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ABSTRACT

Efficient inference is a key objective of post-training, yet the computational ben-
efits of unstructured pruning remain largely unrealized on modern hardware.
Although unstructured pruning techniques can identify sparse models, existing
Sparse Matrix-Vector Multiplication (SpMV) GPU kernels perform poorly and do
not translate theoretical reductions in FLOPs to actual wall-clock speedups. To
bridge this gap, we propose MACKO-SpMV, a GPU-optimized format and ker-
nel co-designed to unlock the potential of post-training sparsificaion. By reducing
storage overhead while remaining compatible with the GPU’s execution model,
MACKO enables efficient SpMV for unstructured sparsity without specialized
hardware units or precomputation. At 50% sparsity, MACKO is the first approach
to achieve 1.5× memory reduction and 1.2–1.5× speedup over the dense base-
line as well as substantial improvements over other SpMV methods: cuSPARSE
(2.8–13.0×), Sputnik (1.9–2.6×), and DASP (2.2–2.5×). Applied to LLM via
post-training pruning Wanda, our approach delivers 1.5× faster inference at fp16
precision and requires 1.5× less memory at sparsity 50%. As a result, unstruc-
tured sparse neural networks at 50% sparsity become practical for real-world
LLM workloads and unstructured sparsity yields practical improvements over
structured 2:4 sparsity.

1 INTRODUCTION

Large Language Models (LLMs) (Zhang et al., 2022; Touvron et al., 2023; Dubey et al., 2024;
Team et al., 2024; Jiang et al., 2024; Abdin et al., 2024) have revolutionized natural language pro-
cessing and related fields. Modern post-training methods including Supervised Fine-Tuning (SFT),
Reinforcement Learning from Human Feedback (RLHF (Cobbe et al., 2021)), and Direct Prefer-
ence Optimization (DPO (Rafailov et al., 2023)) are increasingly focused on large scale tasks that
demand extensive inference: long-context processing, chain-of-thought reasoning, and generation
of extended reasoning traces (Wei et al., 2022). These post-training advances have significantly
increased the inference compute required per request.

Sparse neural networks offer a promising path to address this challenge, primarily through post-
training pruning techniques. Methods such as magnitude pruning, Wanda (Sun et al., 2023), and
SparseGPT (Frantar & Alistarh, 2023) can remove 30-95% of model weights with minimal degrada-
tion in model quality, enabling substantial memory reduction and potential speedups. However, this
efficiency promise remains largely unrealized in practice due to a fundamental systems bottle-
neck: inefficient Sparse Matrix-Vector Multiplication (SpMV) during inference. SpMV is the dom-
inant kernel in sparse LLM inference across QKV projections, up and down projections, and fully
connected layers (Xia et al., 2023). Although post-training methods successfully produce sparse
models, existing inference systems cannot efficiently exploit the unstructured sparsity patterns they
generate, creating a deployment gap that prevents these efficiency gains from materializing.

Much research has focused on improving SpMV (Greathouse & Daga, 2014; Kreutzer et al., 2014;
Yan et al., 2014; Liu & Vinter, 2015; Merrill & Garland, 2016; Gale et al., 2020; Niu et al., 2021;
Gómez et al., 2021; Zheng et al., 2022; Du et al., 2022; Lu & Liu, 2023; Lin et al., 2025), but all

1



Published as a workshop paper at the 1st Workshop on Scaling Post-training for LLMs (SPOT),
ICLR 2026

0 10 20 30 40 50 60 70 80 90
Sparsity [%]

0

200

400

600

800

1000

1200

1400
R

u
n
ti

m
e
 [

s]

25% 65% 71%

cuBLAS

cuSPARSE

MACKO

DASP

Sputnik

(a) SpMV runtime for matrix size 36864, 12288
in fp16 on an RTX 4090 GPU. Using MACKO,
sparse computation exceeds the performance of
dense at sparsity as low as 25%. The improvement
of this work is displayed as highlighted region.
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fective density is shown for MACKO.

Figure 1: Runtime and storage efficiency of MACKO.

these approaches suffer from one or more of the following disadvantages: they depend on special
hardware support, require extensive precomputation, or are targeted at high sparsity levels.

To address these challenges, we propose MACKO-SpMV, the Mutually Aligned Compressed coor-
dinates Kernel Optimized for Sparse Matrix Vector multiplication. MACKO uses strategic padding
to achieve mutual alignment between coordinates and values, with negligible overhead in average
cases and bounded worst-case cost. This enables efficient GPU implementation and as a result,
state-of-the art memory reduction and speedup for 30− 90% sparsity.

