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Abstract

As the economic and environmental costs of training and deploying large vision
or language models increase dramatically, analog in-memory computing (AIMC)
emerges as a promising energy-efficient solution. However, the training perspective,
especially its training dynamics, is underexplored. In AIMC hardware, the trainable
weights are represented by the conductance of resistive elements and updated using
consecutive electrical pulses. While the conductance changes by a constant in
response to each pulse, in reality, the change is scaled by asymmetric and non-linear
response functions, leading to a non-ideal training dynamics. This paper provides a
theoretical foundation for gradient-based training on AIMC hardware with non-
ideal response functions. We demonstrate that asymmetric response functions
negatively impact Analog SGD by imposing an implicit penalty on the objective. To
overcome the issue, we propose residual learning algorithm, which provably
converges exactly to a critical point by solving a bilevel optimization problem. We
demonstrate that the proposed method can be extended to address other hardware
imperfections, such as limited response granularity. As we know, it is the first
paper to investigate the impact of a class of generic non-ideal response functions.
The conclusion is supported by simulations validating our theoretical insights.

1 Introduction

The remarkable success of large vision and language models is underpinned by advances in modern
hardware accelerators, such as GPU, TPU [1], NPU [2], and NorthPole chip [3]. However, the
computational demands of training these models are staggering. For instance, training LLaMA
[4] cost $2.4 million, while training GPT-3 [5] required $4.6 million, highlighting the urgent need
for more efficient computing hardware. Current mainstream hardware relies on the Von Neumann
architecture, in which the physical separation of memory and processing units creates a bottleneck
due to frequent, costly data movement between them.

In this context, the industry has turned its attention to analog in-memory computing (AIMC) accelera-
tors based on resistive crossbar arrays [6—10], which excel at accelerating ubiquitous, computationally
intensive matrix-vector multiplications (MVMs) operations. In AIMC hardware, the weights (ma-
trices) are represented by the conductance states of the resistive elements in analog crossbar arrays
[11, 12], while the input and output of MVM are analog signals like voltage and current. Leveraging
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Figure 1: The weight’s response curve. Positive and negative pulses are fired continuously on the
left and right halves, respectively. One pulse is fired per cycle. Given w, the weight becomes w™
or w™ after one positive and negative pulse, respectively. The response factors ¢ (w) and ¢_ (w)
are approximately the slope of the curve at w, and Awy,;, is the response granularity. (Left) Ideal
response functions g4 (w) = ¢ (w) = 1. Every point is a symmetric point. (Right) Asymmetric
response functions ¢ (w) # g_ (w) almost everywhere expect for the symmetric point w°.

Kirchhoff’s and Ohm’s laws, AIMC hardware achieves 10x-10,000x energy efficiency than GPU
[13—15] in model inference.

Despite its high efficiency, analog training is considerably more challenging than inference since
it involves frequent weight updates. Unlike digital hardware, where the weight increment can be
applied to the original weight in the memory cell, the weights in AIMC hardware are changed by the
so-called pulse update.

Pulse update. When receiving electrical pulses from its peripheral circuits, the resistive elements
change their conductance in response to the pulse polarity [16]. Receiving a pulse at each pulse cycle,
the conductance is updated by Awmpiy, - ¢+ (w) or Awpy;y, - ¢— (w), depending on the pulse polarity,
where Awniy, is response granularity, and ¢ (w) and g_ (w) are response functions. Geometrically,
¢+ (w) and g_ (w) are the slopes of response curves; see Figure 1. All Awyiy, ¢+ (w), and ¢_ (w) are
element-specific parameters or functions that are set before training and hence remain fixed during
training. Typically, Awmy;y, is known while ¢ (w) and ¢_ (w) are not.

Gradient-based training implemented by analog update. Supported by pulse update, the gradient-
based training algorithms are used to optimize the weights. Consider a standard training problem
with objective f(-) : RP — R and a model parameterized by W € R”

W* = argmin f(W) := E¢[f(W;¢)] ¢))
WeRP
where ¢ is a random data sample. Similar to stochastic gradient descent (SGD) in digital training
(Digital SGD), the gradient-based training algorithm on AIMC hardware, Analog SGD, updates
the weights by stochastic gradients V f(Wy;&). Digital SGD updates the weight by W1 =
Wi — aV f(Wy; &) with learning rate «. Given a desired update AW = —aV f(Wy; &), AIMC
hardware implements Analog SGD by sending |[ATW]4|/Awmin pulses to the d-th element. Ideally,
¢+ (w) = q_(w) = 1 for every conductance states. If so, with each pulse updating [W]q by Awmin,
[Wi]q is ultimately updated by about [ATV]4.

Challenges of analog training. Despite its ultra-efficiency, gradient-based training on AIMC
hardware is challenging. First, the generic response functions are asymmetric (i.e. q4(w) #
q—(w)), and non-linear [17-19]. Due to the variation of response functions and conductance states,
gradients are scaled by different magnitudes across different coordinates, leading to biased gradients.
Furthermore, the response granularity Aw.,;, is a constant. When the gradients or the learning rate
decay below Awp;y, pulse update no longer provides sufficient precision to perform gradient descent
[20]. Other imperfections include, but are not limited to, noisy input/output (I0) of MVM operations
and analog-digital conversion error [18]. This paper aims to investigate the impact of non-ideal
response functions and develop a method to mitigate their negative effects. We also discuss extending
the proposed method to deal with other hardware imperfections.

1.1 Main results

Complementing existing empirical studies in analog in-memory computing, this paper aims to build a
rigorous theoretical foundation of analog training. By introducing bias to the gradient, the asymmetric



response function plays a central role in differentiating digital and analog training. In contrast,
the other non-idealities hinder the training process by causing precision-related issues. Therefore,
we approach the problem progressively, beginning with a simplified case that involves only the
asymmetric response functions, and extending the proposed methods to more general scenarios.

As a warm-up, building upon the pulse update mechanism, we propose the following discrete-time
mathematical model to characterize the trajectory of Analog SGD

Analog SGD Wii1 = Wi — aVf(Wi; &) © F(Wy) — a|Vf (Wi &) © G(WE)  (2)

where « > 0 is the learning rate and &, is the data sample of iteration k; | - | and ® represent the
element-wise absolute value and multiplication, respectively; and F'(-) and G(-) are hardware-
specific matrix which are defined by ¢4 (-) and g—( -). In Section 2, we will explain the underlying
rationale of (2). Compared with the standard Digital SGD, the gradients in (2) are scaled by F'( -)
and an extra bias term is introduced. Typically, hardware imperfections lead to non-ideal response
functions, i.e., F'(-) # 1 and G( - ) # 0. Thus, we ask a natural question that

Q1) What is the impact of non-ideal response functions and how to alleviate it?

Recently, [21] partially answers the question by showing that Analog SGD suffers from a convergence
issue due to the asymmetric update, and a heuristic algorithm, Tiki-Taka [22-24], converges exactly
by reducing the weight drift. However, their work is limited to a special case of linear response
functions, which are in the form of ¢; (w) = 1 — w/7,¢—(w) = 1 4+ w/7 with hardware-specific
parameter 7 > 0. Given more general ¢ (w) and g_ (w), the convergence of Tiki-Taka does not
trivially hold, even though the response functions are still linear.

Gap between theory for special linear and 100 e o p et
generic response functions. Consider a more S S NN S
generic linear response ¢ (w) = (1 + cpin) (1 — ]
w/7),q—(w) = (1 — crin)(1 + w/7) with a 107 4
parameter cpi,, which reduces to the setting in
[21] when c;, = 0. Figure 2 shows the damage
from a non-zero ¢ ;, to Tiki-Taka. Consistent
with the conclusion in [21], Tiki-Taka signifi- | | | | 9 -
cantly outperforms Analog SGD when cpi, = 0. 0 Numf)‘;‘: o G‘:ggiem (‘i_g?nput:t‘fgn (k)1°°°
However, when ¢, is perturbed from 0.1 to 0.3,

Tiki-Taka degrades dramatically and even be-
comes worse than Analog SGD does. The mod-
ification is slight, but the convergence guarantee
in [21] fails, and the convergence of Tiki-Taka
is harmed significantly. This counter-example indicates a gap between the theory for special linear
and generic response functions, and necessitates the study of the analog training with generic response
functions and the exploration of exact convergence conditions.
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Figure 2: Comparison of Analog SGD and
Tiki-Taka under different parameter cpi,. The
error plateau in the order 10~° comes from the
limited response granularity Awy,i, = 1074,

Ignoring other imperfections temporarily, this paper first analyzes the impact of response functions.
We show that Analog SGD suffers from asymptotic error due to the mismatch between the algorithmic
stationary point and physical symmetric point. Inspired by that, we propose a novel algorithm
framework that aligns two points, overcoming the asymmetric issues. Building on that, we endeavor
to extend the proposed algorithm to more practical scenarios that involve other imperfections like
limited granularity and noisy readings, prompting a second critical question:

Q2) How to extend the framework to address the limited response granularity and noisy 10 issues?

To answer this question, we propose two mechanisms to further overcome these two issues.
Our contributions. This paper makes the following contributions:

C1) Building on the pulse update equation, we propose an approximate discrete-time dynamics
for analog update. Enabled by this, we study the impact of response functions directly,
without being limited to specific element candidates.

C2) Based on that, we show that instead of optimizing f( - ), Analog SGD optimizes another
penalized objective implicitly. An implicit penalty is introduced by the asymmetric response
functions, which attract the weights towards symmetric points. Consequently, Analog SGD
can only converge to the optimal point inexactly.



C3) We propose a novel Residual Learning theoretical framework to alleviate the asymmet-
ric update and implicit penalty issues. Residual Learning explicitly introduces another
residual array, which has a stationary point 0. This framework leads to Tiki-Taka heuristi-
cally proposed in [22] while it offers an understanding of how Tiki-Taka deals with the
challenge from generic response functions. By properly zero-shifting so that the stationary
and symmetric points overlap, Residual Learning provably converges to a critical point.

C4) Building on C3), we propose a variant, Residual Learning v2, tailored for more practical
training scenarios. We propose introducing a digital buffer to filter out reading errors caused
by IO noise. Furthermore, we propose a threshold-based transfer rule to alleviate instability
caused by limited granularity.

1.2 Prior art

AIMC training. Analog training has shown promising early successes with tremendous energy
advantage [25, 26]. Among them, on-chip training, which performs forward, backward, and update
directly on analog chips [22-24, 27, 28] is considered to be the most efficient paradigm, but it
is more sensitive to hardware imperfections. Sacrificing energy efficiency for robustness, hybrid
digital-analog off-chip training is proposed [29—-32], which offloads some computation burden to
digital components. This paper focuses on the more challenging on-chip training setting.

Energy-based model and equilibrium propagation. AIMC training leverages back-propagation
to compute the gradient signals. Recently, a class of energy-based models has been studied, which
performs equilibrium propagation to compute gradient signals [33-37]. Focusing on the training
dynamics instead of concrete gradient computing, our work is orthogonal to them and is expected to
provide insight for algorithm designs of energy-based model training.

2 Analog Training with Generic Response Functions

This section examines the discrete-time dynamics of analog training and introduces the challenges
posed by generic response functions. After that, we introduce a family of response functions that
reflect crucial physical properties that interest us.

Compact formulations of analog update. We first investigate the dynamics of one element w
in W € RP. This paper adopts w to represent the element of the weight W}, without specifying
its index. As we discuss in Section 1, the response granularity Aw,;y, is scaled by the response
functions ¢4 (w) or g_ (w). Since a desired update Aw requires a series of pulses with each scaled
by approximately ¢ (w) or ¢_ (w), it is sensible that the Aw is approximately scaled by ¢ (w) or
g—(w) as well. Accordingly, we propose that an approximate dynamics of analog update is given by
w' =~ Uy(w, Aw), where U, (w, Aw) is defined by

w4 Aw- gy (w), Aw >0,

w+ Aw - qg_(w), Aw <O0. 3

Uy(w, Aw) = {

The update (3) holds at each resistive element. At the k-th iteration, We stack all the weights
wy, and expected increment Awy, together into vectors Wy, AW, € RP. Similarly, the response
functions ¢4 () and ¢_(-) are stacked into Q4 (-) and Q_(-), respectively. Let the notation
Ug(Wy, AW) on matrices W;, and AW denote the element-wise operation on Wy, and AW, i.e.
[Uq(Wy, AW)a == U, ((Wila, [Aw]a), ¥d € [D] with [D] := {1,2,---, D} denoting the index
set. The element-wise update (3) can be expressed as Wyy1 = Ug(Wy, AW},). Leveraging the
symmetric decomposition [21, 22], we decompose (W) and @ (W) into symmetric component
F(-) and asymmetric component G( - )

FW):=(Q-(W)+Q+(W))/2, and G(W):=(Q-(W)—Q+(W))/2, )

which leads to a compact form of the Analog Update
Analog Update Wit1 = Wi + AW, © F(Wy) — |AWy| © G(Wy). 5)

Gradient-based training algorithms on AIMC hardware. In (5), the desired update AW}, varies
based on different algorithms. Replacing AW}, with the stochastic gradient V f(Wy; &), we obtain



Response func.

Response func. Response func.

w

<& max
Tll

min o max min o max min
p w Tq Ty w Tq Tq w

Figure 3: Examples of response functions from Definition 1; w® is the symmetric point.

the dynamics of Analog SGD shown in (2). This update is reduced to the mathematical form for
linear response functions in [21] as a special case; see Appendix B for details.

Response function class. Before proceeding to the study of response functions, we first define the
response function class that interests us. Since the behavior of resistive elements is always governed
by physical laws, the function class should reflect certain crucial physical properties.

We first introduce a commonly observed saturation property across a wide range of resistive elements.
Resistive elements get saturated when they keep receiving the same pulses to avoid reaching arbitrarily
high or low conductance states. Constrained by that, the conductance of the resistive element with
q+(+) and g_(-) is bounded inside a dynamic range [T™", 7™2%] where 7™ and 7™ are the
saturation points with zero responses, i.e. ¢4 (7™#%) = g_(7™") = (. Near the saturation points, the
asymmetric issue is significant, so the update in one direction is suppressed, significantly impacting
convergence. On the contrary, if a point w® satisfies g_ (w®) = g4 (w®), the analog update behaves
like a digital update. We refer to w*® as symmetric point. Symmetric points are typically located in
the interior of the dynamic range and are far from saturation.

