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Abstract

We study counterfactual prediction under
assignment bias and propose a mathemat-
ically grounded, information-theoretic ap-
proach that removes treatment—covariate
dependence without adversarial training.
Starting from a bound that links the counter-
factual-factual risk gap to mutual informa-
tion, we learn a stochastic representation Z
that is predictive of outcomes while minimiz-
ing I(Z;T). We derive a tractable variational
objective that upper-bounds the information
term and couples it with a supervised de-
coder, yielding a stable, provably motivated
training criterion. The framework extends
naturally to dynamic settings by applying the
information penalty to sequential represen-
tations at each decision time. We evaluate
the method on controlled numerical simula-
tions and a real-world clinical dataset, com-
paring against recent state-of-the-art balanc-
ing, reweighting, and adversarial baselines.
Across metrics of likelihood, counterfactual
error, and policy evaluation, our approach
performs favorably while avoiding the train-
ing instabilities and tuning burden of adver-
sarial schemes.

1 INTRODUCTION

Causal effect estimation addresses the “what if” (coun-
terfactual) question: What outcome would have oc-
curred for a patient, possibly contrary to fact, had the

* Equal contribution. 7 Correspondence to: Hongzong
Li <1lihongzong@ust.hk>.

Proceedings of the 29'" International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

Shuxin Zhuang®®
b CityUHK

Youzhi Zhang® Hongzong Lif°
¢ HKUST

patient received a different treatment? In real-world
(observational) data, however, who receives a treat-
ment is rarely random. For example, clinicians may
preferentially administer a medication to patients with
more severe symptoms, while patients with milder ill-
ness are less likely to receive it. If we then compare
outcomes between the treated (on average sicker) and
untreated (on average healthier) groups, the difference
reflects both the medication’s effect and the baseline
severity gap; as a result, the effect we would predict
for mildly ill patients can be biased. This systematic
distortion—arising because treatment choice depends
on prognostic factors—is often called assignment bias
(a form of confounding) (Rosenbaum and Rubin, 1983;
Robins, 1986; Robins et al., 2000).

Existing solutions. A large body of work mit-
igates such bias via balanced representations (Jo-
hansson et al., 2016; Shalit et al., 2017), adversarial
domain-invariance (Ganin et al., 2016; Kazemi and Es-
ter, 2024), and reweighting or orthogonalization (Hain-
mueller, 2012; Huang et al., 2006; Chernozhukov et al.,
2018). Yet, adversarial approaches often introduce in-
stability and substantial tuning overhead, and balanc-
ing via integral probability metrics can become brittle
in complex, high-dimensional settings.

An information-theoretic lens. We offer a unify-
ing perspective that explains why these strategies help.
The key idea is to view bias reduction through the
amount of information covariates carry about treat-
ment choice. When the features of an individual
strongly reveal which treatment they received, treated
and untreated groups can look systematically differ-
ent, and naive comparisons are unreliable. By con-
trast, when a learned representation removes or atten-
uates this treatment-revealing signal—while still keep-
ing what matters for predicting outcomes—treated
and untreated cases become more comparable, and
effect estimates improve. This information-theoretic
viewpoint clarifies the goals underlying balancing and
domain invariance and provides principled guidance
for how to build representations that support counter-
factual prediction.
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Our approach in a nutshell. We introduce an
information-theoretic representation learning method
that explicitly discourages treatment-revealing fea-
tures without relying on adversarial training. Con-
cretely, we learn a stochastic representation that is
predictive of outcomes yet carries little mutual infor-
mation with treatment assignment. This direct control
of the dependence between representation and treat-
ment provides a simple, stable alternative to adver-
sarial objectives, and it can be seamlessly extended to
the dynamic case with time-varying covariates. We
refer to the static model as the Static Information-
theoretic Counterfactual Estimator (SICE) and its
sequential extension as the Dynamic Information-
theoretic Counterfactual Estimator (DICE).

Paper structure. Section 2 lays the foundation by
formalizing the setting and assumptions, and develops
risk—gap bounds that motivate our approach. Section
3 and 4 respectively introduce the proposed SICE and
DICFE models. Section 5 presents experiments on con-
trolled simulations and a real clinical dataset, followed
by discussion and limitations. Supplementary proofs
and additional experimental results are deferred to the
appendix.

Contributions. (1) We present an information-
theoretic formulation that unifies balancing,
reweighting, and invariance by linking the risk
gap to treatment—covariate dependence. (2) We
propose two models — SICE (static) and DICE
(sequential) — that avoid adversarial training by
directly approximating the mutual-information
term. (3) In both controlled simulations and real
data, we vary treatment dimensionality from small
to ultra—high and show the proposed models re-
main competitive as dimensionality grows.

2 BACKGROUND

We first fix notation and explicitly state the assump-
tions and conditions we rely on, so that the learn-
ing problem is pinpointed precisely and the regimes
in which our method applies are rigorously defined.

Notations. We denote covariates (or confounders)
by X (e.g., a patient’s profile), treatment by 7', and
outcome by Y, with X e X, T € T,and Y € ).

