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Abstract

We provide a general convergence theorem of
an idealized stochastic Polyak step size called
SPS*. Besides convexity, we only assume a lo-
cal expected gradient bound, that includes locally
smooth and locally Lipschitz losses as special
cases. We refer to SPS* as idealized because it
requires access to the loss for every training batch
evaluated at a solution. It is also ideal, in that
it achieves the optimal lower bound for globally
Lipschitz function, and is the first Polyak step
size to have a O(1/+/t) anytime convergence in
the smooth setting. We show how to combine
SPS* with momentum to achieve the same favor-
able rates for the last iterate. We conclude with
several experiments to validate our theory, and a
more practical setting showing how we can dis-
till a teacher GPT-2 model into a smaller student
model without any hyperparameter tuning.

1. Introduction

Consider the problem

f(@) == Eeup [fe(x)], (D

x, € argmin f(z),
z€RY

where P is the distribution over data, and we assume there
exists a minimizer z, € R%. We refer to f¢(z) as the loss
function over the data & ~ P under parameters = € R?.

One of the main costs in developing new machine learning
models is training them, that is, finding an approximate so-
lution to (1). The training of GPT-4 is estimated to have
cost over $40M (Cottier et al., 2024). The elevated cost of
training bigger models, and the success of Adam (Kingma
& Ba, 2015), has sparked an intense research effort into
developing new stochastic optimization methods. Yet the
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performance difference among many newly developed meth-
ods is minimal when the step size is tuned (Schmidt et al.,
2021). Finding a good step size often involves multiple
re-runs on a subset of the data, which adds considerably to
this cost.

Here we advance the theory of an adaptive stochastic Polyak
step size. The Polyak step size uses both the current loss
and gradient norm to compute a step size at each iteration.

We show that if we had access to f¢(x,), the value of the
loss at the solution for each batch £ of data, a variant of
the stochastic Polyak step we call SPS* achieves the best
known rates across several subclasses of convex functions.
Specifically, we show that SPS* achieves either the opti-
mal rate when known, or the best known rate, for convex
functions, including Lipschitz, smooth, and strongly convex.
Furthermore we only require that these assumptions hold in
a ball around the solution. This mirrors the same result in
the deterministic setting for the Polyak step size (Hazan &
Kakade, 2019).

We also prove convergence in the finite-sum, convex and
continuous setting, without any additional assumption, for
which we are unaware of any other stochastic method that
provably converges.

We then show how to combine this Polyak step size with
momentum, in such a way that the last-iterate converges
at the optimal (competitive) rate in the Lipschitz (smooth)
setting. For this we use iterate averaging, which is one of
the many equivalent ways of writing momentum (Sebbouh
etal., 2021).

These fast and adaptive convergence results speak to the
strength of the SPS* method. However, they also show
that having access to f¢(z.) for every ¢ is a strong assump-
tion, which we can not expect to hold in general. But we
do consider two settings where f¢(xz.) is known or can
be approximated. The first setting is that of interpolation,
where typically fe(z.) = 0 or is relatively easy to com-
pute (Loizou et al., 2021). The second setting is one we call
blackbox model distillation. In this setting, we can query a
teacher (a larger pretrained model) with any input, but we
do not have access to the teachers architecture or weights.
Our objective is to train the student (a smaller model) on one



of the tasks that the teacher is accomplished. The teacher’s
loss on each input serves as an approximation of f¢(x.) for
the student. This enables us to use SPS* with momentum
to set the step size for the student, and train it efficiently
without having to tune any hyper-parameters.

1.1. Stochastic Polyak Step Size

Here we analyse the following variant of the SPS (Stochastic
Polyak step size) method

SPS* SPS* (fe(we) = fe(wa)) g

xt+1 - :Ct_’}/t Gt ’Yt = ||gt||2 (2)

where &; ~ P is sampled i.i.d at each iteration, and g; de-
notes either a gradient (smooth setting) or a subgradient
(non-smooth setting) of f; := f¢, evaluated at x;. Through-
out, we use the notation (z) 4 := max{z,0} for z € R. We
refer to (2) as a the SPS* method. We will prove several
anytime convergence rates for SPS*. By anytime, we mean a
proof that the method converges to any predefined tolerance
without prior knowledge of that tolerance.

See Table 1 for a comparison between our rates of conver-
gence, that of other variants of SPS, and the best known
anytime rates for SGD in each setting. For the SGD rates
within each setting, we included rates that rely on the global
problem constants. For instance, to achieve the GD/ Vit

rate in the G-Lipschitz setting, we need to set the step size
D 1

sy = g and we need to project the iterates of SGD
back onto the ball of radius D := ||xg — x,]|. In contrast,

SPS* achieves this rate without without access to G or D,
but with access to f¢(x,) instead.

The main downside to (2) is that it requires access to f¢(z.).
This is why we refer to SPS* as an idealized variant, both
because of its ideal convergence rates, and this idealized
setting of assuming access to f;(z.). In this sense, the
comparisons in Table 1 to alternative Polyak type methods
are not entirely fair, because they do not require such access
to fi(x.). Our message here is not that SPS* is a better
method than SPS;,.x, NGN or DecSPS, but rather that f;(z.)
is the object that we should try to approximate, or learn on
the fly.

Despite our claim that SPS* is an idealized method, we do
consider two settings where access to, or approximating,
ft(x.) is reasonable. One setting where fi(x.) is often
known is the interpolation setting, where we assume that
there exists a minimizer 2, € R< such that the loss over
every data is simultaneously minimized, in other words

Je(zy) = miélﬁgd fe(z), V& esupport (P).  (3)

Thus under interpolation, our model has a perfect fit (as
measured by f¢(x)) for every data point. Typically the loss
is a non-negative function and its infimum is zero (Loizou

et al., 2021), that is inf  cga fe(x) = 0. When this is the
case, we have access to every f¢ (z+), which happens to be
zero. Alternatively when inf f¢ () is close to zero, then us-
ing zero as approximation is reasonable. Finally, even when
inf fe(x) is far from zero, it can sometimes be efficiently
approximated (Loizou et al., 2021).

The ease of approximating inf f¢(z) is what motivated
SPSmax (Loizou et al., 2021) which uses the step size

) €T —1nfw z
P mln{ft( t) Hgt”2 fi( )7%}, )

where ~;, > 0 is an additional hyperparameter to safe-guard
against excessively large step sizes. Loizou et al. (2021)
present a comprehensive analysis of SPS;,,x in the non-
smooth, smooth and strongly convex setting. But in all
these cases, SPS;,ax 1S only guaranteed to converge when
interpolation holds. Outside of interpolation, SPS,,x con-
verges to a neighborhood of the solution. Here we show
that it is not necessary to assume that interpolation holds to
establish convergence of a SPS type method. Having access
to fe(x,) is sufficient.

To be clear, assuming access to f¢(z.) is not the same as
assuming that interpolation holds. Interpolation (3) imposes
constraints on the data and the model, usually requiring the
model to be overparameterized (Ma et al., 2018; Liu et al.,
2022; Gower et al., 2021). In contrast having access to
fe(z.) imposes no constraints on the model and data. Fur-
thermore, there are settings outside of interpolation where
fe(z4) can be known or reasonably approximated, such as
model distillation which we consider in Section 4.1.

As a secondary objective of our work, we also present TAM
(Iterate Averaging Adaptive method), a variant of SPS* with
momentum. We prove that in the smooth and Lipschitz
setting the last iterate of TAM converges as fast as the average
iterate of SPS*. As the last iterate is usually more relevant
in practice, this is the first time that a version of SPS with
momentum has some theoretical advantage.

Next we describe the related work to ours, and use the
context to detail our specific contributions. See Table 2 for
a high-level resume of our results.

1.2. Related Work and Contributions

Polyak step size. The Polyak step size was first intro-
duced by Polyak (1987) in the deterministic setting, where
he also proved convergence for non-smooth and convex
functions. Hazan & Kakade (2019) revisited the Polyak
step size and showed that for the class of gradient descent
methods (where we can only choose the step size), it has
the optimal convergence rate in the Lipschitz, smooth, and
strongly convex setting. Furthermore, it is optimal without
having access to any of the Lipschitz (G), smoothness (L),



Table 1. A summary of anytime convergence rates for variants of stochastic Polyak step size. Notation: D = ||zo — z«||,
0? = f(z«) — E[inf fe], 0pos = E[inf f¢], G = max, E¢ [||V fe(2)|?] . We compare to the stochastic Polyak
methods DecSPS , SPSmax (Loizou et al., 2021) and NGN (Orvieto & Xiao, 2024). The proof of convergence for SPS*
in the Lipschitz convex and strongly convex setting was first given in (Garrigos & Gower, 2023) and (Pedregosa &
Schaipp, 2023), respectively.

Algorithm Convex  G-Lipschitz L-Smooth L-Smooth G-Lipschitz
g finite sum  problems problems u-Convex u-Convex
LD?*4o2
DecSPS X X X 7 X
2
SPSmax x X LD 4 52L (1-4)' D+ 2k x
NGN X X Li/lzjz L(of+L<:/pzos)log(t) s@ X
2 GD LD? | o2log(t) 021 L?D? B> 1
SGD*® x 4 VAR v Wt A W
GD(1) GD LD? | oD 21 B2 1
SPS* Vi Vi IR Wt G
Remark 2.4 Corollary 2.2 Corollary 2.3 Theorem G.1 Theorem G.1
GTDU) GTD LD? log(t+1) Lo?D
IAM (new t t t t X X
(new) Remark 2.4 Theorem 3.2 Theorem 3.3 v

' The convex finite sum result assumes E¢ [f¢] = L > | fi and f; is continuous fori = 1,...

, N

) SGD* denotes SGD where we can use all the global constants D, G, L, 02 and p to set the step size. For the left
to right, these results can be found in Thm. 9.12 (Garrigos & Gower, 2023), Thm. 4.1 (Gower et al., 2021), Thm.
3.1 (Gower et al., 2019), Section 3.2 (Lacoste-Julien et al., 2012).

Under the additional assumption that the iterates of DecSPS are bounded, we have from (Orvieto et al., 2022) that
DecSPS converges at a O (1 / \/f) rate in the G-Lipschitz and L-smooth setting.

“ The paper claims an O (log(t)/t) anytime rate is possible, but does not give the explicit proof or constants.

or strong convexity () parameters. Recently, the proof of
convergence in the smooth setting has been generalized to
a broader class of relatively smooth functions (Takezawa
et al., 2024) and locally smooth functions (Richtdrik et al.,
2024). In the smooth and strongly convex setting, Barré
et al. (2020) show how to accelerate gradient descent with
the Polyak step size, and without having access to the strong
convexity parameter, but estimating it instead.

The stochastic Polyak step size. The current research
into the stochastic Polyak step size was kick-started by the
ALI-G method (Berrada et al., 2020) and SPS,,,. (Loizou
et al., 2021). Both ALI-G and SPS,,x offered a practical
stochastic variant of the Polyak step size with strong em-
pirical results to support their use. In terms of convergence
theory, for smooth and convex functions, SPS,,,x was shown
to converge to a neighborhood of the solution (Loizou et al.,
2021). To enforce that SPS,,,,x does converge in the smooth
setting, Orvieto et al. (2022) proposed the DecSPS method
that combines SPS,,,,x With a decreasing step size sequence,
and show that if the stochastic loss functions are strongly
convex and smooth, then suboptimality converges at a rate
of O(1/+/T), where T is the number of iterations. This rate

is slower than SGD in the same setting, which is O (1/T") .

