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ABSTRACT

Existing theoretical studies on how in-context learning arises are limited to the
dynamics of a single layer of attention trained on linear regression tasks. In this
paper, we study the optimization of a Transformer consisting of a fully connected
layer followed by a linear attention layer. The MLP acts as a common nonlinear
representation or feature map, greatly enhancing the power of in-context learning.
We prove in the mean-field and two-timescale limit that the infinite-dimensional loss
landscape for the parameter distribution becomes quite benign. We also analyze the
second-order stability of mean-field dynamics and show that Wasserstein gradient
flow almost always avoids saddle points. Furthermore, we establish novel methods
for obtaining concrete improvement rates both away from and near critical points.

1 INTRODUCTION

In-context learning (ICL) refers to the capacity of a pretrained model to solve previously unseen
tasks based on example prompts without further tuning. A line of research initiated by Garg et al.
(2022) has sought to understand the theory behind ICL from a function class perspective. Studies
have shown that certain Transformers are capable of implementing statistical learning algorithms
such as gradient descent (GD) in context (von Oswald et al., 2023; Akytirek et al., 2023; Bai et al.,
2023). In particular, Guo et al. (2023) analyze learning with representations where MLP layers act as
transformations on top of which ICL is performed, achieving near-optimal performance. Other works
have analyzed how ICL emerges from the training dynamics of Transformers (Zhang et al., 2023a;
Huang et al., 2023; Ahn et al., 2023). However, they are limited to models consisting of only a single
attention layer due to the complicated dynamics and thus can only explain ICL of linear functions.
Hence the following question at the intersection of the two approaches remains unsolved:

How does in-context learning with nonlinear representations (features) arise in
Transformers with MLP layers, optimized via gradient descent?

In this paper, we study a Transformer consisting of a 2-layer MLP followed by a linear self-attention
(LSA) layer trained on linear transformations of a feature representation. Contrary to existing
approaches which attempt to solve for exact attention dynamics, we focus on the loss landscape faced
by the MLP and show in the mean-field limit that all critical points are either global minima or saddle
points. We also formally prove that mean-field dynamics (MFD) ‘almost always’ avoids saddle points,
explaining how the MLP can find globally optimal features, and further derive concrete improvement
rates. This is also of technical interest as the first analysis of nonconvex MFD around saddle points.
We develop many results for general functionals and derive an application to 3-layer networks.
Theoretical preliminaries and related works are given in Appendix A, proofs and additional results
for Sections 2-5 are given throughout Appendices B-E, and experiments are detailed in Appendix F.

2 IN-CONTEXT FEATURE LEARNING

We formally define our simplified MLP-LSA Transformer. We switch the ordering as in Guo et al.
(2023) to view attention as a mechanism to exchange feature information encoded into the MLP layer.
Let D o be a distribution over the input space 2~ C R? and .7 a class of functions 2" — R with
distribution D . For each prompt, we generate a new task f ~ D 5 and a batch of n example and
one query input-output pairs (;, ¥; )i, (Tqr, Yqr) Where ;, g ~ Do areiid. and y; = f(x;).
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MLP layer. A vector-valued neuron with parameter § = (a,w)" € © C R¥ x R? and activation
o : R — R is defined as hy(x) = ac(w'x). While the original Transformer takes k = d, we
allow any k& < d representing the number of features. The mean-field network corresponding to
1 € P(0), the space of probability measures on ©, is defined as hy,(z) = [ ho(x)p(df). We also
denote 32, = Egp , [hy () hy, () T] € R¥*F. To extract features from the input tokens, the MLP
is applied to only the covariates x;, T4 so that the following prompt embedding E is transformed as

po o m m] L e = @) ) ]
yio Yo 0 Y1 T Yn 0
LSA layer. We reparametrize query, key and value matrices W@, WX WV ¢ REFDEHD with
W e R’”k, v € R in the usual manner (Zhang et al., 2023a; Mahankali et al., 2023) and set

LSA(E) = WYE - ~(WKE)T (WOE), WY = [O*T *} . (WEYTWe = [VX Od} .
n g v 0,4 *

We further absorb v into W and fix v = 1 to focus on the more complex dynamics of the MLP.
Corresponding to the position of yg, the (k + 1,7 + 1)th element of the output is read out as the
model prediction, yielding Jg, = LSA o MLP(E) = 1 3" | y;h,, (@;) " Wh,, (). Hence g, can
be seen as a linear smoother with kernel k(x, xq;) = Lhy, ()" Wh,(q) encoded by the MLP.
Regression over Features. In this paper, we study ICL of linear regression tasks over a common
nonlinear transformation or feature map f° € C(2°,R*), thatis 7 = {v " f°|v € R*}. We assume
that during pretraining the tasks are suitably spread out with E,[vv "] = I.. We also take the n. — 0o
(infinite prompt length) limit to disregard sampling error and let gy, = Eo[f(x)h,(x) T |Wh,,(24)
for any task f € 7; see Wu et al. (2024) for an analysis of finite task and prompt lengths in the linear
case. Hence our Transformer is pretrained with the following mean squared risk,

Lrr(p, W) = %quﬁv [(yqr - gqr)z] = %]qur {Hfo(wqr) —Es [fo(w)hu(w)T]Whu<wqr)Hz} ey

Our goal is to show that gradient dynamics converges to a global minimum such that Ltp = 0. Then
the MLP layer has successfully learned the true representations f°, and even for a new or ‘unseen’
task Vpew € R* the Transformer is able to return the correct regression output yg;:

Ygr = Eg [v[lwfo(m)h“(m)T]Whu(mqr) = 'U]I;wfo (Zqr) = Ygr-

We call this behavior in-context feature learning (ICFL). In Appendix B, we show by applying
classical analyses of overparametrized 2-layer networks that adding even a shallow MLP greatly
increases the class of representations learnable in context from linear functions to the Barron class.

3 BENIGN ATTENTION LANDSCAPE

In this Section, we characterize the infinite-dimensional landscape of the ICFL objective. To ensure
regularity, we assume C? smoothness of o and restrict the second layer to D* = {z € R¥ : ||z|| < 1}.

Assumption 1. The parameter space is © = D* x R?. The nonlinearity is C? and |o| < Ry,
|o’| < Ra, |0”| < Rs3. D has finite 4th moment, E,p, [||[z|’] = M; < oo for j = 2,4.

Next, we suppose f° = h,o for some ‘teacher’ distribution 1.°, ensuring learnability and allowing for
a rich class of representations (Lemma B.2). These must be suitably spread out in the feature space in
order to be learned effectively. To simplify computations, we assume:

Assumption 2. The true features f° = h0, p° € F2(0) satisfy 3,0 ,,0 = r°I, for r° > 0.

We do not require the inputs to be Gaussian as in von Oswald et al. (2023); Akyiirek et al. (2023);
Zhang et al. (2023a) or orthonormal as in Huang et al. (2023). Note that R% > tr X0 0 = kr° and
¥, = R} for all s, v. One implicit assumption is that the number of true features dim Ao is
known and equal to k; experiments on a misspecified model are also conducted in Appendix F.

Fast Convergence of Attention. To isolate the dynamics of p, we first note that minimizing Lty
over W is a least-squares regression problem. In particular, L1 is convex with respect to W (strongly
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convex unless X0 ,, or X, ,, are singular) and thus is optimized potentially much more quickly.
A possibility is that the MLP  — h,(x) degenerates to completely lie within a low-dimensional

linear subspace of R”. As the regression (1) is ill-conditioned in this case, we set @g(@) ={pe
P5(0) : rank X, , < k} and restrict our attention to 23 (0) = P5(0) \ 29(0). We show the
singular set 93(@) is sparse in a strong sense in Proposition C.5, justifying subsequent calculations.

Lemma 3.1. For any u € 23 (0) and initialization W, the flow %Wt = —Vw Ltr(, Wy)
converges linearly to some W, € arg miny, Lrr(p, W) satisfying 3,0 ,W,, = Euo#E;’}l.

Thus it is reasonable to suppose that W is updated sufficiently quickly and has already converged to
W, for each i — formally by modeling as two-timescale dynamics — leading us to study the objective

L(p) = infw Lrp(p, W) = %Ew [”Cu%u(w)”?] ) Cﬂ",u(a’) = hu°(w)_2u°~,#2;}uhu(w)- @)

No Spurious Local Minima. We denote the orthogonal group and unit ball in RF*F ag O(k) and
Bi(k) = {R € R¥* : |R|| < 1}. For R € O(k), define Rfy as the pushforward of z along the
rotation map R : (a,w) — (Ra, w) so that hry,(x) = [o Rhe(z)du(f) = Rhy(x). Since the
convex hull of O(k) is equal to By (k), this can be extended to any R € B;(k) by decomposing
R = ZT:I o;R; and defining R = Z;”:l ajR;iu. See Lemma C.6 for details. Achieving zero
loss implies we have learned the true features h o up to a linear transformation:

Lemma 3.2. The pushforwards Riu° for any invertible R € By(k) are global minima of L.
Conversely, L(u) = 0 implies h,, = Rh. for some invertible matrix R.

The following theorem is the main result of this Section. It states that for any u that is not a global
minimum, it is either (1) possible to move in a direction where L is strictly decreasing, or (2) £
possesses an unstable direction. In particular, all local minima must also be global minima.

Theorem 3.3 (no spurious local minima). For any i € 93 (©) that is not a global minimum,

(i) There exists R € By (k) such that along fis = (1 — s)u + sR{u® we have %|t:0 L(fs) <0.

(i) If%{szo L(fis) = 0 for all R € By(k) above, then % < Lp) < % and %22|S:0 L(as) <

- k;% L(p)? for some R € By (k).

As a corollary of (ii), critical points cannot exist if £ < %, the minimum loss when h, is uninfor-

mative, i.e. the regression coefficient 330, NE;,L against the true features is singular. We show this
leads to an acceleration phase when converging to global minima in Appendix C.3 and Theorem 5.2.

4 MEAN-FIELD DYNAMICS AVOIDS SADDLE POINTS

Strict saddle properties such as Theorem 3.3 have powerful implications for nonconvex optimization.
In finite dimensions, GD almost always avoids saddle points and converges to global optima (Lee
et al., 2019); see Appendix D.1 for a recap. We develop the analogous result for general Wasserstein
gradient flows (WGF) (3) via the elegant formalism of Otto calculus (Otto, 2001). See Appendix D
as well as Ambrosio et al. (2005); Villani (2009) for expository details. Let F' : #5(Q2) — R be a
general C? functional with domain 2 C R". We derive a tangent space characterization of MFD:

Lemma 4.1. The WGF (j1;) in a neighborhood of a critical point i of F can be written as
e = (g +evy)ipt where the field v, satisfies d,v, = — [H,,: (6,6")v,(6")p(d6) + o(1). Here,
H,: (QxQueup — RE+DE+D) o the matrix-valued kernel H,(6,0) = Vng/g%(u, 0,0").
This facilitates stability analysis via the spectral theory of linear operators,

Lemma 4.2. Suppose H,, is Hilbert-Schmidt for j1 € P5(), that is [[|H,||? dp @ du < oo.
Then its integral operator H,, : f — H,f(0) = [H,(0,0)f(0")u(d0") is compact self-adjoint,
hence there exists an orthonormal basis {1; }jcz for L*(Q, i; Rl”d) of eigenfunctions of H,,.

