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Abstract

Graph neural networks (GNNs) have been demonstrated to achieve state-of-the-art perfor-
mance for a number of graph-based learning tasks, which leads to a rise in their employment
in various domains. However, it has been shown that GNNs may inherit and even amplify
bias within training data, which leads to unfair results towards certain sensitive groups.
Meanwhile, training of GNNs introduces additional challenges, such as slow convergence
and possible instability. Faced with these limitations, this work proposes FairNorm, a uni-
fied normalization-based framework that reduces the bias in GNN-based learning while also
providing provably faster convergence. Specifically, FairNorm presents individual normal-
ization operators over different sensitive groups and introduces fairness regularizers on the
learnable parameters of normalization layers to reduce the bias in GNNs. The design of the
proposed regularizers is built upon analyses that illuminate the sources of bias in graph-
based learning. Experiments on node classification over real-world networks demonstrate
the efficiency of the proposed scheme in improving fairness in terms of statistical parity and
equal opportunity compared to fairness-aware baselines. In addition, it is empirically shown
that the proposed framework leads to faster convergence compared to the naive baseline
where no normalization is employed.

1 Introduction

Graphs are powerful tools for modeling complex systems and the relations within them. Hence, they are
widely employed to represent various real-world systems, such as gene networks, traffic networks, and social
networks to name a few. Such expressiveness has led to rising attention towards learning over graphs, and
it has been shown that graph neural networks (GNNs) achieve the state-of-the-art for several tasks over
graphs (Gori et al. |2005; [Scarselli et al.l [2008; [Hamilton et al.l [2017; Kipf & Welling}, [2017; [Velickovié et al.)
2018; |Xu et al., |2018b). GNNs create node representations by repeatedly aggregating information from the
neighbors, which can be employed on ensuing tasks such as traffic forecasting (Opolka et al., |2019), crime
forecasting (Jin et al., [2020]), and recommender systems (Ying et al., [2018]).

Machine learning (ML) models have been widely used in various domains to make critical decisions. There-
fore, it is essential to prevent discriminatory behavior in these models towards under-represented groups.
However, it has been demonstrated that ML models propagate the potential bias within the training data
(Dwork et al.l [2012; Beutel et al., [2017)) and lead to discriminatory results in ensuing applications. Par-
ticular to GNNs, it has been shown that in addition to propagating the already existing bias, GNN-based
learning may even amplify it due to the utilization of biased graph topologies (Dai & Wang} [2021). This
well-motivates the studies in fairness-aware GNN-based learning.

Normalization operations shift and scale the hidden representations created in deep neural networks (DNNs)
in order to accelerate the optimization process in training (loffe & Szegedyl, [2015; |Ulyanov et al., [2016} Ba,
et al.|[2016;[Salimans & Kingmal, 2016} Xiong et al.l[2020; Miyato et al.,[2018;[Wu & He, [2018; |[Santurkar et al.}
2018). While the other aspects of GNN-based learning are theoretically investigated, such as generalization
(Scarselli et al.| [2018; Xu et al.l |2019) and expressiveness (Xu et al., 2018a; [Loukas, 2020; [Ying et al., [2021)),
the optimization of GNNs is analytically an under-explored area. Practically, training GNNs generally has
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a slow convergence rate and is accompanied by instability issues (Xu et al.l [2018a)). Inspired by this, |Cai
et al.| (2021) investigates the effect of a shift operation on a simple GNN-based learning environment and
proposes a normalization framework that is suitable for GNNs. The proposed framework in |Cai et al.| (2021)),
GraphNorm, is demonstrated to be more effective in improving convergence speed over graphs compared to
previously presented normalization strategies in other domains.

It has been shown in [Balunovic et al.| (2021) that the distributional discrepancy between the representations
among different sensitive groups is one of the leading factors to bias in general ML algorithms. For GNNs,
fairness analyses have also shown that the distributions of the representations of different sensitive groups are
key factors that affect the resulting bias (Li et al., |2020; |Kose & Shenl |2022). Note that normalization layers
learn the parameters that manage the sample mean and variance of these hidden representations. Hence,
the normalization can be readily applied to manipulate the related statistics to reduce the bias, while also
improving the convergence. Motivated by this, this study proposes a unified GNN-based learning framework,
FairNorm, that provides a faster convergence through the employment of a normalization layer, while also
mitigating the bias with novel fairness-aware regularizers on the learnable parameters in the introduced
normalization layer. Overall, the contributions of the present work can be summarized as follows:

cl) We propose a framework that can reduce bias while providing a higher convergence speed for a GNN-
based learning environment. To the best of our knowledge, FairNorm is the first attempt to improve fairness
and convergence speed in a unified framework.

c2) The effect of the proposed shift operations on convergence rate is investigated in a simple GNN-based
learning framework. It is analytically shown that the proposed shift operations can improve the convergence
rate for node classification compared to the case where no shift is employed.

¢3) Fairness-aware regularizers are introduced on the trainable parameters of the normalization layers. The
design of the regularizers is based on theoretical understanding regarding the sources of bias in GNNs.

c4) Empirical results are obtained over real-world networks in terms of utility and fairness metrics for
node classification. It is demonstrated that compared to fairness-aware baselines, FairNorm leads to an
improvement in fairness metrics while providing comparable utility. Meanwhile, it is empirically shown that
FairNorm enhances the convergence speed with respect to the no-normalization baseline.