Associational and causal estimands. In causal
inference, we are mostly interested in establishing the
following models (Neuberg, 2003; Hern’an and Robins,

2020):

my(x) :=E[Y | T =t,X = 1] (1)
gt(z) = E[Y | do(T =¢t), X = x] (2)

where my(z) refers to the expected values of Y among
all subjects with (X,T) = («,t), and g;(x) represents
a hypothetical average value of Y among all subjects
with X = z intervened on treatment ¢ (no matter
what treatments they actually receive); we refer to m;
and g; as associational and causal outcome models,
respectively. The associational expectation (1) cannot
be used for decision making because, for instance, if
a certain pattern z is always associated with treat-
ment ¢, then the model never observes outcomes un-
der any alternative ¢’ for those z. Any prediction at
X =z and T = t’ is pure extrapolation driven only by
parametric/inductive assumptions, not data. Hence
plug-in decisions based on those counterfactual predic-
tions can be arbitrarily wrong. The causal expectation
model (2), on the other hand, can be used to facil-
itate decision-making, but it is difficult to estimate,
especially without extra information like instrumental
variables. Therefore, our optimal strategy here is to
consider the scenarios where the two models coincide.

Potential outcome framework. We adopt the
Neyman—Rubin framework: for ¢ € T, let Y(¢) de-
note the potential outcome had treatment ¢ been as-
signed. We assume the standard identification condi-
tions: (i) Consistency/SUTVA (the observed outcome
under the received treatment equals the corresponding
potential outcome, with well-defined interventions);
(i) Positivity/overlap (0 < p(T =t | X = z) on the
support of (X,t)); and (iii) Conditional ignorability
(Y(t) LT | X). Under the consistency and ignorabil-
ity assumptions, the following identity holds (Robins,
1986; Neuberg, 2003; Hern’an and Robins, 2020):

E[Y (t)|X = ] := E[Y|do(T =t), X = z] 5

=E[Y|T =tX = x]. 3
The structural causal model (SCM) in Figure 1 (a)
aligns with the settings in most clinical research as the
covariates X causally affect both the treatment 7" and
the outcome Y (e.g. patients who receive transfusions
are often clinically sicker). If we further assume that
X and T are independent, i.e., p(x|t) = p(z), we ob-
tain the setting of a randomized controlled trial (RCT),
as illustrated in Figure 1 (b). RCTs are regarded as
the gold standard for causal inference, but they can
be very costly to conduct and, in some cases, ethically
problematic. In the remainder of this section, we dis-
cuss how to identify and adjust for the bias introduced
by the causal dependence between X and T'.
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Figure 1: Structural causal models: (a) an SCM with
covariates satisfying the ignorability assumption, (b)
randomized controlled trial (RCT), (c) Z as a learned
representation of X.

Identifying the bias. Assume consistency, positiv-
ity, and ignorability hold, and let T" ~ 7 denote the
treatment with law 7. Write p;(x) := p(z|T = t) for
the covariate law conditional on T' = ¢, and p,(x) :=
[ pe(z)w(dt) for the marginal of X. Fix a predictor
gt : X — Y for arm ¢ and define the (deterministic)
loss profile as

pr(x) = E[L(Y(t),q:(x)) | X = 2]

B B (4)
- / Ly, 9i(2))p(ylz, do(T = £))dy.

We define the factual and cross-arm risks for arm ¢ as

Rf = Ep(f\t)wt(m)}v thjt’ = Ep(rc\t’)[(bt(x)]' (5)

We also define the counterfactual (marginal) risk as
BT =B R = By, wlon(2), (6)

and the population aggregates R := E,..[R}] and
ROF = E; o [RET]. Let F be a function class and
suppose there exists A > 0 such that ¢,/ € conv(F)
for all t € 7. Then, for any ¢,t' € T,

|REy — R | = |Ep, [00(2)] — Ep, [0 ()]

7
S AIPM]‘-(pt’apt)a ( )

where IPMz(p,q) = supser By [f(2)] — Eqlf (@)]]-
Averaging over t' ~ 7 yields

|R{E — RI[ < A / IPM#(py, pe) m(dt').  (8)

A further average over t ~ 7 gives the population
bound (Kazemi and Ester, 2024)

RCF < RF 4 / / IPM - (py, po ) (d)m(dt).  (9)

In particular, if the conditional covariate laws {p; }+cT
are close in the IPM £ sense, the counterfactual risk
cannot exceed the factual risk by much.

Relations with information theory. Given the
function class F = {f Ifllc < 1}, we have

IPM £ (ps, prr) = 2TV (pt, pr). Based on (9), we have
ROF < R¥ 422 / / TV (pe, por )e(dt) 7(dt))
(@)
< R" +4)\/TV(pt,pm)7r(dt)

(2 RE + 2\/§>\/ Dxr(pt||pz)m(dt) (10)

< R” 4 2V [ i (p(alt) Ip(a)]
= RF + 2v2AI(X;T),

where inequalities (a), (b), and (c) are due to tri-
angular inequality, Pinsker’s inequality, and Jensen’s
inequality. Thus, reducing the mutual information
I(X;T) tightens the counterfactual-factual risk gap.

