has Lebesgue density bounded above and below, it follows that Y, is uniformly bounded above and below for all

K >0.

In contrast, any B-spline at a lower resolution £ < K can be exactly expressed as a linear combination of elements of
(wf(y o)ee re. by repeatedly applying the following relation.

Lemma D.2 (refinement equation). For even mandr = (ry,--- ,rq) ", 1= (1,--- ,1)T € R it holds that
m d m
w,‘i)e = Z 2(—m+1)dH (7.> .wg+1’2€+r_%1_ (18)
ri,,ra=0 i=1 v

Proof. The relation for one-dimensional wavelets is given in equation (2.21) of Diing (2011b),

L (z) =27 Z (T) L (2:0 —r+ %) ;
r=0

from which it follows that

d

wi o(z) = HLm(2kxi — ;)

i=1

m d
m m
= Z o(=m+1)d H ( )Lm <2k+11'i —20; —r; + *)
: T 2
71, ,7rg=0 i=1
m d m
—m+1)d d
= (=) H (r) 'wk+1,2£+r—%1(x)
71, ,ma=0 i=1 Nt
as was to be shown. 0

Therefore we select all B-splines at a fixed resolution K to approximate the target tasks,
N = |If| = (m+ 1+ 25)? < 254
and

K-1 K
N=> |I{|+1=N, N=) |I{|=<N.
k=0 k=0
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It is straightforward to see that 0 < wg’ ,(z) < 1forall z € X and moreover the B-splines (extended to all £ € 7% form a
partition of unity of R? at all resolutions:

Z w,‘i,@(a:) =1, VYezeRY Vk>0.

Lezd
Then for all z € X we have the bound
N
w;(x)Q _ Z 2Kd d < okd Z wKZ Kd <N,
Jj=N Leld Lezd

and hence (2) holds with r» = 1/2.

Assumption 2. For any 3 € supp Pg we have that

1ES oy < D || D Bt - 252

k=0 |l perd L= (Px)
< Z2kd/2 max|ﬁk e Zw,‘ie
k=0 Lerg Lo (X)
o 1/p
Z okd(1/2+1/p) ( Z |ﬂk£|p> Z w]vclZ
k=0 eeld terd Lo (X)
o0
< Z2kd(1/2+1/p) . (de)_a/d_l/QHF,gHB"
~ P,q
k=0

<(1—2¥P~l = B
Furthermore, the convergence rate of the truncated approximation F° o is determined by the decay rate of 5 in Lemma D.1

as follows (it does not matter whether we bound F N Or F5 N smce N N). We consider a truncation of all resolutions
lower than K so that N, N =< 25 Then it holds that

2
||F§_F§,NH%2(7>X):/ ( Z Biv; x) Px(dz)

j=N+1

S BBELS (@)

J,k= N+1
< i aorll?
> Ml_rfloo CallBx.all

=Cy Y > By

K=K (e1g

2/p
<y fzw—?/p( > wk,m)

k=K terg

8

oo
de . (2kd>720¢/d71
K

A

k=
—2aK
- 12 2a—2a = N7l

where for the last two inequalities we have used the inequality ||z||s < D'/2=/|z]|,, for z € R” and p > 2 in conjunction
with (17). Thus our choice of s = «/d is justified. Under this choice, (5) directly implies (4) as

Bgl55 ] S 27U K2 < N7 (log N) 2

21



Transformers are Minimax Optimal Nonparametric In-Context Learners

holds for the basis elements at each resolution X, that is for those numbered between N and N.

Remark D.3. When 1 < p < 2, the truncation up to N does not suffice to achieve the N —2*/¢ approximation rate, and
basis elements must be judiciously selected from a wider resolution range. More concretely, a size N subset of all wavelets
up to resolution K’ = [K (1 + v~1)] where v = pa/2d — 1/2 > 0 must be used (Suzuki & Nitanda, 2021, Lemma 2).
Hence the exponent is a factor of 1 + v~ ! worse w.r.t. N/ =< 2K d leading to the inevitable suboptimal rate.

To show boundedness of Tr(X 3, ~)» we analyze the composition of the aggregated coefficients 3 using the following result.

Corollary D.4. Forany 0 < k < k' there exists constants g s o0 > 0 for £ € I, 0" € I, such that

kd/2, d z k'd/2, d z
E Br.,e2 /wk,g: E Brr 02 /wk/,zu 51«,2/:2 Vi k' 6,0 Bre e

Lelg el Lelg

holds for all (Bk,¢) e ra. Moreover, it holds that

k—k')d/2 K —k)d/2
Z ViK' e, 00 < 2 )d/2. Z Vi k0,0 < oK =k)d/2,
ter verl,

The statement follows directly from the more general Proposition D.11, stated and proved in Appendix D.3 below, by
restricting to wavelets with uniform resolution across dimensions. Using Corollary D.4, we can refine each lower resolution
component of Fg to resolution K:

N K
TR SULTD ) L NCLLETES B i e epr e e
J=1 k=0r¢erf k=0¢erf terg
Thus each aggregated coefficient, indexed here by £ € I, can be expressed as
K
Br.e = Z Z Vi, K, 0,0 B,
k=0¢erg

Hence it follows that

51{2 ZZ%KM']EﬂBM]

k=0¢erd

K 2
( Z 'Vk,K,e,w> 9—k(2a+d)p.—2
0

Lerg

N

k

Q(k)—K)d . 2—k(2a+d)k—2

] =

=
Il
=]

K

5 Q—Kd . Z 2—2k0¢k—2
k=0

= N1,

from which we conclude that Tr(¥5 y) = Zza?{ Eg [qu] < N - N~!is uniformly bounded.

