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ABSTRACT

Physics-guided sampling with diffusion model priors has shown promise for
solving partial differential equation (PDE) governed problems, but applications
to chemically meaningful reaction-transport systems remain limited. We apply
diffusion-based guided sampling to gas-phase chemical reactions by training on
solutions of the advection-reaction-diffusion (ARD) equation across varying pa-
rameters. The method generates physically consistent concentration fields and
accurately predicts outlet concentrations, including at unseen parameter values,
demonstrating the potential of diffusion models for inference in reactive transport.

1 INTRODUCTION

Chemical kinetics |Atkinson & Carter| (1984)) is fundamental for understanding reaction mechanisms
and underpins applications from atmospheric chemistry to catalysis. Given a set of reaction
mechanisms, kinetic rate theory expresses the reaction rate of each chemical species as a function of
species concentrations and rate constants (Atkins et al. |2023). The resulting system of differential
equations governs the temporal evolution of species concentrations and is essential for modelling
complex reaction networks such as chemical vapor deposition (CVD) (Danielsson et al., [ 2020).

Classical numerical solvers for partial differential equations (PDEs), such as finite element meth-
ods (FEMs) (Monkl, 2003 [Kreiss & Scherer, |1974)), often require careful design of discretisation
schemes and solver parameters to achieve high accuracy. When applied to problems involving broad
parameter ranges or repeated parameter sweeps, this can result in significant computational overhead
and limited flexibility without repeated recalibration.

Recent work has shown that deep generative models, including diffusion models (Erichson et al.,
2025}, Kerrigan et al., [2024), can approximate the complex spatiotemporal structure of PDE sys-
tems. Building on this foundation, guided sampling methods using diffusion-based generative priors
have been proposed to produce physically admissible PDE solutions, with successful applications
to systems such as the Navier-Stokes equations and Darcy flow (Huang et al., 2024; Millard et al.,
2026). However, most existing studies focus on idealised benchmark problems, and applications to
realistic, parameter-varying physical systems remain limited.

In this work, we demonstrate that diffusion-based guided sampling, when trained on data spanning a
range of parameters, can generate accurate solutions to complex PDE systems at previously unseen
parameter values. We further show that this approach enables the simulation of gas-phase reac-
tion kinetics across multiple temporal scales and allows for accurate estimation of spatiotemporal
concentration fields from sparse observations.
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2 BACKGROUND

Time-Varying Partial Differential Equations. We consider time-dependent PDEs. For a spatial
domain €2 and a time horizon [0, 7], a PDE can be written as

flu,e,7a) =0, c€Q, 7€l0,T]
ule,7) =g(e,7), c€0Q, T€][0,T], (1
u(c,0) = a(c),

where ¢ denotes a spatial coordinate, 7 denotes physical (PDE) time, u € U is the PDE solution
field, a € A specifies the initial condition (and, more generally, fixed PDE coefficients) and g are
the boundary conditions.

Throughout this work, the abstract solution field u(c¢, 7) represents a spatiotemporal physical field.
In later sections we denote this field as a concentration field C'(c, 7) governed by a reaction—transport
PDE. The notation C'(-, 7) refers to the spatial concentration field over {2 at a fixed PDE time 7.

Sampling for Generative Diffusion Models. Generative diffusion models (Sohl-Dickstein et al.,
2015 |[Song et al.| [2021; Ho et al.l[2020; (Cao et al.| 2024} Karras et al., 2022)) provide a probabilistic
framework for sampling from complex, high-dimensional data distributions pgata ().