We evaluate MACKO against three state-of-the-art SpMV implementations—cuSPARSE, DASP
(Lu & Liu, 2023), and Sputnik (Gale et al., 2020), as well as a dense baseline cuBLAS, using
different consumer GPUs. For FP16 precision at 50% sparsity, MACKO is the first method to
achieve a meaningful 1.2–1.5× speedup and 1.5× memory reduction over cuBLAS1. Furthermore,
MACKO outperforms all baselines on all sparsity levels from 30% to 90% on all tested GPUs. These
improvements directly lead to faster and more memory-efficient end-to-end sparse LLM inference.

2 BACKGROUND AND RELATED WORK

2.1 NVIDIA GPUS

NVIDIA GPUs consist of multiple streaming multiprocessors (SMs) and a hierarchical memory
structure. The smallest unit of execution is a thread. The threads are grouped into thread blocks that
form the grid. 32 threads within a block are grouped into a warp and are executed simultaneously
in single instruction multiple threads (SIMT) mode on SM. The index of the thread within a warp is
called lane. The memory hierarchy consists of high latency global memory accessible by all threads,
shared memory within each SM shared by threads in a thread block, and a fast but limited number
of registers private to each thread (Guide, 2013). Access to global memory has approximately 15
times higher latency than access to shared memory, which in turn has approximately 30 times higher
latency than access to registers (Luo et al., 2024). Threads can also communicate with each other
in a limited way with the use of warp shuffling. Based on the shuffling pattern, this communication
can be as fast as register access or as slow as shared memory access.

2.2 PRUNING

Pruning emerged as a promising model compression technique for reducing the computational and
memory demands of LLMs. It reduces the number of non-zero weights by removing the least im-

1cuBLAS is the strongest baseline at this sparsity level.
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portant connections. In case the sparsity structure is unconstrained, multiple methods were able to
prune a large percentage of weights without much quality degradation (LeCun et al., 1989; Fran-
tar & Alistarh, 2023; Ma et al., 2023; Sun et al., 2023; Zhang et al., 2024; Boža, 2024; Boža &
Macko, 2024; Lee et al., 2025). These methods mainly target sparsity around 50% with recent work
achieving sparsity up to 90%(Lee et al., 2025). Unfortunately, they often provide no or very limited
practical memory reduction or speedups.

The main bottleneck is the lack of efficient formats for storing sparse matrices and fast SpMV GPU
kernels. Many works proposed methods to improve SpMV through vertical slicing (Gómez et al.,
2021; Kreutzer et al., 2014), 1D tiling (Gale et al., 2020), 2D-tiling (Yan et al., 2014; Niu et al.,
2021), balancing workload by reconstructing nearly even-sized basic working units (Greathouse &
Daga, 2014; Liu & Vinter, 2015; Merrill & Garland, 2016), utilization of hardware acceleration
(Zheng et al., 2022; Lu & Liu, 2023), extensive precomputation and optimization (Du et al., 2022;
Lin et al., 2025). All these approaches suffer from one or more of the following disadvantages: they
depend on special hardware support, require extensive precomputation, enforce specific sparsity
patterns or are targeted at high sparsity levels.

A common way to address the problems with sparsity is to impose constraints on the structure of
non zero elements (Lagunas et al., 2021; Ma et al., 2023; Ashkboos et al., 2024). Different types of
constraints were proposed and successfully utilized to achieve practical performance benefits. The
most popular are: block sparsity which allows sparsity only at a level of blocks (for example, the
whole 8 × 8 must be filled with non zeros or be completely empty) (Gray et al., 2017), and N:M
sparsity (usually 2:4) which decomposes the matrix into blocks with M elements and enforces N
out of those elements to be non zero (Lin et al., 2023; Castro et al., 2023). However, enforcing
structural constraints often leads to an inferior model accuracy and less flexibility in model design.

3 GAPS AND OPPORTUNITIES

To analyze the bottlenecks in SpMV, we employ the Roofline model (Williams et al., 2009) and
consider the Compute Intensity (CI) of dense matrix-vector multiplication (MV) and sparse matrix-
vector multiplication (SpMV) for 16-bit values compared to ops per byte of modern GPUs.

Modern GPUs can generally perform much more operations than byte movements in a given time.
This is captured by quantity ops per byte (OPB), defined as the ratio of peak floating point operations
per second (FLOPS) to peak memory bandwidth (BW). For common GPUs OPB ≫ 1 (80 for RTX
4090, 38 for RTX 3090, and 45 for RTX 2080). For a matrix with R rows and C columns, the
compute intensity is defined as the ratio of operations performed to the number of bytes read from
and written to memory.