As for SPS*, Garrigos et al. (2023) showed that it converges
with the optimal rate in the Lipschitz non-smooth setting.
Convergence in the smooth setting was shown in (Garrigos
et al., 2023; Gower et al., 2021), but under interpolation.

A proximal version of SPS was introduced in (Schaipp et al.,
2023) in order to handle regularization terms. More recently,
a new variant of SPS called NGN was introduced in (Orvieto
& Xiao, 2024) for specifically non-negative functions. NGN
uses a combination of Gauss-Newton and truncation to intro-
duce a dampened version of the Polyak step sizes. Though
NGN also converges to a neighborhood of the solution for
smooth functions, Orvieto & Xiao (2024) prove a O(1/v/T)
and O (1/T) complexity for convex and strongly convex
functions, respectively. Orvieto & Xiao (2024) also give a
O(log(T)/v/T) anytime result in the smooth and convex
setting.

Contributions. We present a unifying anytime convergence
in the smooth and non-smooth setting in Theorem 2.1 for
SPS*. Besides convexity, Theorem 2.1 only makes local
assumptions and thus applies to a broader class of functions
as compared to prior results. We then specialize this re-



sult into the locally Lipschitz and locally smooth setting
in Corollary 2.2 and Corollary 2.3, respectively. Our proof
also leverages a new trick, where we explicitly invert a con-
vex monotone function (Lemma C.1). We show how this
trick is used in a sketch of the proof of Theorem 2.1 in
Section D.1. Finally, our convergence result in the smooth
setting in Corollary 2.3 is the first O(1/v/T) anytime result.
Furthermore, this convergence result is adaptive to interpo-
lation: As we get closer interpolation, o2 approaches zero,
and the convergence rate in Corollary 2.3 automatically
switches from O(1/v/T) to O (1/T).

Momentum. Polyak (1964) introduced the momentum
method through the heavy-ball viewpoint. In the determin-
istic setting, Polyak (1964) showed that it converges at an
accelerated rate for strongly convex quadratic functions.
Only rather recently, a global convergence was established
for smooth and non-smooth functions without strong con-
vexity (Ghadimi et al., 2015).

In the stochastic setting, there is little to no theoretical ad-
vantage for using momentum for SGD, unless we consider
the specialized setting of minimizing a quadratic (Lee et al.,
2024; Bollapragada et al., 2024). The main theoretical im-
provement from using momentum in the stochastic setting
for general convex functions is that the last iterate x; of
momentum converges at the same favourable rate as the
average iterate of the SGD iterates (Sebbouh et al., 2021;
Defazio & Gower, 2021). The analysis in (Sebbouh et al.,
2021) relies on an equivalent reformulation of momentum
known as the iterate averaging viewpoint, which we also
use in this work. Recent online-to-batch conversion tech-
niques can also achieve the same rate of convergence of the
last iterate of SGD without momentum, albeit with slightly
worse constants (Cutkosky, 2019b). These online-to-batch
techniques rely on monotonic step sizes, and thus are not
applicable to Polyak-type step sizes.

Stochastic Polyak with momentum. In the stochastic
setting, some very recent works have considered different
ways of blending SPS with momentum (Schaipp et al., 2024;
Wang et al., 2023). The first analysis of a variant of SPS
with momentum was developed in Wang et al. (2023). Their
ALR-SMAG method is the result of choosing a learning rate
that minimizes a particular upper bound on ||z;41 — .||
for the iterates of momentum or heavy-ball. The current
analysis for ALR-SMAG shows that it has a slower conver-
gence as compared to SPS unless 3; = 0, which corresponds
to using no momentum. The same issue holds for the re-
cently introduced MoMo method (Schaipp et al., 2024), which
empirically reduces the tuning effort for the learning rate
across many tasks, but theoretically has best bounds with no
momentum, that is, when the method is equal to SPS. An-
other recent approach that combines SPS with momentum

is proposed by Oikonomou & Loizou (2024), introducing
MomSPSmax and its variants, MomDecSPS and MomAdaSPS.
These step sizes guarantee convergence in the stochastic set-
ting without relying on the interpolation condition. Instead,
they assume in addition that the iterates remain bounded.
Specifically, MomSPSmax achieves an O(1/t) convergence
rate to a neighborhood of the solution, while MomDecSPS
and MomAdaSPS converge to the exact solution with a rate

of O(1/V/2).

Contributions. We prove that the last iterate of our mo-
mentum variant of SPS (Algorithm 1) converges anytime in
(i) the convex and locally Lipschitz case (see Theorem 3.2)
and (ii) the locally smooth case (see Theorem 3.3). Fur-
thermore, in the non-smooth setting, the convergence rate
in Theorem 3.2 is at least as fast as the corresponding rate
for SPS* in Corollary 2.2.

Adaptive methods. Historically, line search procedures,
such as Armijo line search (Armijo, 1966), used to be com-
monly employed to estimate the smoothness around the
current point when the exact smoothness constant L was not
known. More recent works have shown that it is also possi-
ble to estimate the value of L using the previously observed
gradients (Malitsky & Mishchenko, 2020; Latafat et al.,
2024). Furthermore, in the last decade, more line-search
(Nesterov, 2014) and bisection (Carmon & Hinder, 2022)
methods have been proposed that adapt simultaneously to
smooth and non-smooth objectives. Unfortunately, most of
the approaches either don’t have strong guarantees in the
stochastic case or require large batch sizes.

In online learning, when the Lipschitz constant of the ob-
jective is known, coin-betting approaches (Orabona & Pal,
2016) can be used to adaptively estimate distances to a so-
lution. When the Lipschitz constant is not known, one can
either use restarts (Mhammedi & Koolen, 2020), which re-
quire a lot of extra work, or use a technique called hints
(Cutkosky, 2019a), but the latter introduces even more hy-
perparameters.

AdaGrad (Streeter & McMahan, 2012; Duchi et al., 2011)
and its variants offer an alternative by estimating the gra-
dient magnitudes instead of estimating smoothness. These
methods can be combined with momentum and achieve
strong complexity results, but they either require bounded
domain (Levy et al., 2018; Kavis et al., 2019) or are only
studied in the deterministic setting (Li & Lan, 2023). Fur-
thermore, most variants use step sizes that can only decrease
over time, meaning they will not adapt if the problem curva-
ture becomes flatter. This has been partially addressed by a
series of new methods that have an increasing estimate of
distances to the solution set (Defazio & Mishchenko, 2023;
Ivgi et al., 2023; Khaled et al., 2023), but their stochastic
guarantees are provided only for large batch sizes (Ivgi et al.,



2023) or the interpolation setting. We compare to the most
relevant of these works in Table 2.

Contributions. Our theoretical results show that the SPS*
method is adaptive to the following settings and parameters:
smoothness (L), initial distance (D), Lipschitz (G), interpo-
lation (02) and strong convexity (14). The precise definition
of these parameters and constants are given later.

2. Stochastic Polyak Step Size

Before giving our convergence proofs, we first will motivate
SPS* as the step size that minimizes an upper bound on
the distance to a minimizer. Suppose we are at iteration ¢,
have drawn a batch of data §;, and let g, := g¢, (x;) be the
stochastic (sub)gradient evaluated at ;. For short-hand we
will also use f; := f¢,. Consider an iterate of SGD,

Tt4+1 = Tt — YtGt,

where y; > 0 is the step size. The subgradient g; € 9 f;(x¢),
by definition satisfies

fe(@) = filze) + (ge, 2 — 1), Vo € R Q)
Now consider the task of choosing ~; that brings ;.1 as
close as possible to the solution z... In general, this is impos-
sible since we do not know x,.. However, we can minimize
the upper bound

41 = @al® = lloe — 2|
= =2 (g0, @ — x) + 77 |19l
< =2 (folze) = folz) + 27 g, (©)
where we use (5) in the inequality. Minimizing the right-
hand side under the constraint 7, > 0 gives the step size

spse  (fe(me) — fe(xe))4
K P @

which together with SGD gives the SPS* method (2).

Note that in (7) we divide by the squared norm of the
stochastic gradient, which could be equal to zero. This
is only possible if (fi(xt) — fi(z4))+ = 0, so we define
7P8* .= 0if g, = 0. That is, if the stochastic gradient is

zero, no step is taken.

2.1. Convergence Theory for Convex Problems

We now give our unifying convergence theorem for SPS*,
that aside from convexity, only assumes in (9) that the ex-
pected norm of the stochastic gradients is bounded within

Bp(r.) = {z € R': |l — .|| < [lzo — . }.

Later we show how this local bound can be specialized into
a smooth and non-smooth setting. In Appendix G we give
an analogous result for the strongly convex setting.

Theorem 2.1. [Convergence of SPS*] Consider prob-
lem (1) and let the iterates (z;);>0 be given by (2), and
let D = ||zg — .|. I f¢ : RY — R is convex with prob-
ability one, then the iterates are almost surely monotone:

lzip1 — zo||* < |lzp — x.||* with probability 1. (8)
If there exist A, B > 0 such that for all x € Bp(x.)
Ee [llge(2)?] < A(f(2) = f(z)) + B, 9

then for 77 := L 77! ; we have that

D%A n D2B
T T

E[f(z7) — inf f] < , VT eN. (10)

Because our proof makes use of a new technical lemma
that may find uses elsewhere, we give a sketch of the proof
in Appendix D.2. The full proof is also in Appendix D.2.

Next we specialize Theorem 2.1 to a non-smooth and
smooth setting, as we show in the next two corollaries.

Corollary 2.2 (Non-smooth setting). Consider the set-
ting of Theorem 2.1 where A = 0 and B = G > 0.
In other words, the following expected locally Lipschitz
assumption holds:

Ee [llge(2)II°] < G,

It follows that

Vo € Bp(z,). (1)

E[f(zr) —inf f] < 22

VT e N. 12

Corollary 2.3 (Smooth setting). Consider the setting of
Theorem 2.1 where A = 2L and B = 02 := inf f —
E¢ [inf f¢]. That is, we assume local expected smoothness:

Ee [llg¢(2)|?] < 2L(f(z)—inf f+02), Va € Bp(a.).
(13)
It then follows that

AL|zo — .| . V2|zo — 4|03

E[f(zr) - int f] < =0

(14)

For the non-smooth setting, it is typically assumed that the
loss functions are globally Lipschitz, uniformly with respect
to &, which in turn gives a global bound on the stochastic
subgradients. Here instead we require very little: the convex-
ity of our losses entails that f; is G¢-Lipschitz on Bp(z*)
(see Corollary 8.41 in (Bauschke & Combettes, 2017)), so
we only need to assume that the expectation E¢ [G¢] is finite.
An advantage of this local Lipschitz assumption is that it



always holds true for finite sums (just take the maximum
over G¢). Another advantage of our local assumption is
that it is compatible with strong convexity. Indeed there is
no function which is both globally Lipschitz and strongly
convex, see e.g. Lemma 9.13 in (Garrigos & Gower, 2023).

Despite this additional generality, we achieve a O(1/v/T)
convergence rate which is the optimal lower bound for
the class of convex Lipschitz functions (Drori & Teboulle,
2016). Currently this rate can only be achieved by combin-
ing adaptive methods such as AdaGrad (Duchi et al., 2011)
together with knowing and using ||z¢ — .|| to set the learn-
ing rate or a projection radius (Orabona, 2019). In contrast,
our oracle requires knowing f¢(z.). We note that a weaker
version of Corollary 2.2 was first established in (Garrigos
et al., 2023, Thm. 2.3), where the losses f¢ are assumed to
be globally Lipschitz.