2 Related Work

Fairness-aware learning over graphs: Rahman et al. (2019) serves as a seminal work for random walk-
based fairness-aware learning over graphs. In addition, Dai & Wang| (2021)); Bose & Hamilton| (2019)); |[Fisher,
et al.| (2020]) propose to use adversarial regularizors to reduce bias in GNNs. Another approach is to utilize
a Bayesian approach where the sensitive information is modeled in the prior distribution to enhance fairness
over graphs (Buyl & De Bie, |2020)). Furthermore, [Ma et al. (2021) performs a PAC-Bayesian analysis and
links the notion of subgroup generalization to accuracy disparity, and Zeng et al| (2021]) proposes several
strategies including GNN-based ones to reduce bias for the representations of heterogeneous information
networks. Specifically for fairness-aware link prediction, while Buyl & De Bie| (2021)) introduces a regularizer,
Li et al.| (2020); Laclau et al.| (2021)) propose strategies that alter the adjacency matrix. With a specific
consideration of individual fairness over graphs, Dong et al.| (2021) proposes a ranking-based framework.
Another research direction in fairness-aware graph-based learning is to modify the graph structure to combat
bias resulted from the graph connectivity (Agarwal et all 2021} [Spinelli et al., |2021; Kose & Shen| [2022;
Kose & Shen, [2021). Differing from all previous works, the proposed framework herein proposes a unified
framework that can mitigate bias in GNN-based learning together with an enhanced convergence speed.

Normalization: Batch Normalization (BatchNorm) (loffe & Szegedy, [2015) is the pioneering study that
proposes to shift and scale the hidden representations in a batch to accelerate the convergence of training
for DNNs. Follwing that, normalization schemes have been been developed for image generation (Ulyanov.
et al} 2016) and for permutation-equivalent data processing (Yi et al 2018 [Sun et al. |2020). Specifically
for GNNs, |Xu et al.| (2018a)) adapts BatchNorm within the framework of graph isomorphism networks, while
a prior version of Dwivedi et al.[(2020]) normalizes node features based on the graph size. A size-agnostic nor-
malization for graphs, GraphNorm (Cai et al. |2021)), is further proposed, which improves InstanceNorm for
graphs with a learnable shift to prevent degradation in expressiveness. However, none of the aforementioned
normalization schemes consider fairness.



Under review as submission to TMLR

3 Preliminaries

This study develops a unified training scheme for GNNs that can improve fairness while at the same time
enhance the convergence speed, given an input graph G := (V, &), where V := {v1,v9,--- ,un} denotes the
node set, and & € V x V is the edge set. Matrices X € RN and A € {0,1}"*V are the feature and
adjacency matrices, respectively, where A;; = 1 if and only if (v;,v;) € €. Degree matrix D € RV*¥ is
defined to be a diagonal matrix with the nth diagonal entry denoting the degree of node v,,. In this study, the
sensitive attributes of the nodes are denoted by s € {0, 1}V, where the existence of a single, binary sensitive
attribute is considered. Furthermore, S° and S' denote the set of nodes whose sensitive attributes are 0
and 1, respectively. Node representations at kth layer are represented by H* e RF*N  where h; denotes
the representation of node v; and h; ; is the ith feature of h;. Vectors x; € R and s; € {0,1} will be used
to denote the feature vector and the sensitive attribute of node v;. Throughout the paper, max(-,...,-)
outputs the element-wise maximum vector of its argument vectors, and mean(-,...,-) denotes the sample
mean operator.

GNNs learn node embeddings by repeatedly aggregating information from neighboring nodes. GNNs with
different aggregation schemes have been developed, see in (Kipf & Welling, 2017} [Veli¢kovié et al., |2018; Xu
et al.l |2018al). A general formulation of GNNs in the matrix form can be written as:

— Act (W(’“)H(’“*l)Q)

where W) represents the weight matrix of GNN at kth layer and Act denotes activation function. In
this formulation, Q matrix specifies the mformatlon aggregamon process from neighbors, which changes in
different GNN frameworks. For example, Q = D 2AD": for Graph Convolutional Networks (GCN) (Kipf
& Welling), |2017)), where A=A+IywithIye {0, 1}V*N denoting the identity matrix, and D is the degree
matrix corresponding to A. Finally, the representations created after one aggregation process are denoted
by Z*) = H*-1Q. Note that the superscript (k) for layer number is dropped in the remaining of the paper,
as the proposed framework is applicable to every layer in the same way.

3.1 Normalization for GNNs

For DNNs, normalization methods have been shown to accelerate training through shifting and scaling the
hidden representations (loffe & Szegedyl [2015; [Ulyanov et al., |2016; |[Ba et al.l 2016; [Salimans & Kingmal
2016; [Xiong et al.||2020; |Miyato et al.,|2018; 'Wu & He, [2018; [Santurkar et al., 2018]). Normalization methods
differ in the set of features over which the normalization is applied. For example, Layer normalization (Lay-
erNorm) normalizes the feature vectors at each instance in a sequence (Ba et al., |2016)), while BatchNorm
executes the normalization over individual features across different samples in a batch. In general, different
normalization schemes are proposed for different domains, and there is not a universal normalization strategy
that suits every domain (Cai et al., [2021). For example, while LayerNorm is presented for natural language
processing (Ba et al.l 2016, InstanceNorm specifically seeks to improve the optimization for style transfer
tasks (Ulyanov et al.l|2016). For GNNs, (Cai et al.| (2021)) demonstrates that mean normalization can degrade
the expressiveness of the neural networks, as mean statistics incorporate graph structural information. Mo-
tivated by this, [Cai et al.[(2021)) proposes GraphNorm, which employs a learnable shift to preserve the mean
statistics to a certain extent. The study reports that GraphNorm consistently achieves superior convergence
speed and training stability on graph classification for GNNs over other normalization strategies.