We thus define the set of strict saddle points as 41 := {y € P5(Q) : V‘;—Z =0, Amin(H,) < 0}
Near such points, we now apply the center-stable manifold theorem for Banach spaces (Theorem
D.3). This tells us that all flows converging to xf must be eventually contained in the graph of a

smooth map in the tangent space defined near the origin. Denoting the reversed WGF for time ¢
inverse to the forward flow as w; whenever it is defined, we conclude:
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Theorem 4.3. For any C? functional F : 25(Q) — R with Hilbert-Schmidt kernel H,,, the set
%OT = {po € P2(Q) : limy_s o0 it € 4T} of initializations which converge to strictly saddle points
is contained in the countable union Uycn Ujen w, (7;) of images of submanifolds V.

For ICFL (2), Proposition E.6 and Theorem 3.3(ii) show that all critical points that are not global
optima are strict saddle in ¢T. Hence Theorem 4.3 applies to £ with the domain of interest replaced
by 23 (©), and thus ‘almost all” convergent flows in &3 (6) must converge to global minima. We
apply our theory to the training dynamics of three-layer fully connected networks in Appendix D.4.

5 CONVERGENCE RATES FOR ICFL

Theorem 4.3 is encouraging but only qualitative. In this Section, we develop quantitative improvement
results for MFD (1) away from critical points; (2) near global minima; and (3) near saddle points. We
present our main results for F = £ where g—ﬁ(u, 0) = —Ex[Cuo u(®) " pe X, 1 ho(x)] in (3).

MFD with Birth-Death. To preserve the benign landscape, we do not add entropic regularization
typical in mean-field analyses; nonetheless, a different modification will be beneficial. For a fixed
m € P9(0O), if at any time ¢ > 0 the density ratio infg % is no larger then a small threshold v, we
perform the discrete update pi; < (1 — y)ut + 7. This is easily implemented, see Appendix F.1.
Similar perturbations have been studied for convex MFD in Wei et al. (2019); Rotskoff et al. (2019).
Assumption 3. 7 is spherically symmetric in the a component, that is 7(a, w) = w(a’, w) if
lal] = ||@’||- Also, u° has finite density w.r.t. 7 as ||[dp®/ dr|jee < Ra.

First-order Improvement. We first give a result which translates nonzero gradients along a
direction of improvement into a first-order rate of decrease for the gradient flow. Unlike convex mean-
field Langevin dynamics which relies on a log-Sobolev inequality to control dissipation (Nitanda
et al., 2022), our idea is to exploit the mobility of the second layer mass. The argument works for any
objective built on top of the MLP layer h,,; see Proposition E.1 in the Appendix for the general result.

Proposition 5.1. Suppose MFD with birth-death on L at time t satisfies Theorem 3.3(i) with
%|S:O L(,as) < —§. Then % E(,Ut) < _R4—1752.

We further establish convergence near global minima. The rate is quadratic in the feature dimensions
k and independent of d; we take r° = @(%) O hides polynomial dependency on constants R, M.

Theorem 5.2. Once L(u:) < 0.49r°, MFD with birth-death converges with loss < € in time O(%)

Second-order Improvement. We now arrive at the main difficulty of our analysis: the behavior of
MFD near critical points. In the finite-dimensional case, local stability is determined by the Hessian.
We show that the mean-field analogue for a smooth functional F' : &25(0) — R is

Lemma 5.3. The velocity field V% of (3) evolves as 0, [V‘;—i(ut)] =—MHy, [V%(ut)]

For the ICFL objective £, we show H,, is Hilbert-Schmidt and derive regularity properties in Lemma
E.3 and E.5. Next, we can translate second-order instability into a spectral bound for H,.

Proposition 5.4. Suppose MFD with birth-death at time t > 0 satisfies Theorem 3.3(ii) with

% |S:0 L(fis) < —A. Then the smallest eigenvalue N of H,,, satisfies \g < —Rj "yA.

Therefore we expect that even if the dynamics is close to a saddle point and Proposition 5.1 is not
useful, as long as the L2-component along the eigenfunction 1)y corresponding to \g is not exactly
zero, it will blow up exponentially in time until ;; escapes and makes progress. In detail,

Theorem 5.5. Suppose MFD with birth-death on L at time t satisfies Theorem 3.3(1) with
%L:o L(jis) > —O(k™Y L(11¢)?). Further suppose vy satisfies | f%Tv%(ut) dpt| > afor some

o > 0. Then MFD within the region {1 € P5(0) : Anin(X,.,.) = QU%)} decreases L in time

T=0 (Wk#t)? log é) as L(p4r) < L) — O (%)

Simply put, we make () progress in O(log 1) time. The idea is to find a W,-ball where if 1, does
not escape in time 7, the blowup guarantees improvement; if 1; does escape, £ must have decreased
to warrant such displacement. Again, we present general versions in Proposition E.6 and Theorem
E.7. Unfortunately, this is not enough to establish global rates as the flow might be initialized at or
pass very near multiple saddle points; this is unavoidable even in finite dimensions (Du et al., 2017).
We propose a perturbative scheme to escape saddles based on Gaussian processes in Appendix E.3.
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6 CONCLUSION

In this paper, we explored the training dynamics of a Transformer with one MLP and one attention
layer, enabling in-context feature learning of regression tasks on a rich class of representations.
We showed that the loss landscape becomes benign in the two-timescale and mean-field limit
and developed instability and improvement guarantees for the Wasserstein gradient flow. To our
knowledge, this represents both the first work to theoretically study how features are learned in
context, and the first analysis of nonconvex mean-field dynamics for strict saddle objectives.
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A PRELIMINARIES

A.1 BACKGROUND THEORY

We begin by providing some necessary background for mean-field dynamics. Let 2 C R™ be a
Euclidean domain with smooth boundary 0f2. For p > 1, let gzp(Q) be the p-Wasserstein space of
probability measures on §2 vanishing on 0f2 with finite pth moment. We will mostly be concerned
with the space Z25(Q).

Definition A.1 (functional derivative). The functional derivative ‘(35—5 of a functional F' : &2,(Q) — R

is defined (if one exists) as a functional ‘;—5 1 Pp () x Q — Rsatisfying for all v € &2,(Q),

d dF

—| F - = [ —(w0)(v—p)(dd).

i _, (ntew—p)= | 5 0= p)(do)
Note that the functional derivative is defined up to additive constants. We say a functional F' is
Clif V‘;—i (1, 0) is well-defined and continuous, and C? if V,V gf—f; (1, 6,0") is well-defined and
continuous. Furthermore, the functional F' is convex if for all v € &7,(Q) it holds that

oF

~— (1, 0) (v — p)(d8).
o Op
Definition A.2 (p-Wasserstein metric). The p-Wasserstein distance between i, v € £2,(Q2) is defined
as

F(v) > F(u) +

W) = (_nt [ le =l arten)

YE (kv

where II(u, v) denotes the set of joint distributions on © x 2 whose first and second factors have
marginal laws p and v, respectively.

We consider &7,(£2) as a metric space with respect to W, which metrizes weak convergence on
Z,(€) (Villani, 2009, Theorem 6.9). By Holder’s inequality it always holds that 225(Q) C £71(2)
and W1 (i, v) < Wa(u, v). The Wy metric is also characterized via Kantorovich-Rubinstein duality
as

Wi, v) = sup /Qfdu—/ﬂfdv,

I fllLip<1

where the supremum runs over all 1-Lipschitz functions f : 2 — R, which makes it well-suited for
perturbation analyses.

We develop more advanced theory concerning the local metric geometry and characterization of flows
on Z5(Q) in Appendix D. As a consequence, one can show the following variational formulation of
the W5 metric:

Proposition A.3 (Benamou-Brenier formula). For u,v € &5(Q) it holds that

1
Wa(p,v) = inf {/ ||’Ut||i2(ﬂ7ut;Rvn) dt : O + V- (vppe) =0, po = p, i1 = V} ,
0
where the infimum runs over all unit time flows (it )¢e[o,1] from p to v.
Proof. See e.g. Ambrosio et al. (2005), Chapter 8 or Santambrogio (2015), Section 6.1. L]

The formula can be used to bound the movement of Wasserstein flows in relation to the magnitude of
the gradient field. For convenience, we will use the following time-rescaled version which is easily
checked:

WQ(M’ V) = inf {T/ ||vt||%2(ﬂ,ut;Rm) dit: at/j/t +V. (vt,ut) = 07 Mo = Wy by =V, T > 0} .
0

When the velocity field v, = —Vg—i (1) is given as the functional derivative of a given functional F,
the dynamics can be interpreted as the continuous-time limit of a discrete gradient descent process on
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F w.r.t. the Wy metric via the celebrated JKO scheme (Jordan et al., 1998). Specifically, the implicit
Euler scheme

1
pd D = argmin = Wa(p, p™)? +nF(n), 12 = po
HEP2(Q)

converges weakly in the limit  — 0 to the solution of the continuity or Fokker-Planck equation
Opiy =V - (utv%(ut)) in the sense that u%t/nj — py for all time ¢ > 0. Hence we refer to this

process as the Wasserstein gradient flow on &5 (£2) with respect to F.
A.2 RELATED WORKS

In-context learning. A wide literature has developed around the various aspects of ICL; we only
mention those most relevant to our setup. Akyiirek et al. (2023); von Oswald et al. (2023); Mahankali
et al. (2023) give a construction where a single linear attention layer is equivalent to one step of GD
or ridge regression. Transformers are also capable of implementing statistical (Bai et al., 2023) and
reinforcement learning algorithms (Lin et al., 2023) and model averaging (Zhang et al., 2023b). The
attention-over-representation viewpoint has been studied by Guo et al. (2023) and also Tsai et al.
(2019); Han et al. (2023) from a kernel regression perspective. Zhang et al. (2023a) analyze the
optimization of a linear attention-only Transformer and show global convergence; a relationship to
preconditioned GD is established in Ahn et al. (2023). Also, Huang et al. (2023) give a stage-wise
analysis for the softmax attention-only model. Finally, a joint dynamic framework for MLP and
attention has been proposed in Tian et al. (2023).

Mean-field dynamics. Let hy denote a single neuron with parameter § € 2 C R™ and &((2) the
space of probability measures over €).! In the infinite-width limit, a 2-layer neural network Ay (x) =

+ Zj\;l hge) (@) can be written as an expectation h, () = Eg~,[he(x)] over a distribution ;i €
Z(Q). The corresponding mean-field limit of gradient flow (GF) w.r.t. an objective function
F: 2(Q) — R, the Wasserstein gradient flow, is given by the continuity equation

O =V - (VE (), =0, 3)
Networks in this regime are capable of dynamic feature learning and convergence, compared to the
NTK regime where the underlying kernel is essentially frozen. Works such as Chizat & Bach (2018);
Mei et al. (2018); Nitanda et al. (2022) exploit the linearity of h,, in 1 and the convexity of the loss to
lift to a convex optimization problem on () and obtain convergence results. In contrast, the ICL
loss is inherently nonconvex due to the additional attention layer.

Landscape analyses. Certain nonconvex objectives such as matrix completion, sensing and fac-
torization have been proved to be benign via directional analysis (Ge et al., 2016; 2017; Li et al.,
2019). Recently, Gaussian k-index models have been shown to possess benign landscapes w.r.t.
the projection matrix after factoring out the link function via a similar two-timescale limit (Bietti
et al., 2023). However, our work focuses on the optimization of the infinite-dimensional variable
w € H(0), and the ICL objective (2) has a novel, more complex structure compared to these
problems. Boufadene & Vialard (2024) study a certain energy functional and prove benignity via
flow interchange techniques; however, they do not discuss its implications for general gradient flow.

