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Abstract
Sampling from unnormalized densities is a fundamental task across various domains. Flow-
based samplers generate samples by learning a velocity field that satisfies the continuity
equation, but this requires estimating the intractable time derivative of the partition function.
While importance sampling provides an approximation, it suffers from high variance. To
mitigate this, we introduce a velocity-driven Sequential Monte Carlo method combined
with control variates to reduce variance. Additionally, we incorporate a shortcut model to
improve efficiency by minimizing the number of sampling steps. Empirical results on both
synthetic datasets and n-body system targets validate the effectiveness of our approach.

1. Introduction

We consider the task of sampling from unnormalised densities π = ρ
Z , where Z :=

∫
ρ(x) dx

denotes the partition function. This task is fundamental in probabilistic modelling and scien-
tific simulations, with broad applications in Bayesian inference (Neal, 1993), nuclear physics
(Albergo et al., 2019), drug discovery (Xie et al., 2021), and material design (Komanduri
et al., 2000). However, achieving efficient sampling remains challenging, especially when
dealing with high-dimensional and multi-modal distributions.

Conventional sampling methods rely on Markov Chain Monte Carlo (MCMC) (Neal,
2012), which requires long convergence times and the simulation of extended chains to obtain
uncorrelated samples. Neural samplers address these issues by approximating the target
distribution using generative models, such as normalizing flows (Midgley et al., 2023) and
latent variable models (He et al., 2024). Building on the success of diffusion models, a
diffusion-based sampler (Sadegh et al., 2024) has been introduced to train a score network
that approximates the estimated score through Monte Carlo estimation. Concurrently, Tian
et al. (2024) propose a flow-based sampler that learns a velocity model to satisfy the continuity
equation (Villani et al., 2009). These approaches show strong empirical performance, offering
more efficient and scalable alternatives to MCMC samplers.

In this work, we focus on training flow-based samplers, which present challenges due to
the intractable time derivative of the logarithm of the partition function in the continuity
equation. While Tian et al. (2024) use importance sampling to approximate it, the approach
suffers from high variance, limiting its effectiveness. To address this, we introduce a more
stable and efficient estimation method, improving both the accuracy and efficiency of flow-
based samplers. Specifically, we propose a velocity-driven sequential Monte Carlo (VD-SMC)
(Del Moral et al., 2006) combined with control variates (Geffner and Domke, 2018) to reduce
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variance. VD-SMC operates in a bootstrap manner, generating high-quality training samples
while producing low-variance estimates of the time derivative. To further enhance sampling
efficiency, we incorporate the shortcut model (Frans et al., 2024), a self-distillation technique
that reduces the number of required sampling steps. Empirical evaluations on both synthetic
and n-body system targets demonstrate the effectiveness of our approach.

2. Background: Continuity Equation

In this section, we introduce the key preliminary: continuity equation. Let pt, t 2 [0, 1] be
the probability path on Rd, we say the velocity vt : Rd ! Rd generates the path pt if the
continuity equation holds: ∂tpt(x) = �rx � [pt(x)vt(x)], 8x 2 Rd, where rx� denotes the
divergence operator. Thus sampling from the path pt can be done by solving the integral
xt = x0 +

∫ t
s=0 vs(xs) ds, with x0 � p0. Dividing both sides of the continuity equation by pt

leads to

∂t log pt(x) = �rx � vt(x)� vt(x) � rx log pt(x),8x 2 Rd. (1)

This equation further leads to the instantaneous change of variable

∂t[log pt(xt)] = ∂t log pt(xt) +rxt log pt(xt) � vt(xt) = �rxt � vt(xt), (2)

where ∂t[log pt(xt)] denotes the total derivative w.r.t. t and we apply the fact that ∂txt =
vt(xt). Thus, Equation (2) can be used to evaluate the log-likelihood of the sample x1 � p1.
Next, we introduce how to employ Equation (1) to learn a model-based velocity for sampling
from the target density π, followed by the further improvement of using shortcut models.