3.2 Bias in GNNs

ML models can lead to discriminatory results towards certain under-represented groups, as they propagate
the bias within the training data (Dwork et al., |2012; |Beutel et al., 2017). It has been demonstrated that
the utilization of graph structure in GNNs amplifies the already existing bias (Dai & Wang, 2021). Thus,
understanding the sources of bias in graph structure is crucial to develop a remedy for it. Motivated by
this, |Li et al.| (2020]) and [Kose & Shen| (2022)) investigate the sources of bias in GNN-based learning. In |Li
et al.| (2020)), the representation discrepancy between different sensitive groups is examined, whereas in [Kose
& Shen| (2022), the bias analysis is based on the correlation between the aggregated representations Z and
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sensitive attributes s. Though through different approaches, both analyses in [Li et al.| (2020, Theorem 4.1)
and [Kose & Shen| (2022, Theorem 3.1) demonstrate the parallelism between the terms ||u(®) — M|, ||A[ and
bias in GNN-based learning. Here, u(®) and p() are the sample means of node representations respectively
across each sensitive group, where p(™ = mean(h; | v; € S"), and A stands for the maximal deviations

of hidden representations, that is A§7 = max; |h(n) ME")LW =1,---,F and A = max(A© A®M) The
superscript (n) in hg-") is utilized to specify the sensitive group index. Specifically, the hidden representation

h§n) corresponds to a node v; € S™.

As the analyses in|Li et al.| (2020); [Kose & Shen|(2022) suggest that the distributions of hidden representations
corresponding to different sensitive groups influence the resulted bias by GNNs, a tool that can shift these
group-wise distributions can effectively decrease bias-related terms, and hence the overall bias.

4 FairNorm: A Fair and Fast Training Framework for GNNs

This section presents the proposed unified framework that achieves fairness improvement together with faster
convergence speed for GNN-based learning. Herein, we first present a group-wise normalization framework
(M-Norm), upon which we develop FairNorm by incorporating two novel fairness regularizers on M-norm for
fairness-enhancement.

4.1 Group-wise Normalization

It has been demonstrated in [Li et al| (2020); Kose & Shen| (2022) that decreasing ||(® — u®| and A can
effectively reduce bias in GNN-based learning. Note that both terms are affected by the distributions of
representations from different sensitive groups. On the other hand, the mean and standard deviation of
the hidden representations, and in turn their distributions, are affected by the learnable parameters of a
normalization layer. Thus, employing such a layer can enable manipulating said distributions, which can be
used to improve fairness. Inspired by this, the proposed framework, FairNorm, first applies normalizations
to different sensitive groups individually, which results in individual learnable parameters affecting (9, and
pM | as well as their difference. For any input matrix A € RF*N | given that the columns of A can be divided
into two sensitive groups S° and S', the corresponding multiple group-wise normalization operations can
be mathematically described as:

A(‘n‘) . a(7l) . m(7z)
M-Norm (af7)) = 4"+ =Lt 4 (), (1)
2 U(n) k3
IS™ ,(m) IS™ (o () (m))?
where m,l(") Y |§,L‘”' ,(cr,fn))2 = %, and a,l("),'y,i("),ﬂgn) are learnable parameters, Vi =
1,...,Fand n = 0,1. The superscript (n) in Ag”) specifies that the representation corresponds to a node

from the sensitive group S™. Considering that mean normalization can degrade the expressiveness of GNNs
(Cai et al. 2021)), the proposed framework employs the learnable parameter o that manages the amount of
mean normalization.

It is demonstrated in |Cai et al.| (2021) that applying a shift operation over the whole graph can speed up
the convergence for graph classification. However, as the proposed framework herein applies multiple shift
operations individually over subgraphs corresponding to different sensitive groups and considers the node
classification task, the effect of the proposed strategy on the convergence speed becomes unclear. Hence, the
analysis in |Cali et al.| (2021)) cannot be directly applied to this case. Motivated by this, this study analytically
examines the influence of group-wise shifts on the convergence speed.

Shift operations over different sensitive groups can be applied in matrix forms via the matrices N(©) and N,

where N =Ty — L-e((e™)T for n = 0,1. In this formulation, e € RY is created such that e§") =1 1f

[S™]
v; € 8", and eﬁ-n) = 0 otherwise. Therefore, for any vector c € RY, ¢TN(™ = ¢T — (ﬁ ijjesn cj)(e™)T.

Hence, the group-wise shift operations applied to hidden representations can be written as:

MShift(W®HHE-DQ) = WHHF-DQNON®), (2)
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The following lemma demonstrates that N(ON®) acts as a preconditioner of Q, whose proof is presented in
Appendix [A]

Lemma 1 Let 0 < A\ < --- < Ay be the singular values of Q. We have vy = yny—1 = 0 as the two of the
singular values of QNONW | Let the remaining singular values of QNON®) pe 0 < YISV < S YN-2.
Then, the following holds:

>~
et

&
NN

2 2
[\V)

N

AN—2 < YN—2 < A, (3)

where \; = 7; or AN = Yn—2, only if Q have a right singular vector o such that (e(o))Ta = 0 and
(e Ta = 0.

In other domains, such as DNNs or iterative algorithms, a similar preconditioning is considered to help
the training (Kingma & Bal [2014; [Axelsson) |1985)). Such a preconditioning of the aggregation matrix Q
is also demonstrated to accelerate the optimization of GNNs (Cai et al., [2021). In order to theoretically
investigate such an effect in our setting, we considered a basic linear GNN model for node classification that
is optimized via gradient descent, and presented its convergence analysis in Theorem[I] Appendix [B] presents
all assumptions and considered learning settings employed in Theorem [I] in detail, as well as its proof.