CIMV =
2 ·R · C

2 (R · C +R+ C)
≈ 1

Given a matrix density d = nnz
R·C = 1− sparsity, we define effective density effd , a measure of how

much memory the sparse matrix requires (storage) compared to dense representation, counting all
bytes required to store the bval-bit values and all bytes required to store the sparsity structure.

effd =
storage

R · C · bval

For sparse matrix-vector multiplication, the number of necessary operations decreases and the num-
ber of accessed bytes depends on the effective density effd .

CISpMV =
2 · d ·R · C

2 (effd ·R · C +R+ C)
≈ d

effd
< 1

Because OPB ≫ CISpMV and OPB ≫ CIMV , both MV and SpMV are primary limited by
memory bandwidth. This is a great opportunity because improving the effective density of the
sparse matrix format directly translates into less time spent on memory operations and improved
performance of SpMV, as long as the computation stays compatible with the SIMT execution model
and the computational overhead is sufficiently small (up to 38 operations per byte).
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3.1 ANALYSIS OF STORAGE FORMATS

Improving the memory of the storage format directly translates into lowering the lower bound on
SpMV execution time. We conduct a comparative analysis of several widely-used sparse matrix
formats: CSR used by Sputnik (Gale et al., 2020) and other CUDA-core SpMM implementations,
Tiled-CSL used in Flash-LLM (Xia et al., 2023), and bitmask (Fan et al., 2025). To make the
equation simpler, we disregard terms that are negligible for large matrices, such as row pointers in
CSR or constant terms. In ideal case the format would only store non zero values and effd = d
which is not achievable in practice2. On the other hand, dense representation provides effd = 1.

CSR32/CSR16 represents sparsity by storing column indices for each non-zero value as 32 or 16 bit
integers, resulting in an effective density of effdCSR32 = d · 32+bval

bval
and effdCSR16 = d · 16+bval

bval
.

Tiled-CSL divides the matrix into NT tiles and stores column indices within each tile using 16 bits.
For each tile, it also stores its starting offset using 32 bits. The size of these tiles is usually set to at
least 128 × 64, making the number of tiles NT negligible compared to the total number of values,
resulting in an effective density of effdTiled−CSL = d · 16+bval

bval
+ 32NT

R·C·bval
.

2:4 sparsity imposes a constraint on the sparsity structure that enforces at most 2 elements to be
non-zero for every 4 elements. It represents the matrix as a list of non-zero elements with 2 bit index
for each element and is only applicable at density 0.5. Final effective density is effd2 :4 = 0.5+ 1

bval
.

Bitmask is one of the best formats in terms of effective density in a high density setting 3. It uses one
bit per value of the original matrix to indicate whether it is zero or non-zero and an array of non-zero
values. The size of the bitmask is independent of the matrix sparsity and sparsity pattern, making
it a robust choice for high-density matrices, resulting into effective density effdbitmask = d + 1

bval
.

Even though this format offers great compression and was successfully used on CPUs (Kurtic et al.,
2025), it suffers from poor memory access patterns on GPUs. We are unaware of any efficient GPU
SpMV implementation using bitmasking, although it has been used successfully in the matrix-matrix
multiplication setting (Fan et al., 2025).

Figure 1b shows effective densities across density levels of the input matrix. MACKO has a lower
effective density than CSR formats throughout the region of interest and even outperforms bitmask
encoding at low density d < 0.23. Using MACKO to match the compression rate of 8-bit quantiza-
tion, it is sufficient to achieve 60% model sparsity compared to 83% for CSR.

4 DESIGN

MACKO is inspired by the well-known CSR format. Recall that CSR represents the sparse matrix
M as 3 arrays:

• values: list of non zero values of M in row major order (nnz entries, bval bits per entry).
• column indices: column index of each value (nnz entries, 16 or 32 bits per entry).
• row pointers: indices of row beginnings in the values and column indices ar-

rays (R+ 1 entries, 32 bits per entry).

MACKO takes the column indices for each row and compresses them using delta encoding.
Then it limits the deltas to a predefined range of [1, 2b∆ ] by selectively including 0 values in the final
encoding with a straightforward greedy strategy. Instead of storing these deltas, we store delta-1 as
b∆-bit unsigned integer. Added padding increases the number of encoded values from the original
matrix M and the length of the arrays that hold values and deltas increases from nnz to pad nnz.
We show that this overhead is well bounded in the worst case and almost negligible in the expected
case. Mutual alignment of compressed coordinates and values enables efficient GPU kernel design
and fast execution. The resulting MACKO format looks as follows:

• values: list of non zero values of M in row major order with 0 for padding (pad nnz
entries, bval bits per entry).