Related works. The bound established in (10) mo-
tivates the learning of representations Z = ¢(X)
that support factual prediction and bring the treat-
ed/control representation distributions closer. In the
static setting, balanced-representation methods such
as CFR/TARNet explicitly penalize a discrepancy
(e.g., discyy or MMD) between p(Z | T=1) and p(Z |
T=0) while fitting outcomes, thereby shrinking the
bound (10) (Johansson et al., 2016; Shalit et al., 2017).
Beyond these, we highlight two complementary strate-
gies that fit naturally within our bound:

(a) Information-regularized representations.
Learn features Z = ¢(X) that are predictive for
Y yet uninformative about 7' by solving

min E[L(y, g(¢(2),1))] + A (T3 6(X))

oc min max E[L(y, g(¢(2),1))] + AE[ log po(t|é(=))]

(11)
where a variational classifier py(t|¢(z)) provides
a tractable surrogate for I(T; Z).

(b) Treatment-invariant joint encodings. Learn
a joint feature Z = ¢(X,T) and enforce invari-
ance across (possibly clustered) treatments by ad-
versarially discouraging a discriminator from pre-
dicting the treatment cluster ¢ (Berrevoets et al.,
2020):

min E[Z(y, (90¢)(z,1))] + A I(C; ¢(X, T))
o min max E[L(y, (go¢)(z,1))]

+ AE[log py(c | #(z,1))].
(12)
Pushing p(¢(X,T) | C=c) together across clus-
ters contracts the discrepancy between treated/-
control representations and likewise tightens the
bound.



Adversary-Free Counterfactual Prediction via Information-Regularized Representations

Orthogonal lines include reweighting and orthog-
onalization—IPTW /stabilized weights, entropy bal-
ancing/kernel mean matching, and double/debiased
ML—which address assignment bias via importance
weighting or Neyman-orthogonal scores rather than
representation constraints (Rosenbaum and Rubin,
1983; Robins et al., 2000; Hainmueller, 2012; Huang
et al., 2006; Chernozhukov et al., 2018). In the dy-
namic setting with time-dependent confounding, rep-
resentation learning is extended along trajectories
(e.g., CRN, Causal Transformer) to maintain bal-
ance sequentially (Bica et al., 2020; Melnychuk et al.,
2022b).

3 SICE FORMULATION

Let Z be a representation of X via a stochastic map
z ~ gy(z|z); thus T - X — Z is a Markov structure.
For any treatment ¢, the induced conditional law of Z
is p(z|t) = [ p(z|t)ge(z|z)dz, and if T ~ 7 we write the
T-marginalized representation distribution as p,(z) =
J p(z[t)m(dt). We redefine the loss profile in (4) as

¢i(2) == E[L(Y (1), 9:(2))|Z = z]. (13)

and the risks as

RY =Enipan[6t(2)],  REF = Eriyp. o) [62(2)].

(14)

By adapting the argument in Sec. 2 to the represen-
tation space and comparing p(z|t) with the marginal
p.(z), we obtain

RYF < RF + V2XN/I(Z;T) ~ RF + V2X\/I(Z;T),
(15)

where due to consistency

RY =By aytrgy =1y [, 01(2))]. (16)

By minimizing the bound (15), we compress away
T-predictive idiosyncrasies while retaining outcome-
relevant signal via the decoder term, encouraging Z
to retain outcome-relevant information while reduc-
ing treatment-revealing information. The proposed
model is illustrated in Figure 1 (c¢) with a Markov chain
X—=Z-=Y.

Assumptions for SICE. We retain Consistency/-
SUTVA. Overlap is required on the representation:
there exists § € (0,1) such that for all (z,t) with
pz(z) > 0,8 < p(T =t|Z =2) <1-46. The ig-
norability assumption is updated as Y (¢) 1L T'|Z, for
all t € T. We assume Z = ¢(X) is outcome-sufficient
and confounding-sufficient so that Y (¢t) L T'|Z. We
enforce approximate treatment-agnosticity via the MI
regularizer to reduce assignment bias, while preserving
outcome signal via the decoder loss.

Adjusting for the bias. Motivated by Eq. (10), we
seek a representation that is maximally predictive for
Y while minimally informative about T'. Let z ~ ¢4 (2 |
x) be a stochastic encoder and write expectations over
(x,y,t) ~ pp and z ~ ¢4 (-|z). We optimize

min  E[L(y, 9(z,1))] + M (t; 2) (17)

Following the approach of (Moyer et al., 2018), we de-
compose the mutual information as

I(z;t) = I(z;t|z) + I(z;2) — I(2;x)t), (18)
where
I(z;t|z) = H(z|x) — H(z|z,t) =0,

where H(z|z,t) = H(z|z) because p(z|z,t) = p(z|z);
this can also be inferred by noting the conditional in-
dependence between z and t given x. We now focus
on lower-bounding I(z; z|t),

I(z;z|t) = H(z|t) — H(z|z,t)
— H(alt) + Ellogp(al=t)]  (19)
> E[log py(z|z,t)] + Const.