Stacking all w® into a vector W*° € RP. Observe that the function G(W) is large near the saturation
points while almost zero around W, implying it can reflect the saturation degree. At the same time,
F (W) is the average of the response functions in two directions. As we will see in Sections 3.2 and

4, the ratio G(W)
VEW)
Besides saturation, the function class should also enjoy other properties. First, the conductance
increases when receiving a positive pulse and vice versa, leading to positive response functions. On
top of that, we also assume the response functions are differentiable (and hence continuous) for
mathematical tractability. Taking all into account, we define the following response function class.

plays a critical role in the convergence behaviors.

Definition 1 (Response function class). ¢ (-) and q_( -) with dynamic range [T™", 7] satisfy
* (Positive-definiteness) q, (w) > 0,Yw < 77 and q_(w) > 0, Vw > 77i;
* (Differentiable) q. (- ) and q_( - ) are differentiable;
* (Saturation) g, (T™*) = q_ (7™") = (.

Definition 1 covers a wide range of response functions, including but not limited to PCM, ReRAM,

ECRAM, and others mentioned in Appendix A. Figure 3 showcases three examples from the response
functions class, including linear, non-linear but monotonic, and even non-monotonic functions.

3 Implicit Penalty and Inexact Convergence of Analog SGD

This section introduces a critical impact of the response functions, implicit penalized objective.
Affected by this, Analog SGD can only converge inexactly with a non-diminishing asymptotic error.

3.1 Implicit penalty

We first give an intuition through a situation where Wj is already a critical point, i.e.,
Ee[V f(Wy; §)] = 0. Recall that stochastic gradient descent on digital hardware (Digital SGD) is
stable in expectation, i.e. E¢, [Wii1] = Wi, — E¢, [aV f(Wy; &k)] = Wi. However, this does not
work for Analog SGD

Eg, Wit1] = Wi — Eg, [aV f(Wi; &) © F(Wi) — oV f(Wi; &) © G(Wy)] (6)
=Wk — B¢, [|[Vf (Wi )| © G(Wi)] # Wi



Consider a simplified version that the weight is a scalar (D = 1) and the function G(W) is strictly
monotonically decreasing? to help us gain intuition on the impact of the drift in (6). Recall G(W?®) =
0 at the symmetric point W°. G(W) > 0 when W > W*® and G(W) < 0 otherwise. Consequently,
(6) indicates that E¢, [Wi1] < Wy, when Wy, > W*® and E¢, [Wy11] > W), otherwise. It implies
that Wy, suffers from a drift tendency towards W °. In addition, the penalty coefficient proportional
to the noise level since the drift is proportional to E¢, [|V f(W}; & )], which is the first moment of
noise ¢, [|Vf(Wi: €1) — Ee[V (Wi )]l in essence.

The following theorem formalizes the implicit penalty effect. Before that, we define an accumulated

asymmetric function R.(-) : RP? — R, whose derivative is R(W) := gg%;, ie. d[lgfv(vvi)]d =
R(W)lq = [GWla 1f R(W) is strictly monotonic, R.(W) reaches its minimum at the symmetric
[F(W)]a

point W* where R(W°) = 0, so that it penalizes the weight away from the symmetric point.

Theorem 1 (Implicit penalty, short version). Assume E¢, [|V f(Wy; &) — E[Vf (Wi 6)]|] is a
constant . and suppose that D = 1. Analog SGD implicitly optimizes the following penalized
objective

min fo(W) = f(W) + (S, Re(W)). %

The full version of Theorem 1 and its proof are deferred to Appendix G. In Theorem 1, R.(W)
plays the role of a penalty to force the weight towards a symmetric point. As shown in Appendix
G, R.(W) has a simple expression on linear response functions when c;, = 0, leading (7) to
miny fx(W) := f(W) + Z |W||*> which is an ¢, regularized objective. In addition, the implicit
penalty has a coefficient proportional to the noise level X and inversely proportional to the dynamic
range 7. It implies that the implicit penalty becomes active only when gradients are noisy, and the
noise amplifies the effect.

With noisy gradients, an implicit penalty attracts Analog SGD towards symmetric points.

3.2 Inexact Convergence of Analog SGD under generic devices

Due to the implicit penalty, Analog SGD only converges to a critical point inexactly. Before showing
that, We introduce a series of assumptions on the objective, as well as noise.

Assumption 1 (Objective). The objective (W) is L-smooth and is lower bounded by f*.

Assumption 2 (Unbiasness and bounded variance). The stochastic gradient is unbiased and has
bounded variance o>.

Assumption 1-2 are standard in non-convex optimization [38, 21]. Additionally, similar to the setting
in [21], we also assume that the saturation degree is bounded, i.e., all response functions are positive.

Assumption 3 (Bounded saturation). There exists a constant Ryin > 0 such that min{Q (W) ®
Q, (W)} > Rmin.

Assumption 3 requires that W}, remains far from saturation points, which is a mild assumption in actual
training. This paper considers the average squared norm of the gradient as the convergence metric,

given by 45 := L ZkK;Ol |V £(W3)||>. Now, we establish the convergence of Analog SGD.

Theorem 2 (Inexact convergence of Analog SGD). Under Assumption 1-3, if the learning rate is set
as a = O(1/VK), it holds that

B < 0 (VoK + o*SH®) @®)
2
where S denotes the amplification factor given by St = 4 kK:_Ol %

The proof of Theorem 2 is deferred to Appendix H. Theorem 2 suggests that the convergence
metric £4%% is upper bounded by two terms: the first term vanishes at a rate of O(/02/K), which
matches the Digital SGD’s convergence rate [38] up to a constant; the second term contributes to
the asymptotic error of Analog SGD, which does not vanish with the number of iterations K.

21t happens when both ¢ (- ) and g_ ( - ) are strictly monotonic.



Impact of saturation/asymmetric update. The exact expression of S#° depends on the specific
noise distribution and thus is difficult to reach. However, S3°% reflects the saturation degree near the
critical point W* when W}, converges to a neighborhood of W*. If W* is far from the symmetric
point W°, S5 becomes large, leading to a large E4°° and a large asymptotic error. In contrast, if

W* remains close to the symmetric point W°, the asymptotic error is small.

4 Mitigating Implicit Penalty by Residual Learning

The asymptotic error in Analog SGD is a fundamental issue that arises from the mismatch between the
symmetric point and the critical point. An idealistic remedy for the inexact convergence is carefully
shifting the weights to ensure the stationary point is close to a symmetric point. However, determining
the appropriate shifting is challenging, as the critical point is unknown before training. Therefore, an
ideal solution to address this issue is to jointly construct a sequence with a proper stationary point
and a proper shift of the symmetric point.

Residual learning. Our solution overlaps the algorithmic stationary point and physical symmetric
point on the special point 0. Besides the main analog array, W}, we maintain another array, P,
whose stationary point should be 0. A natural choice is the residual of the weight, P*(W/), defined
by the P that minimizes the objective f(W + ~P) with a non-zero ~y. Notice that P*(W},) — 0 as
Wi — W*. Additionally, the goal of the main array is to minimize the residual so that the model
W), approaches optimality. This process can be formulated as the following bilevel problem, whose
optimal points can be proved to be those of f (V)

Residual Learning  min_||P*(W)||?, s.t. P*(W) € argmin f(W +~P). (9)
WeRP PERD

Now we propose a gradient-based method to solve (9). The stochastic gradient of f(W + vP) with
respect to P, given by Vp f(W + vP; &) = vV f(W + vP;§), is accessible with fair expense,
enabling us to introduce a sequence Py to track the residual of W, by optimizing f (W}, + vP)

Pij1 =Py — aVf(Wi; &) © F(Pr) — oV f(Wi; &) © G(Py). (10)

where Wy, := W}, + v Py is the mixed weight. We then derive the hyper-gradient of the upper-level
objective. Notice V| P*(W)||? = 2VP*(W)P*(W). Assuming W* is the unique minimum of
f(+), we know P*(W) satisfies yP*(W)+ W = W*. Taking gradient with respective to W on both
sides, we have VP*(W) = ,%[ and hence V| P*(W)|? = f%P*(W). Approximating P*(W)

by P, and absorbing % into the learning rate 3, we reach the update of the main array

Wit1 = Wi + BPi1 © F(Wy) — B|Peya]| © G(Wy). (11)

Featuring moving the residual Py, to Wy, (11) is referred to as transfer process. The updates (10) and
(11) are performed alternatively until convergence. Tiki-Taka mentioned in [21] is the special case
with linear response functions and v = 0.

On the response functions side, it is naturally required to let zero be a symmetric point, i.e., G(0) = 0,
which can be implemented by the zero-shifting technique [39] by subtracting a reference array.

Convergence properties of Residual Learning. We begin by analyzing the convergence of
Residual Learningwithout considering the zero-shift first, which enables us to understand how
zero-shifted response functions affect convergence.

If the optimal point W* exists and is unique, the solution of the lower-level objective has a closed
form P*(W) := u At that time, the upper-level objective equals ||[IW* — W||2. However, the
solutions of f( - ) are generally non-unique, especially for non-convex objectives with multiple local
minima. To ensure the existence and uniqueness of W*, we assume the objective is strongly convex.

Assumption 4 (u-strong convexity). The objective f(W) is p-strongly convex.

Under the strongly convex assumption, the optimal point W* is unique and hence the optimal solution
of the lower-level problem in (9) is unique. Since the requirement of strong convexity is non-essential
in the development of bilevel optimization [40—43], we believe the proof can be extended to more
general cases and will extend it for future work.
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Figure 4: Test accuracy of training on MNIST dataset under different 7; (Left) FCN. (Right) CNN.

Involving two sequences Wj, and Py, Residual Learning converges in different senses, including:
(a) the residual array Py, converges to the optimal point P*(W}); (b) W}, converges to the critical
point of f(-) or the optimal point W*; (c) the sum W), = W), 4 ~ P, converges to a critical point
where V f(W},) = 0. Taking all these into account, we define the convergence metric as
=
ER =1 > IE[IIVJ‘(Wk)I2 +O(IPe = P*(Wi)|*) + O(IWi = W) | (12)
k=0
For simplicity, the constants in front of some terms in E% are hidden. Now, we provide the
convergence of Residual Learning with generic responses.

Theorem 3 (Convergence of Residual Learning). Under Assumptions 1-3 and 4, with the learning
rate o = O (\/1/02K), B = O(an?/?), it holds for Residual Learning that

E¥ <O ( o2/K + 025}?) (13)

2
G(Pr)

VEPEP) ||
The proof of Theorem 3 is deferred to Appendix I. Theorem 3 claims that Residual Learning
converges at the rate O <\/02 /K ) to a neighbor of critical point with radius O(o?S%), which

share almost the same expression with the convergence of Analog SGD. The difference lies in the
amplification factor SB and S45%°, where the former depends on Py, while the latter depends on W,.

where S denotes the amplification factor of Py, given by S% .= % Zszo

Impact of response functions. Response function affects the Analog SGD and Residual
Learning similarly. However, attributed to the residual array, constructing response functions to
enable exact convergence of Residual Learning is viable.

As we have discussed, Py tends to P*(W}) which tends to 0 given W, tends to W*. Therefore,
response functions with G(P) = 0 when P = 0 are required for the exact convergence.

Assumption 5. (Zero-shifted symmetric point) P = 0 is a symmetric point, i.e. G(0) = 0.
G(Py

k)
VEWER) || o
Ls||Pgl|oo for a constant Lg > 0. Consequently, when P, — P*(Wj) — 0 as W), — W*, the
asymptotic error disappears. Formally, the following corollary holds true.

Corollary 1 (Exact convergence of Residual Learning). Under Assumption 5 and the conditions
in Theorem 3, if v > Q(R_l/s), it holds that E¥ < O (\/O’zL/K).

min

Under it and the Lipschitz continuity of the response functions, it holds directly that

The proof of Corollary 1 is deferred to Appendix 1.5. Corollary 1 demonstrates the failure of
Tiki-Taka in Figure 2. The symmetric point is w® = cpi,7 in this example, which violates
Assumption 5 when c;, # 0 and hence introduces asymptotic error into Residual Learning.

S Extension of Residual Learning: limited granularity and noisy 10

This section extends Residual Learning to practical scenarios with additional hardware imperfec-
tions. To be specific, we consider the noisy IO and limited granularity as examples. We highlight that



\ CIFAR10

| DSGD | ASGD | TT/RL | TTv2 | RLv2
ResNetl8 | 95.4340.13 | 84.47+3.40 | 94.81+0.09 | 95.31+0.05 | 95.12+0.14
ResNet34 | 96.4840.02 | 9543+0.12 | 96.29+0.12 | 96.60-:0.05 | 96.42+0.13
ResNet50 | 96.5740.10 | 94.36+1.16 | 96.34+0.04 | 96.63-0.09 | 96.56-+0.08

\ CIFAR100

| DSGD | ASGD | TT/RL | TTv2 | RLv2
ResNetl8 | 81.1240.25 | 68.98+1.01 | 76.17+0.23 | 78.56-:0.29 | 79.83+0.13
ResNet34 | 83.86-0.12 | 78.9840.55 | 80.58+0.11 | 81.81+0.15 | 82.85+0.19
ResNet50 | 83.9840.11 | 79.88+1.26 | 80.80+0.22 | 82.82:+0.33 | 83.90-0.20

Table 1: Fine-tuning ResNet models with the power response on CIFAR10/100. Test accuracy is
reported. DSGD, ASGD, TT/RL, TTv2, and RLv2 represent Digital SGD, Analog SGD, Residual
Learning/Tiki-Taka, and Residual Learning v2, respectively.

we are not trying to diminish the importance of imperfection, but rather focus on two of the primary
ones known to be crucial.

IO of resistive crossbar arrays introduces noise during the reading of Py, in the transfer process (11),
givenby Wiy = Wi+ 8(Pry1+er) OF (Wy)—B| Pey1+ex| ©G (W) with anoise €. It incurs the
implicit penalty issues again, leading to a penalized upper-level objective || P*(W) |2 + (2., R.(W)),
as claimed by Theorem 1, where 3. = EJ|ex|] is assumed to be a constant. To filter out the noise, we
propose to use a digital buffer Hj, to take a moving average of noisy Py 1 signals by

Hip1 =1 = B)Hi + B(Preg1 + €r41)- (14)

Intuitively, with a fixed P11, Hy will converge to a neighborhood of Py, with radius O(f).
Therefore, a sufficiently small 3 renders Hy, a fair approximation of noiseless Py, enabling optimizing
the upper-level objective with clearer signals. After that, [} is transferred to W}, as follows

Wig1 =Wy + BHy1 © F(Wy) — B|Hy11| © G(Wy). (15)

Furthermore, the transfer process suffers from a constant error of O(Awy,;,) due to the discrete
pulse firing, each of which changes the weight by O(Awyy,;y ). To overcome these issues, we propose
introducing a threshold mechanism that does not transfer the entire Hy; to Wy at each iteration,
as in (15). Instead, we compute an intermediate value by H,H% =(1—B)Hk + B(Prt1 + €r41)

first. At each coordinate d, if the value |[H, +%] d| = Awpin, one pulse will be fired to [Wy]4 and
update the digital buffer by [Hy1]q = [HkJr%]d — Awpin O [Hyy1]a = [H;H%}d + Awmin, Where
the sign of increment is determined by the sign of [H), +%]d. Otherwise, no transfer is triggered if the
intermediate value falls below the threshold, i.e., [Hk+1]a = [Hy 1]a. The proposed algorithms are
referred to as Residual Learning v2.

