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Abstract

Ecological Momentary Assessment (EMA) studies enable the collection of high-frequency
self-reports of suicidal thoughts and behaviors (STBs) via smartphones. Latent stochastic
differential equations (SDEs) are a promising model class for EMA data, as it is irregularly
sampled, noisy, and partially observed. But SDE-based models suffer from two key limi-
tations. (a) These models often violate domain constraints, undermining scientific validity
and clinical trust of the model. (b) Training is numerically unstable without ad hoc fixes
(e.g. oversimplified dynamics) that are ill-suited for high-stakes applications. Here, we de-
velop a novel class of expressive SDEs whose solutions are provably confined to a prescribed
compact polyhedral state space, matching the domains of EMA data. In this work, (1) we
show why chain-rule based constructions of SDEs on compact domains fail, theoretically
and empirically; (2) we derive constraints on drift and diffusion for general and stationary
SDEs so their solutions remain in the desired state space; and (3), we introduce a parame-
terization that maps arbitrary (neural or expert-given) dynamics into constraint-satisfying
SDEs. On several real EMA datasets, including a large suicide-risk study, our parame-
terization improves forecasts and optimization dynamics over standard latent neural SDE
baselines. These contributions pave the way for principled, trustworthy continuous-time
models of suicide risk and other clinical time series and extend applications of SDE-based
methods (e.g. diffusion models) to domains with hard state constraints.

1 Introduction and Related Work

Suicide is a leading cause of death worldwide (World Health Organization, 2025), yet our ability to
understand and predict suicidal thoughts and behaviors (STBs) remains limited (Nock and Wang,
2026). A key difficulty is that transitions from suicidal ideation to action can occur rapidly (Millner
et al., 2017), leaving narrow windows for observation. Ecological Momentary Assessment (EMA)
studies (Shiffman et al., 2008) address this using smartphones to collect high-frequency self-reports
of affects, emotions, and STBs in daily life. However, EMA time series are irregularly sampled,
noisy, and partially observed, with dynamics influenced by unobserved external factors. These
characteristics violate the assumptions of many conventional approaches, which rely on regular
sampling, complete observations or ad hoc treatment of missingness.


yy109@wellesley.edu

Neural SDEs on Compact Spaces: Theory, Methods, and Application to Suicide Risk 2

Latent stochastic differential equations (SDEs) (e.g. Archambeau et al. (2007); Li et al. (2020)) are
an expressive probabilistic framework that naturally accommodates irregular sampling, explicitly
models latent psychological dynamics, and separates process noise from observation noise. SDEs
take the form, dz; = h(t,z;) - dt + g(¢, z¢) - dBy, wherein the change in state, dz;, is modeled as a
sum of deterministic and stochastic components, the “drift,” h, and “diffusion,” g, respectively. By
parameterizing the dynamics (drift and diffusion) with neural networks (NNs), “neural SDEs” can
capture volatile, nonlinear trajectories, making them one of the few viable models for EMA data.
However, these models suffer from two important limitations.

Limitation 1: Many applications of SDE-based models require SDE solutions to satisfy
domain-specific constraints. Without additional structure, SDEs with expressive (e.g. NN-
based) dynamics can encode inappropriate inductive biases for a given domain, producing invalid
forecasts that call into question the validity of the entire model. In EMA data, most survey questions
use a 0-10 Likert scale, so SDE solutions must also lie in a compact state space. But instead,
these SDEs may yield nonsensical forecasts, like a “12 out of 10” intensity of suicidal ideation.
To illustrate the importance of addressing such model misspecification, imagine a weather model
that forecasts 70% chance of 70°F, 20% chance of 80°F, and 10% chance of 5,000°F. Once the
model assigns significant probability mass to an impossible event, how correct are the 70% and 20%
forecasts? And how should the impossible 10% be reallocated? For suicide prevention, analogous
misspecifications are not merely inconvenient; they are dangerous. A model that allocates probability
mass to impossible psychological states may (a) learn incorrect dynamics, leading to false scientific
conclusions, and/or (b) mislead downstream clinical decision-making, either missing opportunities
to prevent suicide attempts or triggering unnecessary alarms that erode clinicians’ trust.

Limitation 2: SDE-based models are unstable during training. Numerical instabilities
arise both when solving the SDE and when backpropagating through the solver (e.g. Zhang et al.
(2024)). When SDEs are incorporated into deep probabilistic models, these numerical instabili-
ties exacerbate existing training difficulties. In practice, the adoption of SDE-based models often
hinges on simplified dynamics (e.g. Ansari et al. (2023); Oh et al. (2024)) and training tricks (like
KL-annealing, e.g. Li et al. (2020)). For suicide prevention, however, these workarounds are prob-
lematic: (a) oversimplified dynamics may fail to capture the complex mechanisms that drive rapid
shifts in STBs, and (b) dependence on training tricks undermines reproducibility, hinders clinical
deployment, and reduces trust and uptake among domain experts. Finally, although recent work
explores promising simulation-free inference for latent SDEs (e.g. Zhang et al. (2024); Bartosh et al.
(2025)), approximate inference methods introduce their own, hard-to-characterize inductive biases
(e.g. Yacoby et al. (2020); Foong et al. (2020); Yacoby et al. (2022); Coker et al. (2022)); thus, the
empirical behavior and trade-offs implicit in simulation-free methods are not yet well understood.

Insight: Both limitations are addressed by enforcing that SDE solutions stay within
the data domain. Doing so not only addresses model mismatch—it also improves the stability
of model fit. For example, recent work on diffusion models for image data observed that parameter-
izing SDEs on compact state spaces can improve their performance (Saharia et al., 2022; Lou and
Ermon, 2023; Fishman et al., 2023a; Christopher et al., 2024). We hypothesize that, in early train-
ing, unconstrained SDE trajectories often exit the compact domain of the data and require many
gradient steps to return, increasing chances of landing in poor local optima. Later in training, even
small perturbations to the dynamics can push trajectories outside the data region. By constraining
dynamics to respect the natural compact data domain, we induce a bias toward admissible models,
improving both training dynamics and generalization. In this work, we focus on compact polyhedra,
which represent a large class of commonly-used spaces, including rectangular spaces and simplexes,
useful for a variety of temporal natural phenomena (e.g. Cresson et al. (2016)) as well as models for
image data (e.g. diffusion models (Lou and Ermon, 2023)).

Shortcomings of existing SDE-based models on compact state spaces. Of these recent
works, SDEs with reflected dynamics are promising because they apply to any SDE-based model. Re-
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flected SDEs (RSDEs) on a compact space K augment the original SDE with a third term (Pilipenko,
2014): dzy = h(t,z) -dt+g(t, z¢) - dBy +1(2¢) - dCy, where 1(z;) is a reflecting vector field that pushes
2z back into the interior of K, int(K'), when z; is on the boundary of the space, 0K, and C} is a non-
decreasing process that increases only when z; € OK (i.e. C; satisfies fot I(zs ¢ OK)-dCs = 0). Thus,
RSDEs behave like SDEs on the interior of the space, but are reflected inwards at the boundary. De-
spite their rich theory, RSDEs have two shortcomings. First, the instantaneous equal-and-opposite
push towards the interior, represented by r, may not faithfully describe many phenomena in physics,
biology, engineering, and medicine (e.g. d’Onofrio (2013); Rohanizadegan et al. (2020)), including
the dynamics of STBs. Second, RSDEs currently lack efficient, high-order solvers (e.g. Ding and
Zhang (2008); Fishman et al. (2023b)). These challenges become barriers for applications in suicide
research, where model interpretation is important.

Complementing work on RSDEs; recent work has drawn on stochastic viability theory (Aubin, 1991)
to parameterize SDEs on compact state spaces (without reflections) via careful construction of the
dynamics (e.g. Cai and Lin (1996); Cresson et al. (2012); d’Onofrio (2013); Cresson et al. (2016);
Cresson and Sonner (2018); Rohanizadegan et al. (2020)). While promising, the dynamics proposed
in these works are tailored to specific phenomena and do not readily generalize. Here, we generalize
these ideas to obtain arbitrarily flexible SDE dynamics on any compact polyhedral state space. We
summarize the position of this work relative to these prior approaches in Appendix A.

Contributions. In this paper, we propose a novel class of expressive SDEs on compact polyhe-
dral spaces using insights from stochastic viability theory. (1) We explain why chain-rule based
approaches struggle theoretically and empirically (Section 2). (2) We prove constraints on the
drift/diffusion that ensure general and stationary SDEs have an inductive bias for compact state
spaces (Section 3). (3) We propose a parameterization that provably satisfies these constraints,
allowing us to transform any dynamics—whether NN-based or expert-specified—into SDEs whose
solutions remain in a prescribed compact polyhedral state space (Section 4), enabling us to capture
a different class of natural phenomena than RSDEs. Finally, (4) on several real EMA datasets,
we empirically demonstrate that enforcing viability filters out psychologically inadmissible models,
thereby steering learning toward dynamics closer to the data-generating process, resulting in im-
proved forecasts and optimization dynamics relative to baselines (Section 5). We include a demo of
our method at: https://github.com/mogu-lab/wsp-demo.

Broader Impact. This work impacts two communities: (i) ML researchers developing SDE-based
models whose latent states live on constrained domains, and (ii) clinical psychology theorists for
whom it is crucial that the dynamics respect clinical knowledge. For ML researchers, our method
provides a general mechanism for imposing hard state constraints on expressive SDE dynamics, and
can be integrated into a broad range of SDE-based frameworks (e.g. diffusion models (Song et al.,
2021) and infinitely deep models (Xu et al., 2022a)), while remaining compatible with standard
inference methods for latent SDEs (Archambeau et al., 2007; Kidger et al., 2021; Issa et al., 2023;
Zhang et al., 2025), including simulation-free approaches (Bartosh et al., 2025). For clinical psy-
chology theorists, our viability results have implications for ongoing efforts to formalize suicide and
other mental health challenges as dynamical systems (e.g. Millner et al. (2020); Wang et al. (2023);
Robinaugh et al. (2024)). Ultimately, this work paves way for hybrid models (Schweidtmann et al.,
2024) of suicide, jointly guided by domain expertise and by data, to advance our understanding of
suicide and improve our ability to identify individuals at imminent risk in time for intervention.

Notation. Consider the following It6 SDE:
dze = h(t, z¢) - dt + (diag 0 g)(¢, 2¢) - dBy. (1)

Here, t > 0 is time, 2, € K is the SDE’s solution, which lies in a compact space, K C RP=. Next,
h:Rsox K — RP= and g : R>o x K — Rgg are the drift and diffusion, respectively. We overload
diag(-) to embed (or extract) a vector into (or from) the diagonal of a matrix, and define Ip as a D-
dimensional identity matrix. Finally, we use e for the dth standard basis vector, V for the Jacobian,

(-,-) for inner products, and 2z, h?%, and g¢ for the dth dimension of z;, h and g, respectively.
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2 Challenges with Chain-Rule Based Methods

Our goal is to find an expressive parameterization of h and g so that the SDE in Eq. 1 is viable:

Definition 1 (Milian (1995)). A stochastic process z; is viable in K if, for every initial condition
20 € K, P(z € K,Vt € [0,00)) = 1.

Transforming SDE solutions on R”: to solutions on K. The simplest way to ensure z; lies
on a compact space K is to derive a closed-form SDE for f(z;), where f : RP= — K. This is
achieved with It6’s lemma for It6 SDEs and with the standard chain-rule for Stratonovich SDEs.
While simple, however, this approach does not work theoretically or empirically for three reasons.

Challenge 1: Theory. There does not exist a diffeomorphism, f, from a non-compact set, RP=,
to a compact set, K. In practice, we often ignore this and map R”= to the interior of K, as in classifi-
cation models that use sigmoid/softmax to map Euclidean outputs to a unit cube/simplex. However,
this can cause pathologies: for linearly separable classes, the logistic regression maximum likelihood
estimation drives parameters to infinity (Santner and Duffy, 1986), undermining interpretability.
Analogous issues can arise for SDEs parameterizing time-varying Bernoulli probabilities.

Challenge 2: Numerical Stability. If we are willing to overlook Challenge 1, we find ourselves
with numerically unstable dynamics. To see this, consider a 1D SDE y; € R with drift h and diffusion
g, and suppose we construct z¢ € (0,1) via the sigmoid transform z; = f(y). We begin with Itd’s

lemma and plug in y; = f~(2;) = sigmoid ™ (2;):
dzt—[h<t,yt>-a§yyj)+; att.00* 22T Ty, 220,
= (= =) R 7 ) + 308 £ )P (= 20)| e+ (oo = 2) - (. £ ) - dBre (2)

Here, f~! is unbounded, and can induce unbounded, numerically unstable dynamics. Moreover,
existence and uniqueness proofs for SDEs typically require linearly bounded dynamics (e.g. Oksendal
(2013, Theorem 5.2.1)).