Finally for the verification of Assumption 3, see Appendix D.1.2.

D.1.2. PROOF OF LEMMA 4.4

We use the following result to approximate each wavelet w¢- ¢ atresolution K" with the class (6). The proof, in turn, relies
on the construction by Yarotsky (2016) of DNNs which efﬁ01ent1y approximates the multiplication operation.
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Lemma D.5 (Suzuki (2019), Lemma 1). For all § > 0, there exists a ReLU neural network & € Fpnn(L, W, S, M) with

L=3+2 [1og2 <3de(1 + dm—1/2(26)m+1)5—1) + 5] Mog,(d v m)],
W =Wy = 6dm(m + 2) + 2d, S =LW?, M =2(m+1)™
satisfying supp@ C [0, m + 1] and ||w o — @] Lo (x) < 6.
Here, § is also dependent on N.

Now consider NV identical copies of & in parallel, where each module is preceded by the scaling (x;)%, — (2Kx; — £,)L,

for ¢ € I% and whose output is scaled by 2 /2 n particular, these operations can be implemented by K < log N
consecutive additional layers with norm bounded by a constant. Hence each module ¢}, - - -, ¢7; approximates the basis

2Kd/2w;lw with 2K4/25 < \/N§ accuracy, and substituting §5 = v/N§ gives that
H"/J; - (b;k‘HLm(Px) <oy, N<j< N7

with L <logd~! +log N < log 5&1 + log N. Note that the sparsity S is only multiplied by a factor of IV since different
modules do not share any connections. Moreover the target basis has 2-norm bounded as

1/2 12
Wyn (@2 S < Z 2deK,é(x)2> < <2Kd Z wK,é(:l:)) = VN,

Leld jezs

where we have again used the sparsity of w,‘j , at each resolution. Hence we may clip the magnitude of the vector output ¢
by B/ and the approximation guarantee remains unchanged.

To bound the covering number of F , we directly apply the following result.

Lemma D.6 (Suzuki (2019), Lemma 3). The covering number of Fpnn is bounded as

€

L—1 2L\ S
N Foun LW 8.00), [, < (FE D)

Since clipping the magnitude of the outputs does not increase the covering number, we conclude:

V(fN7 ||'||L°°a€) < N’V(‘FDNN(Lv W, S, M)a H'||L°°>6)
1
< SNlogL+ SLNlogM + 2SLN log(W + 1) + SN log —
€

N 1
§N10g6—+N10g7.
N €

D.1.3. PROOF OF THEOREM 4.5

By Lemma 3.3 and Lemma 4.4, the metric entropy of 7 y is bounded as

N N2
V(T N, |-l €) S N?log — + Nlog —.
€ ONE

Combining with Theorem 3.1 and Proposition 3.2 with »r = 1/2 and s = «/d gives

_ . N N2 1 N N2
R(©) < —1logN + —log? N + N2/ 4 N252 + — ( N%log — + Nlog — | +e.
n n? T € ONE

Substituting 6y =< N~17%/4 and e < N—2%/¢ yjelds the desired bound. O

Remark D.7. We can see that the N2 log N term in the pretraining generalization gap is due to the covering bound of the
attention matrix I', while the entropy of the DNN class is only NV log N. Hence the required task diversity may be lessened
by considering low-rank structure or approximation of attention heads (Bhojanapalli et al., 2020; Chen et al., 2021).
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D.2. Anisotropic Besov Space
D.2.1. DEFINITIONS AND RESULTS

For 1 < p,q < oo, directional smoothness &« = (g, -+ ,aq) € Rio and r = max;<q4|a;] + 1, we define H'||Bg,q =
e + -1y where

e = { (SR [Py, @74, 27boap )T g < o0
Bra supgsg 25wy, (f, (2780, 27k @a)) q = 00.

The anisotropic Besov space is defined as

By o(X) ={f € L”(X) | |[flIBg,, < o0}

P,q

The definition reduces to the usual Besov space if a1 = - - - = «; see Vybiral (2006); Triebel (2011) for details. We also
write & = max; a;, @ = min; «; and the harmonic mean smoothness as

For the anisotropic Besov space, we need to redefine the wavelet basis so that the sensitivity to resolution k£ € Zx differs
for each component depending on «. Define the quantities

d d
kllaya =D lkafos|, Ip®:=][{-m,—m+1,.-- 2he/ody c z¢.
i=1 i=1
We then set for each k > 0 and ¢ € Ig’a

W7 () = 0 kasa | lkasaa)e (@) = [ [ m@Fe/ ey — 43),

i=1

and take the scaled basis
{05 1 j € N} = {2Wle/el2000 | | € Zso, £ € T}

with the natural hierarchy induced by k.

The minimax optimal rate for the anisotropic Besov space is equal to n~Tet (Suzuki & Nitanda, 2021, Theorem 4). Our
result for in-context learning is as follows.
Theorem D.8 (minimax optimality of ICL in anisotropic Besov space). Let o € R, with & > 1/p and F° = U(Bg ,(X)).
Suppose that P x has positive Lebesgue density px bounded above and below on X. Also suppose that all coefficients are
independent and

EslBre] =0, Eg[7,) S 27re@H/@k=2" vk >0, ¢ e 1} (19)

Then for n 2 N log N we have
NlogN NZ%logN
+ .
n T

R(O) < N2 4

1 2&
Hence if T 2 nN and N < n?3+1, in-context learning achieves the rate n~ %a+1 log n which is minimax optimal up to a
polylog factor.