6 Numerical Simulations

In this section, we verify the main theoretical results by simulations on both synthetic datasets and real
datasets. We use the open source toolkit IBM Analog Hardware Acceleration Kit (ATHWKIT) [44] to
simulate the behaviors of Analog SGD, Residual Learning (which reduces to Tiki-Taka). Each
simulation is repeated three times, and the mean and standard deviation are reported. We consider
two types of response functions in our simulations: power and exponential response functions with
dynamic ranges [—7, 7] and the symmetric point being 0, as required by Corollary 1. More details,
simulations, and ablation studies can be found in Appendix K. The code of our simulations is available
at github.com/Zhaoxian-Wu/analog-training.

FCN/CNN @ MNIST. We train a fully-connected network (FCN) and a convolutional neural
network (CNN) on the MNIST dataset and compare the performance of Analog SGD and Tiki-Taka
under various dynamic range 7 on power responses; see the results in Figure 4. By tracking
residual, Residual Learning outperforms Analog SGD and reaches comparable accuracy with
Digital SGD. For both architectures, the accuracy of Residual Learning drops by < 1%. In
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Figure 5: The test accuracy of ResNet family models after 100 epochs trained by Residual
Learning under different v in (10); (Left) CIFAR10. (Right) CIFAR100.

contrast, Analog SGD takes a few epochs to achieve a noticeable increase in accuracy in FCN training,
rendering a slower convergence rate than Residual Learning. In CNN training, Analog SGD’s
accuracy increases more slowly than Residual Learning, eventually settling at about 80%. It is
consistent with the theoretical claims.

ResNet @ CIFAR10/CIFAR100. We fine-tune three ResNet models with different scales on
CIFAR10/CIFAR100 datasets. The power response functions are used, whose results are shown in
Table 1. The results show that the Tiki-Taka outperforms Analog SGD by about 1.0% in most of the
cases in ResNet34/50, and the gap even reaches about 7.0% for ResNet18 training on the CIFAR100
dataset. On top of that, we also compare the proposed Residual Learning v2 and Tiki-Taka v2.
Both of them outperform Residual Learning since they introduce a digital buffer to filter out the
reading noise. However, Residual Learning v2 outperforms Tiki-Taka v2 on the CIFAR100
dataset, demonstrating the benefit from the bilevel formulation.

Ablation study on . We conduct simulations to study the impact of mixing coefficient ~y in (10) on
the CIFAR10 or CIFAR100 dataset in the ResNet training tasks. The results are presented in Figure
5, which shows that Residual Learning achieves a great accuracy gain from increasing v from 0
to 0.1, while the gain saturates from 0.1 to 0.4. Therefore, we conclude that Residual Learning
benefits from a non-zero -, and the performance is robust to the v selection.

7 Conclusions and Limitations

This paper studies the impact of a generic class of asymmetric and non-linear response functions on
gradient-based training in analog in-memory computing hardware. We first formulate the dynamics
of Analog Update based on the pulse update rule. Based on it, we show that Analog SGD implicitly
optimizes a penalized objective and hence can only converge inexactly. To overcome this issue, we
propose a Residual Learning framework which solves a bilevel optimization problem. Explicitly
aligning the algorithmic stationary point and physical symmetric point, Residual Learning prov-
ably converges to the optimal point exactly. Furthermore, we demonstrate how to extend Residual
Learning to overcome the noisy reading and limited update granularity issues. The efficiency of
the proposed method is verified through simulations. One limitation of this work is that the current
analysis considers only the three hardware imperfections. While they are known to be crucial for
analog training, it is also important to extend our convergence analysis and methods to more practical
scenarios involving more imperfections in future work.
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A Literature Review

This section briefly reviews literature that is related to this paper, as complementary to Section 1.

Training on AIMC hardware. Analog training has shown promising early successes in tasks such
as face classification [25] and digit classification [26], achieving 1,000x lower energy consumption
than digital implementations. Researchers are also exploring approaches to mitigate the impact
of hardware non-idealities. For example, [27, 28] proposes leveraging the momentum technique
to stabilize training by reducing noise. To address other potential non-idealities, a hybrid training
paradigm is also being explored. [29] leverages the chip-in-the-loop technique to train models
layer-by-layer, while [30] proposes to train the backbone in the digital domain and train the last
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layer in the analog domain. In general, these works have provided valuable insights into analog
training, shedding light on many critical technical challenges. However, their focus has largely been
on experimental and simulation aspects, with limited systematic and theoretical analysis of how
specific imperfections affect the training process. In our paper, we present an alternative viewpoint
and novel tools to explore the effects of non-idealities.

Resistive element. A series of works seeks various resistive elements that have near-constant or at
least symmetric responses. The leading candidates currently include PCM [45, 46], ReRAM [47-49],
CBRAM [50, 51], ECRAM [52, 53], MRAM [54, 55], FTJ [56] or flash memory [57-59].

However, a resistive element with symmetric updates may not be the best option for manufacturing.
For example, although ECRAM provides almost symmetric updates, it remains less competitive than
ReRAM, which offers faster response speed and lower pulse voltage [49]. The suitability of the
resistive elements is evaluated using metrics across multiple dimensions, including the number of
conductance states, retention, material endurance, switching energy, response speed, manufacturing
cost, and cell size. Among them, this paper is only interested in the impact of response functions in
the training.

Imperfection of AIMC hardware. Besides the response functions, analog training suffers from all
kinds of hardware imperfection, especially when the task’s scale increases, like asymmetric update
[17, 19], reading/writing noise [18, 60, 61], device/cycle variations [62], non-linear current response
due to IR drop [18, 6, 63]. This paper mainly focuses on asymmetric response functions. However,
this paper is not trying to diminish the importance of other hardware imperfections but rather focuses
on one of the primary ones known to be very important [19, 16].

Hardware-aware training. For inference on AIMC hardware purposes, models pretrained on digital
hardware will be programmed on analog hardware. Due to hardware imperfections, the pretrained
models suffer performance drops. Hardware-aware training (HWA) is a technique designed to bridge
the gap between ideal pretrained models and non-ideal programmed models. In contrast to standard
training methods, hardware-aware training explicitly incorporates device-specific imperfections, such
as weight drift [20], device fail [64], bounded dynamic range [65], quantization error from ADC
[66—68], device variation [69], and non-linear current output [70], into the training loop. By modeling
these constraints during training, the learned parameters become inherently more robust to real-world
deployment conditions. It is worth highlighting that HWA is still performed on digital hardware, and
the trained model will be programmed onto AIMC hardware. On the contrary, this paper considers a
different, more challenging setting in which training is performed directly on analog hardware.

Gradient-based training on AIMC hardware. A series of works focuses on implementing back-
propagation (BP) and gradient-based training on AIMC hardware. The seminal work [16, 71]
leverages the rank-one structure of the gradient and implements Analog SGD by a stochastic pulse
update scheme, rank-update. Rank-update significantly accelerates the gradient descent step by
avoiding the O(N?)-element computation of gradients and instead using two vectors with O(V)
elements for the update, where IV is the number of matrix rows and columns. To alleviate the
asymmetric update issue, researchers also design various of Analog SGD variants, Tiki-Taka
algorithm family [22-24]. The key components of Tiki-Taka are the introduction of a residual
array to stabilize training. Apart from the rank-update, a hybrid scheme that performs forward
and backward passes in the analog domain but computes gradients in the digital domain has been
proposed in [31, 32]. Their solution, referred to as mixed-precision update, provides a more accurate
gradient signal but requires 5x-10x higher overhead compared to the rank-update scheme [24].

Attributed to these efforts, analog training has empirically shown great promise, achieving accuracy
comparable to that of digital training on chip prototypes while reducing energy consumption and
training time [72, 73]. Simultaneously, the parallel acceleration solution with AIMC hardware is
under exploration [74]. Despite its good performance, it remains mysterious when and why the
analog training works.

Theoretical foundation of gradient-based training. The closely related result comes from the
convergence study of Tiki-Taka [21]. Similar to our work, they attempt to model the dynamics
and provide the convergence properties of Analog SGD and Tiki-Taka. However, their work is
limited to a special linear response function. Furthermore, their paper considers a simplified version
of Tiki-Taka, with a hyper-parameter v = 0 (see Section 4). As we will show empirically and
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theoretically, Tiki-Taka benefits from a non-zero . Consequently, We compare the results briefly
in Table 2 and comprehensively in Appendix B.

‘ 0 ‘ Generic response ‘ Linear response
Tiki-Taka [21] ‘ =0 ‘ X ‘ O(,/%m)

Tiki-Taka [Corollary 1] ‘ #0 ‘ O(q/%m%) ‘ O(ﬁﬁ)

Table 2: Comparison between our paper and [21]. Mixing-coefficient «y is a hyper-parameter of
Tiki-Taka. “Generic response” and “Linear response” columns are the convergence rates in the
corresponding settings. K represents the number of iterations. REL: and P2 /7% < 1 measure the

saturation while the former one reduces to the latter on linear response functions.

Energy-based models and equilibrium propagation. Apart from achieving explicit gradient signals
by the BP, there are also attempts to train models based on equilibrium propagation (EP, [33]),
which provides a biologically plausible alternative to traditional BP. EP is applicable to a series
of energy-based models, where the forward pass is performed by minimizing an energy function
[34, 35]. The update signal in EP is computed by measuring the output difference between a free
phase and an active phase. EP eliminates the need for BP non-local weight transport mechanism,
making it more compatible with neuromorphic and energy-efficient hardware [36, 37]. We highlight
here that the approach to attain update signals (BP or EP) is orthogonal to the update mechanism
(pulse update). Their difference lies in the objective f(W},), which is hidden in this paper. Therefore,
building upon the pulse update, our work is applicable to both BP and EP.

Physical neural network. The model executing on AIMC hardware, which leverages resistive
crossbar array to accelerate MVM operation, is a concrete implementation of physical neural networks
(PNNSs, [75, 76]). PNN is a generic concept of implementing neural networks via a physical system
in which a set of tunable parameters, such as holographic grating [77], wave-based systems [78], and
photonic networks [79]. Our work particularly focuses on training with AIMC hardware, but the
methodology developed in this paper can be transferred to the study of other PNNs.

B Relation with the result in [21]

Similar to this paper, [21] also attempts to model the dynamics of analog training. They show that
Analog SGD converges to a critical point of problem (1) inexactly with an asymptotic error, and
Tiki-Taka converges to a critical point exactly. In this section, we compare our results with our
results and theirs.

As discussed in Section 1, [21] studies the analog training on special linear response functions
w w
=1-= _ =1+ —. 16
aw) =1-2, g (w)=1+" (16)

It can be checked that the symmetric point is 0 while the dynamic range of it is [—7, 7|. The symmetric
and asymmetric components are defined by F(W) = 1 and G(W) = %, respectively. It indicates
Fiax = 1. Furthermore, they assume the bounded weight saturation by assuming bounded weights,
e, [[Willoo € Wiax, Vk € [K] with a constant Wy, < 7. Under this assumption, the lower

bounds of response functions are given by

2
wmin{R(W,)} = min{Q (W) © Q_ (W)} = 1 - (”W”“’) a”
RA® — min{ R(Wy)} =1 — (Wj“"‘) : (18)

Challenge of analyzing the convergence of Tiki-Taka with generic response functions. For
linear response functions (16), the recursion of residual array P, has a special structure, where the
first and the biased term can be combined

Piv1 = Py — oV f(Wi &) — %W(Wk;w © Py (19)
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= (1= 2IVS(W:60)]) © P = aV (Wi &)

which is a weighted average of P, and V f(Wy; ;). Consequently, Py can be interpreted as an
approximation of the average gradient. From this perspective, the transfer operation can be interpreted
as biased gradient descent. However, given a generic G( - ), the combination is no longer viable,
bringing difficulties to the analysis.

Convergence of Analog SGD. As we will show in Remark 1 at the end of Appendix H, inequality (8)
can be improved when the saturation never happens

% Z (I £ (W) |I°] (20)

H /mln{R(Wk)}

(fWo) = [)o?L 1 o a2/
<0<¢ K 1 Wio )””K,;)l—nww

which is exactly the result in [21].

K—

2 _ f*\52
< 4lex\/(f(WO) Kf )U L + 2F1nax0'

Convergence of Tiki-Taka. It is shown empirically that a non-zero ~ in (10) improves the training
accuracy [22]. However, [21] only considers v = 0 while this paper considers a non-zero .

With the linear response, if we also assume the bounded saturation of Py, by letting || Pk||co < Pmaxs

the minimal average response function is given by R¥: =1 — (%)2 The upper bound in
Corollary 1 becomes

K—1

1 - 1 (f(Wo) = /*)o?L

= > VA2 <0 (1 /Tz\/ - . en
k=0 max
Asa comparison without a non-zero v, [21] shows that convergence rate of Tiki-Taka is only
K—1

1 (F(Wo) — )o°L
2 < : 22
Z ||Vf Wk || (1_33P1%ax/7—2\/ K ( )

Even though it is not a completely fair comparison, since the two papers rely on different assump-
tions, it is still worth comparing their analyses. [21] assumes the noise should be non-zero, i.e.
Ee[|[VFW;56)lla > cnoised, ¥d € [D] holds for a non-zero constant cposs6. Instead, this paper does
not make this assumption but assumes that the objective is strongly convex. As mentioned in Section
4, the strong convexity is introduced only to ensure the existence of P*(W}). Therefore, we believe
it can be relaxed and that the convergence rate can remain unchanged, which is left for future work.
Taking that into account, we believe the comparison can provide insight into how the non-zero ~y
improves the convergence rate of Tiki-Taka.