Challenge 3: Inductive Bias. If we are willing to overlook Challenge 1, we can overcome
Challenge 2 as follows. We observe that arbitrarily expressive h and g can “undo” f~! by internally
composing it with f. Thus, we can define h(t,z,) = h(t, f~1(z)) and g(t, ) = §(t, f~*(z)) and
parameterize h and g directly, e.g. via NNs:

dey = (2 — z7) - [h(t,z) + g(t, 20)% - (5 — 20)] - dt + (2 — 27) - g(t, z) - dBy. (3)

This way, so long as h and g are bounded, this SDE has bounded dynamics, overcoming Challenge
2. But, this surfaces yet another challenge: the inductive bias of this SDE is appropriate for few
phenomena. Because the sigmoid maps R to (0, 1), large excursions of y; toward oo correspond to
vanishingly small changes in z; near 0 or 1. In the induced SDE, this appears as the multiplicative
factor, (z;—22), on both the drift and diffusion, which tends to 0 at the boundary, causing trajectories
to slow down and effectively “stick” there. We verify this behavior empirically in Section 5. This
behavior is undesirable when modeling suicidal ideation, which can oscillate rapidly during short
durations (e.g. Coppersmith et al. (2023)).

3 Constraints on Dynamics for SDEs on Compact Polyhedra

Motivated by the challenges from Section 2, we prove constraints on the drift/diffusion to ensure
that both stationary and general SDEs have an inductive bias for compact polyhedral state spaces.
To begin, we define polyhedral subspaces of Euclidean space:

Definition 2. Let u,v € RP= and H(u,v) = {z € RP=: (2 — u,v) > 0} denote a closed half-space.
K C RP: is a polyhedron if it is a finite intersection of closed half-spaces: K = ﬂse{l,--- S} H(us, vs).
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General SDEs. In Theorem 3, Milian (1995) shows that, under standard linear-growth and Lip-
schitz assumptions, an It6 SDE is viable in a polyhedron, K, if and only if, on each half-space
boundary, the drift and diffusion have no outward-pointing components: thus, stochastic motion
cannot push it across the boundary, and any normal motion at the boundary is deterministic and
non-outward. Compared to the sigmoid-based chain-rule construction for the unit cube (Section 2),
these are less restrictive requirements, since they do not force the drift to be 0 at the boundary.
While Theorem 3 also holds for non-compact polyhedra, we focus on compact polyhedra from here
on. In Appendix B, we extend this result to Stratonovich SDEs on compact polyhedra.

Theorem 3 (Milian (1995)). Suppose that the drift and diffusion, h(t,z:) and g(t, z;), of an Itd
SDE, defined for t > 0 and z, € RP= satisfy three conditions: (i) For each T > 0, there exists
Cr > 0 such that for all z, € K and t € [0,T], ||h(t, z)||? + ||g(t, 20)||* < Cr - (1 + ||2¢]|?). (4%) For
alT >0, 2,2, € K, and t € [0,T), ||h(t,z) — h(t, 2)|| + llg(t, z) — g(t, z)|| < Crp - ||z — 21|l (3i3)
For each z; € K, h(t,z) and g(t,2) are continuous. Then z; is viable in K if and only if: for
all s € {1,...,8} and z € K such that (z; — us,vs) = 0, we have (a) (h(t,z),vs) > 0 and (b)
(g9(t,2t) @ eq,vs) =0 fort >0 and d € {1,...,D,}.

Stationary SDEs. In many applications, it is important to model stationary dynamics (e.g. Tank
et al. (2015)), particularly over short time horizons (e.g. Tonekaboni et al. (2021); Weatherhead
et al. (2022)). Similarly, in EMA studies of STBs, patients are typically tracked for relatively short
periods—often from one to several weeks (Ammerman and Law, 2022)—and their survey responses
are often highly noisy due to unobserved external influences. Assuming stationarity for the duration
of the study may reduce model complexity and provide a more appropriate inductive bias. We
therefore extend Theorem 3 to stationary SDEs on r-polyhedra, which are, informally speaking,
compact polyhedra with non-zero “volume” (avoiding polyhedra for which every point is on dK):

Definition 4. A set K C RP= is an r-polyhedron if it is a compact polyhedron that is also reqular:
for every z € OK and every € > 0, there exists 2z’ € B(z,¢€) in a ball of radius ¢ centered at z that
lies in the interior of K.

We do this by selecting a diffusion, g, that satisfies (i)-(iii) and (b) from Theorem 3, deriving a
closed-form equation for a drift h as a function of g that ensures stationarity, and proving that h
also satisfies all conditions from Theorem 3 (see proof in Appendix C).

Theorem 5. Let K be an r-polyhedron, and let h(z¢) and g(z;) be the drift and diffusion, respectively,
of an autonomous Ité SDE, defined for t > 0 and z; € RP=. Suppose that for all T >0, z;, 2] € K,
and t € [0,T], there exists Cr > 0 such that: (i) ||g(z¢)]|> < Cr - (14 ||z|1?). (33) ||9(z¢) — g9(2})|| <
Cr - ||zt — zll and ||diag(V.,g(z)) — diag(V.,g(z1))l| < Cr - |lze — 2. (43) The unnormalized
time-marginal, p(z:), has support on int(K), and g(z:) © V., log () admits a continuous extension
to K such that ||g(z) © V., logp(z) — g(z;) ® V. logp(z;)|| < Cr - ||z — #1||. Suppose further
that: for all z, € int(K), (iv) g%(2) > 0 for alld € {1,...,D.}, and (v) for each s € {1,...,S},
there exists L, < 0o such that ||ns ® g(2)|| < Ls-ds(2), where ng = vg/||vs|| and ds(2) = (z —us,ns).
Then for any zg ~ p(z:), the solution z; is viable in K, with time-marginal p(z:), provided that:
(a) h(z) = 3diag (V.,[9(2)%]) + 39(2¢)* ©® V., log p(2¢), and (b) For all s € {1,...,S} and z € K
such that (z; —us,vs) =0, (g(2t) ®eq,vs) =0 foralld € {1,...,D,}.

The parameterization of h(z;) in Theorem 5 is easily implemented by obtaining the score function,
V., log p(z:), via auto-differentiation of log p(z;), parameterized by an unconstrained NN. Also, we
note that assumptions (i)-(v) are easily satisfiable—see discussion in Appendix E.

4 Parameterization of Expressive SDEs on r-Polyhedra

We propose a parameterization that maps arbitrary (neural or expert-given) dynamics into
constraint-satisfying dynamics from Theorems 3 and 5.
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Figure 1. Intuition Underlying WSP. Top left: w(z) from Eq. 4, approaching 0 at the boundaries and
1 in the interior. Top right: cx(z) from Eq. 5, pointing towards the Chebyshev center %. Bottom left:
solutions to WSP SDE, successfully remaining in K. Bottom right: an “expert-given” drift i vs. WSP drift
h (Eq. 5) matching in the interior of K, but differing near the boundary. Details in Appendix G.1.

Weighted Sums Parameterization (WSP). We observe that we can satisfy both constraints
on the drift and diffusion using the same mechanism: WSP(f, ¢, t, 2) = w(z)- f(t,2)+ (1 —w(z)) -c(z),
using a different choice of ¢(z) for each. Here, f(-) is the original, unconstrained dynamics, given by
domain experts or by some flexible function class, like NNs; ¢(-) is a simple function that satisfies
the constraints; finally, w(z) € [0, 1] weighs the sum of f(-) and ¢(-), approaching 0 at 0K to favor
¢(+), and approaching 1 at the interior of K to favor f(-). Of many possible choices, we define:

e—dS (z)

w(z) = tanh (ﬁ . H [W - tanh (« - ds(z))}> , ds(z) = <Z—|;lj||,vs> (4)

Here, ds(z) > 0 is the shortest distance from z to the boundary of H(us,vs), and «, 8 > 0 determine
the transition rate between f(z) and ¢(z). They can be learned jointly with the model parameters.
The intuition behind Eq. 4 is that w(z) should approach 0 as z approaches the closest of the S
boundaries. As such, we take a product of distances from z to each boundary, weighted by a
softmin; this, in a sense, “selects the closest distance.” By taking a product of these weighted
distances, we obtain a function that is 0 at all boundaries and positive elsewhere, using tanh to
ensure w(z) € [0,1]. Fig. 1 (top-left) visualizes w(z) for different polyhedra.

WSP-based SDEs. Given any unconstrained dynamics, h : Rsgx K — RP= and §: Rsg x K —
Rg& WSP returns new dynamics, h and g, that satisfy (a)-(b) from Theorem 3:
~ z* - 2t
h(t,z;) = WSP(h,cp, t, z¢), ch(ze) =y —mm—,
(t, 2t) (h, cn t) n(zt) = 2% — 2| + e 5)
g(ta Zt) :WSP(g,Cg,t,Zt), Cg(zt) =0,

where z* is the Chebyshev center of K, easily computed via linear programming once per polyhe-
dron (Boyd, 2004). Because when z; € 0K, (2% —z;,v5) = (2% —us, Us) — (21 —Us, Us) = (2" —ug, vg) >
0, cn(2¢) points to the interior of K with magnitude controlled by ~, e > 0, learned jointly with the
other model parameters. We choose the Chebyshev center due to its generality and its large margin
to the boundary; in future work, we are excited to investigate alternative choices for c(z¢) that
incorporate domain expertise. Fig. 1 visualizes ¢p,(z) and h for different polyhedra, showing WSP
SDEs remain viable in K. To instantiate WSP for neural SDEs, we can simply set 71, g to NNs with
linear and softplus activations, respectively. Next, we prove that, under the same mild conditions on
h and g (e.g. Lipschitz continuity, etc.), WSP dynamics satisfy the conditions of Theorems 3 and 5
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Figure 2. Top: Inductive bias of WSP vs. baselines. Left: unconstrained SDE (Eq. 1) with NN
quickly leaves K = [0,1]. Middle: SDE transformed via sigmoid (Egs. 2 and 3) sticks to the boundary.
Right: SDE with WSP (Eq. 5) successfully remains in K. Bottom: Stationary WSP matches target
time-marginal while remaining viable. Additional results in Appendix I.2.

(proof in Appendix D). One limitation of our proposed w(z) is that « and 8 need to grow quickly
with the number of boundaries S. Below, there is a simple fix for the unit cube.

Theorem 6. Let K be an r-polyhedron. Suppose that h and g, defined above, satisfy conditions
(i)-(%ii) of Theorem 3. Then the drift and diffusion h and g, defined in Eq. 5, satisfy (i)-(iit) and
(a)-(b) from Theorem 3. Suppose further that § additionally satisfies conditions (i), (ii), (iv)
of Theorem 5; then g, defined in Eq. 5, satisfies (i)-(4i), (iv)-(v) and (b) from Theorem 5.

Theorem 6 does not cover condition (iii) from Theorem 5, which concerns the joint behavior of g
and the score function, V,, logp(z;). One simple way to satisfy (iii) is by ensuring V., log p(z¢) is
Lipschitz, enabling WSP to easily satisfy both Theorems 3 and 5

WSP on the Unit Cube and Simplex. For a unit cube, K = [0, 1]7=, the constraints decouple
across dimensions, so we apply WSP element-wise, reducing the number of elements in the product
of Eq. 4 from 2D, to 2. For a simplex, we first define K C RP-~! as the projection of a simplex
onto D, — 1 dimensions (e.g. the triangle in the top-left of Fig. 1 is the projection of a 3D simplex).
We do this by setting u,v € RP=~! from Definition 2 as follows. For 1 < s < D,, u, is the zero
vector and vy = es. For s = D, u, and vy are vectors filled with (D, — 1)~! and —(D, — 1)_1/2,
respectively. Using WSP, we then define an SDE whose state, z;, evolves in this projected space, K.
The resulting process has D, — 1 dimensions, each nonnegative with a sum < 1. Finally, we recover
the full D,-dimensional simplex by adding the last component, zf) =1- Ef 1_ Z;, to z; so that
all components are nonnegative and sum to 1.

5 Experiments and Results

We present experiments that stress-test WSP against baselines, comparing inductive biases, faith-
fulness to expert knowledge, and effects on optimization dynamics.
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5.1 Synthetic Data Experiments

WSP maps expert-given dynamics to viable dynamics on arbitrary polyhedra. We
stress-test WSP by transforming the given dynamics, in which z; spirals out of a target region, to
remain viable in three arbitrary polyhedra: triangle, square, pentagon. The bottom-right of Fig. 1
compares the given and the WSP-transformed dynamics in blue and red, respectively, showing that
they match on the interior of the space while differing near the boundary. The bottom-left of
Fig. 1 then shows that sample trajectories from the WSP-transformed dynamics remain within the
polyhedra while still spiraling according to the original dynamics. Details in Appendix G.1.