Theorem 1 For a linear GNN model, let the parameters of the model at time t with applied shift operations
through NONO) pe denoted by wiwsmft, Then, with high probability, wiwsmﬁ converges to the optimal

M,

parameters wy, Shift linearly with a rate p;:

Shi, Shi,
WS w0 (o). (4)

The same also holds for the parameters of the model without any shift, w’ee  for convergence rate ps:
HWtVanilla _ W:anilla H2 -0 (pg) , where p1 < po. (5)

Thus, it concludes that the shift operations applied through NOON®) lead to faster convergence with high
probability compared to the scheme where no shift is applied.

Theorem (1| demonstrates that the individual shift operations applied over different sensitive groups indeed
improve the convergence rate compared to the naive baseline. While the result of Theorem [I] seems to be
similar to the result of |Cai et al| (2021, Proposition 3.1), the analysis in |Cai et al.| (2021) cannot be easily
extended to our proof due to the employment of group-wise shifts in this work and the fact that we consider
node classification instead of graph classification.

4.2 Fairness-aware Regularizers

As a complementary step to M-Norm, FairNorm introduces two novel fairness-aware regularizers to mitigate
bias in GNN-based learning. Consider the conventional case where the normalization is applied after linear
transformations (loffe & Szegedy} [2015; |Xiong et all 2020; |Cai et al.l 2021)). For this case, the hidden
representations can be expressed in matrix form as:

H™ = Act <M—Norm(") ((WHQ)(n))> , forn=0,1. (6)

In equation @ (WHQ)(H) denotes the submatrix consisting the columns of (WHQ) whose corresponding
nodes are in 8. Furthermore, as the proposed strategy applies normalizations individually over different
sensitive groups, these group-wise normalization layers are differentiated by the superscript n = 0,1. Let
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(") e R denote the sample mean of representations after normalization for the sensitive group 8™, n = 0, 1.
In the proposed framework, recalling from Subsection individual normalization layers are employed
to create individual learnable parameters for the distributions of different sensitive groups, so that the
bias-related terms derived in |Li et al.| (2020); Kose & Shen| (2022)) can be reduced. However, in order to
manipulate 2(°) and (V) for possible bias reduction, the relationship between |(®) — | and @(™)’s should
be investigated. To this end, we present the following theorem, the proof of which can be found in Appendix

Theorem 2 Let Act(.) be Lipschitz continuous with Lipschitz constant L, and let H™) denote the normalized
representations in group S™. Then, |pu® — uM| is bounded above by

1@ = O, < L (JA© = 801, + [AO], + |AD],), ¥p>1. (7)

Here, A™ s the maximal deviation of H™ from p™ (ie., we have Al(-n) = max; |B£T;) — ﬁgn)|,Vi =

1,---,F).

Theorem demonstrates that decreasing |(®) — (V)| results in a decreased upper bound for ||p(®) — p™M)||,
which can possibly reduce the actual value of |p(® — u(M|. Based on this result, as a second step after
applying group-wise normalization operators, FairNorm proposes the use of a regularizer term £, = Hﬂ(o) -
M]3 to decrease bias for GNN-based learning. We note that many commonly used activation functions
such as ReLU, sigmoid, tanh, etc. have a Lipschitz constant equal to L = 1.

Furthermore, Theorem [2| shows that the upper bound for | 1@ — p M| can also be decreased by reducing

the norms of maximal deviations A(®) and A, Inspired by this finding, Lo = [|A©@[3 + |ADM 3 is also
introduced as a regularizer to reduce the norms of maximal deviations of the normalized representations.
Hence, the overall learning objective for the considered node classification task can be written as:

min L.+ kL, + T7LA (8)
OanN
where L. is the classification loss, £, = [@g©@ — a®|2 = | 'y(o)erﬁ(o)) -
7(1)%4-5(1)) [3 for M-Norm in equation Lo = |AO@Z + JAM|2, and A™ =

)
Li max; |rz(T;) — ml(»")\ for M-Norm defined in equation |I| ¥i = 1,---,F, where R™ = (WHQ)™

(™
denotes the representations input to the normalization layer. GNN parameters are denoted by 8gnn, and
% and T are hyperparameters specifying the focus on the fairness regularizers.

Remark 1 (Order of normalization and activation). Although the proposed fairness regularizers
Ly, LA are designed for the conventional case where the normalization is used before nonlinear activation,
it can be demonstrated that they can also reduce bias when the normalization is applied after activation,
where

H™ = M-Norm™ (Act ((WHQ)(”))> , forn=0,1. 9)

In this case, it holds that @™ = p(™ and |A™)|| = |A®™)| for n = 0,1. Therefore, the employment of the
proposed fairness regularizers can naturally be extended to the case where the normalization is utilized after
activation, as the analyses in [Li et al.| (2020); |[Kose & Shen| (2022) demonstrate that reducing |p(® — p|
and |A| can help mitigate bias in GNN-based learning.