Why does non-zero v improve the convergence rate of Tiki-Taka? As discussed in Section 4,
Py, is interpreted as a residual array that optimizes f (W, + vP). In the ideal setting that F'(W) = 1
and G(W) = 0, it can be shown that P, converges to P*(W},) if Wy, is fixed and Py, is kept updated,
even though the Wy, # W* (hence V f(W},) # 0).

Instead, without a non-zero ~, [21] interprets P, as an approximation of clear gradient by showing
Eg, [[| Per1 = OV f(Wi)|1?] (23)

< (1 - 5) | Px — OV f(Wi)||2 + O(BC)||V f(Wy)||? + remainder

where C, C’ are constants depending on the resistive element and model dimension, and the “remain-
der” is the non-essential terms. Consider the case that W}, is fixed and (10) is kept iterating, in which
case the increment on Py is constant since v = 0. Telescoping (23), we find that the upper bound
above only guarantees that
lim sup B P11 — CVF(W)[?] < O(CC'|IV f(Wi)II?) (24)
—00
which means that Py, tracks the gradient accurately only when V f(W},) reaches zero asymptotically.
The less accurate approximation results in a slower rate than the one reported in this paper.
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C Dynamics of Non-ideal Analog Update

This section presents details on how to obtain the dynamics of the analog update (3) appearing in
Section 2, along with its error analysis. The primary distinction between digital and analog training is
the method of updating the weight. As discussed in Section 1, the weight update in AIMC hardware
is implemented by Analog Update, which sends a series of pulses to the resistive elements.

Pulse update. Consider the response of one resistive element in one cycle, which involves only
one pulse. Given the initial weight w, the updated weight increases or decreases by about Awy;,
depending on the pulse polarity, where Awy,i, > 0 is the response granularity determined by
elements. The granularity is further scaled by a factor, which varies by the update direction due to
the asymmetric update property of resistive elements. The notations ¢ (- ) and g_( - ) are used to
denote the response functions on positive or negative sides, respectively, to describe the dominating
part of the factor. In practice, the analog noise also causes a deviation of the effective factor from
the response functions, referred to as cycle variation. It is represented by the magnitude o times
a random variable £, with expectation 0 and variance 1. Taking all of them into account, with
s € {+, —} being the update direction, the updated weight after receiving one pulse is U, (w, s)

where Uq(-, ) : R x {+,—} — R is the element-dependent update that implements the resistive
element, which can be expressed as

Uy(w, ) i= w + Amin - (q5(w) + 0,£) (25)

{U) + AWy - (Q+(w) + chc)v s =+,
w — A’wmin : (Q—(w) + chc)a §=—.

The typical signal and noise ratio o./qs(w) is roughly 5%-100% [80, 49], varied by the type of
resistive elements. Furthermore, the response functions also vary by elements due to the imperfection
in fabrication, called element variation (also referred to as device variation in literature [16]).

Equation (25) is a resistive element level equation. Existing work exploring the candidates of resistive
elements usually reports the response curves similar to Figure 1, [73, 52, 49]. Taking the difference
between weights in two consecutive pulse cycles and adopting statistical approaches [80], all the
element-dependent quantities, including Awyin, ¢+ (), ¢—(-) and o, can be estimated from the
response curves of the resistive elements.

Analog update implemented by pulse updates. Even though the update scheme has evolved over
the years [16, 71], we discuss a simplified version, called Analog Update, to retain the essential
properties. To update the weight w by Aw, a series of pulses are sent, whose bit length (BL) is

computed by BL := { A'ﬁ::j'ﬂ
the function composition of (25) by BL times

-‘ . After received BL pulses, the updated weight w’ can be expressed as

w’:ququwof]q(w,s) =: U(?L(w,s). (26)
S —
x BL

Roughly speaking, given an ideal response ¢+ (w) = ¢— (w) = 1 and 0. = 0, BL pulses, with Awyin
increment for each individual pulse, incur the weight update Aw. Since the response granularity
Awnp,ip is scaled by the response function ¢s(w), the expected increment is approximately scaled by
gs(w) as well. Accordingly, we propose an approximate dynamics of Analog Update is given by
w' = Uy(w, Aw), where Uy (w, Aw) is defined in (3). The following theorem provides an estimation
of the approximation error. It has been shown empirically that the response granularity can be made
sufficiently small for updating [81, 82], implying Awp,in, < Aw. Therefore, we establish the error
estimate for the approximation under a small-response-granularity condition.

Theorem 4 (Error from discrete pulse update). Suppose the response granularity is sufficiently small
such that Awp,in < o(Aw). With the update direction s = sign(Aw), the error between the true

update U(?L (w, s) and the approximated Uy (w, Aw) is bounded by
U (w, 5) = Uy(w, Aw)|

Aw—0 |ﬁ§L(w7s) — w|

=0. Q27)

In Theorem 4,

U, EL(UM s) — Uqy(w, Aw)| is the error between the true update and the proposed
dynamics, while |U, 2F(w, s) — wl is the difference between original weight and the updated one.

21



Theorem 4 shows that the proposed dynamics dominate the update, and the approximation error is
negligible when Aw is small, which holds as Aw always includes a small learning rate in gradient-
based training.

Takeaway. Theorem 4 enables us to discuss the impact of response functions directly without
dealing with element-specific details like response granularity Aw,;, and cycle variation o.
Response functions are the bridge between the resistive element level equation (pulse update
(25)) and the algorithm level equation (dynamics of Analog Update (3)).

Proof of Theorem 4. Recall the definition of the bit length is
|Aw| |Aw|
BL := =0 28
’VAwmin A'wmin ( )

| BL Awmin — |Aw|| € Awpin o [$ BL Awgin — Aw| < Awpin. (29)

leading to

Notice that the update responding to each pulse is a ©(Awp,;,) term. Directly manipulating
UZ])?’L (w, s) and expanding it in Taylor series to the first-order term yields

BL —1 BL —1
UEL (w,s) =w+ s+ Awpin Z gs(w 4+ O(tAwmin)) + AWmin Z ot (30)
t=0 t=0
BL —1 BL —1 BL -1
=w+ 5 AWpin Z gs(w) + Z O(tH(Awmin)?) + AWmin Z oy
t=0 =0 t=0

=w+ 8+ AWnpin - BL- gs(w) + @(BL2 (Awmin)z) + Awpyin - VBL - 0.
=w+ Aw - ¢gs(w) 4+ (s BL Awpin, — Aw) + @((Aw)z) + VAW - VAW - 0.€
= U,(w, Aw) + O(Awmin) + O((Aw)?) + O(v/Awpmin - VAW - 7,.)

where ¢ := \/% Z?:Lo_l &, is the accumulated noise with variance 1. The proof is completed. [

D Comparison of Residual Learning v2 and Tiki-Taka v2

Introducing a digital buffer, the proposed Residual Learning v2 has a similar form of Tiki-Taka
v2 [23]. However, there are slight differences. Tiki-Taka v2 updates the digital buffer by

Hyp1 = Hi + B(Pry1 + €r) (1)

which do not include a decay coefficient in front of Hj. Furthermore, Tiki-Taka v2 uses the
gradient V f (Wy; &) that are solely computed on the main array Wj,. Instead, Residual Learning
v2 computes gradient on a mixed weight Wi, = W, 4+ vPx. As suggested by the ablation simulations
in 6, the training benefits from a non-zero ~.

E Estimation of time consumption

Residual Learning introduces an extra resistive element array, which increases overhead. How-
ever, the extra overhead is affordable in practice. Compared to Analog SGD, the analog memory
requirement doubles, but the latency remains almost unchanged since Residual Learning does not
explicitly compute the mixed weights during the forward and backward passes. As [83] suggests, Wy,
and Py can share the same analog-digital convertor (ADC), which implements the weight mixing
without introducing extra latency. On the other hand, as suggested by [22], the forward, backward,
and update steps for W}, and Py are performed in parallel, thereby avoiding a significant increase in
latency. Consequently, introducing an extra residual array does not incur substantial extra latency.

Following the evaluation in Table 1 in [24], we compared the latency of Analog SGD and Residual
Learning in Table 3. We consider that each gradient update step requires 32 pulse cycles, each
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consuming 5 nanoseconds (ns). Following the estimation in [24], preprocessing the input vectors
for each MVM operator takes 5.9ns. Compared with Analog SGD, Residual Learning adds an
extra MVM step to read from Pj,. The results suggest that the overhead is only about 2x that of
Analog SGD. As the update is typically not the bottleneck of the whole training process, the extra
overhead is affordable.

Analog SGD Residual Learning
Forward/backward [84] 40.0 40.0
Update 165.9 371.8

Table 3: Comparison of time (nanosecond) consumption in each layer

F Useful Lemmas and Proofs

F.1 Lemma 1: Properties of weighted norm

Lemma 1. ||W||g has the following properties: (a) |[W|s = |W © VS|; (b) [W|s <
IWIVISloes (c) [Wlls = [[W]l\/min{S}.
Proof of Lemma 1. The lemma can be proven easily by definition. O

F.2 Lemma 2: Properties of weighted norm

A direct property from Definition 1 is that all g1 (- ), ¢—(-), and F'(-) are bounded, as guaranteed by
the following lemma.

Lemma 2. The following statements are valid for all W € R. (a) F(-) is element-wise upper
bounded by a constant Fyax > 0, i.e., |F(W)|loo < Fiaxs (b) Q4 () and VQ_( ) are element-
wise bounded by L, i.e., ||[VQ+(W)|loo < Lo, [VQ-(W)|lso < Lg.

F.3 Lemma 3: Lipschitz continuity of analog update

Lemma 3. The increment defined in (5) is Lipschitz continuous with respect to AW under any
weighted norm | - || s, i.e., for any W, AW, AW’ € R” and S € R, it holds

AW © F(W) — |AW| @ G(W) — (AW’ & F(W) — |AW!| © G(W))| s 32)
< Foax || AW — AW 5.

Proof of Lemma 3. We prove for the case where D = 1 and S = 1, and the general case can be
proven similarly. Notice that the absolute value | - | and vector norm || - ||, scalar multiplication x
and element-wise multiplication ©, are equivalent at that situation. We adopt both notations just for
readability.

AW © F(W) — |AW| 0 G(W) — (AW 0 F(W) — |[AW'| © G(W))| (33)
= [(AW — AW") © F(W) — (|AW] — |AW']) © G(W)].
Since ||[AW — AW/|| > |||AW]| — |AW||| and |G(W)| < |F(W)|, we have
(AW — AW') @ F(W) — (JAW| — [AW']) © G(W)] (34)
<[(AW — AW o (F(W) — |G(W)))]
< AW = AW [F(W) — [GW)]|
< Frax| AW — AW/

which completes the proof. O
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F.4 Lemma 4: Element-wise product error

Lemma 4. Let U,V,Q € RP be vectors indexed by [ D). Then the following inequality holds

where the constant C'y. and C_ are defined by
1 . 1 .
Cy = 3 (max{Q} + min{Q}), C_ := 3 (max{Q} — min{Q}). (36)
Proof of Lemma 4. For any vectors U, V, Q € RP, it is always valid that
U, Vo) =Y UlV]Ql (37)
de[D]
= > [UlalV]al@la  + > [UlalV]a[Qla
de[D],[U)a[V]a>0 de[D],[U])a[V]a<0

%

min{Q} x ( > Ul [V]d) + max{Q} x ( > [U}dmd)
[V]a<O

€[D],[U]a[V]a=0 de[D],[U]4
(a)
=0y -C- I[U]a[V]al
de[D], [U]d[V]d>0 de[D], [U]d[v]d>0

+04 -C- I[U]a[V]al
de[D], [U]d[V]d<0 de[D], [U]d[V]d<0

=C Y [WalVla—C- Y |[ULa[V]dl

de[D] de([D]
=C. (U, V) —C_{|U,|V])

where (a) uses the following equality

min{Q}U]a[V]a = C[U]a[V]a — C_|[U]a[V]al|, if [U]a[V]s >0, (38)
max{Q}U]a[V]a = C1[UlalV]a — C—|[Ula[V]al, if [U]a[V]s <0 (39)
This completes the proof. O

G Proof of Theorem 1: Implicit Bias of Analog Training

In this section, we provide a full version of Theorem 1. Before that, we formally define the
accumulated asymmetric function R.(W) : RP — RP element-wise. Let R(W) := % be the
asymmetric ratio and R.(W) is defined by

(Wla
[Re(W)], = / ROV W (40)

min
Ti

which satisfies V (X, R.(W)) = ¥ ® R(W) for any ¥ € RP. Since we do not further assume
stronger properties for response functions, like monotonicity, it is hard to provide strong claims on
the shape of R(W) or R.(W). Here we provide the expression of R.(W) for the linear response
functions Q1 (W) =1— 2, Q_(W) = 1+ X In this case, F(W) = 1 and G(W) = ¥ based on
definition (4); and hence R(W) = gg%; = % Accordingly, the accumulated asymmetric function
is given by

(Wla (Wla
Rela= [ momlaawla= [ P, @)
1 2 1 miny2 l
= (W) = - ()
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Therefore, the last term in the objective (7) becomes

- 20 = S0l (G (OI? - ) e

i=1 i=1
1
||W||E + const.

which is a weighted ¢5 norm regularlzatlon term. In the scalar case, it reduces to
b 9
min f(W) = (W) + =W (43)

If the ratio R(TV) is monotonic at each coordinate, R.(T/) reaches its minimum at W °. Therefore,
R.(WW) has no impact on the convergence only when the optimal point of f(W) is W°.

Theorem 5 (Implicit Penalty, full version of Theorem 1). Let T'(w) denote the effective update of

Analog SGD.
Ee (U, (W, —af (W -w
r(w) = |2l WBON =W g () © POW) — Bl (W3] © GO
(44)
Analog SGD implicitly optimizes the following penalized objective
mmi/n (W) = f(W) + (Z, R.(W)) (45)
in the sense that there exists a point W*° given by
Fi= (VA (W*) = VR(W)Z) (V2 f(W*) W* — VR(W®)S W°) (46)
such thatQVfg (W3] < O((W?° —W*)?) and T(W*S) < O(W?® — W*)2). Both T(W?) and

IV fs(W*=)| are significantly smaller than T(W*®) = O(|W°—=W*|) and T(W*) = O(|W°—-W*|)
when W¢ is close to W*.

If W is a scalar, i.e. D = 1, (46) reduces to (43)
by
i W) = f(W) + —||[W|? 47
min fs(W) = (W) + W] @7)

with its solution
WS . f//(W*) W* _ R/(WO)E WO
W) - R(We)E

(48)

Proof of Theorem 1 and 5. We separately show that |V fs(W)|| < O((W° —=W*)?) and T(W?*) <
O((W° — W*)?).