2effd = d is achievable only if the sparsity pattern is fully predetermined.
3Provably optimal for density 50%, see Appendix C.
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• deltas: delta encoded column indices, with fixed bit width (pad nnz entries, b∆
bits per entry).

• row pointers: indices of row beginnings in the values and column indices ar-
rays (R+ 1 entries, 32 bits per entry).

MACKO

Figure 2: Example of MACKO storage for-
mat with 16 bit values and 2 bit deltas
(bval = 16 b∆ = 2) compared to CSR16.

Figure 2 shows an example for bval = 16 and
b∆ = 2 for one row having values [1, 2, 3, 4] with
column indices [2, 5, 12, 13] (1 based index for sim-
plicity), MACKO inserts one 0 at columns 9. The
values with padding will be [1, 2, 0, 3, 4] and the
deltas [2, 3, 4, 3, 1]. MACKO trades a significant
decrease in the size of deltas compared to the
column indices for a modest increase in the size
of values.

Because GPU memory storage is organized into 8-
bit words, we pack 8

b∆
values together using bit

shifting. This limits the natural values for b∆ ∈
{1, 2, 4, 8}. Although MACKO can be used with
many combinations of bval and b∆, we focus on
bval = 16 and b∆ = 4 because it has good trade-offs between compression and generality across all
density levels relevant for neural network pruning.

4.1 EFFECTIVE DENSITY ANALYSIS

MACKO introduces overhead in the form of value padding. We analyze the impact of this padding
on the effective density effdMACKO under 3 scenarios: the best case, the expected case, and the
worst case.

Best case. If the difference between all column indices is at most 16, no value padding needs to be
introduced, and only overhead comes from the deltas. best effdMACKO = d bval+b∆

bval
.

Worst case. If all zeros in the matrix M are in segments of length 16, they all need to be covered by
padding, and we need to add R · C · (1−d)

2b∆
new values. worst effdMACKO =

(
d+ 1−d

2b∆

)
bval+b∆

bval
.

Expected case. We assume all elements of M have a uniform, independent probability d of being
non zero and define z = (1−d)2

b∆ . The expected density of the padding elements can be computed
as a sum of geometric series and ends up being d z

1−z . exp effdMACKO = d
(
1 + z

1−z

)
bval+b∆

bval
.

z
1−z starts to be noticeable only at low density d < 20%, and is dominant at very low density of
d < 4%. The assumption that non-zero elements occur with uniform and independent probability
may be too strong for practical use-cases. Sparsity patterns in LLM pruning could exhibit adversarial
structure, however empirical results at subsection 5.1 shows that to not be the case. Thanks to this
new format, unstructured sparse matrices match the memory footprint of dense representation for
density as high as 0.78 (sparsity as low as 22%).

4.2 SPLITK MATRIX-VECTOR MULTIPLICATION

MACKO is based on a SplitK GPU algorithm for computing general matrix multiplication
(GEMM) (Corporation, 2025), adapted for general matrix-vector multiplication (GEMV). The work
is naturally parallelized across rows of the input matrix M , with each row Mr assigned to one warp
of 32 threads. The threads in one warp collaborate to compute one value in the result vector Yr as
a product of one row Mr and vector V . The computation is parallelized across rows and across the
common matrix dimension (in matrix-matrix multiplication commonly denoted as k).

For a given row r at each step i, the threads in the warp collaboratively load 32 consecutive elements
from Mr and from V , one element per thread. Then each thread tlane computes the corresponding
product Mr,32i+laneV32i+lane and the computation advances to the next consecutive 32 elements.
After the whole row is iterated through, each thread holds part of the final product. These parts are
summed using warp shuffling primitives and stored in the result matrix.
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4.3 MACKO-SPMV

MACKO parallelizes the work in the same way as SplitK algorithm. Each row r of M is processed
independently by a warp of 32 threads that collaboratively compute one output Yr. MACKO is
parametrized by bval, the number of bits required to store a nonzero value, and b∆, the number of
bits for each delta. We present the case where bval = 16 and b∆ = 4. MACKO computation can be
split into the following parts: (1) loading deltas and values from M (2) reconstructing column
indices (3) loading values from V and final computation. We describe the algorithm for r-th row
Mr of the input matrix M . The values and deltas for this row start at the index row pointers[r]
(inclusive) and end at the index row pointers[r+1] (non inclusive).