Remark 2 (Applicability to other normalization methods). Note that the proposed FairNorm frame-
work can be readily utilized together with other normalization techniques where the distribution of the nor-
malized representations depends on learnable parameters, e.g., BatchNorm (loffe & Szegedyl, 2015)), as long
as group-wise normalization is applied over each sensitive group.
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Table 1: Dataset statistics

Dataset |So] |S1] Inter-edges  Intra-edges F
Pokec-z 4851 2808 1140 28336 59
Pokec-n 4040 2145 943 20901 59
Recidivism 9317 9559 298098 325642 17

5 Experiments

In this section, experimental results obtained on real-world datasets for a supervised node classification task
are presented. The performance of the proposed framework, FairNorm, is compared with baseline schemes
in terms of node classification accuracy and fairness metrics. Furthermore, the influence of the proposed
fairness-aware normalization strategy on convergence speed is examined.

5.1 Datasets and Settings

Datasets. In the experiments, three real-world networks are used: Pokec-z, Pokec-n (Dai & Wang, [2021)),
and the Recidivism graph (Jordan & Freiburger, 2015). Pokec-z and Pokec-n are created by sampling the
anonymized, 2012 version of Pokec (Takac & Zabovsky, 2012)), which is a social network used in Slovakia
(Dai & Wang}, 2021)). In Pokec networks, the region information is utilized as the sensitive attribute, where
the nodes are the users living in two major regions. Labels to be used in node classification are assigned
to be the binarized working field of the users. The information of defendants (corresponding to nodes) who
got released on bail at the U.S. state courts during 1990-2009 (Jordan & Freiburger, 2015) is utilized to
build the Recidivism graph, where the edges are formed based on the similarity of past criminal records
and demographics. Race is used as the sensitive attribute for this graph, and the node classification task
classifies defendants into bail (i.e., the defendant is not likely to commit a violent crime if released) or no bail
(i.e., the defendant is likely to commit a violent crime if released) (Agarwal et al., |2021)). Table [I| presents
further statistical information on the utilized datasets. In the table, |Sp| and |S;| are the cardinalities of the
sets of nodes with sensitive attributes 0 and 1, respectively. ’Inter-edges’ and "Intra-edges’ correspond to the
number of edges linking nodes from different sensitive groups and the same sensitive group, respectively. F'
in Table [[l denotes the dimension of nodal features.

Evaluation Metrics. Accuracy is used as the utility measure for node classification. Two quantitative
measures of group fairness metrics are reported in terms of statistical parity: Agp = |P(§g = 1| s =
0)— P(§ =1]|s=1)] and equal opportunity: Agpo = |P(§=1|y=1s=0—-PGi=1|y=1,s =1)|,
where y is the ground truth label, and § denotes the predicted label. Lower values for Agp and Ago signify
better fairness performance (Dai & Wang, 2021]).

Implementation details. To comparatively evaluate our proposed framework, node classification is
utilized in a supervised setting. A two-layer GCN (Kipf & Welling, 2017) followed by a linear layer is
employed for the classification task, which is identical to the experimental setting used in [Dai & Wang
(2021). A normalization layer follows after every GNN layer, where the normalization is applied after linear
transformations and before the non-linear activation, as suggested in loffe & Szegedy| (2015)); Cai et al.| (2021)).
For the hyperparameter selection of the GCN model, see Appendix [D] This experimental framework is kept
the same for all baselines. Furthermore, training of the model is executed over 50% of the nodes, while the
remaining nodes are equally divided to be used as the validation and test sets. For each experiment, results
for five random data splits are obtained, and the average of them together with standard deviations are
presented. The hyperparameters of the proposed fairness-aware framework and all other baselines are tuned
via a grid search on cross-validation sets, see again Appendix [D] for the utilized hyperparameter values.

Baselines. This work aims to mitigate bias via employing fairness-aware regularizers, as well as to pro-
vide a faster convergence through its utilized normalization layers. We note that similar to the proposed
regularizers, any other fairness-aware regularizer can be employed together with a normalization layer, for
these same purposes. In order to demonstrate the performance improvement of the proposed regularizers
over said alternatives, we compare the proposed framework with other fairness-aware regularizers. To this
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Table 2: Comparative Results with Baselines for Different Activation Function Selections

ReLU Sigmoid
Pokec-z Acc (%) Asp (%) Ago (%) Acc (%) Asp (%) Ago(%)
NoNorm 70.24+ 1.0 6.77+ 1.8 6.18 + 2.5 70.25 + 0.8 7.40+ 1.8 6.04 £+ 3.1
M-Norm 70.71 + 0.8 5.57+ 1.3 5.00 + 2.0 69.84 + 0.7 6.21 +1.4 4.44 4 2.1
Covariance 70.66 + 0.8 531+1.4 4.56 £ 1.9 69.77 + 0.6 5.63+1.9 4.04 £2.1
Adversarial 70.35 + 0.9 241+1.0 2.16 + 0.6 70.01 £ 0.9 3.08 + 2.8 3.00£ 2.4
FairGNN 70.34 £ 1.1 2.78 £ 1.5 2.73£1.0 69.93 £ 0.7 4.55 £ 2.2 4.71 £ 2.7
HTRppp 70.38 £ 0.9 2,124+ 2.0 3.38+ 1.5 69.74 + 0.7 1.85+ 1.1 2274+ 1.8
FairNorm 70.67 + 1.0 1.35+1.2 1.90 + 1.8 69.73+ 0.9 1.71+0.3 1.48 +1.1
Pokec-n Acc (%) Asp (%) Apo (%) Acc (%) Asp (%) Ago (%)
NoNorm 69.29 + 0.8 1.66 £ 1.6 2.19+1.8 68.73 + 0.6 2.68 +2.2 2.27+24
M-Norm 69.25 + 0.5 248 +1.2 291 +1.7 68.59 + 0.9 1.78 £ 2.1 2.88+1.8