The forward process progressively corrupts paata () with Gaussian noise according to a noise sched-
ule 0y € [0, 0max), t € [0,T], yielding a reference distribution p(zr) ~ N(0,02,,.I). Sampling

proceeds by drawing z7 from this reference distribution and reversing the noising process to obtain
Zo ~ Pdata(2). The reverse-time dynamics are described by the stochastic differential equation

d(Et = —Zdtatvz logpt(xt,at) dt+ \V 20.'t0't th7 (2)

where W, is a Brownian motion and ¢; denotes a time derivative. Following |[Karras et al.| (2022)),
the score is estimated using a denoising network dy as
Tt — 59(%, Ut)

V. log pf (w1, 07) = 200 Tt 3)
0

Guided Sampling. We consider the setting in which physical parameters are fixed and known, and
the diffusion model prior is trained over realisations of the PDE solution field alone. Accordingly,
diffusion samples take the form

reX=U, 4
where x represents a discretised realisation of the PDE solution field, which in this work corresponds
to a concentration field at a single physical time. Conditioning on observations y, we aim to sample
from the posterior pg(z | y) x p(y | z)pe(x) where py(z) denotes the diffusion model prior.
Sampling is performed by simulating the guided reverse-time SDE

dl’t = _Qd—to-tvmt logpf(mt, O't) dt — thotvmt logpf(y | T, O't) dt + \/ Qd—tat dVVt7 (5)

where the additional gradient term provides guidance toward consistency with observations and
governing equations. We approximate the reverse process using a guided Euler-Maruyama (GEM)
update (Millard et al.| 2026)) (switching notation from continuous diffusion time ¢ to discrete diffu-
sion sampling indexes k)

xy, — dg(wg, 0% _
phor = @it oy~ D) OO (o2 )T, lowpaly | ax) + oy 02 C.
k
(6)

with ¢ ~ AN(0,I) and py denotes a likelihood function whose formulation is detailed in later sec-
tions. The time interval At is implicitly accounted for in the noise scheduler.

3 METHODOLOGY

Advection—-Reaction-Diffusion Model. We consider transport-reaction systems governed by
advection-reaction-diffusion (ARD) equations (Rubio et al.,|2008;|Cosner, 2014). A diffusion model
sample

x=C(, )
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Table 1: Outlet concentration summary averaged over common simulation-seed pairs for SMC and
ODE methods. We report the mean =+ standard deviation for all metrics: Root Mean Squared Error
(RMSE), Mean Absolute Error (MAE) and outlet concentrations of the chemical species at the final
timestep (Pred Final). Best values per species are shown in bold (lowest RMSE/MAE and closest
final prediction to GT). The RMSE and the MAE are the mean errors across all time steps.

Method Species GT Final Pred Final RMSE MAE
NO 9.710 x 1073  9.879 x 1073 £ 1.35 x 1072  5.445 x 104 £8.90 x 10~*  1.664 x 1074 +£2.00 x 10~ *
SMC 03 4942 x 1072 5.0983x 1073 +868 x 1072 5517x10°%+9.52x10"*% 1.694x 104 +1.98 x 10°4
NO2 2.464 x 1072 2.447 x 10724+ 1.50 x 1072  6.361 x 10~% £8.18 x 10~%  2.322 x 1074 +£1.92 x 10~*
NO 9.710 x 1073 7.020 x 1073 +9.51 x 1073 4.430 x 1073 £2.73 x 1073 1.681 x 1073 £ 1.19 x 103
ODE 03 4.942 x 1073 4.699 x 1073 £ 7.91 x 1073 3.468 x 1073 +2.17 x 1073 1.165 x 1073 £ 7.94 x 1074
NO2 2.464 x 1072 1.958 x 1072 +£1.13 x 10~ 2 3.467 x 1073 +2.46 x 1073 1.559 x 1073 £+ 1.24 x 1073

represents a discretised concentration field at a single physical time 7,, € [0, 7], corresponding to
the PDE solution field (-, 7,,) introduced in Section [2| In an axisymmetric cylindrical reactor of
length L and radius A, the concentration field Cs(r, z, 7) of species s evolves according to

oC, aCs 5
o u(r) 5, = DV-<Cs + R (C), @)

where r € [0, A], z € [0, L], D is the molecular diffusivity, and Rs(C) denotes reaction source
terms (Robert J. Keel, 2003). The axial velocity field is prescribed as

u(r) = 2y (1 - (2)2) .

Ulavg 1s the average cross sectional velocity which we assume is the same for all species. In our
experiments, physical parameters in the ARD model are treated as known and fixed and inference is
performed only over the concentration fields.

