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Abstract

Sparse Autoencoders (SAEs) are widely used to decompose neural network rep-
resentations into interpretable concepts. Despite their success, SAEs often fail to
capture all relevant concepts, raising the question of what assumptions underlie
their limitations. We show that these challenges arise from a mismatch between
the true data distribution and the implicit priors encoded in SAE architectures
and sparsity regularizers. Taking language model representations as a case study,
we demonstrate that these activations exhibit rich temporal structure—such as
systematic growth in concept dimensionality, context-dependent correlations, and
non-stationarity over time—that conflicts with SAE priors. Through experiments,
we highlight how this mismatch leads to characteristic SAE pathologies, including
degraded concept recovery and reconstruction quality over time. Our results point
toward the need for new SAE designs that incorporate inductive biases aligned

with temporal dynamics in sequential data.

1 Introduction

Scaling of neural networks [1-4] has been argued to enable
better approximations of the data distribution [5-8], leading
to learning of cognitive abilities generally associated with hu-
mans [9-12]. Since computations underlying these capabili-
ties occur via intermediate representations, one can intuitively
expect the representations encode concepts relevant to such
abilities (i.e., latent factors of the generative process) within
them [13—-19]. With the dual goal of better understanding hu-
man cognition and controlling models’, this argument has moti-
vated recent interpretability work on identifying what concepts
underlie a model’s abilities. Specifically, such works build on
hypothesized computational models of how concepts are en-
coded in neural network representations, motivating tools for
unsupervised extraction of a dictionary of vectors that (ideally)
correspond to meaningful concepts. The prime example of such
computational models and corresponding tools includes the
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Figure 1: SAEs assume a prior
on concepts that generate data.
When this prior deviates from true
data structure, SAEs end up learn-
ing different/distorted concepts.

linear representation hypothesis (LRH) [20-23] and sparse autoencoders (SAEs) [24-27].

This work. If neural network representations indeed encode concepts underlying the distribution,
any time a computational model is proposed for how concepts organize in representations, one ends
up making implicit assumptions about the data distribution. For example, motivated by literature
on representation steering, SAEs assume model behavior can be manipulated along a given concept
without interfering with other ones. This amounts to assuming statistical independence of concepts
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involved in the generative process. For natural domains, e.g., language, such an assumption can
be restrictively strict, since even simple linguistic concepts such as tense and prepositions will be
correlated. The mismatch between such implicit assumptions versus the true generative process
can thus constrain what concepts an SAE is able to identify from representations (Fig. 1). We
aim to formalize this problem: specifically, we make explicit the assumptions about the data-
generating process implicit in SAEs and demonstrate the consequences thereof in the specific setting
of interpreting language models. In brief, our contributions can be summarized as follows.

» Characterizing prior assumptions of existing SAEs. By adopting a Bayesian perspective on
SAE training objectives, we prove that SAEs implicitly assume a prior distribution over concepts.

* Revealing temporal structure in LLM representations. Contextualizing our theory with re-
spect to large language models (LLMs), we demonstrate rich temporal dynamics in an LLM’s
representations—including systematic growth in the number of active concepts, context-sensitive
correlations, and non-stationarity—that are inconsistent with implicit assumptions made by SAEs.

* Demonstrating SAE limitations under prior—-data mismatch. The mismatch between prior
assumptions of SAEs and actual structure of LLM representations suggests SAEs will exhibit
poor reconstruction error with increasing sequence length. We empirically verify this claim with
off-the-shelf, pretrained SAEs.

Overall, our results suggest interpretability should be driven by the behavior one is trying to explain—
else, mismatch in structure of the distribution describing the behavior and tools used can lead to
pathological results [28-32].