D.2.2. PROOF OF THEOREM D.8

The overall approach is similar to Appendix D.1. The decay rate of functions in the anisotropic Besov space is characterized
by the following result which extends Lemma D.1.
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Lemma D.9 (Suzuki & Nitanda (2021), Lemma 2). If & > 1/pand m > @+ 1 — 1/p, a function f € LP(X) is in
MBg (X) if and only if f can be represented as

-4
f= 2 2 Prewii()
kezd pert>

such that the coefficients satisfy

} oo ~ 1/p q l/q
1Bllsg . = lz [zkalk'a/a/p< > Iﬁk,zlp> ] ] S flsg,-

k=0 eerde
Moreover, the two norms ||B~Hbg , and || f||Bg , are equivalent.

We again select all B-splines (wf(oz) terg at each resolution K to approximate the target functions. By repeatedly applying
the refinement equation for one-dimensional wavelets as many times as needed to each dimension separately, we may
express any B-spline at a lower resolution £ < K as a linear combination of (wf{(;) ters. similarly to Lemma D.2. See
Proposition D.11 for details. We thus have

d
N = ‘[}?ﬂ = H(m +1 4 2tKe/ail)y < ollKllasa,
i=1

Since [|k||lq/a = ka/a + Ok(1) always holds, it also follows that

K
N =Y
k=0

and similarly NV < N. Therefore,

K K
+1x= Z2”k||&/a = 2(29/&)’“ = oKa/a — N
k=0 k=0

N
1/1;(56)2 < 2”[{”&/& Z w;i(’oz(x)2 < QHKHQ/Q - N
=N terd

and the scaled coefficients decay in average as

1 1/p d -1/p 1/p
(IM' S Bee P) < (Hztka/ad> 2—|k|a/a/2< ) |ﬁw|”>
i=1

k Ze[]cci,oe EEI:’Q
< 97 Ikllaya/2=ka) £|| pa
~ p.q
— N_(a+1/2)||f||33_q~
For Assumption 2, we can check that
oo
d,
HEEHLwUuJEEE: 2: BhZ.QMMyamwh?
k=01l pe - L= (Px)
[e'e) 1 1/p
< Z 9(1/2+41/p)llklla/a ( Z |8k é|p>
= d, s
k=0 |Ik a| EEIZ,O
oo
< Z 9(1/241/p)lkllasa . 9=lkllasa/2—ka
k=0

< (1 _ QQ/au/p—a))’l _. B
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and for a resolution cutoff K > 0, N = 2llKlla/a the truncation error satisfies

1ES = Fo pliepy S D D Bia

k=K+1 gephe

oo 2/p
Y IIZ’“|12/’)< > |ﬁk,e|p>

k=K+1 ZGI:’Q

oo
Elasa . 9= lklla/a—2ka
< E ollkllasa . 9=llkllay
k=K+1

= 97 2Ka . 26
Thus we may set r = 1/2, s = & and take the variance decay rate (19) as

Eg[B2,] S 27 IHla/a@a+D) =2 o g—ka(2+1/@)p—2,

For boundedness of Tr(X 5 y ), we use the following result which is also obtained from Proposition D.11 by considering
resolution vectors (|ka/aq ], -, |ka/aq]) and ([K'a/aq], -, |[K'a/aq)).

Corollary D.10. For any 0 < k < k' there exists constants ~yy, j 4.0+ > 0 for { € Ig’a, e Ig;a such that

klla/a/2 da _ k' la/a/2 2 _
E B o2 Fllasa /2y E Brr 21 llas /Wk/ vy B = § Vi k' 0,0 Bk

eI verte terhe

holds for all (ﬁk,f)eelg*“' Moreover; it holds that

§ Ve o < 2UIFlla/a=I1Kllasa)/2, E Ve < (1K laya=Ilkllasa)/2.
cerd verh

We apply Corollary D.10 to refine all components of Fg y to resolution K:

K
Fin= Z Z B, e2*llasa/2 b Z Z Z Vi, ke, B e 21K s 2 da-
k=0

d,a d,a d,a
cerd k=0prerd> perd

Hence it follows that

[ﬂKz Z Z ’YkKM/]Eﬁ @w]

k=0 ¢epl
K 2
< Z ( z - KM/) o—ka(2+1/&) },—2
k=0 \¢eple
K
< Z ollkllasa=l1Kllasa . 9g—ka(2+1/a)p—2
k=0
K
< 9= I1Klla/a . 22—2kgk—2
k=0
= N1,

and we again conclude that Tr(¥3 y) is uniformly bounded.

The rest of the proof proceeds similarly to the ordinary Besov space. O
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D.3. Wavelet Refinement

In this subsection, we present and prove an auxiliary result concerning the refinement of B-spline wavelets and the recurrence
relations satisfied by their coefficient sequences.