WSP produces volatile trajectories, qualitatively similar to EMA data, while baselines
do not. Due to Limitation 2 (Section 1), initialization plays a crucial role in the success of expres-
sive SDE-based models. As such, to empirically compare the inductive bias of WSP (Eq. 5) against
baselines (Egs. 1-3), we solve SDEs given by NNs h and g with randomly sampled weights. We
define the viable region, K = [0, 1], and specifically choose zg = 0.99 near the boundary to stress-test
the chain-rule based SDEs in Egs. 2 and 3 to show that, close to the boundary, they struggle to
return to the interior of K (setup in Appendix G.2). While simple, these experiments show WSP
boasts a stark improvement over baselines in its ability to capture volatile data. Fig. 2 (top) shows
WSP ensures SDE samples are viable in K (faithful to expert knowledge), while freely moving across
K (appropriate inductive bias for volatile data). Notably, WSP trajectories qualitatively resemble
the dynamics of suicidal ideation in EMA data. In contrast, unconstrained SDEs quickly leave K,
and SDEs based on Itd’s lemma stick to the boundary. In Fig. 2 (with additional results in Ap-
pendices 1.1 and 1.2), we show these behaviors persist under the Karhunen-Loéve approximation of
Brownian motion (from Appendix F), and in the stationary construction from Theorem 5.

5.2 Real EMA Data Experiments

Latent SDEs. We model patient n’s dth EMA response with an ordinal likelihood conditioned
on their latent psychological state, 2* € [0,1]7=, evolving via an autonomous Stratonovich SDE:

ot~ Nioy(pio, 08 - Ip,), d=f' = h(=1'30) - dt + diag(g (=7, 0)) 0 dBy, | 2% ~ Cat (M0 )

where N 1) is a truncated normal and A(-; o) is an ordinal link function with fixed cutpoints in [0, 1].
Since traditional variational methods for latent SDEs remain strong competitors to simulation-free
methods, we choose the traditional method, but approximate Brownian motion with a truncated
Karhunen-Loeve expansion, as done by Ghosh et al. (2022), allowing us to replace the SDE solver
with a stable, high-order, adaptive ODE solver. Details in Appendix F.

Viable Solvers. Although WSP is viable in continuous time, standard numerical solvers can step
outside K due to discretization. Developing solvers with viability guarantees is an important future
direction. In our real data experiments, we therefore include a pragmatic safeguard: we clip the
state into K before evaluating drift/diffusion to improve numerical stability.

Baselines. We evaluate a set of ablations on 4 real EMA datasets (Appendix H) to isolate the effect
of (i) imposing viability through WSP and (ii) applying the clipping safeguard used for numerical
stability during training (since viable solvers are an open problem). Specifically, we compare latent
SDE models with the dynamics below. Let (il, g) be NNs with linear and softplus output activations,
respectively, and let clip(z) = min(max(z,0), 1) denote an element-wise clipping onto the target unit
cube. Vanilla: (h,g) = (h,§). Vanilla+Clip: (h,g) = (h o clip, j o clip). : applies Eq. 5 to
(il,f}), yielding viable dynamics (hwsp, gwsp). WSP+Clip: (h,g) = (hwsp o clip, gwsp o clip).

Evaluation. We split each patient’s time horizon at the median time step: observations after this
point form the “forecast set” to stress-test forecasting, while 20% of time steps before it are held out
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Table 1. WSP-based latent neural SDEs satisfy constraints; they improve training dynamics
and forecasts on all EMA datasets. We report log posterior predictive on the interpolation and forecast-
ing sets for models trained on a large-scale EMA suicide-risk study (“SMART”) and several EMA mental
health datasets (GLOBEM DS2-4)—details in Appendix H. We also report three constraint-satisfaction
metrics, summarized below. 1/J indicate whether higher/lower values are better. Details in Appendix G.3.

Data Method Logv Predictive Constraint Satisfaction
Interpolation 1 [ Forecast 1 DRVP 1 [ DIVP 1 [ DIDV |
P p -34.17 -187.64 1.00 1.00 0.00
SMART -34.00 -189.23 1.00 1.00 0.00
-44.17 -218.20 1.00 0.00 3.62 Metrics: DRVP and
! -46.50 -226.50 1.00 0.00 3.98 DIVP  measure  the
p -40.34 -103.73 1.00 1.00 0.00 fraction of the boundary
DS2 -46.97 -124.19 1.00 1.00 0.00 that satisfies Theo-
-108.19 -182.68 0.89 0.00 6.20 rem 3’s constraints on
-139.63 -423.54 0.55 0.00 9.23 the drift and diffusion,
p -34.37 -95.07 1.00 1.00 0.00 respectively. DIDV
DS3 -34.07 -96.12 1.00 1.00 0.000 | | cosures the average
-110.18 -268.36 0.96 0.00 6.78 difference between the
-129.48 -558.02 0.59 0.00 4.15 diffusion value at the
k p -41.67 -93.73 1.00 1.00 0.00 boundary and 0 (where
DS4 -41.75 -93.88 1.00 1.00 0.00 0 distance indicates a
-114.86 -120.47 0.78 0.02 6.86 viable diffusion).
-147.43 -246.90 0.58 0.00 8.49

at random as the “interpolation set” (evaluating fit within the training window) to assess whether
optimization got stuck in poor local optima. We evaluate the log posterior predictive on these two
heldout sets, as well as constraint satisfaction metrics on the learned dynamics (Appendix G.3).

Isolating inductive bias under widening forecasts. Because STBs are influenced by external
factors, they are intrinsically uncertain; thus, latent SDE posteriors quickly revert to the prior
with growing forecast horizons. Naively comparing forecast distributions would therefore mostly
reflect whether a model assigns mass outside the measurement domain, rather than whether its
dynamics better capture the underlying process. We hypothesize that enforcing viability filters out
psychologically inadmissible dynamics, steering learning toward models closer to the ground truth.
We therefore fix the variational variances to force more confident forecasts, making differences in
inductive bias (rather than uncertainty inflation) observable. Details in Appendix G.3.

WSP-based latent neural SDEs satisfy constraints, leading to better training dynamics
and forecasts on real EMA data over Vanilla neural SDEs. Table 1 shows that: (1) WSP-
based dynamics avoid assigning probability mass to impossible outcomes: the constraint-satisfaction
metrics are perfect for WSP, by construction, and are far from perfect for the baselines. (2) These
constraints guide optimization toward better optima: WSP-based models achieve higher interpola-
tion log predictive performance. Since WSP constrains the dynamics, Vanilla could theoretically
match it; thus, the gap suggests Vanilla training often converges to poorer optima. (3) Altogether,
the WSP-based model exhibits a higher log-predictive for forecasting, indicating its inductive bias
is more appropriate for mental health EMA data. Fig. 3 confirms this qualitatively: in comparison
to WSP, the Vanilla dynamics escape the valid [0, 1] space, fit the observed data poorly, and make
worse forecasts. Finally, we note that although WSP substantially improves forecasts, it still cannot
reliably forecast a patient’s true state for the entirety of the second half of the study just from the
first halfl—EMA data is too stochastic for any model to be this accurate. Instead, these results
suggest that embedding additional clinical knowledge in latent SDFEs could yield similarly large gains.

Ablation: Clipping yields modest gains for Vanilla and little to no gain for WSP. As
shown in Table 1, Vanilla+Clip improves over Vanilla on interpolation and forecasting, yet remains
substantially worse than WSP, while WSP+Clip is comparable to WSP. This confirms that WSP’s
gains stem from viability-constrained dynamics, not clipping.
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Figure 3. WSP-based latent neural SDE exhibits better inductive bias than Vanilla neural SDE
baseline on the “SMART” data. Each plot visualizes posterior samples for a patient, corresponding
to EMA item “urge to die,” along with data 0-10 Likert-scale EMA items. Top-left: Vanilla. Top-right:
Vanilla+Clip. Bottom-left: WSP. Bottom-right: WSP+Clip. Additional results in Appendix I.3.

6 Discussion and Future Work

In this work, we introduce a general method for transforming arbitrary—mneural or expert-specified—
dynamics into SDEs on arbitrary compact polyhedra. Empirically, our method substantially im-
proves optimization and forecasts on EMA data for suicide risk and mental health. These results are
a first step toward aligning expressive probabilistic models with clinical knowledge, but trustworthy
models for scientific insight and intervention require further work, which we outline next.

Hybrid Modeling to Empirically Test Psychological Theories of Suicide. WSP naturally
supports hybrid models that blend mechanistic, expert-specified structure with data-informed neural
components, providing a vehicle for empirically testing psychological theories of suicide (Millner
et al., 2020). Using WSP, domain experts can encode theoretical constraints into the drift and
diffusion—such as directional influences among symptoms—while NNs learn the functional form of
these influences. In future work, we plan to (a) instantiate specific theories as families of constrained
SDEs, and (b) empirically assess these theories by comparing their forecasting performance.

Encoding Relationships Between EMA Items via Linear Inequality Constraints. Al-
though our main application focuses on constraints for 0-10 Likert scales, the same framework
accommodates a richer class of linear inequality constraints to encode relationships among symp-
toms. For example, if we believe suicidal ideation is driven by an intolerable internal state, we can
impose that the “amount” of suicidal ideation is always lower than the “amount” of internal distress.
In future work, we plan to systematically test such clinically motivated constraints.

Integration with Other Popular SDE-based Models. Our results may benefit other types of
SDE-based models, like diffusion models (Song et al., 2021) and infinitely deep Bayesian NNs (Xu
et al., 2022a), where the data often live in bounded or simplex-like domains (e.g. pixel values or
probabilities), but the underlying SDEs are typically defined on the entire Euclidean space. In
future work, we hope to evaluate whether our constraint-satisfying dynamics translate into improved
optimization and performance for other SDE-based models.
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A Summary of Related Work

Approach

Smoothness of
Drift /Diffusion

Any r-Polyhedron

Expressive

RSDE (e.g. Pilipenko (2014))

Non-smooth dynamics
activated at boundary

v

Expressive in interior;
fixed at boundary

Chain Rule (Section 2)

Smooth on interior;
degenerate at

To the best of our
knowledge, limited to

v

boundary spaces explored in
prior work

Handcrafted Viability v Limited to spaces Limited to dynamics
Constraints (e.g. Cai and Lin explored in prior work  explored in prior work
(1996); Cresson et al. (2012);
d’Onofrio (2013); Cresson et al.
(2016); Cresson and Sonner (2018);
Rohanizadegan et al. (2020))
This Work (WSP) I v v v

B Extending Theorem 3 to Stratonovich SDEs on Compact Polyhedra

Corollary 7. Suppose that the drift and diffusion, h(t,z:) and g(t, z:), of a Stratonovich SDE,
defined fort > 0 and z; € RP= satisfy conditions (i)-(iii) from Theorem 3. Suppose further that for
all T >0, 2,2 € K, and t € [0,T], ||diag(V.,g(t, 2¢)) — diag(V.,g(t, )| < Ot - ||zt — z;]|. Then
z¢ 1s viable in compact polyhedron K if and only if (a)-(b) from Theorem 3 hold.

B.1 Proof of the forward direction

Proof. Given the Stratonovich interpretation of the SDE in Eq. 1,

dzy = h(t, z¢) - dt + (diag o g)(t, z¢) o dBy,

we can write the equivalent It6 SDE as follows:

dze = h(t, z) - dt + (diag o g)(¢, z¢) - dB,

where,

h(t, Zt) = h(t, Zt)

1 .
=+ 5 ' dlag(thg(t, Zt)) © g(ta Zt)'

(8)

Since in Eq. 7, the diffusion is unchanged, we only need to show that when h satisfies (i)-(iii) and

(a), so does h.
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Proof that  satisfies (i) from Theorem 3. We prove that for each T' > 0, there exists Cp > 0
such that for all 2z, € K and t € [0, 7], ||h(2)]|> < Cr - (1 + ||2¢]|?). We do this as follows:

el = |tz + § - (Tt 20) © .0 )
< it 2] + § - Idia(V 900, 20)) © . )] (10
< It 20 + 5 - Idins(9 -0t ) - otz (1)
< JOr-(Ur ) + b ldise(Vagta)l - JOp AP (2)

bounded via condition (i)  bounded by const. via condition (ii) bounded via condition (i)

The above line can be written in the form (1 4+ B) - \/C% - (1 + ||2]|2), which, when squared, gives
us an inequality of the form, ||h(z)]|2 < Cr - (14 ||z][2).

