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Abstract

Higher-order ODE solvers have shown strong empirical promise for accelerating diffusion
models through the probability low ODE, but rigorous non-asymptotic guarantees for
such acceleration remain limited. In this paper, we develop a Chebyshev—Gauss—Seidel
higher-order sampler and establish a non-asymptotic convergence guarantee that allows
the approximation order to grow logarithmically with the number of outer iterations. In
the exact-score setting, up to logarithmic factors, the proposed sampler requires at most
diterMe=1/K1 geore function evaluations to approximate the target distribution on RY
within total variation distance €, where op(1) — 0 as T — oo and K; > 0 is a sufficiently
large constant. The analysis assumes only a polynomial second-moment bound on the
target distribution, thereby relaxing the bounded-support condition imposed in existing
higher-order theory. Moreover, the guarantee is robust to score and Jacobian estimation
errors and does not require higher-order smoothness assumptions on the score estimates.
Numerical experiments on anisotropic Gaussian mixture benchmarks support the predicted
improvement in the accuracy—cost tradeoff under finite score-evaluation budgets.

1 Introduction

1.1 Diffusion models

Diffusion models have emerged as a central paradigm in modern generative modeling, achieving strong
empirical performance across image synthesis, text generation, audio generation, and related tasks (Sohl-
Dickstein et al.| [2015; [Song & Ermonl [2019; [Ho et al.| 2020} [Song et al., [2021a3b; |[Dhariwal & Nicholl 2021}
Rombach et al. 2022; Saharia et al., [2022)). Two of the most influential diffusion frameworks are denoising
diffusion probabilistic models (DDPM) (Ho et al.l 2020) and denoising diffusion implicit models (DDIM) (Song
et al.l 2021a). These methods generate high-quality samples by approximately reversing a progressive noising
process. In contrast to alternative generative paradigms, such as generative adversarial networks (GANSs)
(Goodfellow et al.| [2014)), variational autoencoders (VAEs) (Kingma & Welling} 2014), and normalizing flows
(Rezende & Mohamed), |2015)), which typically permit sample generation in a single forward pass or with
substantially fewer iterative steps, diffusion samplers require a sequence of reverse-time updates, each of
which generally involves evaluating a pretrained neural network for denoising or score estimation.

More specifically, a diffusion model is built on two stochastic processes in R?. The first is a forward process

add noise add noise add noise
Xo X1 e X,

which begins with a sample drawn from the target data distribution and gradually transforms it into a
noise-like distribution according to a prescribed variance schedule {3;}7_;; see, e.g., (Ho et al., 2020; Song
et al.l |2021b). When T is sufficiently large, the distribution of X is typically close to a standard Gaussian
distribution. The goal of diffusion generative modeling is then to construct a reverse process

denoise denoise denoise Y
Ce 0,
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which starts from pure noise and progressively recovers a sample whose distribution is close to that of the
target data, ideally so that

d
}/:‘,%Xtv t:T,,O

The reverse-time dynamics are determined by the score functions of the forward marginals, thereby linking
diffusion sampling to score-based generative modeling and reverse-time diffusion theory (Song & Ermonl [2019;
Anderson, [1982; Haussmann & Pardoux, [1986; Hyvarinen, [2005; [Vincent), [2011). Within this framework,
DDPM is commonly viewed as a discretization of the reverse-time stochastic dynamics (Ho et al., [2020)),
whereas DDIM is closely connected to the deterministic probability flow ODE (Song et al., |2021afb).
Both formulations require repeated evaluation of pretrained score or denoising networks during sampling.
Consequently, even after training, generation can remain computationally expensive, making it a central
goal of accelerated diffusion sampling to reduce the number of score function evaluations while maintaining
sampling accuracy.

1.2 Training-free acceleration and the higher-order theory gap

Training-free acceleration has become a central approach to fast diffusion sampling. Rather than introducing
an additional distillation or consistency-training stage, it keeps the pretrained score estimates fixed and
improves the accuracy—cost tradeoff through more effective discretizations of the reverse-time dynamics. For
probability flow ODE samplers, this naturally leads to higher-order ODE discretizations. Methods such as
DPM-Solver (Lu et al.| [2022)), DEIS (Zhang & Chen, 2023), UniPC (Zhao et al.l [2023), and DPM-Solver++
for guided sampling (Lu et al.| 2025) have demonstrated substantial empirical speedups while maintaining
high sample quality; see also classifier-free guidance (Ho & Salimans, |2022). These empirical successes make
higher-order probability flow ODE sampling a compelling target for rigorous non-asymptotic analysis.

The theoretical understanding of such acceleration, however, remains relatively limited. For SDE-based
diffusion sampling, polynomial-time guarantees under weak assumptions were first established in (Chen et al.|
2023c; |Lee et al., [2022; [2023; [Benton et al.l [2024)). For deterministic samplers based on the probability flow
ODE, [Chen et al.| (2023b]) gave the first provable convergence guarantee, and |Li et al.[ (2024Db]) later established
a sharp first-order benchmark. Since the present work focuses on training-free higher-order acceleration, we
summarize in Table [I] the deterministic probability flow ODE guarantees most relevant to our setting, with
all displayed iteration complexities suppressing logarithmic factors. In particular, Runge-Kutta analyses
(Huang et all 2025) improve the dependence on &, but require compact support and higher-order smoothness
assumptions. Meanwhile, |Li et al.| (2025 proves acceleration under comparatively weak distributional
and score-estimation assumptions, but still treats the approximation order K as a constant and assumes
bounded support of the target distribution. This suggests that the current complexity theory for higher-order
probability flow ODE sampling remains improvable under weak assumptions, which is precisely the motivation
for this paper.

Table 1: Comparison of deterministic probability low ODE sampling guarantees in total variation. Here
sy and Vs, denote the estimated score function and its Jacobian, while sr and VsX denote their exact
counterparts, D represents the radius of the data support and L bounds certain higher-order derivatives of
the score estimates.

Paper Target Assumption Score / Regularity Assumption Iteration Complexity Higher-order Solver

Li et al.|(2024b) P(|Xoll2 < T°R) =1 s, ~ sk, Vs, & Vsi max{d?,d/e} X

Huang et al.|(2025) P(||Xolls < D) =1 s, ~sX, s, € CPH! (LDd)' T/ Pe=1/p v p-th order

Li et al.|(2025) P(|Xoll2 <K T°R) =1 s, =~ sk, Vs, & Vsi max{d?, d*t¥/ K=/ Ky ' K_th order (fixed K)
this work E||Xo||2 < T?°R 5.~ sk, Vs, & Vs* diter(W—1/K1 v K-th order (K < logT)

1.3 Main contributions

As noted above, existing complexity guarantees for higher-order probability flow ODE sampling rely on
two key restrictions: the interpolation order K on each reverse-time interval is treated as a fixed constant,
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and the target distribution is assumed to satisfy the bounded-support condition P(||Xp|l2 < T°8) = 1.
Under these assumptions, the iteration complexity required to achieve e-accuracy in total variation scales as
d'+2/K=1/K Tn this paper, we show that this complexity can be further improved under the substantially
weaker moment condition E|| Xo||3 < T2°%. Specifically, by developing a Chebyshev—Gauss—Seidel higher-order
sampler within the probability flow ODE framework of |Li et al.| (2025), we obtain the improved complexity
bound d'torMe=1/K1 where K is a sufficiently large constant.

Our approach has two main ingredients. First, we replace the equi-spaced nodes used in |Li et al.| (2025) with
Chebyshev-Lobatto nodes, which allow the interpolation order K to grow as logT while preserving control
of error propagation. Second, we replace the Jacobi iteration in [Li et al|(2025) with a Gauss—Seidel-type
refinement scheme to approximate the probability flow ODE solution more effectively. As a result, the number
of score function evaluations required to achieve a prescribed total variation accuracy is reduced to

dltor(1)—1/K:

up to logarithmic factors, where or(1) — 0 as T — oo.

In addition, our theory is robust to inexact score estimation: it requires only score and Jacobian accuracy
along the iterates and does not impose higher-order smoothness assumptions on the learned score. Finally,
numerical experiments on anisotropic Gaussian mixture benchmarks support the predicted improvement in
the accuracy—cost tradeoff.

1.4 Other related work

Beyond the probability flow ODE literature discussed above, non-asymptotic convergence theory for score-
based diffusion sampling has been developed for DDPM-type samplers and reverse-SDE methods under
increasingly general assumptions on the data distribution and score estimation error. These works establish
guarantees in total variation, Kullback—Leibler divergence, and Wasserstein distance (Lee et al. 2022; |2023;
Chen et al., [2023cja; [Benton et al., |2024; |Bruno et al.l |2025; (Conforti et al., [2025; |(Gao et al., 2025)).

For probability flow ODE samplers, recent studies have established polynomial-time convergence with a
corrector step, nearly dimension-linear convergence for discrete-time implementations, prediction—correction
guarantees, Wasserstein convergence, and adaptation to intrinsic low-dimensional structure (Chen et al.
2023b; [Li et al.), |2024bj [Pedrotti et al., [2024; |Gao & Zhul 2025; Tang & Yan| 2025; Beyler & Bach, [2025)).
Provable acceleration has further been investigated through training-free accelerated DDIM/DDPM samplers,
higher-order Runge-Kutta discretizations of the probability flow ODE, higher-order Lagrange interpolation
with successive refinement, operator-splitting samplers, and first-order forward-value evaluation (Li et al.,
2024a; [Huang et al.l |2025; |Li et al. 2025} [Liu et al.l |2026; |Jiao et al., 2025). Recent work has also established
high-accuracy diffusion sampling guarantees with polylogarithmic dependence on the inverse accuracy under
a variety of algorithmic and structural assumptions (Gatmiry et al., [2026; |Chen et al., 2026)).

1.5 Notations

Throughout this paper, we write f = O(g) or f < g if |f| < C|g| for some universal constant C' > 0. We
write f =< g if both f < g and g < f hold. The notation 6() suppresses logarithmic factors in the relevant
parameters, and or(1) denotes a quantity that tends to zero as T — oo. For any two probability measures
P and @, their total variation distance is defined by TV (P, Q) := %f |dP — d@|. In addition, px(-) and
px|y (- | -) denote the probability density functions of X and of X conditional on Y, respectively. For any
matrix A, we use ||A| and ||A||r to denote its spectral norm and Frobenius norm, respectively. Finally, for
any vector-valued function f, we let % denote the Jacobian matrix of f.

1.6 Organization

The remainder of this paper is organized as follows. Section [2| presents the preliminaries on diffusion models
and the probability flow ODE, and Section |3| introduces the proposed Chebyshev—Gauss—Seidel higher-order
sampler. Section [4] states the main result, and Section [f] contains its proof. Section [f] reports the numerical
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experiments, while Section [7] concludes the paper with further discussion. The appendix collects the auxiliary
lemmas used in the analysis, as well as the detailed proofs of the lemmas used in Section

2 Preliminaries

In this section, we review the basic framework of diffusion generative models based on (Stein) score functions.
The goal of a generative model is to produce samples whose distribution is close to an unknown target
distribution pgata on R, given access to data drawn from pgata. A diffusion generative model typically
involves two stochastic processes: a forward process and a reverse process, which we describe below.

Forward process. Starting from an initial sample Xy drawn from the target distribution pgat, on R%, the
forward process is defined by

Xt:\/Oéitthl-i-\/l—OltWt, tzl,...,T, (1)

where 0 < a; < 1 are prescribed noise-scheduling parameters, and {W;}1_; is a sequence of independent
standard Gaussian random vectors in R?, that is,

W, MR N0, 1y).
Define .
api=[Jox, t=1,...,T. (2)
k=1
Then, for each t = 1,...,T, it is straightforward to verify that

X; =Va; Xo+V1—a; Wi,  where W; ~ N(0, I). (3)

In particular, when a7 is sufficiently small, the distribution of Xt is close to A(0, 1) for a broad class of
data distributions:
Law(Xr1) ~ N(0, ). (4)

Diffusion models are closely connected to the framework of stochastic differential equations (SDEs), and

it is therefore useful to introduce a continuous-time version (X;)r¢p,1] of the forward diffusion process.
Specifically, consider the SDE

, TR 1
dX, = — X, d7 + —
21—7) " T T~

where B, is a standard Brownian motion in R?. One can verify that the solution to this SDE satisfies

Xe=VI-7Xo+VTZ  Xo~Ppdatas Z~N(0,1Lg), (6)

dBTa XO ~ Pdata O S T < 17 (5)

where Xy and Z are independent. In particular,

Xia2X, t=1,..T (7)

Reverse process. A central goal of diffusion models is to construct a time-reversed process whose marginal
distributions coincide with, or closely approximate, those of the forward process. More precisely, we seek a
reverse-time process

Yr—=Yr 41— =Y

such that

Y, & X, t=1,....T.