Proposition D.11. For any k, k' € 72, such that k' — k € Z%, there exists constants Yy, s ¢ > 0 for £ € I, 0/ € I,
such that B ) B
> B2 2yl = N B w220l o B =Y ks, B (20)
Lerg el Lerg

holds for all (By¢) e ra- Moreover, it holds that

—||k —k 2 k' —k 2
E Verr oo <2 l I/ , E Ve < 9l /2
terd ver,

Proof. We proceed by induction on ||k’ — k||;. When k' = k + ¢; for some 1 < j < d, we can refine each wg,[ using
equation (2.21) of Diing (2011b) as

d
w,‘ig(x) = H b (2% — ;)
i=1
= 2—m+1 H Lm(Qk"’Ez — gz) in: (T:) lm <2kj+1.’bj — QEJ —Tr + 7;)

i;éj r=0
=27 Z ( ) Whte; b+ (Lj+r—2)e; ().

Since £ + (¢; + r — 2)e; matches a given location vector £/ € I, ,ifandonlyif £; = ¢; (i # j) and £} = 2¢; +r — '3
comparing coefﬁc1ents in (20) yields

>

m
Vi, k+e;, 0,00 = 2im+1/21{&':€2 (i#7)} ( m) :
f J f;- —20; + 5

Here, 14 denotes the indicator function for condition A. It follows that kte;,e0r > 0and

m _
DD 3 N PR ELED

ée]d ;€L

m
DR P SE A PRV EELE
l'el;;’+e A/

by considering parities.
Now suppose the claim holds for a fixed difference ||k’ — k||1. Applying the above derivation to further refine resolution &’

to k" = k' + e; for arbitrary j gives

d d d
terg verd, ererd,

where

: . m )
Broeser = 27" 21{@;—@;’(#]‘)}(@// 20, + m>5k',e'

Z/e["%/

=33 2P iy ((“ 20! + )’Ykk 0,0 Bre,e-

Lerg e’eld
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Hence we obtain the recurrence relation

m—+1
Vhok! e 0,07 = Z g—mH1/2 1{@/—5”(;&])}(” 20, + )%k 00,
é’eld

from which we verify that vy /1, ¢+ > 0 and
Z Vi, k' 4,0, = Z 2—m+1/ 1{/,75// (i)} <€” 2(’ > Z Vie,k? 0,0
terg el terg

< g2 k2§ <€H - 2”2/ m> — 9= (K =Kl +1)/2,
é’ €7

and furthermore

Z Ve ey 0, = Z Z g/ 1{5' =t (i#3)} <£// _ g/_ )’Ykk Ll

eerd very el
m+1/2
<27 Z > (Z” 20!+ )Wk/wf
el tfez
<2/ Z Yoot g0 < 2UF —RI+D/2,
el
This concludes the proof. O

D.4. Proof of Corollary 4.6

In order to approximate arbitrary ¢$ € U(B] (X)), we need the following construction instead of Lemma D.5. Note that
N’ corresponds to the number of B-splines used to approximate the target function and can be freely chosen to match the
desired error, which however affects the covering number of F .

Lemma D.12 (Suzuki (2019), Proposmon 1. Setm € N,m > 7+2~1/pandv = (p7—d)/2d. Forall N' € N sufficiently
large and ¢ = N'~7/4(log N')~1, for any f° € U(B} (X)) there exists a ReLU network f € Fpnn(L, W, S, M) with

L =3+2 [logy (37" (1 -+ dm™"/2(2)" ) ™) + 5] [logy(d v m)],
W=NW, S=(L-1)Wg+1)N',  M=O(N"+/d)
satisfying || f° — fl o (x) < N7/,

Also note that from Assumption 1 it follows that ||[t);]| o (p y) < CoocN /2 Setting N/ =< 6;,‘1/ " and applying the covering
number bound in Lemma D.6, after some algebra we obtain the following counterpart to Lemma 4.4.

Corollary D.13. For any 6 > 0, Assumption 3 is satisfied by taking
Fn ={llp, 00| ¢ =(¢;)} 1,05 € Fonn(L, W, S, M)}
where By = C N2 and
L=0(logsy"), W=003""), S=00y""logsy"), logM =O(logsy).

Also, the metric entropy of F  is bounded as

V(Fn, | lloe,€) < Nd_d/T log — log1 + log? 1 .
(SN € (SN
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Then by combining with Lemma 3.3 and Proposition 3.2 via Theorem 3.1, it follows that

N w1 N 1
V(TN,||-||Loo,e)§N210g—+N6Nd/ log — (log — +log? — | .
€ (51\/ € (5]\7

and
_~ N N2
R(©) < —logN + — log”’ N + N~2*/¢ 4 N26%,
n n
2 N N __q 1 N 5 1
—log — + =30y " log — | log — + log” — .
+T0ge+TN og5N<og6+og 5N>+6
Substituting 6y < N~1=%/4 and e =< N—2%/¢ concludes the desired bound. O

E. Sequential Input and Transformers
E.1. Definitions and Results

We now consider a more involved setting where the inputs x € [0, 1]¢% are bidirectional sequences of tokens and ¢ is
itself a transformer network.” For sequential data, it is natural to suppose the smoothness w.r.t. each coordinate can vary
depending on the input. For example, the position of important tokens in a sentence will change if irrelevant strings are
inserted. To this end, we adopt the piecewise y-smooth function class introduced by Takakura & Suzuki (2023), which
allows for arbitrary bounded permutations among input tokens. They show in such a setting that transformer networks still
achieve near-optimal sample complexity due to their parameter sharing and dynamical feature extraction capabilities; we
extend this guarantee to ICL of trained transformers.

v-smooth class. We first define the y-smooth function class introduced by Okumoto & Suzuki (2022). Let r € ngoo and
s € Ngxoo, where N = NU{0} and the subscript 0 indicates restriction to the subset of elements with a finite number of
nonzero components. Consider the orthonormal basis (3,.),. of L?([0, 1]¢X>°) given as

d \/icos(Zwrijxij) ri; <0
7/}7“(1.) = H H ¢Tij (xij)v qprij (‘rlj) =41 Tij = 0.

i€z j=1 \@sin(27rrij:cij) Tij > 0
The frequency s component & (f) of f € L%([0,1]9%>°) is defined as

3s(f) = > (f, ) r.