B RESULTS AND PROOFS FOR SECTION 2

B.1 EXPRESSIVITY OF REPRESENTATIONS

Multivariate Barron class. Barron-type spaces have been well established as the natural function
classes for analyzing approximation and generalization of shallow networks (Barron, 1994; Weinan
et al., 2020; Weinan & Wojtowytsch, 2022). Here, we extend the theory to our vector-valued setting.
We focus on the ReLU case for ease of presentation which does not satisfy Assumption 1, but many
results extend to more general activations (Klusowski & Barron, 2016; Li et al., 2020).

'We will also consider the space &2 (1) of the space of probability measures on © with bounded second
moment that vanish on the boundary of ©, equipped with the 2-Wasserstein metric.
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Set © = R* x R%, 0(2) = max{0, z} and suppose My = Eqp,, [||z|?] < co. The Barron space
2B, of order p € [1, 00] is defined as the set of functions f = h,,, u € Z(©) with finite Barron norm

. 1/
1f 2, = infusp—n, [[lal”llw]?u(@d)] "
This turns out to not depend on p (Lemma B.6), so we refer to the Barron space and norm as
(A, ||| 2)- This space contains a rich variety of functions. The following is an application of the
classical Fourier analysis (Barron, 1993).
Proposition B.1. Suppose h,, includes a bias term, i.e. & C Zox{1}. If f = (fj).’;:1 €
C(Z o, R¥) such that each f; satisfies inf 7 Jga— ||w||%\fj(w)\ < oo for f] the Fourier transform

of an extension of f; to R then f € B. In particular, the Sobolev space H* (2 0)* C % for

d+1
5> 4

Furthermore, 4 is exactly the class of representations that can be learned in context, demonstrating
the expressive power gained by incorporating the MLP layer:

Lemma B.2. Lrg(p, W) = 0 has a solution such that esssup,,||a||||w]| < oo if and only if f° € &.

In contrast, Mahankali et al. (2023) show that the optimal LSA-only Transformer implements one step
of GD for the linear regression problem (z;, y;)?_; even when y;|; is nonlinear; thus we establish a
clear gap in learning ability.

Generalization to unseen tasks. If the Transformer has successfully learned f°, it will achieve
perfect accuracy on any new linear task v, f° as discussed. On the other hand, if the test task is an
arbitrary function g € C'(2Z"), we cannot hope to do better than the projection to the linear span of
learned features f7,--- , fr since (1) is a regression loss. We show this lower bound is optimal:
Proposition B.3. Suppose L1e(p, W) < € for f° € A and ||h,|| 2, |W| S 1. Then for any new
task g € C(Z") with ||g||L2(p ) S 1 the test ICL error satisfies

Ea:q, |:Hg(wqr) —Eg [g(x)hu(w)T]Whu(wqr)HQ}

. T poq2
Set il oo P,

This extends the LSA-only case where the optimal output was shown to be the near-optimal linear
model in Zhang et al. (2023a). This also raises an important question: if the task g depends nonlinearly
on he, is it still beneficial to have learned the relevant features 1°? Clearly this depends on both g
and the initialization p; however, we present experiments supporting this intuition in Appendix F.

B.2 FROM FINITE TO INFINITE WIDTH

Continuing the above discussion, elements of the Barron space are effectively approximated by
finite-width networks, which can be seen as an adaptive kernel method. The proof of the following is
essentially due to Weinan et al. (2022).

Proposition B.4. For any integer N and f° € 2B, there exists a width N network h N given by the
discrete measure [iy = + E;\le S0 with path norm ||hy||p = Z?f:lﬂa(j)ﬂ lw@| < 3|f°|l
and

~ o2
infw Lre(fin, W) < Sllhy — f°)2ap,,, < 22U

Using the low Rademacher complexity of Barron spaces, we can also simultaneously bound the

generalization gap for a finite number of tasks 7" as 6(T‘1/ 2) which is nearly minimax optimal
(Weinan et al., 2019, Theorem 4.1).

Moreover from a dynamical perspective, a propagation of chaos argument (Sznitman, 1991) shows
that gradient descent indeed converges to (3) in the infinite-width limit. Let F' : &72(2) — R be any
C! functional such that ||V‘;—5 | < Ly, V‘;—i(,u, 0) is La-Lipschitz w.r.t. § and L3-Lipschitz w.r.t. p

in the YW, metric. Denote the initial measure as pg € P2(Q), let 661), e HéN) be i.i.d. samples
from g and consider the empirical GF trajectories

4 R N N
40 = -V (i, 07), fun =+, Gyt -

10
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Proposition B.5. For any T > 0, the N-particle empirical measure [iy Ny converges to [ as
EWi (e, v, pe)] — 0 uniformly for all t € [0,T] as N — oo.

See Remark B.9 for the case of the ICFL objective. Hence it is natural to analyze optimization in the
mean-field or extremely overparametrized regime.

B.3 PROOFS FOR APPENDIX B.1

Lemma B.6. For any p > 1 it holds that || f|| 2, = || f||, = || f|| 2., where

[fll#. := inf esssup|al||w].
pif=hy a,w)~p

Proof. Note || fl|z, < |flle, < |Ifllz. trivially by Holder’s inequality. For f € %, choose a
measure £ such that f = h, and [||al|||w]||x(d8) < | f|lz, + € and define the nonnegative measure
pon SF1x S971 ag

a w
j(A, B) = / lallllwlu(de, dw), a= %, w=
tes lal

for Borel sets A C S¥~1, B C S~ Then we can rewrite f via the ‘projected’ measure x as

f= [ ho@ntas) = [lalw]- aotw @)n(da,dw) = [ ar(we)u(da, dw)

Factoring out the total mass of y to form a probability distribution on P(SF~1 x S971), we obtain a
representation of f such that the co-Barron norm becomes bounded as

Ifllz. < p(S*1,8%71) esssup|lall|w] < [|f]|z, +e.

(a,w)~p

Taking ¢ — 0 shows the reverse inequality. O

Proof of Proposition B.1. If f; € C(2,R) satisfies inffAj fRd,1||w||%|fj(w)| < oo for some

transform fj, it admits a representation
(@) = / a;0(w" @), (day, dw)

for a probability distribution y; on R x RrR? (Barron, 1993; Weinan et al., 2022). Consider the scaled
inclusion map

1 RxRT 5 RF X RY 4(a;,w) = (kaje;, w),
where ¢; is the unit vector with all zeros except for a single 1 at the jth coordinate. Then for the
averaged pushforward measure /i = + Zle ity € Z(0) it holds that

1< .
hp(x) = EZ/ajo(w x)utp;(day, dw)
j=1

= Z/ajejo(me)uj(daj,dw)

and therefore f € 4. ]

11
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Proof of Lemma B.2. Let AT denote the pseudoinverse of a matrix A. If f© = h,o for some
distribution p° € Z2(0) with || f°|| < oo, then setting W° = ELO’MO =Ez[fo(z)f°(z) ],

(e} o 1 o (e} o)
Lrp(p®, W°) = iqur £ (@qr) — o o WO f («’qu)||2

1 1

= 5 tr Eﬂoyuo —tr <2NO7HOW02MO)NO) + § tr (EMO7M°WOEM°,/,L°WOEN°,M°)
=0.

Conversely, Ltr(p, W) = 0 implies that f°(zq) = Eg[f°(z)h, () [Wh,(xq) or f© = Ah,

for some A € R***_ Then the pushforward measure Afy: of 11 along the map (a, w) — (Aa,w)

satisfies

hagu(z /Aaa (w'x)p(dh) = Ah,(z) = f°(x)

and esssuppy, [lall|lw]| < HA|| esssup,, [lal|[|w|| < oo, thus f° = hay, € Z. O

Proof of Proposition B.3. Since the minimization problem is standard linear regression, we can
explicitly set

v = Eo[f°(2) () "Eag(2) f°(@)], o]l < [Balf°(@) /(@) 711N r2malollzma)-

Writing go = g — v ' f°, we can bound

SEe, [ll9(20) — Ealg(@)hy (@) IWhy ()]
< ([0l Ea [[|/° (@q) — Ealf*(@)hy (@) TWhi (g

2
+ qu, [ ’90 (mqr) —Ey [90 (x)hu (m)T]Whu (mqr)H }
< 2|vl*e + 2llgolliz(p ) + 290172 o) 1allz2 (o, ) IWIIP.
The statement follows by noting that

LALERE ( / Em[||he(m)|2]u(d9)>l/ ’

1/2
< </Ilall2llw2Em[|wll2}u(d9)> = My " |||

from the limiting argument in Lemma B.6. O

B.4 PROOFS FOR APPENDIX B.2

Proof of Proposition B.4. For any network /i, we may take W = E,[£°(z)h,(x) ]! so that

inf Lrv(, W) < LB, [[[7° () — Balf° (@) (@) W, ()|
=SB @]~ tr (Balf(@)h(2) TWE [y (@) °(2) )
b L (W (@) (@) JEa £ (@)h (@) WS, )
< LB (@) 7] ~ tr (ol (@) (@) T)) + 1 tr S,

2
= SEo[[lf°(2) — hu(2)]?).
Now let u° € 2?(0) be a distribution such that f© = h,0 and [||a||?||w]||?1°(d0) < (14 €| f°[|%.

Let M), ... 0N be an i.i.d. sample from £°. Then from Eg. o [hg()] = hye(2), it holds on
average that

EiyEallln (@) — £°(@)]°]

12
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2

N
1
= Exlpy H N > hoo (@) — fo()
=1

1 N
= 53 2 EoBry [l (@) — by (@)

+ 3 O Bl (0 () — e (@) (oo (@) — e (2)]

#

Nz Z]E Eo) ~peo [ Po (2)]]7]

| /\

| /\

/ JalPEx (")) @)

1 M
< UM poys

Moreover, the path norm is bounded on average as EﬁN[ll/ﬁNHp] < (14 €)||f°|lz- Then by

o112 -
% has probability at most 1€, and the

Markov’s inequality, the event ||y — f° ”%Z(Dx) >
event ||yl > 3| /]| has probability at most 1< Hence the stated bounds hold with positive
probability as € — 0, thus for some size N network N O

For the propagation of chaos result, we require the following bounds.

Lemma B.7. The second moment mo(p:) = [|0]|> e (d0) satisfies ma(pe) < e2Lim, (10)-

Proof. The assertion follows immediately from

d oF

Gyman) = [1012000(@6) = =2 [ 67V 5 (e, 0(0) < 2L5ma ).

O

Lemma B.8. Let 1 € P5(Q) and 6, --- 0N) be an i.i.d. sample from p with correspond-
ing empirical distribution iy = ﬁ Z;VZI dph. Then for dimension m > 3 it holds that
EW1 (i, fin)] < Cr - ma(u)/>?N=/™. The rate is replaced by N~"/?log N if m = 2 and
N2 ifm=1.

Proof. See e.g. Fournier & Guillin (2015) for the case m > 2 and Bobkov & Ledoux (2019) for
m = 1. O

Proof of Proposition B.5. Consider the coupled process

d = oF ~(j ;0 j ;
¥ = V5 e l?), 0 =0, je N

and write the corresponding empirical distribution as fi; v = % Zjvzl 050 For any finite time
t
horizon T" > 0, it holds that

W _ g @ oF  50)

Ly G) _ g 5
< / W;net 0+ Ly Wi G ) .

Then applying Gronwall’s inequality and taking the expectation over random initialization, we have
forallt € [0, 7]

EW1 (fie,n, fue,n)] <

N t
1 ) A -
E N;nei-”—em] < Lyeh” / EDW1 (s, n» 1s)] ds.