)

Using the relation between X; and X, in (7), we can design a discrete reverse-time process {¥;}{_; through
the time-reversal of the continuous-time process X.. Specifically, for the forward process , classical results
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on reverse-time SDEs (Song et al., |2021b]) show that the corresponding probability flow ODE is given as
follows: for any 79 € (0,1), the process {Y 4}, ¢( -,) satisfies

1

ode _ __
= 2(1—1) (

Yoo + Viogpg, (Y249)) dr, vode ~ X, 0<7 <70,
or equivalently,

Y;)de 1 ode ode \
d(\/l T> T2 —T)B/ZVIngXT (v7e) dr, Yol ~ X, 0<7 <10, (8)

and has the same marginal distributions as {XT}TE[O,TO)'

Importantly, the reverse process depends only on the gradient of the log-density Vlogpg , known as the
score function of Px_- For the continuous-time forward process {XT}TG[O,l]v the exact score function at time
7 € (0,1] is defined by

sy(w) == Vlogpyx (), r € R (9)

If these score functions were available, one could initialize Y7 ~ A (0, I) in view of , and then generate
samples by numerically solving the probability low ODE . In practice, however, the true score functions
are unknown and must be learned from data, typically using neural networks trained on samples from
the target distribution (Ho et al.l [2020; [Song et al., |2021a)). Consequently, the practical reverse process
Yr - Yr_y — .- =Y is obtained by approximately solving (8] using estimated score functions, giving rise
to a broad class of diffusion sampling algorithms (Chen et al., [2023b; [Li & Cail, 2024 |Li et al.l [2024b; [2025)).

3 Gauss—Seidel Refinement with Higher-Order Diffusion Sampling

In this section, we present the main ideas and the detailed procedure of our proposed algorithm. At a high
level, the method is a Gauss—Seidel-type higher-order iterative scheme for approximately solving the ODE

(8). To motivate the construction, recall that X < X1 _g,. According to the probability flow ODE, the
)

ideal reverse update from Y; to Y;_1 is given by Y;_1 = ijigtf ,» Where YT"de denotes the solution to (8)) with
terminal condition Yf}gt =Y;. In particular, we have

\ Y; 1= 1

vede) dr. (10)

Vo1 Vay 1—a,  2(1—7)3/2 ST(

Directly implementing this update is, however, computationally prohibitive, since the integral depends on a
continuum of score evaluations, whereas in practice we only have access to a finite collection of estimated score
functions. To address this issue, on each interval [1 —ay, 1 — 64,5,1] we approximate sk (dee) by polynomial
interpolation. In this paper, we employ a higher-order approximation based on K score evaluations at
Chebyshev—Lobatto nodes, where K > 2. Specifically, for the interval [1 —ay, 1 — 64,5_1], define

Tto = 1 — ay, T, k-1 =1 — 1, (11)
and choose the Chebyshev—Lobatto nodes by

o Tto + T K1 LT T TR Jm
tj =
J 2 2 K—-1

), 0<j<K-1. (12)

Then
Tt K—1 < T Kk—2 < - <Tt0-

Given the collection of points

Tt, g\~ Tt,j

(s (L= 705) 7283, (Ya%)),  0<j<K -1,
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we approximate (1 —7)~3/2s* (Yr"de) by the degree-(K — 1) Lagrange interpolating polynomial through these
K points, namely,

) K- 55, (voe)
PYP) Y () g

3735 , VT €K1, 7o), (13)
(1 —7)3/2 = (1— 7 ;)3/2
where ), ;(7) are the Lagrange basis polynomials defined by
o \NT — Ty 47
¢m@y:IL#( ') 0<j<K-1. (14)

Hj’;éj (Tt —Te5)

A closer inspection shows that the approximation in ((13) still cannot be used directly, because the values
{Yﬁ;dje f(: _01 are generally unavailable. To overcome this difficulty, we propose a Gauss—Seidel refinement

procedure that alternates between estimating {YOde}K o} and approximating (1 — 7)~3/2s* (Y‘)de). More

precisely, starting from an initial sequence {xnd}K 01 as an approximation to {YOdC}J "o, the Gauss—
Seidel scheme updates this estimate to {a:(ff?l)}fzol at iteration n = 0,1,..., N — 1 as follows: for each

j=1,...,K—1,

x(n+1) (0) = ek (Te.5) = Ve (Tt
Tt,j _ L1i0 > »J n+1) ’J (n)
_ + 5T ki) (T )+ 5r, @T), 15
\/1—7}’]' \/1—’7}70 §2(177t7k)3/2 bk t,k k:z—] 2 177‘tk 3/2 ik t,k ( )
where xg)o = xg?)o foralln =1,..., N, s, is the estimated score function, and
Tt,0
alre)i= [ vt dr (16)

We now summarize our higher-order method for diffusion models; the detailed procedure is given in Algorithm I}

(i) Initialization. Sample Y1 ~ N (0, 1), and set x(TOT)J ==Yp forall j=0,...,K — 1, where 7p; are
defined in .

(ii) Iterative update rule. For t =T,T — , 2, compute {mﬂ n+1) K 01 according to the update rule
forn=0,1,..., N — 1. After N iterations at step t, set Y;_1 := ch})@l and initialize the next
step by setting SC(T?),L]- =Y,y forall j=0,..., K — 1.

Algorithm 1 Gauss—Seidel Refinement with Higher-Order Diffusion Sampling

Require: T, K, N, interpolation nodes {7 ;}, coefficients {~y; ;(7::)}, score estimator s, (-)
Ensure: Y;

1: Sample Y ~ N(O, Id)

2: fort=T,T—-1,...,2do

3: Set mﬂ)j ~—Y; for all j=0,..., K -1

4: forn=0,...,N —1do

5: Compute x(TZle) via sequentially for j =1,..., K — 1
6: end for

7 Set Vi1 + xﬁf}{,l

8: end for

9: return Y;

Algorithm (1| shows that, once the initial value Y is sampled, all intermediate iterates {:1:(77:)1} are fully
determined by the prescribed update rule together with the available score estimator. The total number of
score function evaluations is O(TK (N + 1)). Since, as shown later, K < clogT and N = [C3K logT], it
follows that the overall number of score function evaluations is O(T).
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4 Main Results

In this section, we establish convergence guarantees for Algorithm (1} Throughout, let ¢; := distribution (X7)
denote the target distribution at time ¢, where X; is the forward process initialized from the data distribution,
and let p; := distribution (Y;) denote the distribution at time ¢ generated by our algorithm. We begin by
introducing several assumptions on the learning-rate schedule, the target distribution, and the estimated
score functions.

4.1 Assumptions

For the forward process given in , the learning rates {at}thl are chosen as follows:
Bl =1- ] = Tﬁco, (17)

and for ¢ > 2,

log T logT\"
5t:1—at:q;g min{61<1+61;g )1} (18)

where c¢g,c; > 0 are sufficiently large numerical constants. This choice of learning-rate schedule is standard
in recent diffusion theory; see, for example, (Benton et al., 2024} |Li & Yan, 2025} |Li et al, 2025; [Huang et al.|
2026). Next, we impose a mild assumption on the target distribution pgata-

Assumption 1 (Target data distribution). The target distribution paata has a bounded second moment,
namely,

EXo~paua || Xoll3] < 727

for some sufficiently large constant cg > 0.

Remark 1. Assumption [1| requires only that the second moment of the target distribution grow at most
polynomially with the iteration number T. Since T itself typically scales polynomially with the dimension d,
this condition allows the second moment to remain fairly large. In contrast, the closely related work (Li et all,
2025|) assumes the bounded-support condition

P(||Xoll2 < T°%) =1,

which is strictly stronger than Assumption[]l Furthermore, our assumption is more consistent with standard
conditions in sampling theory and more plausible for empirical data encountered in practice.

As described in Section [3] the true score function appearing in the integral is approximated by a finite
collection of estimated score functions. Accordingly, the convergence behavior of our proposed algorithm is
intrinsically tied to the accuracy of these score estimates.

Assumption 2 (Score accuracy). Assume that the score estimates satisfy

1 T

m Z ]EYf,N(It, [Egcore,t ()/t)] < Esz‘corw
t=1

where
K-1 N 5
Ranea ) = 300 s (#2) = 2, (=)
i=0 n=0
and ;v(T?)l are the points generated by , with 33(7??] =Y; foralln=0,1,...,N.

For ODE-based samplers, an {5 bound on the score estimation error alone is generally insufficient for
convergence analysis. We therefore impose an additional assumption on the Jacobian estimation error.
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Assumption 3 (Jacobian accuracy). Assume that, for all 1 <t <T and 0 <i < K — 1, each score function
57,,(-) is continuously differentiable. Moreover, assume that

T
1
_ Ey, ~ 2 (V)] <2
T(N ¥ 1)K tz:; Yirqt [EJacobl,t( t)] = €Jacobis
where )
: bl (a82) s, (o)
<(:-Jacobi,t(}/t) = - -
= Ox ox

and CE-(,—?)Z denotes the sequence of points generated by , with ng)o =Y; for everyn=0,1,...,N.

4.2 Convergence guarantees

We now state the main convergence result for Algorithm

Theorem 1. Suppose that Assumptions [2 [3 hold. Then there exist sufficiently large constants
Cy,C5, Ky, My > 1 and a sufficiently small constant ¢ > 0 such that, whenever

T > Cydlog T, N = [C5K logT1, 2 < K <clogT,
the output of Algorithm[1| satisfies

MoKdlog®>T

K
T > + dlog5/2 T+/log K €3acobi + d®/? log7/2 Tlog K €score + 7K1,

TV(q1,p1) S d°Klog” T (
Remark 2. Theorem[] shows that the total variation error consists of four components: the discretization
error arising from the higher-order approrimation of the continuous reverse process, the Jacobian estimation
error, the score estimation error, and the initialization error. We next compare our result with the most
closely related existing work.

1. Iteration complexity. Given the Jacobian estimation error €jacobi and the score estimation error
Escore, JOT any target accuracy € > al10g5/2 T1og K €3acobi + d3/2 10g7/2 Tlog K escore, Algorithm
achieves TV(q1,p1) S € within

T=0 (max {d1+2/K6_1/K,5_1/K1}) . (19)

In particular, our analysis allows K =< log T. In this regime, d'T2/5 = @'tor()  gnd e~1/K = g=or(1),
so that T can be small as
5(d1+oT(1)871/K1)

which significantly improves upon the best known result 9] (max {d2, d1+2/K5_1/K}) in |Li et al.
(2025), where K is treated as a fized constant..

2. Mild target distribution and score assumptions. Our convergence guarantee requires only a
finite second-moment condition on the target distribution, and therefore applies to a broad class of data
distributions. In particular, it avoids the bounded-support assumption P(||Xo|l2 < T<®) =1 imposed
in|Li et al.| (2029), as well as other restrictive assumptions such as smoothness or log-concavity.
Moreover, compared to other higher-order ODE-based analyses (e.g., (Huang et all |2025])), our
framework does not require bounded higher-order derivatives or higher-order Lipschitz continuity of
the score function. Instead, it relies only on first-order accuracy of the score and its Jacobian along
the sampler trajectory.

Remark 3. We note that the bounds on the Jacobian estimation error and the score estimation error in
Theorem are larger than those reported in|Li et al.| (2025]). This difference arises because our analysis only
requires T 2, dlog* T, whereas|Li et al. (2025) assumes the stronger condition T 2 d* log® T'. In fact, if one
imposes the stronger requirement T > d?log™ T, our bounds on both the Jacobian and score estimation errors
match those in|Li et al.| (2025).
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5 Proof of the main result

In this section, we present the proofs of the main results. Throughout, we assume that
Escore S (2 10g2T)™ and  £jacom S (dlog® T) 7L (20)

Otherwise, Theorem [I] follows immediately, since the total variation distance is always bounded above by 1.
Recall from (4)) that Law(X7r) is close to N(0, I), and that Algorithm (1] is initialized with Y7 ~ N(0, I,).
The following lemma shows that the distributions of X1 and Y7 are indeed close in total variation distance,
with an error that can be controlled explicitly.

Lemma 1 (Li & Cai| (2024), Lemma 2). Suppose that T is sufficiently large, and let K1 > 0 be any fixed

constant. Then 1

(TV(qT,pT))2 < TR

KL(qrllpr) <

(21)

N —

5.1 Main steps for proving Theorem 1

Before proceeding, we introduce some notation. Fix an initial value Y7 € R? in Algorithm [1, and for each
1 <t < T, define

. (0
Tt = x,(rt?o,

where x(T??O is generated by Algorithm On each interval [1 -y, 1 — o’zt,ﬂ, let {27 }rer. xc_1,m.0) denote the
exact probability low ODE trajectory associated with , with 79 := 1 — @, and initial condition YT%de = Ty,

and set
*

L
Ti_ =T -

Likewise, let Y;* ; denote the solution to (8) at 7 = 1 — a1 with 79 := 1 — &y and initial condition YT‘(’Jde =Y;.
With this notation, we now outline the proof strategy, which consists of several steps.