(2% =1 | <|rij|<2%i

For a monotonically nondecreasing function +y : Ngx"o — Rand p > 2,q > 1, the y-smooth norm and function class are
defined as

1/q
171730 :=< > 2q”‘s)llés<f>llz,m>

SGNSX"O

and
‘Fz,q(PX) = {f € LQ([O? 1]d><oo) | Hf”]'-g,q(Px) < OO}

The ~y-smooth class over finite-dimensional input space [0, 1]¢X™ is similarly defined.

In particular, we consider two specific cases of v for the component-wise smoothness parameter o € R’%OO, for which

we also define the corresponding degrees of smoothness af € R~(. Denote by (@j)j’L all components of « sorted by
ascending magnitude.

2We clarify that this is not equivalent to a multi-layer transformer setting where ¢ is the rest of the transformer. Instead, ¢ operates

on tokens x; separately, which may now themselves be sequences of unbounded dimension. The extracted per-token features are
cross-referenced only at the final attention layer feo.
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* Mixed smoothness: v(s) = (a, s), af = &; = max; j a;;.

_1),1.

* Anisotropic smoothness: v(s) = max; j a;;s;;, ol = (224,
:

Furthermore, the weak ["-norm of « is defined as ||c[|in := sup; j"dj_l forn > 0.

Piecewise v-smooth class. The piecewise «-smooth class is an extension of the «y-smooth class allowing for arbitrary
bounded permutations of the tokens of an input (Takakura & Suzuki, 2023). For a threshold V' € N and an index set A, let
{0} en be a disjoint partition of supp P x and {m) }aea a set of bijections from [2V + 1] to [=V : V]. Further define the
permutation operator II : supp Py — RAX(CVHD 49

(x) = (Try (1), s Tar2v41))s  if T € Q.
Then the piecewise y-smooth function class is defined as
‘@;q(PX) = {g =foll | fe ‘Fg,q(PX)a ”g”W;,q(PX) < 00}7

where

1/q
||g||¢@;,q(7vx)i=< > 2q”(8)||5s(f)oﬂlg,m> -

SENgX [-V:V]

Transformer network. Also borrowing from their setup, we consider multi-head sliding window self-attention layers with
window size U, embedding dimension D, number of heads H with key, query, value matrices K ("), QM) € RP*4 y(h) ¢
R%*? and norm bound M defined as’

Fam(U, D, H, M) = {9 : RIX0 y RIXo° ‘

Il VIQM oo VIV oo < M, g(a)i = it

H
Z V(h)xi—U:i+USOftmaX((K(h)fﬂi—U:i+U)TQ(h)Ii) }
h=1

We also consider a linear embedding layer Enc(z) = Ex + P, E € RP*? with absolute positional encoding P € R of
bounded norm. Then the class of depth J transformers is

FTF(JaUvaHvaI/Vvva) =
{fjogJo---ofl ogioEnc| ||E|| < M,
fi E]:DNN(LaWS7M)a i E]:Alln(U7D7H7M)}'

Next, we state the set of assumptions inherited from Takakura & Suzuki (2023). In particular, the importance function
makes precise a notion of relative importance between tokens which is preserved by permutations.

Assumption 5 (smoothness and importance function). 1 < g < 2 and:

1. The smoothness parameter « satisfies ||c||win < 1 and a;; = Q[i|") for some n > 1. For mixed smoothness, we also
require ai; < Q.

2. There exists a shift-equivariant map . : sapp Px — R such that g € U(FY ), |lpoll < 1 and Qy = {x €
suppPx | p(2)x 1) > -+ > p(@)r, 2vy1)} for all X € A. i is moreover well-separated, that is ju(x) ., () —
() 7y (v1) = Cuv ™2 for Cpy, 0 > 0.

3Here the ith column and (7, 7)th component of x € R** for i € Z, j € [d] are denoted by z; and x;;, respectively. These are not
to be confused with sample indexes (1) as those will not be used in this section.
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We focus on parameter ranges 1 < ¢ < 2 and i > 1 strictly for simplicity of presentation, but the cases ¢ = 1,¢ > 2 and
7 > 0 can be handled with some more analysis. Note that 7 > 1 ensures af > 0 for anisotropic smoothness.

Additionally, the assumption pertaining to our ICL setup is stated as follows.

Assumption 6. Forr € ngoo the coefficients B, corresponding to 1, are independent and satisfy for s € Ngxoo such that
the frequency component 05(f) contains the element 1.,

EslB,] =0, Eg[f2] S 27 CtV/aly(s)-2, @1)

Also Yy n =< Iy holds, for example P x is bounded above and below with respect to the product measure A4X on
2A(]0,1]9%°) of the uniform measure \ on %([0,1]).