Loading deltas and values from M . At each step, MACKO loads and processes load size = 8
elements per thread. Each warp loads 128 consecutive bytes worth of deltas, which is four 8-bit
words containing eight 4-bit deltas per thread. Each warp loads 512 consecutive bytes worth of
values, which is eight 16-bit values per thread. This is closely aligned with the hardware memory
hierarchy and internal functions, because GPUs issue memory loads in 128 byte transactions. By
selecting this load pattern, we are fully utilizing every memory transaction. We can make use of a
similar memory loading pattern for other combinations of bval and b∆, discussed in subsection F.1.

Reconstructing column indices. Each thread holds load size deltas in its registers. To reconstruct
the column indices, each thread needs to know the sum of all deltas stored in the previous threads.
This sum can be efficiently computed without any impact on memory bandwidth, which only adds
computational overhead, not a memory overhead. Because matrix-vector multiplication is a memory
bound, this overhead does not translate to runtime slowdown. To perform the sum, each thread first
computes the sum of its load size deltas (local sum) sequentially. The threads then collaborate
to compute an exclusive prefix sum of the local sum values across the warp. This is done using a
binary reduction tree with depth log2(warp size) = 5. At each level l of this tree, each thread holds
the sum of previous 2l threads. After function 1 is called, each thread will hold prefix sum of all
deltas held by the previous threads. Finally, all threads can sequentially compute column indices
corresponding to their values loaded from M . At the end of each step, the last thread knows the sum
of all deltas used in that step. We broadcast this value to all other threads in constant time using
shfl sync(sum, 31).

Loading values from V and final computation. After each thread reconstructs the original column
indices, it can load the corresponding value from the vector V and multiply it with the value already
loaded from M . Each thread performs this for all its load size values and accumulates the sum of
these products. After processing the whole row, each of the threads holds a partial dot product of
the result Yr. We sum these partial results again using warp shuffling and store the final result.

4.4 OPTIMIZATION TECHNIQUES

Vectorized loading is an essential tool for mitigating bandwidth bottlenecks (Luitjens, 2013; Gale
et al., 2020). It requires each thread in a warp to read consecutive chunks of 4, 8 or 16 bytes
with addresses aligned to their respective lengths. The first consequence is that the length of the
values and deltas arrays must be a multiple of 16 bytes. We solve this by padding these
arrays with zeros at the end, which for non trivially large matrices adds only a negligible constant
overhead. Because MACKO does not put any constraints on the number of non zeros in each row, the
first load size elements of a row (with their corresponding deltas) may not be properly memory
aligned for vectorized loading. The straightforward solution would be to pad the end of every row.
We employ a more efficient technique of reverse offset memory alignment (ROMA)(Gale et al.,
2020). After loading the row offset and calculating the row length, each thread decrements its row
offset to the nearest vector-width-aligned address and updates the number of nonzeros that it needs
to process. Finally, threads mask any values and deltas that were loaded from the previous row
prior to accumulating the result in the first iteration of the main loop. Other GPU optimizations are
mentioned in Appendix D.

5 PERFORMANCE EVALUATION

Following the methodology of SpInfer-SpMM (Fan et al., 2025), we evaluate MACKO on random
matrices using a diverse set of sizes derived from popular LLM models. Details in Appendix H.
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Figure 3: Relative speedup over cuBLAS across different matrix sizes.

We evaluate MACKO across a range of sparsity levels against (1) dense representation and cuBLAS
library provided by GPU vendor (NVIDIA Corporation, 2025a) (2) cuSPARSE, sparse library pro-
vided by vendor (Naumov et al., 2010; NVIDIA Corporation, 2025b) (3) DASP, state-of-the-art
SpMV library (Lu & Liu, 2023) (4) Sputnik, state-of-the-art SpMM library (Gale et al., 2020). The
evaluation is conducted for the sparsity levels between 0% and 95% for completeness, even though
the most interesting range for pruning is between 30% and 90%.

The SpMV experiments are performed on three different NVIDIA GPUs: RTX 2080 SUPER, RTX
3090 and RTX 4090. We measure the multiplication time in µs, averaged over 1000 runs with 100
iterations for warm starting. To model the LLM inference where different weights need to be loaded
from GPU memory, we invalidate the GPU cache before every run.

Figure 3 shows performance on different GPUs normalized by cuBLAS runtime. MACKO outper-
forms cuBLAS for all levels of sparsity above 30%, reaching 1.3× speedup at 50% sparsity and
1.96× at 70% sparsity, all the way to 5.62× at 95% sparsity. MACKO outperforms all baselines
across all GPUs for all sparsities between 30% and 90%. MACKO consistently outperforms cuS-
PARSE for all GPUs and all measured sparsity levels, except for the extreme sparsity of 95% where
it is also outperformed by Sputnik. This is impressive as MACKO does not introduce any tunable
parameters and works for all matrix sizes, sparsity levels, and GPU models.