Proof of ||V fs(W)| < O(W?° — W*)?). The gradient of the penalized objective fs (W) is given
by

Vis(W)=VfW)+Xo RW). (49)

Leveraging the fact that V f(WW*) = 0, ?E%Zg = 0, as well as Taylor expansion given by

VEW?) = VW) + VAW (WS = W) + O(W* - W*)?), (50)

GW®) _ G(W°)

F(Ws) — F(W°)

we bound the gradient of the penalized objective as follows
G(W*)
F(W9)

+ VR(W) (WS —W°) + O(W° —W*)?), (51)

VIWS) —2o

IV (W) = \

‘ (52)

= ||[V2fWH) (WS = W*) + O(WF —W*)?) =L@ (VR(W) (WS —W?)) + O(W* — W°)?)||
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= O((WS = W*)?) + (WS = W°)?)

= O((W* ~ W°)?)

where the last inequality holds by the definition of 1W/°.

Proof of T'(w®) < O((w® — w*)?). By the definition of effective update T'(1W ), we have

E¢ [Uy (W5, —aV f(W5;¢))] - W*
o

= B[V (W 8)] 0 F(W?) —Ee[|V (W 6| © GW?)

(53)

IN

(vr0v) - v svsigo S |

G(WS)
FWS)

IN

VW) = Ee[|[VFWT€) = V(W) @

’ max

G(WS)

+ H(]Eg[IVf(WS;é)I] ~E[VW556) = VW) © Fpsy

‘ Fmax
G(W*)
F(WS)
The first term in the right-hand side (RHS) of (53) is already bounded by (52). By inequality
[lz] = |y|| < |x — y| for any x, y € R, the second term in the RHS of (53) is bounded by

G(W*S)
F(WS)

IN

19 £ (V)| i + H(Eg[vf(WS;é“)l] LRV W) - VAW ©

’Fmax

(Be[[VF(WS;8)|] = Ee[| V(W2 6) = VW) @

!
= [IVf(W®) = ViW") o (?%2 N g%g) H

<O(W* = Ww))-o(w* — W)
=O0((W* —Ww*)?)

’ (54)

G(WS)
FWS)

< IVfwo)e

Plugging back (52) and (54) into (53) shows T'(w®) < O((w® — w*)?). It is trivial to prove
T(W°) = O(|W® — W*|) and T(W*) = O(|W*® — W*|) by the definition of W* and (50). [

H Proof of Theorem 2: Convergence of Analog SGD

Theorem 2 (Inexact convergence of Analog SGD). Under Assumption 1-3, if the learning rate is set
as a = O(1/VK), it holds that

B <0 (VoK + aSt) ®
2
where S5 denotes the amplification factor given by S5 .= < kK:_Ol GPE‘(/VV’[‘/z)
) [e’e]

Proof of Theorem 2. The L-smooth assumption (Assumption 1) implies that

e, [f(Wern)] < F(We) + e, (Y F(We), Wers = Wil + 2B, [[Wies — Wil 59)

(a) (b)
Next, we will handle the second and the third terms in the RHS of (55) separately.

Bound of the second term (a). To bound term (a) in the RHS of (55), we leverage the assumption
that noise has expectation 0 (Assumption 2)

Ee, [(Vf(Wi), Wiy1 — Wy)] (56)
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= oF, <w (Wi) © VE(Wa), Tﬁ% WVS’“ (VF(Wii &) — V(W) © ¢F<Wk>>]
= — S IVFW) © VEWL)|”
2
B iEﬁk H Wk“ (VWi &) — VF(Wi)) W) ]
2
1 Wiy — W,
+ 5 e % +aV f(Wi; k) ©  F(Wy) ] -
The second term of the RHS of (56) is bounded by
2
1 w, — Wi
20 K, [ % + a(Vf(Wi; &) — V(W) W) ] (57
[ = W+ a0V &) — Vi) © FOv |
200 ¢ F(Wy)
> o [(Whi1 = Wi + a(VF(Wi; &) = V(W) © F(W)[?] .

The third term in the RHS of (56) can be bounded by variance decomposition and bounded variance
assumption (Assumption 2)

2

] (58)

1 i Wi — Wy .
%E‘Ek HF(Wk) +aVf (Wi &) © /F(Wy)

_a . ey |
~Ee, Uw(Wk,fk)IG (e ]
« G(Wy) ao® | G(Wi)
< g |[IVFW)l© V) 2 || V/EWy) -

Define the saturation vector R(W}) € R by
R(Wy) := F(Wy)9? — G(Wy,)9? = (F(Wi) + G(W)) © (F(Wi) — G(WyR))  (59)
= Q+(Wi) © Q- (Wy).
Note that the first term in the RHS of (56) and the second term in the RHS of (58) can be bounded by

2
—*HVf (Wi) © VFW)|? +

_oy (Vf ) ([ (Wila — S(Wk f)

de[D

P e

(60)

|Vf (W) ©

s
)
)

Y (VAWTa (FWIE — [GW)]Z))

- 2 max
de[D]

= 2Frnax va(Wk)HR(Wk <0.

Plugging (57) to (60) into (56), we bound the term (a) by
Ee, (Vf(Wi), Wii1 — Wy)] (61)
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2
B ac? || G(Wy)
= 2Fmax IV F (Wil + FENGUD) |
5 Ee, [[Wiss = We + a(TS (Wii &) = V(W) © F(W)|*

Bound of the third term (b). The third term (b) in the RHS of (55) is bounded by

L
5 Ee. (Whs1 — Wi?] (62)

< LE¢, [[|[Wig1 — Wi + a(V f (Wi &) — V. (Wi)) © F(We) ]
+ &P LE¢, [[I(V.f (Wi: &) — VF(Wi)) © F(Wi)|1?]
< LE¢, [[|[Wig1 — Wi + a(Vf (Wi &) — VF(Wi)) © F(We) |1’ + o’ LF?0°

where the last inequality leverages the bounded variance of noise (Assumption 2) and the fact that
F(Wy) is bounded by Fy,.x element-wise.

Substituting (61) and (62) back into (55), we have

Ee, [f(Wit1)] (63)
2
2 G(W)
< 2 o || S \Wk)
= f(Wk) 2Fmax ||vf(Wk)HR(Wk) ta LFm'Lx + 2 F(Wk;)
1 1
— (g~ L) BeulIWass = W+ (91 (Wai ) — VFO0) © FOR)IP)
The third term in the RHS of (63) can be bounded by
Ee, [[[Wit1 — Wi + a(Vf(Wi; &) — V(W) © F(Wy)|[?) (64)

= ’Be, [ VF (W) © F(Wi) + [V (Wii &)| © G(W) |
> 0B V1 (We) © FOWL) + [V F(Wi)| © G|
— 0B, [[(IV£(We)] ~ [ F(Wi: &) © GW)|?)

> Lo V(W) © F(Wi) + |V £(Wi)| © GV )

— e, [|(VF(Wi) = VFWi; &) © G(Wi)|1?]
G(Wi)

@IV (¥) © F(Wi) + VW] © GO IP] = 0 Fuaso® | 2ot

2
’OO
where the first inequality holds because ||z||? > %HI —y||? — ||y||? for any x,y € R, the second
inequality comes from ||z| — |y|| < |x — y| for any z, y € R, and the last inequality holds because

Ee, [V f(Wr) = Vf(Wk; &) © GWi)|1?] (65)

l\')\»—l

e H(W(Ww—vﬂm;fk”@%@ i ]
< Fone, H(W(Wk) — V(Wi &) © % 2]

< FuacBe, [|VF(Wi) = VWi &)1 ng)) ‘

< Frax0” G(m)r oo

= FWe) |
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The learning rate o < 77— 1mphes that 5~ — LFpax < ﬁ in (63), which leads (55) to

2 2 (Wk)
Ee, [f(Wis1)] < f(Wi) — 2Fmax IV F(Wi)llw,) + o’ LFg0” + a0 ) ‘ (66)
8F IV f(Wi) © F(W) + [VF(Wi)| © G(Wy)|>.
max
Reorganizing (66), taking expectation over all £, Ex 1, - - , &o, and averaging them for k& from 0 to

K — 1 deduce that

K
ER® = %Z]E[HVf(Wk) © F(Wi) + [V (W) © GWi)II? + 4IVF (W) lRaw,)] (6D

k=0
< 8 Finax (f (Wo) ;{E[f(wk-&-l)]) 4 8aLF3 0% + 8F a0 X —
a
K-1 2
< ST W0) =) orpn o g o LRS | GOV ’
okl i | VEWE) ||

max

(f(Wo) — f*)oL
=16F?2 \/ i + 8Fax 02 SEEP

where the last equality chooses the learning rate as o = %‘ / % The proof is completed.
O

Remark 1 (Tighter bound without saturation). Assuming the saturation never happens during the
training, i.e. R(Wy) > REL > 0 forall k € [K], we get a tighter bound in (66) by leveraging

min

IV W)l ey = min{ ROV)Y IV F(W)I® = REE, IV (W)

2
G(W,
B, [f(Wit)] < SOV = 52— VA0 ) + 0°LE2 0 + a0 F((Wi)L (69)
which leads to
1 XK
o > UV FW)[I°] (69)
k=0

4FI?1&X \/(f(WO) — f*)UQL
- RM K

min

+2Fmax0' X =

/mln{R(Wk)}

It exactly reduces to the result for the convergence of Analog SGDin [21] on special linear repsonse
functions, as discussed in Appendix B.

I Proof of Theorem 3: Convergence of Residual Learning

This section provides the convergence guarantee of the Tiki-Taka under the strongly convex
assumption.

Theorem 3 (Convergence of Residual Learning). Under Assumptions 1-3 and 4, with the learning
rate « = O (W), B = O(an®/?), it holds for Residual Learning that

< 0 (VoK +o*sH) (13)
2
where S denotes the amplification factor of Py, given by S% .= % Zszo \/G% .
k
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I.1 Main proof

Proof of Theorem 3. The proof of the Tiki-Taka convergence relies on the following two lemmas,
which provide the sufficient descent of W), and Wy, respectively.

Lemma 5 (Descent Lemma of W},). Suppose Assumptions 1-2 hold. It holds for Tiki - Taka that

2
7 7 G(Pk) 2 2
E W < f(W, W, 2 —_— 2a°LF,
§k[f( k:+1)} —f( k) 4Fmax||Vf( k?)HR Pk)+ OéO' F(Pk) OO+ «Q max?
(70)
8F IV f(Wy) © F(Pe) + V(W) © G(P)|1?
max
Fmax
+ B |[Wiks = Wil | + Be Wi = Wi,
Lemma 6 (Descent Lemma of WY,). It holds for Tiki-Taka that
* * ﬁ *
Wicer = W2 < Wi = W2 = e W= W a

By
2me

2BFy

|P*(Wi) © F(W,) — |P*(Wi)| © G(Wy)||®
2 | Pi = P (W)l Bwyt + 2821 Prsr — P (W) ||

The proof of Lemma 5 and 6 are deferred to Section 1.2 and 1.3, respectively.

For a sufficiently large v, P*(W)}) is ensured to be located in the dynamic range of the analog array
Py.. Therefore, we may assume both ¢ (Py) and ¢_ (Py) are non-zero, equivalently, there exists a
non-zero constant R*: such that min{ R(Py)} > R for all k. Under this condition, we have the

min
following inequalities

aRi‘I;ln
IV Wl > T IV £ (72)
Fm X FIII X
; Wis1 = Wil Ry < R?‘L W1 — Wil (73)

Similarly, we bound the term || Py.y1 — P*(Wi)| 3y, )1 in (70) by

2BFy, 2 28F, 2
— || Py P*(W, frax Py — PY(W, . 74
v || k+1 — ( k)llR(Wk)T = ’ymln{R( )} H k+1 ( k)H ( )
Notice it is only required to have min{ R(W},)} > 0 for the inequality to hold.
By inequality (73), the last two terms in the RHS of (70) is bounded by
Fmax
B (Wit = Wil | + B[ Wier — Wl (75)
FII] X
= IR [[Weer — Wll?] + Bey[[Wers — Wil
(ll) 2Fmax 2/8 Fmdx
S o B W1 = WielP] = o Pet1 © F(Wi) = [Pra] © G(W)|?
48% Finax || s .
< 5 B o (i) 0 (W) — 1P (W) © GOW)
4B Fmix * * 2
+ g WP © F(Wi) = [Pega| © G(Wi) = (P (Wi) © F(Wi) — [P*(Wi)| © G(Wy))l
b) 4 Fm X * * 4 Frn X *
< W o (w3 0 (W) — 1P (W) © GOVIP + 2y P 2
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where (a) holds if learning rate « is sufficiently small such that —£> oy > 1 (b) comes from the
Lipschitz continuity of the analog update (c.f. Lemma 3).

min

With all the inequalities and lemmas above, we are ready to prove the main conclusion in Theorem 3
now. Define a Lyapunov function by

=f(Wi) = [*+ C|Wy — W*||. (76)
By Lemmas 5 and 6, we show that V; has sufficient descent in expectation
B, [Vita] a7
=E¢, [f(Wis1) = f* + O Wiir = W7?]
2
G(P%) 27 2
4% - VW, +2a0? || ———=%|| +20°LF2, 0*
< W) = £ = o VW) e, il
— VSV © F(PL) + [V £(W)] @ G
4/8 Fm X * * 4ﬂ Fm X *
+ TP (W) © F(Wi) = [P (Wi) | © GOV 2+ g™ B, | P — P* (W)

- (12 ﬁ o * (12 36 max o * 2
C( Wi — W7 Q'YFmaxHWk 4 HR(W}c) + ,len{R(Wk)}EEk[”Pk-H P (Wi)|"]

S|P (W) © F(Wi) — [P (W] © GOV P )
RAL ary |

< Vi = RV + 200 | —2o ||+ 2021 0
AL, F(Pe) |

SFmax IVf(Wi) © F(Pe) + V(W) © G(Pk)||2

B o 4532 Frnax
2F ax o RRY

min

) 1P (W) © F(Wi) — [P*(Wi)| © G|

Sﬁ max 4/82Fmax * 2 ﬂ
<7m1n{R(Wk)}C+ o R )]Efk[”Pk+1 P (Wk)” ] 2'7Fmax

min

ClWi = W* [ Baw,)-

Let C = fggi? , which leads to the positive coefficient in front of || Py — P*(Wy)|? i.e.,
Ee, [Vit1] (78)
2
aR G(Py)
< Vi — 00 |V F(W)||? + 200? || —=|| +2a°LF2, o*
i IV (7)1 zeni
8F IVf(Wi) © F(Pe) + V(W) © G(Pk)||2
B Fmax * * 2
L || (1) © F(WE) ~ [P (W) © GW)|
30ﬁ2 462Fmdx 56 Fmax 2
max Ee (|| Psr1 — P* (W, Wy — W~ .
(Ot’}/ mln{R(Wk)}Rmm - er{r&ln €k[H . ( g H ] Rl:'rllﬂln || : HR(Wk)

Notice that the || P,+1 — P*(W})||? appears in the RHS above, we also need the following lemma to
bound it in terms of || P, — P*(W)|*.