We then obtain the following result for ICL with transformers:

Theorem E.1 (minimax optimality of ICL for sequential input). Let 7° = {f € U(Z) (Px)) | [|fllL~p) < B} for
some B > 0 where ~y corresponds to mixed or anisotropic smoothness. Suppose Assumptions 5 and 6 hold. Then for
n 2 Nlog N we have

r, NlogN N2V(A+1/ah) 5olvlog(N)

DA < N720¢
RO) 5 n T

2af
VT

1 _ 2o
Hence if T 2 nNWYe' gnd N = n2at+1, [CL achieves the rate n” za1+1 polylog(n).

This matches the optimal rate in finite dimensions independently of the (possibly infinite) length of the input or context
window. The dynamical feature extraction ability of attention layers in the Frp class is essential in dealing with input-
dependent smoothness, further justifying the efficiacy of ICL of sequential data.

E.2. Proof of Theorem E.1
Since the system (1), is orthonormal, we may take N = 1, N = N following Remark 2.1. We mainly utilize the following
approximation and covering number bounds.

Theorem E.2 (Takakura & Suzuki (2023), Theorem 4.5). For a function F° € U(Z2) ,(Px)),
K > 0, there exists a transformer Fe Fre(J,U,D,H, L,W,S M) such that

FO| Lo (pr) < B and any

1o — FOllrapay S 275,
where
J<SKY logU SlogK ViegV, D <K21H/miogy, H < (log K)Y/7,
L< K2 W<k gln g < ok/el g242/n o0 M < K vioglog V.
Theorem E.3 (Takakura & Suzuki (2023), Theorem 5.3). For € > 0 and B > 1 it holds that

DHLW M
log N (Fre(J,U, D, H,L,W, S, M), ||-||=,¢) < JL(S + HD?)log <> )

€

To analyze the decay rate in the -smooth class, we approximate a function f € L?([0, 1]9*°°) by the partial sum of its
frequency components up to ‘resolution’ K, measured via the  function:

Ri(f):= Y &(f).

y(s)<K

The basis functions v, are thus ordered primarily ordered by increasing ~(s).

Lemma E.4 (Okumoto & Suzuki (2022), Lemma 17). For 1 < q < 2 it holds that
If = Re(Fllezpr) S 275Ny, P
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Note that if v(s) < K then s;; < K/a;; S K/ i|” for all 4, j for both types of smoothness and so ||s]lo < dK'/7. In
addition, the number of basis functions 1, used in the sum for &, ( f) is exactly 2/l = I ;2% Theorem D.3 of Takakura
& Suzuki (2023) shows that the number of basis elements used in the sum R (f) satisfies

N = Z 2H5H1 < 2K/0¢Jr
v(s)<K

. . . . . t .
for both mixed and anisotropic smoothness. Hence the N-term approximation error decays as N ~“ so that the choice
N S
(2+1/aD)K in (21) is justified. Moreover for large K,

s lIsll of 1/
Z Z ||w'r'H%OO(PX)S Z oll Hl(\/§ 0)2521(/ +O(K*/m)

V() <K 2% | <[y <2%0 V(s)<K

s = af leading to the assumed variance bound N —2a-1 -

since ||7]jo = [s]lo, so that (2) of Assumption 1 is satisfied with r = 1/2. The second part of Assumption 1 holds
since (1), ezdxee is orthonormal w.r.t. A\4*°°_ Furthermore, the discussion thus far immediately extends to the piecewise

~-smooth class for any partition {2y } xea by composing with the permutation operator II.

We proceed to use Theorem E.2 to approximate each basis function 1),. o IT up to resolution K. Moreover, we can see from
the proof of Lemma 17 of Okumoto & Suzuki (2022) that we do not need to account for the sup-norm scaling of v, and
thus it suffices to find the parameter K’ € N such that the approximation error 2~ " < 0. Hence combining Theorems
E.2 and E.3, we conclude that

’ T 1
V(Fre(J,U, D, H,L,W, S, M), ||| L, €) S K®/MK"? . 2K /o K22/ . |’ |og =
€

1/0/r
1 1 1
< — polylog | N, — | log —
(SN 6N €

is sufficient to satisfy Assumption 3. Therefore, we can now apply our framework with B, =< N to obtain the bound

_ o~ N N2
R(@) S, ; logN —+ F 10g2 N + N_2QT + N2512V

N N 1y 1 1
+ T log - + T(SN polylog | N, 51\7) log - + e
Substituting 6 =< N~1=°" and e < N=2¢" concludes the theorem. O

F. Minimax Lower Bounds for ICL

In this section, we provide a scheme for obtaining lower bounds for the minimax rate in the ICL setup by extending the
theory of Yang & Barron (1999). The result is purely information-theoretic and hence applies to not just ICL but any
meta-learning scheme for the regression problem of Section 2.1 depending on the data D,, 7+ = {(X®), y® ")} T+
where the index 7" + 1 corresponds to the test task.

For this section we assume that the noise (1) is i.i.d. Gaussian, & ~ N(0, 02), instead of bounded. We also suppose the
support of P is included in B := {8 € R™ | |3;] < j**"'(logj)~?, j € N} and that the aggregated coefficients 3; for
N < j < N satisfy Eg [BJQ] < ag for some o3 dependent on IN. The proof of the following statement is given in Appendix
F.1.