Proof that h satisfies (ii) from Theorem 3. Here, we prove that for all T > 0, z, z; € K, and
t € [0, 7], |h(z) = h(z)ll < Cr - ||l — 24]:

o) = ) = 0,20 + 5 - ine(9-0,20) @t 20 — it ) 5 - dine(V e, 0) © gt 2)
(13)

1 1
= Hh<ta Zt) - h(t, Ztlf) + 5 ’ diag(VZtg(ta Zt)) © g(tv Zt) - 5 : diag(vz;g(azé)) © g(ta Z;)
(14)

1. 1.
< It = e, DI + | 5 - dine(V.g(t, ) © 0t 2) = § - iVt ) © (0|
(15)
Using the trick by Esmayli (2017), we have
I(e2) = hEDI < bt 20) — hit. 2D (16)
SCo-llze—zl|

1 . .
+ 5 - [diag(V=,g(t ) — diag(Vag(t, )| - g (t, )|

<Cr-llze—=]]

1
+ 5 - [ diag(Va gt 2))| - |o(t 2) — g(t )]

<Cr-llze—=l]

Finally, since both g(t,2;) and diag(V./g(t,2;)) are Lipschitz on a bounded domain, they can be
bounded by a constant.

Proof that h satisfies (iii) from Theorem 3. Since h is comprised of addition and scaling
operations on continuous functions, it is also continuous.

Proof that h satisfies (a) from Theorem 3. When (z; — u,,v,) = 0, we show (a) holds for h
as follows:

. 1 <& g%t
(h(t, z),v5) = (h(t, 2), vs) += 98( ;zt) gt ) vt > 0. (17)
>0 d=1 g =0
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The first term is non-negative. The second term is 0 since (g(¢,2:) ® eq,vs) = 0 when condition (b)
holds for g, and when 0 is multiplied by the partial (bounded thanks to condition (ii) for g), we get

0. Thus, (ﬁ(t,zt),vs> > 0.
L]

B.2 Proof of the reverse direction

Proof. Suppose z; is viable in K as a solution to the Stratonovich SDE. Since the Stratonovich SDE
and its equivalent It form in Eq. 7 share the same sample paths, 2; is equally viable as a solution to
the Ité6 SDE with drift /2 and diffusion g. From the forward-direction proof, h satisfies conditions (i)-
(iii) of Theorem 3; and g satisfies conditions (i)—(iii) by assumption. Applying the only-if direction
of Theorem 3 to the viable It6 SDE with dynamics (h, g) yields, for all s € {1,...,S5} and 2, € K
such that (z; — us,vs) = 0:

(ht,z),vs) >0,  (g(t,z) ®eqvs) =0 forallde{1,...,D,}. (18)

The second of these is exactly condition (b) from Theorem 3 for the Stratonovich SDE. It remains
to recover condition (a) for h. At any boundary point where (z; — us, vs) = 0, condition (b) gives
g(t, z) - v = (g(t, z) © eq,vs) = 0 for every d € {1,...,D.}. Therefore,

N 1 .
(h(t,zt),vs) = <h(t, zt) + 3 -diag (V,,9(t, z¢)) ® g(t, zt),us> (19)
1 & 09 (t, 2) d d
= <h(ta Zt)7US> + 5 Z d g (tv Zt) " Vg (20)
2 £ 07§ —_—
=1 =0 by (b)
finite by (ii)
= (h(t, z¢), vs). (21)

Since (h(t, z),vs) > 0, we conclude (h(t, z),vs) > 0, which is condition (a) from Theorem 3 for h.
O

C Proof of Theorem 5

To prove Theorem 5, we will first derive a sufficient form for the drift, h, as a function of the
diffusion, g, so that it induces stationary dynamics with target (unnormalized) time-marginal p(z;)
(Appendix C.1). Then, we show that, although the drift and diffusion vanish at the boundary
(Appendix C.2), K is unreachable from the interior, so the boundary does not form an absorbing
state (Appendix C.3). Finally, we will show that the drift satisfies all conditions from Theorem 3,
implying that it is viable in K (Appendix C.4).

C.1 Derivation of a drift sufficient for stationary dynamics

We find h by drawing inspiration from the derivation of Cai and Lin (1996), which sets the Fokker—
Planck—Kolmogorov (FPK) equation to 0 to obtain stationarity and then solves for the dynamics.
In contrast, instead of solving for the diffusion (which typically requires computing intractable
integrals), we solve for the drift. This derivation parallels classical Langevin dynamics and stochastic
gradient MCMC (e.g. Ma et al. (2015); Ormandy (2019)).

We begin with a general autonomous It6 SDE of the form,

dzt = h(Zt) -dt + g(zt) . dBt, (22)
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where g(z;) € RP=*P= is a full matrix. Let G(z;) = g(2:)Xg(2:)T, where ¥ is the covariance of the
Brownian motion. Stationarity means %p(t, z¢) = 0. Plugging in the FPK equation gives:

. D. D. 2
0=-Y % (P 0p(z0) + % >, % (G op() ) (23)
d=1 Y%t d=1d'=1 " "t~"1
D, D
= Z % (—h (ze)p(z) + % 8?‘1/ (Gd’d/ (Zt)p(zt))> : (24)
i1 9% a=1 7%

For this theorem, we only consider identity-covariance Brownian motion and diagonal diffusion:
¥ =TI and g(z) € RY interpreted as diag(g(z)). Then G is diagonal with entries g?(2;)?, and the
stationary FPK equation simplifies to

oz (—hCanten + g0 (o) ). (29

One sufficient (strong) way to satisfy this is to enforce the element-wise identities: for every d €
{1,...,D.},

9
oz

(9G0%p(=0))- (26)

DN | =

h(ze)p(2e) =

Solving for h? and using p(z;) = p(z;)/A yields:

he(z) = 2p(12t) ;;d (gd(Zt)Qp(Zt)) (27)
S ey = A () (28)
= ;(,;zg l9%(20)*] + ;gd(zt)za;logﬁ(zt). (29)
Equivalently,
h(z0) = geling (V2 lo(0)%) + 9(0)° © 9, log ), (30)

score function

giving us condition (a) from Theorem 5.

C.2 Proof that the sufficient drift can vanish at the boundary

We now show that the stationary construction from Eq. 30 can be degenerate at boundary points if
(i) the diffusion vanishes on 0K as a convenient way to enforce viability and (ii) the score remains
bounded on the boundary. In that case, dz; = 0, indicating a potential absorbing state that would
prevent the intended stationary density on int(K) from being realized. In Appendix C.3, we then
prove that under the assumptions from Theorem 5, the boundary is unreachable from the interior
of K, fixing the problem.

Lemma 8. Let 27 € OK be any boundary point. Consider the stationary drift construction from
Eq. 30, based on a corresponding diffusion, g(z:), that satisfies all conditions from Theorem 3, in
part, using the following, convenient properties:

(A1) g%(z) >0 for all z; € RP= and alld € {1,...,D.};
(42) g(z7) =0;
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(A3) IV, logp(zt)l2 < oo.

Then h(z0) = 0. In particular, at 20 both drift and diffusion vanish; hence if the SDE reaches z?,
it remains on the boundary.

Proof. By (A1), g%(2)? > 0 and by (A2), g%(2?) = 0, 2? is the global minimizer of g?(z;)?; therefore,

0

87td[gd(zt)ﬂ ™ 0 Vvde{l,...,D.}, (31)
and
diag (V-,[9(2)?]) = (32)
Next, by (A2) and (A3),
9(2))* © V., log p(=])) = 0. (33)

Substituting these into Eq. 30 gives h(z?) = 0. Finally, since g(z?) = 0 as well, the SDE has dz; = 0
at 22, so 22 is absorbing. O

C.3 Proof that the boundary is unreachable from the interior

We now prove that, under the assumptions from Theorem 5, the boundary is unreachable from
the interior, ensuring the induced target marginal remains valid. Our proof draws on “McKean’s
Argument” (e.g. Section 2.9, Problem 7 from McKean (2024), Proposition 1 from Bru (1991), or
Proposition 4.3 by Mayerhofer et al. (2011)). Specifically, we first derive a 1D SDE characterizing
the distance from z; to boundary s, and apply It6’s lemma to the logarithm of the distance to the
boundary. By leveraging the linear bounds on the drift and diffusion, we show that the deterministic
components of this log-distance remain finite. We then apply Doob’s L? martingale convergence
theorem to the remaining stochastic integral to show that it also converges to a finite limit almost
surely. Since reaching the boundary in finite time would require the log-distance to diverge to —oo,
this finite limit yields a contradiction, thus proving the boundary is never reached.

Lemma 9. Assume the conditions of Theorem 5, and let zy € int(K). Then
P (3t €[0,00): z € 0K) =0. (34)

Equivalently, the boundary is unreachable from the interior.

Proof. Define the per-boundary hitting times and the first exit time from K:

Ts =inf{t > 0: ds(z) = 0}, T=inf{t >0: z € 0K} =minr,. (35)

Since zp € int(K) and z; is continuous (the SDE has Lipschitz, linearly bounded dynamics by (i)—(ii),
so a unique strong solution exists), we have z; € int(K) for all ¢ € [0,7). On the event {r < oo},
continuity of z; and each ds(z;) ensures there exists s* € {1,...,S5} such that ds(z;) = 0 and
Te« = T; fix such an s*. We then define the distance-to-boundary process for boundary s*:

Vg*

Yt = dg- (Zt) = <Zt — Ugx, ns*>a Urs (36)

oI

Since zg € int(K), we have yo > 0, and y, = 0 on {7 < co}. All bounds below that are stated for
z¢ € K apply on [0, 7), since z; € int(K) C K throughout this interval.
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A 1D SDE for y; on [0,7). Because d,-(-) is affine, V., dg+ (2) = n,- and V2 dg-(2) = 0. Applying
It6’s lemma yields, for ¢ < T,

dys = (ng=, h(z¢))dt + (ng» © g(2¢))7 - dBy. (37)
We define the scalar drift and diffusion magnitudes,

ps=(ze) = (=, h(zt)), 050 (20) = [[nse © g(21) 2. (38)

By assumption (iv) in Theorem 5, g(z) > 0 for all z € int(K), hence o4+ (2;) > 0 for all t < 7. Next,
we define the 1D process,

- t . T
Bt:/ e O9CIT g g (39)
0 o5 (2u)

where dB, denotes the D.-dimensional Brownian increment. By Lévy’s characterization of Brownian
motion, B is a standard 1D Brownian motion on [0,7), because By = 0 and because its quadratic
variation up to t equals t:
2
(ns- © g(2u))

t t
-du:/l-duzt, t<T. 40)
/o Os* (Zu) 2 0 (

Therefore, for ¢t < 7, we can write Eq. 37 as:

dyt = Hg* (Zt) -dt + Ogx (Zt) . dét (41)

Bounding o;-(z) and ps-(z) linearly in ds-(z). By assumption (v), there exists Lg» < 0o such
that for all z € K,
05+ (2) = [Ins © g(2)ll2 < Lwds-(2). (42)

Next, we bound pig«(2¢) = (ng=, h(z:)) linearly in dg«(2;). Using condition (a) from Theorem 5,

1., 1 .
(o) = (e geing (7.l ) ) + (e, 5000 © V. o) ) (13)
For diagonal diffusion, the dth component of diag(V.,[g(2)?]) is %(gd(ztﬁ) = 2gd(zt)a%?gd(zt);
hence,
1 D.
<ns*, gdiag (V..lg > Z 8 dg 4(z) (44)
d=1
= (ns= © g(21), diag(Vz,g(2))) - (45)
Similarly,
1 1 &
<ﬂs*’ 59(%)2 © Vg, 10gﬁ(zt)> =3 ng.g%(2)*(V2, log p(z))" (46)
d=1
1 ~
= 5 (s ©9(2), 9(2) © V2, log plz1)) - (47)
This gives us:
: 1 _
ps< (21) = (ns- © g(zt), diag(Vs,g(z1))) + 3 (ns+ © g(z1), 9(21) © V2, log p(21)) (48)

Therefore, by the Cauchy-Schwarz inequality,

. 1 .
s (ze)ll2 < llns- © g(z)llz2 - |diag(Va,g(ze)) 2 + 5llns- © g(ze) |12 - [lg(2e) © Vi, log p(ze)ll2 - (49)
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Now, we define the finite constants (since K is compact and the relevant quantities are continuous

by (i) (iid)):

Myg = sup |diag(Vs,g(2))ll2,  Mgs = sup [|lg(z) © Vlog p(z)]|2- (50)
z€K zeK

Using assumption (v), ||nss © g(z¢)|l2 < Ls+ds«(2¢), and plugging into Eq. 49 yields, for all z; € K,

1 1
it )l < Lo ()M + L )M = L+ (M + 50y ) o). (51)

Agx

Thus, both o« (2) and ps«(2) are linearly bounded in dg«(2).