Step 1: controlling the density ratio. With Lemmal[]in hand, the basic idea to establish the convergence

rate is to connect the density ratio w at the (t — 1)-th step with its counterpart part 2t (@) at the
Py, (Tt—1) Py, (xt)
t-th step. To this end, we begin with the identity
PXi_y (xt—l) _ p\/@th ( V Oétxtfl) . p\/OTtXt71 ( V Oétxzfl)
v (1) Pyarx,_, (Vorri_y) px, (71)
1
. Pyaryio, (V1) . pyaryy  (Vorxi_y) px.(x) (22)
pyaryy, (Vo) Py, (1) Py, (z¢)

Since Y;*; is obtained by transporting Y; through the exact probability-flow ODE (10) on [7¢,x—1, 7¢,0], it
implies

pyaryy (Vouxi_y) _ pyamx, ., (Vorxi_y)

) @) (23)

Substituting into gives

pXt—l(xt—l) _ p\/OTtXt—l(V atmtfl) . p\/a}/t*—l(v ataj;_l) . Dx, (xt)
Py (@e-1)  Pyax (Vi) pyay, (Vorti-1)  pyi (@)

It has been shown by [Li et al.| (2025, Lemma 6) that the right hand side can be well controlled by the distance
between x;_; and x}_; and their Jacobian matrices, as stated below.

Lemma 2 (Li et al| (2025), Lemma 6). For eacht =2,...,T, it holds

(a)

Pyaix,_, (Vor Tt T — 543 dlogT .
tXt 1( - ) = exp O || t—1 _ t 1H2 + % ||I’f,_1 - xt_lHQ ) (24)
Pai X, (\/ Qi xtfl) 1-— [e T} 1-— Qp_1
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(b) Assume that
[[CA DRt (25)

then
pyavy, (Varaiy)

Doy, (\/ Gt xt—l)
o™ [\ T=7e 1) n,/m) (n)

Here, J™) = Jr = and we regard x;,’
s JTe I‘rt,o/m e Tto/m g Te)i

since the Gauss—Seidel iterates and the exact ODE trajectory are determined by the rescaled initial value

x"’t,o/‘ / ]. — Tt’(),

In view of Lemma [2] we obtain

Ty Ti_1—xr_||2 dlogT
pXt—l( t 1) = exp 0 ” t—1 ~ t 1”2 + _Og th | _xt 1”2 —|—d||J(N) —J* H pXr,(xt).
1—ay Py, (Tt)

th,l(xtfl 1_at71 Tt, K—1 Tt, K—1

=exp(O(d N, =77 1))- (26)

N .
and 7, as functions of xr, .,

(27)

By Algorithm |1} we know x;_1 = a:g)_lyo = x(TiVI)( .- Therefore, it suffices to control

2™ g lo and  JN)—gx .

Tt,K—1 Tt,K—1 Tt,K—1 Tt,K—1

A key observation is that, for the probability ODE flow, once Y7 in Algorithm [1]is fixed, all quantities m(T?),

*

x% ., and z} are fully determined. In the initialization stage, we take Y7 ~ N (0, I). We will show that for
“typical” points Yy € R%, the above two quantities are sufficiently small. We say that a point Y € R? is
typical if

Yre By :=E ;NE;NE3y, (28)

where the events E; +, Ea+, and E3; are defined as follows:

K— -1 N
dyIog K log T 2 32log Klog?T 2
By o= vy s DB R0 T zz(w @i)) + s Roe T zz((") ) < e
=0 n=0

Jacobl t,e score,t,z
=0 n=0

By - {YT cRe: —1ogp)—(7t,(m:§j{ 41— Nt ) < Cydlog T forall 0<i< K —1, 0<n<N, Ae [0, 1}}

Es,:={Yr e RY: —logpg (z7) < CudlogT, forall 7€ [rx—1,7Te0]}-

Here, Cy > 0 is a sufficiently large absolute constant, ¢z > 0 is a sufficiently small constant, and we denote

sm(xm))_s* (x(n)>H2’ () (2] = asm(x(gi) _88%11,’(33(72)1.) . (29)

Tt,i Tt,i Tt,i EJacobi,t,i Tt,i or or

e a(@) _‘

score,t,i Tt.i

The next lemma shows that under the event F;, the terms ||z;—1 — x |l2 are well controlled.

*
Tt,K—1

Lemma 3. For each t, on the event Ey, when K <logT and T > Codlog* T for some sufficiently large
constant Co > 0, it holds

_ 2K
log? T A=/ 2 drolog® T [ MyKdlog? T
H Tt i 5 S IOgKTtZ,OT Z Z (Egcgre,t,j< 5’?3 )) + T2 T
n=0 j=0
for all 0 <i < K —1 and where My > 1 is a large enough constant.
Proof. See Section [B.1} O

10
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Similarly, under the event E;, the terms HJ%J\? J?% ||* are well controlled.

Lemma 4. For each t, on the event Ey, when K <logT and T > Codlog* T for some sufficiently large
constant Coy > 0, the Jacobian satisfies

[Emal F &
and
) Blog’ T S/ )2
52 = 2P S Klog? K === 37 37 (el (082)))
n=0 57=0
K42
log? T N K-1 B ) 2 MyKdlog? ’
+1log K77 T2 Z (Egalobltj(z(n;)) T (1)
n=0 j=0

for all0 <i < K —1 and where My > 1 is a large enough constant.

Proof. See Section O

Putting Lemma |3[ and Lemma [4] into , we obtain that on the Event F, it holds

2 K+1
pxei () _ (O (g o) +d (Mch:lFlog T) )) pxt<xt)>7 (32)

Py,_, (T4-1) py, (7

provided that T > dlog* T, where

- d\/log logT | A<, 2 32 1ogK10g2T X N
§i(r) = > (ehopnea @) + 22— Zz(éczrmx%b) . (33)
i=0 n=0 1=0 n=0

Step 2: decomposing the total variation distance. Define
E={zeR?: q(z) > max{pi(z), exp(—cedlogT)}} . (34)

Informally, the set £ collects those typical points 2 € R? at which g () is not exponentially small. The next
lemma shows that the total variation distance between ¢; and p; is primarily controlled by their discrepancy
on £.

Lemma 5. Assume that Assumption holds. Then, for any fized constant K1 > 0, if cg in is chosen
sufficiently large, it holds that

(Y1)
p1(Y1)

TV(ql,pl) < EYINPI |:< — 1) 1{Y1 c 5}:| + CT72K1 + exp(—czdlog T),

where C' > 0 is an absolute constant and co > 0 is a constant depending on cg, CR.

Proof. The proof is deferred to Appendix O
Define
t
= &), t=2,  Si(Yr):=0, (35)
k=2

where {x} are generated by Algorithm [1{ with initial sample Yr, and Ek (2) is defined in . Next, define

T, = {YT e R%: Sp(Yy) < cg} , (36)

11
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where c¢3 > 0 is a sufficiently small constant. Thus, Z; represents the set of initial points for which the
accumulated score error along the backward trajectory is well controlled. With the above notation, Lemma
immediately yields

TV(gi,p1)

IN

Ey, ~p, K‘“ (1) _ 1> 1{y; e 5}] + CT 25 4 exp(—cy dlog T)

p1 (Y1)
@ (Y1) ¢1(Y1)
Ev.,.~ — 1) 1{Y; Y, T Ev.,.~ — 1) 1{Y; Y, 7
T pTKPl(Yl) ) s yre 1}} T pTKpl(Yl) et Yrel)
+COT 251 4 exp(—cydlogT), (37)

where the second equality follows from the fact that Y; is determined entirely by Y7 through the deterministic
update rule, and Z, := R?\ Z;. As we will show later, for any Y7 € Z; such that x; € &, or equivalently
Y1 € &, one can conclude that Yp is a typical point in F;. In this case, we may apply to control a;.
On the other hand, for any Y € Z, with Y7 € £, we will show that its contribution to the total variation
distance is negligible, so that a5 is also well controlled.

Step 3: bounding a; and as. For any fixed point Y7 € RY, define

7(Y7) := max {2 <t<T+1: §t_1(YT) < 63} ) (38)

The next lemma shows that we can control the density ratio up to the (7(Yr) — 1)-th iteration.

Lemma 6. For any Yr € Iy such that x1 € &, the following hold. For every 2 <t < 7(Yr) —1,

_ MyKdlog? T\~ vy -1 (T (v
al@) _ (1,0 > ft(mt)+d210g2TK<Odog) trom o) g
p1(x1) srtr) T Prve)—1(Tr(vr)—1)
and
2
Qg(me) < Q1(x1) S qg(xe)’ N7 S T(YT) —1. (40)

2pe(ze) — pr(z1) = pelwe)

Here, My > 1 is a sufficiently large constant.

Proof. The result follows from Lemmas [14] and [15| by the same argument as in the proof of Lemma 10 of |Li
et al.| (2025)). We therefore omit the details for brevity. O

By definition, for every Y € Z;, we have 7(Yy) = T + 1. Combining this with Lemma @ we obtain

ap = EYTNPT

T 2
~ MoKdlog” T\ K Y,
(13t + o e (MY ) 508 gy vy e
t=2

T 2
. MoKdlog? T\ K
= / ((1 + Z&(xt) + d?log? TK(%) )qT(xT) — pT(mT)> 1z €&, xr € 1} | dar
t=2
T MyKdlog> T\ ™
< [larter) = prenldor + [ &) anlon) 1o € £, ar € T} dor + Plog TR (FETEL)
t=2

For the first term on the right-hand side, Lemma [1] yields

1
[ laztar) = pr(er) dor =21V (ar,pr) S 7

12
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For the second term, observe that

/gT(xT)QT(fET) 1{z, €&, ar € Iy} dar

T
logT Y,
= Evpepr {i (d\/logKeJacobi,t(Yt) +d®/? logKlogTascor&t(Yt)) }‘ZEYS {1 €& Yre Il}}
t=2

@ & logT v,
< 4ZEYT’”PT |: i (dm@awbi,t(y}) + d3/? 1ogKlogTescore7t(Yt)> Z’;EY;) 1{V,€€& Yre Il}]
t=2
T
logT v
<4 ZEYtNPt |:§1 (d\/bgiKEJacobLt(}/t) + d3/2 logKlongscore,t(Y;j)) Zigé;]
t=2
T
logT
=4 ZEYt’Vqt {? (d\/@&lambi,t(y}) + d3/? logKlongscore’t(Yt))}
t=2

5 d10g5/2 T 1Og K €Jacobi T d3/2 1Og7/2 T IOg KEScore;

where the last inequality follows from Assumptions [2] and [3] together with the bounds

1 1
T ;EYtht [Escore,t(y;fﬂ S \/T ;EYtht [Egcore,to/t)] 5 AV4 (N + 1>K Escore < Escore 1Og3/2 T7

1 1
7 3 Eviea eracanss (1] < J 7 3 Erina [ o 00] S VIV F DR esacons < Eancani g T
t t

Combining the above estimates, we arrive at

MyKdlog>T

K
T ) + dlog‘:’/2 T+/log K €3acobi + d3/? log7/2 Tlog Kegcore-

a1 5 1%+d210g2TK<

Using techniques similar to those in |Li et al.| (2024b]), the term as can also be controlled effectively, as stated
in the following lemma.

Lemma 7. Suppose that Assumptz'ons @ and@ hold. If K <logT and T > Cydlog T, where My, K1 > 0
are sufficiently large constants and cs is the constant appearing in Lemmal[5, then

1

K
MyKdlog> T
oG08 2 > erlog‘r’/2 T/10g K € aconi + d*/? 10g7/2 T log Kegeore + €~ 24108 T 1

T Tk

ay < d?log’ TK (
Proof. The proof follows arguments similar to those of Lemma 11 in|Li et al.| (2024b), with minor modifications.
Specifically, the proof in |Li et al.| (2024b)) relies on a bounded-support assumption on Xy. However, a careful
inspection shows that this condition can be replaced by Assumption [I] combined with Markov’s inequality.
This yields the similar result up to an additional negligible error T~ + exp(—codlog T). We therefore omit
the proof for brevity. O

Step 4: controlling TV(¢;,p1). Substituting the bounds for a; and s into , we obtain the desired
result

TV(q1,p1)
K
MyKdlog® T 1
S d2 10g2 TK <0710g> + d10g5/2 T qogKEJacobi + d3/2 log7/2 TlOg Keaore + e—CzlegT + ﬁ
2 Jog? MoKdlog? T\ " 5/2 3/21007/2 1
= d°log”TK — 7 + dlog”/“ T'\/log K €3acobi + d°/“log"/“ T log Kéegscore + TR

13
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6 Numerical experiments

In this section, we numerically compare our method with the Li-HEROISM baseline (Li et al.| 2025)). Following
Huang et al.| (2025]), we consider a finite Gaussian mixture target distribution of the form

M M
pdata(z) = ZMZN(Ia mye, 05)7 wa = 17 (41)
£=1

=1

where M denotes the number of mixture components, = € R?, my € R, and C; € R¥*?, Under the forward
process @, the marginal density of X, remains a Gaussian mixture, as observed in [Huang et al.| (2025):

M
px (z) = ng./\/ (a:; V1—1mg, (1—7)Co+ TId) ) (42)
=1

Consequently, for each 2 € R?, the exact score function used in the experiments is available in closed form:

st (z) = _i weN (23T = Tme, (1 —7)Cp + 714)

— px, (%)

(A=7Ce+71L) " (2 —VI—Tmg).  (43)

In practice, the score function is typically trained by a neural network via score matching on progressively
corrupted data. In the present numerical study, however, we bypass the training stage and instead evaluate
the samplers using an imperfect analytical score parameterized by a scalar ¢:

52 (x) = 53(x) + on(x). (44)
Following the artificial-error protocol of [Huang et al.| (2025), we consider the perturbations

1 x —mo sin(z) ® (z —myg)

Tlconst ({E) = ﬁlﬂ nlin(x) = \/E ’ nsin(m) = \/;Z

where my = E[Xj], the sine function is applied coordinatewise, ® denotes coordinatewise multiplication, and
1 € R? is the all-ones vector.

e RY,

The reverse dynamics are governed by the probability flow ODE . We use the same two-phase schedule
as in the theoretical analysis, with ¢g = 1 and ¢; = 0.5, and linearly rescale the raw endpoints
7, = 1 — ay to the fixed numerical interval [Tiin, Tmax] = [1072,0.999]. Thus, Tmax = 0.999 is used as a
numerical approximation to the fully noised endpoint 7 = 1, whereas Tmin = 1072 serves as a numerical
approximation to the data endpoint 7 = 0. To initialize the reverse sampler, we draw J particles from
Yr ~ N(0, I3) at Timax and evolve the deterministic reverse process down to Tiin-

With T outer iterations, K interpolation nodes, N refinement rounds, and cached score evaluations, the total
numbers of score function evaluations are

SFEL; = T(14 (K —1)N),  SFEous = T(K + (K — 1)N). (45)

Here, SFE denotes the total number of score function evaluations over all outer iterations. For each fixed time
point 7, one batched evaluation of s.(-) over all J particles is counted as a single score function evaluation.
The goal of the experiments is to compare the finite-budget performance of the two methods under the same
target distribution, score perturbation, and total score-evaluation budget.