5.1 END-TO-END LLM INFERENCE

Table 1: Size and speed of Llama2-7b pruned with
Wanda in dense compared to MACKO.

SPARSITY DENSE
SIZE
[GB]

MACKO
SIZE
[GB]

DENSE
SPEED
[TOKS/S]

SPARSE
SPEED
[TOKS/S]

20% 13.59 13.77 66.55 66.36
30% 13.59 12.08 66.49 73.88
40% 13.59 10.53 66.48 85.46
50% 13.59 8.87 66.53 98.60
60% 13.59 7.14 66.51 119.27
70% 13.59 5.61 66.50 150.78
80% 13.59 4.06 66.54 193.79
90% 13.59 2.67 66.48 255.01

We further perform End-to-End evaluation on
Llama2-7b (Touvron et al., 2023) pruned to
various sparsity levels with Wanda (Sun et al.,
2023) pruning algorithm in the unstructured
mode. We measure the time and memory re-
quirements to generate 100 tokens from an
empty prompt. This is closely aligned with a
real world use case that often decouples the pre-
fill and decode phase (Oh et al., 2024; Patel
et al., 2024; Zhong et al., 2024). We compare
the dense representation using cuBLAS multi-
plication with MACKO. Because MACKO is a
loss-less format, for a set seed, these two mod-
els produce the exact same output up to mi-
nor numerical instabilities caused by float arith-
metic. All experiments are run on RTX 4090.

Table 1 shows that MACKO consistently pro-
vides speedup and memory reduction for all
sparsity levels above 30%. For sparsity 50% we observe 1.53× memory reduction and 1.4×
speedup. The size of the model is higher than one would expect based on the model sparsity at
high sparsity levels because Wanda does not prune the input embedding layer nor the output head.
For Llama2-7b, these layers have 262.144 MB, which is only 2% of the original model, but 10% of
the model size pruned to 90% sparsity.
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5.1.1 COMPARISON WITH 2:4 SPARSITY
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Figure 4: Comparison of unstructured spar-
sity and 2:4 structured sparsity with Wanda
pruning. Point are annotated with the model
density.

Unstructured sparsity enables models with low den-
sity while maintaining strong model quality. How-
ever, evaluations often omit reporting effective den-
sity or speedup. In contrast, structured sparsity is
used to obtain predictable speedups and memory re-
duction, but it is limited to 50% density and leads to
significant degradation in model quality.

We compared these pruning approaches on Llama3-
8B/70B models (Dubey et al., 2024) using Wanda
(Sun et al., 2023) calibrated with 256 RedPajama
(Weber et al., 2024) samples. We then evaluated
pruned models using WikiText2 (Merity et al., 2016)
perplexity.

Figure 4 demonstrates that unstructured pruning
with MACKO format outperforms structured prun-
ing in the perplexity - effective density trade-off.
At the same perplexity, unstructured sparsity with
MACKO delivers higher memory reduction (lower
effective density) and higher 1.8× speedup com-
pared to 1.6×. At the same effective density, unstructured sparsity achieves significantly better
perplexity: 6.43 compared to 8.15 for 70B model and 11.28 compared to 23.58 for 8B model4.

5.2 EXTENSIONS AND CURRENT LIMITATIONS

Theoretically, MACKO can achieve 1.6× speedup at sparsity 50%, while our current implementa-
tion achieves 1.2 − 1.5× speedup. The biggest possible improvement of MACKO is to introduce
hardware specific optimization. Under optimal setup it is possible to achieve the same memory band-
width as cuBLAS which will translate to 1

effd speedup. The second possible venue for improvement
is optimization for higher sparsity levels above 95%, where MACKO is outperformed by Sputnik.
At these levels, the value padding becomes the dominant driver of effective density and memory
bandwidth is further used by sparse access to values from vector V . Thirdly, we hope to extend this
work in the future to accommodate the combination of pruning and quantization. While MACKO
shows a promising effective density even for low precisions of bval = 8 and a viable effective density
for bval = 4, more optimization is needed to support efficient SpMV in these settings.

6 CONCLUSION

In this paper, we introduced MACKO, a novel format for representing sparse matrices at low sparsity
levels accompanied by an efficient SpMV implementation for GPUs using this format. We identified
effective density as a primary bottleneck in SpMV and proposed a solution based on coordinate
compression and strategic padding. The experimental results show that MACKO brought significant
memory reduction and speedup over all SpMV baselines as well as a dense alternative for sparsity
between 30% and 90%. As seen in Figure 1a, MACKO breaks the barrier of practical usability for
sparsity 50%. Future work will aim to extend these techniques to lower precisions (8-bit and 4-bit
values), matrix-matrix multiplication with small batch dimensions and across even wider range of
GPU models.