Un-reachability of y; = 0 in finite time. For ¢ < 7, we have y; = dg+(2) > 0, so logy; is
well-defined. Applying It6’s lemma to f(y:) = logy: in Eq. 41 gives,

2
dlogy, = <“5*(Zf) _1 ("s*(“)> ) at + 2 B, (52)

Yt 2 Yt Yt

By the linear bounds in Eqgs. 42 and 51 and since y; = dg«(2:) > 0 for ¢t < 7, the ratios are uniformly
bounded:

Og* (Zf)

‘“S*(zt) <An.,  0< < L. (53)
Yt Yt
Integrating Eq. 52 from 0 to t < 7 yields:
t 2 t
s* \<u 1 s*\<u s* \~u g
1ogyt:10gyo+/ p (z)_<a <z>) du+/ 05 () 45 (54)
?/t—’ 0 Yu 2 Yu 0 Yu
nite ~—

bounded by A,«+L1L2, My

The term inside the deterministic integral is bounded by Ag« + %Lg*, so the deterministic integral
is finite for any finite ¢ < 7. The stochastic term, My, is a continuous local martingale on [0,7) (as
is any It6 integral with a locally square-integrable integrand). We next show that lim, M; exists
and is finite a.s. in the event {7 < co}.

The difficulty is that M; is only defined on [0, 7), since the integrand UTEZ’) involves 1/y;, which
may blow up as ¢t 1 7. In particular, although M; is a local martingale, we cannot directly apply
martingale convergence to it. Instead, for each fixed T < oo, we introduce the stopped process M/,
to which we can apply the martingale convergence theorem and connect it back to our original M.
We define the stopped process,

tATAT
MT = / 05 (2u) 435 (55)
0 Yu

which agrees with M; for all t < 7 AT, but is frozen at its value at time 7 AT thereafter. The key
advantage is that stopping at the deterministic time 7" bounds the integration horizon; combined
with the bound from Eq. 53, the integrand of M is bounded, so M is a well-defined It6 integral
with continuous sample paths. Because M{ = 0 and the quadratic variation of M, (M),

satisfies,
tATAT 2 TAT 2
E[<MtT>oo]:Ellim/ (JS*(Z“)> du| =E / ("(Zu)> i
0 0 Yu

< LA T < oo, (56)

t—o0 Yu
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both conditions of Revuz and Yor (2013, Proposition 1.23) are satisfied, so M is a (true) square-
integrable martingale. We can therefore apply Doob’s L? martingale convergence theorem, which
says, ML :=lim; , ., M exists and is finite a.s. Relating M back to M, in the event {r < T},

liTrn M; = liTm Ml =MF =ML, (57)
T T

which is finite a.s. And since T is arbitrary, lims, M, is finite a.s. in the event {7 < co}.

Finally, we derive a contradiction to show the impossibility of the event {r < oco}. In this event,
since all three terms in Eq. 54 are a.s. finite, lim;y, log y; is finite, and therefore,

limy; = lim 1 0. 58

lim g, = exp (tlg Ogyt) > (58)

However, by continuity of z; and dg«, and since 74~ = 7 means z, lies exactly on boundary s*,
limy; = yr = ds«(2;) = 0. (59)
tTr

These two conclusions are contradictory, so the event {7 < oo} must have probability zero. Therefore
P(r < 00) =0, and so P (3t € [0,00) : 2 € OK) = 0.

O
C.4 Proof that the sufficient drift satisfies conditions from Theorem 3
Since Appendix C.3 shows the solution to the SDE will never reach the boundary, we already know
it is viable. Still, for completeness, we show here that the drift for the stationary dynamics satisfies

conditions from Theorem 3, allowing us to apply Theorem 3 as well.

Proof that h satisfies (i) from Theorem 3. Here, we prove that for each T > 0, there exists
Cr > 0 such that for all z, € K and t € [0, T}, [|h(z)]|*> < Cr - (1 + ||2¢]|?). We do this as follows:

1)l = 5 - [diag (V- [o(=0)%) + g(z0)* © V-, log ()| (60)
< % . Hdiag (Vzt [g(zt)2]) H + % ||g(z,g)2 © Vg, log;ﬁ(zt)H (61)
< 5 - ding (9 [o(z0?) || +5 latz0)] o) © V-, log (z0)] (62)
N—_——
©) M, Mgy,

where My = sup,, ¢ ||g(2:)||2 by continuity of g(z;) on a compact K. Next, we bound the gradient
of g using condition (ii):

@ = [|diag (V=,[9(20)]) | v
[ g (zitee)®—g"(z0)® ]

e—0

g7 (zeteen,)®—g"= (20)?
L € -
g' (zitee)®—g' (20)?
€

= hr% (by continuity of the norm) (65)

e— :

g"% (ziteen,)?—g"”= (z1)?
L € -

D. gd(zt Le- ed)2 _ gd(Zt)Q

< li L (since the fo-norm is upper bounded by the ¢1-norm)
€E— €
d=1

(66)
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o1
= Z lim — - ||gd(zt +e-eq)? — gd(zt)QH (67)
= e—0 €
D, 1
. . . 2 _ 2
< ;lg% — NGzt + e ea)* = g(20)?| (68)
D, 1
=> lim = - (g + € ea) = 9(2)) © g(z0 + € - ea) = 9(20) © (9(=0) = 9z + € - ea)) (69)
d=1
DZ 1 1
<) lim . [(g(zt +€-ea) —g(2t)) © g(zt +€-eq)| + o lg(zt) © (g(2t) — g(z + € eq))||
d=1
(70)
D.
1 1
< Z hH(l) = [lg(zt +€-ea) —g(z)|l - lg(ze +€-ea)l| + = - lg(ze)ll - l9(2e) — g(2¢ + € - ea)|| (71)
oy €— €
D, M M
< Z lim —7 - [[g(z; + € - eq) — g(z) | + =2 - lg(z0) — g(z¢ + € - ea) | (72)
= e—0 € €
D
= 2-M,
<N 9. Cr-|le-eq]| (73)
i e—0 €
=2.D,-M,-Cr - |ed| (74)
=2.D,-M,-Cr (75)

where, in Eq. 69, we use the trick from Esmayli (2017). Putting all of this together, we have that
[Ih(2¢)]] is bounded by some constant, for which we can always find a new constant Cr to further
bound it: ||h(z)]|? < Cr - (1 + [|z¢]?).

Proof that h satisfies (ii) from Theorem 3. Here, we prove that for all T > 0, z;, 2; € K, and
t€[0,T], h(z) = h(zp)ll < Cr - [l2e — 2.

We begin as follows:

Ih(z0) ~ (1) < 5 - |[ding (V- [g(=0)%]) — ding (V. [g(=0)%])|
) © (76)
. 2 ~ o 2 ~0 ]
+ 5 [l9(2)* © V2, log (=) — g(2))? © V2 log p(2))| -
®
Using the trick by Esmayli (2017) again, we bound (2) as follows:

@ = ||diag (V. [9(21)?]) — dlag( D (77)
=2-|g(z) ®diag (V.;9(2)) — g(zt) diag (V.,g(z))|| (78)
=2 |[(g()) — g(=0)) @dlag( g(zt)) — g(z) © (diag (V=,9(z)) — diag (V.9(z1)))||  (79)
<2-|(9(21) = 9(2)) © diag (V,9(20))|| +2- ||g(z¢) © (diag (V,9(24)) —dlag (Vz;g(zt)))H

(80)

< 2-|lg(=1) — g(z0)| - ||diag (Vay9(z) || +2 - lg(z0)]| - [|diag (V= 9(=1)) — diag (V9(21)) || (81)
<2:Cr-llze— 2+ ||diag (Va9(2)|| +2- M, - ||diag (Vs g(2) — diag (Vayg(2)) || (82)

bounded by const. via (ii) <Cr-||zt—z;| via (ii)




Neural SDEs on Compact Spaces: Theory, Methods, and Application to Suicide Risk 27

We similarly bound (3) as follows:

@ = ||g(2)* © V., log p(z) — g(21)* © V., log ()| (83)
=lg(z) ® (9(2) @ V2, logp(z)) — g(21) © (9(24) @ V. log (7)) || - (84)

Using the trick by Esmayli (2017),

@< lglz) =gzl - llg(z) © V2, log p(z) | (85)
<Cr-||zt—z| via (ii) <Mys
+ 9GO - ||l9(z0) © Vi, logp(z:) — g(z;) @ Vo, log ()| (86)
——
<M, <Cr-||ze—2}| via (iii)
< (Mgs + M) - Cr - ||z — I, (87)

Proof that h satisfies (iii) from Theorem 3. Here, we prove that for each z, € K, h(z),
defined for ¢t > 0, is continuous.

Since continuous functions are closed under all operations used to define h(z;), and since h(z;) is

defined in terms of other continuous functions, it is also continuous.

Proof that h satisfies (a) from Theorem 3. Here, we prove that, for all s € {1,...,S5} and
zt € K such that (z; — ug, vs) = 0, we have (h(z¢),vs) > 0.

<h(2’t),1}s> = <g(zt) © diag (vmg(zt)) 7vs> +5 <g(zt)2 © VZt logﬁ(zt)avs> (88)

Do = NI

= vl (9(z) © diag (V2,9(20)) + 5 - o] - (9(2)* © V-, log p(1)) (89)

D
z 1 ~
= ( Zt @ ed vzggd(zt)> —|— 5 . ’U:sr . (g(Zt)2 @ Vzt logp(zt)) (90)

D.
= (Z ol - (g(2t) © eq) ~szzgd(zt)> + % o] - (9(24)* © V2, log (1)) (91)
d=1
_ % 0T (9(2)? © Ve, logplzr))  (since (g(z) © eq, v,) = 0) (92)
D.
= % ol - ( (9(z) ©eq) -gd(Zt) : Vzgl 1og15(zt)> (93)
. d=1
=5 (Z vl (9(z) ©ea) - g%(21) - V. 10gﬁ(2t)> (94)
d=1
-0 (95)

D Proof of Theorem 6
D.1 Proof that WSP satisfies Theorem 3

Proof. To prove Theorem 6, we will show that h(t,z;) and g(¢, 2¢), defined in Eq. 5, satisfy (i)-(iii)
and (a)-(b) in Theorem 3.

Proof that WSP satisfies (i) from Theorem 3. Here, we prove that for each T' > 0, there
exists O > 0 such that for all z; € K and t € [0,7T7], |h(t, z:)]|* + ||lg(t, 20)|* < Cr - (1 + ||2¢|?).
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First, we show that w(z;), defined in Eq. 4, lies in [0, 1]. Since a > 0, and for any z; € K, ds(zt) >0
(since distances are non-negative), we have,

0 < tanh (a-ds(z)) < 1. (96)
Next, since 8 > 0, we know that:
—ds(2t)
_,_/
%/—’ €[0,1]
€[o0,1]
This then gives us,
e—ds(2t)
0<tanh(3- H W tanh (a - dg(2)) | <1, (98)
e Zt
>0

thereby showing that w(z;) € [0, 1]. Using this, we go on to show that h and ¢ satisfy condition (i)
from Theorem 3.

e, )]l = [WSP(F ., 0] (99
= lhoen) - hlts 20 + (1= w(z0)) - en(z0)] (100)
< loee) - hlt, 20+ 10 = w(z0) - en(z0)] (101
<0l + 10 - 0) - (20l (102
= latt, 201+ llen Gl (103)
— el + |y (109
e, 0l 4+ | = (105)
<1t
< [1h(t, z0) |+ (106)

<\ Cr- (L4 llz]?) +4 (107)

Thus,
2
HM@%HQS( c;«r+wt%+w) (108)
(L4 D) 422 42 \JC - (L 2 2) (109)
< Cr - (1+[1z%) (110)

for some Cr > 0.

Similarly for |g(t, z)||?, we have

lg(t, z0) |l = [IWSP(g, g, t, 24| (111)
= llw(ze) - gt 2¢) + (1 = w(z1)) - co(z0) | (112)
<Hlw(ze) - g(8 20) [l + 1(1 = w(z1)) - ¢q (21| (113)
< - gt z) [ + 111 = 0) - ¢q (20 (114)
= 119t z)ll + lleg (2ol (115)

= llg(t, z)[l + [[O]| (116)
= [19(t, z0)|| (117)
(118)

<VCr- (14 z])



Neural SDEs on Compact Spaces: Theory, Methods, and Application to Suicide Risk 29

Thus, [lg(t, 20)[|* < Cr - (1 +[|2]%).