6.1 Testd=1
We first consider the one-dimensional three-component Gaussian mixture with

w = [0.1;0.4;0.5], m = [—6.0;4.0;6.0], C =[0.25;0.25;0.25].

14
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This target follows the one-dimensional setting of Huang et al| (2025)) and is used to assess whether the
samplers can accurately recover the locations and relative weights of well-separated modes. We sample
J =5 x 10* particles from N(0,1), fix K = 6 and N = 3, and vary the number of outer iterations 7. Under
the SFE convention in ([45]), this yields SFEr; = 16T and SFEQus = 217

For density visualization, we estimate the empirical density of the generated samples at 7y, denoted by pr ..,
using a kernel density estimator (KDE) with bandwidth selected according to Silverman’s rule
. Since Timin = 1073 approximates the data endpoint, Px, and P, serve as numerical proxies for
q1 and py, respectively. Following the evaluation protocol of Huang et al.| (2025]), we approximate the total
variation distance on [—10, 10] using a composite midpoint quadrature with 1000 subintervals.

~8~ L-HEROISM(uniform+acobi)
rs(Chebyshev-+GS)

marginal tv

1071 { o~ Uik
-

(EROISM(uniform+acobi)
Ours(Chebyshev +GS)

~8~ U-HEROISM(uniforms
@~ Ours(Chebyshev+Gs)

Jacobi) by

score-function evaluations score-function evaluations score-function evaluations

Figure 1: One-dimensional total variation (TV) comparison with § = 0.05. From left to right: 7const, Min, and
7sin Score perturbations. Each panel plots TV distance versus total SFE for Li-HEROISM and the proposed
GS sampler.

Figure[T]shows that, under the same SFE budget, the proposed Gauss-Seidel sampler achieves a faster reduction
in total variation distance than Li-HEROISM across all three score-perturbation settings. Figure [2 compares
the estimated densities with the reference density px_ . Table 2 further shows that our method often attains
smaller total variation errors even when Li-HEROISM is allowed twice as many SFEs, demonstrating the
efficiency of the proposed sampler.

Matched score-function evaluations: SFE=1008
Li blocks=63, Ours blocks=48, dim=1

Two-x comparison: Li SFE=1008, Ours SFE=504
Li blocks=63, Ours blocks=24, dim=1

—— Target density

= = Li-HEROISM, SFE=1008, TV=0.2131
— - Ours, SFE=1008, TV=0.1199

—— Target density

== Li-HEROISM, SFE=1008, TV=0.2131
— - Ours, SFE=504, TV=0.2367

Figure 2: One-dimensional density comparison under the 7const score perturbation with § = 0.05. Left:
matched SFE. Right: Li-HEROISM with twice the SFE of the proposed Gauss-Seidel sampler.

Table 2: One-dimensional experiment with 7const score perturbation, where Li-HEROISM is allowed twice as
many SFEs as the proposed Gauss-Seidel method. The perturbation is 7(z) = 1/v/d with § = 0.05.

TOurs SFEOurs T, SFELi TV TVOurs
8 168 21 336 0.5446  0.3689
16 336 42 672 0.3901  0.3401
24 504 63 1008 0.2131 0.2367

15
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~&~ LiHEROISM(uniform+Jacobi) 100 ~8— LHEROISM (uniform +jacobi)
) (Chebyshev+GS)

Figure 3: High-dimensional experiment for d = 128 under the ny, artificial score perturbation with § = 0.05.
Error versus total SFE. Left: first-coordinate marginal total variation (TV). Middle: full-dimensional relative
mean error. Right: full-dimensional relative covariance error.

6.2 Test d =128
Following the high-dimensional Gaussian-mixture setting in [Huang et al.| (2025]), we next test a d = 128

anisotropic Gaussian mixture with M = 5 components. The mixture weights w, are sampled from
Uniform(0, 1) and normalized. The distribution means and covariance matrices are generated by

my ~ ./\/(07 32Id), Cg =

1 (W, W,
8 d

+Id>, (We)ij ~ N(0,1), W, € R¥*4

with d = 128. We use the same algorithmic setup as in the one-dimensional test, except that the number of
particles is J = 2 x 10*. Since full-dimensional total variation (TV) estimation from particles is unreliable in
high dimension, we follow Huang et al.| (2025) and compute the first-coordinate marginal TV, estimated with
the same KDE bandwidth and fixed-grid quadrature rule as in the one-dimensional test. To complement
this one-dimensional marginal metric, we also compute the full-dimensional relative mean error and relative
covariance error:

E-x

Tmin || F

2
Errcoy

2 B nlle

Tmin

Here i € R? and & € R¥? are the empirical mean and covariance computed directly from the generated
particles, while m, . and X, = are the exact mean and covariance of pg_ . Figure 3] shows that the
proposed sampler reduces the marginal TV more steadily and substantially faster than Li-HEROISM, with
more stable covariance behavior. Although the relative mean error is mixed, it is only an auxiliary moment
diagnostic. Table [3] further shows that our method attains smaller marginal TV in all tested cases even when
Li-HEROISM uses twice as many SFEs, demonstrating its finite-budget efficiency.

Table 3: High-dimensional experiment when Li-HEROISM uses twice as many score function evaluations as
the proposed Gauss—Seidel sampler. The score perturbation is ny;, with § = 0.05.

Tows SFEows Tri SFEL TVini TViows MeanErr; MeanErroys CovErrr; / CovErrours

8 168 21 336 0.4911  0.3936 0.3271 0.7598 0.8456 / 0.6556
16 336 42 672 0.3248  0.3056 0.3600 0.5010 0.3434 / 0.4695
24 504 63 1008  0.2624 0.1971 0.5911 0.2132 0.5244 / 0.3365
32 672 84 1344 0.4251 0.1528 0.1688 0.1415 0.1491 / 0.2121

7 Discussion and future directions

In this paper, we develop a Chebyshev—Gauss—Seidel higher-order sampler for training-free acceleration
of diffusion models through the probability flow ODE, and establish a convergence guarantee that allows
the approximation order K to grow with the number of iterations 7T'. In the exact-score setting, by taking
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K =<logT, the proposed sampler achieves a target total variation accuracy e using at most
O (dl-'rOT(l)E—l/Kl)

score function evaluations, where or(1) — 0 as T — oo and K3 > 0 is an absolute constant. Our guarantee
holds under a polynomial second-moment condition on the target distribution and accommodates inexact
score estimation, without imposing higher-order smoothness assumptions on the score estimates.

Several questions remain open. First, it would be interesting to understand whether the intrinsic low-
dimensional structure of the target distribution can be leveraged to further accelerate the proposed sampler.
Second, although our analysis avoids higher-order smoothness assumptions on the score estimates, it still
requires control of the Jacobian estimation error; an important direction for future work is to determine
whether this requirement can be weakened. Finally, our numerical results indicate that interpolation nodes
and successive-refinement schemes play a significant role in the performance of higher-order samplers. This
naturally raises the question of whether a unified non-asymptotic theory can rigorously explain the impact of
these algorithmic design choices.
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A Auxiliary Lemmas

This section gathers the auxiliary estimates that will be used repeatedly in the theoretical analysis and in the
subsequent density-ratio propagation arguments.

Lemma 8. Assume that K > 2, and let

zj:cos<Kji1), 0<j<K-—-1,

denote the Chebyshev-Lobatto nodes on [—1,1]. Let 1 ; be defined as in , and let ¢y ; be given by .
Then

2
sup Z [t 5 (T —log K + 1.
T€[Te, x—1,7¢,0] 0 m
Proof. The proof is given in Section O
Lemma 9. For large enough T, one has
cilogT _ 1
>1- > = 1<t <T. 46
ap =2 T - 27 =t = ( a’)
11—y 11—y 1— oy 4cylogT
< = < < , 2<t<T. 46b
21—Oét_204t—0ét 1—O_ét_1_ T - ( )
1— &y 4cylogT
1< — <1+ —— 2<t<T. 46
Sioa S'tor <t< (46¢)
_ 1
Gt @ A% gy (46¢)
1-— Ayl 1-— (677 1-— Ay
Tt 11 Tt 79 IOgT . . . .
— 2 1 <8 , 2<t<T, 0<iy,ig,i3,04 <K —1. 46f
TtaiB(l _Tt7i4) = T o = bt ( )
Ve, (Te,i)| < 2(Te,0 — Tt,4)s 0<i,j<K-1. (46g)
177—t,iX177_t,j, Ttﬂ'XTtJ‘, 0§z,j§K71, QStST (46h)
K—1
Z [, (Te,5)] < Ca(me0 — 71i) log K, 0<i<K-1 (461)
j=0
K—-1
i) log K
\A“|<C(Tto 7t,i) log 7 0<i<K-1, 2<t<T. (46j)
(1= 7,0)572
7=0
K-1 _ ‘21 K
1A%Y)2 < ¢, (70 = Th) S 0<i<K-1, 2<t<T. (46k)
(]. 77',5’0)

I\
=)

j
Here, v ;(1¢,:) is given in , c1 s defined in , C1 > 0 is a sufficiently large constant, Cyq,C5 > 0 are
ungversal constants, and Ag»? =2y () (1 — Tt7j)_3/2 for convenience.

Proof. See Section [C.2] O

Define

logpg, (@) CG} (47)

0, (x) := max {— dlog T

where cg > 0 is a sufficiently large constant. The next lemma provides a quantitative tail estimate for the
conditional distribution of X given the continuous-time forward variable X, where X, is given in @
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Lemma 10. Suppose that 7 > T~ where cq is defined in . Assume that Assumption holds. Then for

any constant cs > 2, one has

]P’(H\/l —7X0 — yH2 > besy/ 0, (y)drlogT ‘ X, = y) < exp(—c20;(y)dlogT).

Moreover, there exist absolute constants Cg, Cy7,Cs, Co > 0 such that

Proof. See Section [C.3]

By Tweedie’s formula (Efronl [2011]), the score function @D can also be expressed as

() = 1 (o~ VI 7E [X | X, =2])

T

which further implies

si(V1—712)=— ! _T/ Pxo| X, (zo | V1 —72) (2 — 20) dao.

T

Based on Lemma it is straightforward to obtain the following results.

Lemma 11. For any 7 > T~ where ¢ is defined in , one has

N d0-(x)logT
szl S 4f Lot 08T
Os7(z)|| o dO-(x)logT

ox ||~ T '

Moreover, under the condition

—logpg_ ()\xl +(1- )\)xg) < dlogT, VYA €[0,1],

one has

d3log® T
S/ 2 ey — o
.

Osy(w1)  0Osi(x2)
Ox Ox

(52)

(53)

(54)

(55)

Proof. The first estimate follows directly from Tweedie’s formula and the first-moment bound in Lemma [T0]
The second estimate follows from the together with the second-moment bound in Lemma The third

estimate is standard and follows, for instance, from the argument of |[Li et al.| (2024b, Claim (88)).

O

Lemma 12 (Li et al.| (2025), Lemma 4). Suppose that —logpx_(z}, ) < 0dlogT for some T~ <7, <1

where ¢cq is defined in and some 0 > 1, then for every 7' satisfying |7" — 7| < ca7e(1 — 7¢), one has

—logpy ,(23) <20dlogT.