Residual-Based Likelihood for Time-Series Reconstruction. A time series of concentration
fields is reconstructed by applying the guided Euler—Maruyama (GEM) proposal within a sequential
Monte Carlo (SMC) framework (Chopin & Papaspiliopoulos} [2020; [Del Moral et al., 2006} [Zhao),
2026) with a diffusion prior (Millard et al.l |2026) independently at each physical time step 7,,. At
each 7, the diffusion process is initialised from Gaussian noise and a new SMC-guided denoising
procedure is run to reconstruct C(-, 7,,). At each step, candidate reconstructions of C'(-, 7,,) are eval-
uated using a likelihood that combines agreement with sparse observations and consistency with the
governing ARD dynamics.

We can express our likelihood in terms of the residuals of the sparse observations as well as the PDE
equation residuals. Therefore we define PDE residual likelihood function:

1 1 1

1 N
Oobs ]\/vobsH(C(ObS7./\4(91')Hz a :EHRn(C’C " )H; (8)

logp(y | z) < —

where M is a binary observation mask, C' denotes the physical concentration field corresponding
to =, Cops are the sparse observations of the ground truth concentration field, and oops, Opde are
relative weighting factors. Ny, are the number of sparse observations. Following Wu et al.| (2023)),
intermediate diffusion likelihoods are approximated by evaluating the likelihood at the denoised
reconstruction pf (y | z¢,0¢) ~ p(y | zo = d(x¢,0¢)) =: Pe(y | x¢), which coincides with the true
likelihood at time 0, pg(y | zo) = p(y | o). Defining the spatial ARD operator

aC 9’C 10 oC

where R(C') denotes the nonlinear reaction source term acting component-wise on the species con-
centration vector C, derived from the chemical reaction mechanism and kinetic rate laws. The PDE
residual at discrete physical times {7, } is

Cm —

Rn(CT O™ 1) = ———

+ F(C™), AT, =Ty — Tp_1, 1 >1. (10)

CT"jliis taken as the previous reconstructed field. At 7o = 0, the concentration field is prescribed
as C'"* = () as we assume no chemical species present at this time.
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Figure 1: Predicted species concentration at the outlet over time for an example simulation averaged
over three seeds. The quantitative results for these simulations are given in Table El

Table 2: Quantitative simulation results corresponding to Figures m Parameter values are Uyyy =
0.093, D = 6.43 x 1076, k = 7.51 x 103,

Method Species GT Final Pred Final RMSE MAE
NO 1.89 x 1072 190 x 1072 £1.96 x 1074  1.58 x 1074 £3.38 x 107° 817 x 107 ° +1.24 x 10~°
SMC 03 224 x 1079 1.37x107* £ 250 x 107°  7.41 x 107° £9.09 x 10°% 549 x 107° £7.75 x 10~
NO2 3.79 x 1072 3.74x 1072 43.80 x 107% 203 x107*£7.11x107°  1.08 x 1074 £2.71 x 107°
NO 1.89 x 1072 148 x 1072 +£3.24x 1073 290 x 1073 £2.78 x 1072  8.90 x 10~ * £7.88 x 10~*
ODE 03 224 x 1079  1.70x 1074+ 1.18 x 10~%  1.29 x 1072 +£1.06 x 1072 2.73 x 1074 £2.09 x 10~*
NO2 3.79x 1072 2.94x107246.91 x 1073 281 x1073+1.63x 1073  1.03x 1073 £6.25 x 10~%

4 EXPERIMENTAL SETUP AND RESULTS

Experimental Details. To evaluate the proposed method, we model the gas-phase reaction
NO + O3 — NO, (1)

using a reduced kinetic description involving the species set s € {NO, O3, NO3}. Assuming
elementary mass-action kinetics, the reaction source term R(C) appearing in equation (7| acts
component-wise on the concentration vector C' = (Cxo, Co,, CNno,) and is given by

R(C) = (= kCn0Cos,, —kCN0CO,, KCx0Co0,), (12)

where « is the second-order reaction rate constant. We consider an axisymmetric cylindrical reactor
of radius a and length L, with NO and Oj introduced at the inlet and advected downstream at
mean velocity Uavg, where they react to form NO,. Sparse sensors provide partial concentration
observations, and the objective is to reconstruct the full concentration fields and estimate outlet
concentrations.