Proof that WSP satisfies (ii) from Theorem 3. We now prove that for all T > 0, z;, 2] € K,
and ¢ € [0, T1, [[h(t, z) — h(t, z) [l + lg(t, 2¢) — (8, 2| < Cr - [|20 — 2]

We do this as follows:

It 20) = Bt 20l = [WSP (B, e, t, ) — WSP(h, i, t, 2| (119)
= [[(wCee) - At 20) + (1 = wz0)) - enz0)) = (w=0) - bt =) + (L= w(zp) - en(z) ) |

(120)
= ([ (o) - Bt 2) = () - Bt ) + (1= w(z)) - enlz) — (1= w(z) - enlz))|

(121)

< MoCee) - Bt 20) = w(z0) - bt =)l + 112 = w(z) - en(z) = (L= w(z)) - en(z)]|

(122)

Using the trick by Esmayli (2017), we have:

11 (t, ze) = e, 20| < lw(ze) — w(z)] - [ 20|+ lw(z)] - 1 2ze) =t 27)l] (123)
@ = w(z)) = (1= wl) - ezl + 11 = w(zl - lle(z) — e(z)l
< Jlw(ze) = w(z) - [t z) | +1- 1At z0) = b2, 27)]| (124)

+ llw(ze) —w(z)| - ezl + 1+ [le(ze) = e(z0)]
= |lw(ze) = wzp)l| - (1At zo) | + le(z)l) + [t 20) = h(t, )| +lle(z) = e(=1)ll

bounded by const. <Ch-|lze—z ||

(125)

Since K is compact and h(z) is continuous and linearly bounded (i.e. |[h(z)|? < Cr(1+ |z]2)),
we know that ||h(¢, z;)|| is bounded above by a constant. Similarly, ¢(z;) is continuous and bounded:
2 2
~y

< ~2. I
<7 =

2
2* — 2z FA

A

I = 21, (126)

lez)l? = 42 ]

€

50 ||e(2¢)|| is bounded above by a constant. This leaves us to show that w(z;) and ¢(z;) are Lipschitz.
This is true since both functions are comprised of either composition of Lipschitz functions, or
of multiplications of bounded Lipschitz functions, and both of these operations are closed under
Lipschitz continuity.

Similarly for ||g(¢, z:) — g(¢, 1), we have,

lg(t, z¢) — g(t, 2)ll = IWSP(g, ¢, t, 2¢) — WSP(g, cg, 1, 21) | (
= l(w(z) - g, 20) + (1 —w(z1) - eq(2)) — (wl2t) - Gt 2) + (1 —w(z)) - Cg((ZQ)
(

= llw(z) - g, z¢) — wlz) - 9, 2) |

Since w(zt) - §(t, z:) is the product of a bounded Lipschitz function and a Lipschitz function, we
know that g(¢, z¢) is also Lipschitz.

Proof that WSP satisfies (iii) from Theorem 3. Here, we prove that for each z; € K, h(t, z¢)
and g(t, z;) are continuous.

Since all functions involved are continuous and continuity is closed under addition, subtraction,
multiplication and composition, h(t,z;) and g¢(t,z;), defined for ¢ > 0, are continuous for each
Zt € K.
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Proof that WSP satisfies (a) from Theorem 3. Here we prove that for all s € {1,...,5} and
z¢ € K such that (z; — us,vs) = 0, we have (h(t, z¢),vs) > 0.

First, when (z; — us,vs) = 0,

(o) = P = = (130)
This means that,
—ds(2t)

w(z¢) = tanh (ﬁ H W -tanh (« - dg (zt))> =0. (131)

Plugging this into (h(t, z;), vs), we get:
(h(t, 2t),v5) = (WSP(h, cn, t, 24), vs) (132)
= (w(ze) - Bt 20) + (1= w(z)) - en(ze), vs) (133)
=(0- (t zt) + (1 —0) - cnlzt), vs) (134)
= (cn(2t > (135)
AT ) 130
(2" — 2, vg) (137)

||z —th +€
—— ———

>0

Because z* is the Chebyshev center, it lies strictly in int(K), so (z* — ug,vs) > 0. Thus, when
zt € OK, (2% — 24,05) = (2% — us, vs) — (2t — us,v5) = (2* — us,vs) > 0, completing the proof.

Proof that WSP satisfies (b) from Theorem 3. Here we prove that for all s € {1,...,5} and
z¢ € K such that (z; — us,vs) = 0, we have (g(t,2z;) @ eq,vs) =0for t >0and d € {1,...,D,}. We
do this as follows:

(9(t, 21) © ea,vs) = (WSP(g,cg, 1, 2) © €a, vs) (138)
= ((w(ze) - §(t, 2¢) + (1 = w(2t)) - cg(2)) © €4, vs) (139)

=((0-g(t, ) + (1 =0) - ¢4(21)) © €, vs) (140)

= (cg(2t) © €q, vs) (141)

= (00 eq, vs) (142)

= (0, vs) (143)

=0 (144)

O

D.2 Proof that WSP satisfies Theorem 5

Proof. Since ¢, = 0, we have g(t, z:) = w(z¢) - §(t, z¢) throughout. Note that condition (iii) concerns
the score function p and is independent of g; it must be verified separately by the practitioner.

Proof that ¢ satisfies (i) from Theorem 5. This follows immediately from the proof of (i)
from Theorem 3 in Appendix D.1, which already establishes ||g(t, z¢)||> < O - (1 + [|2¢]|?).
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Proof that ¢ satisfies (ii) from Theorem 5. The Lipschitz condition ||g(t, z:) — g(¢,2z1)| <
Cr - ||zt — z;|| follows from the proof of (ii) from Theorem 3 in Appendix D.1. Now, we prove the
Lipschitz condition on diag(V,,g(t, z:)). Since g(t, z:) = w(z:) - §(¢, 2¢), the product rule gives:

diag(V.,9(t, zt)) = Vy,w(z) © g(t, z¢) + w(z) - diag(V, g(¢, z¢)). (145)
Therefore,
Idiag(V-,g(t, 20)) — diag(V;g(t, 20)] (146)
< IVaw(z) © §(t, z2) — Vaw(zg) © (8 2| + lw(z) - diag(V2,g(t 20)) — w(z;) - diag(Vg(t, 2p))]l -
@
(147)

Using the trick by Esmayli (2017), we bound (4) as follows:

@ < |IVow(z) = Vw3t 20+ Vw0 -9t 2) = a(t, 20|, (148)
<Cr-|lzi—24| <M bounded by const. <Cr-||zt—=z(|| via (ii)

where V,,w(z;) is Lipschitz since w is a smooth composition of smooth functions (tanh, softmin,
product), and ||V, w(z)|| is bounded on the compact set K. Similarly, we bound (B) as follows:

< w(z) —w(z)] - [diag(V2,g(t 20))| + [lw(zp)] - |diag(V2, §(t, 21)) — diag(V2;g(E, 2))] -
——

<Cr-||zt—z, || bounded by const. via (ii) <1 <Cr-||ze—2}|| via (ii)

(149)
Altogether, [|diag(V=,g(t, 2:)) — diag(V;g(t, )| < Cr - [|2¢ — 2| for some Cr > 0.

Proof that g satisfies (iv) from Theorem 5. We must show g%(t,z;) > O foralld € {1,...,D,}
and z; € int(K). Since g(t,2;) = w(z) - §(t, ), it suffices to show w(z;) > 0 and §¢(t,z) > 0
separately. The latter holds by condition (iv) of Theorem 5 for g. For the former, since z; € int(K),
we have dg(z;) > 0 for all s € {1,...,5}, and therefore:

efdS (z¢)

ZS, e_ds’ (Zt)

ds(zt)

so the product J], % -tanh(o - ds(z¢)) > 0, and hence w(z;) = tanh(8 - positive) > 0.

>0 and tanh (a - ds(z:)) > 0, (150)

Proof that g satisfies (v) from Theorem 5. We must show that for each s € {1,...,S}, there
exists Ly < oo such that |[n, © g(2¢)|l2 < Ls - ds(2) for all z; € K. Let My = sup,, i ||(t, z¢)|2,
which is finite since K is compact and § is continuous. We first bound w(z;) linearly in ds(z;):

e—ds(2t)
w(z¢) = tanh (ﬁ H W tanh (« - ds (zt))> (151)

—ds(z¢)
<B- H W -tanh (« - ds(2t)) since tanh(z) <z for >0 (152)

(153)
Since all factors in the product above lie in [0, 1], the product can be bounded by any single factor:
e—ds(2t)
w(z) < - W -tanh (a - ds(zt)) (154)
T
< B -tanh (a - ds(z)) (155)

< af-ds(z) since tanh(x) <z for x > 0. (156)
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Therefore,
[ns © g(ze)ll2 < llg(ze)ll2 = wze) - [|g(E, 20)ll2 < @B - ds(2t) - Mg = Ls - ds (1), (157)
where Ly = afMjz < oo.

Proof that g satisfies (b) from Theorem 5. This is identical to the proof of (b) from Theorem 3
in Appendix D.1, since the condition is the same.

O

E Discussion of Assumptions

The assumptions in Theorems 3 and 5 are easily satisfied when h, g, and log p(z;) are parameterized
by NNs.

Lipschitz Continuity with Respect to Inputs. Lipschitz continuous functions are closed under
composition, making a large class of NNs Lipschitz continuous by construction. Additionally, there
exist many easy and empirically effective methods for explicitly obtaining Lipschitz continuity, for
example via weight normalization (e.g. Miyato et al. (2018)), regularization (e.g. Liu et al. (2022)),
and architecture design (e.g. Anil et al. (2019)). Altogether, this allows us to conveniently satisfy
the Lipschitz continuity assumptions for h, g, and log p(z:)—(ii) in Theorem 3, and (ii) and (iii) in
Theorem 5.

Next, Hurault et al. (2022) (Proposition 2) proved that if every function in a collection is differen-
tiable with uniformly bounded, Lipschitz gradients with respect to the inputs, the gradients of their
composition are themselves Lipschitz with respect to the inputs. This makes a large class of NNs
satisfy the second half of (ii) from Theorem 5. This property is known as “Lipschitz smoothness,”
and can also be encouraged explicitly, for example via mixup regularization (Gyawali et al., 2020).

Linearly Bounded NNs. We parameterize all NNs here with a composition of continuous func-
tions, thereby making them continuous. And since continuous functions on compact spaces are
bounded, we easily satisfy (i) from Theorems 3 and 5.

Differentiability and Continuity of Partials of NNs. All NNs here use continuously differ-
entiable activation functions, so they are continuously differentiable with continuous partials.

F Latent SDEs with Pathwise Expansions for Modeling Suicide Risk

Notation. We observe each patient n € [1,..., N]| at times t1,...,t5. Note that the observation
times and the number of observations differ by patient, but for notational simplicity, we will denote
them as if each patient has observations at the same times. Let z?’d € {0,...,10} denote patient
n’s response to Likert-scale question d at time ¢. Similarly, denote z;' 4 as the dth component of
patient n’s latent psychological state at time t. Let 2} € {0,...,10}P= denote patient n’s response
to all D, survey questions, and let 2* € [0,1]7= denote the patient’s D.-dimensional latent space,

confined to the unit cube.

Generative Process. We assume patient n’s data is generated via:

2" ~ Noy(ro, 0 - Ip.), (initial state, drawn from a [0, 1]-truncated normal)  (158)
tm
2z, |2, ~pClEE, ) =2, +/ h(z;0) -dt +  g(z;0)  odBy, (159)
b1 prior drift prior diffusion

n,d
.’Etm

zz;d ~ Cat(/\(z;:ld; oe)), (ordinal likelihood of survey data given latent state) (160)
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wherein the dynamics, h: K — RP= and g : K — ng, are time-independent, and where,

plil2 _ .d po:ll _ .d
Azfio) =@ (t> -0 (t) , b=[-c0 005 015 025 ... 095 o,

O¢ O¢

in which ®(-) is the CDF of a standard normal and b represents the boundaries for 0-10 range ordinal
likelihood.

Latent Dimensionality. Note that in these experiments, we set the latent dimensionality equal to
the data dimensionality, D, = D,. In many applications, one typically chooses D, < D, treating
the latent space as a compressed representation of the observations. However, when modeling
psychological state, there is often no single low-dimensional “underlying condition” that generates
the observed symptoms; instead, mental health challenges are characterized by the way in which the
symptoms themselves interact, regulate, or reinforce one another—this is known as the “networks
approach” in clinical psychology (Borsboom et al., 2022; Robinaugh et al., 2020). For this reason,
each latent dimension directly corresponds to an observed dimension.

Eliminating SDE Solvers with a Pathwise Series Expansion. Fitting the Latent SDE above
requires backpropagation through a slow, numerically unstable SDE solver. In contrast, ODE solvers
are known to be more numerically stable, accurate, and well-behaved when used with adaptive step-
sizes (e.g. Lou and Ermon (2023)). Thus, we replace Brownian motion with the Karhunen-Loeve
expansion (Sarkkéd and Solin, 2019):

- WD) 2-r—1) 7t
dB|€ = cos< >~§’“~dt, E~N(0,IR), (161)
! ; T 2T R

where T is the end-time of the process (in this work, it’s the end-time of the EMA study) and I is
an R-dimensional identity matrix. This expansion consists of a sum of R randomly weighted ODEs
that, as R — oo, converge to dB;, leading the overall equation to converge to the Stratonovich
SDE (Wong and Zakai, 1965). Using a finite R, we obtain an approximation of the above model
that we can fit using ODE solvers. Following Ghosh et al. (2022), we replace Eq. 159 above with:

tm N

2y |zp &t =2+ / h(z;0) - dt + g(z;0) - dBy, & ~ N(0,IRr), (162)
t7n71

wherein z;* is now a deterministic function of a new latent variable, £™.