Similarly to variational information bottleneck (VIB)
(Alemi et al., 2016), we can upper-bound I(z; z) as

I(z;z) < E[log g4(z|x) — logr(2)]. (20)
Therefore, we have

I(z;t) < Ellog g¢(z|x) — logr(z) — log py (z|2,t)] + c.
(21)

Putting it all together, we have the formulation,
min ]Epp(m7y,t)q¢(z\w) [L(ya g(Z, t)) —-A logp’t/z' (I|Z, t)]

9,0,

(22)
The learning problem is cast as a single objective
with a scalar information penalty, rather than a
min-max game against a domain classifier. More-
over, thanks to the tractable variational bound in
(19), SICE naturally accommodates complex treat-
ment spaces—including high-dimensional or continu-
ous t (as is verified in Section 5)—where enumerating
or clustering “domains” becomes impractical and stan-
dard DAT methods struggle to scale.

Intervention. To estimate the individualized treat-
ment effect at a given covariate x, we compute the
posterior over z given x, then plug the treatment in-
tervention into the outcome head while holding z fixed.
Mathematically, we have

ITE(z;t,t') =E[Y(t) = Y ()| X = 2]

= Eqd,(z\x)[g(z’t) fg(z,t/)], (23)
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Figure 2: DICE: (a) Graphical representation of
DICE, where circular nodes denote observed variables
and diamond nodes represent RNN hidden states; (b)
simplified illustration of its single recurrent segment.

This is a valid “do”-intervention under the
representation-sufficiency assumption Y(¢) 1 T|Z;
under this assumption, intervening on 7' changes the
outcome head while leaving the posterior over z given
x unchanged.

4 DICE FORMULATION

Notations. Suppose there are T' decision points. We
use v € V to denote the time-invariant covariates,
which could contain patient demographics and pre-
operative assessments. Let x; € X denote the time-
varying covariates at decision point ¢, such as patients’
vital signs. We use a; € A to denote the action at
time t. We use y:y1 to denote the response at each
time point, e.g. the tumor size. We define the history
up to time t as hy = {v,x1.4,a14-1}. In practice, we
can use RNN hidden states to encode the historical
information. A graphical representation of DICE is
shown in Figure 2. In this Section, we use the term
“RNN” to encompass a spectrum of recurrent archi-
tectures such as vanilla RNNs, gated recurrent units
(GRUs) (Cho et al., 2014), and long short-term mem-
ory networks (LSTMs)(Hochreiter and Schmidhuber,
1997), and the RNN backbone can be easily replaced
by a transformer and other structures of the same pur-
pose (Melnychuk et al., 2022a).

Assumptions. Foreacht=1,...,T, we assume (i)
consistency: if the realized treatment history equals
ayy, then Vi1 = Yig1(ay); (il) sequential ignorabil-
ity: conditional on feature z;, the current treatment is
independent from the potential outcome, Y;i1(a:) L
L a¢|z; and (iii) sequential positivity: for any h with
p(hy = h) > 0, we have p(a; = a|lhy = h) > 0 for every
feasible action a under evaluation.

Adjusting for the bias. As shown in Figure 2
(b), the recurrent segment of DICE is comparable to
the SCM of its static counterpart shown in Figure 1
(a), with h; taking the role of x in the static case.
The treatment-assignment bias in the dynamic model
mostly comes from the association between the his-

tory h; containing time-varying confounders x; and
the current treatment a;. To remove such bias, we can
learn a stochastic representation z; ~ gg4(2¢|h:) that is
treatment-agnostic and predictive on y;y1. We adopt
the following parameterization:

he = dp(hi—1,v,ac-1,%t), 2t ~ qg(2zt|he), Yer1 = g(Ze, ar),

(24)
for ¢ € [T], where dj, and g are neural network pre-
dictors, and g4 is stochastic embedding function. We
establish the objective:

min Y E[L(yer1,9(z,a))] + A Y I(ze;a,). (25)
t=1

t=1
The training objective is given by

T

min > Epp e ayes s (2o (LY e41, 9(21,a1)
dhv¢7g7¢' =1

- )‘Ingw(ht|Ztaat)]

+ AEpp () [DKL (46 (2¢ | e ) |7 (22))]-
(26)

5 EXPERIMENTAL VALIDATION

The code for replicating the experiments in this section
can be found at https://github.com/christngr/ AFCP.

5.1 SICE: Static Model

We evaluate the static counterfactual prediction model
SICE against strong baselines across a broad spec-
trum of treatment dimensionalities, including wultra-
high-dimensional regimes. To stress-test scalability
and realism, we vary d; from small/medium scales to
hundreds of dimensions—settings commonly encoun-
tered in personalized medicine (multi-drug or multi-
exposure regimens) and recommendation/targeted ad-
vertising (large action catalogs and multi-action bun-
dles). On synthetic benchmarks where counterfactuals
are available, we report ATE Error, RMSE,, and
PEHE (all lower is better). Baselines include TAR-
Net/CFR with IPM regularization (incl. Wasserstein)
Shalit et al. (2017), a CFR variant with HSIC indepen-
dence regularization Gretton et al. (2007), DragonNet
augmented with a generalized propensity-score head
Shi et al. (2019); Hirano and Imbens (2004), and an ad-
versarial learner with a gradient reversal layer (GRL)
Ganin et al. (2016).All baselines follow the same pre-
processing and training budget as SICE.

5.1.1 Synthetic Data

Unless otherwise noted, all models are trained for 50
epochs using the Adam optimizer (learning rate
5 x 107*) under a unified preprocessing pipeline and
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Table 1: Comparison across treatment dimensions d; (lower is better). Best is bold +x; second-best is underlined
+0.