As for the smooth setting, it is typically assumed in the
literature that the loss functions f¢ are globally smooth,
uniformly with respect to £ (Gower et al., 2020; 2021; 2019).
This assumption is a sufficient condition for our inequality
(14) to be true, see Garrigos & Gower (2023, Lem. 4.19).
Our result instead requires much less: all we need is that the
losses f¢ are locally smooth, and that their local smoothness
constants are uniformly bounded with respect to £&. We defer
to Proposition B.6 in the appendix for a formal proof that
such local smoothness implies (14). In particular, one can
see that our assumption is always verified if we are dealing
with a finite sum of class C? losses.

Our smooth result in Corollary 2.3 is, as far as we know, the
first O(1/+/T) anytime convergence rate for a stochastic
variant of the Polyak step size, assuming only smoothness
and convexity. Note that SGD has a O (log(T")/T") anytime
rate in this setting, see Appendix F.

Another interesting aspect of the convergence rate in (12)
is that it is adaptive to interpolation. When there is no
interpolation (¢2 > 0), the convergence is dominated by
the O(1/v/T) factor. On the other hand, as o2 gets closer
to zero, the convergence rate in (12) approaches O(1/T),
which is the expected accelerated rate of SGD under inter-
polation (Vaswani et al., 2019). We are unaware of prior
work that establishes an anytime rate of convergence that is
adaptive to interpolation. Though we show in Theorem E.1
in the appendix that the complexity of SGD can adapt to in-
terpolation. We further contrast our rate to the best known
anytime rate for SGD and SPS,,,,x in Appendix F.

Remark 2.4 (Finite sum). We emphazise that for finite-
sum minimization f = % >-r_, fi, our assumptions are
drastically simplified. Assumption (11) in Corollary 2.2 is
automatically true ; and assumption (14) in Corollary 2.3
is true when the f; are locally smooth, for instance if they
are of class C2.

We have shown that SPS* has the optimal rate of conver-
gence in the non-smooth setting, and a fast adaptive anytime
rate in the smooth setting. This motivates us to think of
SPS* as an idealized variant of the stochastic Polyak step
size. In Appendix H we show how several practical variants
of the stochastic Polyak step size, that do not need access to
fe(z4), can be viewed as approximations of SPS*.

3. Momentum and the Iterate Moving Average
Method

The SPS* method is missing one important and practical
ingredient, which is momentum. Furthermore, our previous
convergence only holds for the average iterate, whereas the
last iterate is often preferred since it is used in practice.

Momentum is often presented as replacing the gradient with
an exponential moving average of gradients as follows: for
v > 0and 3; € [0,1), let

my = Bimi—1+ g, Tig1 = T — Yemg. (15)

To derive our momentum variant of SPS, we will make use
of the equivalent reformulation given by

2t = Zt—1 — MG, (16)

)\t+1 1
Ty + z
T+ Aegr 0 T+ Aegr

Tiq1 ) an

where 7; > 0 and \; € [0, 1] are hyperparameters. Though
not obvious, the x; iterates in (17) are equivalent to the x;
iterates of Momentum (15) by choosing a particular map-
ping between (8¢, ;) and (A, 1), see Defazio & Gower
(2021, Thm. 1) and Lemma 1.1 for convenience.

Inspired by both Wang et al. (2023) and Schaipp et al.
(2024), we now choose the learning rate 7; in (16) that

minimizes an upper bound on D; := ||z; — z.||?. We have
Dy = Dyy = 204 (gs, 201 — &) + 17 |91

Using convexity we have that

(Gt, 2t—1 — Tu) = (gt, Tt — Tu) + (Gt, 2e—1 — T1)
> fo(we) = fe(@a) + (g, 2e—1 — @)
With this bound we have that
Dy < Dy1 + 17| ge||?
= 20¢ [ fe(e) = fe(wa) + (90, 201 — 1) |-
We will use this upper bound to choose an adaptive learning

rate. Minimizing the right-hand side over 7, > 0 gives

[fe(@e) = fo(me) + {96, 201 — @) |,
ne = 5 . (19)
lgel
We refer to (17) with the learning rate (19) as the Iferate
Averaging Adaptive Method (IAM) method, for which we
give the complete pseudo-code in Algorithm 1.

(18)




Algorithm 1 TAM: Iterate Averaging Adaptive Method.

Input: z_; =29 € R4, N\, > 0,fort =0,...,T
fort =0toT —1do
[ft(xt) — fe(zs) + (gt 261 — $t>h
l|g:11?
= Rt—1 ;ntvft(xt)
t+1
Ty + A
T+ At ! T+ A1 !

n =

Tt41 =

Return: zr

3.1. Convergence Theorems

Again D; = ||z; — x.]|?. Our proofs all start from plugging
in the step size (19) into (18) giving

(felwe) = fulw) + (g 21— 4) )
lge|l®

Dy <Dy —

Lemma 3.1. Let f; be convex for every £. The distances
of iterates z; of Algorithm 1 to a solution z, € R? de-
creases monotonically, that is, with probability one

2 2 2
2t =2 |® < flzey —@ll® < -0 < flzo — 24l
This type of monotonicity for stochastic methods is very
rare, with the only other example that we are aware of
being SPS* (cf. Theorem 2.1). To complete the convergence
proofs, we will telescope the recurrence on D; and bound
the gradient norm on the denominator.

3.2. Non-smooth Setting

For our first proof we consider the setting where f¢ could
be non-smooth, thus g¢ denotes a subgradient of f.

Theorem 3.2 (Non-smooth setting). Consider the iterates

of IAM in Algorithm 1 with the learning rate (19) and

At = t. Let fe be convex for all §. Let D := ||zg — 2|,
max

z€Bp () E§||gg(;g)”2’
By(z,y) = f(=) — f(y) = (VS(¥), 2 —y).

The suboptimality of the last iterate x7 is bounded by

G? =

T
E[f(ar) — f(z2)] + o S tE[By(m_1,70)]

T+1
D

< G0 20)
T+1

This rate of convergence (20) is the same as SPS* (Corol-
lary 2.2), with two notable differences: First this rate for TAM
holds for the last iterate, as opposed to the average of the

iterates, and second, this rate for IAM (20) can be faster than
that of SPS* due to the additional Bregman divergences.

Theorem 3.2 restricts the parameter choice of \; = ¢, which
when translated back (See Appendix I for details) to the
momentum method (15) restricts the parameters (¢, 5¢) to
By = H%l% and v, = ti—‘Q for all £. To allow for other
parameter settings, we provide Thm. J.1 in the Appendix,
which allows for any deceasing (\;)¢, but does not establish

a last-iterate convergence.

3.3. Smooth Setting

Here we consider the setting where we assume that the loss
functions f¢ satisfy a local expected smoothness condition.

Theorem 3.3 (Smooth setting). Let f¢ be convex for all
£. Assume local expected smoothness (13) holds. Let x;
be the iterates of Algorithm 1 (IAM) with \; = ¢. It holds

E[f(zr_1) — f(zs)] < 2L||zo — x*lﬁ(log(T) +1)

V/2Lo2||zg — x|
+ = . 21
VT @D

Analogous to the SPS* result in (14), the above shows that
IAM is adaptive to interpolation, since equation (21) gives a
O(1/T) convergence in the case of interpolation (o2 = 0).

In contrast to the convergence of SPS* in Corollary 2.3
the rate of convergence of IAM in (21) has an additional

log(T + 1) on the non-dominant O(%H) term.

4. Experiments

Here we present several numerical results. First, we test
the extent of our convergence theory for SPS* and IAM. Ac-
cording to Remark 2.4, both SPS* and IAM will converge
for differentiable convex finite-sum problems, even when
the loss is non-smooth and non-Lipschitz. We test this on
Poisson regression in Appendix L.1, where we show that
TAM converges to a loss value comparable to L-BFGS, and
to SGD with the best step size chosen from a grid. In Ap-
pendix L.2 we investigate how IAM behaves when fe(z.) is
wrongly specified (or guessed inaccurately). Finally, in Sec-
tion 4.1 we use IAM and an Adam variant of TAM for model
distillation.

4.1. Black-box Model Distillation

Here we consider a variant of knowledge distillation where
the goal is to train a small model (called student) while
having access to a pretrained, large model (called feacher).

The main idea we propose here is that, when training the
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Figure 1. Distilling a teacher GPT2 on three datasets. Adaptive learning rate of IAM and learning rates of SGD (top) and cross-entropy

training loss (bottom). Black line marks the average teacher loss.

student, the loss of teacher model for a given batch £ can be
used as an approximation of f¢(z.).

For a given batch £ ~ P from the training set of the stu-
dent, denote by f () the loss function' of the student with
weights x for batch £. Denote by fg the loss of the pre-
trained teacher model for the same batch. Since the teacher
is a significantly larger and more expressive model, we can
assume that even after training the student, its loss will not
fall below f7. Thus, we use fg’(m*) ~ f{ for the TAM
method (Algorithm 1) to train the student.

Many variations of knowledge distillation have been pro-
posed (Hinton et al., 2015; Beyer et al., 2022; Hsieh et al.,
2023). The variant we present here is slightly different to
previous works in that it requires only access to the batch
loss of the teacher model (and not to the logits). We discuss
this relationship in more detail in Appendix L.3.

We use three different datasets, tinyShakespeare, PTB
and Wikitext2. As teacher model we use a pretrained
GPT2 model with 774M parameters (Radford et al., 2019;
Wolf et al., 2020). The student models are much smaller
GPT2 architectures. All details are deferred to Appendix L.3.
Our results are in Figure 1. We compare IAM and TAM-Adam

IThis is usually the cross-entropy loss for the language model-
ing tasks we consider.

(TAM with an Adam preconditioner, see Appendix K) to
SGD and Adam with (i) constant learning rate, and (ii)
warmup+cosine-decay schedule; tuning procedures are de-
tailed in Appendix L.3.

We find that both versions of TAM achieve the best resulting
loss on all three problems. Consequently, when we are able
to load a suitable pretrained teacher model, we find that
IAM is able to efficiently train a student model without any
hyperparameter tuning.

5. Limitations

The limitation of our methods is that they require the batch
loss at an optimal point. Because of this, outside of appli-
cations that interpolate, or our model distillation setup, it
could be hard to find an applications for SPS* and IAM.
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Table 2. A summary of related work and conceptual differences to our approach and the
work in AcceleGrad (Levy et al., 2018), UniXGrad (Kavis et al., 2019), AC-FGM (Li &
Lan, 2023), Prodigy (Mishchenko & Defazio, 2024), and USFGM (Rodomanov et al.,

2024).
Algorithm . Last Smooth Non-smooth Unboun.ded Sto.ch. Can increase
iterate problems problems domain gradients step size

AcceleGrad X X0 v X 4 X

UniXGrad X X 4 X

AC-FGM X v v 4 X v

Prodigy X v v v X v

USFGM v v v X v X

SPS* (our result) X v v v v v

IAM (ours) v e v v v v

() AcceleGrad’s smooth analysis is for deterministic problems.
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A. Comparison of Adaptive Methods

In Appendix A we make a qualitative comparison between our methods SPS* and IAM and other adaptive methods.

B. Convex Analysis and Subgradients

Here we introduce and define some of the more technical bits of convex analysis we need throughout the paper. In particular
we make precise the technical assumptions that we are making on the functions f¢, which correspond to the assumptions
made in the Section 9 of Garrigos & Gower (2023).