Fitting Latent SDEs to Data. Our goal is to find parameters, © = {pg, 09, 6, o }, that maximize
the log marginal likelihood (LML) of the observed data:

N N
1 1
0" = argmaxe E log p(X™;0) = argimaxe E log/ Lp(Xn7§tho; ©) - d§ - dzy,,
n=1 n=1 Zto

where X" represents all of patient n’s training data. Since the above integrals are intractable, we
compute a variational lower bound to the LML instead:

p(Xn7§7 Zto; @)

lo Xn;(—) EE Zt n. lo
BP(X"0) 2 By x "1’)[ ®4(E 2, | X7 D)

} = ELBO(X™; 0, ®), (163)

where
q(€7 Zto |Xn7 (b) = N(M?, O-g : U? : IR) ' MO,I] (:ugm U?U : 0'?0 : IDz)7 (164)

is our variational family, and ¢ = {u’g, of, Wy of’;o},]:’:l is the set of all variational parameters. We
maximize the ELBO with respect to the model and inference parameters, © and ®, using stochastic
gradient descent.
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Approximate Predictive Log-Likelihood. Let ©* and ®* denote the model and inference
parameters that maximize the ELBO as obtained by gradient descent. Then the predictive log-
likelihood is,

g,zt();@*)} )
(165)

log p(zx | X™; ©%) = log Ep(&,ztO\X”;G*) [p(zi|€, 2ty; ©F)] = log Eq(g,zt0|xn;¢,*) [p(x}

obtained via Monte Carlo approximation.

Forecasting. We sample from the approximate posterior and solve the corresponding differential
equation to obtain forecasts. That is, for each draw from ¢(&, z;,|X™; ®*), we evaluate:

o
2ty € = 21, Jr/ h(z;0) - dt + g(z;0) - dBy. (166)

to

G Experimental Setups

Software. All experiments were conducted in Jax (Bradbury et al., 2018) with NumPyro (Phan
et al., 2019), Diffrax (Kidger, 2021) and Chex.

G.1 Experimental Setup for Fig. 1

Suppose we were given dynamics from a domain expert and we wanted to transform them via WSP
to ensure they remained viable in any polyhedron.

Expert-Given Dynamics. Consider the dynamics,

- 220 +5.25- 2} —3.625 _ r13]

Mt = 59520 —2.20 — 1625 903 = o3 (167)

which spiral counterclockwise outward from the point (0.5,0.5).
Polyhedra. We instantiate Definition 2 as follows to obtain three polyhedra:
e Right-Angle Triangle:
Uy = [0.0 0.0] , Ug = [0.0 0.0] , ug = [0.5 0.5} ,
vi=[1L0 00], wv=[00 10], wv3=[-05 —05].
e Unit Square:
up =[00 00], wup=1[0.0 0.0], ug=[10 1.0], wug=][L0 1.0],
vy = [1.0 0.0] , U= [0.0 1.0} , U3 = [—1.0 0.0] , V4= [0.0 —1.0} .
e Lopsided Pentagon:
up=[0.1 01],uz =[01 01],ug=[11 L1],ug=[L1 11],u5=1[08 0.8],
vy = [1.0 0.1} , Vg = [0.1 1.0] , U3 = [—1.0 0.2] , Uy = [0.2 —1.0] , U5 = [—\/0.5 —0.5] .

Dynamics. We transform the dynamics from Eq. 167 via WSP in Eq. 5 to remain within each of
the above polyhedra. We use the following hyper-parameters:

e Right-Angle Triangle: a = 5.0, § = 100.0, v = 2.0, ¢ = 0.1.
e Unit Square: a = 5.0, 8 = 1000.0, v = 2.0, e = 0.1.
e Lopsided Pentagon: o = 10.0, 8 = 8000.0, v = 2.0, ¢ = 0.1.
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Differential Equation Solver. All SDE trajectories began at zo = [0.05 0.85]" and were solved
for time interval ¢ € [0.0,5.0] via the Ito6-Milstein solver (Mil’shtejn, 1975) with a step-size of 0.01.

G.2 Experimental Setup for Figs. 2, 4 and 5

Dynamics. Due to Limitation 2 (Section 1), initialization plays a crucial role in the success of
expressive SDE-based models. This is because many datasets (e.g. images) lie in compact Euclidean
subspaces. In early-stage training, SDE trajectories often leave the region, requiring a large number
of gradient steps just to return to it (while not necessarily fitting the data well), causing optimization
to get stuck in poor local optima. In late-stage training, small perturbations to the dynamics may,
again, yield trajectories that lie outside the region. As such, to empirically compare the inductive
bias of WSP (Eq. 5) against baselines (Egs. 1-3), we solve SDEs given by NNs h and g with randomly
sampled weights. We define the viable region, K = [0,1], to be an interval, and specifically choose
to set zg = 0.99 near the boundary to stress-test the chain-rule based SDEs in Eqgs. 2 and 3 to show
that once close to the boundary, they will struggle to return to the interior of K. While simple,
these preliminary experiments already show WSP boasts a stark improvement in inductive bias in
comparison to baselines.

Architecture. In all experiments presented here, we used 3-layer NNs with 64 hidden units and
CELU activation (Barron, 2017). We repeated these experiments with 2-layer and 4-layer NNs
and observed the ezxact same behavior, so we have omitted them for brevity. We also repeated
these experiments with other continuous activation functions—GeLU (Hendrycks and Gimpel, 2016),
ELU (Clevert et al., 2015), SELU (Klambauer et al., 2017), and SiLU (Elfwing et al., 2018)—and
we observed the exact same type of behavior, so we have omitted them for brevity.

Random Restarts. For each SDE in Eqgs. 1-3 and 5, we randomly drew the weights using the
Glorot normal initialization (Glorot and Bengio, 2010). In each plot, we repeated this initialization
5 times, drawing 3 samples for each initialization.

Differential Equation Solver. In Fig. 2, we used the It6-Milstein SDE solver (Mil’shtejn, 1975).
In Fig. 4, we used the Dormand-Prince 8/7 ODE solver (Dormand and Prince, 1980). In all exper-
iments, we simulated the dynamics for ¢ € [0,5] with a step size of 0.001. We purposefully chose a
small step size to ensure the faithfulness of the SDE solutions to the dynamics.

Pathwise Expansion. We used a truncation of R = 40 terms in the pathwise expansion (Eq. 161)
for the experiment in Fig. 4. We repeated the experiments with R = 20, 100, and 200 and observed
the ezact same behavior, so we have omitted them for brevity.

G.3 Experimental Setup for Table 1 and Figs. 3 and 6-18

Dynamics and Architecture. In all experiments, we used 3-layer NNs with 64 hidden units
and GELU activations for the unconstrained drift and diffusion, A and g. For the diffusion, we
additionally applied a softplus activation (Dugas et al., 2000) at the output to enforce positivity.

When using WSP to transform h and g so that the SDE solution remains viable, we additionally
clipped the state z; to ensure it remains viable before passing it into the dynamics. This was necessary
because, although our dynamics are viable, standard ODE/SDE solvers are not. Developing solvers
that are themselves viable is an important direction for future work.

Differential Equation Solver. Thanks to the pathwise expansion (described in Appendix F),
we used the Dormand-Prince 8/7 ODE solver (Dormand and Prince, 1980) using an adaptive step
size initialized at 0.01, with a minimum of 0.001, and with a tolerance of 0.001.
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Warm Starts. Since optimizing the ELBO for neural latent SDEs is challenging, we propose to
start optimization with the following warm starts:

1. Drift. We encourage the drift to be 0 to encourage the model to explore both positive and
negative values of drift. We do this by minimizing the following loss function for 5000 gradient
steps:

argming||h(z; 6) — 0.0]|2, (168)
wherein £ is the drift before applying WSP.

2. Diffusion. We initialized the diffusion term at 0.5 to encourage the model to learn a nonzero
diffusion. Without this initialization, the model frequently collapsed to solutions with diffusion
equal to 0. In that case, the noise variable £ is unused in the generative process, so its posterior
matches its prior, the KL term in the ELBO becomes zero, and optimization gets trapped in
a local optimum where only the reconstruction term contributes. We do this by minimizing
the following loss function for 5000 gradient steps:

argming ||g(z¢; 0) — 0.5]13, (169)

wherein ¢ is the diffusion before applying WSP.

Optimization. We used the Adam optimizer (Kingma and Ba, 2014) with a linear learning rate
scheduler going from le-4 to 5e-5 and a total of 80,000 gradient steps. To be able to evaluate the
inductive bias of the model, we also fixed the variational standard deviations for all N posteriors to
a small value of o¢ = 0.05 throughout optimization, such that the model does not simply increase
uncertainty to match the stochasticity in the data (see Section 5 for additional discussion).

Random Restarts. We repeated each experiment 5 times, each time randomly drawing the
weights of the drift and diffusion NNs using a Glorot normal initializer (Glorot and Bengio, 2010),
which adapts scaling to the arithmetic average of the numbers of inputs and outputs.

Train/Interpolation/Forecast Data Split. We split the study time horizon into interpolation
and forecasting regimes. To create a challenging forecasting task, we defined the test set as all
observations after the median time step (computed across all patients and time points) and evaluated
models on predicting this held-out second half, thereby stress-testing their inductive bias. For
interpolation, we randomly held out 20% of the time steps in the first half of the time horizon for
each patient (10% of all time steps). This interpolation set lies within the training window and
evaluates how well the learned dynamics fit observed data.

Model Selection. Across the random restarts, we selected the model with the highest posterior
predictive on the interpolation set, treating it like a validation set.

Model Evaluation. We assessed the quality of learned models along several axes:

e Inductive Bias. We evaluated each model’s posterior predictive on the test set.

e Learning Dynamics. We evaluated each model’s posterior predictive on the interpolation
set. Optimization for models that have worse interpolation set performance got stuck in poor
local optima.

e Constraint Satisfaction. We evaluated how well each model satisfied the constraints pro-
posed in Theorem 3. Since our real data experiments all require the SDE solution to lie in
the unit cube, the constraints are: (a) h%(z) > 0 if z¢ = 0, and h?(z) < 0 if 2% = 1, and (b)
g%(z) = 0if 2¢ € {0,1}. We do this via the metrics proposed below, which we approximate
via 100 Monte Carlo samples. In these metrics, z - (1 — eq) + €4 is z with dimension d set to
1, and z - (1 —eq) is z with dimension d set to 0.
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— Drift Validity Proportion (DRVP):

D,
: ZENAO,” [I(h%(z- (1 —eq) +eq) <0) +I(h%(z- (1 —eq)) >0)].
d=1

(170)

DRVP =
2D,

This computes the fraction of boundary for which the drift satisfies the constraints (higher
is better).

— Diffusion Validity Proportion (DIVP):

D

DIVP = % : XZ:]EZNU[O,H [T(g%(z- (1 —eq) +ea) <€) +1(g%z (1 —eq)) <e)],
Z d=1

(171)

for some small € = 0.001 to allow for very small positive values, since g(z) uses a softplus
activation. This computes the fraction of boundary for which the diffusion satisfies the
constraints (higher is better).

— Diffusion Distance to Valid (DIDV):

D
1 - d d
DIDV = 55~ ;Ezwum,ﬂ [g%(z - (1 —eq) +ea)| + |g%(z - (1 —ea))|] - (172)
This metric computes the average distance from the diffusion’s value on the boundary to
0 (lower is better).

H Descriptions of Real Data

The PhysioNet GLOBEM Data. GLOBEM is a public, multi-year collection of datasets for
longitudinal human behavior collected from 2018 to 2022 (Goldberger et al., 2000; Xu et al., 2022b).
A total of 497 unique undergraduates in the United States were recruited via email to participate
in the study. The collection is split into 4 datasets, one for each year, and each containing 155, 218,
137, and 195 participants, respectively.