13
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Since each trajectory ét(j ) of the coupled process is an independent sample from the true distribution
1, by Lemma B.7 and B.8 it moreover holds that

EW1 (e, w s 1)) < EDV1(Te, v, e, N)) + EDV (e, i)
¢
< Loe T [ BV (e, )]s + Cone () 2N/
0

with the appropriate modification when m = 1, 2. Hence another application of Gronwall’s inequality
yields
EWh (it 111)] < Conmmia (o) Y2N~Y ™ exp(L? 4 LsTel?T) — 0

as N — oo. The convergence is uniform for any finite horizon 7. O
Remark B.9. When F' = L, we rely on the Lipschitz constants obtained in Lemma E.4 to obtain
the same statement, with the caveat that the flow must not reach the singular set &5(©) in order
to ensure existence and regularity of the flow; this will be a recurring issue. The result is clearly
still valid for mean-field dynamics incorporating birth-death by the ordinary law of large numbers,
assuming the update happens at the same instant for ji; and ;. See also Rotskoff et al. (2019) for a
more involved study of birth-death dynamics.

Remark B.10. The above bounds are not optimized; compare for example Berthier et al. (2023).
Explicit uniform-in-time propagation of chaos bounds have recently been proved for convex mean-
field Langevin dynamics (Chen et al., 2022; Suzuki et al., 2023) and convex-concave descent-ascent
dynamics (Kim et al., 2024). It remains an open problem to prove such results for general nonconvex
mean-field dynamics, with or without the entropic regularization framework.

C RESULTS AND PROOFS FOR SECTION 3

C.1 AUXILIARY RESULTS

We will use the following elementary results from linear algebra without proof.

Lemma C.1. The spectral norm of a block matrix A = [i;i ii’ﬂ is bounded as || Al
, :

> =1 Al

Lemma C.2. The spectral and nuclear norms are dual: ||All, = max|gj<1(A,B) and ||Al

max| g, <1(A,B) for any A € R™*™, m > 1. In particular, tr(ATB) < ||A|||B||. for any

A, B ¢ R™™,

Lemma C.3. For a positive semi-definite matrix A € R*** it holds that %(tr A < trA? <

(tr A)2.

IN

The neural network output is continuous and well-behaved in the following sense:
Lemma C.4. The map 6 v+ hg(x) on © is (R} + R3||x||?)/?-Lipschitz for each x € Z . Also, the
map p1+— h,,(x) on P5(0) is (kR? + kR3||x||?)'/2-Lipschitz w.r.t. 1-Wasserstein distance for each
xeZ.
Proof. For 01 = (a1, w1),02 = (as, ws) we have
1o, (z) — ho, (@) = |ar0(w] ) — azo(w; )|
< llar — az|| - |o(w] @)| + ||az|| - |o(w] &) — o (w; )|
< Riflay — aqf| + Reflwy — wel| - [l
< (R} + R3|z|*)"/?[161 — 62
The difference of each coordinate |hg, (x); — he, () ;| satisfies the same bound for 1 < j < F,
implying that
(@) — ()] = V h(@);14(d) / he(w)ﬂ/(d@‘ < (R} + R3|l[*)" > Wi (u,v)

and hence ||, (z) — h,(z)|| < (kRZ + kR3||z||*)/2 W1 (1, v). O

14
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Proof of Lemma 3.1. The gradient flow equation for W is given as

d 1
G We=—5Vwir (28,0 JWE, o + 20 JWE, ,W'E, )
= = e Bpe (WX — Ii).

Denote the singular value decomposition of X, ,o as U1 D1V and the spectral decomposition of
3, as U,D,U; where Uy, Uy, V; € O(k) and D; = diag(d; 1, -+ ,d; k). Since we assume
2,1 = Eglh,(x)h,(z) "] is positive definite, we also have by ; > 0 for all 4. Further defining the
auxiliary matrix Z; = UlTWtUQ, the dynamics for Z; is expressed as

d
4= ~-U/ (U;D,V{)(V,D,U{)(U,Z,D,U; — 1)U,
= -D?Z,D, + D?U| U,.
Writing U] Uy = (u;;)1<i <k, for each entry z; ;(t) := (Z;);; we obtain that z () =

—d3 ;(da,;2i;(t) — u; ;) and therefore

d;ju” dl,i 7é 0
Ziyj(()) dl,i =0

Jm 25 (t) = { } = L{a, 04 i 5 + La, =0} 21,5(0);

This can be recast in matrix form as lim;_, . Z; = DIDlUlTUQDQ_1 + (I — DIDl)ZO, and the
convergence rate is exponential. We conclude for the limit W, := lim;_, . W, that
2,0, W, = (V;D,U])U;(D{D,U{ UyD; "' + (I, — DID;)Zo) Uy
= (ViD,U])(U,D; 'U;)
-1
=X uX,
O

Proposition C.5. For any u € 95(0), v € 5 (0), there are at most k values t € [0, 1] such that
(1 —t)p +tv € PY(O). Consequently, 5 (©) is dense in P5(0O).

Note in particular that R4;° € 25 (©) for any invertible R € B; (k) as Ery.e rue = r°RRT.
This justifies the computations which appear in the statement and proof of Theorem 3.3.

Proof. Suppose there exist k + 1 distinct ¢; € [0,1], j = 0,1,--- ,k such that (1 — ¢;)u + t;v €
29(0); note that t; # 1 since v € 75 (0). Then there exist nonzero vectors z; such that
(1 —t;)z] hu(x) + t;z] hy(x) = 0, and which must be linearly dependent. Without loss of
generality, let {z; }5:0 be a minimally dependent subset of {z; },’7?:0 so that Z?:o bjz; = 0 for
constants b; not all zero. Suppose by # 0. Then the equality

4 4
t;b; tib;
0= bz () + J_th z} hy (@) = (§ :1J_ijij>hl,(a:)

7=0 =0

implies that

= t t ¢ tib t ¢
E J 4 2: JY3 4 2:
c (1—75]- l—tg)JJ l—tj J l—tgjojj ’

Jj=0 J=0

which contradicts the minimality of {z; }§:0 since the coefficient of zg is nonzero. This proves the

first claim. Denseness of &7 (©) immediately follows: for any 1 € 95(0©), all but finitely many
mixture distributions (1 — ¢)p + tu° lie in 225 (©), so there exists a subsequence weakly converging
to uin 225 (©). O

Lemma C.6. Any element R € B1(k) can be expressed as a convex combination of finitely many
elements Ry, -+ Ry, of O(k). In particular, the pushforward can be defined for any R € By (k).

15
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Proof. Denote the singular value decomposition of R as UDV " and denote by Dy, - - - , Do all
diagonal matrices with every diagonal element equal to &=1. Since every diagonal element of D has
absolute value at most 1, D is contained in the convex hull of Dy, -- , D5y« and hence R can be
written a convex combination of UD; VT, ... UDux V' € O(k).

Furthermore, writing R = >, ;R for o € (0,1), 37", a; = 1 we may define for all
€ P9(0) the pushforward measure Ry := Z;nzl a; R ;8p so that

() = 30 / hole) AR, 240) = 30 / R;ho(w) du(6) = Rh (@),

We remark that simply defining Ry as the pushforward along the map R : (a,w) — (Ra,w)
would not preserve the bounded density condition (Assumption 3) for pushforwards of ;°. O

Proof of Lemma 3.2. It is straightforward to check that
oy _ 1 _
L(Rip°) = §Em [”hu" (x) — (E/LO,/LORT)(RE/LO,/P RT) 1Rh/t° (m)HQ] =0

Conversely, £(p) = 0 implies that hyo () = 2,0 , 21 h,(x) ae. Since  — h,(z) is always

Loy fb
continuous, equality holds for all x € 2. Finally, 3,0 , 3 #L cannot be singular since the image of

h, is not constrained on a lower-dimensional subspace by Assumption 2. O
C.2 PROOF OF THEOREM 3.3

We study the first- and second-order properties of the optimization landscape for the functional L.
First note that £(1) < Lrr(p, Okxk) = % We denote

1 T 1, 1 -
L,= iEw [gu",u(w)@%u(w) ] =37 I, - 52/»&‘7,#2#7}12”’“"

so that L, is positive semi-definite and tr L, = L(11). Let R € B (k) and fi; = (1 — s)p + sRiu°
for s € [0, 1]. By linearity of the mean-field mapping p +— hy,,

d d o
&hﬁq (CC) = Rh#o ($) — hﬂ(x), gzp‘o’ﬁs =T RT — Eﬂo“u’
d

T T = 20T+ (1= 25) (R 5+ 2, 0RT) =21 —8)%, .

Then the time derivative of L(fis) for s € [0, 1] is obtained as
d -
s ﬁ( s) = —Ez |Cuo i, (w)‘r£ (Eu uszus PRUR (w))
= _Em [C,uo,ﬁs (x)TE ,,Uagzlugl,ug(Rh ( ) h,u(m))] )
where we have used that
Ex [hy, (€)Gue . (2) '] = Ex [, () (hye (2) " — b, () T25 15 S, o)) = 0.
In particular, the derivative at s = 0 is equal to

4
dS s=0

L(fis) = ~Eq [Guo (@) " Do 13y, ), (Rhyee () — hyu())]

[CH #( ) we HEH ,uRCH 7M( )]

= —2tr (RL, X0 sy L)
We may choose the pushforward R so that this quantity is minimized over R € B; (k). Via duality

of the spectral and nuclear norms, this yields

% Sf()‘C(ﬂS) = min —2tr (RL,X,0 ,%

IRII<1 ~2 LBy Zp 0 <0, )

) =
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proving the first claim.

Now if the above first order analysis does not yield a direction of improvement (strict decrease) for £,
it must be the case that Luzu",uzﬁ,h = 0. If p is not a global minimum then L, # 0 and hence

rank 3,0 #E;’L < k, so that the linear regression predictions X0, ”E;Lhu(w) are contained in a
lower-dimensional subspace {z}* for some z € S¥~!. This further implies that
1 r°

1
L() 2 3Ea (2 he (@))°] = 527 By oz = 3,

confirming the critical point lower bound.