Throughout our paper, we consider for every sampled data { a loss function f : R? — R taking finite values. We also
always assume that f¢ is convex, which implies that it is continuous on R? (see Proposition 3.5 in (Peypouquet, 2015)).
Nevertheless, we do not always assume that our loss functions f¢ are differentiable. For example, f¢(z) could be defined
with an absolute value, such as fe(z) = |wETx — ye| where wg is a sample feature vector and y a target value. In general,
instead of using gradients we will making use of subgradients, which play a similar role.

Definition B.1. Let f : R? — R, and x € R?. We say that g € R is a subgradient of f at x € R? if

foreveryy € RY,  f(y) — f(2) — (9,y — @) > 0.

Since our loss functions f¢ are convex and continuous, we are guaranteed that at every = € R?, there exists some

14



subgradient that we will note g¢ () (the existence of such subgradient is stated in [Prop. 3.25](Peypouquet, 2015) and [Cor.
8.40](Bauschke & Combettes, 2017)). In our proofs we will often need to take the expectation of these subgradients ge ()
with respect to £. To be able to do this, we must formally assume throughout that the function £ — g¢ () is measurable for
every x € R?. This will for instance allow us to say that the expectation of ge () is a subgradient of f at = (see Lemma 9.5
in (Garrigos & Gower, 2023)).

We know give some technical details about locally smooth functions, which is the assumption made in Corollary 2.2.

Definition B.2. We say that f : RY — R is locally smooth if it is differentiable and if V f is locally Lipschitz continuous.

Note that this definition is equivalent to require V f to be Lipschitz continuous over any bounded subset of R%. A simple
example of locally smooth functions are C functions: their hessians are locally bounded by continuity, so the mean value
inequality entails that their gradients are locally Lipschitz.

Lemma B.3 (Local descent lemma). If f is locally smooth, then for every bounded set B C R? there exists L > 0 such
that

L
forallz,y € B, f(y) — f(z) ~ (Vf(x),y — ) < lly —all* 22)

Proof. This is just a local version of the classic proof of the descent lemma, see e.g. Lemma 1.30 from (Peypouquet, 2015).
Without loss of generality, we can assume that B is convex and compact (simply replace B with its closed convex hull). By
compactness, we know that V f is Lipschitz continous on B, for some constant Lz > 0. We can then start the proof and fix
x,y € B. Define the auxiliary function g(¢t) = f((1 — t)z + ty) — t{V f(z),y — x) for ¢t € [0, 1]. It is differentiable and
verifies

which is equivalent, by definition of g, to

) — f(@) — (Vf(a)y — o) = /O (VA(1— )z + ty) — Vf(z)y — ) dr.

Now we use the Cauchy-Schwarz inequality, together with the Lipschitzness of V f (note that z := (1 — t)z + ty) belongs
to B which is convex!), to obtain

fy) = f(2) = (Vf(x),y — )
/O V(1 =)z +ty) = V(@)|lly — | dt

IN

IN

1
[ L@t s ) = ally - ] as
0

1
= /LBt||y—x||2dt
0

L

_ 2

Locally smooth functions verify locally the following useful bound:

Proposition B.4. If f : R? — R is locally smooth and bounded from below, then for every bounded set B C R there
exists Lg > 0 such that

forallz € B, ——|Vf(@)|2 < f(z)— inf f.
2Lp
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Proof. This proof is just an adaptation of a classical result (see e.g. Lemma 2.28 from (Garrigos & Gower, 2023)) by
making use of additional local arguments. Here again, without loss of generality, we can assume that B is compact. Let Lp
be the local smoothness constant provided by the local descent lemma B.3. Let 7' : R? x R — R? be the map defined by

T'(z,v) =z —yVf(2)
Because V f is supposed continuous, we know that 7" is continuous. Now we define
K:={z—~«Vf(z)|z € B,y €0, %}} c R4

From our definitions it is clear that K = T'(B x [0, - s ])- In other words, it is the image of a compact set by a continuous
function, which means that K is compact. It is also clear that K contains B (simply take v = 0). Now we can use again
the local descent lemma B.3 to obtain that f verifies (22) with a constant L. Without loss of generality, we can assume
that Lx > Lp (simply replace Ly with max{Lk,Lp}). Now we can end the proof. Let x € B be fixed, and define
yi=x— in(a:). By construction, z € B C K and y = T'(, L ) € K. So we can use the descent lemma inequality
on K to obtain

Ly,
flo = g2V I@) = fl@) = (Vf(@), -2 V@) < Sz V@)
Rewriting and reorganizing terms, we obtain further
1
fla — V@) - (&) < ~ 52— V)P
K
We obtain the desired result by observing that f(x — iv f(z)) > inf f. O

Definition B.5. We say that the family ( f¢) is uniformly locally smooth if, for every bounded set B C R, there exists a
constant Lp > 0 independent of £ such that each f¢ is Lg-smooth on B.

It is easy to see that any finite family of locally smooth functions is uniformly locally smooth: simply take the maximum of
the local smoothness constants. In particular, any finite sum of C? functions is uniformly locally smooth.

Proposition B.6. Suppose that the family of functions ( f¢) is uniformly locally smooth and bounded from below. Then,
for every bounded set B C R4, there exists Lz > 0 such that

forallz € B, E|[|Vfe(2)|?] <2Lp(f(z) — E [inf f¢]).

Proof. By definition of uniformly locally smooth functions, there exists Lg > 0 such that each function f¢ is L g-smooth
on B, which means that we can use Proposition B.4 to write

1
forallz € B, ——|Vfe(2)|? < fe(x) — inf fe.
2Lp
The conclusion follows after taking expectation with respect to . O

C. Auxiliary Lemmas

Lemma C.1. Let A, B > 0 which are not simultaneously zero. Let ¢(t) = =5 t 55 be defined for ¢ > 0. Then ¢ is convex
and increasing over [0, +00), and its inverse is 1)~ !(s) = 1(sA + V/s?A% + 4sB).

Proof. The function ¢ is twice differentiable over [0, +00), and we can compute

At* + 2Bt _ (2At+2B)(At + B)? — 2(At? + 2Bt)(At + B)A  2B?

Y (t) = G B2 and  ¢"(t) = (4l + B)? " (At+ B)¥

It is immediate to see that ¢’ and )"’ are positive, from which we deduce that v is convex and increasing.
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Next, consider two cases. If At + B = 0, this implies ¢ = 0 and ¢(0) = 0, thus ¢»~1(0) = 0. If, however, At + B # 0, for
s > 0 it holds

t2 )
t) = — = t? — Ast — Bs = 0.
Y(t) = s = yTE Ak s s
The last equation has a unique nonnegative solution which is ¢t = %(SA + Vs2A? + 4sB), from which we deduce the
expression for 1)1 O

We will use the following lemma which is often used to study methods AdaGrad type methods.

Lemma C.2. Let ¢y, ..., c; > 0 be some non-negative numbers with ¢y > 0, and denote S; = ZE:O ¢;, then

t
@
VS: < ;} s (23)

Proof. The proof of the lemma can be found in various sources, for instance in the Appendix A of Levy et al. (2018),
but since it is very short, we will provide it here for completeness as well. Observe that for any o € [0, 1], it holds
a >1—+/1— a. Substituting o = ¢ /Sy, € [0, 1], we get

Ck Ck Ck
= 21— /1- = > /S, — /St —cx =S —/Sr_1.
S, = S, — \/Sik > S Sk — ¢k Sk Sk_1

Summing the last inequality from k£ = 1 to k = ¢ and using /Sy = \/C—LO, we get the claim. O

We also rely on the following result.

Lemma C.3 (Extended Titu’s Lemma). For any random variable X and positive-valued random variable Y, it holds

2[O5]5 & X)%

24
% E[V] @4
In addition, for any numbers ag, . . . , ax and positive numbers by, . . . , by, we have
k 2 k a 2
Z (a)i > (tho t)+ 25)

Proof. The proof follows from applying Jensen’s inequality to the function ¢(z,y) = (2)% /y. To prove that ¢ is convex
takes some work, and it is given in Lemma A.4 in Garrigos & Gower (2023). We also provide a different proof that (2, y)
is convex in the following Lemma C.4 by viewing ¢(z, y) as a perspective function. The discrete result (25) follows from
applying (24) with uniform distribution over {ao, ..., ax} and {bo, ..., b }. O

Lemma C.4. Consider the function ¢ : R x R — R, (z,y) — ¢(z,y), where

B ity >0,
p(z,y) =140 if (y = 0) A (z < 0), (26)
+oo else.

Then, ¢ is closed, proper and convex on R x R.

Proof. Define the convex function h(z) := (x)3.. From Combettes (2017, Def. 2.1), it follows that ¢(x, y) defined as i2n (26)
=0

(a:r:)+

is the perspective function of h, that is, for y > 0 we have ¢(z,y) = yh(x/y); for y = 0, we compute lim,—, oo
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if x < 0 and 400 otherwise. The perspective functions of closed, proper, convex functions is convex itself (Combettes,
2017, Prop. 2.3). O

Here we show that the expected smoothness bound (13) is a consequence of assuming that f¢ is almost surely L—
smooth.

Lemma C.5. Let fe be L-smooth for every &, that is let

felw) € fel@) +(Vel)y - o)+ Sy — ol @

As a consequence we have that
E [IIVfe(@)I”] < 2L(f(z) —inf f +07), (28)

where

02 := f(z.) — E[inf f¢] > 0.
The proof can be found in Garrigos & Gower (2023, Lem. 4.19).

D. Missing Proofs
D.1. Sketch proof of Theorem 2.1

Here we give a sketch of the proof of Theorem 2.1 so that we can better highlight the main ideas behind the proof, and the
main novelty.

Theorem 2.1. [Convergence of SPS*] Consider problem (1) and let the iterates (z;);>0 be given by (2), and let D :=
lzo — zs||. If fe : R? — R is convex with probability one, then the iterates are almost surely monotone:

lzip1 — 24 ||* < |lzs — x4 ||* with probability 1. 8)
If there exist A, B > 0 such that for all x € Bp(z.)
Ee [[lge(@)1*] < A(f(2) = f(2)) + B, ©)
then for Zp := 4 Y"1 ' #; we have that
D?A D2B
E[f(Zy) —inf f] < 7 T T VT e N. (10)

Proof Sketch. Plugging the SPS* step size (7) into (6) and re-arranging gives

(fele) — felm))d
lge11?

e = 2| = llwesr — 2.

Taking expectation conditioned on z;, and using that the map (21, z2) > (21)2/z. is jointly convex on R x Rxq (cf.
Lemma C.4) together with Jensen’s inequality, we get

(fl@) = f@)i _
Eflol? =

2 — 2u|? = Ee [[lzes1 — 2?] -

We can then use our main assumption (9) to bound the denominator of the left hand side giving

(f(xt)_f(x*))2 —xl? = T —z.|?
A @) —fan B S oozl —Eefloe — o]
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Taking expectation again, and averaging both sides over £ = 0,...,T — 1 and telescoping we have that

— f(z:))? lzo =zl Efllzr —2.]]* _ |lzo — z.[?
*Z [ f(:v*))JrB = T T = T

t=0

The final step of the proof, and the main technical novelty, follows by defining the function ¢ (r) = 45 +p forr >0,

and noting that the left hand side of the above is equal to 7 ZtT;Ol E [¢(f(z¢) — f(z4))]. We then apply Lemma C.1 in
the appendix that shows that 1 is a convex monotone function. Being convex, we can bring the average over ¢ and the
expectation inside ) giving

o — @1

Ef(@) = fle)]) < ——5

Finally, Lemma C.1 also proves that ¢ has an inverse given by
Y7l(s) = L(sA+ /5242 + 4sB).
Applying this inverse to both sides and using that 1) ~! is monotone, gives the result. [ End proof sketch.