Here, X, is given in @ and ¢4 > 0 is some sufficiently small constant.
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Lemma 13. Assume that T € |14 x—1,Tt,0] and — logps. (xr) < OdlogT for some 0 > cg where cg is defined
fiel our

mn . Set A
u: — T and J* L T ( ‘r/V B T)
V-1 8u¢f0 ng/*/l_TtO

Then there exist universal constants M, Cs,Cy > 0, independent of k, K, 7,d,T,0 where M = max{M, My}
in proof, such that for every integer 0 < k < K,

o [ st(ak) . d0logT [ dologT \*
— | /L= < Cs (MK)®E! 56
[ome (255 )|, = crtammran 7525 (525) 0
o* 1 Osk(xr) . d0log T\ "
— U A S Oy (MK R ——— : 57
| [ e ]| < v oo (25) o7
Proof. See Section [C.4] O
Lemma 14. Let 6; := 0, ((x, ,), where 0,  (zr, ) is defined in [AT). Assume that
0,d1og® Tlog K'S° (m) e )?
T log e R
thlogQT @ 10g m,j < score,t,j < Tt,J))
<1
Cho T T T < (58)
for some sufficiently large constant Cio > 0, where 3, = Zm —0 E <! and 5score +.;() is defined in (29).
Then for all0<i<K—-1,0<n<N-1, andall)\G[O 1],
—logpx ()\J:(Tfj'l) +(1 )\)mﬁt) < 2.1db;logT, (59)
and
1-7¢,0  (n+1) 2
p —T¢ _ ( — Tt 'th,z m
1 TR, AV T derdlogT |, | d*62log’ TK \/ d0;log® T log K 37, ; <5§Zﬁ)re,t,j (xS)))
<
° Ps,, , (@n0) =T o T T
Proof. See Section [C.5] O

Lemma 15 Recall that q; is the distribution of Xy, where X; in @ If —logqi(x1) < csdlogT where cg 1S
defined in (A7) and T > Cadlog* T, then for all integers 1 < £ < T(xr) where (1) is defined in , one has

—log qe(w¢) < 2cedlog T, (60)

provided that cg > 5cy.

Proof. The proof of Lemma [15| follows the same argument as that of Lemma 9 in |Li et al.| (2025)), with the
only modification being that we invoke Lemma [I4] in place of the corresponding estimate used there. This
change requires the conditions 7' > Cydlog* T and K <logT to obtain the desired conclusion. We omit the
details for brevity. O

B Proofs of lemmas in Section

For 74_1,0 < 7 < 7, we let % denote the solution of with the initial condition z7, .
with iteration (15 we obtain

(7?2) = xn 0 = Treos for all n > 0.

For convenience, we define A%) =2y (1) (1 — 705) "2/%, where 4, (71.) is defined in (L6).
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B.1 Proof of Lemma[3

Proof. Fix 0 <1 < K — 1. By the Gauss—Seidel update ,

(n+1)

L1y, L n (t n
\/1t_7_m_: t,0 _|_ZA sﬂ]((nj-l)> ZA Snj('(rt)])'

I =m0 >

On the other hand, by integrating the rescaled probability flow ODE along the exact path, we obtain

G [
V=7 1=Teo s 2(1—7)3/2

Subtracting the above two identities yields

2Ot =T | DAY (s, (200) s (o)) + Do AF (SM(5?1)—82,]-(%))]

J<i j>i

=G4

* *

Tt,0
Al t) * * _/ ST(xT) ) 1
Z ji 57 th.j) " 2(1 — 7-)3/2 dr (61)

+ 1_th

::Gz

Bound for G;. A simple calculation gives

6= I 8 o ) 7))+ S o, o) .,

Lj<i iz
=G
I ZA(f)( sk, (x5_77+1)) sﬂ , ( zy, J)) Z A(ﬂ( S ( 5-71) Tt,j (x:17)>‘| . (62)
i j>i
:=G12

For the term G171, the triangle inequality and Cauchy—Schwarz yield

K-1 5
t n+1
Guld < (-n) (X 149P) [Z (), @) + S (e o) ]
Jj=0 i<t j>i
< ] K- 4(7}’0 — Tt’i)z Kz_l 6(”) + = n+1) 71+1)) 2
~ 0og (1 -7 0)2 score,t, J Tt J €score )t ] Tt i
’ j=0 7=0
K-1
log=T n " " 2
5 ]'O K T2 ;2 (Egcgr&t J ‘(1‘1:)] ) + (gic:;i)f,] '(rt j_l))) ‘| 9
j=0 §j=0

where the second inequality follows from (46k|) and the fact 1 — 7, ; < 1 — 7,0, the last inequality comes from
(461) that by setting iy = 0, i2 = i, i3 = 7, and 74 = 0.
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For the term G2, on the event Fy, it holds

IGrally <21 =m0 | [ AL (55, (1)) =, (za,j)) oA (55, (#80) = 5t (#5,)

J<t Jj>i

2

2
2

< - ) dlogT ’ (n+1) * 2 (n) 2

(1 =70) Z ‘A” Tt,0 0<toi 1 ‘ Tre " T Prelly T oit R ‘ Trie ” x” 2
§=0 ; sts <<

<log? K dlog” T i ‘ (n+1) 2 n ‘ (n) _ 2

~08 T OSI?SaZX—l mT" Llo Oglgéaj){{_l Tt,e Tt a2l ’

T

where the third line follows from the typical region that —logpy ()\a:T:lj +(1- /\)x*t,J) < CydlogT, for

all j,n together with Lemma namely ‘ Ch (x&ﬂ) —S7 (a:; J) H C’dl;jigjr‘r ‘ x(T?Z — a7, |, and the
last line holds by Zf:_ol ’ Tt(i:fil))?lf/’gl( in Lemma (9 and 70 < 7.
Bound for G3. For any 7, the Lagrange remainder bound gives
2
K—1
2 R % si(ay)
o= -m- ([ g, o g, -l or) o
t,i ,i ST XTe, j=0
For all 74 ; <7 < 79, according to Lemma @, it holds
oK sx(xX) dflog T dologT \*™
— v < O (MK)XK! )
ro oo |07 21— )32 ||, = (%) Tei(1 = 74)® \7ea(l = 7e4)
Next, set
,— Tt,0 + Tt,K—1 n Tt,0 — Tt,K—1 . 2el-1,1],
2 2
then
= Tt,0 — T, K—1 K
H (T —T5) = (2> H (z — z),
Jj=0 j=0
where )
zj:cos(Kji1>, 0<j<K-1.
Using the fact that
K-1
[[G=-2)=22"E - 1)Uk a(2) and  swp |(z* = DUk o(2)| <1,
j=0 z€[-1,1]
where Uk _o is the Chebyshev polynomial of the second kind, we obtain
K-1
sup H (1 — 1) <47 Km0 — 1)k (64)

T, Kk—1<T<T¢t 0 j=0
Substituting the preceding two estimates into yields

, dflogT (MKdo(n,OTt,K_l)logT>2K
2

G ; S (70 — T
” ”2 ( t, fﬂ) Tt,i(l — Tt,i) 4Tt,i(1 _ Tt,z‘)

_ d9miilog’ T (exMKdglog® T\
~ T2 4T

_ dnilog® T (MyKdlog? T\ "
~ T2 T )
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where the second inequality comes from the fact that 7.0 — 74 < c173,(1 — Tm-)k)%T and 7o — T, k-1 <

c1mei(1— 7e4) IO%T, and the last inequality follows from the typical condition that 8 < Cy for an absolute

constant Cy > 0 and My > %.
Putting the estimates of G11, G12, and G5 into , with 740 > 73,0 <7 < K — 1 we arrive at
2
- dlog® T
oyt — a2, 8 < Clog? & (2T )

Tt,i

(n+1) _
max ||lz3"]
0<6<i—1 :

2
x:t,é”2 + OngI%aI)((—l ||x5':L)1» - x‘rt [||2]

1Og2 T K-1 (n) K-1 1) 2
~ 2 n n n+1
=+ ClogKTt,O? Z (sscore JtJ ( L, ]>> + ( Escore . ( S’tjr )>>
j=0 7=0
2K
N édm log® T [ MyKdlog®>T (65)
T2 T

for any fixed 0 < i < K — 1. Here, C' is an universal constant. Note that K < clogT and T > Cydlog* T for
a sufficiently large constant Co > 0. Therefore, it holds

dlogQT)2 < 1

Clog2K< T

By induction, one can easily check that for every 0 <i < K — 1,

1 C’ log®> T LAy 2
ot —az, 3 < 5 max (2l —a%, 3+ S log K rfg—om > > (clione (@)
- - m=n j=0
= 3 2 2K
n 4C dryolog” T ( MoKdlog™ T (66)
3 T2 T
Indeed, for i = 0, (66) holds immediate since I-(,—t+1) =}, , = Tr,,. Next, assume that (66) holds for all

0 < i < kg, where 0 < kg < K — 2. Using the hypothesis conditions, one can see that ( . ) holds for i = ko + 1.
With (66]) in place, we obtain

max ||33(N)

log? T
2 - 9-N o) _ ( (m) (m) )
o X 3 max ||z xr ||2 + Clog K 7 0 E > ¢ (x™))

T,T||2 — 0<r<K—1 Tt,r T2 score,t,] Tfj

+C

dr0log® T (MOKd log? T> K

T2 T (67)

Here, C' = 3C. Finally, as shown by [Li et al.| (2025), one has

2
4c2d1 T
22, , — 2913 < @W%/ \ﬁ> e - Og 0<i<K-—1

Since T' > Cadlog? T, K < clogT, and N > C3K log T for a sufficiently large constant Cs > 0 , it holds

|2 —az, 3<C

3N max

0<r<K—1

driplog® T [ MoKdlog? T\ "
T2 T

Substituting this into yields

2K
log? T oL A 2 drolog® T [ MyKdlog®T
(N 2 (m) t,0 108 0 g
Ogrrngal}{( 1 H‘T'rt T) —(E ”2 < CIOgK t,0 T2 2:0 ‘ ( €score t,] Tt ]))) +C T2 T
m=0 j—
This completes the proof. O
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B.2 Proof of Lemmald

Proof. Recall that
J(n) — x‘rf7/\/1_7-tl Jr = 7*}1/\/1_7}2'
T (g /T = Tr0) T %, o//T=Ti0)

It then follows from that

n+1 n
o) gy 087, ; (xgt j )) St A(t) 087, (a:gt )]) 7
Tt i Z ( (n+1) Z

Tt T i*
j<i Ty /\/1_7},]) ’ j=>i ( Tf]/\/l_Tty]) ?

Similarly, note that the exact rescaled probability flow ODE is

* * Tt * ( uk
x'f't,i o mTt,O N / * Sr(x‘r) dr
Tt,0 2

\/1 — Tty \/1 — 40 (1—17)3/2
Therefore,
i 1 Osk(xx)
JE =1 / J* dr.
b Tt,0 2(1 - T)3/2 0 (.I‘.,*_/ \% 1- T)
Combining the two previous equations, we can obtain
T =
n+1 * Sk
= Z A(t) l as"'f J(xS'tLJ )) (n+1) _ as"'f 7(177 7) J* ]
J<i T77+1 / /—Ttd Tt /m JIr, g
T UIC) L @7 e ‘95% 5 T,) ]
> o\ ) T=m,) s NI =115) s

Tt,i 1 as 1 681”( :—t])
* 3/2 Z ¢t] 3 2 Tf d
o |200—1)% 3(»’”*/@ 2(1 —7,5)%/2 9(ax, /\/ﬁ J

(n+1)
— Z A(t) < s, . (th J ) 88% J (m_,*_t J) > J(n+1)

j<t ’ ‘(I'Ttlj—l)/\/ — T j a Tt ]/\/ Tt,] Tt
Hy
5 J (37% f) (n+1

A (s =z, )

J<i ( T”/\/ Tt,g)

Hy
A G 0s%,, (#4.,) (n)

+Z J”'tyj

j>i ( Tfj/\/l_Tt,]) 6( 7—,3/\/ th)

Hj

+Z o v(xit.j) (Jﬁn) 7 )
j>i ( n]/M) " v

Hy

Tt,i 1 Os ( 1 8sjt]( :t])
+/ﬂ,o[(1—7)3/28( Tk Z% S P o M

Tt,j

Hs
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To begin with, we claim that on the event E;, for all 0 <n < N and 0 < j < K — 1, it holds
[P e (70)
for some universal constant C' > 0.