We proceed to analyze the second-order stability of critical points. The second derivative along any
pushforward R € B; (k) is computed as

d2 B d _
Sl L) =2 Ea [ ) S B, (R () — By ()]
s=0 s=0
d _ T _
= Fe [ds o (Bpe e Zil b (@) o 5 S50, (Rhyeo () — h’i(m))]
d .
—Eg {Cu‘%us (x) as Eu",ﬂszﬁs,gs (Rhu" (x) — hu(m))} .
s=0

The first term can be expanded as

Eo [(Rhw (@) = hyu()) "2, B Bpee w By (Rhyee () — by ()
- h#(w)TE;,L(REM",u + Eﬂ’u"RT - 22%#)2;,1u2u7u°Eu",uzﬁ,lu(Rhu" (x) — hu(w))
(@) E LR = B0 ) e T (Rbye (@) = ()|
= Eq [ (Rhye (@) + hu(@)) 25 By By By, (Rhye (2) = (@)
- h“(az)Tz;L(R2H07H2;7L2,L7,Lo + X e RTE;,LE;L,;L")Eu",uzﬁ,h(RhuO (x) — hu(m))
(@) TE L R = By ) By By L (R (@) = ()|
=7rtr (2, 0,8,,0 80 w T L RRT) — tr (B u 25,20 000)
+tr (PR = R0y 3, B0 ) Zpe w2, L (R0 300, — I))
—tr (B + B RTE LT, 0) 800 2,0 (RS 200, — I))
=7rtr (2,0, 8,080 w2 L RRT) — kr® 4 2tr Ly,
+2tr (RL, 2,0 2, L, (RE,0 5,0, — 1)
—tr ((r°T = 2L, ) (RT 2,08, e 4+ 1) (Bpe 1B, LR — 1))
=2tr (Ly(Bpe u B, LR+ RIS LS, o — )80 2 R)
where we have taken advantage of the symmetry of L, to cancel out various terms. The second term
can be expanded as
Eq | = Gue (@) (PR = By )T (Rhye (@) — (@)

oo (@) B Ty (R ey + B e RT = 28,00 Ry (@) — By ()|
=2tr (Ly(—r°RT = Bye 4 Bye 1 B L R0y + Bpe 18,12, RTER)
=—4tr (LLRTE I R) +2tr (Lu(Bpe 2, LR - L)X 3, L R)

Combining the above, we obtain

d2

12 L(fis)

s=0
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Ty - Ty -
=—4tr (L,R'E L R) +2tr (L2802 R+ RS\ 5, 0 — 21) 8,0 .3, L R) s
When L, 3,0, %}, = 0, we may take R € O(k) such that ¥, , %" R is symmetric, i.e.
R = VU where UDV' is the singular value decomposition of .. #E;_’L. Then the second
trace term vanishes since 30 , 3, L RL, = (L X0 .3, R)" = (L, X0 , 2,1 R)T = 0and
we have that
d? 2
il —— L(p)?,
ds2 r £

. . . d2 _ ro2 .
which moreover implies the constant bound 7= ’s:O L(ps) < R This concludes the second

4
= 2 Ty —1 2
_ L) = —der (LIRS, LR) < — g5 L <

claim. O

C.3 ACCELERATED CONVERGENCE PHASE

Proposition C.7. Let 6 € [0, %]. For any ju € 25 (©) such that
1

r° —\/r*2 —4R7S < 4L(p) < r°+ \/r°? — 4R}S,

there exists R € By (k) such that along fis = (1 — s)pu + sRiu® we have % L(fs) < =94

|s:0

In other words, once in the band (0, %) we are guaranteed a non-vanishing gradient which moreover

becomes steeper closer to the center of the band, proportional to £(p)(r° — 2 L()).

Proof. Observe that the term L, 33,0 MZJ;L lower bounding the first order decrease of £ in the proof
of Theorem 3.3 also appears in the expansion
1 1
2 o _
LIL = 57" LIL — iLuE#o7#2#7L2H7#o .
Supposing ||L,X ., ME;L Il < g then allows us to construct the following inequality,

L(u)? = (trL,)? > tr LZ

r° 1 _

=3 trL, — 3 tr (Luzu",uzu’izﬂ’“")
r° 1 _

> D) L(p) — §||LMEM°,MEM7L el 2 e
r° R%(S

> — £ R
5 L) ==,

which implies either 4 £(p) < r° — \/7°2 — 4R35 or 4 L(u) > 7° + /7°2 — 4R?5. The bounds

02

are non-vacuous only when § < ;> and are strictly tighter for larger §. Taking the contrapositive
1

yields the desired statement. O

D RESULTS AND PROOFS FOR SECTION 4
D.1 RECAP: FINITE-DIMENSIONAL DYNAMICS

To help gain intuition, we draw parallels with the ordinary GF for a C? nonconvex function f :
R™ — R,
dZt = —sz(zt) dt.

A strict saddle point z' is defined as a critical point such that A (Hess (21)) < 0, where Hess
is the local curvature or Hessian matrix of f. Lee et al. (2019) show that the set of initial values z
for which lim;_, o, 2; converges to a strict saddle point has measure zero.” If every saddle point of
f is strict and all local minima are also global minima, z; converges to global minima for almost
all initializations. The result follows easily from the center-stable manifold theorem (Shub, 2013,
Theorem II1.7), which states that all stable local orbits must be contained in a local embedded disk
tangent to the stable eigenspace of Hess at PR

*More precisely, this is shown for iterates of discrete gradient descent, but the proof is easily adapted to the
continuous-time flow.
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D.2 LoOCAL GEOMETRY OF WASSERSTEIN SPACE

We present some background theory on the metric geometry of Wasserstein spaces. The following
result characterizes absolutely continuous curves in &5 (£2).

Theorem D.1 (Ambrosio et al. (2005), Theorem 8.3.1 and Proposition 8.4.5). Let I C R be
an open interval and p; : I — P2(Q) an absolutely continuous curve with metric derivative
|| € LY(I). Then among all Borel vector fields v; € L?(S2, ju4) satisfying the continuity equation
Oppiy + V - (vyuy) = 0, there exists an L' (I)-a.e. unique minimal norm velocity field (v;) such that

ol 2 (@) < W] (E)-

The field (v;) is also uniquely characterized by the condition that vy is L*(I)-a.e. contained in
the L? (X2, p;)-closure of the subspace {N : 1 € C2°(Q)}. Conversely, a narrowly continuous
curve given by the continuity equation for some square-integrable Borel velocity field vy with
vl L2(0,00) € LH(I) satisfies || (t) < |Jvell L2(a,p,) a-e.

This motivates the formal definition of the tangent space to ¥(€2) at p as

Tan, Z5(Q) == [0 = Vo - ¥ € O=(Q)) ©)
with the inherited inner product. The space can also be retrieved by the following variational principle:
a vector field v € L*(€2, ;1) belongs to Tan,, 25 (1) if and only if ||v +w||2(0,) > [|v]|L2(0,) for
all divergence-free fields w € L?(Q, i) such that V - (wp) = 0. Moreover, for every v € L(, 11)
there exists a unique representative Ilv € Tan, &(2) equivalent to v modulo divergence-free
fields. Geometrically, this allows us to describe infinitesimal transport along curves j; by pushing
forward along their tangent fields, analogously to the exponential map.

Proposition D.2 (Ambrosio et al. (2005), Theorem 8.3.1 and Proposition 8.4.6). Let i : I — P25(Q)
be an absolutely continuous curve with velocity field v, € Tan,, P2(2) determined as in Theorem
D.1. Then for a.e. t € I we have

Wa(ftte, (ida +eve) ) = o(e).

In light of Proposition D.2, the tangent space can alternatively be defined using optimal transport
plans. Denote by I', (i, ) C P5(£2 x ) the set of optimal transport plans from p to v with cost
function the 2-norm and let

Tany, #5(2) = (Nr — 1da) : (e X € TG rpe), A > 01 O, ™

this construction is equivalent to (6) (Ambrosio et al., 2005, Theorem 8.5.1).
D.3 STABILITY OF WASSERSTEIN GRADIENT FLOW
We now proceed with the proofs.

Proof of Lemma 4.1. Let p' be a critical point of F, that is % (u) = 0. From the description (7)
for the tangent space at i, we write a local WGF (u;) as p; = (idq +ewv;)iu’ for a velocity field
v; € Tan,+ &25(Q2). The evolution of v; is derived as follows: for any smooth integrable function
g:Q — R, the identity [ gdu; = [ go (idq +ev,) du' implies that

SF
/VQ'VE(,Ut)dﬂt = —/gd(atut)

—e/Vg o (idg +evy) - Opvy dpf

—e/Vg - Oyvy o (idg —|—evt)_1 dype,

and hence O;v; = —e’lv%(ut) o (idg +€v;). On the other hand, by Proposition D.2 we can

locally approximate the pushforward displacement by the absolutely continuous curve defined by
Osfis + V - (veps) = 0 initialized at jig = u':

§F oF oF
L P 1 S BN e
Vau (fie, 0) V(;M (1", 0) V(;M (fis,0)

€

s=0
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2
_ //”ug,aa'a J(d6") ds

= [ [Vt 0.0 @) s
0 op

- / | / H,i(6,0')0,(0)! (A6') + O (W (i, 1)) dis
0
=Mt v +o(e)
so that

1 OF OF OF oF
3tvt = —— < Vv

E(Mt) o (idg +evy) — V@(ﬂt) + V@(Mt) - Va(ﬂe)

=o(e) =o(e)

5 i) = Vo )+ T )

= —H,i1 v +o(1).

Here, we see that the o(1) perturbation term is more precisely of order O (W5 (1, 1)) and vanishes
when the L2-norm of the velocity field v; goes to zero. O

Proof of Lemma 4.2. It will suffice to show H,, is symmetric in the sense that H,,(0,0") " =
H,(0',0) forall 0,0" € Q. We appeal directly to Definition A.1: for any y, v, v,

d2
dey d62 €1=52=0F(M " 61(1/1 - M) i 62(1/2 - Iu))
d oF
= der)_y | el eale = 0,000 = (@0

-/ / O 11,0,6) (0 — 1)(d6) (s — ) (A9,

and comparing with the same computation with the indices swapped yields that gf—f; is symmetric in
0, 6’. Therefore the Hessian matrix satisfies VoV %(u, 0,0") = V(;/V(;g%l”;(u, ¢',0)T. Then for
any functions f,g € L?(Q, u; ]R’”d) it holds that

- H9) 0oy = [ [ FOTBL6.0)9(6 (d8)n(8)
/ [ 90 H,6.0) 1 uld0)u(a0)

,ufa >L2 (Q,u;RE+d)

thus #H,, is self-adjoint. Since the kernel is Hilbert-Schmidt by assumption, H,, is also compact, and
we can invoke the spectral theorem to conclude the statement. O
Theorem D.3 (Gallay (1993), Theorem 1.1). Let & be a Banach space, A a linear operator on
&, and f : & — & a CF perturbation with f(0) = 0, Df(0) = 0, where k > 1. Consider the
differential equation

dtzt Azt + f(zt) t> 0. (8)
Assume that & is the direct sum of two closed, A-invariant subspaces &°,8". The corresponding
restrictions A® = Algs, A" = A|gu generate strongly continuous semigroups eAt e A" for
t > 0 which moreover satisfy for real numbers 0 < \° < \Y,

sup,solle tle™ < oo, supisgllem e < oo.

Further assume there exists a spectral gap of \* > kX® and that &° has the C* extension property.
Let B,., B;, B, denote the balls of radius r around the origin in &,&*, 8", respectively. Then for
sufficiently small v > 0, there exists a C* map h : BS — B with h(0) = 0, Dh(0) = 0 whose graph
¥V C B, (the local center-stable manifold) has the following properties.
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() (Invariance) For all initial values z, € V there exists a C curve z; R>o — & such that as
long as z; € B, then z; € ¥ and (8) holds.

(ii) (Uniqueness) If z; is any solution of (8) such that z; € B, for all t > 0, then z, € ¥V for all
t>0.

Proof of Theorem 4.3. Let uf € %1 be a strict saddle point. We apply the local center-stable
manifold theorem to the system of Lemma 4.1 on L?(€2, uf; Rk”). By the spectral theorem, the
operator H,,+ has a complete set of eigenvalues ); and corresponding eigenfunctions 1; for j € Z,
ordered such that

MZX> 20, Ng=-=A <A, < <0

Since the spectrum may possess a limit point at 0, we cannot separate H ,; into absolutely convergent
and divergent components. Instead, we set the cutoff at the largest negative eigenvalue Ay =
Amin(H .t ), taking all possibly multiple eigenvalues, and defining the subspace &™ as the span of the
corresponding v, - -+ , 1 _(,_1). Then we are guaranteed a jump A_(,_1) < A_, since the spectrum
is discrete, and we choose Ay = —A_,, A" = —X¢ and k € (1, |\g/A_p|) so that the spectral gap
condition is satisfied — we only need continuity (i.e. k¥ > 0) for our argument. Moreover, the C*
extension property for &° holds automatically as L?(Q, uf; Rker) is a Hilbert space. Therefore,
any convergent local flow (v;) defined in an open neighborhood B,,+ must be contained in a graph

¥+ C B+ containing 4.