Lemma 7 (Descent Lemma of Py). Suppose Assumptions 1-2 and 4 hold. It holds for Tiki - Taka that

E¢, [ Por1 — P*(Wi)|I°] (79)
2
aypLs * o 20(p+ L) Faxo® || G(Px) 272
< (1= 222 )P - Prwy) |2 + L a?F2, o
< (1= 2 ) iee - Pl - il
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The proof of Lemma 7 is deferred to Section 1.4. By Lemma 7, we bound the || Py 1 — P*(W})]|? in
terms of || P, — P*(W})||? as

3052 a; 462Fm'1x 2
max E P _ P* W 80
(awmm{mwk)}Rmm T oo ) BellPen = PX (W] (80)
(a) 3252
< max E P _ P* W, 2
32B°Fp, ( a L ) )
max I e P _ P* W
= i BT, ' 1)) 1P P
328° Fpax 20(pt + L) Faxo? || G(Pr) o
a’len{R(Wk)}Rﬁfm L F(Pk) N max?
328%F5, 9 5 5|l G(Py) s
< max P, — P*(W, +0 o2 || 2A2EL +af?F2 o
oy min  B(W ) B, |~ Tl g F(Py)||
2
(b) 3262 G(Pk)
= V) P, — P*(Wp) | + a0® || ——=—==| +o’LF},.0°
avmm{R(Wk)}Rmm” ko P F(Py)||
where (a) assumes BRFW < aymllff;{v'%a)} 7 With lost of generality to keep the formulations

simple since vy min{ R(W}%)} is typically small; (b) holds given « and 3 is sufficiently small. In
addition, the strong convexity of the objective (c.f. Assumption 4) implies that

RRIHLIH alj‘ len * a/'[/ len *
s Vv = =g [ - = T Wi +7Pe = W52 81
2 HRL * 2 DRL
ap’y R w+* — Wk ap’y?R "
— 711’111‘[ —_ = mln P P .
8 Fme | (W)l
Substituting (80) and (81) back into (78) yields
B¢ [Vita] (82)
2
OéRRL~ = G(Pk>
<V —ﬂv Wi)||? +3a0? || ——=| +3a’LF2, 0>
o= SRR VAT el
8F IV (W) © F(Py) + V(W )|®G(Pk)||2
B o) © F(Wh) — |PH(W)| @ GOV 2
o 1P (W) © F(Wy) = [P7(Wi)] © G(Wi)|
2 DRL 2
Oép’ i len 325 max * 2 5ﬂ Fmax 112
— - P, — P*(W; — Wi —-W
( 8FmaX Ot’y mln{R(Wk)}Rmm H . ( k)H er?;ln H g ||R(Wk)
2
OéRRL G(Pk)
=Vi — 22|\ VF(W)|? + 3a0? | —=|| +3a’LF3,.0"
e g o 19707 aall .
8F (Wi) © F(P) + |V A(W )|®G(Pk)||2
2.3
oy  min ROV} |, .
- 512Fr?1axRRL ”P ( ) © F(Wk) ‘P (Wk)| © G(Wk)”2
2 pPRL 3
ap®y*R . sap’y .2
— L L —minp _p Wi —-W
16 | (Woll* = 57w IWe = "
where the last step chooses the transfer learning rate by
5 - anymin{RW} R, 3
16\/§Fx§1ax
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Rearranging inequality (77) above, we have

SE VOV © F(P) + VSV © GROI + g VAV 30
Lo 293 min{ R(W},)

50‘/’5273 mln{R(Wk)} * (|2 ap 72RHI1~111
+ 512F5 RRL ||Wk7 - W ||R Wk BRI

BI2F5. A Lipr Wiy © FOv) = 1P (W) | 0 G|

e R wo + ieE o 1Pk P (Wy)?
2
G(P
< Vi — B, [Vir1] + 30°LEF2, 0% + 3a0? G
F(Py)|

Define the convergence metric F5¢ as

K-1

LTRSS E[v F(Wi) @ F(Py) + [V (W) © G(P)|12 +

RRL IVFOVR)I* - (85)
k=0 min
243 mi
w*y? min{ RWi)} |, . 5

P F(W, P(W, G(W,

+ 64F1411]axR]I{T]1_1n H ( )® ( k) | ( ]C)|® ( k))”

5'” * (|2 MQ’YQRrer;m * 2
AT, Wi = Wolaw,) + == 1B = X

Taking expectation over all -, {x—1,

_ 1
the parameter cvas a = O | £ — 02 e

, €0, averaging (84) over k from 0 to K — 1, and choosing
deduce that

K 2
Vo — E[Vit1]
RL 2
E¥ < 8F,ax (aK +3aLF2, 0% | + 24Fax0? E ; (86)
K 2
S SEnax V + 3OALF‘§MX + 2Ziu?maxa' G
ak k)
2L
(Fﬁlaxq/VOZ_ ) + 24 F 00 2SR
The strong convexity of the objective (Assumption 4) implies that
T * * 2C *
Vo= (070 - 17+ CIWo = WP < (1425 ) (70%0) - 1) )
Plugging it back to the above inequality, we have
_ fx 2L
EL =0 (F;dx\/(f(WO)Kf Jo ) + 24F 0SB, (88)
The proof is completed. O

1.2 Proof of Lemma 5: Descent of sequence 1V,

Lemma 5 (Descent Lemma of W},). Suppose Assumptions 1-2 hold. It holds for Tiki - Taka that

Ee, [f(Wiy1)] < f(Wy) —

2
G +202LF?
F(Pk) . max

4Fma IV £( Wk)HR Py T 2a0°

(70)

8me IVf(Wi) © F(Py) + [V f(Wi)| © G(Py)|?

+ Fmax

Ee, (Wit = Willpyt| + B [IWen — Wil
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Proof of Lemma 5. The L-smooth assumption (Assumption 1) implies that
- - - - L - -
Ee, [f(Wii1)] < F(Wi) + Ee, [(VF(Wi), Wi1 — W) + 5 Ee[lWht1 — Wi ||?] (89)

= f(Wi) +7Ee, [(VF(Wi), Pegr — Pi)] + Ee, [(Vf (W), Wi — Wi)] + gEsk[HWHl — Wil?].

(a) (b) (¢)
Next, we will handle the each term in the RHS of (89) separately.

Bound of the second term (a). To bound term (a) in the RHS of (89), we leverage the assumption
that noise has expectation 0 (Assumption 2)

Ee, [(Vf(Wk), Pey1 — Py)] (90)
<v FOV) @ VF( z ’j% + (VWi &) — VF(Wi)) © F(Pk)>
= = SIVW) © VER)|?

aEfk

r 2
1 P — P - =
- o E, % AV f(Wii &) = V(W) © /F(Py)
- 2
1 Poy1— Py =
+ %Eik 7F(Pk) +aV f(Wi; &) © / F(Py)

The second term in the RHS of (90) can be bounded by

R, oV 5 (Wi &) — V(W) © VF(P)

2
] 91)
1 2
= 20 [ ]

Ee, [[|[Pit1 — Po + a(Vf(Wi; &) — V. (We)) © F(P)|1?] -

Py — Py
F(Py)

Pip1 — Po+ o(Vf(Wi; &) — VF(We)) © F(P)
F(P)

1
>
a 2aFmax

The third term in the RHS of (90) can be bounded by variance decomposition and bounded variance
assumption (Assumption 2)

B 2
1 Py — Py =
%Eﬁk W‘*‘avf(wk,fk)@ F(Py) (92)
2
(6% T G(Pk)
< 2EE;€ [ ’|Vf(Wka£k)| © m ‘
2 2
a 7 G(Pr) ac® || G(Py)
<3 |[IVF W)l e i ‘ o Wil

Notice that the first term in the RHS of (90) and the second term in the RHS of (92) can be bounded
together

- SIS © VR + % IVt o G;f]’;i) ©3)
_a _GRI
) (wscw) (WP e )
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-3 3 (o (23

de[D]
< — o 3 (VAT ((F(PO — [G(PO)R)
max de[D]
= 2Fmax IV f(Wi)llp,) < 0.
Plugging (91) to (93) into (90), we bound the term (a) by
Ee, [(Vf(Wi), Pey1 — Py)] (94)
2
a02 G(Pk)
< — o IV Ml + 55 | 2= L

- 2a;‘maxE€k {||Pk+1 — Pe+ a(Vf(Wi; &) — V(W) © F(Pk)||2] :

Bound of the third term (b). By Young’s inequality, we have

Frax
IVF(Wi)llkpy) + a]Efk[”Wk-‘rl Wil &epyt]-

95)

Ee, [(VF(Wk), Wi1 — Wi)] <

- 4Fmax

Bound of the third term (c). Repeatedly applying inequality |U + V||? < 2||U||? + 2||V||? for any
U,V € RP, we have

LB Wi — Wi %6)
< LE¢, [|[Wit1 — Wil®] + LE¢, [||Petr — Pu|’]
< LEe, [[[Wiy1 — Wil*] + 2LE, [HPkJrl — P+ (VWi &) = V(W) © F(Pk)HQ}
+ 202 LB, [||[(V/(Wii &) = VI(Wi) © F(R)]
< Ee, [[Wii1 — Wil|?] + 2LEg, [||Pk+1 — Py + a(Vf(Wi; &) = VF(Wi)) © F(Pk)’|2]
+20a°LF?, o®

where the last inequality comes from the bounded variance assumption (Assumption 2)

202 LE¢, (| (VF(Wii &) — VA (Wi) @ F (P[] ©7)
< 2a2LF;dXEgk IV 70Wes &) = 71 W) ]
<2a°LF}

max

Combination of the upper bound (a), (b), and (c). Plugging (94), (95), (96) into (89), we derive

2
_ - a? || G(P,
B Ve < S0%) = g2V 0V + 5 |2 ‘ ©8)
20 Fmax 2L) Ee, || Prss — Po+a(Vf (Wi &) = VA(Wi) © F(Pk)m
Fmax

m. ELX

Be [”W’““ W’f”%f(Pk)T} + E¢, [|Wes1 — Wil + 202 LE2
We bound the fourth term in the RHS of (98) using the similar technique as in (64)

Ee, [HPkJrl — Pe+ a(V (Wi &) — V(W) © F(Pk)||2] (99)
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G (Py)

> LIV F(W) © F(P) + [V F(T)]| 0GR = 0% Fipneo® Y

2
| &S]

Inequality (99) as well as the learning rate rule v < ﬁ leads to the conclusion

2
G(Dr)
Ee, [f(Wiia)] < f(Wh) — 4Fmax IVF (Wil Repy) + 200° NG +20°LF,0°
- (100)
8F IVF(Wi) © F(Py) + [V f(Wi)| © G(Py)|?
max
FmaxE 2 E 2
+ B, Wikt = Wil ] + BeIWein = Wil
The proof is completed. O
LI.3 Proof of Lemma 6: Descent of sequence W
Lemma 6 (Descent Lemma of Wy,). It holds for Tiki-Taka that
* * ﬂ *
[Wigr = WH? < [[Wy —W¥|? - o Fom IWr = W* R (71)
By * * 2
— o IPF (W) © F(Wi) = [P (W) | © G(Wa)|
max
ﬁ

Wmax 1Pts = P (Wi) | w267 Prsa — P (W) |12

Proof of Lemma 6. The proof begins from manipulating the norm ||[Wj, 11 — W*||?

[Wir = WHPP = Wi = WH12 4+ 2 (Wi = W Wiepr = Wi) + Wi — Wiel[>. - (101)

Revisit that we interpret Py, as the residual of Wy, namely P* (W) := W*V_W. Therefore, we bound
the second term in the RHS of (101) by

2(Wy — W* Wiy — Wy) (102)
=2(Wik = W*, BPy1 © F(Wy) = B| Py © G(Wy))
=28 (W — W*, P*(Wy) © F(Wg) — [P*(W)| © G(Wy))

+2B8 (Wi = W, Pey1 © F(Wy) = |Prya]| © G(Wg) — (P*(Wi) © F(Wy) — |[P*(Wi)| © G(Wr))) -

The first term in the RHS of (102) is bounded by
28 (Wi — W*, P*(W},) © F(m) |P*(Wi)| © G(Wa) (103)

:2g<<wk_ o VT, DV © FOW) — [P (W, >|@G<Wk>>

F(Wy)

- 2B<(Wk—W*®\/7 (Wi, = W*) © V(W)
+25<(Wk— )OVF ), Wi = W* 0 ———= ( ) >

F(Wy)

A

= Zjwe - w) o E + Hm—w*e GW)

F(Wg)

| 2

‘ 2

G(W)

ﬁ‘(WkW* OVEWg) + Wy —W* 0 ——=
F(Wy)
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2

® B X2 B G(Wk)
< — W. — W — (W —WH* . - — W N ®
< ’yFmaXH k 17w 5 | (Wi ) OV EF(Wy) + [W |© V)

9 __s

IP* (W) © F(Wi) — [P*(Wy)| © G(Wi)||”

* 12 ﬂ'}/
o HWk -Ww HR(W}C) - Fl’nax
where (a) leverages the equality 2 (U, V) = |U||? — ||[V]|?> = ||[U — V||? forany U,V € RP, (b) is
achieved by similar technique (60), and (c) comes from

B

e H(Wk — W) ONFWy) + Wy, — WH o G(We)

V(W)

Wi — W=

2
| (104)

2

Wy, — W*
= — ©) OF
by F(Wy) < o

By
Fmax

o+

© G(Wk))

IN

|P*(Wy) © F(Wy,) — |P*(Wi,)| © G(Wy)||.