3. Neural Flow Sampler

To learn a model-based velocity vt(x; θ), parametrised by θ, we first define the probability
path pt. Specifically, given a tractable base distribution η, the path is constructed using
annealing interpolation as pt / ρtη1�t =: p̃t. The velocity can then be learned by minimizing
the following loss

L(θ)=Eq(x),w(t)δ
2
t (x; vt(�; θ)), δt(x; vt),∂t log pt(x)+rx � vt(x)+vt(x) � rx log pt(x), (3)

where q(x) is any distribution has the same support of the target π and w(t) denotes
the time schedule distribution. This objective, initially proposed by Tian et al. (2024),
poses several challenges. First, computing the divergence rx � vt(x) can be prohibitive
in high-dimension; however, this issue can be mitigated using the Hutchinson estimator
(Hutchinson, 1989). More critically, the time derivative introduces additional complexity,
as it involves ∂t log pt(x) = ∂t log p̃t(x)� ∂t logZt with Zt =

∫
p̃t(x) dx, which is intractable.

Tian et al. (2024) estimate it using importance sampling ∂t logZt �
∑

k
wkP
k wk

∂t log p̃t(x
(k)
t ),

where x
(k)
t � pt(x; θ) denotes the sample generated by the velocity vt(x; θ) at time t, and

logwt =
∫ t

0 δs(xs; vs(�; θ)) ds (see Appendix A.1 for details). However, importance sampling
can suffer from high variance if the proposal pt(x; θ) differs significantly from the target pt(x),
leading to a low effective sample size. In the following, we propose a velocity-driven method
to estimate the intractable time derivatives ∂t logZt.
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3.1. Velocity-Driven Sequential Monte Carlo Estimation

As discussed before, even though importance sampling provides a simple way to approximate
the intractable time derivatives, it often su�ers from high variance. To alleviate this
issue, we propose to apply Sequential Monte Carlo (SMC), together with a velocity-driven
transition kernel. Considering discrete-time steps0 = t0 < � � � < t M = 1 , The key
ingredients of SMC are proposalsfF tm (x tm +1 jx tm )gM � 1

m=0 and weighting functions f wtm gM
m=0 .

At the initial step, one draws K particles of x(k)
t0

� pt0 and set w(k)
t0

= pt0 (x(k)
t0

), and

sequentially repeats the following steps form = 1 ; : : : ; M : i) resample f x(k)
tm � 1

gK
k=1 �

Systematic(f x(k)
tm � 1

gK
k=1 ; f w(k)

tm � 1
gK

k=1 ); ii) proposex(k)
tm

� F tm � 1 (x tm jx tm � 1 ) for k = 1 ; : : : ; K ;

and iii) weight w(k)
t = ~ptm (x(k)

tm
)=~ptm � 1 (x(k)

tm
) for k = 1 ; : : : ; K . The time derivatives at time

step t can therefore be estimated via@t logZ t �
P

k
w( k )

tP
k w( k )

t

@t log ~pt (x
(k)
t ) (see Appendix A.2

for details). This approximation becomes arbitrarily accurate in the limit as much as particles
are used (Chopin et al., 2020, Proposition 11.4).

The choice of the proposal in SMC is critical as a poor proposal can lead to trajectories
that quickly collapse onto a single ancestor, reducing particle diversity and e�ectiveness. To
address this issue, we propose incorporating Markov Chain Monte Carlo (MCMC) steps into
the SMC framework (Van Der Merwe et al., 2000). To further enhance MCMC convergence, we
integrate it with a trainable velocity model. Speci�cally, the transition kernel F tm (x tm +1 jx tm )
comprises two steps i)velocity movewith an Euler update x̂ tm +1  x tm+ vtm (x tm ; � )( tm+1 � tm )
to provide a better initialisation; and ii) MCMC move with a HMC (Neal, 2012) re�nement
x tm +1 � HMC(x̂ tm +1 ) to ensure consistency with the target distribution. This velocity-
driven MCMC kernel operates in a bootstrap manner, with the velocity move o�ering an
informed initialisation that improves the e�ciency of the subsequent MCMC step. As
training progresses, the velocity model becomes increasingly accurate, generating high-quality
proposals that reduce the corrections required during the MCMC step. This synergy between
the velocity move and the MCMC re�nement not only accelerates convergence but also
preserves particle diversity, making the approach robust in high-dimensional or complex
settings.

Further Variance Reduction with Control Variates. To further reduce the variance,
a key observation is that for any given velocityvt , the following identity holds

@t logZ t=argmin
ct

Ept (� t (x; vt ) � ct )2; � t (x; vt ) , @t log ~pt (x)+ r x �vt (x)+ vt (x) �r x logpt (x): (4)

Figure 1: Standard deviation of the
estimation of @t logZ t .