Covariance 69.47 + 0.6 2.06 + 1.3 242+ 1.5 68.40 + 1.1 1.70 £ 2.2 2.26 +£1.8
Adversarial 69.30 + 0.4 2.09+ 1.9 2.21+1.9 68.47 + 0.7 1.56 + 1.8 225+ 1.5

FairGNN 69.21 + 0.4 2.03+ 1.9 2.29 + 2.1 68.42 + 0.7 1.61+1.7 1.71+ 2.0
HTRppp 69.51 + 0.5 1.85+1.4 2.03+ 1.5 68.37 +£ 0.9 1.64+ 1.6 2.53+ 1.7
FairNorm 69.38 + 0.7 1.26 +1.2 1.22+1.3 68.88 + 1.1 144+ 1.2 1.74+1.7
Recidivism  Acc (%) Asp (%) Ago (%) Ace (%) Asp (%) Ago(%)

NoNorm 94.32 + 0.2 8.89 + 0.7 1.17+ 0.9 92.69 + 0.2 8.29+ 0.7 1.31 +£0.6
M-Norm 95.00 + 0.3 887+ 1.2 1.71 + 0.7 94.45 + 0.3 894+ 1.2 2.06 + 1.0

Covariance 95.07 £ 0.2 8.82+ 1.1 1.43+0.6 92.87 +£ 1.0 8.44 £ 0.6 1.64 +

Adversarial 94.14 4+ 0.1 8.58 £ 1.0 1.26 £ 0.7 93.82+ 0.2 8.72+ 0.9 1.59 £
FairGNN 95.14 £ 0.2 8.73+ 1.0 1.33 £ 0.8 94.11 £ 0.2 8.68 + 1.2 1.51 +
HTRppp 95.16 + 0.2 8.74+ 0.8 1.05+0.4 93.34+ 0.4 8.20+ 0.9 1.04 +

FairNorm 95.11 £ 0.2 8.45+ 1.0 0.90 £ 0.5 94.32+ 0.2 728 +1.1 0.80 +

end, the performance of 4 different baselines is presented. For improving fairness in a supervised setting,
FairGNN (Dai & Wang, [2021) employs adversarial debiasing and a covariance-based regularizer (the abso-
lute covariance between the sensitive attribute and estimated label §). The results for these regularizers
are obtained both individually and together, where the framework that utilizes both regularizers is called
FairGNN (Dai & Wang, |2021)). Furthermore, hyperbolic tangent relaxation of the difference of demographic
parity (HT Rppp) that is proposed in [Padh et al.| (2021) is utilized as another baseline. Note that, as DDP
is not differentiable, its relaxations are used as fairness-aware regularizers for a gradient-based optimization.
It is worth emphasizing that the fairness regularizers proposed in this study are also applicable to an unsu-
pervised setting, while the covariance-based (also FairGNN) and HT Rppp regularizers can only be used in
a supervised framework.

5.2 Experimental Results

The results of node classification are presented in Table 2] in terms of fairness and utility metrics for both the
proposed framework and baselines. The results are obtained for two commonly utilized activation functions:
ReLU and sigmoid, in order to demonstrate the efficacy of the proposed framework over different activations.
In Table [2} “NoNorm” denotes the scheme where no normalization layer is employed. “M-Norm” stands for
the proposed framework where only individual normalizations are applied to the nodes belonging to different
sensitive groups, without using the proposed fairness regularizers. Furthermore, “Covariance” is for the
covariance-based regularizer (Dai & Wang} 2021)), “Adversarial” stands for the adversarial regularizer (Dai &
Wang, 2021), and “HTRppp” denotes hyperbolic tangent relaxation of the difference of demographic parity
(Padh et all 2021). It should be noted that the results for baselines are obtained with the best performing
normalization layer framework (individual normalizations over different sensitive groups vs. normalization
over all nodes in the graph) in terms of fairness measures.

The results in Table [2] demonstrate that FairNorm achieves superior fairness performance, together with
similar utility, compared to all baselines on all datasets for both of the utilized activations. As M-Norm is
the first step of FairNorm without fairness regularizers, the significant improvements in all fairness measures
compared to M-Norm signify the efficiency of the designed regularizers. Furthermore, on the Recidivism
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Figure 1: Convergence for different graph data sets when the normalization is not applied (Nonorm) and
applied with/without fairness consideration (FairNorm/GraphNorm).

graph with sigmoid activation, while the improvement in fairness metrics is accompanied by a decrease
in accuracy for the baselines, FairNorm achieves better fairness performance without a deterioration in
utility. Overall, the results in Table [2] show the efficacy of the proposed fairness regularizers in reducing
bias while providing similar utility on different real-world networks. Note that, in addition to their superior
fairness performance, the proposed regularizers of FairNorm can be flexibly applied to both supervised
and unsupervised settings, whereas some of the baselines (“Covariance”, “FairGNN”, “HTRppp”) require
predicted labels for their regularizer designs.

The proposed framework herein aims to mitigate bias by also providing a faster convergence speed. The
results in Table [2] confirm that the proposed fairness regularizers within FairNorm do provide said bias
reduction. In order to evaluate the convergence speed of FairNorm’s group-wise normalizations, Figure [I]
is presented. The baselines in Figure 1| consist of GraphNorm (Cai et al., 2021)), and the framework where
no normalization is applied. We note that in Figure Fairnorm is employed with both its individual
normalizations as well as its fairness regularizers.

The results on both Pokec datasets and the Recidivism network confirm that the employed normalization
can indeed lead to a faster convergence in training compared to NoNorm. Figure [I] also demonstrates that
compared to GraphNorm, the convergence improvement of FairNorm is slightly less on Pokec-z, whereas it
provides approximately the same improvement on Pokec-n and Recidivism.