Proposition F.1. Fore,, 1,ep,2,0, > 0, let Q1 and Q2 be the €, 1- and €, 2-covering numbers of Fn and B respectively,
and M be the 6,,-packing number of F°. Suppose that the following conditions are satisfied:

2 (0T +1)5322  + Canel 5) < log Q1 +log Qa,

8(log Q1 + log Q2) <log M, 4log?2 < log M. (22)
Then the minimax rate is lower bounded as
. ~ o 1
inf  sup Ep, [[If = [ 72(pr)] > 15721-

FiDn.r—R foeFo
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Finally, Proposition F.1 is applied to obtain concrete lower bounds for the settings analyzed above throughout Appendices

. _ 2o — _2a 27 . .
F.2-F.4. We prove the following rates: n~ 2»+4 for the Besov space, n~ 2a+2 + (n1")” 2v+4 for the coarser basis setting, and
2af

n  2et+1 for the piecewise y-smooth class. In particular, we can check that insufficient pretraining indeed leads to a worse

complexity for the second setting, while large 7" retrieves the faster rate n~ 2o+d. These results verify the optimality of our
previous results from the perspective of the sample complexity of meta-learning.

F.1. Proof of Proposition F.1

Let {(1)\), ﬁT +1)}M , be a §,,-packing of the class F° with respect to the L?(.X')-norm such that

DT (G o
||ﬁ¥l1¢m 5T+1 pl) ||L2(X) >6n, 1<j<j <M,

where M is the corresponding packing number. Then we have the following proposition as an application of Fano’s
inequality (Yang & Barron, 1999).

Proposition F.2. Let © be a random variable uniformly distributed over {(1)), BT +1) . Then, it holds that
(52 EX [IX(I:T«{»I) (@ y(1:T+1))] + log 2)
inf sup Ep, 2 = (1 - : )
fat g Bo [1F = £ol72(p ) = og 17

where I v+ (0, y ) is the mutual information between ©,y T+ for given X7+,

The mutual information I 1.7+1) (0, yT*1) is formulated more concretely as

(1:T+1) 0 X(l:TJrl))
Z (1:T+1) (1:T+1) p(y 10, (1:T+1)
fesupp ©

where p(y|9 X)) is the probability density of y conditioned on #, X and p,, is the marginal distribution of y:7*+1) where
w() = M is the probability mass function of ©. We let P9 (and Pya:g) be the distribution of y® conditioned on

6, X® (and X (1)) respectively, and let
M

_ 1
Py(1:T+1) = M E Py(llt)‘G(J)
Jj=1

be the marginal distribution of %7 +1) conditioned on X (1:7+1),

Next, we define the set {’(/J(])}Ql to be a €, 1-covering of Fy w.r.t. the norm d(¢,¢’) := /E,[[[¢(x) — ¢/ (z)]]?] with
€n,1-covering number ()1, and {ﬁ G )}?:21 to be a €, 2-covering of B w.r.t. the L? norm with €n,2-covering number (). By
taking all combinations of (1/;@ ), Bl ,)) for1 <j <Qiand1 < j < Q-, we obtain the covering {é(j )}?zl with respect to

the quantity £2 = 055%71 + Cae2 , where Q = Q1Q> and each 1) is given by 1) = (1) 3(72)) for some indices j;
and jo.

Then as in the discussion of (Yang & Barron, 1999), the mutual information is bounded by

(1:T+1)) _

M
Ixa:ri1) (0, y Z Pya:ring6) | Pyrs))

<[~ \

IN
i
'Mi H

Il
-

D(Py(1:T+1)|0(j) ||Py(1:T+1) ),

J

where D(-||-) is the Kullback-Leibler divergence and I5y(1:T+1) = é Z?Zl Pyairin g - If we let

k(j) := arg mlnD(Py(1 TH1)|9G) P, (1=T+1)|§(k>)’
1<k<Q
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then each summand of the right-hand side is further bounded by
IOg Q + D(Py(1=T+1)|9(J') ||Py(1:T+1)|9~m(j))~

Moreover, for § = (1, 3T+ it holds that
p(y(lzT+1) ‘9’ X(l:T+1))

p(y Py, XO) - p(y T |y, gD XTI+

I
=

&~
Il
—

I
=

/ p(y O, BO, XD )ps(B1)ABY - p(y T |y, g+ X T+,

o~
I
-

Then the KL-divergence can be bounded as

D(Py<1:T+1>|9<a‘> [1Pyrs1 e )

- ZD ( y<t)\1/)(7>|| (f)|1;(5(7))> +D (P (T+D) (), B(J‘) ||Py(T+1)‘w~n(j)7B~,(TﬁJiJl')))

T
S Z/D y(t>|w(1> 6<f)||P OIMICIENS 5(1))]%(5 )dﬂ(t

D(P | P o)
+ (D) |44 | g(Terl” y (T |hr() | [3( ()

where the joint convexity of KL-divergence was used for the last inequality. Since the observation noise is assumed to be
normally distributed, the integrand KL-divergence can be bounded as

S s 2
D (Py(t)lqp(j)”ﬁIle(t)‘w"'n(]‘)vﬁ) Z 202 (5T1/)(j)( @y _ ﬂTw(n(]))(xEt)))
=1
Hence, its expectation with respect to 3, X(*) becomes