The second term in the RHS of (102) is bounded by the Lipschitz continuity of analog update (c.f.
Lemma 3)

20

o (Wi = W?*, Pyy1 © F(Wy) — [P | © G(Wy) — (P* (W) © F(Wi) — |[P*(Wy)| © G(WE)))
* 2ﬂFmax
< g IWe = Wolkawy + =7 (105)
x || Pay1 © F(Wi) = [Peya| © G(Wy) — (P*(Wi) @ F(W) — | P*(Wi)| © GWi) Ty, i
* 2ﬂFr?1ax *
< o P Wy = W R, + B [ Py+1 — P (Wk:)”?%(Wk)’r .
Substituting (103) and (105) into (102), we bound the second term in the RHS of (101) by
2 (Wy, — W*, Wiepr — Wi) (106)
B . BY s .
< = W = W likowy = 5 — IP"(Wa) © F(Wi) = [P (Wil © G|

25F§)1ax * 2
+ # |Pxs1 — P (Wk)HR(Wk)T :

The third term in the RHS of (101) is bounded by the Lipschitz continuity of analog update (c.f.
Lemma 3)
[Wicer = Wi = 82| Pots © F(Wy) — |Piga] © G(Wi)||? (107)
< 28%| P*(Wy) © F(Wy,) — [P*(Wy)| © G(Wi) |12
+ 262 Poyr © F(Wy) — [Py | © G(Wy) — (P*(Wy) © F(Wy,) — |P*(Wy)| © G(Wy))|1?
<262 P*(Wi) © F(Wy) = [P*(Wi)| © GWy)|* + 262(| Pryr — P* (W)

Plugging (106) and (107) into (101) yields

B
27Fmax

Wi = W2 < [[Wy — WH||* — W = W* R (108)

Fmax

26Fr§1ax * 2 2 * 2
+#||Pk+1 = P*(Wi)lraw,yr + 2871 Per — P (Wi) |1

- (m - 2,6’2) 1P (Wi) © F(W) = [P*(Wi)| © GWy)|*

Notice the learning rate 3 is chosen as 3 < 57—, we have
max

B

1% _W*2<W_W*2_
R e S

Wi = W Pagan (109)
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By
2Fmax

2/6 max * *
5 = || Py — P W)l qawr + 26% Para = P (W) |12

1P* (W) © F(Wi) — [P*(Wh)| © G(Wi)|I”

which completes the proof. O

L4 Proof of Lemma 7: Descent of sequence P,

Lemma 7 (Descent Lemma of Py). Suppose Assumptions 1-2 and 4 hold. It holds for Tik< - Taka that

Ee, [[| Prs1 — P*(Wi)[|] (79)
2
ayuL . 20(p + L) Fpaxo? || G(P
S <1 _ Y ) ||Pk; o P ( k:)||2 + (lu’ ) ( k)) QFIiaX
4(p+L) YL F(Py)||

Proof of Lemma 7. The proof begins from manipulating the norm || P, — P*(W;)||?

|Prsr = P (Wi)|[? = [P — P*(Wi)lI* + 2 (Py — P*(Wi), Perr — Pr) + | Pera — Pil*.
(110)

To bound the second term, we need the following equality.
2E¢, [(Px — P*(Wk), Pes1 — Py (111)
= —20F¢, [(Px — P*(Wi), Vf(Wi; &) © F(Py) — [V f(Wi; &) © G(Pr))]
= —20aE¢, [(Px — P" (W), Vf(Wi: &) © F(Py))]
+ 2aE¢, [(Py — P* (W), [Vf(Wi; &) © G(Py)))
= —20(Py — P*(Wi), V(W) © F(Pr)) + 2a (Px = P*(Wy), [V f(Wi)| © G(Px))
+20Ee, [(Pr — P (W), (VW) = IV (Wi &)l) © G(P))]
= —20a (P, — P*(Wi), V(W) © F(P:) — |V f(Wi)| © G(Py))
(T1)
+ 20 Ee, [(Pr — P*(Wi), (IVf(Wi)| = [V f(Wi; &)]) © G(Py))]

(T2)

Upper bound of the first term (7'1). With Lemma 4, the second term in the RHS of (110) can be
bounded by

—2a (P, — P*(W), Vf(Wy) © F(By) — [Vf(Wi)| © G(Py)) (112)
= — 20 (P — P*(Wi), Vf(Wi) © qs(Pr))
< —2aC 4 (P, — P*(Wy), Vf(Wy)) + 2aC - ([P, — P*(Wi)|, [V f(Wi)])
where Cj; 4 and C}, _ are defined by

Crv =5 (s (e (P00) + puin (0. (P ). (113)
Cu- = (v (an (P10~ i 0. (P ) (14)

In the inequality above, the first term can be bounded by the strong convexity of f. Let ¢(P) :=
J(W +~P) which is 4 L-smooth and v yi-strongly convex. It can be verified that p( P) has gradient
Vo(Py) =Vp, f(Wi +vP;) = vV f(Wy) and optimal point P*(W). Leveraging Theorem 2.1.9
in [85], we have

(VI(We), Pe — P*(Wy)) = % (Ve(Py), Pe — P*(W3)) (115)

38



21 (’Ww?L
Ty \Vr+7*L
_ wL

N 1
|1Pe — P* (W) + W||V¢(Pk)||2>

1B = P (W)l + IV (W) 1%

1
Y+ L)
The second term in the RHS of (112) can be bounded by Young’s inequality 2 (z, y) < ul|z||?+2(|y|?
with any 4 > 0 and z, y € RP

20C,— (| Pe = P*(Wi)|, [V £ (Wi)]) (116)
aC? _~y(u+ L) . aC
< g IR = PIW)IP + =S IV (W)
et Y(p+ L)

where v is chosen to align the coefficient in front of ||V f(W})||2. Therefore, (T'1) in (112) becomes
—2a (P — P*(Wy), V(Wi) © F(Py) — [Vf(Wy)| © G(Py)) (117)

20y LCy, | aCf _~v(p+L) . 9 aCl 4 — o

— = — : P, — P*(W; - ——|IVf(W; .

( ol e | LT U

Upper bound of the second term (72). Leveraging the Young’s inequality 2 (x,y) < ul|z||? +
Llly|? with any u > 0 and z,y € RP, we have

20F¢, [(Pr — P*(Wi), (IVF(Wi)| = [VF (Wi &)|) © G(Pr))] (118)

= 20(]1":&

<(Pk — P*(W3)) © VE (B, V(W) — [V f(Wis &) © G<Pk)>

(a) LC
< BZTRE (P — PY(WR)) © VE(P)|2

(,LL + L)Fmax

r 2
a(p + L) Finax . _ G(Py)
———E¢, VIiWe)| — |V f(Wg; O —

TiLCry % H(| FWl = IV f(Wi; &)l) FBy)
©) aypLCy + . 2
< PR _ </

r 2
a(,u"'L)FInax = = G(Pk)
—————— [, ViWg) = Vf(Wg; O —

YHLCr, e H(| FWi) = V(Wi &)l) F Py
) 2
(© aypLCl + * 2 4 a(p+ L) Fnaxo® || G(Py)
= P, —P*(Wy) o F
(N+L) max”( k k: H ’V/JLCk;F F(Pk) N
2
(i) Q’YNLCk,+ ||Pk . P*(Wk)HQ (,L‘ + L) maxa2 G(Pk)
- op+L YuLCy + F(Py)| .

where (a) choose u > 0 to align the coefficient in front of || P, — P*(Wj)||? in the RHS of (117),
(b) applies ||z| — |y|| < |z — y| for any z,y € R, (c) uses the bounded variance assumption (c.f.
Assumption 2), and (d) leverages the fact that F'(Py) is bounded by F},,.x element-wise.

Combining the upper bound of (T'1) and (7'2), we bound (111) by

2E¢, [(Py — P*(Wk), Pyt1 — Py)] (119)
ayuLlCyry  oCi _y(u+1L) ) )
< - S — P, — P*(W,
= ( Wt L ot ([P (Wi
2
aCp + — 1y a4 L) Fmaxo? || G(P)
— 2 VWP +
7(u+L)” Fwol YULCy + F(Py)||
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ayuLCl 1 . 9 aCl + — w2 o+ LY Fnaxo? || G(Py)
~ GRS p P W) — R 1 F (W) |12+
> Q(u-l-L) || k ( k)” ’Y(M"‘FL) H f( k)H ’Y,ULCk:,Jr /F(Pk> .

where the last inequality holds when -y is sufficiently large, P, as well as Cy,,_ are sufficiently closed
to 0, and the following inequality holds

C,%)_ < wlL
Cl%,-l— T 2u+ L)

Furthermore, the last term in the RHS of (110) can be bounded by the Lipschitz continuity of analog
update (c.f. Lemma 3) and the bounded variance assumption (c.f. Assumption 2)

Ee, [ Pisr = Pill’] = B, [|laV f (Wi; &) © F(Py) — ol V(Wi &) © G(PR)|IP] - (121)
< 0 FraEe [IIVF (Wi &)%)
= o FRalVFWi)|? + o? Ff 0

max

(u+ L) (120)

aC +
~(p+ L)
where the last inequality holds if « is sufficiently small.

IVFW)||? + a?F2, 02

max

Plugging inequality (119) and (121) above into (110) yields

Ee, [[|1Pet1 — P*(Wi)|I°] (122)
aypLCy +) * o alpt L)Fmauxff2 G(Pr) 22 2
< e P, — P*(W, + + Fm x0 -
- < 2(p+ L) 1P Wl YuLCy 4 F(Py)|| 2

By definition of C}, 4, when the saturation degree of P, is properly limited, we have Cj, >
Therefore, we have

1
5-

Ee, || Piss — P (Wi)|1%] (123)
2
L 2 L)Fnaxo? || G(P,
< (1 _ W) P — P*(Wk)HQ + a(p+ L) Fnaxo (Py) +a2F131ax0-2
Ap+ L) L F(Py)||
which completes the proof. O

1.5 Proof of Corollary 1: Exact convergence of Residual Learning
Corollary 1 (Exact convergence of Residual Learning). Under Assumption 5 and the conditions

in Theorem 3, if v > QRY®), it holds that E% < O (,/U2L/K).

Proof of Corollary 1. From Theorem 3, we have

\/ (f(Wo) — f*)o2L
K

IVF(WR)|? < O(E®™) <0 (F;ax ) + 24 Fpax 0SB (124)

2

< LE||Pel)? (125)

Under the zero-shift assumption (Assumption 5) and the Lipschitz continuity of the response functions,
GP)  G)

it holds directly that
2
Do_‘ |\/F(Pk) VF(©)

where Lg > 0 is a constant. Using ||U + V|2 < 2||U||? + 2||V||? for any U,V € RP, we have

G(Pr)
F(Py)

G(Pr)
F(Py)

2
|PL)1? < 2Py — P* (W) + 2| P* (W) ||* = 2| Pe — P*(Wi) || + = Wi — W*|> (126)
,-),2

where the last inequality comes from the definition of P*(V}), as well as the definition of P*(W).
Recall that convergence metric E% defined in (85) is in the order of

B 2 0 (3 IWe = W lBhny + 2 1P~ POV ) 127
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> 0 (min{ ROV} Wi = W2 442 | P~ P*(Wi)|[2)

1
e (72|Wk WA 2P —P*(an?) .

Therefore, we have

K_

2 K
1 * 2 *
< 23 (2P vl + 5 W - W) < o
oo k=0

(128)

where the last inequality holds if  is sufficiently large. Considering that, E% — S% > Q(E) > 0

and the conclusion is reached directly from Theorem 3.

J Proof of Theorem 6: Convergence of Analog GD

In Section 3.2, we showed that Analog SGD converges to a critical point inexactly with asymptotic

error proportional to the noise variance o2.

converges to the critical point. Define the convergence metric by
K—1

B = — Z (IV£Wa) © FOWa) = [V (W) © GO IP + 9 £ W) o, )-

The convergence is guaranteed by the following theorem.

Theorem 6 (Convergence of Analog GD). Under Assumption 1-2, it holds that

8L(f(Wo) = f*) Fiax
K

Further, if RES? := minge(r) m n{QJr(Wk)Q,(Wk)} > 0, it holds that

B <

KRASGD

min

= 2L(f(Wo) — f*)F2
IIVf W2 < max,

Proof of Theorem 6. The L-smooth assumption (Assumption 1) implies that

00 < 0]+ (01 0 1)+ S Wi — Wi

1 LFax
= 1) = SIV10V) © VETTDIE - - (5o = 25 ) [ - il
2
1 (| Wiy — Wy
— | —— + aV f(Wi) O/ F(W
2 LT N

where the second inequality comes from

(VI(Wh), Wig1 — Wi) = « <Vf Wi) ® \/; %>

1 W — Wk-
= —*HVf Wi) © VE(W)|? - —
F(Wy)
2
1 || Wi — Wy
—————— 4+ aV (W) ®
% GUA) fWp) o F

as well as the inequality
2

[Wig1 — W2

Wk+1 S
o Fmax
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Intuitively, without the effect of noise, Analog GD

(129)

(130)

(131)

(132)

(133)

(134)



The third term in the RHS of (132) can be bounded by

1

1 Wi =W
2

OV V(W) ©

(135)

Define the saturation vector R(W},) € R by

R(Wy) := F(Wy)9? = G(W3,)9? = (F(Wi) + G(Wy)) © (F(Wy) — G(Wy)) (136)
=q+(Wk) © g (Wy).

Notice the following inequality is valid

@ 2, G(Wy)

- HVf Wi) @ VEWI? + 2 IV F ()| @ AU (137)
__«a _[GW)l3
> (twsowo) <[F ke ()
_ [F(Wi)l7 — [GWL)]Z
=y (v (FHE )

- 3 (VAW POV - GOVL2)

maX ge[D]
= — S IV AOTIE, <o.
Substituting (135) and (137) back into (132) yields

= (;a - LF;“) Wi — Wall> < F(W) — F(Wis). (138)

Noticing that |[Wii1 — Wi||* = o?||Vf(Wy) © F(Wy) — [V f(Wk)| © G(Wy)||? and averaging
for k£ from 0 to K — 1, we have

K-1
1
B = = 3~ (IVFW) © F(Wi) = VAW @ GOV + IV S W) s ) (139)
k=0
< 20f(Wo) = f(Wie 1)) Finax _ 8L(f(Wo) — [ )2 ax
- a(l — aLFn.) K - K
where the last inequality choose o = 57—
Further, if the degree of saturation is bounded, (132)—(137) implies that
RAGD 9 a 9
— IV F(WR)[]” < gva(Wk)‘lR(Wk) < f(Wi) = f(Wiq1). (140)

Averaging (140) for k£ from 0 to K deduce that

1 2 Q(f(WO) f(WK+1)) max QL(f(WO) I )Fr%lax
? Z ”vf(Wk)” < ) RAeD < K RACD (141)
k=0 min min
where the second inequality holds because the learning rate is selected as o = # O

max

K Simulation Details and Additional Results

This section provides details about the experiments in Section 6. All simulation is performed
under the PYTORCH framework https://github.com/pytorch/pytorch. The analog training
algorithms, including Analog SGD and Tiki-Taka, are provided by the open-source simulation
toolkit ATHWKIT [44], which has MIT license; see github.com/IBM/aihwkit.
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Optimizer. The baseline Digital SGD optimizer is implemented by FloatingPointRPUConfig
in AIHWKIT, which is equivalent to the SGD implemented in PYTORCH. The Analog SGD is
implemented by selecting SingleRPUConfig as configuration, and Tiki-Taka optimizers are
implemented by UnitCellRPUConfig with TransferCompound devices in AIHWKIT.