Bound for H; and H3. Observe that

087, , (:cS’jj”) 0sy (x&?f”)
t,j J

= () (n+1)
H, ;Aﬁ (T?jl /M) 8( (D /m) T
Hiy
iy m( ?si;ui?? ") dst, , (a3,) ) 10,
j<i W T 0w/ )T
Hisa

Note that from that ||J"|| < C. This gives

K-1
2 el " n 2
||I—Ill||2 g Z ‘A;? (1 - Tt,O) Z (Ega;la)l 4,7 (x‘(rtj—l))) + Z (€Ja00b1 6,7 ( S't)1>)
7=0

j<i j>i
log AR my ) 2
< ClOgK 21 Z Z (sJacobltf S't Z))) ’
m=n (=0

where the first inequality follows from the Cauchy-Schwarz inequality and the second inequality follows by
(46k)) in Lemma @ For the term His, since E; holds, Lemma [11| yields

s (x) 0st (y) d3 log T
V| oI, ~yll
H e/ JT-1y) O/ 7)) N,
Therefore, we have
= 3 log T
[Hizl* S Z Y- m) e —a, 113
7=0 7<i
log® T d®log® T Lt 1) N
Slog K T2 ﬁZII T?j _xn,sz’
1<t
Applying Lemma [3] one has
d®log® TK log K dlog®T log? T o A=
2 / Ly 2 (m) (m)
||H12|| S C T2Tt P 3n4 T2 + Clog KTt,O T2 Z Z <€score,t,j ( Tt Ni ))
’ m=0 j=0

. dmolog® T (MyKdlog® T K
T2 T '

Combining the bounds for Hy; and His, we get an upper bound for H;. A similar bound for H3 can be
given, and we omit it.
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Bound for H, and H,. Again by Lemma |l1{and the fact that 7 ; < 7; ;, one has

35%9(1::”) - dlogT.
Tz, ]/\/ 1- Ttv] Tt,i
Therefore,
+ d? log T,
|l < ¢ [ 3IADP | 30— mg) ——— I = 7y, 1P

7<i i<t
dlog?T
<c'logK(°§) K max (IG5 -7 P

Similarly, we have

2
dlog>T
2 < (n) _ 2.
|Hal|* < C 10gK< T > Kogl;_r%al)({ 1||JT” ||

Bound for Hs. According to the Lagrange interpolation, one has

o oK Osk(ax R
H;|? < ) d
R VA <L M = T/ﬁ lj —7us)|d
MoKdlog>T\ "+
~Y T b

where the second inequality comes from , the fact that 7 <7 ; and 1 — 7 < 1 — 7, and Lemma (13| that

I e R
oK |21 —7)329(axx /T —7) 7

sup
T, K—1<T<Tt,0

dflog T )K“
Tei(1— 7e4) '

‘ < CH(MK)XT KR! (

Collect all the bounds. Combining the estimates for Hy, Hy, Hs, Hs and Hs with 7 9 > 7 ;,0 < i < K—1,
we obtain that for any fixed 0 < i < K — 1, it holds

(n+1) _ px |2 / dlog2T ’ Jn+1) 2 (n) _ 2
| — g P < C'K log K max [0 <07 (P max (5 <
t,i t,i T 0<j<i— t,j t,J t,j
Blog® TKlogK [ 1 ,dlog®T log? T o A= 2
' 2 2 (m) m
+ c T27—t K1 3n4 T2 + Clog Ti ,0 T2 Z Z (gscore,t,j (‘r‘(l't])))
; m=0 j=0
oo log® T [ MoKdlog> T\ " o (MoKd log2 T\ 2"
T2 T T
10g2 T K-1 K-1 2
2 (n) (n+1) n+1
+C log KTt 0 72 Z ( € Jacobi,t, Z Tt Y ) + ( € Jacobi,t, E S’tj ))) :
£=0 £=0

By the same arguments to and , we obtain

d37 9 lo Tlo K 2

(N) _ g 2 -N (0) * 12 t,0 g g Z Z (m)

og%%?ﬂwﬂl ”vi” =17 03%8% 1HJT” JW'H +c = ( score, W( ”1))
m= ]

2K+2

—I—QC'logKTtOlog T Z Z (S (= g’?))2+c (W) _ (71)

m=0 j=0
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We claim that

JO g

Tt,j

max ‘

0<j<K-1 T

Note that T > ng10g4 T, K < clogT and N > C3KlogT for some sufficiently large constant C3 > 0.
Combining and gives

)2 <C (W>2. (72)

(N) 2 2 d310g7TNK1 (n) (n) 2
* n n
520 = 77l < CRlog* K === 32 3 (e s @)
2K +2
log? T W A 02 MyKdlog? T
+Clog Ko —r5— 3 Z (Sedopies@)) +C (Z=2=) (1)
n=0 j=0
This proves . It remains to prove the claims and .
Proof of claim (72). Note that 20 = Tr,,, 0<j<K—1. It immediately gives
(0) /7
JO = Owres /1~ 7i5) 1= Tio I
Tt :CTLU/\/ 1- Tf/70 1- Tt,j
Using 1 — 7 ; < 1 — 7%, one has
1—T70 Te0 — Tt.j logT
J(O < J(O — t,0 1] = , ) < 74
L e (R L <o (74)
where c7,cg > 0 are universal constants. For convenience, define
1 a * *
A(r) = s (@7) .
21— )7 ez [VT=7)
Similar to (69), we have
Tt,0
JE=T+ / AT du, 7€ [rg—1, 7o) (75)

According to Lemma [13| with £ = 0, one has
dK logT
lA@)] < CIMIETEs, we [ ol

Therefore, we obtain, for every 7 € [y, k-1, T¢.0),

dKl T

where the last inequality comes from Gronwall’s inequality. Using the fact that u < o and 1 —u <1 — 7.9
on [Ty, k—1,7t,0), together with (46f) in Lemma @ we have

0 dK logT
||J*||du<exp<C]M/ id ),

u(l —u)

/w dKlogT dKlog®>T
o ouwl—w) T

Since T' > Cadlog? T and K < clog T, it implies

dKlog® T
sup 75| < exp <CJMC10g> < cs. (76)
TE[Te, K —1,Tt,0] T
Substituting into gives
. t.0 . 50 dKlogT dKlog”T 1
Iz, =1l < / JA@I 75 du < e / CoM gy S cgfg 5 (77)
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for all 0 < j < K — 1, where ¢g is an universal constant. Finally, by the triangle inequality and using 7

logTJrC dK log®>T <, dKlog®>T
T 9 T >~ €10 T

[ = T3 < WD =T+ 17, =TI < cs
t,j t,j t,J

TfJ

holds for all 0 < j < K — 1, where ¢19 > 0 is an universal constant. This proves the claim (72).

Proof of claim (70). The proof is inductive in nature. When n = 0, through (74), it holds HJQZ | < C for
any 0 < i < K —1. Next, assume that ||JT(7°) | < C holds for all 0 <1 < K —1. We then prove ||JT(t"?+1)H < c
holds for all 0 < ¢ < K — 1 by induction again. For the case i = 0, we know JT(nOH)

ngl ?H | < C holds for all 1 < i < kg. According to and using the same approaches as before, we have

= I. Now assume that

(no+1) (o)
Z A(t) ?s;ii)(xﬂ j ) n0+1) + Z (t) Sn J (%—, Fi ) J(no)
no

"'f 2 (no Tt,j
j<ko+1 L1 4 /\/ Tt,a §>ko+1 Ty /\/ 1—m,

15t — 1 <

Tt,ko+1

n 1 (n +1)
+ Z AQ)( 88”1(33(”3+ )) 68:“(%3 ) )J(no-i-l)
7 n 1 n 1 Tt,j
G oGS T T ) 0t Ty )T
* (7 )
> A(t)< Osr,,,(@%5) 07, (@n ) )Jw
ot 20 Ty 0@ =)

1/2
< d10g2TlogK — 1ogT ot K1 (m) ()2 /
~ T lo gKTtZ Z Z (EJaCObltj Tfj )) .

m=ng j=0

On the event E; and note that 7' > Cadlog* T, one has ||JT(t" 2;:11) I|| < ¢ for a sufficiently small absolute

(no+1)
N

constant ¢’ > 0, which gives ||J7, || < C. By induction, we have

I <€, 0<i<K-1, 0<n<N,

which gives claim .

Next, we turn to prove the second part of Lemma [4, namely, to prove . From , and on the event Ej,
we have

S S |

|| TtKl Tt, K—1

> —

Combining this with , we obtain

I < W) = TN

Tt,K—1 Tt,K—1

— I <

= W

|| TtKl Tt, K—1

Hence JT(tN ;71 is invertible, and by the Neumann-series bound,

JW) H < <4
H< ““1> 1— |, 1

Tt,K—1

This proves and completes the proof.
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B.3 Proof of Lemma

Proof. From the definition of the total variation distance and set £ in , we have

W) = [ ((2) — pr(a)) da

{z€R%:q1(z)>p1(z)}

- @@ -n@)ds+ [ (0(2) — pr(2)) da
& {z€R:p; (z)<q1(z)<exp(—cgdlogT)}

< [(@@-n@)d+ [ 0(x) da
& {z€R?:q; (z)<exp(—cedlogT)}

q1(Y1)
=: ElePl [(pl(yl) — 1) 1{Y1 S g}:| + rr.
For the term rp, let K7 > 0 be any fixed constant, one has
rr < / q1(x) dx —|—/ q1(x) dx
{2€R: |2l TR+ VA, g1 (2) exp(—codlog T)} {w€R: o]l >Ter+ <1 V)
< exp(—cgdlogT) Vol({x eRe: ||zl < TCR+K1\/3}> Py (HX1||2 > Tertia \/&) . (78)

where cg is the constant defined in Assumption |1} and Vol(-) denotes the d-dimensional Lebesgue measure.

Recall that
X1 =vVoai Xo+V1—0a1 2, Z ~N(0,1y),
and hence
E[[|X1]13] < 2aE[||Xol3] +2(1 — a)E[||Z][3] < 272" + 2d,

where we used Assumption [I]in the last inequality. Therefore, by Markov’s inequality,

E[||lX1]3] 272%¢r 4 2d
+ K, 2 —2K,
IP)X1~<11 (HX1||2 >Ten ﬁ) < d - T2cr+2K:1 S d - T2cr+2K1 ’S T ’

(79)

By the standard formula for the volume of the d-dimensional Euclidean ball,

d /2 d
Vol R : < =
o ({xe ||:v\|2_r}) F(d/2—|—1)r ,
see, e.g., (Ball, [1997, Lecture 1). Moreover, by the Stirling-type lower bound for the Gamma function, see
(Abramowitz & Stegun, (1964, p. 257, Eq. (6.1.38)), there exists an absolute constant ¢ > 0 such that

F(z+1)zc\/2(§)z, 2> 1.

Taking z = d/2, we obtain, for all d > 2,

Vol ({z € R? : [lafl2 <)) < c\\% (%:6)(1/2 pd < (%)d.

Hence, taking r = T°*511/d, we get

Vol ({a € RY ¢ [l < TV < (CTon R,
Consequently,
exp(—codlog T) Vol({x €R?: ol < TR \/‘g}) < exp(—(cs — cr — K1)dlog T + dlog C)
< exp(—cadlogT), (80)

where the last inequality follows by choosing cg sufficiently large so that cg > cg+ K7 + 1, and ¢ is a constant.
Putting and into , we obtain
rp < CT7251 4 exp(—cy dlogT),

where C' is a constant. This completes the proof. O
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C Proofs of auxiliary lemmas

C.1 Proof of Lemma [§

Proof. Let

Tt,0 + T, K—1  Tt,0 — Tt,K—1
o) = T2 LKL

Then ¢ maps [—1, 1] bijectively onto 14, x—1,7¢,0], and ¢(z;) = 7 ; for all 0 < j < K — 1. Let ¢; denote
the Lagrange basis polynomials associated with the standard Chebyshev-Lobatto nodes {z; }JK: o on [—1,1],

z € [-1,1].

namely,
a1\ R 24
Ui(z) == iz ]), 0<j<K-1 (81)
Hj’:j’;éj(zj — zjr)
By the definition of ¢ ; as in (14)), a direct calculation gives
Urj(6(2)) =4(2),  0<j<K-1 (82)

Therefore,

K-1 K-1
sup Y [ (T) = sup Y [4(2)].
z€[—1,1] J=0

TE[Tt,K—lyTt,O] =0
For the standard Chebyshev—Lobatto nodes on [—1, 1], the classical bound
K—1 9
sup Z [6;j(2)] < —log K +1
ze[-1,1] 550 ™

holds; see (Trefethen, |2019, Chapter 15, Theorem 15.2). This completes the proof. O

C.2 Proof of Lemma

Proof. We prove the lemma one by one. First, (46a)-|46€) follow directly from Lemma 1 in|Li et al.| (2025).

Proof of (46f). For any fixed 2 <t < T, it holds 7y k-1 = 1 — -1 < 7; < 7o = 1 — & for all
1=0,1,..., K — 1. Therefore, for any 0 < iy,i9,43,94 < K — 1,
Qp_1 — 1 11—y logT

:—~7<8
SU-ti)m  m 1-a —oaTT

Tt,il - Tt,iQ
Tt7ia(1 - Tt7i4)

where the last inequality comes from (46al) and (46b). This proves (46f]).

Proof of (46g). In the following, cause K > 2 and 0 < j < K — 1. From the definition of v ;(-) in , one
has

Tt,0

Ve, (Te,i)] S/ [Ye,5(T)dT < (70 — T1i) sup [Ve,5(T)| = (0,0 — 72,5) sup [£5(2)],  (83)

t,i TE[Te, K —1,T¢t,0] z€[—1,1]

where the last equation comes from . It then suffices to upper bound sup,¢;_ 1) |¢; (2)|. Let

K—1 .
wK(z)::H(z—Zj), ijcos(Kj?Tl), 0<j<K-1.