We compare our method to a Guided Euler (GE) discretisation which is used to solve the reverse-
time ODE. Details of this can be found in Appendix [A.1] Synthetic training and evaluation data are
generated by numerically simulating the ARD equations for equation [T1] on the cylindrical domain
(r,z) € 0,A4] x [0, L] using a 64 x 64 grid and 32 logarithmically spaced time snapshots up to
71 = 30 seconds. Physical parameters are randomised across simulations and further details are
provided in Appendix [A.3] For evaluation, thirty simulations are randomly selected from the test
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set and the concentration fields are sequentially reconstructed at each physical time step 7,,, with
outlet concentrations estimated at each step. GEM is used within an SMC framework (Millard
et al [2026). Results are averaged over 3 independent runs per simulation. A schematic of the
experimental setup is also shown in Appendix [A.3| with further model training and sampling details

given in Appendix

Discussion. Performance metrics are reported in Table [T} and predicted outlet concentration time
series for an example simulation trajectory are shown in Figure[I] The methods accurately estimate
outlet concentrations for the higher-abundance species, while the lower-abundance species exhibit
larger relative errors despite maintaining low RMSE and MAE values. Because the governing ARD
equations conserve mass, small absolute errors in the higher-concentration species must be compen-
sated by the remaining species, which can lead to large relative errors for species present at very
low concentrations when compared to their ground-truth values. We notice that the GEM proposal
outperforms the GE method, with the RMSE and MAE errors being an order of magnitude smaller
for the former. Appendix [B|gives an ablation study of the RMSE and MAE with differing number
of observations inside the simulated reactor.

Appendix |C| presents reconstructed concentration fields across physical time for the SMC-GEM
method for the an example trajectory (corresponding to Figure[I|and Table2)) as well as the reactor-
wide species fraction change over the simulated period (Figure [3). These reconstructions closely
match the ground-truth fields, indicating that the larger relative errors observed for Og are unlikely
to be practically significant given the small absolute concentrations. The reconstructed fields further
demonstrate the model’s ability to capture gas-phase reaction kinetics across both short and long
time scales. Notably, although most reactive interactions occur within the first few seconds before
the system approaches equilibrium, the model accurately reproduces the full temporal dynamics
even when the data are sampled more densely at early times than at later times. These results also
show that our method was able to generalise across a range of different potential parameter values,
as none of the exact parameter combinations had been observed in the training dataset.

These findings demonstrate that guided sampling with diffusion priors can recover physically con-
sistent species concentration fields in reaction-transport systems modelling gas-phase kinetics. The
stochastic method produces superior results to the Euler method. The approaches generalise to pre-
viously unseen parameter regimes and accurately captures dynamics over extended time horizons.
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Figure 2: Diagram of the experiment.

A REPRODUCIBILITY

A.1 GUIDED EULER FOR SOLVING REVERSE ODES

Equation [6] gives the Euler-Maruyama discretisation which is commonly used to solve for the
reverse-time SDE. In order to solve the reverse-time ODE:

dry = —6,04(Va, logpf (we, 1) +logpi (y | we, 0v))dt, (13)
we can use an Euler discretisation which is given by the following:

T — 0g(xk, O 1 -
o1 = 2k + 5 (0% — oi)% + 501 — o)V, logpoly [ a).  (14)
k

Which we refer to as the Guided Euler (GE) discretisation method. Further details of the uncondi-
tional version of this can be found in|Song et al.|(2021) and |[Karras et al.| (2022).