(a) ATE Error

Method 2 5 10 12 14 16 18
SICE 0.0006* 0.0019Y 0.0001* 0.0141 0.0005* 0.0012* 0.0069*
TARNet 0.00545  0.0022  0.0089  0.0006" 0.0133  0.0210  0.0406
CFR-HSIC 0.0054  0.0081  0.0068  0.0133  0.0326  0.0131  0.0211
DragonNet-GPS  0.0099  0.0076  0.0196 0.0001* 0.0128  0.0219  0.0179
GRL 0.0099  0.0043 0.0013Y 0.0169  0.0116  0.0149 0.01317
CFR-Wass 0.0086  0.0008* 0.0213  0.0080  0.0029Y 0.0088"  0.0187
(b) RMSE,
Method 2 5 10 12 14 16 18
SICE 0.5375* 0.62419 0.8261Y 0.6534* 0.6855 0.8022* 0.7361*
TARNet 0.5901  0.6297  0.8818  0.6994 0.6635* 0.8196  0.7682
CFR-HSIC 0.6047  0.6999  0.9412  0.8373  0.7452  0.9896  0.8906
DragonNet-GPS  0.55655 0.6215*  0.8658  0.6886~  0.6957  0.8037~  0.7617
GRL 0.5874  0.6288 0.7895* 0.6978  0.6698"  0.9102  0.7396"
CFR-Wass 0.6064  0.7119  0.9097 0.7630  0.6916  1.0837  0.9585
(c) PEHE

Method 2 5 10 12 14 16 18

SICE 0.1635° 0.2385* 0.5480 0.3769* 0.5042Y 0.5387* 0.4675*

TARNet 0.1610* 0.2498Y 0.4811* 0.41129 0.4983* 0.5942  0.4896

CFR-HSIC 0.1738 0.3553 0.6717 0.6039 0.5888 0.8894 0.7399

DragonNet-GPS  0.1774 0.2682 0.4983 0.4144 0.5178 0.54670  0.4737F

GRL 0.1872 0.2577 0.4843C 0.4456 0.5080 0.6132 0.4830

CFR-Wass 0.1886  0.3333  0.5285  0.4946  0.5382  0.8298  0.8059

training budget. Unless specified, experiments run ~ Table 2:  Comparison of PEHE on the Synthetic

on a single NVIDIA A100 (80GB) GPU. Baseline
models employ 128-dimensional representation layers.
Across experiments, we report three metrics: ATE
Error, RMSE,, and PEHE (all lower is better).

Dataset across different treatment dimensions d;
(lower is better).

Synthetic Dataset

) . . Method d, =200 d, =500 d;= 1000

Across three metrics and seven treatment dimensions,

SICE attains 13/21 best and 5/21 second-best re- SICE 1.18* 3.447 8.34"
sults (three metrics x d; € {2,5,10,12,14,16,18}). CFR-HSIC 1.25H 3.535 8.52H
Focusing on the higher-dimensional regime d;>2 (d; € TARNet 1.30 3.65 8.59
{5,10,12,14,16,18}), SICE is best in 11/18 and GRL 1.36 3.67 8.65
second-best in 4/18 metric-dimension pairs (only CFR-Wass 1.33 3.71 8.63
3/18 cases outside the top two). Breakdown for d;>2: DragonNet GPS 1.31 3.69 .70

on ATE Error SICE is best in 4/6 (second at d;=5);
on RMSE, it is best in 3/6 (second at d;=5,10);
on PEHE it is best in 4/6 (second at d;=14). The
only clear non—top-two outliers are ATE at d;=12 and
PEHE at d;=10; elsewhere SICE is either the best or
runner-up. Overall, performance degrades much more
slowly than the baselines as d; increases and remains

competitive through d;=18, highlighting robustness in
higher-dimensional treatments.

Discussion on High-Dimensional Treatment Ex-
periment We now evaluate SICE in the setting
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Figure 3: Comparison across treatment dimensions d;. Panels (a)-(c) compare SICE with other methods on
ATE Error, PEHE, and RMSE,, (all lower is better). Star markers denote the best method; square markers

denote the second-best.

Table 3: NHANES 2017-2018 with multi-dimensional treatments (7' € {0,1}%?) and covariates (X € R'4). We
report factual prediction (RMSE/MAE; lower is better) and off-policy targeting (AUUC; higher is better). Best

is bold+*, second-best is underlined+[1.

(a) Factual prediction: RMSE / MAE

Method RMSE | MAE |
SICE (ours) 0.0285*  0.0227*
TARNet 0.0938 0.0823
CFR-HSIC 0.0899°  0.0817H
DragonNet—GPS 0.1332 0.1225
GRL 0.1001 0.0902
CFR-Wass 0.1008 0.0912

(b) Off-policy targeting: AUUC

Method AUUC 1
SICE (ours) 0.2761"
TARNet 0.2383
CFR-HSIC 0.2393
DragonNet—-GPS  0.3021*
GRL 0.2034
CFR~Wass 0.2150

Notes. NHANES lacks ground-truth counterfactuals, so PEHE is not applicable. Arrows indicate the preferred
direction for each metric. Best/second-best are evaluated across listed methods within each panel.

of ultra—high-dimensional treatments, which frequently
arise in real-world applications. Examples include per-
sonalized medicine (e.g., multi-drug or multi-exposure
regimens) and recommendation/targeted advertising
(e.g., large action catalogs or multi-action bundles),
where the treatment can be a vector with hundreds
of components. To stress-test scalability, we re-
port supplementary results on a high-dimensional syn-
thetic benchmark with d; € {200,500, 1000} (Table 2).
SICE attains the lowest PEHE across all three ultra-
high-dimensional settings, indicating strong robust-
ness as treatment dimensionality grows.