Next we give the complete and detailed proof of Theorem 2.1.

D.2. Proof of Theorem 2.1

Theorem 2.1. [Convergence of SPS*] Consider problem (1) and let the iterates (z;);>0 be given by (2), and let D :=
2o — 2«]|. If fe : R — R is convex with probability one, then the iterates are almost surely monotone:

llztr1 — 2 ||* < |lze — 24 ||* with probability 1. ®)
If there exist A, B > 0 such that for all z € Bp ()
E¢ [llge(2)[1?] < A(f(2) — f(@)) + B, ©)

then for Z7 := + Zt o ¢ we have that

2
E[f(:?:T)—inff]gDTAJr\/D;B, VT € N. (10)

Proof. For short-hand we use f; := f¢, to be the stochastic function sampled at iteration ¢. Expanding the squares, using
the definition of the algorithm and using the convexity of f¢, we have that

SPS*<gt,w*— o) + (177)? e
297 (folwe) = fol@) + (F5)? e

= 0, thus the right-hand side of the above is zero, and (8) holds. Suppose

lwepr = 2all® = oo — 2] = 2y,

IA

If g; = 0, then by definition we have that 7% =

instead that g; # 0. Substituting in v:75* gives

(fe(xe) — ft(x*))i
g1

A

_2<ft<xt>;t{;<x*>> (fulw) = flo) +

(i) = fel(zi))
llg¢12

41 = @ l® =l — ]|

)

where in the last equality we use the identity z(z); = (z)%. Note that in both cases we obtained a nonpositive right-hand
side, from which we deduce that (8) holds, that is, (z;);>0 is Fejér monotone.

Now, let a; := fi(x) — fi(2«) and b; := ||g¢||*, and define the function

2
oab) = @i ifacRb>0,
’ 0 ifa <0,b=0,
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so that the previous inequality can be rewritten as
Plag, be) < oy — wul? = s — 2. (29)

Note that ¢(ay, b;) is well-defined even in the case that g; = 0. Indeed, the convexity of f; implies in this case that x;
minimizes f;, which means that a; < 0 while b; = 0. Our main trick is to use Jensen’s inequality with regard to the function
¢ which is convex (see Lemma C.4 or the Appendix in Garrigos & Gower (2023) for a proof):

S(E[ar] , E[be]) < E[¢(ar,0)] < E [l — 2.l|?] = E [[lwr41 — 2] - (30)
We can compute E [a;] = E [fe, (z1) — fe, (2.)] = E[f(z;) — inf f] and E [b] = E [||g.]%].

For the rest of the proof, we are going to use the fact that there exist two constants A, B > 0, which are not simultaneously
zero, and such that (9) holds, that is

E [||g5(x)||2] < A(f(x) —inf f) + B, forevery x € B(x,, D). 31
We are now going to inject this inequality (31) into (30). If E [||g[|?] # 0, using the fact that f(z;) — inf f > 0 we obtain

— inf f]?
e < 6Bl B <E o - 2.l?) - B [l - o], @2

Recall that we defined v (r) = ﬁ forany r > 0. Let r; := E[f(x¢) — inf f]. With this notation, the inequality (32) can
be rewritten as
Y(re) <E [z — 2.]]?] — E [lzeer — 2.7 - (33)

We observe that (33) remains true when E [[|g;||?] = 0. Indeed in this case, from the variance bound we have that

0=E [lgell*] > IIE [ge] I

Furthermore it follows that E, [¢;] is a subgradient of the full loss f(x;) (see Lemma 9.5 in (Garrigos & Gower, 2023)).
Consequently ; minimizes f, meaning in this case that we would have r; = 0, and so ¥ (r;) = 0 = ¢(0,0).

For the last part of this proof, we sum overt = 0,...,T — 1 and divide by T to obtain, after telescoping terms:

1 D?

1= 1
T ; E[(r)] < TE [lwo — z.]1%] — TE [lor — z.]1%] < T

We now lower-bound the left-hand side term by using Jensen’s inequality twice

;iﬁ[wmﬂzw(w: ;Z_jnD =w<E

t=0 t=0

1 T-1

= () - inff)D >y (E[f(zr) — inf f]),

t=0

where in the first inequality we use the convexity of ¢, and in the second we use the convexity of f together with the fact
that v is increasing, and we note the average of the iterates zp := % ZtT;Ol x;. The reader can look at Lemma C.1 for a

proof that v is convex and monotone. Combining the two previous inequalities, we obtain
D2
Y (E[f(Zr) —inf f]) < T
Since 1) is increasing on [0, +00), it has an inverse which is also increasing. Applying the inverse of ¢ on both sides gives
_ . _, [ D?
E[f(zr) — inf f] <y~ (T) .
From Lemma C.1 we know that ¢)~!(s) = 1(sA + v/s2A2 + 4sB), and using the sublinearity of the square root we further
have

YTH(s) < 2(sA+ Vs2A2 +V4sB) = sA+ VsB. 34

From this we finally obtain (10). O]

D.3. Proof of Corollary 2.2
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Corollary 2.2 (Non-smooth setting). Consider the setting of Theorem 2.1 where A = 0 and B = G > 0. In other words,
the following expected locally Lipschitz assumption holds:

Ee [llge()]1?] < G?, Vo € Bp(z.). (11)
It follows that
E[f(7r) —inf f] < 22 VI eN (12)
T = \/T7 .

Proof. Observing that by assuming (11) we have that (9) holds with A = 0 and B = G?. Thus the result follows by
plugging in these constant into (10). O

D.4. Proof of Corollary 2.3

Corollary 2.3 (Smooth setting). Consider the setting of Theorem 2.1 where A = 2L and B = 02 := inf f — E¢ [inf fe].
That is, we assume local expected smoothness:

Ee [llge()|I”] < 2L(f(x) —inf f + 02), V& € Bp(z.). (13)

It then follows that
4Lljwo —.|? | V2lzo = 203

E[f(er) —inf f] < % E

(14)

Proof. From the assumption in equation (13), we have that (9) holds with A = 4L and B = 202. Thus the result follows by
plugging in these constant into (10). Furthermore, note that (13) is a consequence of smoothness, see the variance transfer
Lemma in [Section 4.3.3](Garrigos & Gower, 2023). O

D.5. Preliminary Lemmas for IAM
Our proofs all start from the following Lemma.

Lemma D.1. Consider the iterates of Algorithm 1 with A\; > 0. Assume that g; # 0 for all t > 0. Let g(x) denote the
subgradient of f(x). Denote by F; the filtration generated by &, . .., &—1. If f¢ is convex for every &, then:

(i) (Almost sure boundedness). With probability one, we have ||z; — .|| < ||zo — 2«|| and ||x; — z«|| < ||xo — 2| for
allt > 0.

(i) (Single recurrence) It holds for any ¢ > 0

(F(ze) = f(@s) + (g(xe), 20-1 — 7))

E [l — zl* | 7] < llzem1 —@® - (33)
| ] E{llgell* | 7]
(iii) (Summed recurrence) It holds for any k£ > 0
2
(S0 E[f () = f(@) + {g(ar), zem1 — 22)])
E [l — 2/I”] < llzo — @all® = == : - £, (36)
2i=o0 E[llg:l1%]
Proof. Substituting (19) back into the bound (18) gives
2
(fe(we) = fe,(4) + (ge, 26-1 — 22) )
Izt — u|? < |lze—1 — 2a|)® — 5 =
gel
This shows that ||z, — z.|| < ||z0 — @«|| = ||zo — 2|| almost surely for all ¢ > 0. Since x4 is a convex combination of z;

and z; (see line 5 in Algorithm 1) this also shows by a straightforward induction that |z; — .|| < ||zo — 2| almost surely
forallt > 0.
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To prove (ii), we apply conditional expectation on the above inequality and using Lemma C.3, (24) we obtain
2

(fxe) = f@a) +(Elge | Fil s 2e—1 —24) )
E{llgell* [ 7] '

Using that the expectation with respect to this filtration is independent of x;, we have that the stochastic subgradient
E[g; | 4] is a subgradient of f(z;), see Lemma 9.5 in Garrigos & Gower (2023) for details>. Thus we can write
g(@e) =Elge | F].

Now, define a; := f(z;) — f(z.) + (9(z1), 201 — @) and by = E [||g¢||* | F]. Using (35) subsequently for ¢ = 0,...,k
and using the tower property, we obtain

2 2 - (ae)}
E[llzk — z«]|?] <20 — 24| —E Z .

Now using Lemma C.3, (25) yields

E [l — al* | 7] < llzemr —aall® -

>
> % ,
t=0 be t—o bt
which implies, using (24), that
k
E Zk: (ar)} SE (Xi—oae) (XioEla]),
be | f:o by f:o E [b]

k
2 i=0 E [llgll*]
O
For our forthcoming proofs we will also make use of a Bregman viewpoint of the TAM step size.
Lemma D.2 (Bregman View). For any z;, z;_1,z, € R and \; > 0 it holds
flae) = (@) +{g(@r), 71— ) -
= (1+ X)) (fe, (me) — fe, (24)) = Ae(fe, (we-1) — fe, (x4)) + Ae By, (w1, 71),
where By, (x,y) is the Bregman divergence
By (z,y) = fe(x) — fe(y) — (9¢(w),z — ).
Proof. By re-arranging (17) at time ¢ — 1 we have that
Zi-1 — T = —M(Tp—1 — T4). (38)
Consequently
fl@e) = flae) +{g(xe), 21 — @) = [(@e) — f(2e) = A (g(@e), w1 — 20) -
The proof follows by adding and subtracting A f¢, (z:—1) as follows
Je(@e) = fe, (x) = At (ge, w1 — a)
=1+ M) fe, (@) = fe, (20) = Afe, (@e1) + At (fe, (@e-1) — fe, (e) — (gt 21 — 24))
= (L4 A)(fe, (we) = fe, (24)) = Me(fe, (we—1) = fe, (24)) + M By, (w11, 20).-
O

2Very formally, here we need to assume the subgradients ge (2) are measurable in £ so that this expectation is well defined.
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Lemma D.3. Consider the iterates of Algorithm 1 with A\; = ¢ and assume that f is convex for every £, with subgradients
ge. Let g(z) be subgradients of f(x). It holds

k k

D f@) = f@a) + (9@, 21 — ) = (k+ D)[f(@r) — f(@)] + D MBy(e1,30),

t=0 t=1

where By is defined as in Lemma D.2. In particular, it holds By (z¢—1, ;) > 0.
Proof. Note that for this proof, we need an additional, and artificial iterate x_; = xg. Summing overt = 0,..., k in (37)
we have that

k
D (@) = fl@a) + (g(we), 20-1 — 1))
t=0
k

(L + X)) (f(we) = f(2s) = M(f(we-1) — f(22)) + Z MBy(xi—1, )

t=0

@
[
-

~+
o

B

k
= A1 (f(ze) — f2s)) = Me(f(@emn) — flze)) + Z MNeBy(wi—1,2¢)

t= t=0

(=)

k

= (k+D[f(zx) = f(@)] + D NBp(wi1,24),

t=1
where the second step used 1 + A\; = 1 4+ ¢ = A\;41 , and the last step we used telescoping and the fact that Ao = 0. O
D.6. Proof of Theorem 3.2

Theorem 3.2 (Non-smooth setting). Consider the iterates of IAM in Algorithm 1 with the learning rate (19) and A\; = ¢t.
Let fe be convex for all £. Let D := ||z — x|,

G? .= max E z)||?,
max | Eellge(z)]

By(z,y) = f(z) = f(y) = (Vf(y),z —y).