A.2 PSEUDOCODE

Algorithm 1 GEM Algorithm

Require: dy(z;0), ok, 0k-1, Tk, @,y
1: Sample ¢, ~ N(0,1)
— §o(x
2 @ ¢ Tk %0(@k k)

2
O

3 xp_y < 2k + (07 — 03)(Ok + Vo, logpo(y | 2x)) + \/Ui_l —olep

4: return xy_q

Algorithm 2 GE Algorithm

Require: dy(z;0), ok, 0k—1, Tk, @, Y
x — do(Tk, ok)
o}
2 wpy a4+ 5(07_y — 07)(Ok + Vi, logPo(y | xx))
3: return xp_1

1: O +

A.3 SYNTHETIC DATA GENERATION DETAILS

All synthetic data are generated by numerically solving the transient ARD equation in an ax-
isymmetric cylindrical reactor of length L = 1.0 and radius A = 0.01. The spatial domain
(r,z) € [0, A] x [0, L] is discretised on a uniform grid with N, = N, = 64. The axial veloc-
ity field is prescribed as a Poiseuille profile u(r) = 2Uayg (1 — (r/A)?) .

For each simulation, the mean velocity Uy, is sampled uniformly from [0.01, 0.5] m/s, the molec-
ular diffusivity D is sampled log-uniformly via log,, D ~ U(—6.5, —4.5), and inlet concentrations
are sampled as ONO in, COz.in ~ U(0,0.05) and Cxoy.in ~ U(0,0.02) mol/m?. The reaction rate
constant  is varied by sampling temperature 7' ~ ¢ (270, 320) K and computing x = x(7") using a
standard Arrhenius-type expression.
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Time integration is performed using an operator-splitting scheme consisting of an explicit upwind
advection step in the axial direction, second-order diffusion in the axial and radial directions, and a
pointwise update for the bimolecular reaction kinetics. Symmetry conditions are enforced at » = 0,
no-flux boundary conditions at = A, and Dirichlet conditions at the inlet z = 0. Each trajectory
is simulated up to 7+ = 30 seconds, with 32 logarithmically spaced snapshots recorded between
Tmin = 5 X 10725 and 77, including the initial condition at 7y = 0.

Using this procedure, we generate 2000 independent simulations, yielding 64,000 three-channel
concentration fields of shape (3, 64, 64). Of these, 62,000 samples are used for training the diffusion
model (a U-Net architecture (Ronneberger et al.|2015))) and the remainder were used for evaluation.

A.4 MODEL TRAINING AND SAMPLING DETAILS

As the diffusion prior, we use build upon the [Huang et al.| (2024])) repository which itself builds upon
the Karras et al.| (2022) repository. A batch size of 64 was used when training the diffusion prior and
a total of 0.5 million gradient evaluations were taken over the dataset during training.

When sampling, for each method we use K = 400 discretised steps with the SMC method using 8
samples and the ODE only using 1 as the only randomness is the initial noise the samples are created
from and no criteria to choose the individual best sample. o,ns = 5 and opq. = 1 were used for the
variance parameters for all simulations.

The average run time for simulating all the trajectories was 2.659 x 10 4= 3.89s ~ 45mins for SMC
method and 1.686 x 10 £ 6.17s ~ 28mins for the ODE method. We note that the SMC method
does incur an extra inference time cost but produces superior results to the ODE method.

B ABLATION RESULTS

Table[3] gives the results of an ablation study for differing numbers of observations inside the reactor
cylinder. As expected generally the error decreases as we increase the number of observations from
the sensors however, we still report good RMSE and MAE values for lower numbers of observations
(Nobs = 25 ~ 0.6% of pixels in the data sample).

Table 3: Ablation simulation results for differing numbers of observations inside the reactor when
using the GEM proposal with an SMC framework. Mean =+ standard deviation are reported across
metrics.