2 Priors of Sparse Autoencoders

Let bold, lowercase letters represent vectors (e.g., z). Subscripts on vectors denote different samples
(e.g., 2z;), while superscripts denote the index within the vector, leading to a scalar (e.g., z*). We de-
note model activations by € R™, SAE latents (sparse code) by z € RM | and the dictionary by D €
R™*M (M is the dictionary size). SAEs solve the following optimization problem, which is equivalent
to constrained dictionary learning ([29]): arg minp, , Zf\il + ([le; = Dz||3 + AR(z;)), where
Vk,zr = fsae(xk). This formulation affords a Bayesian lens on SAEs as a MAP (maximum-
aposteriori) estimation problem for the sparse codes {z;}, given data {x;}, where the first term
(MSE) captures the log likelihood, while the latter (sparsity penalty) is the log prior. This perspective
leads us to the following theorem about priors of various SAEs.

Theorem 2.1 (SAE Priors on Sparse Code). Let S; = supp(z:) = {k : zF > 0} be the set of active
latents in the sparse code z at time t, and ny = |St| be the cardinality of S (the number of active
latents). Each SAE imposes a prior distribution on the sparse code z, arising from its sparsity penalty
R(z) or implicit conditions imposed on the sparse code. These conditions are highlighted in Table 1.

Table 1: Priors over concept interactions and dynamics for various SAEs

fare, R(2) Across-Concept Prior (interaction) Across-time Prior (dynamics)
Lnorn 2,2 'R Laplace(0, ) z1,0 2 N PO
TopK Z?,...,ZZK | S, 1,'\9 U(O7 ) Vi. ESt7 (21,81),...,(;“50 1,'\9 P(2)7
Se ~ U([M]F) Sty S E UM<
; i iid. . iid.
JumpReLU, ;i1 . ™ | g, 1d U(,-)Vi. € Sy, (21,51,m1),..., (ztj.St?nt) ~ p3),
Lo-nomm St e~ U(M]") e me K PO
; ; i iid.
BatchTopK 221’.“7227” | S l,'\f‘ U(O,') Vi. € St, (zl,Sl,m),.._?,(zt,St,nt) ~ P(E’))7
Se | me ~ U([M]™) N1, M 1‘,‘51‘13(6)7 Elni] = K

Implications for concepts: ReLU SAE assumes an independence prior over concepts at each time ¢,
as well as independence of concepts over time. TopK, BatchTopK and JumpReLLU SAEs assume
conditional independence of concepts conditioned on the set of active concepts at each time, and
independence of concepts along with their sparsity over time.
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(a) There stood a dark-haired boy, his Gryffindor scarf blazing red and gold against the night, round
glasses framing the scar that marked him forever, wand in hand - this was Harry Potter.

(b)
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Figure 2: Language model representations have rich temporal structure: Illustration (in (a)) of
and evidence (b—e) for temporal properties of LLM representations. (a) An illustrative, toy example
of Harry Potter demonstrating the evolution of character attributes over a sentence. (b) Intrinsic
dimension (measured using a U-statistic of cosine similarities between vectors) as a function of time.
(c) Autocorrelation function of representations as a function of time (x-axis) and lag/ shift (y-axis); (d)
baseline autocorrelation for a stationary process. (¢) Number of PCA components (basis constructed
from past context) needed to explain 90% variance in representations as a function of time.

3 Temporal Structure in LLM Representations

Natural language has a temporal structure, as illustrated in Fig. 2(a). The individual characters
depict the reader’s growing knowledge across the given sentence about Harry Potter. There are three
notable observations: (1) the number of concepts (attributes of the character) increases with time,
with changes being incremental at each timestep; (2) the sum total of concepts at a given time ¢ is
strongly correlated with the past context, while only a few additions are novel; and (3) the sentence is
non-stationary. Since a different concept is added at each step, the correlations between concepts at a
given position and past positions are time-dependent.