SOFTWARE AND DATA

The MACKO-SpMV library is open-source and available at github.com/vlejd/macko spmv. It in-
cludes implementation of the MACKO-SpMV cuda kernel, matrix conversion utilities, as well as
integration into the torch library with enabled torch compilation.

4See Appendix G for details on 2:4 sparsity speedups.
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A NOTATION

• input vector: V
• input matrix: M
• output vector: Y = MV

• number of non zeros in M : nnz
• number of rows and columns in M : R,C

• density of M : d = nnz
R·C

• sparsity of M : s = 1− d

• effective density effd of a storage format: effd = real storage
R·C·bval

• number of bits to store one value in M : bval
• number of bits to store one delta in MMACKO : b∆
• max delta: 2b∆

• compute intensity: CI
• operations per byte ratio: OPB

• matrix-vector multiplication: MV
• sparse matrix-vector multiplication: SpMV

B LLM ARCHITECTURE AND INFERENCE PROCESS

LLMs are built on transformer architecture (Vaswani et al., 2017; Zhao et al., 2023), which relies
on self attention mechanisms and fully connected layers. Input token embeddings are transformed
into Query (Q), Key (K), and Value (V) matrices through linear projections. The attention process
involves multiplying the Q and K matrices, producing attention scores that weigh the V matrix.
Additionally, each transformer layer includes a Feed Forward Network (FFN) that refines token
embeddings through two linear transformations with a non-linear activation in between. In case
of a pruned LLM model, the Q, K and V projections from the attention part, as well as linear
transformations in FFN, become sparse matrix multiplications.
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LLM inference consists of two phases: the prefill and decode phases. During the prefill phase, the
entire input prompt is processed in parallel via sequence of matrix-matrix multiplications, while the
autoregressive decode phase generates tokens sequentially one token at a time via matrix-vector mul-
tiplications. The performance of LLMs is limited mainly by the decoding stage due to its sequential
nature (Xia et al., 2023).

C LIMITS ON OPTIMAL STORAGE FORMAT FOR SPARSE MATRICES

Every lossless sparse matrix storage format needs to store the element values and enough addi-
tional information to reconstruct the sparsity pattern. For matrix of size n = RC and density d,
there are

(
n
dn

)
different possible sparsity patterns. Assuming that each has the same probability,

on average they require at least log2(
(
n
dn

)
) bits to be represented unambiguously. Using identity

limn→∞
log(n!)
n log(n) = 1, the amount of bits necessary to store the sparsity pattern with density d is

n(−d log2(d)− (1− d)log2(1− d)).

The effd of an optimal sparse storage format becomes

effdopt = d+
−d log2(d)− (1− d)log2(1− d)

bval

For bval = 16, the optimal effd is 0.5625 at density 0.5, 0.3007 at density 0.25 and 0.15897 at
density 0.125.

Bitmap encoding achieves this optimal effd for density 0.5.

The expected effective density of MACKO with different b∆ parameters approaches this optimal
effd for the respective density levels.

• MACKO with b∆ = 2 at density 0.5 achieves 0.6

• MACKO with b∆ = 4 at density 0.25 achieves 0.3157

• MACKO with b∆ = 8 at density 0.125 achieves 0.1875

D GPU OPTIMIZATIONS

We make use of various well known cuda optimizations like for loop unrolling, use const and
restrict keywords, replacing multiplications with bit shifts where possible and removing

most modulo operations. A lot of other optimizations are possible, but become GPU specific. Specif-
ically, the use of asynchronous memory loading, cache bypassing, explicit caching of V and thread
block size optimization. These optimizations often introduce new parameters that need to be specif-
ically tuned. For the sake of this paper, we wanted to keep MACKO as general and parameter free
as possible.

E PREFIX SUM ON GPU

Algorithm 1 Exclusive prefix sum using warp shuffling

Input: current thread lane holds local sum
Initialize prefix sum = local sum.
for (i = 1; i < 32; i *= 2) do
sync = shfl up sync(prefix sum, i)
if lane >= i then
prefix sum = prefix sum + sync

end if
end for
Return: prefix sum - local sum

13



Published as a workshop paper at the 1st Workshop on Scaling Post-training for LLMs (SPOT),
ICLR 2026

F MACKO WITH DIFFERENT b∆

An interesting mode of the MACKO format is an extreme case where b∆ = 1. Although in the
expected case this format improves memory consumption over dense representation for sparsity as
low as 7% the practical improvement seems to have limited applicability.

b∆ = 2 is ideal for the sparsity between 15% and 45% in terms of storage. However, more research
is needed for optimization of the SpMV kernel in this mode.

b∆ = 8 is a good alternative for very high sparsity above 95%. However, in this sparsity, the main
bottleneck of SpMV becomes the scattered access to V and limited number of elements per row that
may not saturate the whole warp.