Nobs Species GT Final Pred Final RMSE MAE
NO 1.89 x 102 1.90 x 1072 +2.48 x 10~° 1.95 x 10~% +6.80 x 1077 1.02 x 104 +£2.24 x 1072
25 03 224 x 1077 9.89 x 1075 +£882x107° 4.80 X 107%+1.22x10°° 3.16 X 10~% +6.89 x 10~°
NO2 3.79 x 10~ 2 3.76 x 1072 +3.83 x 10~ 4 4.55 x 10~% +1.55 x 1074 2.14 x 10~% £5.30 x 107
NO 1.89 x 1072 1.89 x 1072 £8.47 x 10~° 1.81 x 10~% £3.25 x 1077 9.24 x 1072 £ 1.56 x 10~°
50 03 2.24 x 107° 1.24 x 10”4 £ 2.11 x 107° 5.53 x 107° £ 5.30 x 106 4.05 x 107° +4.34 x 106
NO2 3.79 x 102 3.77 x 1072 £9.47 x 10~° 3.46 x 10~% +5.85 x 109 1.65 x 104 £1.95 x 1072
NO 1.89 x 1072 1.90 x 1072 +£3.06 x 107% 1.67 x 107* £2.61 x 1077 8.96 x 107° +1.23 x 107°
100 03 2.24 x 107° 1.13 x 10~% £ 6.00 x 107° 7.19 x 107° £1.33 x 1072 5.50 x 1072 £ 7.90 x 106
NO2 3.79x 1072 3.78 x 1072 +4.39 x 10~ 2,62 x 10”4+ 7.94 x 1072 1.14 x 10~% £2.90 x 1077
NO 1.89 x 1072 1.89 x 1072 +£8.05 x 10~° 7.91 x 107° £1.39 x 1072 5.75 x 107° £+ 1.04 x 10~°
200 03 2.24 x 107° 1.11 x 1074 £6.94 x 1072 7.43 x 1075 £ 1.07 x 1072 5.85 X 1077 +2.89 x 1076
NO2 3.79 x 10~ 2 3.78 X 1072 +£6.98 x 10~° 1.00 x 10~% £8.26 x 106 6.41 x 1075 +2.63 x 1076
NO 1.89 x 1072  1.89 X 10°2+1.43x 10% 5.85x 105 +8.63x10°% 4.57 x 107°%+£5.92x 106
300 03 2.24 x 1079 1.43 x 10~% +4.47 x 107° 7.48 x 1075 +£4.68 x 106 5.98 x 1072 +1.91 x 106
NO2 3.79 x 1072 3.77 x 1072 £1.23 x 104 6.84 X 1075 +1.21 x 107°  5.20 x 10~ % £5.67 x 10~¢
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C TIME SERIES GRAPHS

Reactor-wide species fractions vs time (from full fields) Reactor-wide species fractions vs time (from full fields)
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Figure 3: Change in the fraction of species present in the reactor over time.

T=0.05s

Ground truth Sparse observations Reconstruction Error [Recon - GT| a
- . o . T 0.0025
. ot r 00020
0.0015 5
. ot =3
.. 00010
. L W - . 0.0005
S 1 9.0000
F . 00025
< 00020
s
I <
£ 00015 F
. g &
g 00010
.. 8
. 0.0005
b— L 0.0000
- o
: 0.0025
5 00020
g T
2 00015 §
. g &
5 00010
.. S
0.0005
L 0.0000
()T =0.05
T=0.1173s
Ground truth Sparse observations Reconstruction Error |Recon — GT|
. .- . o
[ - 0.0030
s - - 0.04
. . 0.0025
. : §
L o03g 00020 _
B 5
. . g g
. - : 002 8 0.0015 &
.. g
B 8 00010
- T 0.01
.. - - 0.0005
= = 0.00 L 0.0000
. .. -
[ - - . 00010
. - -t c 0.0008
- . S
: H 5
. £ 00006 5
. ot g &
.. 5 0.0004
o ; L 0.0002
— = <L 0.0000
. L. ' ml
. " ) 0.004
HE ) 8 0003
g <
.. 2 5
&
" - .. 2 0.002 2
§
R 8
. - R S 0.001
e L 0.000

(b) 7 = 0.1173

Figure 4: Reconstruction fields and errors at different time points.
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Reconstruction fields and errors at different time points (continued).
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Figure 4: Reconstruction fields and errors at different time points (continued).
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