As shown in the table above, the results are clear:
SICE consistently outperforms all other base-
line methods across all tested treatment dimensions
(dy = 200,500,1000). For each dimension, SICE
achieves the lowest PEHE (Precision in Estimating
Heterogeneous Effects), a crucial metric for evaluating
individual treatment effect estimation. This finding
strongly supports our hypothesis that SICE is a su-
perior and more robust choice for causal effect estima-
tion in the presence of high-dimensional and non-linear
data.

The ability of SICE to maintain its performance ad-
vantage as the treatment dimensionality scales up con-
firms its robustness and adaptability. This makes it
a highly effective and reliable solution for causal in-
ference tasks in today’s complex, data-rich domains,
where traditional methods often struggle.

5.1.2 Real Data (NHANES 2017-2018)

We use the NHANES 2017—2018 U.S. health survey
(CDC/NCHS) Centers for Disease Control and Pre-
vention (CDC) and National Center for Health Statis-
tics (NCHS) (2020). In our setup, the treatment is
a multi-dimensional vector of medication/exposure in-
dicators with tgim = 82; covariates include core de-
mographics/exam features with x4y = 14; the out-
come Y is continuous (e.g., a laboratory biomarker), so
squared and absolute errors are meaningful for factual
fit. Counterfactuals are unobserved; thus we pair fac-
tual prediction (RMSE/MAE) with an off-policy tar-
geting metric (AUUC) Rzepakowski and Jaroszewicz
(2012) that evaluates ranking quality for beneficial in-
terventions.
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Table 4: DICE: Comparison across treatment dimensions d; (lower is better). Best is bold+x; second-best is

high-dimensional multi-treatment inputs (¢qim=82,
Zdaim=14), attaining the best RMSE and MAE. On the
causal targeting axis, SICE ranks second by AUUC,
close to the uplift-specialized DragonNet—GPS. This
profile—top factual calibration with competitive off-
policy ranking—is particularly attractive for clinical
decision support, where accurate outcome modeling
is primary and reliable targeting quality is an added
benefit in high-dimensional treatment settings.

5.2 DICE: Dynamic Model

We next assess the Dynamic Information-
theoretic Counterfactual Estimator (DICE) in
dynamic treatment settings. Synthetic data (N =
1000 samples over T' = 10 time steps) is generated via
a configurable dynamic simulation with X € RS,
Y € R!, and treatment dimension d; varied up to 10.
All baselines follow the same setup as above. DICE
employs a 128-dimensional hidden layer and learns a
32-dimensional latent representation Z, controlled by
A=1075.

underlined+-[J.
(a) ATE Error
Method dt =2 dt =4 dt =6 dt =8 dt =10
DICE 0.0187* 0.0029* 0.0702* 0.0951* 0.0236*
TARNet 0.05509  0.24697 0.2496" 0.17227  1.6088"
CFR-HSIC 0.2363 0.1811 1.1234 2.1101 0.7033
DragonNet—GPS  0.2381 0.2237 1.1421 2.2098 0.7269
GRL 0.2385 0.4012 1.1048 2.0916 0.7451
(b) RMSE,
Method dt =2 dt =4 dt =6 dt =38 dt =10
DICE 0.2288* 0.2968* 0.3538* 0.3306* 0.2215*
TARNet 0.48019  0.63267 0.8753"  0.5056" 1.0363"
CFR-HSIC 1.8095  10.5588  7.5341 6.4323 2.4929
DragonNet—GPS  1.8041 10.5683  7.5353 6.4346 2.4953
GRL 1.8116  10.4921  7.5832 6.3553 2.4920
(c) PEHE
Method dt =2 dt =4 dt =6 dt =8 dt =10
DICE 0.0293* 0.1003* 0.1180* 0.1548* 0.0823*
TARNet 0.11619  0.2624  0.35617 0.3030°  1.6686
CFR-HSIC 0.2364 0.20818  1.1264 2.1105  0.70355
DragonNet-GPS  0.2383 0.2384 1.1476 2.2105 0.7271
GRL 0.2386 0.4320 1.1162 2.0928 0.7453
Interpretation. As summarized in Table 3, SICE Table 4 reports the outcomes. Across all d;, DICE
achieves state-of-the-art factual accuracy under consistently achieves the best scores on ATE Error,

RMSE,, and PEHE, clearly outperforming TARNet,
CFR-HSIC, DragonNet-GPS, and GRL. Unlike base-
lines, which deteriorate sharply in higher treatment di-
mensions, DICE remains stable and accurate, demon-
strating superior robustness for estimating ITEs in dy-
namic high-dimensional settings.