In their study, participants downloaded a mobile app and wore a fitness tracker for 10 weeks. In
this work, we specifically focused on the EMA data collected via mobile surveys pertaining directly
to mental health, which consisted of 6 different psychometric instruments:

e Perceived Stress Scale (PSS-4) (Cohen et al., 1983): measures stress levels during the last
month, ranging from 0 to 16, with higher values indicating more perceived stress. This was
collected every Wednesday.

e Positive Affect and Negative Affect Schedule (PANAS) (Watson et al., 1988): captures positive
and negative affects, respectively, each on a range from 0 to 20. Higher values indicate higher
levels of positive/negative affect, respectively. This was collected every Wednesday and Sunday.

e Patient Health Questionnaire Mental Health (PHQ-4-MH) (Kroenke et al., 2009) ranges from 0
to 12, with higher values indicating a higher risk of mental health struggles. This was collected
every Sunday.

e Patient Health Questionnaire Anxiety (PHQ-4-A) (Kroenke et al., 2009) ranges from 0 to 6,
with higher values indicating a higher risk of anxiety. This was collected every Sunday.

e Patient Health Questionnaire Depression (PHQ-4-D) (Kroenke et al., 2009) ranges from 0 to
6, with higher values indicating a higher risk of depression. This was collected every Sunday.
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Of the four years of data available, we chose to use “DS2” from 2019, “DS3” from 2020, and “DS4”
from 2021 because these three datasets share the same EMA questions (“DS1” from 2018 did not
use the same EMA questions as the other 3 years). To ensure that we had sufficient data from each
patient used in training, we only included participants who had at least 10 observations recorded,
omitting 8 participants from DS2, 6 participants from DS3, and 4 participants from DS4.

For instruments with response scales extending beyond 0-10, we observed a small proportion of
values exceeding 10; specifically, across all patients and all time steps in the 3 datasets, we found
112 PHQ-4 mental health scores (0.1%), 400 PSS-4 scores (0.3%), 500 positive affect scores (0.3%),
and 2,445 negative affect scores (1.5%) greater than 10. As such, we truncated all values greater
than 10 to 10, such that a score of 10 represents the category “> 10.”

Because participants entered the study on different calendar dates, we converted all dates to patient-
specific, zero-anchored time indices, with time step 0 corresponding to each participant’s own study
start date. In our model, we measured time in days and then rescaled it by a factor of 1/5, com-
pressing the overall time horizon to reduce the computational cost of solving the SDEs.

The “SMART” EMA Data. A total of 623 individuals reporting suicidal thoughts and /or recent
suicidal behavior were enrolled from two Boston-area hospitals, who participated in the Sensing and
Mobile Assessment in Real Time (SMART) study at Harvard University (Nock et al., 2026). This
sample included 315 adults (18 years and older) recruited from a psychiatric emergency service and
308 adolescents (ages 12-19) recruited from a psychiatric inpatient unit.

Individuals were excluded if they did not own an iOS or Android smartphone, were unable to provide
informed consent or assent, lacked fluency in spoken or written English, or exhibited substantial
cognitive or behavioral impairment (e.g. florid psychosis, intellectual disability, dementia, acute
intoxication, or marked agitation or violence).

After enrollment, participants provided written consent/assent, completed a baseline questionnaire,
and installed the LifeData app on their smartphones. The app delivered brief self-report surveys.
Participants received $10 for the baseline assessment and $1 for each ecological momentary assess-
ment (EMA) survey they completed. All procedures were reviewed and approved by the institutional
review boards of the participating institutions.

EMA surveys captured momentary suicidal thinking—specifically the urge to engage in suicidal be-
havior, suicidal intent, and perceived ability to resist suicidal urges—as well as 17 affective states
(negative, hopeless, trapped, isolated, burdensome, angry, self-hate, agitated, worried, numb, fa-
tigued, humiliated, desire to escape, desire to avoid, energetic, and positive) rated on a 0-10 Likert
scale. In this work, we modeled four EMA survey items, all on a 0-10 Likert scale, with higher
values indicating higher intensity: stress, negative affect, desire to escape, and urge to die. Surveys
were administered six times per day over a three-month period. The first and last surveys of each
day occurred at fixed times selected collaboratively with each participant, whereas the remaining
surveys were delivered at random times between these anchors.

Participants also had the option to initiate additional surveys at any time, for instance to report
a suicide attempt, non-suicidal self-injury, or other significant events. A dedicated risk-monitoring
team reviewed incoming data in real time and intervened when participants reported elevated suicidal
intent (further details available upon request).

Similar to the PhysioNet GLOBEM dataset, we also converted all dates to zero-anchored time
indices. Since surveys were delivered at random times, we discretized time into 6 intervals per day
such that responses within the same interval were considered to be administered in the same time
bucket. If multiple responses from the same patient fell into the same bucket (84% of observations),
we took the maximum to capture peak distress. This reduces the amount of noisy data while
preserving critical psychological signals. The final time indices were rescaled by a factor of 1/20 to
compress the time horizon and reduce the computational cost of solving the SDEs. Finally, after
this preprocessing, to ensure that we had sufficient data from each patient used in training, we only
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Figure 4. WSP exhibits better inductive bias than baselines given smooth, pathwise expansion
of Brownian motion. Top left: Stratonovich-SDE with NN quickly leaves K = [0,1]. Top & bottom
right: Stratonovich-SDE transformed via sigmoid sticks to the boundary. Bottom left: Stratonovich-SDE
with WSP successfully remains in K. Note: for Egs. 2 and 3, we used the Stratonovich chain-rule instead
of Itd’s lemma.

included participants who had at least 20 observations recorded, resulting in a final cohort of 201
patients.

I Results

I.1 Inductive Bias with Smooth, Pathwise Expansion of Brownian Motion

Since SDE solvers are slow and unstable, prior work focused on finding mechanisms to use ODE
solvers instead. ODE solvers are known to be more numerically stable, accurate, and well-behaved
when used with adaptive step-sizes. Prior work has used several strategies to accomplish this. For
example, prior work approximates the first two moments of the time-marginal using the Fokker-
Planck-Kolmogorov (FPK) equation, which can then be solved using an ODE solver—this is known
as the “Gaussian Assumed Approximation” (Sérkki and Solin, 2019). In diffusion models, prior work
derived an FPK-based, fast, numerically stable process that samples from the same distribution
as the SDE using an ODE solver—this is called the “probability flow ODE” (Song et al., 2021).
Finally, prior work (e.g. Ghosh et al. (2022)) replaces Brownian motion with the Karhunen-Loeve
Expansion (Sarkké and Solin, 2019)—see Eq. 161. In Fig. 4, we empirically demonstrate that WSP
exhibits the same inductive bias in comparison to baselines, even under this pathwise expansion.

1.2 Stationary SDEs on r-Polyhedra

In Fig. 5, we show that, for any neural diffusion with WSP (Eq. 5) with randomly generated weights,
we can always construct a drift, given by Theorem 5, with dynamics that are viable in K = [0, 1]
and induce the target time-marginal. Moreover, like their general counterparts, these stationary
dynamics overcome the shortcomings of the baseline dynamics in Eqs. 1-3.
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Figure 5. Stationary SDE exhibits better inductive bias than baselines. Given a target time-
marginal, given any diffusion with WSP, we can always derive a corresponding drift via Theorem 5 that is
viable in K and has the target stationary distribution. Like the general dynamics, these dynamics overcome
the shortcomings of the baseline dynamics in Egs. 1-3. Here, our diffusion is a NN with randomly initialized
weights, with each color corresponding to a different seed. Note: the target time-marginal is not normalized.
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1.3 Visualizations of Latent SDE Posterior Samples from the “SMART” Data

Figs. 6-17 visualize the posteriors of latent neural SDEs of various patients in the “SMART” dataset
across all baselines—Vanilla, Vanilla4Clip, , and WSP-+Clip. These results consistently
show that:

1. WSP-based dynamics respect the specified clinical constraints and avoid assigning probability
mass to impossible outcomes: the constraint-satisfaction metrics are perfect for WSP, by
construction, and are far from perfect for Vanilla and Vanilla4Clip.

2. These constraints guide optimization toward better minima: the WSP-based model exhibits
better interpolation performance, indicating optimization converged to better optima. In con-
trast, the Vanilla and Vanilla+Clip model often struggles to fit the interpolation set, even
though it lies in the same time region as the training data.

3. Altogether, the WSP-based model exhibits a better inductive bias for forecasting.

We, again, note that although WSP substantially improves forecasts, it still cannot reliably infer
a patient’s true state in the second half of the study just from the first half—EMA data is too
stochastic for any model to be this accurate. Accordingly, we present examples where WSP forecasts
are strikingly good (closely tracking the forecasting set or its overall trend) alongside examples where
all dynamics miss the target entirely. Taken together, these results show that WSP’s inductive
bias can markedly improve forecasting, and suggest that incorporating additional clinical knowledge
could yield similarly large gains.
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Figure 6. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-
sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.
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Figure 7. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-
sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.



Neural SDEs

on Compact Spaces: Theory, Methods, and Application to Suicide Risk

44

Interpolation
Forecast

Train
Interpolation
Forecast

o
xa
X X
x x
I}
XXX X Xx x O
X x
X
X X
x x
X
X x o x 00
XXX X x o
X
x X oo
X o
X
XX 0
x X X
x x X
~ x Train L0~ o Train
O Interpolation 0.9 O Interpolation
o Forecast 08 Forecast
0.7
%‘0.6
50.5
£04
X 0.3
X xOx x 0.2
X X 0.1
0.0
2 4 8 10 0 2 10

Figure 8. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-

sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.



Neural SDEs on Compact Spaces: Theory, Methods, and Application to Suicide Risk

45

x Train

O Interpolation
Forecast

X
o
o

Train
Interpolation
Forecast

0.9 X XXxO

0.7 xO

O XXXX

o0

00

00

x Train

O Interpolation
08 o Forecast

x

ox

10

Train
Interpolation
Forecast

Figure 9. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-
sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.



Neural SDEs on Compact Spaces: Theory, Methods, and Application to Suicide Risk 46

Lo x Train r L0 x Train
0.9 O Interpolation 0.9 O Interpolation
0.8 3 o Forecast 0.8 o Forecast

L0~ Train L0~ o Train
0.9 O Interpolation 0.9 O Interpolation

08 o Forecast 08 o Forecast

Figure 10. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-
sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.



Neural SDEs on Compact Spaces: Theory, Methods, and Application to Suicide Risk 47

booooooo

206 x Train
£0.5 O Interpolation
€04 O Forecast

206 x Train
€05 O Interpolation
€04 O Forecast

€05 X X XXXXOOOXX®O00000000

0.5 XXXXX XXXXOOOXXPOO00O00000

€0.5 | XXXX XXXXOOOXX®00000000

206 x Train 206 x Train
€0.5 O Interpolation c0.5 O Interpolation
€04 O Forecast €04 O Forecast

Time

Figure 11. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP+Clip (bottom right). Each row rep-
resents a different EMA survey item, listed in Appendix H. For this particular patient, all models make
poor forecasts for the top three dimensions, but WSP does substantially improve forecasting for the fourth
dimension (bottom row). See discussion in Appendix 1.3.



Neural SDEs on Compact Spaces: Theory, Methods, and Application to Suicide Risk

48

1.0 1.0}
0.9 0.9
0.8 ! 0.8
0.7 \ 0.7
206 ? 20.6
205 : 205
b H 2
£04 ! £04
03 i 03
0.2 1 0.2
0.1 i 0.1
0.0 t 0.0
1.0 1.0
0.9 0.9
0.8 0.8
0.7 0.7
206 206
E 0.5 E 05
£04 £04
0.3 0.3
0.2 0.2
0.1 0.1
0.0 0.0
10 1.0k
0.9 0.9 [
0.8 0.8
0.7 0.7
206 206
§os % 05
£04 £04
0.3 0.3
0.2 0.2
0.1 0.1
0.0 0.0
L0~ Train L0~ Train
09" g Interpolation 09" 5 Interpolation
Forecast Forecast

~ x Train
0.9 O Interpolation

T x Train
09 g Interpolation

0.8 o Forecast 4 S 08 o Forecast
0.7 o 0.7
206 206
@ @
505 XX =} o} 505
204 x 0O X c04
03 X x X X1o o 0.3
0.2 xox o o 0.2
0.1 X X oo 0.1 i
0.0 0.0 @
0 2 4 6 8 10 0 2 4 6 8 10
Time Time

Figure 12. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-
sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.
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Figure 13. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-
sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.
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Figure 14. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-
sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.
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Figure 15. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-
sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.
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Figure 16. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-
sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.
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Figure 17. Qualitative Comparison of Posterior for Specific Patient from Vanilla (top left),
Vanilla+Clip (top right), WSP (bottom left), and WSP-+Clip (bottom right). Each row repre-
sents a different EMA survey item, listed in Appendix H. See discussion in Appendix I.3.
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I.4 Visualizations of Latent SDE Prior Samples from the “SMART” Data
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Figure 18. Qualitative Comparison of Prior Samples from Vanilla (top left), Vanilla+Clip (top

right), WSP (bottom left), and WSP+Clip (bottom right). Each row represents a different EMA
survey item, listed in Appendix H. WSP ensures prior samples remain viable whereas baselines do not.
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