The suboptimality of the last iterate x7 is bounded by

T
E[f(er) — f(z)] + 7 S B [By(ze1,00)
t=1
= ?Z I 20

Proof. We start by applying Lemma D.1, which states that x; € D and z; € D almost surely for all ¢ > 0. Further,
Lemma D.1, (ii) implies that

(f(we) = fl@) + (g(we), 2-1 — 30) )"

Bl =PI 7] < o - - Ellol? 7] >
For the denominator of (39), we can therefore estimate
E[llge* | 7] < G*.
Applying expectation, and summing from ¢t = 0, ..., k (recall that z_; = z), we get
k
STE[(F@) = fwa) + g, 51— 23] < G llwo — w2 — B [lla — 2. 2]]. (40)
t=0
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Now, applying (25) with b; = 1 we get for any ag, . . . , a, that Zt O(at) (Zt 0 at) . Therefore, we conclude

k k 9
(w0 = fGa) + gt zems =) )2 2 g (3 7w = @) + (oo, 20 —a) )

t=0 t=0

1

> == (k+ DI @) - f)] + Z Ath@t_l,xt))i

= (\/k—f— 1[f (xp i Bf Ty 1795,5))2,

where we used Lemma D.3 in the second step, and non-negativity of all terms in the third step. Define B) :=
Zle AeBy(z¢—1,2¢) > 0. Plugging this into (40), we get

E {( kE+1[f(zr) — f(z)] + Bk)z] < G*llwo — 2|® — E [|lze — 2] ]

1
vEk+1
Now, using Jensen’s inequality E [ X ]2 <E [X 2], taking the square-root, and dividing by v/k + 1, we finally obtain

E[f(ox) = Sz + B [B] < G”Jk%l”

D.7. Proof of Theorem 3.3
Theorem 3.3 (Smooth setting). Let f¢ be convex for all £&. Assume local expected smoothness (13) holds. Let x; be the
iterates of Algorithm 1 (IAM) with A; = ¢. It holds

2L || — .|| (log(T) + 1)
T
VALoZ o — .
+ . 21
JT @D

E[f(zr-1) — f(z.)] <

Proof. We start the proof by applying Lemma D.1, (iii), which yields

- (B = f) + (V). 2o = ) )%
Yo Ellg:l12)

For the nominator of the last term, use Lemma D.3 and the fact that (+)? < is monotonic to obtain

E [lzr — 2.]*] < ll20 — 2.

k
(Y- Elf(xe) = Fla) + (Vo) 2-1 — 2])% > (E[(k + D(f(x) - f(z)])]
t=0

= (k+ 1’E[f(wx) = flaa))”-
For the denominator, observe that E [||g.[|*] < 2LE [(f(z:) — f(z+) + ¢2)]. Thus, using zo = o, we get

HQ _ (k + 1)2E [(f(xk) - f(x*))}g )
2L o E[(f(zi) — flzs) + 02)]

E ot — 2.[1?] < llzo — <.

Let¢; = E[f(x;) — f(x.)] + 02 and S), = Zf:() ¢t, then we can rewrite the above as

E[(f() ~ f@)) 2L P

2
< < (k+1)2(”x0_x 2L|jzo — 4|

(k+1)2

—E [Jlo — =) <
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Taking the square-root yields

E[f(ex) = f(@)] _ V2Ellwo — .|

41
VSk = k+1 “1)
Finally, notice that E [f(x)) — f(z4)] = cx — 02, so we arrive at the inequality
C - V2L[|zo — 2| +
VS: T t+1 N
Summing this from ¢ = 0 to k and then applying Zf:o 7 <log(k+1)+1and S; > (t + 1)o7 gives
k
23) § 2
VE2Y ey il nl, 5o
N t+1 225,
k =
< V2L||zo — x|/ (log(k + 1)+ 1) + -
< V2L||zo — x| (log(k + 1) ; Eak
Furthermore, it holds Zf o W < 2vk + 1, so we finally get
V' Sk < V2L||zg — z||(log(k+ 1) + 1) + /o2VEk + 1.
Using the above inequalities in (41) gives
E[f(ns) — f(22)] < V2L||zg — x|/ Sk 2L||a:o — . ||?(log(k + 1) «/2L02||x0 - a:*||
= k+1 = kE+1 VEk+1
O

E. Complexity of SGD with Adaptivity to Interpolation

Theorem E.1 (Complexity of SGD). Let f = % Z?:l fi where each f; : R — R is convex and L-smooth, and assume
that f admits a minimizer, noted .. Let 7o € R%, and note D := ||zg — x| and 62 = E [||V fi(z,)||?]. Let T > 1, let

v = \/a'Z’OTﬁ where g < ; L , and let (xt)t o be the sequence generated by the SGD algorlthm with constant stepsize .

Then

2 0_2 2
Elf(er) i f] < 27+ T (2 4 20).

where Tp = & 37 4.

The above theorem shows that SGD enjoys a O (1 /T + 02/ VT ) complexity, which is similar to the result of SPS*

in Corollary 2.3. But there are some important differences. First, SPS* has an anytime convergence rate valid for every T',
while SGD has a complexity rate: it is a "finite horizon" rate where the horizon must be known before setting the stepsize.
The other difference is that for SGD to achieve this complexity, we need access to both the smoothness constant L and the
interpolation constant o,. Whereas SPS* adapts to both smoothness and non-smoothness. Though to achieve this SPS*
requires access to fe (),

Proof. We are using the complexity rate of SGD with convex functions from (Garrigos & Gower, 2023). To be able to use
this result, we need the stepsize ~ to verify v < 1/2L. Here we have v < ¢ < 1/4L so we are good to go. From (Garrigos
& Gower, 2023, Thm. 5.5) we get
D? 9
(1= NLE[f(Er) ~inf ] < 5 + 702,
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Now it is just a matter of cleaning the constants. First, use again the fact that v < 1/4L to see that (1 — 2yL) > 1/2.
Second, write

2 2 2
1:\/1+J*T§1+U*\/T and 4o = 007 <700.
v o 70 1+a

It remains to combine all the above inequalities to conclude that

D2 D?(1+o2VT)

D2 D2 2
E[f(2r) —inf f] € = + 2707 < il ille
v

+ 2 + —=+2 .
YT VT 7T WO\F VT

F. Detailed Comparison of SPS* Convergence in Smooth Case

In the smooth setting, our result in Corollary 2.3 relies on the expected smoothness bound, which is a generalization over
assuming that the f¢ is almost surely L—smooth, see Gower et al. (2020; 2019), and Lemma C.5. In the smooth setting,
proofs of convergence for SGD hold by assuming that (13) holds globally (Gower et al., 2021; 2019).

Our smooth result in Corollary 2.3 is, as far as we know, the first O (1 /NT ) anytime convergence rate for a stochastic

variant of the Polyak stepsize. To contrast our result, both [Thm. 3.4](Loizou et al., 2021) and [Thm. 8.3](Garrigos &
Gower, 2023) establish a O (1/T') convergence up to a distance to the solution proportional to o2. For example, in [Theorem
8.3](Garrigos & Gower, 2023) the authors show that

E[f(r) = f(@o)] < g oo — 2. + 2

where Tt = & Zt —o Z¢- Because of this constant factor of o cannot be controlled, the above result cannot be converted
into a complexity result. This is in contrast to recent work on the NGN variant (Orvieto & Xiao, 2024), which does establish

a O(1/v/T) complexity.

Another interesting aspect of the convergence rate in (12) is that it is adaptive to interpolation. To see this, consider the case
that 2 > 0 (no interpolation). In this case, have a O(1/y/T) anytime rate which is compared to the O(log(T')/v/T) rate of
SGD. On the other hand, as o2 gets closer to zero, the convergence rate in (12) approaches O(1/T'), which is the expected
accelerated rate of SGD under interpolation (Vaswani et al., 2019). We are unaware of prior work that establishes an anytime
rate of convergence that is adaptive to interpolation.

We can also compare Theorem 3.3 to the best anytime convergence of SGD. That is, consider the iterates given by (15) when
B = 0. For SGD with a learning rate of n, = n/+/t + 1 where n < the average iterate converges according to Garrigos
& Gower (2023, Thm. 5.5):

2L’

2o — x> | nlog(T +1) ,
;.
2nVT + 1 VT +1

In comparison to (42) the analysis in (21) of the TAM method

E[f(zr) — f(z.)] < (42)

= T-1 ; nr(1—2n7L)
where z7 = _ T, with = g
T Zt_() PrtT¢, prt ST (i-2n.L)

has two advantages: First, there is no additional log(T + 1) term multiplying the dominating O(1/+/T + 1) term, and it
is adaptive to L. That is, IAM does not need access to L to achieve this same anytime convergence. Furthermore (42) is
not adaptive to interpolation, in that when o2 = 0, the resulting rate of convergence is O(1/+/T + 1), as opposed to the
O(1/(T + 1)) rate that can be achieved under interpolation (Ma et al., 2018; Gower et al., 2021).

G. Convergence in (Locally) Strongly Convex Case

If we assume our loss functions is (locally) strongly convex, then we can improve the rate of convergence of SPS* from

O (1/Vt) o O (1/t).

Theorem G.1. [Convergence of SPS*] Consider (1) and let the iterates (x;)¢>o be given by (2), and let D := ||zg — x.||.
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Assume that f¢ is convex for any £. Let f(x) be convex and satisfy the y—quadratic growth bound
%Hx —2.]|> < f(z) —inf f, forevery x € B(z,, D) (43)

and the expected smoothness bound

Ee [llge(2)|I’] < A(f(z) —inf ) + B, forevery x € B(z,, D). (44)
Let T := 44 log( TR ) It follows that
E|lz; — z.||* < 81 -y 4 21o il +1 45)
L 7 N B A 5\ 168 '

In the non-smooth setting where A = 0 and B = G2 we get

16G? 1
wr t+1’

E [||lz: — z.|]°] < for t > 0. (46)

This matches the rate given by Pedregosa & Schaipp (2023) for the finite sum setting upto a factor of 4.

In the smooth setting where A = 4L and B = o2 we get

6402 1 8L D2
E — ] < *__ —  fort>— (21 1. 47
(Il acll]_u2 P or_u(og( )+> (47)

Proof. Let 6, := E [||z; — x.|?] . We start the proof from (33), which we repeat here for convenience:
¢(Tt) < ¢ — Ott1, (48)

where r; = E[f(z¢) — f(z.)] and ¢(r) := 555 for 7 > 0. Due to the monotonicity of the iterates (8) we have that
0t — 6¢+1 > 0. Applying Lemma C.1 together with (34) gives

E[f(x) = f(ze)] <% (6 — 6e41)
< A((5t — 5t+1) + B((5t — 5t+1)’

Using the quadratic growth bound & ||z — 2.||* < f(2:) — f(w.) gives

gat < A(8 — 6111) + /B (6 — 0r11). (49)

Our proofs will consider two cases by comparing the two terms on the right hand side of (49). To this end, note that

B
A0 —0¢41) S VB0 — 0p41) = 0 — 01 < YR (50
The remainder of the proof is divided into two parts. First we show that for ¢ := [4A log ( 16 32 )1 we have that §; < 163 .
For the second part we prove by induction that for ¢ > tg d¢11 < 1525 7+1> Where the first part will serve as the base case of

the induction.