6 CONCLUSION

We presented an adversary-free framework for coun-
terfactual prediction grounded in an information-
theoretic risk bound that links the counterfac-
tual-factual gap to mutual information. Building on
this insight, we introduced SICE (static) and DICE
(sequential), which learn stochastic representations
that remain predictive for outcomes while directly pe-
nalizing treatment-representation dependence via a
tractable variational surrogate, avoiding the instabil-
ity of min—max training. Empirically, the approach is
competitive across synthetic settings and a real clinical
dataset, and it remains robust as treatment dimension-
ality grows, supporting complex, multi-attribute inter-
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ventions. Future work includes sensitivity-aware train-
ing and proximal/IV-style extensions, tighter MI esti-
mators, removal of assignment bias in the case of un-
measured confoundings, and policy-learning objectives
that leverage our representation for decision-making
under sequential dynamics.
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Adversary-Free Counterfactual Prediction via
Information-Regularized Representations:
Supplementary Materials

Standing notation. X covariates; T € T with law 7; representation Z ~ g¢4(-|X); outcome Y. Per-arm
Z-profile ¢y(z) := E[L(Y(t),9:(2))|Z = z|. Factual and counterfactual risks Rp := EiwrEpe)(p:(2)] and
Rerp = EiozE,, [pi(2)]. Total variation TV(:,-); Kullback—Leibler Dky,(+]]-); mutual information I(Z;T) =
J Dxw(p(z[t)[pz) =(dt).
7 Main Z-space bound
Theorem 1 (Z-space risk gap via MI). Assume there exists A > 0 and F C {f : | fllo < 1} such that
¢t/ € conv(F) for all t € T. Then

|REF — RF| < V2X/I(Z; 7).

Proof. Write p:(+) :=p(z | T =t). Then
RCF _ RF| ‘ [ (®216 - B, L0 m(a
< [ a6 ~ En 6] m(at)
< / IPM 5 (py, pz) ()
<2\ [ TV(pr,pz) mt)

<V3A / Drr (pellpz) m(dt)

< \/iA\//DKL(pthZ)ﬂ'(dt)
=V2AVI(Z;T).

O

Equality /tightness. Exact equality when I(Z;T) = 0 (perfect balance). Otherwise, the chain of inequalities
is tight if simultaneously: (i) all arm-wise TV maximizers align, (ii) the divergences Dk, (p(z|t)||pz) are m-a.s.
constant , (iii) Dgr, is small so that Pinsker is near-tight.

8 Low MI limits treatment predictability

Proposition 1 (Binary case). Assume T € {0,1} and n(0) = 7(1) = 1/2. Let e* denote the Bayes error of
predicting T from Z. Then
1(Z;T)

er >
2

N |

Proof. For equal priors,
1 .
et = 5(1—TV(po,p1)), pii=p(z| T =1).
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Also py = %(po + p1), so by triangle inequality,

TV (po,p1) < TV(po,pz) +TV(p1,pz).

Applying Pinsker’s inequality and then Cauchy—Schwarz gives

TV(po,p1) < \/m

Substituting into the expression for e* yields the claim. O

Remark 1 (Multiclass uniform prior). If T"is uniform on K > 2 classes, then Fano’s inequality yields

- I(Z;T)Jrlog?.
log K

9 Additional Experiments

We study how the mutual-information regularization A € {107°,1074,1072,1072,0.1, 1,10} affects four metrics
on a fixed synthetic dataset: test RMSE,, PEHE, ATE error, and HSIC(z,t). Let z = fs(z) denote the
learned representation of . Following standard kernel-based independence testing Gretton et al. (2007), we use
HSIC(z,t) as a dependence proxy between z and the treatment ¢ (smaller indicates weaker z—t coupling).

Findings. Across representation dimensions tgiy,, accuracy metrics favor small-to-moderate regularization:
RMSE, and PEHE typically attain minima near A~10~4-1073, and ATE error is smallest for A€ [107%,1072].
Larger regularization (0.1,1,10) consistently degrades accuracy, whereas HSIC(z,t) decreases (monotonically
or near-monotonically) with A, indicating weaker z—t coupling. For example, at tqim=2, RMSE,, improves from
0.5639 (107°) to 0.5388 (10~%) but rises to 1.4231 at A=10; PEHE is best at 1073 (0.1529) yet increases to 0.6808
at A=10; HSIC drops from 2.98 x 1073 (107°) to 6.81 x10™* (10). At tqim=10, RMSE, is 0.8246 at 10~* but
2.9369 at 10, while HSIC declines from 9.79x1073 (107°) to 1.09x1072 (10). These results validate the intended
role of the regularizer: A acts as a knob on the shared information between the treatment ¢ and the learned
representation z = fg(x). As X increases, the empirical dependence between z and ¢{—estimated on the test
set via HSIC as a kernel-based proxy for I(z,t) Gretton et al. (2007)—consistently decreases across treatment
dimensions. Operationally, we train the model on the training split, embed test inputs to obtain z, and then
compute HSIC(z, t); the near-monotone decline of HSIC with larger A demonstrates that stronger regularization
yields representations z that carry less information about ¢.
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Synthetic Data Test RMSE_y vs Lambda-reg
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Figure 4: RMSE,, versus A € {107°,107%,1073,1072,0.1, 1,10} on the synthetic dataset (lower is better).
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Test PEHE

Synthetic Data Test PEHE vs Lambda-reg
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Figure 5: PEHE versus A on the synthetic dataset (lower is better).
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Synthetic Data HSIC vs Lambda-reg
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Figure 6: HSIC(z, ) versus A as a kernel-based dependence proxy between z = fy(x) and the treatment ¢ (smaller
indicates weaker dependence).
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Table 5: Results across tqim and A (averaged over runs; standard deviations omitted for space). Rows are tgim;
columns are A € {1075,107%,1072,1072,0.1, 1, 10}.