=0

Then with , we obtain
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According to |[Mason & Handscomb (2002, Chapter 1, §1.2.2), one has

wi (z) = 217D (22 _ 1)Uk _5(2),

sin((K—1)0)
sin 6 ’

where Uk _o is the Chebyshev polynomial of the second kind, characterized by Uk _2(cos8) =
6 € [0,7]. A direct computation gives

(1+2)|Uk—2(2)] (1 = 2)|Uk—2(2)|

14 = Cre =
and, for 1 < j < K — 2,
(1 - 2°)|Uk—2(2)|
165(2)] = .
! (K = 1]z = zj]
Now write z = cos#, z; = cosb;,0 € [0,7],0; = KJL Using

sin((K —1)6
Uk _2(cosf) = %
we estimate sup,¢(_q 1 [¢;(2)| separately:
Endpoint case j = 0. We have
(14 cosf)|sin((K —1)0)] < (14cos®) (K —1)sinf 1+ cosf <1

fo(2)l = 2(K — 1) sinf =7 oK - lsm6 2 -

Endpoint case j = K — 1. Similarly,

(1 —cosf)|sin((K — 1)0)| < 1 —cosf <1

,€ _ =
[ex-1(2) 2(K — 1)sinf =" 2 =
Interior case 1 < j < K — 2. In this case,
. 0-0;
10 (2)] = sin 6 | sin((K — 1)0)| < sin @ | sin(6 — 6;)| < sin 0 ‘COS 5
I (K —1)|cos@ — cosB| = |cosf —cosB;| — Singzgi

where the first inequality follows from the fact that (K — 1)6; = j, and hence
[sin((K —1)0)] = |sin((K —1)(0 = 6;))| < (K — 1) [sin(0 — 6;)|.
On the other hand, note that

0+0; 0—0;
sinf 4 sin0; = QSiD%COST] > sinf,

00,

because 6,6; € [0, 7] implies cos —;

>0, sinf; > 0. This immediately gives

1€;(2)] < 2cos? 9_29j <2

Putting it into , we have
1,5 (Te,0) | < 2(Te,0 = T24),

which proves (46g))
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Proof of (4 - Forevery 0 <i< K —-land2<t<T,sincerp g1 =1——1 <7 <mo=1—0ay, we
have oy =1-10<1—7; <1—T g1 =0_1,and 1 — 1 =T k-1 < Tt;; < Tr0 = 1 — &y. Therefore, it
suffices to show

Qyp X Qg1 and 1_6%—1 = 1—5@,

which follow directly from (46a)) and (46c). This proves (46h)).

Proof of (46i). For K > 2, by Lemma [8] we have
2
Z e, (T)] < ;logK—i— 1 <CylogK.

Hence, forany 0 <i < K — 1,

K-1

Tt(]
Z 1Ve,5 (Te,i |</ Z [, (T)dT < Ca(Te0 — 71,3) log K,

where v, ; is defined in (T6]. This proves(46i).

Proof of (46j). Using the definition of A;? = 1y (1e0) (1 = 7't,j)_3/2 together with (46h)) and (46i)), we
obtain

K-1

1 1Ve,5(7e.0)] 1 (Tto — 7¢,i) log K
A(t) AT 2 i) d d .
j=0 | 2 ; (1—75)32 7 2(1 = 7,0)3/2 Z Felres)l < (1= 73,0)%/2

This proves (46j]).

Proof of (46k]). According to (46g)), one has |y j(7:,:)| < 2(7,0 — 71,s). Therefore,

A0 2L il o Teo = Tei
ST e R (e
which implies
K-1 K-1
|A(t)| < ( max \A(?)|) 14D < (Te0 = 71,4)* log K
= ~ \o<j<k-1 7* = Ju b= (1 —Tt,o)3 :
This proves (46k]). O
C.3 Proof of Lemma[10]
Proof. For any r > 0, Bayes’ rule gives
P(VI=7Xo—yl, 2r| X, =y) = S =102y P0 (0) P, 1, (U ] 0)
2= px.(y)
< 1 1 r2
. X _——
= pe(y) @@ P\ Tar
2
< eXp(GT(y)dlogT + %OdlogT - ;) , (84)
T

where the first inequality follows from the fact that

] _ 1 ly — VI — 7ol
pXT|X0(y | .130) - (271'7')d/2 eXp| — 27 y
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and the second inequality comes from the definition of 6, (y) that % < exp(0:(y)dlogT) and the fact

F )
7 > T7%%. Choosing
r =5c54/0-(y)d7logT

for some constant cs > 2, then

Co 25 2

P(H\/l —7X09 — yH2 > 505\/9T(y)dTlogT‘XT = y) < exp({l + 20,(1) — 205} &(y)dlogT) .

Since 6. (y) > cg > co, we have

Co < 1
20-(y) — 2’
and therefore ‘o %, 3 2, ,
1+267(y)—?c5§§—?c5§—c5 for all c5 > 2.
Thus
]P’(H\/l — 17X — yH2 > 5e5+/0,(y)d7logT ’ X, = y) < exp(—cgﬁT(y)dlog T) . (85)

This gives . Next, note that 0, (y) > ¢g > ¢o. It then follows from that

2
IP’(H\/I — 17X —y”2 > u’)_(T = y) < exp(g 0, (y)dlogT — ;T) , Yu > 0.

For every integer k > 1, the tail-integral identity yields
E[IVI—7Xo —ylls| X =] = k/ dFB(VI= T Xy — |, > u| X, =) du.
0

In particular, for £ = 1, we have

E[Vi=7Xo —yl, [ X =]

< 10 HT(y)dTlogT—i—/ P(|VT=7Xo -y, > u| X, =y) du
104/0-(y) dTlogT
o 3 u?

< 10v/0-(y)d7logT + exp| = 0, (y)dlogT — — | du
104/0,(y) dlog T 2 2T

S VO-(y)dTlogT,

where the last inequality comes from the Gaussian tail estimate

o0 2 /(9 T 2/(2

/ e/ gy < Te=a®/CD forall o> 0.
a

a

This proves . For the cases k = 2, 3,4, the proof is similar, and so we omit it. O]

C.4 Proof of Lemma [13

Proof. The proof follows the argument used for Claims (64a) and (64b) in Appendix A of |[Li et al.| (2025]),
while keeping track of the dependence on the order k explicitly. Define

o (({S_(i)?g/z> 6:= 0, (z2).

Then for sufficiently small §, the Taylor expansion gives

Sryo (T54s) si(r3) o

(I—7— 02 (T-7)p2 & ™

R
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As shown in |Li et al.| (2025, Equation (74)), and recall u} := x%/+/1 — 7 one has

_ *\ L A (ko
S:—+6($:—+5) _ 1 x‘;H B zx N /PX0|XT (zolzy) e= (uy — x0) dxg )
1—717-0)32 Hl—7-96 - — ’
( T ) (7'+ )( T ) \/1 T 0 \/1 T /PXO|XT($O|$:) eA dl‘o
where , )
A A=) a3/ VI=T —wl, (1-7-9) 2%, 5/ VI =7 =6 — o], _ &vk.
T T+0 = k!
We next prove that there exist universal constants M; > 1 and Cy,C' > 0 such that
d9logT [ dflogT \"*
k]2 < Cs(MyK)FR! = ®Z) . 0<k<K, (87)
T(1=7)3 \r(1—7)
and, for every C > 2,
cc? d0log T \"*
< K)*E! [ —== 1<k<K 88
ol < g Onfn (E5) L isksr, (58)

provided that

dftlog T
lux — 202 < 50\/770’5.
1—7

Indeed, for k& = 0, the results hold directly from Lemma [10| (see |Li et al.| (2025, Equation (75a)) for more
details). Suppose that and hold for all k < ky. Then, by the same arguments as in |Li et al.| (2025]),
we have

|Uko+1|
ko —0—1
1 1—7 -
< k 1)! —ko *_ 2 - x - T )
< (o DN fur = wolly + gy = e = ol sl xollz,; (ho v 11 "0z
1—7 & 1 ko—1ko—t
- -1y, _
+ A7 st E'(k_o_i_l ) Hul 1” ||uko £||2+ Z ; k0—|—1—€ ) T ||UJ—12||U1<0—£_]2‘|.

Using the induction hypothesis and , we obtain

5C,C
ko+1

dflogT

25C2 +

A

|’Uk-0+1| < (ko + 1)'

(M K)* 4 5C,C(MK)* + C2(My K)o~ 4 QCE(MlK)’“‘)] (

cc?
MK

IN

dflogT > ko+1

(M K)™ % (ko 4 1)! (M

provided C' > 5(1 + C, + C?) and then M; > 100Cc2. Therefore, we have verified for k = ko + 1. Next,
we prove that holds for k = kg + 1. Let e® =: Z,;“;O %wk denote the Taylor expansion of e2. Then one
can show that wg =1 and for all 1 < k < kg + 1,

- ¢
K d@logT 1 k-1 ce?
co? o2\ dologT\" C d9log T\ "
< 1 MK | —= ) < —(ME)*k! | ——=) .
_M1K< +M1K) (M )k<7—(1_7)> _K( )k(T(l_T)> )
Denote
* * - 5k * 3 5k
[ prars. (o l2exn(@) (= w0y dani= 3 Gran [ pxge, (oo | o) expl@)den = Y- 3
zo k=0 o k=0 "
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Then for 0 < k < kg + 1, similar to |Li et al.| (2025, one has

ao :/ Pxo %, (@o | 27) (U] — xo) wo dwo = / Pxoix, (@o | 27) (u; — wo) dao,
xo xo

dorlogT [ dflogT \"
Jaull < C' )ty CEL (BEELY g <k <t

c” dflogT
bo =1 bi| < — (M K)FE | —2—
b1 Il < Sonkyn (2L

k
) . 1<k<ky+l.

Here C" = O(1+ ¢7) is an absolute constant, and 0 < C" < 1/4. Next define dj, through the Taylor expansion

S o St Jy Pxoix, (@0 | @7) exp(A) (uf — x0) dao i o
S ¢ = * = —af.
=0 %be fxo Pxg X, (zo | 25) exp(A)dzo o k!
Then
- -1
do = / Pxo|x, (To | 27) ( — — xo) dzo, dy=ar— ( )dlbk—b 1<k<ko+1.
2y 0l Vit Z /

£=0

Choosing C"" > 2C", we obtain

K d7logT [ dflogT \*
< 1N k |\/7
il < (04 o0 ) sy AT ()
k
gC”’(MlK)’“k‘! ditlogT [ dflogT C 0<k<ko+1. (90)
1—7 7(1—17)

Similarly to (80) in |Li et al|(2025]), through we have

S L > 1 wup_1—2d . o 2 — U1
k:!ukz<7(1—r) e Bl (e el Gk B R e - e>5k'

k
k=1 k=1 {=1

By hypothesis and hold for 0 < k < kg, we now prove for k=ko+1

ol = [ (B = )+ 3 [ o) B
Uky+1]l2 = 7_(1 — 7_) 2 ko+1 et T T 2 (kO 11— Z)l ko+1—¢ Uk —£ ,
d0logT [ dologT \**'  Cy(MK)*(ky+1)! | dologT [ dflogT "t
< C"(MK)Fot (kg + 1)1
< C"(MK) (ko +1) (1—1)3 (7-(1_7-)> 2 T1—7 \7(1—-1)
(C" + CHK Fot1 [ d9logT ([ dflogT \"™
MK (ML K) (ko +1)! T1=7P¥ \r(1-7)
dologT [ dflogT \"™
< Cy(MyK)kott 1)! 1
< CUaRK)™ o+ D1 S (S oy

where the last inequality follows by choosing Cs > 2 + C""" and M; > 100C2¢2. Thus we proved holds for
any 0 <k < K.