See Appendix B.1 for proof. Thus, one can cal-
culate the optimal ct via @t logZ t = Ept � t (x; vt ),
which can be approximated using Monte Carlo esti-
mation. Empirically, we observe that Equation (4)
achieves lower variance compared to the approxi-
mation @t logZ t = Ept @t log ~pt (x), and it sometimes
leads to better optimisation. We visualize the com-
parison of the standard deviation of the two estima-
tion methods in Figure 1, with the corresponding
loss plots deferred to Figure 5. In Appendix B.2, we
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Table 1: Comparison of neural samplers on GMM-40, MW-32, and DW-4 energy functions,
with mean and standard deviation based on �ve evaluations using di�erent random seeds.

Energy ! GMM-40 (d = 2 ) MW-32 ( d = 32) DW-4 ( d = 8 )

Method # E-W2 X -TV E-TV X -W2 E-W2 E-TV D-TV

FAB (Midgley et al., 2023) 8:89� 2:20 0:84� 0:19 0:25� 0:01 5:78� 0:02 0:64� 0:20 0:22� 0:01 0:09� 0:01

iDEM (Sadegh et al., 2024) 1:27� 0:21 0:83� 0:01 0:63� 0:15 8:18� 0:04 0:19� 0:05 0:21� 0:01 0:10� 0:01

LFIS (Tian et al., 2024) 0:27� 0:21 0:84� 0:01 1 8:89� 0:03 6:06� 1:05 0:66� 0:02 0:29� 0:01

NFS2-128 (ours) 0:46� 0:14 0:67� 0:00 0:16� 0:00 6:17� 0:01 0:44� 0:03 0:10� 0:01 0:07� 0:01

NFS2-64 (ours) 1:32� 0:29 0:69� 0:01 0:18� 0:00 6:34� 0:01 0:98� 0:16 0:13� 0:01 0:11� 0:01

NFS2-32 (ours) 4:38� 1:14 0:72� 0:01 0:49� 0:01 9:05� 0:01 14:97� 0:82 0:41� 0:01 0:28� 0:01

Ground Truth FAB iDEM LFIS NFS2 (ours)
Figure 2: Samples of GMM-40, with contour lines representing the ground truth distribution.

provide a control variate perspective to explain this
observation. Therefore, when combined with SMC, the time derivatives can be estimated as

@t logZ t �
P

k
w( k )

tP
k w( k )

t

� t (x
(k)
t ; vt ). To summarize, the velocity can then be learned by iterat-

ing the following steps i) �  argmin�
R1

0 Ept (� t (x; vt (x; � )) � ct )2 dt; ii) ct  Ept � t (x; vt (x; � )) .
Notably, Máté and Fleuret (2023) propose a similar method, wherect is parametrised as
a neural network and trained using stochastic gradient descent by optimising objective in
Equation (4), rather than using SMC in conjunction with control variates.

3.2. Neural Flow Shortcut Sampler

With the time derivative estimator established in the previous sections, the velocity can be
learned by minimizing the loss de�ned in Equation (3). However, during sampling, small
step sizes are required to control discretization error, resulting in high computational costs.
To address this, we draw inspiration from the recent success of shortcut models (Frans et al.,
2024) and introduce an additional shortcut regularization to alleviate this issue. The basic
idea is to parameterise a shortcut modelst (x t ; d; � ) to account for the future curvature, such
that x t+ d = x t + st (x t ; d; � )d. To this end, one can regularise the shortcut model to ensure
that st (x t ; 2d; � ) = st (x t ; d; � )=2 + st+ d(x t+ d; d; � )=2 =: starget ; 8d; t, which leads to the �nal
objective

L (� ) = Eq(x);w(t )
�
� 2

t (x; st (�; 0; � )) + Ep(d)kst (x; 2d; � ) � starget k2
2

�
: (5)

We refer to the proposed methods as neural �ow shortcut samplers (NFS2), using 128
sampling steps by default unless speci�ed otherwise. The training and sampling procedures
are summarized in Algorithms 2 and 3, respectively.

4. Experiments

We evaluate our method against baselines on three distinct energy functions: i) a 2-dimensional
Gaussian Mixture Model with 40 components (GMM-40), ii) a 32-dimensional many-well
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