As LLMs model natural language, we expect LLM representations to reflect such temporal structure.
To this end, we investigate the temporal structure in LLM representations when processing webtext,
to enable a comparison with the priors of existing SAEs discussed in Section 2. Specifically, we
investigate the LLama-3.1-8B model representations on the Pile dataset [33]. Fig. 2(b)—(e) provide
evidence for the non-stationarity of LLM representations. Panel (b) shows a steady increase in the
intrinsic dimension of representations over time. This trend indicates an increase in the number of
concepts, assuming concept representations are quasi-orthogonal [34, 30]. The autocorrelation in
Panels (c) and (d) show the similarity between a representation at position ¢ with earlier representa-
tions. The autocorrelation pattern of LLM representations (c) is different across time ¢, indicating
that representations are non-stationary. For comparison, Panel (d) shows that the autocorrelation of
a stationary process is approximately uniform across the sequence. Appendix B provides further
details on stationarity measures and the surrogate stationary process. Finally, in Panel (e), we project
representations at a given time onto the PCA basis obtained using a context window with varying
size. We note that 90% of the variance in representation can be explained using a context window of
the past 50 tokens, strongly suggesting correlations between a representation and its context.

4 SAE Pathologies on Temporal Dynamics

The mismatch between SAE priors (Theorem 2.1) and the actual temporal structure of LLM represen-
tations (Section 3) leads to three systematic failures, illustrated in Fig. 3.

Sparsity dynamics (Column a): Neither ReL.U nor TopK SAEs capture the systematic growth in
concept count observed in LLM representations (Fig. 2(b)). ReLU SAEs maintain nearly-constant
sparsity throughout most of the sequence, with Ly norm increasing only at late positions. TopK
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Figure 3: SAEs fail to capture temporal structure in LLM representations: Results from ReL.U,
TopK SAEs trained on GPT-2 model activations. (a) The sparsity of representations (Lq (pseudo-
)norm) as a function of time. (b) Cosine similarity between learnt features and true features decreases
with time, making concept extraction progressively worse with time. (c) Normalized MSE increases
with time, indicating worse reconstruction for later parts of a story.

SAEs, constrained by their architecture to exactly K active features, cannot adapt to varying sparsity
levels at all.

Concept recovery (Column b): Cosine similarity between learned and true concept directions
degrades progressively along the sequence for both SAE types, indicating deteriorating concept
recovery—whereas an ideal SAE would maintain high similarity throughout.

Reconstruction quality (Column c): Normalized mean-squared error (NMSE) increases mono-
tonically with sequence position, demonstrating that both SAE variants struggle increasingly to
reconstruct representations with increasing sequence length.

5 Discussion

Our findings highlight fundamental limitations of existing SAEs when applied to sequential data.
Most SAEs implicitly assume independence of concepts across time, yet our analysis shows that LLM
representations exhibit rich temporal dynamics. These include a systematic growth in the number
of active concepts, strong correlations with recent context, and non-stationarity in their temporal
dependencies. This prior—data mismatch leads to systematic pathologies: in particular, we show
that ReLU and TopK SAE:s fail to capture the progressive increase in conceptual complexity and
become increasingly ineffective at both concept recovery and representation reconstruction over
time. We hypothesize that abstract, context-dependent phenomena—such as humor, sarcasm, or
other higher-level semantic constructs—are especially unlikely to be recovered under current SAE
formulations, as they emerge later in sequences and rely heavily on contextual correlations.

These results suggest the need for SAE variants with stronger inductive biases tailored to sequential
representations. Future architectures may explicitly account for temporal correlations and incremental
novelty in activations, for example by incorporating recurrence or self-attention over past concepts,
and imposing sparsity penalty on incremental novel concepts rather than all concepts. Such modifi-
cations could enable SAEs to better align with the true dynamics of LLM representations, thereby
improving their ability to extract meaningful and temporally coherent concepts.
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A Further Theory Results

A.1 Priors on the Sparse Code for various SAEs

We first (re)state the loss function used in training SAEs:
N1
arg minz — (lzs — Dz||3 + AR(2))
D= N

s.t. Vk, 2z, = fsap(xk)

As described in Section ??, the above loss can be viewed as the negative log posterior in a MAP
estimation problem for the sparse code {z(9}; given data {«(¥)};. In this perspective, the prior is
given as:

log P(2) o< —ZR(Z) (1

A.1.1 ReLU SAE
The vanilla ReLU SAE ([32], [25]) is trained with the L;-norm penalty:
R(z) = [z 2)

The prior over z for the above case is:

|2F], 3)

NE
NE

log P(z1,...,2N) X —

Il
_
=~
Il

1

< H exp 1/|Zz |> )