5.3 Sensitivity Analysis

In order to examine the effects of hyperparameter selection, the sensitivity analysis for the proposed frame-
work is executed. The results for changing x and 7 values are presented in Tables [3]and [] for Pokec networks
and Recidivism network, respectively. Overall, the results demonstrate that the proposed strategy, FairNorm,
typically leads to better fairness measures compared to the natural baseline (M-Norm) within a wide range
of hyperparameter selection.

5.4 Ablation Study

In order to investigate the influences of different fairness regularizers introduced in this study, we carry over
an ablation study. The results of this study are presented in Table [5] Table [5| demonstrates that while the
employment of £,, seems to have a greater effect in fairness performance improvement, utilization of both £,
and L (FairNorm) leads to better fairness results compared to the cases where only one of the regularizers
is used with ReLU activation. For the case where sigmoid is used as the nonlinear activation, use of both
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Table 3: Sensitivity Analysis for Pokec Networks

Pokec-z Pokec-n
ReLU Acc (%) Asp (%) Ago (%) Acc (%) Asp (%) Apo (%)
M-Norm 70.71 + 0.8 5.57+ 1.3 5.00 + 2.0 69.25 + 0.5 248 + 1.2 291+ 1.7
T = 10787 k=10 70.26 + 0.9 1.52 £ 1.0 219+ 1.2 69.45 + 0.6 223+ 1.3 2.65+ 1.6

7 =10"%,k =100 70.48 £ 0.9 1.40 £ 1.0 220+ 1.2 69.53 + 0.8 2.07+ 1.0 1.98 £ 0.8
7 =10"% Kk = 1000 70.37 + 1.1 3.20 £ 0.9 3.18 £ 2.0 69.38 £ 0.8 1.55 +1.4 1.48 £ 1.7

=100,7 =10"" 70.67 £ 1.0 1.35 £ 1.2 1.90 £ 1.8 69.56 £ 0.8 2.10+0.9 2.09+£0.5
=100,7 = 1078 70.48 £ 0.9 1.40 £1.0 2.20%+1.7 69.53+0.8 2.07+ 1.0 1.98 £ 0.8
k =100,7 = 107° 70.55 + 0.9 1.48 £ 1.2 1.99+1.8 69.54+0.7 215+1.1 1.84 £ 0.9

a3

Pokec-z Pokec-n
Sigmoid Acc (%) Asp (%)  Aro (%) Acc (%) Asp (%) Agro(%)
M-Norm 69.84 + 0.7 6.21+1.4 444421 68.59 + 0.9 1.78 £ 2.1 2.88+1.8
7=10"8% k=10 69.71+09 1.36+04 1.72+1.1 6897+08 223+1.3 249+1.8

T =10"%k =100 70.05 + 1.2 1.194+08 2.53+1.0 68.838+1.1 1.44+1.2 1.74+ 1.7
7=10"8% Kk =1000 70.06 + 1.1 1.17+0.7 2474+13 6837+07 221+1.1 347418

=100,7 = 1077 70.06 + 1.2 128408 239+1.2 68.87+1.1 1.45+1.2 1.85+ 1.6
=100,7 = 1078 70.05 + 1.2 1.19+0.8 2.53+1.0 68.88+1.1 1.44 +£1.2 1.74 £ 1.7
% = 100,7 = 107° 70.06 + 1.2 1.20+08 2.53+1.0 68.81+1.1 1.70 £ 1.2 1.90 + 1.7

a x

Table 4: Sensitivity Analysis for Recidivism Network

ReLU Sigmoid
Recidivism Acc (%) Agp (%) Ago (%) Acc (%) Agsp (%) Ago (%)
M-Norm 95.00 + 0.3 8.87+1.2 1.71 £ 0.7 94.45 + 0.3 894 +1.2 2.06 + 1.0
T = 10_10, k=1 95.01 + 0.2 8.76 £ 1.2 1.66 + 0.6 94.38 + 0.2 7.27£1.0 0.95 £ 1.0

T=10"1" Kk =0.1 95.02+0.3 8.62+1.1 1.434+0.5 94.27+0.3 729+1.1 0.89 £ 1.0
7 =10"1 k = 0.01 95.11+0.2 845+1.0 090+£0.5 94.324+0.2 7.28+1.1 0.80 + 0.9

k=017= 10~° 94.99 + 0.2 859+ 1.1 1.17+ 0.6 94.33 + 0.3 7.39+ 1.1 1.12+ 1.0
k=0.1,7=10"1 95.024+ 0.3 862+1.1 1.43+0.5 94.27+0.3 7.29+1.1 0.89+1.0
k=017= 101 94.98 + 0.1 8.48 + 1.1 1.32+ 1.0 94.38 + 0.2 7.27+1.0 1.14+1.1

regularizers again results in better Ago values compared to the cases where only one of the regularizers
is employed. However, the same cannot be always claimed for Agp, which can be explained by the fact
that sigmoid already limits the maximal deviation to some extend after the first layer reducing the effect
of La. Overall, Table 5] shows that the utilization of both £, and LA generally achieves the best fairness
performance, while £,, appears to be a more influential component compared to £ for the bias reduction.