The rest of the proof is similar to Lee et al. (2019). Since the collection {B,,i : u € ¥} forms an
open cover of ¥t and 22,(Q) is separable with respect to 2-Wasserstein distance (Ambrosio et al.,
2005, Proposition 7.1.5), we can extract a countable subcover {8 1] € N} containing ¢4 T, If the
WGF (ut):>0 converges to a strict saddle point, there exists an index j and an integer threshold ¢
such that u; € B; fort > /. In particular, ;1 must be contained in the corresponding center-stable
manifold ¥; for ¢t > £.

Let w, (v) denote the result of running the reversed gradient flow Jv_; = —V - (V_tv%(y_t)),

vo = v for time ¢ whenever it exists; time inversion ¢ — —t shows that w; (u;) = po for the forward
flow (f1¢)¢>0. Since e € ¥; for some integer time £ and ¥, it holds that

hence %T must be contained in the countable union of images of graphs. [

Remark D.4. We point out that Otto calculus is only formal in the sense that existence and regularity
issues are ignored, so it is difficult to rigorously turn the above into a meaningful measure-theoretic
statement as in Lee et al. (2019). This is compounded by the fact that there is no well-behaved
canonical measure on Z5(f2). A possible justification is to restrict to the subspace of measures with
smooth positive Lebesgue density whose geometry is well-behaved (Lott, 2008; Villani, 2009), but
this is outside of the scope of our paper.

D.4 APPLICATION TO THREE-LAYER NETWORKS

The problem (2) can also be motivated by the training dynamics of a three-layer neural network. We
construct the first two layers identically to our MLP layer h,, and consider a linear third layer given

by the transformation T € R**¥_ Then the L? loss with respect to a teacher network a — T*h« ()
is
Lrn(p T) = Ea [ T* by () — Thy()]%).

By setting u° = T*fu* and taking the two-timescale limit where the last layer updates infinitely
quickly, we see that T must converge to 3,0, #E;L and we end up with the regression objective (2),
hence Sections 3-5 also directly apply to this problem. We remark that the two-timescale regime has

been leveraged to show convergence of SGD for two-layer networks in Marion & Berthier (2023).
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E RESULTS AND PROOFS FOR SECTION 5

E.1 FIRST-ORDER IMPROVEMENT

Proposition E.1. Let I’ be a functional depending on i only through the MLP layer h,,. Suppose
MFD (3) at time t admits a distribution i € 25(0) with x2(ji, ts) < X2 such that along the linear
homotopy fis = (1 — $)us + sfi we have %’szoF(ﬂs) < =6 <0. Then %F(Mt) < —x7252.

Proof. We may express I as F(u) = J(h,) for an auxiliary functional i +— J(h) defined on
C(Z ,R%), which implies that

oF oJ
50 = [ ) Tho(a) de.
Ty, OF _ oF

In particular, since the dependency on the second layer a is linear, it always holds that a = 5
We can then directly lower bound the decrease rate of the objective under (3) by isolating the gradient
provided by a:

SR = [ 5—F<ut,0>atut<de>

dt Sp
= /Hve5 /Lta Ht(dg)
5 2
< - / 5 (e, 0)|| 12e(d0)
§F 2
< | (avamt,o)) i (d6)

[ () o

Starting from the first-order condition, by the Cauchy-Schwarz inequality we can also bound

) F(m))Q — ([ 02~ ut)(d9)>2 <) [ (G o e>)2 e 0)

4
dS s=0

Joining the two inequalities gives the desired bound. O

Proof of Proposition 5.1. Recall that the functional derivative is computed as

oL -

50 0:0) = ~Ea [Gue (@) ST Lo (@)] ©
where the additive constant has been 1mphcltly normalized such that the integral with respect to the
current measure 4 is zero, i.e. f (1) dpe = 0 as shown in the proof of Theorem 3.3. Due to the
spherical symmetry of 7 in the ﬁrst component, it is also immediate that

oL _
5u( p)dm = —Eg [Cuo () " Bpe 15,0 b ()] = 0.
The chi-square divergence between i = Rf#u® and p; can be bounded as
d 2 dji dji
[(2 ) <] 2] 1]
d/l,t dﬂ,t dr 00

where the birth-death mechanism prevents the density ratio d’“ from falling below the threshold ~y at

any point. Writing the convex decomposition of R in the sense of Lemma C.6 as Z _, o;R; with
R, € O(k), the density of [z relative to 7 is further bounded as

m
] -] s

< Ry

<%
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by the spherical symmetry of 7. Hence we may apply Proposmon E.1 with X = v~ 'Ry, showing
that the objective decreases along MFD by a rate of at least e L) < —Ry Lye2,

Moreover, whenever the discrete linear update is performed, along the homotopy fis := (1 — sy)ue +

sym we have
d ... [oL,. _
S = [ o 0) (7 — ) (40) =,

Hence t — L£(u) is unaffected by the discrete updates, justifying the inequality for all time ¢ > 0. O

As we mentioned briefly, the proof can also be easily modified to handle unbounded second layer a
by invoking the Cauchy-Schwarz inequality to lower bound the gradient

/ oL 11(d6) (/|a| i (d0 >_1/ (aTVa(;ﬁ(Mt,e))Qm(de)

Va— (Ht, 9)
and bounding the second moment uniformly in time with the following result,

op

Lemma E.2. Denote the second moment of u € P2(0) along the a component as mq (1) =
[llal|?>1(d0). Then the mean-field dynamics i for all time t > 0 satisfies mg(pe) < maq(po) V
Mg ().

Proof. In fact, mg (-) remains unchanged by gradient flow:

%ma(,ut) = /HU«HQ@M(dH)
=9 /(a 04) Vo(;ﬁ(ﬂta 0) it (d0)
= —Q/aTVa%(#tvg)ﬂt(da)
oL

=2 [ % . O)u(a0) =o.

Also if the discrete update is performed, the output satisfies mq ((1 — ) s +y7) = (1 —v)mqa () +
M () by linearity of the moment functional p — mg(1). Hence mg(11:) always interpolates
between m (1) and mg (7). O

Proof of Theorem 5.2. Suppose L(uo) < 0.497°. Then L(p:) < 0.497° for all ¢ > 0 and by
Proposition C.7 we are guaranteed a direction of improvement fis = (1 — s)us + s with o = Riu
for some R € By (k) such that

d B 4 r°
15 Y L(fs) < R L(pt) (2 - ﬁ(ut)) .

Proposition 5.1 then ensures the objective decreases along the Wasserstein flow as

d 16y r° 2 r°
— < — [ < < —.
5 00 <~ i e (G £m) ) 0 L) < 5

‘We now divide the band into two halves.

i T < L< T; (acceleration band). By substituting £(¢)? > % above and solving the
differential inequality, we obtain

r° 100 7248\~
o< - (2 52)

7° R%R;L
4
and hence £(j;) decreases below - ° after time t; < 96:3; Ry
¥

(i) 0< L L ' (deceleration band). By substituting (— — L(pe))?
~1
4 ry(t -t
L) < <r° + M)

RiRy
and hence £(u;) achieves loss < e after time 1 + 1:05 1. %
Finally, note that the second term dominates the first since ¢ = O(r°). O
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E.2 SECOND-ORDER IMPROVEMENT

Proof of Lemma 5.3. It is straightforward to show that

oF 82F
Oy {Veéu(ut,@)] = V@/w(utﬁﬁ/)@t#t)(del)

5’r oF
= *VG/V(W(S 5 (11,0,0") - Vwa(ﬂt,@')#t(del)

- / H,,(0,0)Vy

Each term is well-defined as soon as the kernel is assumed to be Hilbert-Schmidt, or due to Lemma

oF
511 (,Ut» el)ﬂt(del)-

E.3 for the case F' = L. ]
Lemma E.3. The kernel H,, for thefuncnonal L is Hilbert-Schmidt for all ;i € 25 (©). Moreover,
the corresponding integral operator H,, f(0) = [H,(0,0")f(0")u(d8’) is compact self-adjoint,

hence there exists an orthonormal basis {wj } jez for LQ(@, W Rk"’d) consisting of eigenfunctions of
H,

Proof. We extend our notation to write for example X, g = Ezp [hu(ac)hg(a:)w. From (9) the
second order functional derivative can be derived as

5% 5
W(ua 0, 9/) = 7@Em [(hno (-’13) 2/#’ IIEIL th ( )) E/to ltzu “h()( )] (9/)
= —t1 (S0 ;1 o u0)
+ tr (2N07ME;’:LI(EG')M + Euﬁ’)z;,bze#o)
—+ tr (2;,]#2“’“0 2#07#2;,11‘20,0/)
—tr (2;,1#(20’# + Euﬂ’)zlzahzlhuoEMO»HE;»LE&“)
+ tr (2_1 20/ 02 °, 2_1 20 )
(2 2# #02 ° 9/2/1, /LZe #)

(EH NE Ozﬂovﬂzu N(EG' pt Xy, 9')2 29,#) :

It is tedious but straightforward to check that this expression is symmetric in 6,6’ (which would
otherwise follow directly if we had a priori second order regularity estimates for £). We then have
that

2 5L
[FL,.(0,0")];.; = 5,09 E(Mﬂﬁ’) = g, 501-@(/% 0'.0) = [H,(0",0)];.
which implies H,, is self-adjoint as before. For the proof of the first claim, we refer to the uniform
spectral bound for H,, obtained in Lemma E.5; this also shows that H,, is compact. O

In Lemma E.4 and E.5, we derive various regularity bounds of the ICFL objective £. The constants
C1,- -+, (5, numbered as to be consistent with Theorem E.7, are explicitly defined during the proofs
and have at most polynomial dependency on all problem constants.

Lemma E.4. The gradients of the functional derivative of L at any p € P73 (0) such that
Amin(Ep,) > A uniformly satisfy | Va3 || < Cl, “’fsu” < Cy and HVMH < C4. More-

over, Vg—ﬁ is Cy-Lipschitz on ©, where Ca7 Cy =0( and Cy,,C1 = O(klA).