We next prove (57). By Tweedie’s formula (Efron} [2011)), we have

1 Osx(xr) 1 1 xx
A—7p2 ouwr 7(17)"”720‘”(\@ Xo

X, :xﬁ) .
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Denote my, := % [W 688:75;:)] . For sufficiently small §, we write

i [ 1 Os7,5(x74s) . 1 osx(xy)
Pt e (1—7—10)%%  Ouks (1—-7)3/2 Our
where
1 Ostys5(x7ys) I L1 Pz, (@o | @)e (us — o) (ur — o) dag
(1—7—§)3/2 our s T+ —-T—6)  (T+9)? pro\XT(lh | z%)e® dzg

) (prO)_(T (2o | 2)ed (u* — o) dxo> <prg|)_(T (2o | )2 (u — mo) d$0>T~|

I pxoix, (zo | w%)e? dag I pxy . (@0 | 2%)e? dag
and A = 21@1 %vk. Applying the same argument as above, gives

ok Osx(

e = | 2= 1 dflogT
MU ok [ =732 8u*

k+1
< | [ —" — > <k<K.
]| < conomm (2250) 7 anze osken

On the other hand, recall that J* := ( ( and , then the exact Jacobian satisfies

o r;t,o/’/l_‘r"*g)

= {(1 717)3/2 88812* )} Tz

*
T JTtO_

dr°7 2

< Okl (M2K)k (délogT)k

T(1—7)

Because gives ||J*|| < cs. Then we choose C' > ¢g and assume that H %J;
for 0 < k < kqy. Differentiating the preceding identity k — 1 times yields
ok . 1 /k-1\ oF1t |
=0

Using and assumption above, we prove fork=ko+1
1 ko ko Pro—t .
' S2Z(€)me| HWJT

;NAZ (k‘)) (MaK) 0! <7c-i(9110_gTT))€+1 (MoK Yo~ (o — 0)! (%)koz

8k0+1
Orkot1 "7

\ /\

_C_
2Ms K

IN

dflog T\ "™
7(1—1)
dflog T\ "™
T(1—7)

Clko + 1)/(My K )kot1 (

< Clko + 1)|(MyK)kot? (

Finally, applying Leibniz’ rule to [W asa:l(b‘f: )] J¥ and combining with (92]) and the bound of H—J *
above, for any 0 < k < K we get

where the last inequality follows fromC'y > 25@, kE+1<K+1<2K and My > 2. This proves (57). O

ok [( 1 0s:(x )J*

k _ k+1

k oh— . d0log T

— < tlp [ 222
ok |[(1—732 our H Z(z)”mf” Igmz/rlld < Ch(LE)™k <T(17)> ’

£=0
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C.5 Proof of Lemma [14]
Proof. For convenience, let 0; := 0., ,(x, ,). Recalling that a7 is the solution of ODE (8] at 7 with the initial

) - N N
= Zr, ,, we know from Lemma [T2] that
T k-1 ST < Ty0-

condition z7, | 1
—logpg (x7) < 26,dlogT,
The same argument as in |Li et al.| (2025, Eq. (91)) gives, for all 0 < i < K — 1 and all A € [0, 1]
logps ()\x(T?) +(1- )\)xjt) < 2.1db; log T. (94)

Combining with Lemma we obtain
asit i ()\xg?)z + (1 - )\)x"*'t L) d9t IOgT
: : < , 0<i<K-1, Xe]0,1]. (95)
ox Tt
Forany 0 <n<N—-1and 0<i< K — 1, we define
(i) 1 K-1
n+1) — 7t,0 n+1 _ n+1
i T = VT | S, () 4 5 s ()| 0
where Ag? = %fym» (7,5) (1 — Tt,j)_?’/Q. Similarly, let
1-— Tt,O
x; ;T T = /1T 0/ W sy(a7)dr, (97)

where the second inequality follows from . Next, we shall prove the following two estimates simultaneously

by induction: for each 0 < n < N — 1 and each 0 <7 < K — 1, it holds
dyri0log® T <d0t log? TK) (©8)

7' logT
<ot ok 3 (42, () + oo 27 :

+1 *
‘ui? )*Ut,z‘ -
and for all A € [0,1],
~logpy, (Axgjj” +(1- )\)x:t,i) < 2.1d0; log T (99)
Here, Escorc +.;() is defined in and Cjo > 0 is a sufficiently large constant. Moreover, with iteration
we have
xgb)o =27, 0 = Try o forall n>0
Thus for n = 0,7 = 0, we have
1 . 1
Uz(t,g = Ut = 0, ‘ ugg - ut ,0 ‘ =0, (100)
~logps,, (Ag;gpo (1-Nat,, logps,, (x:) < 2.1d0, log T, (101)
where . holds due to (94). This implies and holds for n = 0,7 = 0. Similar to , we also have
(102)

log T
< BdosT o, 11.

053, , (Ml + (1= Naz, )
Tt,0

Ox
Assume that for all 0 < i < ko and for all X € [0, 1], and hold, where 0 < ko < K — 2
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Prove forn=0and i =ky+1. By 7 @, and the definition of AE-? = %fyt,j (1) (1 — Tt,j)73/2,

we have (1) (1) (1) (1)
1 N G 1 1
Up ko1 — U kor1 = 1 ko1 T J2kgr1 T I3 k0410

where
1 t *
Jl(k)g—i-l 1_Tt0 ZA§1)<:0+1<8‘&J< '(r})]) Tf]( Tt]))
_ "
© 8 A (2 =52, (42) ]
Jj=ko+1
(1) (t) * 1
J2,ko+l 1—7',50 ZAJko-H( th(:z:%?j) TfJ( Tw>)
0
+ Z Jk0+1(:krtj( S—t)J TtJ( TtJ))]’
j=ko+1
(1) 1 ok
J3 ko1 = 1 - Tt 0 Z AJ k0+1sn j ( nJ) - WST(%) dr|.
Tt,kg+1
For the first term Jl(},zo 41, the Cauchy—Schwarz yields
K1 1/2 L K1 1/2
1 t) 7
||J1(7120+1||2 S \/1_7-1&,0 Z |A( k0+1|2 Z ( €score,t,j ( S'tnj)))
7=0 m=0 j=0

T4 ologT N = 2
t, m
N I K Z Z ( €score g (th J))> ’ (103)

m=0 j=0

where the last line follows from (46k)) and (46f) by setting i; = 0, io = ko + 1, i3 = 0 and i, = 0. For the
second term JQ(}lgo 41 term, since holds for all 0 < ¢ < kg, similar to 7 we have

* (1)
9s7,., (Mm +(1- A)mé,i) _ df;logT

Aelo,1 104
- s o 0.1 (101)
for all 0 <4 < ko. Using (104)) and we obtain
th dfylog T
1% slle S VI =70 noz e U
d
dé’t dbylogT || (o
+\/1_Tt0 Z ‘Ajko-‘rl Ty ‘ S’t)] TtJ 2
j=ko+1 J
d;log® T log K 1
< 2t 7 PSR ) % 20 _ 1
~ T 085Sk ||t T ‘2 ko+1§j§K71‘ rs T T 2|’ (105)

where the last line follows from :v(Tt J) — :L'Tt L= 1/% (uiry) — ut*’j), 1 <m < N and with the fact
Tek—1 < T;,0 <j<K-—1,(46f) by setting i1 =0, 3o = ko + 1, i3 = K — 1 and ¢4 = 0. The first term in
is bounded by assumption (98]) holds for all 0 < i < ky. For the second term in , the same estimate
as in |Li et al.| (2025, Eq. (90)) gives

Tt,0 — Tt,K—1
max ‘ 20— gx < ————,/db;logT.
ko+1<j<K-—1 td vl VTt,0
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Then we obtain

0, 10g> T log K Tiolog T N m
”‘]2( k0+1||2 ~ T Cio T log K Z Z ( Escore,t,j (Ig—t J))>
m=0 j=0

d0,7; olog® T [ df;log? TK — _
+ Co tTt,;zog ( t0§ )+Tt,0 T, K—1 d9tlogT>

VTt,0

N K-1 3 )
Te.0logT m d0;1i0log” T (dO;log” TK
<Pl e 5 (s, (42) T (ST
m=0 j=0

Here the last inequality follows from T > nglog4 T and %\/ﬂ*l\/ df;logT < ((1” :t ;t 11( Ti )D /AT 00, logT

with . in Lemma@ Similar to Bound for G (63]) in Section J3,2 41 1s easily bounded:

K
[ db;r0log® T [ MoK db; log® T
||J3 k0+1||2 S T2 T : (107)

Combining (103)), (106)), and (L07]), for sufficiently large T" and large enough C7y we get

N K-1 3 2
1 N T,0 log T m 2 db;1i0log® T (db:log” TK
HU’E k):0+1 ut7k0+1H2 < 0107 K Z ( éco)re ,t,7 (fo ])>) +Clo T2 T :
m=0 j=0
(108)
By induction, we prove forany 0 <i< K —1atn=0.
Prove (99) for n = 0 and ¢ = ko + 1. We next derive the bound of

—logp);-Tt,kO+1 ()\9071),90+1 +(1 —)\)xjt,koﬂ) from (108 We first claim that for ¢ = ko + 1 at n = 0,
it holds by large enough Cig

[ 1—7¢0 * _ (1)
p =m0 g ( 1—7¢ kg +1 (/\x‘rt,koﬂ + (1 )‘)x"'moﬂ)
1=T¢,kg+1 " "tiko+1

(th,O)

Px

Tt,0

2
dat 10g2 T + \/d0t 10g3 T logKZmJ <6£C03'e,t,j <x'(’—tJ)>)

<C
>~ 10 T T )

(109)

By the affine change of variables,

1-— Tt.0 * (1)
P Vi (Aeg + 1 =Nz, L)
1j7t,l:£)(:>1 XTt,Ico+1 ( 1- Tt,ko+1 tkott trott

/2
_ (=m0 / Dy (\z* =Nz )
1= Tt ko+1 Xrt kot Tt ko+1 Ttko+17"

41



Under review as submission to TMLR

Therefore,

“logpg (Ao, =N

Tt, ko1

1-— T¢.0 1 d 1- Tt,0
= —logp — - ——(\z} + 1—)\165_) — —log | ————
\/ T X kg < L= Tt ko1 AT, s T J2s1) 2 1 — Tt k41

2
3 (m) (m)
df;log> T + \/dat log" T log KD <€Score’t’j (mf’"j >) +ec dlogT

< —logps (x,
< logps., ) + O 4] : '
< 2.1d6;log T, (110)
where the third line follows from —$& log (ﬁ) < —% log (%) log (at 1) = —g log (o) =
cqlog T c1 log
4 T Ldu<d [T 2du< . 2a ?gT = clleogT using ([46al) in Lemma [9| and the last line holds by

long (xn 0) < df;log T with (47) and condition in Lemma (14 for sufficiently large T'. This proves
that.holdsforanyO<z<K—1atn—O

Repeat the same arguments above at n =1,--- | N — 1, we can prove and hold forall0 <n < N —1
and 0 < ¢ < K — 1. Moreover, we have

1-710, .(n+1)
L (\/ =7, 7o ) <<m) (
log V"~ T X | < 4cldlogT+C d?6? log* TK d0;1og> T log K'Y, ; (acore,rs (70
o
¢ px,, , (@r,) - T v T T

Tt,0

(111)
holds for all 0 <n < N — 1 and 0 < i < K — 1. This gives the conclusion. It remains to prove claim (109).

Proof of claim (109) As in[Li et al.| (2025, Eq. (95)-(96)), one has

. d;7i0log® T
||Ut,ko+1||2 <C — 7 (112)
Therefore, by (108)) and (112)),
N K-1
datTt,O IOgST Tt70 10gT m m 2
g2y 41ll2 < Cro O R llog K YT 3 (s, (a0)) b (1)
m=0 j=0
As in[Li et al. (2025, Eq. (93)), we have
[ 1—T¢ o (1) )
Tt v ( —T L7y,
1—1rt,k£)(’4r1 XTt,k0+1 1=7t ko +1 ko+1
p)?ft_o (x‘l't,o)
d Tio— Tek Tt.0 — Tt.kot1 2
e e dz(tm&) /p (o | o
( 2 (1 = 7,0) Tt ko +1 (1 = 74,0) Tt ko +1 o XOIX”’O( | #r0)
1) (1)
o (10,0 = Teko+ 1) |12r, 0 — /1 — Tr0%0l13 12 gy 41113 +2 <“t ko412 Lo — mﬂﬁo> .
X - Zo.
P 2(1 = 7,0)Tt,0Tt ko +1 o (1=70,0)Tt ko1 0
1—=7t,kg+1
(114)
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Denote for £ =1,2,.. .,

Ezypical — {3?0 : Hxﬁ,o — MxOHQ < 5€\/CW}.

Then for any zo € E™ similar to|Li et al| (2025, Eq. (98)), by (461) and (46h),

(Tt,0 = Tt ,ko+1) Hm‘l'to —v1- TtoilCOH2 <€2d0t10g T
2(1 — 74,0)Tt,0Tt ko +1 T

Also, using (113]), (46h]), and Hxno — /1= Tt70$0}|2 < 504/d0;m 0 log T, similar to [Li et al| (2025, Eq. (99))

we have
1
||ut k0+1||2 +2 <U§ k)o+1v Ty — /11— 7'157095"0>

9 (1=7¢,0)Tt kg +1
1—7T¢ k41

Combining (108), (T14)), (T15]), and (L16], and then repeating the same shell decomposition and Jensen argument
as in |Li et al. (2025 Eq. (100)- (106)) together with Lemma [13] and (46f), yields

(115)

(116)

1—7y, (1)
p\/i 1o g (\/%x”"m“)
log 1—7'Lk0+1 Tt,ko+1
pXTt,,o (mTt 0)
(m) mY)?
_dadlogT ) @61og' TK | diylog® T log K'Y, ; (e ( score,t. (“)) e
>~ # + 10 T2 T ( )

Next, fix any A € [0, 1] and define
M () = Ak + (1 =Nz

Tt,kg+1 Tt,kg+1 Tt,kg+17
and
~(1) _ | 1=To ~u
Ut7k0+1(>\) = m $S_t?ko+1 ()\) — (ET“).
Then
a(l) (}\) -t + (1 )\) (1)
tko+1\N) T AUt ko1 Ut ko+1°
Consequently,

~(1) * (1) *
@R O] <l lly + [0 = ] -

It follows that the same bounds (115) and (116)) remain valid with ugllzo 41 replaced by ﬂg},go +1(A). Repeating
the argument used to derive (117)), we obtain

/[ 1-Tto0 * _ (1)
p 1-7¢0 < ( 1—7't,k0+1 (Ath,kOJrl + (1 )\)th,k0+1)
I=T,kg+1 " "tiko+1

(%7,0)

px

Tt,0

2
6, 108> T . \/th log® T logKZmJ <5£co)re,t,j <(E$—t ]))

<C 118
< Cio T T (118)
This proves the claim (109)). O
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