PTG s)  Gr 2 96 g2
Exw g {D (Py(f«)h/;(j),B||Py(t)|1z,~(j)’5>:| = @H?/J — VL2 pyy < 52 Sl

In the same manner, we have that

D (P . P )
y(T+1) [ ﬁ§{3rl|| y(T+D el ﬁ( (J))

1 &y )
=53 Z (B(TQM(J)( (® ) — 5 J))Tw(m))( Et)))
i=1

n 1 : ~ ; T . K t T t T (k(j t 2
>k {(B(TJL — B e <>} +22 ; BT O @) - 560 @0))]

i=1

The expectation of the right-hand side with respect to X (T+1), BTj 1 is bounded as

EX(T+1) B(j) |:D (Py(T+1>|w<-7) B(J) || y(f)lwh(J)’BéﬂKii))>:|
CQTL j n j 5y (R
< 525188, - (;ﬁ”n? + ?oéllw”) AR

Cznz &2 N

Therefore, the expected mutual information can be bounded as

. nT
Ex[Ixarin (0,3 <log Q1 +log Qs +3 Uﬁ% 153 2 5En-

Applying Proposition F.2 together with (22) concludes the proof. O
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F.2. Lower Bound in Besov Space

Here, we derive the minimax lower bound when F° = U(Bjy  (X)). Recall that in this setting s = a/d. We fix a
resolution K and then consider the set of B-splines wfq, ¢ € I of cardinality N’ < 2X<  Considering the basis
pairs (wf 1, wk o), ..., (W nr_1,wk nv), We can determine which one is employed to construct the basis 1)(/). The
Varshamov-Gilbert bound yields that for Q = {0,1}"'/2, we can construct a subset Q' = {wy, ..., w16} C Q such
that || = 2V'/16 and w # w' € Q' has a Hamming distance not less than N'/16. Using this €', we set N = N'/2 and
M = 2N'/16 and define ()M, as 1/1(]) = Wi ;1 if wj; = 0and P = = Wi 5; if wj; = 1. We use the same B-spline

bases with resolution more than K for % (i > N) across all j.

By the construction of (1/(7)), if we set 81 = (04,...,04,0,0,...), then
1BV T — BT U3,y > 0B N/S.
Hence, for §2 < O’BN /8 < 1, the §,,-packing number is not less than 2% /8. Moreover, the logarithmic 6, -packing number

of {T1) | B € B} for a fixed j is ©(d, 1/3) by the standard argument.

Hence takmg Op = N , we obtain log M 2 N and the upper bound of the covering numbers log Q1 +log Q2 S
for 03¢} | < 07 and &, , = C67. where C'is a constant. Then, by choosing C' appropriately and £, 1 < N~'7* (so that
Q, < 2V), as long as

nTU%si’1 + néi SlogQp +logQe S N

is satisfied, the minimax rate is lower bounded by §2. Taking IV < nz+1, we obtain the lower bound

52 > po (23)

F.3. Lower Bound with Coarser Basis

We consider a generalized setting where X = R? x R% x ... x R? and take ng ) ¢ U(B;q(Rd)) and assume that
(N+1)times

B1 € [-1,1] and B; € [~03,05]. Since the logarithmic £;-covering and packing numbers of U(B] (R )) are ©(&; /T),
)) Therefore,

O'

those for the basis functionson j = 2,..., N + 1 become O(N&; d/T) and those for BB are ©(N log(

by taking €2 | = N&7 we see that

—d/T N0'2
nT(n1+05€nl)+n€n2§ ndl/T+N<En/*l) +N10g 1+ gﬁ
N 5n,2

should be satisfied. Moreover, by taking 5(27+d)/7 1/nT and €} , = Nlog(1+ N~2%/e? ,)/n we can balance both

sides. In particular, we may set
N
2, =—AN"%,

Ei,l = (nT)_#Ird, € -

n,2

d 27
Taking the balance with respect to N to maximize €2 ,, we have N = nZz+a and 5%71 = (nT)” 27+4. Therefore, the

minimax rate is lower bounded as

n,2»

02~ (14 03)e2 | + €2, n =i  (nT) " T, (24)

F.4. Lower Bound in Piecewise y-smooth Class

Suppose that we utilize the basis functions up to resolution K. Then, by the argument by (Nishimura & Suzuki, 2024), the
number of basis functions 1, in the K -th resolution is N’ =< 2%/ al, Moreover, the §,,-packing number of the y-smooth
class is also lower bounded by

log M > N’ polylog (6, N'). (25)
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—1/at ) .
Here, by noticing the approximation error bound in Appendix E.2, we take N’ < 4, /8" Where the basis functions are
chosen from the K'th resolution. As in the case of the Besov space, we construct (w(j))jle where M’ = 2N'/16 and
Y0 (z) € RY for N = N’/2 and [[4)\7) — ’(/}(jl)”%z(px) > N/8 for j # j'. Following the same argument as in the Besov
case, we need to take €,,,1 and €,, 2 as

“1/at
nTU%Ei)l + nsfm <6 e

__2af )
up to logarithmic factors. This is satisfied by taking 672172 = C0% < n” 2a'+1 with a constant C' and balancing N so that

_ _2af —2 _ 24t
0%5%71 = (nT) 2aT+1 JE“T“ = T~'n" 2a7+1, Combining this evaluation and (25) yields that the minimax lower bound is

given by

20,1'

62 > zal+r, (26)
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