As suggested by [22], in the implementation of Residual Learning, only a few columns of Py are
transferred per time to W, in the recursion (11) to balance the communication and computation. In
our simulations, we transfer 1 column every time.

RPU Configuration. ATHWKIT offers fine-grained simulations of the hardware imperfections, such
as the IO noise, analog-digital conversion, and so on. They are specified by the resistive processing
unit (RPU) configurations. Without other specifications, we use the configuration list in Table 4. The
experimental setup uses a specific I/O configuration, as detailed in the relevant table. The system’s
input and output signal bounds are explicitly defined. Regarding signal quality, the setup employs
no input noise but introduces additive Gaussian noise to the output signal, the statistical properties
of which are precisely specified. Finally, the resolution of the digital conversion processes is set by
distinct bit values for both the input (DAC) and output (ADC).

In addition, noise, bound, and update management techniques are used in [71]. A learnable scaling
factor is applied after each analog layer and updated using SGD. For each gradient update step, if
more than BL = 32 pulses are desired, only BL pulses are fired.

Table 4: Hardware imperfection setting

configuration value

input bound 1.0

input noise None

input resolution (DAC) 7 bits

output bound 12.0

output noise additive Gaussian noise A(0,0.06)

output resolution (ADC) 9 bits

Update granularity Aw,, 1 x 1073
Bit length BL 32

Simulation hardware. We conduct our experiments on one NVIDIA RTX 3090 GPU, which has
24GB of memory and a maximum power of 350W. The simulations take from 30 minutes to 5 hours,
depending on model sizes and datasets.

Statistical Significance. The simulation data reported in all tables is repeated three times. The
randomness originates from the data shuffling, random initialization, and random noise in the analog
hardware. The mean and standard deviation are calculated using statistics library.

K.1 Power and Exponential Response Functions

We consider two types of response functions in our simulations: power and exponential response
functions with dynamic ranges [—7, 7], The power response is a power function, given by

alw) = (1=, ew=(1+2)" (142)

which can be changed by adjusting the dynamic radius 7 and shape parameter v..s. We also consider
the exponential response, whose response is an exponential function, defined by

€exXp resl_w'r -1 XD (Vres 1+w/T))—1

pr(wy— SO0/ D) 1 e (/) S
€xXp (’Yres) -1 exp ("Yres) -1

It could be checked that the boundary of their dynamic ranges are 7% = 7 and 7™" = —7, while

the symmetric point is 0, as required by Corollary 1. Figure 6 illustrates how the response functions
change with different vyes.
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Power Step: Response Functions Exponential Step: Response Functions

— q+(w)
=== q-(w)
Yres = 0.2
Yres = 1.0
Yres = 2.0

1
|
1/
v
{

F(w)
G(w)
Yres = 0.2
Yres = 1.0
Yres = 2.0

Figure 6: Examples of response functions. The dependence of the response function on the weight w
can grow at various rates, including but not limited to power (Left) or exponential rate (Right). 7
is the radius of the dynamic range, and v, is a parameter that needs to be determined by physical
measurements.

K.2 Least squares problem

In Figure 2 (see Section 1.1), we consider the least squares problem on a synthetic dataset and a
ground truth W* € RP. The problem can be formulated by

: o 1 _ 2 __ 1 _ *\ |2
min F(V) i= S| AW = b]* = S AW — W), (144)

The elements of W* are sampled from a Gaussian distribution with mean 0 and variance o%...
Consider a matrix A € RP*D of size D = 50 and Doy = 100 whose elements are sampled from a
Gaussian distribution with variance 0. The label b € RPou is generated by b = AW* where W*
are sampled from a standard Gaussian distribution with o3;,... The response granularity Awyi,=1e-4
while 7 = 3.5. The maximum bit length is 8. The variance are set as 0% = 1.002, o3, = 0.5,

K.3 Classification problem

We conduct training simulations of image classification tasks on a series of real datasets.

3-FC @ MNIST. Following the setting in [16], we train a model with 3 fully connected layers. The
hidden sizes are 256 and 128. The activation functions are Sigmoid. The learning rates are o = 0.1
for Digital SGD, o = 0.05, 8 = 0.01 for Analog SGD and Tiki-Taka. The batch size is 10 for all
algorithms. In Figure 4, the power response functions with v,.s = 0.5 are used, and various 7 are
used as indicated in the legend.

CNN @ MNIST. We train a convolutional neural network, which contains 2 convolutional layers,
2 max-pooling layers, and 2 fully connected layers. The activation functions are Tanh. The first
two convolutional layers use 5x5 kernels with 16 and 32 kernels, respectively. Each convolutional
layer is followed by a subsampling layer implemented by the max pooling function over non-
overlapping pooling windows of size 2 x 2. The output of the second pooling layer, consisting of 512
neuron activations, feeds into a fully connected layer consisting of 128 tanh neurons, which is then
connected to a 10-way softmax output layer. The learning rates are set as o = 0.1 for Digital SGD,
a = 0.05, 8 = 0.01 for Analog SGD are Residual Learning/Tiki-Taka. The batch size is 8 for
all algorithms. In Figure 4, the power response functions with s = 0.5 are used, and various 7 are
used as indicated in the legend.

ResNet/MobileNet @ CIFAR10/CIFAR100. We train different models from the ResNet family,
including ResNet18, 34, and 50. The base model is pre-trained on the ImageNet dataset. The last
fully connected layer is replaced by an analog layer. The learning rates are set as o = 0.075
for Digital SGD, @ = 0.075,8 = 0.01 for Analog SGD, Residual Learning/Tiki-Taka,
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Tiki-Taka v2, and Residual Learning v2. Tiki-Taka adopts 7 = 0.4 unless stated otherwise.
The batch size is 128 for all algorithms.

K.4 Additional performance on real datasets

We train different models from the MobileNet family, including MobileNet2, MobileNetV3L,
MobileNetV3S. The base model is pre-trained on ImageNet dataset. The last fully connected
layer is replaced by an analog layer. The learning rates are set as &« = 0.075 for Digital SGD,
a = 0.075,6 = 0.01 for Analog SGD or Tiki-Taka. Tiki-Taka adopts v = 0.4 unless stated
otherwise. The batch size is 128 for all algorithms. Power response function with .5 = 4.0 and
7 = 0.05 is used in the simulations.

ResNet @ CIFAR10/CIFAR100. We fine-tune three models from the ResNet family with different
scales on CIFAR10/CIFAR100 datasets. The power response functions with s = 3.0 and 7 = 0.1,
and the exponential response functions with s = 4.0 and 7 = 0.1 are used, whose results are shown
in Table 1 and 5, respectively. The results show that the Tiki-Taka outperforms Analog SGD by
about 1.0% in most of the cases in ResNet34/50, and the gap even reaches about 10.0% for ResNet18
training on the CIFAR100 dataset.

\ CIFAR10

| DSGD | ASGD | TT/RL | TTv2 | RLv2
ResNetl8 | 95.4340.13 | 84.47+340 | 94.81£0.09 | 95.314£0.05 | 95.1240.14
ResNet34 | 96.48-£0.02 | 954340.12 | 96.29+0.12 | 96.60-£0.05 | 96.42-+0.13
ResNet50 | 96.5740.10 | 94.36+1.16 | 96.34+0.04 | 96.63-:0.09 | 96.56-0.08

| CIFAR100

| DSGD | ASGD | TT/RL | TTv2 | RLv2
ResNet18 | 81.12::0.25 | 68.9841.01 | 76.17+0.23 | 78.56£0.29 | 79.83+0.13
ResNet34 | 83.8640.12 | 78.98+0.55 | 80.58-+0.11 | 81.81+0.15 | 82.85+0.19
ResNet50 | 83.98£0.11 | 79.88+1.26 | 80.80+0.22 | 82.82-0.33 | 83.9040.20

Table 5: Fine-tuning ResNet models with the exponential response on CIFAR10/100 datasets.
Test accuracy is reported. DSGD, ASGD, and TT represent Digital SGD, Analog SGD, Tiki-Taka,
respectively.

MobileNet @ CIFAR10/CIFAR100. We fine-tune three MobileNet models with different scales on
CIFAR10/CIFAR100 datasets. The response function is set as the power response with the parameter
Yres = 4.0 and 7 = 0.05, whose results are shown in Table 6. In the simulations, the accuracy of
Analog SGD drops significantly by about 10% in most cases, while Tiki-Taka remains comparable
to the Digital SGD with only a slight drop.

\ CIFAR10
| DsGb | AsGD | TT/RL | TTv2 |  RLv2
MobileNetV2 | 95.28+0.20 | 94.34+0.27 | 95.05+0.11 | 9520+0.14 | 95.26+0.03
MobileNetV3S | 94.45+0.10 | 80.66+6.18 | 93.65+0.24 | 93.54+0.06 | 93.79+0.00
MobileNetV3L | 95.95+0.08 | 80.79+2.97 | 95394027 | 95.27-+0.09 | 95.33-0.08
| CIFAR100
| DSGD | ASGD | TT/RL | TTv2 | RLv2
MobileNetV2 | 80.60-+0.18 | 63.41+£1.20 | 73.33-£0.94 | 78.41+0.15 | 79.60-0.10
MobileNetV3S | 78.94+0.05 | 51.79+1.05 | 71.14+0.93 | 74.51+0.37 | 75.39+0.00
MobileNetV3L | 82.16-£0.26 | 66.80-:1.40 | 78.81-£0.52 | 79.56-0.10 | 80.18-:0.07

Table 6: Fine-tuning MobileNet models with power response on CIFAR10/100 datasets. Test accuracy
is reported. DSGD, ASGD, and TT represent Digital SGD, Analog SGD, Tiki-Taka, respectively.
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K.5 Ablation study on cycle variation

To verify the conclusion of Theorem 4 that the error introduced by cycle variation is a higher-order
term, we conduct a numerical simulation training on an image classification task on the MNIST
dataset using Fully-connected network (FCN) or convolution neural network (CNN) network. In the
pulse update (25), the parameter o is varied from 10% to 120%, where the noise signal is already
larger than the response function signal itself. The results are shown in Table 7. The results show
that the test accuracy of both Analog SGD and Tiki-Taka is not significantly affected by the cycle
variation, which complies with the theoretical analysis.

| FCN | CNN

| DSGD | ASGD | TT | DSGD |  ASGD TT
oc =10% 97.2240.21 | 97.66+0.04 92.68+0.45 | 98.74+0.07
oc = 30% 96.9740.12 | 97.07+0.12 93.36-+0.55 | 98.89-+0.05
oc=60% | 98.17+0.05 | 96.33+0.21 | 97.70+0.09 | 99.09+0.04 | 93.07+0.53 | 98.68+0.09
oc = 90% 95.9940.15 | 97.44+0.15 91.87+0.48 | 98.92+0.02
oe = 120% 96.1940.20 | 96.97+0.20 91.5740.58 | 98.85+0.04

Table 7: Test accuracy comparison under different cycle variation levels o, on MNIST dataset. DSGD,
ASGD, and TT represent Digital SGD, Analog SGD, Tiki-Taka, respectively

K.6 Ablation study on various response functions

We also train a FCN model on the MNIST dataset under various response functions. As shown in
the figure, larger v, leads to a steeper response function. The results are shown in Table 8. The
accuracy < 15.00 in the table implies that Analog SGD fails completely at all trials, which is close to
random guess. The results show that Analog SGD works well only when the asymmetric is mild, i.e.
Yres 18 small and 7 is large, while Tiki-Taka outperforms Analog SGD and achieves comparable
accuracy with Digital SGD.

Power response | Exponential response

\ \ | ASGD | TT/RL | ASGD | TT/RL
=06 96.010.26 | 96.92+0.19 | <15.00 | 97.27+0.07
Yres = 05| 7=0.7 97.40-+0.15 | 97.05+0.05 <15.00 97.39+0.15
7=0.8 97.38+-0.10 | 96.824+0.17 | 94.00+0.63 | 97.16+0.16
T=06 | go 1705 | <1500 [97.392005 | <1500 | 97.46+0.08
Yres = 1.0 | 7=0.7 : P <1500 | 97.334005 | <15.00 | 97.49-+0.04
=08 <15.00 | 97344000 | <1500 | 97.25+0.16
=06 <15.00 | 96.93+0.15 | <15.00 | 97.19+0.16
Yres = 2.0 | 7=0.7 <15.00 | 97274002 | <1500 | 97.72+0.07
=08 <15.00 | 97.18+t0.04 | <15.00 | 97.06-0.10

Table 8: Test accuracy comparison under different response function parameters 7 and 7,es for
FCN training on MNIST dataset with power or exponential response functions. DSGD, ASGD, and TT
represent Digital SGD, Analog SGD, Tiki-Taka, respectively.

L Broader Impact

This paper focuses on developing a theoretical analysis for gradient-based training algorithms on a
class of generic AIMC hardware, which can be leveraged to boost both energy and computational
efficiency of training. While such efficiency gains could, in principle, enable broader and potentially
unintended uses of machine learning models, we do not identify any specific societal risks that need
to be highlighted in this context.
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Answer: [Yes]
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Guidelines:
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made in the paper.
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Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discussed in the Conclusion section.
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the paper has limitations, but those are not discussed in the paper.
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* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
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* The authors should reflect on the factors that influence the performance of the approach.
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used reliably to provide closed captions for online lectures because it fails to handle
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address problems of privacy and fairness.
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tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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a complete (and correct) proof?

Answer: [Yes]
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by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: See Section 6 and Section K.
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The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
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be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
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instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.
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to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
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authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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* While we encourage the release of code and data, we understand that this might not be
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parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
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* The answer NA means that the paper does not include experiments.
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material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
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¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
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Safeguards
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image generators, or scraped datasets)?

Answer: [NA]
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* Released models that have a high risk for misuse or dual-use should be released with
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Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
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Answer: [Yes]
Justification: See Section 6 and Section K.
Guidelines:
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service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
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only for writing, editing, or formatting purposes and does not impact the core methodology,
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