(k)\)l/2)

Proof. The gradient with respect to each component is given by

oL _
vaa(/"t79) = —Eg [C}LO,u(w)TE,U«O,HE,uiLU(wTw)

oL
Vw@(,u,e) = —Eq [Cﬂ",u(w)TEu",uE#i‘w (wTw):v] :

}T

)
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Hence we can bound
2

oL
Hvaéu(ﬂvo) <E, [H@",u(w)—rzu‘%uzulu (w'z)| ]
<Ri-E [CH e ) g, Eu u"Cu",u(ﬁc)]
R? 1
< 3 tr(L Yo X, EMMO)
r° R} 2R? 9
< L
<= L(p) — —~ Ly
kro? R? 9
< =
- 02X Cas
and also
5L 2
V50
x [HCM%M(QE)TEM%MEML“U (wT:c)acH ]
< R% ‘Eg [HCNOM(%)T pe u2 H (4l ]
R2
< B (G @) TS 31 Bl
A
R2M 1/2 _ 21\ 1/2
> f (trEw [(Eu",uzuizwt"<u°7lt(m)cu°7u(x)T) D
roRZM 2 _ 1/2
= % (trEw [C#"7#(53)(#",u(w)TEuO,uzu,L2#7ﬂ°Cu°,n(CE)CM’,M(CB)T])
2RZM 1/2 1/2
f (tr L;LECD [Cuo,u( )Cu ,u( ) 2 E;L,MOCLLO,M(w)CM[),H(w)T})

OR2M1/2 1/2
< (e [(cﬂo,ﬂ@)@o,u(wf)z] - 20 LB [ (G @ (@) )] )

03/2R2 1/2
< TN G (@) (2,12
_ 2kM/2ro5 2 RY RN,

< 2
Where for the last line we have used the coarser bounds [0 ()| < Ry + RIA"! and A <
tr b

—. 2
=: O,

Lowpo = f . Combining the two bounds yields

(5£ 02R3 1/2
va<u,e)H<( LRy 44k 2 B2 1/2>) .o

222
Furthermore, for 6; = (a1, w1), 02 = (ag, ws) we have
oL oL _
Hvadu(u’@l) - Va@(uvéb) = Bz [Cueu(®) " Bpe u B, (0 (w] @) — o(wy 2))] ||
< Ry Eg [HC#O_#(:I})TEMO#E;LH ’ ||w1Tm - w;—w”]
kro2 1/2

<maat* (55) o

and also

oL oL
w ¢ ;9 - w ¢ 79
|95 060) = T .00

= [[Ea [Gue (@) " Bpee B, (a10" (w] @) — az0’ (wy x))a] |

< B [Guo () 20 Bk (a1 — @2)0” (w) z)a] |
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+ [|Ba [Guo (@) T Bpe 13y, a2 (0" (wi @) — o' (w] x))]

k’f'02 1/2
<mn (52) o - al
+ R3 - Eg [”(ﬂ",u(m)TEuo Iz /L,;L” ”wl wQHHwHﬂ

kroQ 1/2 kTO2 1/2
<maat (55) o - aall+ radr} (B50) - wal,

Combining the two yields that

5L 5L ko2 1/2
Hv(m(u,el) -Vt < (SR« R ) 161 - 6all = Ca oy 6l

O

Lemma E.5. For any p € 225 (0©) such that \pin(X,.,,.) > X it holds that |H,(0,0")| < Cs,
H,,(0,0") is uniformly Cy-Lipschitz w.r.t. 6 and ¢, and H,, is Cs-Lipschitz w.r.t. p in 1-Wasserstein
distance, where C3,Cy = O(A\"2) and Cs = O(d\73).

Proof. To derive regularity estimates of H,, we start from the expansion in Lemma E.3 and
perform explicit computations for only the first trace term t(y,60,60') = tr (09X, 3g 40).
VoV t(u,0,0") consists of block matrices

Vava/t(uﬁ 0') = [ ( @)y (2) ] By [o(w' @) hyo ()] 2,
VaVaurt(p,0,0") = [ (w )y (x) " Eg [0 (W' @) hypo ()2 "]
vaazt(u 0') = Ew [a’( @)xhye (@) Eg [o(w' @)hye (x)] 03,0,
VoV t(p,0,0") = Eg [0’ (w' @)zhys (x) ]| Eg [0/ (w' @)hye ()2 ] 0’ T2 ) a

It follows from Lemma C.1 that ||[VoVat(p, 0,0 < (R} + 2R§R2k’1/2r°1/2M21/2 +
R2kr° M)A~ = O(A™1). Each term of H,, is likewise uniformly bounded so that H,, is a
valid kernel.

The Lipschitz constant of VgVgt(u,8,0") w.r.t. 6 can also be controlled by separately bounding
[VaVart(p,01,0") = VaVart(p, 02,6
< Eo [Jo(w] ) — o(wy )] - [[he ()] Ea [Jo(w" @)| - [|hye ()] 1251
< RiRe My kr° A~ |wy — ws,
IVaVat(p,01,0") = VoVt (s, 02,0
<IZpnall - Ee [lo(w) @) — o(w; @)] - [lhe (@)|l] Es [Jo"(w' )] - [hye ()2 "]
< R3Mokr® A lwy — wo,
IVwVart(1;01,0') = Voo Vart(p, 02, 0')]|
< Eg [Jo"(w] @) — o' (wy )| - [[ahye () "] Be [lo(w' )] - [[hue (@)]] la] 5,1
+Eq [|o" (wy @)| - [[zhye ()] Ea [Jo(w @)| - 1o (2)]] (a1 — a2) "S5
< RyRs M kr°A~Ywy — ws| + Ry Ro My *kr° A~ |ay — s,
IV Vawrt (1, 01,0") = Vo Vo (11, 02, 0) |
< Eg [Jo'(w] @) = o' (wy )| - [ahye () "] Ee |0 (w'"@)| - || ()2 T[] @' T2, 0
+Eqg [|o" (wy @)| - [lehye ()] Ee [lo”(w"@)] - 7y ()27 ] \\a’TEu,M(al—aa)ll
< RyRs M2 ? M2 kr XY Jwy — wa|| + REMakr° A~ |ay — asl|.

Therefore, VoV t(u,0,0") is uniformly O(A~!)-Lipschitz w.r.t. both § and 6 by symmetry. All
the remaining terms can also be bounded with at most an O(A~2) Lipschitz constant; in particular,
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the terms including three factors of 37, can be controlled by removing a factor of A~ 1/2 twice and

isolating 2#7#/ X, o and Eu",uzuiﬁ as in the proof of Lemma E 4.

Finally, the third-order functional derivative V %H ,.(0,0")(0) can be bounded in a similar manner
with spectral norm at most O(A~3), yielding via Kantorovich-Rubinstein duality that

5 _ y
L, (0.60) — H,,(0.0)] = H [ B 0.8)0) - u1)(d9)H
S (k+ A2 Wy (pa, po2).

The additional % + d factor arises from bounding each entry of H,,, — H,,, separately. We omit the
details. O

Proposition E.6. Let F' be a functional depending on i only through the MLP layer h,,. Suppose MFD
(3) at time t admits a distribution ji € P5(0) with x?(ji, ) < X? such that % ‘SZOF(;ES) < —A.
Then the smallest eigenvalue \g of H,,, satisfies Ao < —Y 2A.

Proof. The second derivative along the linear homotopy fis can be expanded as

oF

. o i woas)

T.2 7F(/js):d7

//6F 11,0, 0") (f — ) (AO) (11 — pa ) (d").

Now similarly to the proof of Proposition 5.1, denoting § = (a, w), 8’ = (a’, w’) we can exploit the
fact that 5 L -7 (1, 6,0") is bilinear in @, a’ to relate it to the kernel H,,,

52F 52F , 52F ,
W(Hﬂovol) [V vﬂ/é 2( ,0,0 ):| a' = (a’ ) |:v9v9/ 52 (,uae o' ) (a Od)

= (a Od)THM(H, 0")(a" 0q4).
Writing the eigenfunction decomposition of H,,, as (omitting the dependency on ¢ for brevity)
) =S a @) [l du =1 viez
JEL

with the ordering A\; > Ao > --- > 0and \yg < A_; < -+ <0, we may thus bound

d2
_A_d2

Fljis) / / @ 04)TH(0,0') (@’ 04)(7i — 10)(A0) (i — 1,)(d0')
=D (/a 0a) wj(9)(ﬂ—ut)(d9)>2

JEZ

~ ol Y ( / (a odfwj(e)(nm(do))z

JEZ

=~ ol - Z </ ((ii - 1) (a Od)Ti/Jj(a)Mt(dg))z

— bl [ (52~ 1) lal*u(d0)

Z _XQ‘AOL

where we have made use of Parseval’s identity. Hence the largest negative eigenvalue is bounded as
Ao < —)Z_QA. L]
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Theorem E.7. Assume F' : &75(Q) — R, Q C R™ sarisfies ||V‘;—1;|| < Ch, V‘g—l; is Cy-Lipschitz,
H,: " H,,(0,0") is Cy-Lipschitz w.rt. 0,6 and Cs-Lipschitz w.rt.
in Wy. Further suppose that \o := Amin(H 1) < 0 and the corresponding eigenfunction 1)y satisfies
| [ Pg VM (pt) dps| > o for some o > 0. Then WGF initialized at j1o = ju' decreases F by at least

F(ur) < F(uo) — Q (%) intimet =0 (IA i log \?gla)

Unlike before, F' can be completely general and does not need to depend on p through an MLP layer.

Proof. First note that the function ¢’ — H,;: (0, GI)V%(M’ ') is uniformly Lipschitz: for any
ll ? 9’27

oF oF

— (e, 07) —H ;1 (0,05)V—
5u (:utv 1) /ﬂ( ) 2) 5/1

§F
oo

‘Fm&%W ()

< HH;N (979/1) - H;ﬂ (9792

OF oF

< C1C4|0) — 05 + C2 03107 — 65

T IH (6, 65)]] - \

We re-expand the evolution equation (Lemma 5.3) for the dynamics (u;)¢>0 around ' as

OF SF
00 Vo) == [ (0,009 5 (a8 0
/H 0,60 V"’(js (e, 0" )T (A0") + e(t, 0),

where the difference or error function e(¢, f) can be bounded as

(0] < | [ (B, (0.0~ H,00.0)00 5 (e 0 ()

oF
+ H/H/ﬁ (Q’QI)VQ’ 5/14 (/’Ltvel)(,ut - /"T)(del)
(0105 + (0104 + C’2C’3)m1/2) Wl(,ut, /ﬂ).
=: Co W (e, ).

For the second term, we have used the LlpSChltZ constant derived above to bound each entry separately.

IN

Then the t-component o (t) := [ 9 V5F (p) dut of the gradient evolves according to
oF
G0 = = [ o0 B 0.8 S e 8! (00! (00) + / Yo(O)Te(t,6)u" ()
oF

= / wowﬁveamt, 1(d6) + / o6 it (d0),

and hence
1/2
5r0(0)+ daaae)] < ([l ant ) sup et 0)] < Ca W)
ce

Without loss of generality, assume initially «(0) is positive so that c(0) > «. We consider a 1-
Wasserstein ball centered at 17 with radius small enough so that the error term is negligible compared
to the exponential growth,

Buo() = {1 € 22(6) s W) < & 1= ).