(a) RMSE,
tdim 10°° 107* 107° 1072 0.1 1 10
2 0.563900 0.538800 0.567400 0.555800 0.585200 0.763300 1.423100
5 0.625600 0.666200 0.618400 0.623500 0.664700 1.165100 1.884000
10 1.414200 0.824600 0.951600 1.005300 0.863600 1.335200 2.936900
12 0.703200 0.673400 0.695800 0.744600 0.815000 1.289800 2.240700
14 0.850500 0.898600 0.882100 0.793700 0.864000 1.523500 2.668000
16 0.824600 0.810000 0.820300 0.816100 0.970900 1.562300 2.600400
18 0.774200 0.754100 0.794000 0.785000 0.788000 1.344500 2.304600
(b) PEHE
tdim 107° 1074 1073 1072 0.1 1 10
2 0.154300 0.159000 0.152900 0.155300 0.167500 0.250400 0.680800
5 0.276600 0.286900 0.277000 0.284100 0.349200 0.833200 1.369800
10 0.707000 0.555600 0.548500 0.561900 0.612500 0.939200 2.183300
12 0.468800 0.462500 0.468700 0.486200 0.539900 0.914100 1.862400
14 0.598900 0.639700 0.562600 0.581600 0.601300 1.096400 2.221100
16 0.703800 0.675100 0.695600 0.708400 0.730900 1.188400 2.359900
18 0.736200 0.724800 0.736700 0.737300 0.740400 1.162100 2.226800
(c) ATE error
tdim 107° 1074 1073 1072 0.1 1 10
2 0.003700 0.000100 0.000500 0.000200 0.000800 0.005100 0.048200
5 0.002200 0.002600 0.000100 0.000100 0.000900 0.013400 0.090000
10 0.053600 0.013700 0.019000 0.006000 0.009800 0.032800 0.203200
12 0.009200 0.009400 0.007200 0.003700 0.009200 0.047700 0.206200
14 0.021700 0.028800 0.015700 0.013200 0.014000 0.091000 0.302500
16 0.019700 0.019800 0.018800 0.013500 0.015600 0.079600 0.316400
18 0.019000 0.019300 0.016700 0.015000 0.014900 0.079500 0.303300
(d) HSIC(z, t)
tdim 107° 104 1073 1072 0.1 1 10
2 0.002981 0.002975 0.002821 0.002678 0.001845 0.001208 0.000681
5 0.004485 0.004276 0.003993 0.003615 0.001637 0.000781 0.000603
10 0.009785 0.009740 0.008795 0.007895 0.005640 0.001608 0.001089
12 0.004377 0.004383 0.004090 0.003659 0.003045 0.001790 0.000969
14 0.008351 0.008332 0.007280 0.006456 0.004819 0.001721 0.001290
16 0.005608 0.005535 0.004826 0.004629 0.003576 0.002113 0.003355

18 0.006674 0.006705 0.006611 0.005721 0.005841 0.002936 0.005055
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Checklist

1. For all models and algorithms presented, check if you include:

(a) A clear description of the mathematical setting, assumptions, algorithm, and/or model. [Yes]

(b) An analysis of the properties and complexity (time, space, sample size) of any algorithm. [Yes]

(c) (Optional) Anonymized source code, with specification of all dependencies, including external libraries.
[Yes]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of all theoretical results. [Yes]
(b) Complete proofs of all theoretical results. [Yes]
(¢) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical results, check if you include:

(a) The code, data, and instructions needed to reproduce the main experimental results (either in the
supplemental material or as a URL). [Yes]

(b) All the training details (e.g., data splits, hyperparameters, how they were chosen). [Yes]

(c¢) A clear definition of the specific measure or statistics and error bars (e.g., with respect to the random
seed after running experiments multiple times). [Yes]

(d) A description of the computing infrastructure used. (e.g., type of GPUs, internal cluster, or cloud
provider). [Yes]

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets, check if you
include:

(a) Citations of the creator If your work uses existing assets. [Not Applicable]

(b) The license information of the assets, if applicable. [Not Applicable]

(c) New assets either in the supplemental material or as a URL, if applicable. [Not Applicable]

(d) Information about consent from data providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable, e.g., personally identifiable information or offensive content.
[Not Applicable]

5. If you used crowdsourcing or conducted research with human subjects, check if you include:

(a) The full text of instructions given to participants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks, with links to Institutional Review Board (IRB) approvals if
applicable. [Not Applicable]

(c) The estimated hourly wage paid to participants and the total amount spent on participant compensa-
tion. [Not Applicable]
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