F.1 PRACTICAL IMPLEMENTATION OF b∆ = 2

In case of bval = 16 and b∆ = 2, we load 128 consecutive bytes worth of deltas, which is sixteen
deltas per thread. The problem is that the first 16 threads hold the deltas necessary to perform the
first step, and the last 16 threads hold the deltas necessary to perform the second step. We use them
across two computational steps and use warp shuffling to correctly redistribute the values to the
corresponding threads.

In the first step, the thread i reads the necessary deltas from thread i/2 and in the second step from
16 + i/2. This value shuffling is supported on modern GPUs by shfl sync for Nvidia GPUs.
It requires only the use of registers without the need to access shared or global memory and can be
performed as a single instruction.

G BENCHMARKING 2:4 SPARSITY

Natively 2:4 sparsity requires tensorcore support and is limited to batched matrix multiplication with
batch size at least 8. It is advertised as achieving 2× speedup over dense representation, but that
is only the case in compute bound regimes. In memory bound regime it achieves 1.6× speedup
over dense representation. We measured the speedup in SpMV setting (batch size 1) and observed
a dependency on matrix size, with only large matrices (above 20k) achieving the 1.6× speedup.
Small matrices often resulted in a slowdown compared to dense representation. We decided to use
conservative value of 1.6 (heavily favoring 2:4 sparsity) for our comparison.

H LIST OF MATRIX SHAPES USED FOR BENCHMARKING

These include the Llama2 series (Touvron et al., 2023), the Llama3 series (Dubey et al., 2024), the
OPT-Series (Zhang et al., 2022), Qwen2 (Team et al., 2024), and the Mixtral-8×7B MoE model
(Jiang et al., 2024).

[[4096,4096], [8192,8192], [8192,29568], [32000,5120],
[32000,8192], [28672,8192], [5120,5120], [5120,13824],
[3584,20480], [4096,11008], [13824,5120], [18944,3584],
[14336,4096], [4096,14336], [8192,28672], [11008,4096],
[32000,4096], [20480,3584], [3584,18944], [21504,7168],
[7168,7168], [28672,7168], [7168,28672], [27648,9216],
[9216,9216], [36864,9216], [9216,36864], [36864,12288],
[12288,12288], [49152,12288], [12288,49152]]
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Figure 5: Speedup of MACKO relative to cuBLAS on NVIDIA GeForce RTX 4090 for 4096×4096,
cuBLAS runtime 59 µs.
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Figure 6: Speedup of MACKO relative to cuBLAS on NVIDIA GeForce RTX 4090 for 4096 ×
11008, cuBLAS runtime 122 µs.

0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 95%
Sparsity

0

1

2

3

4

5

6

S
p

e
e
d

u
p

 o
v
e
r 

cu
B

LA
S

1
.0

0

1
.0

0

1
.0

0

1
.0

0

1
.0

0

1
.0

0

1
.0

0

1
.0

0

1
.0

0

1
.0

0

1
.0

0

0
.3

2

0
.3

7

0
.4

4

0
.5

2

0
.5

9

0
.6

9

0
.8

3

1
.0

2 1
.3

5

2
.0

0

3
.0

8

0
.7

1

0
.7

8

0
.8

8

0
.9

8

1
.1

4

1
.3

3 1
.6

2 2
.0

7

2
.6

7

3
.8

7

4
.6

2

0
.3

4

0
.3

5

0
.3

9

0
.4

3

0
.4

9

0
.5

4

0
.6

3

0
.8

2

1
.0

1

1
.7

0

2
.7

6

0
.3

8

0
.3

6

0
.3

9

0
.4

4

0
.4

9

0
.5

9

0
.7

6 0
.9

9

1
.5

0

2
.9

3

5
.0

0Algorithm

cuBLAS

cuSPARSE

MACKO

DASP

Sputnik

Figure 7: Speedup of MACKO relative to cuBLAS on NVIDIA GeForce RTX 4090 for 11008 ×
4096, cuBLAS runtime 120 µs.
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Figure 8: Speedup of MACKO relative to cuBLAS on NVIDIA GeForce RTX 4090 for 12288 ×
12288, cuBLAS runtime 336 µs.
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