This joint distribution implies that for each sample ¢, different indices k are sampled i.i.d. from the
same distribution:

:>P(Zl7...7 O(

=

=1

21 MR Laplace(0,1/v), 6)
and different samples are all independently sampled from the same product Laplace distribution:

Z1,...ZN i LaplaceM(O, 1/v). 6)
This concludes the proof for priors of ReLU SAE trained with L; norm sparsity penalty. ]

A.1.2 TopK SAE

The TopK SAE ([35], [24]) directly controls the sparsity of the representation z by fixing it at
lz|lo = K, instead of imposing an explicit sparsity penalty R(z) in the loss function. The objective
function for TopK SAE is:

N
. 1 9
arg min —||x; — Dz;l|5, @)
guin ) | 13

S.t. vjvzj :fTopK(mj)v ||sz0:K' (8)

Since the fixed sparsity is a hard constraint that depends on z alone (and not the data ), we can use
Lagrange multipliers to reformulate it as an effective prior:

argmlnz <||$iDzi|§+/\i(||Zi”0K|)>’ ®)

D,z {\:} ;4
S.t. Vj,Zj = fTopK(a:j). (10)
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The prior over z for the above (effective) regularizer is:

N
log P(z1,...,zn) o< = »_ Xi ([[1zillo — K1) (D
=1
N
= P(zl,...,zN)o<Hexp(*N‘|||zi||O*K|) (12)
=1

Note that the above prior is finite for finite values of \;, but the overall objective optimizes over {\;},
resulting in a hard prior peaked at || z;||o = K for each sample i.

The factorization over samples ¢ implies mutual independence of z1,...,2,: P(z1,...,2,) =
H£i1 P(z;).

As defined in Theorem 2.1 (and restated here for convenience), let S; = supp(z;) = {k : 2F >
0},n; = |S;| = ||z:|lo denote the active indices and their number (sparsity) respectively.

For individual samples z;, if we condition on the set of active indices S;, the sparsity gets fixed since
[Iz:llo = |Si] = m, and the distribution becomes constant:

P(z;|S;)=C (13)
U,k) pesS;
—t Z'u SZ ~ ,and 14
i | { do p & S (o
A2 S U0, k) for . € S (15)

where C, k are appropriate constants.

Since {z;};s are mutually independent, any measurable function of each is also independent. The
indices of nonzero entries of z;, i.e., S; is a measurable function since it is a map S’ : Rf — oM
which is discrete valued, and pre images of each value—a set of nonzero indices—are measurable
since they equal the cartesian products of the measurable sets {z = 0}, {z > 0} over all indices.
Hence, Sy, ..., S, are also independent.

Since S; = g(z;) and the distribution of z; depends only on n; = ||z;||o (Eq.11), the distribution of
S; will also depend only on 7n;, becoming uniform when conditioned on n;. In TopK SAE, n; = K
is a constant. Therefore, each S; ~ U([M]¥), and together with independence argued above,

iid.
S1,.o S R U(MF) (16)
This completes the proof for the priors of TopK SAE. ]

A.1.3 BatchTopK SAE

BatchTopK SAE ([26]) is a modification of the TopK SAE. Instead of fixing sparsity like TopK,
BatchTopK allows variable sparsity per input while fixing the mean sparsity over a batch at K. The
objective function for BatchTopK SAE can equivalently be written as:

N
. 1 9
arg min —||x; — Dz;||5, a7n
guin ) 13

N
. 1
S.t. Vj,Zj :fTopK(xj)y NZ”z]HO = K. (18)
j=1

While BatchTopK imposes a mean sparsity per batch, for simplicity, we use the batch size to match the
size of the entire dataset (WLOG). Smaller batch sizes can easily be incorporated by adding separate
constraints, each over the entire batch (only leads to a change in constants—lagrange multipliers—in
the analysis).