Then for a set time interval 7 > 0 to be determined, either of the following must happen:
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@) (pe)eejo,r] € Bw(A). Inthis case, ag(t) grows exponentially during the entire interval ¢ € [0, 7]
as

d o
25000 > olao(t) = CoA = o] (a0(t) = 5 ) >0,
showing that
[Aolt 4 )
= el (ag(0) - &) + &> AEHD)
ap(t) = e ap(0) — 5)T32 5
Then the decrease of F after time 7 can be bounded below by retrieving the ¢)o-component as

6F 2
F(uo) — F(pr) / / H (pt, 0

i (d0) dt
(/HV(;F(M,H) i
/ </¢O “t’a)lﬁ(d9)>2dtgclc2AT

:/ () dt—QClchT
0

1 (d9) dt — 20, Co W (s, m)

o? 1 9 2 C
> Polm _ 1) 4 = (ePolm — 1 ! 2/\
-2 (w(e )+ e )47 Nolar

(i) pr, ¢ Bw(A) for some 7. < 7. If the mean-field flow has managed to escape the ball By (A)
in time 7., the Benamou-Brenier formula (Proposition A.3) immediately guarantees that

F(po) — F(pr) = F(po) uTe)
/ /H (11,0 Ut(de) dt
Tes A
Te T
Thus we have proved that:
F(po) — F(pr)
> (& [ 2 (e2llm g 2 (ellT 12>\ 0 . 10
—(4 <2|/\0|(€ )+|)\0|(6 )+T | 0‘ 2067- ( )

Due to the exponential terms, we see 7 ~ 1og§ is enough to ensure that the two terms become
roughly equal so that the guarantees is close to optimal. For the remainder of the proof, we derive the
exact formula. Choose

1 Cr

T = lo
Dol %o

for some C7 > «. The first term in the right-hand side of (10) can be bounded as

2
le%s

o L opolr 2 ol
B 1) 4 = (elrolm _q —
(2|>\0|(e )+‘)\0|(6 )+ T

2 2 2 2
- <C;1>+ @ <C7 1>+ @ log 07 Clo?alogﬁ
o

S

8‘)\0| 2|)\0| 4|)\0| CG «
( C? _ 50[2 > ( C7 B ClCQO[l C‘7> i C? T C70[ " a2 logg
24ho] 8N 24N Co 24| T 2[No| 4N

L (G35l (GGGl CF
24|/\0| 8|)\0‘ 24‘)\0| 066 24|/\0|

where we have used the fact that the function z — x log £ has maximum ¢. Then the first term of
(10) will dominate the second as long as
2 2 2
07 > Sa 010207 v ‘/\0| «

V .
24|>\0‘ - 8|>\0‘ 066 206 log%
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Manipulating terms shows that

=41
Cr = Visav Cge Cg log 15

is sufficient. For the purposes of the general statement, we focus on asymptotic behavior w.r.t. o and
hide all regularity constants C1, - - - , Cs, yielding Cs = O(m!/?) and C7 = O(|\o|m~1/?). O

24C102|)\0| <24|)\030[)1/2

Proof of Theorem 5.5. Let us fix the lower bound Awin(Xy, ..) = A = ©(4). (The bound only
needs to hold either locally for the Ws-ball of radius A in the proof of Theorem E.7, or along the
dynamics p; until escape.) We first need a robust version of Theorem 3.3(ii) since u; cannot be
exactly on a critical point. If % oo £(fs) > =0 it must hold that [|L,, 3,0 , 3 ||« < ¢ by (4).
Then from (5), again choosing R € O(k) such that X0 HZ;’LR is symmetric,

d2

- L(fis

|, (f2s)

= —4tr (LZR'E, L R) 4 2tr (L,(28,0 8, R+ RS, L, 0 — 21) 8,0, 5, L R)
= —4tr (LZR'E L R) 4+ 2tr (28,0, 2, , R+ R'Z VS, 0 —21,) 'L, 2,0 X R)

4 _ _ _
= - kR? L(pe)? +2 HL#E#Ov#E%L”*”22#0,#2#th + RTE;LLEM‘" — 2Ll
1

4 2 —1/2 —1/2
< g Sl + (BB T2 IR +2) 0
< e L(pe)? + (3r°1/2A"12 4 26
Hence if we take 5
6< L(pe)*

= BRI (3120172 1+ 2)

o L) < — kéf L(p¢)?, and by Proposition E.6 it holds that

d2
then $5 [, _

2y 2
Ao = Amin < - .
0 (Hu,) FRER, L(pt)

Then Theorem E.7 applies to F' = L by virtue of Lemma E.3 and the regularity constants derived in
Lemma E.4 and E.5. One can check that

d
Ce = C1C5 + (0104 + CQCg)(k + d)1/2 =0 <k3)\4>
and 5/2 2.3/2,,1/2
A%y 2, A a 3 7.
O7—O(Oévkg/zdﬁ(ﬂt) \/Wﬁ(ﬂt) :O(a‘i’m),
the third term is dominated by the geometric mean of the first two, and £(x;) = O(1). Hence the
time interval of interest is

_ k gl
T=9 (vc(w (1% g ) v 1) /

and the guaranteed decrease of the objective is

Ao YaL(p) 0l -1
— > > .
L(pe) — L(ptgr) = 5Cor = Q (1og de " 1)

E.3 ESCAPING FROM SADDLE POINTS EFFICIENTLY
Theorem 5.5 on its own cannot ensure convergence rates. The flow might be initialized at or pass

near multiple saddle points with very small « values, taking longer to escape. This is an unavoidable
problem of nonconvex gradient descent even in finite dimensions (Du et al., 2017). In contrast, it has
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been shown that simply adding uniform noise allows GD to escape saddle points efficiently (Ge et al.,
2015; Jin et al., 2017). Here, we suggest an adaptation to WGF.

The main problem is how to apply ‘random’ perturbations in &5 (2). Motivated by the characteri-
zation of the tangent space (6), we propose a scheme which constructs perturbations in the velocity
space using vector-valued Gaussian processes.

Definition E.8 (vector-valued Gaussian process). The random function £ : © — R™ is said to
follow a Gaussian process if any finite collection of variables £(61), - - - , £(6;) are jointly normally
distributed. The process is determined by the mean function m : Q@ — R™, m(0) = E[£(6)] and
matrix-valued covariance function

K:QxQ—R™™,  K(0,0) =E[(£(0) - m(0)(£(0) —m(9))"].
We denote this process as & ~ GP(m, K). See Alvarez et al. (2012) for further details.

1. Generate a random velocity field £ : Q@ — R™ from a stationary Gaussian process GP (0, K)
with bounded kernel K :  x Q — R"™*"™,
2. Run the pushforward dynamics ;s = V - (§11¢) from g = pf for fixed time At.

This can bypass the dimensional dependency in Ge et al. (2015) and ensure a nonzero t)p-component
for V% (1at), which is approximately normally distributed with variance O(At).

Lemma E.9. Forany i € P5(X)), square-integrable test function ) € L?(Q, u; R™) and covariance
function K : Q x Q — R™*"™ satisfying [||K(0,0)|1(d0) < oo the inner product (1, €) 12(q, usrm)
for & ~ GP(0,K) is normally distributed.

Proof. Note that the inner product is defined almost surely since

Ee (1132 = [ Eell€@[*)ud6) = [ K (6.0)u(a0) < oc.

We denote by & the closed linear span of the set of square-integrable random variables {1(8) T£€(6) :
0 € Q}. For any Z € &+ it holds that E¢[Z(6) "€(0)] = 0, so that by Fubini’s theorem

Be (20, €2 ) = Be | [ 20060) €0)u(a9)] =0,
Hence (1), €) 12(q,urm) € ()T = &, and so is normally distributed. O

For the proposed perturbation process, the change in the gradient field along the flow of £ can be
quantified as

OF OF At SF
— 0) —V—(ul,0) = — (11, 0) | dt
V5 (nae0) = V5 0) = [ 01 [95 . 0)

At 62F

= [ [ T 0,860 (a0
0 op
At

=— My, (€] dt.
0
The resulting 1p-component is
oF
0(©) = [ 60(0) VG (nar O (00
At

At
-/ %W(v‘iw,e)— Haolgas [ <Hm—%m>[ﬂdt)m<de>

WY / Go(0) TEO)uT(d0) + a + O(AR),

and first term is normally distributed by Lemma E.O.
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Algorithm 1 Mean-field dynamics with birth-death and perturbation
. 9(()1\’ )

Require: i.i.d. samples 9(1) .
while £(fi,) > e do
Update all particles as 92{21 =99 — pviL 5 L (7,09, j € [N]
if ,C(//J,\k) — E(ﬁk+1) < (5}, then
Randomly replace |y N | neurons with i.i.d. samples from 7
end if
if £(fix) — L(fk41) < 6p and k — ky, > 7 then
kp <k
Generate a Gaussian process & ~ GP(0, K)
Update all particles as 0,(#1 = 9](5) — anE(Q,(CJ)),j € [N]
end if
k<k+1
end while

~ Mo

Unfortunately this naive approach is not enough to ensure large «, at least in polynomial time, since
the eigenfunction )y and base measure also change along the perturbation. Jin et al. (2017) bypass this
issue in finite dimensions via a geometric argument; we conjecture that our method also guarantees
polynomial escape time. If this is true, we may combine Proposition 5.1 with § = O (k=1 L(u;)?),

yielding O( 373 ) convergence away from saddle points, and Theorem 5.5 to conclude that perturbed
WGEF enjoys polynomral convergence to global minima.

Dimensional dependency of Theorem 5.5. The rate is polynomial in the number of features k but
only linear in d, mitigating the curse of dimensionality. Initially £ decreases by Q( ~1) in time
O(k) when £ = ©(1). As training progresses, the rate worsens to €2(k~°d~1) in time O(k:3) when
L= @(%) due to the smaller curvature of £, until we enter the accelerated phase and Theorem 5.2
takes over. Since £ becomes ill-conditioned if h, (x) is nearly constrained on a subspace, we have
assumed that Apin(2,,,,,) is locally bounded below (on the same order as the upper bound R?/k) to
obtain regularity estimates. We expect this to not be a problem in practice since W will not diverge
without timescale separation. In our experiments, Amin(%,, ,,) never varied by over 25% during each
run.

F NUMERICAL EXPERIMENTS

F.1 IMPLEMENTATION

We provide a simple summary of the proposed modified mean-field dynamics in Algorithm 1. For the
birth-death process, a fraction  of all neurons are randomly deleted and replaced with samples from

m whenever £ does not sufficiently decrease. Here 0(1) K 0,(€N) denote the values of the NV particles

at step k with empirical distribution fij, = N E =1 4+ € is the convergence error and dy, 0, are
k

improvement thresholds for applying the birth-death and perturbation procedures, respectively. We

also set learning rate 7, perturbation step size 7, and a waiting time 7 for escaping saddle points.

More generally, 3, 6,, could be decreased and 7 could be increased depending on the current objective

value as suggested in Theorem 5.5. In addition, the density ratio %‘7‘: could be estimated at certain

steps to directly check for the birth-death condition; see Sugiyama et al. (2018) for an overview of
applicable methods, especially in high dimensions.

F.2 EXPERIMENTAL RESULTS

Complementing our theoretical analyses, we now explore some empirical aspects of in-context feature
learning of a toy Transformer. We compare three models: the attention Transformer jointly optimizes
the loss Lrp(p, W), while the static and modified Transformers directly minimize £(u) without
passing through the LSA layer. All models are pretrained using SGD on 10K prompts each containing
1K token pairs. For the MLP we set d = 20, k = 5 with 500 sigmoid neurons and D o~ ~ N (0, 1,).
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(a) training error (b) misspecified (c) test task: max (d) test task: norm
18 1.0

—— attention 3.0
0.5 —— static 1.6 0.9
— modified

2.5

0.4 0.8
2.0 14

0.3 0.7

15 12

0.2 0.6
1.0 10

0.1 05 0.5
0.8

0.0 0.0 0.4

0.0 0.5 10 0.0 0.5 10 0.0 0.5 10 0.0 0.5 L0
epochs (le4)

Figure 1: (a) Training error of the attention, static and modified Transformers. (b) Learning a
misspecified task containing two extra features. (c) Test error for the nonlinear maximum task
maxi < j<k hyo (2); (d) for the norm task || (x)]].

The modified model additionally implements the birth-death and perturbation dynamics of Section 5
if £ has not decreased by 1% every 100 epochs.

Figure 1(a) shows that attention and static Transformers exhibit similar dynamics and successfully
converge to global optima, justifying the two-timescale approach. Next, Figure 1(b) plots the training
curve for a misspecified model where the true features h,o are 7-dimensional. While zero loss
is not achievable due to the increased complexity, all models still find a well-behaved minimum,
and the modified dynamics escapes a potential saddle point more quickly. Finally, we compute
the test loss w.r.t. two nonlinear feature-based tasks maxi<;j<x hyo (€); and ||k, o (2)] in Figures
1(c),(d). Accuracy sharply improves when the relevant features are learned, confirming that ICFL can
generalize beyond linear regression even in one-layer Transformers and further demonstrating the
importance of feature learning.
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