D2y
16B

Base case: First we prove that for all ¢ > 4A log ( ) we have that §; < 163 . We divide this proof also into two cases

based on the comparison (50). If §; — 6t+1 < A2 for any ¢ <44 log ( 1; = ) then by (49) and (50) we have that

g(st <A = 641) + VB (6 — 641) <2v/B(6 — 641) <2¢/Bsy =
5, < 16B

_77

61y
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which would prove our result.

Alternatively, suppose that 6; — d¢11 > 5 B for every t < 4A log ( ) By (49) and (50) we have that

168
%@ < A8y — Gpi1) + /B (0r — 0141) < 2A(6; — Gei1) - (52)
Re-arranging the above gives
b1 < (1= 1) o (53)
Unrolling this for every ¢ < % log (11?6%2) gives
t
6 < (1= 1) do. (54)

It now follows by taking logarithm and using standard techniques (for example Lemma A.2 in Garrigos & Gower (2023))

that A D2, B
4 I 16

> = < - — .

t ul (16B> 5“(1 4A) % = w2

Induction step: Now, for ease of notation, let us re-name our iterates so that dg is the first iterate for which §p < 168

If0; — 61 < % then by (49) and (50) we have that

%615SA(ét_5t+1)+\/B(§t_5t+1) §2\/B(5t—5t+1) <

112
T SAB( b)) &

u?
041 < (1 — =—==0¢)0%. 55
e < (1= 355%) >
Leta; = 155 6,5 Multiplying both sides of (55) by %7 and using the induction hypothesis
u? u? 16B 1 1
ap = t < 5 =
16B 16B p? t+1 t+1
gives

< Yag < (1—2x) 1 ! 1 < L

a — ag)a maX —Xr)r = — .

i+l o t+1)t+1 " t+2
xe[o’tJrl]

Alternatively if §; — d¢41 > % then by (49) and (50) we have that
%@ < A8y — Gpi1) + /B0y — 0141) < 2A(6; — Ge11) - (56)

Re-arranging the above gives
Opp1 < (1 - %) 0t.
Using the induction hypothesis and t > 24 we have that

16B 1 16B 1
B <(177)5 (177) <
= 4A) 7t = 4A) 2 t+1 7 2 t+2

where the last inequality follows from

(1 i)i<i e 1>H_ o o M
1A = = =
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H. Approximating SPS* and Safe-guards

In practice, outside of the interpolation regime, it is unlikely that we would have access to f¢(z,). To derive a practical
method that is more generally applicable, we would need to estimate f¢(x.). Let us call this estimate £¢, and consider the
step size

SPS ._ (fe(w) - £§)+

57
f EAE 7

The estimates 62 would have to be underestimates, otherwise the resulting method would stop early. Indeed, as x; — x, we
have that f¢(z;) — fe(z.), and the step size (57) would be zero before reaching convergence.

There are two natural underestimates for fe(x.). The first is to use inf f¢. This is the approach used in SPSmax (Loizou
etal., 2021). The advantage of using inf f¢ is that it often can be computed, indeed if no weight decay is being used (no L2
regularization), then often inf f¢ = 0. Which brings us to the second approach, which is to simply use 0 as an underestimate
, which holds for the ubiquitous case of having a positive loss (Berrada et al., 2020; Orvieto & Xiao, 2024).

An issue with using an underestimate is that the step size (57) can become too large, potentially even being unbounded if
lg¢]] — 0, which could lead to divergence.

To safeguard against taking exceeding large step sizes, we can use clipping (Loizou et al., 2021), dampening (Orvieto &
Xiao, 2024), or a combination of both (Berrada et al., 2020). By clipping, we mean to take the minimum between the
stepsize in (57) and a hyperparameter v, > 0 as is done in Loizou et al. (2021) in the SPS,,,.x method?

xy) — UF
e i { W nb} . (58)
t

We refer to dampening by adding an additional constant € to the denominator, as is done in Orvieto & Xiao (2024), Gower

et al. (2022) and Berrada et al. (2020):
p}/spsdam = (fﬁ(xt) _62)"‘ (59)
' llgell* + €

In particular in Orvieto & Xiao (2024), this dampening parameter depends in the iteration and is proportional to fe ().

Thus we can view several practical variants of SPS as approximations of SPS*, where f¢(x) is replaced by an underestimate,
and a further safeguard is included to avoid large step sizes. These safeguards can also be motivated through a variational
viewpoint based on solving relaxations of the interpolation condition (Gower et al., 2022).

I. Momentum and Iterate Averaging

Here we detail the relationship between momentum and iterate averaging, which hinges on the following lemma.

Lemma I.1. (Garrigos & Gower (2023, Lemma 7.3) and Defazio & Gower (2021, Theorem 1)) The iterates (x;)¢>0
generated by (15) and the iterate-moving-average (IAM) are equivalent to if z_1 = xg, m_1 = 0 and the (¢, f;)
parameters of momentum and the TAM parameters (7, \;) satisfy

At -1
14+ X Nt

Tt Vvt > 0. (60)

ﬁt = T/\H—l7 =

) and Yt =

As an example of using the above lemma, a constant learning rate ; = 1 and \; = ¢ in the IAM method (16-17) corresponds

to a decreasing learning rate v, = %t and an increasing momentum J3; = IL-H in the momentum method (15).

Proof. The proof is by induction. Our induction hypothesis is that x; iterates in (17) and (15) are equivalent upto step ¢ and
that the z; iterates in (16) and m; in (15) satisfy
Zt = T — (1 =+ )\t+1)7tmt. (61)

(fe(ze)—L03) 4

3Though SPSmax has an additional constant c in T2
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For the base case ¢ = 0 we have from (16) that

Z0 = Z—1 — Nodo
=9 — (1 + A1)y090,
where in the second equality we used z_; = x( and (60). Since m_; = 0, we have from (15) that mo = go, which
proves (61) for the base case. As for the z; iterates in (17) and (15) being equivalent for ¢t = 0 from (17) and (61) we have
that
A1 n 1
T zZ
T+ 071N
A1 1
0 —
T+ A 0 14N

= o — Yoo,

xr1 =

(zo — (1 + A1)yomo)

which is equivalent to the first step of (15).

Suppose now that x; iterates in (17) and (15) are equivalent and (61) holds upto time ¢. From (16) at step ¢ + 1 we have that

Zt41 = 2t — M+19t+1

=t — (14 A1) M — M 19e41- Using (61)

=2 — (14 A1) yeme — (14 Aeg2)ye419641 Using (60)
A ,

=z — g + (14 Ag2)ve+1 (1_::{;273; me + 9t+1)

=21 — (14 Ae2) Vi1 (Beramu + gig1) Using (17) and (60)

=1 — (14 Mes2) V1M1 Using (15) ,

which shows that (61) holds at time ¢ + 1. Finally ¢ + 1 step. From (17) and (16) we have that

Tyl = A1 T ! z
T N T T A
)\t-‘rl 1
= Ty + e — (L + N m
1+ Aos tT ] TSV ( t ( f+1)’Yt t)
=Tt — VM,
which is equivalent to (15), and thus concludes the proof. O

J. Additional Proof for IAM with Decreasing )\,

Theorem J.1. Consider the setting of Theorem 3.2, except that Ay = 0 and (\;)¥_, is any decreasing sequence of
nonnegative reals starting. It follows that

k

/(@) — J(o)] + g S NEIBy(oims,an) < STl A — pe)

The advantage of this result is that it holds for any constant \; = A. Translating this to the momentum method (15), this
allows for other parameter setting of (7, 5;). In particular the setting \; = A = 0 which corresponds to no momentum. In
this setting we retrieve the exact same rate as the SPS* method in Corollary 2.2. However, as mentioned earlier the price we
need to pay for this, is that this result holds for the Cesaro average and not of the last iterate.

Proof. Starting from Lemma D.1:

2

(f(@e) = flae) + (gt ze-1 — @) )

2 — za||® < llze—1 — s ])® —
’ : g1

(62)
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Taking expectation, and using our extended Titu’s Lemma C.3 and Bregman viewpoint Lemma D.2 to get

E[f(z¢) — f(@.) + (g(@e), 201 — 2)]3

Ellze — u|® < Elze—1 — 2. -

Ellge[?
<E|z1 -z — E[(1 4+ M) [f (1) = flz)] = Me[f (1) = Fl)] + N By 1, 2)]3
S Ellg:[?
<E|zem1 — a|? — E[(1 4 X)[f (20) — faa)] = Ml (xe-1) — fla)] + M By (@1, 2)]3
~ t—1 Tx G2 .

Multiplying through by G? gives
E[(L+ A)[f (@) — F(2)] = Mlf (wm1) = F(@2)] + ABy(wios, w02 < G2Elzey — |2 — G2l — ..
Now let Ay = (1 + o) [f(x4) — f(xs)] = MNe[f(2e—1) — f(24)] + AeBy(a4—1, x¢). Averaging both sides of the above over

t =0,...,k, telescoping terms, and using Jensen’s inequality with respect to the convex function z +— (x4 )? gives
G?||ro — 2.2 G?
* > E — 2 E — T, 2
L > 2 (Bl — a? ~ Ellzig - 2.?)
L
— E[A)?
“k+1 2_EIALL

\%
~/
S I
ingls
=
P
N——
+

Taking the square root gives

1 & G|lzo — 2.
(k — ;E[At}>+ <= (63)

Now since (\;) is decreasing and using Jensen’s inequality with respect to = — f(x) we have that

k
>_ElA] =
t=0

L+ X)E[f(w¢) = f(2e)] = ME[f(z¢—1) — f(z:)] + ME[By (241, 2¢)]

W
= I|M?r
o

k k
= )\tE[Bf($t_1, l‘t)] =+ ZIE[f(a:t) f JJ* + Z AtE Z‘t Z )\tE l‘t 1 f( )]
t=0 t=0 t=0
k k
= )\t]E[Bf((Et,h xt)] + ZE[f((Et) f x* + Z )\tE iCt Z )\tE Zl't 1 f( )]
t=0 t=0 t=1
k k k—1
=Y ME[Br(wi-1,x)] + D E[f(w:) = f@)] + ) (A = A )E[f (w2) — f(w.)]
t=0 t=0 t=1
+ ME[f (z) — f(22)] = ME[f(20) — f(2.)]
k k
> Y NE[Byp(wio1,x)] + Y E[f (@) = flas)] = ME[f (o) — f(a.)]
t=0 t=0
k
= D> ME[By(zi—1, )] + (k + DE[f(@k) — f(2:)] = ME[f(20) — f(2s)],
t=0

where we used that A\g = 0 and \; — A\;+1 > O since ()\;) is a decreasing sequence. Dividing through by (k + 1) gives

k

k
Z [Ad] 2 5= > AEBy(we1,20)] + E[f (Tk) — f(a)] -

t=0

At
E+1

E[f(xo) — f(x.)).
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Using the above and (63) gives

1 & _ A 1 &
(,Hl > NE(B, (r1mss )] + B () — 2] — 2Bl ) - f(m)]) < (,{H ;E[Ato )
. Cllzro .
VE+1
Re-arranging gives the result. O
K. An Adam Variant of TAM

Following an analogous reasoning used in Section 3, we can derive variants of IAM that use preconditioning. This is
particularily important for models such as Transformers, where using an Adam preconditioner is required to achieve a
reasonable performance.