Following similar analysis as for TopK SAE (App. A.1.2), we can derive an equivalent prior over z
for BatchTopK SAE:

N
P(zl,...,zN)o<HeXp(*)\|Hzi||0*K|) (19)
i=1
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The sparse codes for different samples {z;}; are thus sampled i.i.d. from a distribution that only
depends on the sparsity penalty. While this prior looks very similar to the prior of TopK SAE, the
difference is that in TopK, the fixed sparsity constraint is imposed per sample, leading to a different
Lagrange multiplier \; per sample to optimize over, while in BatchTopK, we have a common
multiplier A\ over all examples in a batch (with multiple batches, we will have one multiplier per
batch), which is then optimized over to ensure that average sparsity per batch constraint is met.

Similar to the analysis for the TopK SAE, we get the following prior over different latents per sample:

U,k) pes;
2H1S; w{ ’ * ,and 20
i | do p ¢ Si 0
A S8 (0, k) for . € S; (21)

The active indices S; are sampled uniformly conditioned on the number of active indices n;:
Si | ni ~ U(M]™) (22)

The number of active latents n; are themselves sampled i.i.d. (since n; = §(z;) and {z;}; are i.i.d.)
from a distribution whose mean is fixed:

ny,...,ny =P, st.En]=K (23)
This completes the derivation for the BatchTopK prior. ]
A.1.4 JumpReLU SAE
JumpReLU SAE ([27]) is trained with the L (pseudo-)norm regularizer. This leads to the following

optimization problem:

N
1
arg min — (|lz; — Dz;||? + \|zi
gmin3_ 13+ Mlz:llo)

S.t. Vk, ZE = fJumpReLU(mk’)

This objective is equivalent to the following prior over z:
N
P(zl,...,zN)cxHeXp(—nHziHO) (24)
i=1

Noting the similarity with the TopK/ BatchTopK cases, we use the same analysis to derive the
following conditions:

UO,k) pesS;
ZH SZ ~ ,and 25
i | { do p ¢ Si @
A S8 (0, k) for . € S; (26)
Si [ i ~U([M]™) @7)

The number of active latents n; are again i.i.d., but there is no constraint on the mean of the distribution
(unlike BatchTopK which constrained the mean of n; to equal K):
iid.
Ni,..., NN ~ P, (28)

which completes the analysis for JumpReLU SAE. (]

10
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B Stationarity measures

LLM activations are empirically non-stationary across the sequence. We quantify the non-stationary
nature by measuring autocorrelations and the U-statistic.

B.1 Autocorrelation

We compute autocorrelation by selecting evenly spaced tokens across the sequence and measuring the
cosine similarity between each token and tokens at various lags in the past. Specifically, for tokens at
position ¢, we compute similarities to tokens at t — w where lag w ranges from 5 to 20. This creates a
heatmap where rows represent lag offsets and columns represent token positions.

For a stationary process, we expect the autocorrelation pattern to remain consistent across time—that
is, the relationship between a token and its historical context should be similar regardless of position
in the sequence. This would manifest as similar autocorrelation patterns repeating horizontally across
token positions. In contrast, for a non-stationary process where representations evolve over time, we
expect the autocorrelation patterns to vary systematically across positions, with columns showing
different temporal dependency structures as the sequence progresses.

B.2 U-statistic

We measure the effective dimensionality of LLM representations using a U-statistic based on pairwise
cosine similarities.

M? - M

Usstat(t) = ————
1Gel|7 — M

(29)
where |G ||% is the squared Frobenius norm of the Gram matrix. This quantity estimates the effective

rank 1/tr(C?), where C; = E[x;x] ] is the second moment matrix and x; is the activation vector at
time ¢. Under stationarity, U-stat remains constant. When representations evolve over time, U-stat
increases systematically as more orthogonal directions become active.

B.3 Surrogate

For both metrics, we compare LLM activations to a known stationary distribution, referred to as
surrogate. The surrogate is obtained from observed LLM activation distribution by randomize the
phase in Fourier space. It preserves the magnitude of each dimension while randomizing the phases,
which creates a stationary process that maintains the same marginal distribution as the original
activations.

C Further Results

C.1 Autocorrelation plots for other LLMs

11
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Figure 4: Autocorrelation for Llama 3.1 8B and a surrogate stationary process
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