To arrive at a preconditioned version of IAM, let D, € R%*? be our positive definite symmetric preconditioner, and let
|z]|5, := (D:z, z) be the norm induced by this preconditioner. Now consider the iterative averaging method with this
preconditioner:

2t = Zi—1— th_lgn (64)
At+1 1
T + Z
14+ A Tt At41

Ti41 t- (65)

Now we upper bound the distance between z; and a solution x, under the preconditioned norm via

lzt = @.llD, = llzem1 = 2ullD, = 20 (D gt 201 = 2) p + 17|92l
= [lzt-1 — l’*HQD6 — 20 (g, -1 — Tx) + nt2||9t||2D;1

< lei—1 = zllD, = 2m(fe, (20) = feo (22) + (g1, 201 — 20) ) + 07| gel 1

where in the inequality we used that f¢, is convex. Minimizing the right-hand side with respect to 7, now gives the step size
given in line 3 in Algorithm 2. To arrive at our TAM-Adam method, we simply set D, to be the preconditioner used by Adam,

Algorithm 2 TAM-Adam

1: Input: z_; =29 € R4, N\, >0
2: fort =0toT — 1do
[f&(xt) - Eg*t + (g, 2t-1 — $t>]+

n =
ol |
4z =z ;ntDt_lgt
50 Tpy1 = trl Ty +

z
14+ A T+ A1 !
6: Return: xp

that is D; = diag(,/v; + €) where

Vg1 = PBavg + (1 = B2)g9t © gr.
L. Experiments
L.1. Non-Lipschitz Non-smooth Convex Problem

To model discrete events with a Poisson regression, we need to solve

min — Z (b(wz;) — yilog (L(w';))), (66)

=1
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where £ : R — R is called the link function. One of the most commonly used link functions is the exponential function
£(z) = exp z. With this link function (66) becomes

min 1 Z (exp(w—raci) — yinazi) . (67)

weRE N £
=1

We fit two different data sets. The first data set is on diabetes patients sourced from (Efron et al., 2004), which is a medical
dataset containing information on 442 patients (n), each described by 10 physiological and lifestyle features (d). The second
data set is a bike sharing records (Fanaee-T & Gama, 2014) in Washington, D.C., over a two-year period (2011-2012). It
includes a total of 17,379 data points, and 12 features such as weather conditions, seasonal information, and temporal data.
The target variable is the count of total bike rentals on an hourly basis.

As a baseline, we ran L-BFGS (Liu & Nocedal, 1989) in full batch mode, and SGD with constant learning rate tuned across
~ € 0.001 - {0.01,0.1,0.5,1.0, 2.0, 5.0, 20, 50}.

Each method was given the same budget in terms of epochs. To highlight how important the choice of the learning rate is, in
Figure 3 we plot the resulting loss (y-axis) of the last iterate of each method for different learning rates (x-axis). We find that
the TAM method converges to a loss that is comparable to LBFGS and SGD with the best possible learning rate. Furthermore,
TAM is the only method guaranteed to converge on this non-smooth and non-Lipschitz objective.

-300 SGD train —e— SGD train
- SGD test —e- SGD test
—400 L-BFGS train —a— L-BFGS train
- L-BFGS test —m=- |-BFGS test
-500 IAM train —— |AM train
g - |IAM test ---- |AM test
S

-600

=700

—800

1072 107t 10° 1072 107t 10°
Learning Rate Learning Rate

Figure 1. Bike Sharing Data, 7 epochs Figure 2. Diabetes Data, 15 epochs

Figure 3. Sensitivity to learning rate for each method. Larger learning rates diverged.

L.2. Misspecification of f¢(z.)

In numerous machine learning applications a lower bound of f¢(z.) is known a priori, because loss functions are typically
non-negative. We study the following three versions of TAM:

* theoretical version where we specify correctly fe, () in every iteration ¢, computed from the oracle values f;", ¢ € [n],
* averaged version, where we specify fe, () with f(z.) in every iteration,

* lower-bound version, where we specify fe, (x,) with zero.

Description of experimental setup. Consider the following problem setup, which is adopted from (Orvieto et al., 2022):
solve

min =3 fi(),  fi(@) = (@ - a) T Hy(w - ab) + f7,
=1

z€RE N “—

where H; € R4*? are symmetric positive definite matrices and 22 € R?. This is clearly an instance of (1), where D is the
uniform distribution over [n] and f¢(z) = fi(z), and it holds f(z) = 37" | fi(x).
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We consider two cases, (i) the interpolated case with i = Z for all i € [n], and (ii) ! = T + 0.05¢;, where ¢; € R¢
is standard normal. Following (Orvieto et al., 2022), we generate H; = AT A;/(3d) where the entries of A; € R34xd
are standard normal. We generate f;* from a uniform distribution with mean 0.5 and standard deviation v, followed by
truncation at zero to make sure all f are non-negative.

Note that in case (i) Z is the minimizer of f and of each f;. Further, f;(z.) = inf,cpa fi(x) = fF, and f(z.) =
% St ff =inf,cra f(2). In the other case (i), we compute the solution z, by solving a linear system, and then compute
fi(z.). We always compute f¢(z,) by averaging f;(x.) over the corresponding mini-batch.

We vary the standard deviation v € {0.01,0.1} and the batch size b € {4, 16}.

We run all versions of TAM with A\; = 9 for all ¢ > 0, as suggested by our convergence Theorems 3.3 and 3.2. As a baseline,

we compare to SGD-M with constant learning rate and momentum S = 0.9. We set the learning rate to the theoretical value

4L1 (cf. Sebbouh et al. (2021)), where Lyax = max;—1 ... n L; and L; := 2Apax(H;) denotes the smoothness constant

of fi (here Apax denotes the largest eigenvalue).* We further compare to MoMo that has access to fe (. ), cf. (Schaipp et al.,
2024, Eq. 17).

Discussion. In the interpolated case, see Figure 4, the theoretical version of IAM matches the rate of SGD-M without any
tuning. However, if f¢(x,) is mis-specified, the convergence stales. This effect is more pronounced if the noise is large, or
the batch size is small. In the non-interpolated case, see Figure 5, we observe that the theoretical version of IAM obtains
a smaller final loss than SGD-M. This matches our theoretical result in the smooth setting, where we showed that we get
convergence even if o2 > 0.

Compared to MoMo, we observe roughly the same convergence behaviour, with TAM typically having a slightly bigger slope.
As a side note, we observe that MoMo also converges without interpolation, even though this case is not covered by the theory
of Schaipp et al. (2024).

O IAMwith fe(z*) =0 =@ IAMwith fe(z*) = f(z*) =@ IAM with fe(z¥)

O scoM =@ MolMo with f}!
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Figure 4. Interpolation true: TAM with the correct fe, («) converges as fast as SGD-M with the theoretical step size ; L,lmx . When v is
small (left), the initial progress of IAM with the average f(x.) is equally good, before it stales. For v large, the convergence stales earlier
(midlle). Increasing the batch size (right) slightly increases the gap between IAM with f¢, (z.) = 0 and f¢, (z«) = f(z+«).

L.3. Supplementary Material on Distillation Experiment

Here we provide the complete details of our distillation experiments in Section 4.1, together with some additional plots.

Datasets and models. The datasets we consider are below. We used the GPT2Tokenizer from the Transformers library.

* tinyShakespeare (Karpathy, 2015): 40 000 lines from Shakespeare plays. The dataset has 303 688 tokens.
Source: https://huggingface.co/datasets/karpathy/tiny_shakespeare

“Note that in Pytorch this requires setting dampening=0.9.
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Figure 5. Interpolation false: see caption of Figure 4.

e PTB (Penn Treebank) (Marcus et al., 1993): The dataset contains 1094 404 tokens.
Source: https://huggingface.co/datasets/ptb-text-only/ptb_text_only

* Wikitext2 (Merity et al., 2016): This is a subset of a 100 million token large collection of featured articles from
Wikipedia. The dataset contains 2 389 828 tokens.
Source: https://huggingface.co/datasets/Salesforce/wikitext

We use the module GPT2LMHeadModel from the HuggingFace transformers library (Wolf et al., 2020) to define our GPT2
models [link]. The teacher model we use for tinyShakespeare and Wikitext?2 is the gpt2-large configuration within
this module, which has 774 million parameters, and was pretrained by a team from OpenAl (Radford et al., 2019). We use
the same tokenizer from the teacher model for the student model. For the PTB dataset, we use a different teacher model, as
we found that gpt2-large had a poor fit, with the loss being above 5.0 on this dataset. So instead, we used the GPT-J-6B
model (Wang, 2021), which has 6 billion parameters [link].

For the student model, we specify the configuration in Table 3.

Table 3. Parameters of the Student GPT2 model

Dataset Embedding size | Number of layers|Number of attention heads
tinyShakespeare 768 2 4
PTB 768 2 4
Wikitext2 1200 12 12

Hyperparameter tuning. For our methods IAM (Algorithm 1) and TAM-Adam (Algorithm 2) we set A\, = 9, which
corresponds to using momentum S = 0.9 if the learning rates were constant, see Lemma I.1. Note that there is no
hyperparameter tuning at all for TAM and TAM-Adam.

For the baseline methods SGD and Adam, we do the following tuning: we run bot SGD and Adam with constant learning rate
and with a warmup+cosine decay schedule (Loshchilov & Hutter, 2017). This schedule does a linear warmup over the first
20% of iterations to a peak learning-rate -y, then performs a cosine decay to 0 over the remaining steps. For Adam, we set
the learning rate to its default value of 10~2 for the constant schedule, and we set v = 1.5 x 103 for the warmup+cosine
decay schedule.

For SGD the learning rate needs to be tuned to get a reasonable performance: for the constant schedule, we chose the
best-performing learning rate from the set

Yeonstant € {0.0001, 0.001,0.01,0.05,0.1,0.2}.
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When using a scheduler with SGD, we take the best-performing value Yconstant and then independently tune the peak learning
rate within the set

“Yconstant * {12, 1.5,2,3, 5}.

For SGD we use a momentum parameter of 0.9. In the Pytorch implementation of SGD, we also set the dampening
parameter to 0.9 to ensure comparability of the tuned learning rate to the one of TAM.

Relationship to existing distillation techniques. In this paragraph, we aim to give a short overview over various
distillation techniques which often vary in terms of their general setup and loss function. However, as model distillation is
not the main focus of this paper, we point to the references below for additional background. In their seminal work, Hinton
et al. (2015) propose to minimize the KL divergence between the teacher and student output probabilities. Follow-up works
use a loss function that combines KL divergence and the standard loss for the student task (e.g., cross-entropy loss for
classification, squared loss for regression) (Romero et al., 2015). On the other hand, Hsieh et al. (2023) propose to use the
teacher output as surrogate labels in case of unavailable labeled training data for the students. We also refer to Beyer et al.
(2022) for an overview of training techniques that improve the distillation performance.

The distillation setup that we propose in this paper is slightly different: we use only the final batch loss of the teacher model.
The reason for this is that the TAM methods we investigate rely on an accurate guess of the optimal batch loss f¢(z.). In the
distillation setting, we can leverage the pretrained teacher model in order to approximate the optimal batch loss values. The
notion of distillation we use here might of independent interest, as it only needs access to the final batch loss value, but not
the output probabilities of the model (the logits) nor its weights.

Additional plots. In Figure 6 we give the full plot of our distillation experiments, including the evolution of the learning
rates for ITAM and TAM-Adam.

In Figure 7 we give the distillation of several different small GPT2 models for the tinyShakespeare data set.
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Figure 6. Full display of Figure 1. Adaptive learning rate of IAM-Adam compared to Adam (top), of IAM compared to SGD (middle), and
the cross-entropy training loss (bottom). Black line marks the average teacher loss.
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Figure 7. Distilling gpt2-medium into successively larger student models for the tinyShakespeare dataset.
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