6 Conclusions and Limitations

This study proposes a unified framework, FairNorm, that mitigates bias in GNN-based learning and pro-
vides faster convergence in training. FairNorm applies group-wise normalizations, and employs two novel
fairness regularizers that manipulate the parameters of these normalizations. The designs of these regu-
larizers are based on theoretical fairness analyses on GNNs. Experimental results on real-world networks
show the fairness improvement of FairNorm over fairness-aware baselines in terms of statistical parity and
equal opportunity, as well as its similar utility performance in the node classification. Furthermore, it is
demonstrated that FairNorm improves the convergence speed of the naive baseline where no normalization
is used.

The present framework considers only a single sensitive attribute in its design of normalization layers and
fairness regularizers. One possible future direction of this study is the extension of the design to a case with
multiple sensitive attributes, which may be essential in certain applications.

10
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Table 5: Ablation study for the proposed regularizers

ReLU Sigmoid
Pokec-z Accuracy (%) Asp (%) Ao (%) Accuracy (%) Asp (%) Apo(%)
M-Norm 70.71 + 0.8 5.57+ 1.3 5.00 + 2.0 69.84 + 0.7 6.21+1.4 4.44 4+ 2.1
L, 70.65 + 0.8 1.50 £ 1.0 2.19+1.3 69.71 + 0.9 1.36 + 0.4 1.72+1.1
LA 70.62 + 0.9 5.15+1.4 4.55+2.2 69.73 £ 0.5 5.67+ 2.0 4.29+2.3
FairNorm 70.67 £ 1.0 1.35+1.2 1.90+ 1.8 69.73 £ 0.9 1.71 £ 0.3 1.48 +1.1
ReLU Sigmoid
Pokec-n Accuracy (%) Asp (%) Apo (%) Accuracy (%) Asp (%) Agpo (%)
M-Norm 69.25 + 0.5 248 £1.2 2.91+1.7 68.59 + 0.9 1.78 £ 2.1 2.88 +1.8
L, 69.30 £ 0.7 1.47 £ 1.2 1.51+1.4 68.82 + 1.1 1.65 + 1.2 1.80 £ 1.8
LA 69.40 + 0.5 255+ 1.1 254+ 1.6 68.59 + 0.9 1.78 £ 2.1 2.88+ 1.8
FairNorm 69.38 £ 0.7 1.26 £1.2 1.22+1.3 68.88 £ 1.1 144+ 1.2 1.74 £1.7
ReLU Sigmoid
Recidivism  Accuracy (%) Asp (%) Apo (%) Accuracy (%) Asp (%) Ago (%)
M-Norm 95.00 + 0.3 8.87+1.2 1.71 £ 0.7 94.45 + 0.3 8.94+1.2 2.06 £ 1.0
L, 95.08 + 0.2 8.67+ 1.0 1.35+ 0.5 94.33 £ 0.2 718+ 1.2 1.05+1.1
L 95.12 + 0.2 8.97+ 1.1 142+ 0.6 94.39 £ 0.3 8.81 +1.1 1.92+0.9
FairNorm 95.11 + 0.2 8.45+ 1.0 0.90 £ 0.5 94.32 + 0.2 728+ 1.1 0.80 £ 0.9
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A Proof of Lemma(i]

First, we present the following Lemma, as it will be utilized in the proof of Lemma

Lemma 2 (Cauchy Interlace Theorem, (Horn & Johnson, 2012)). Let A be a Hermitian matriz of order

N, and let B be a principal submatriz of A of order N — 1, such that A = ( ﬁ Z e RVXN_[f
AN < An-1 < -0 < Ay < A lists the eigenvalues of A and vy < yn—1 < -+ < 73 < ¥ the eigenvalues of
B, then:

ANSINSKANa S OINa1 S-S <h sy (10)

where \; = v; only when there is a nonzero z € RN~1 such that Bz = v;z and y'z = 0; if \; = vi_1 then
there is a nonzero z € RN~1 such that Bz = v;_1z,y 'z = 0.

The shift operations over different sensitive groups are defined to be:

MShift(WHHF-D Q) = WHHE-DQNOND), (11)

where N = Iy — ‘Sn e(”)( )T for n = 0,1. Let 0 < A\ < --- < Ay be the singular val-

1
ues of Q. Then, eigenvalues of (Q)'Q are 0 < >\2 < <+ < A% Let 72 denote the eigenvalues of
(N<1>)T(N<0>)T(Q)TQN<0>N<1> = NON(O© (Q)TQN M vi=1,...,N.

(NON®) is a projection matrix, for which the following holds:
(N(O)N(l))2 = NONONOND = NONONDOND = NOND (12)

as both N and N are symmetric projection matrices onto the orthogonal complement spaces of the
subspaces spanned by e(®) and eV, respectively, and (N©ON®) commutes. Then, the following decomposi-

tion can be written: (N(ON®) = Udiag(1,1,...,1,0,0)UT, where U = [Usub, ﬁ \/‘3716(1 ] Note

that diag(a) creates a diagonal matrix D € RV*¥ with ith diagonal entry being equal to a;, Va € RV, This
decomposition implies that the eigenvalues corresponding to the eigenvectors ——e(®), —L_e@) are zero,
p p g P g g ] st
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which can be shown as:

1 1 1 1
NOND O — (Iy — 76(0)(e(0))T 7e(1)( a )) + 77e(0)(e(0))Te(1)(e(l))T)e(O)
\50\ |51 1SS
1
= Iy — \SO\ e (e’ — 5 eM(eM)Ne® ase® and e are orthogonal,
1 1
— a0 0 T a0 1 0 13
_e()_@e()(e( NTel® — |Sl|e()( e)Tel® (13)
=e® — |SO| 15°e@ | as (&) Te® =[S by definition,
= 0e®,
The same analysis also holds for e"). Let 7% and 7% _; denote zero eigenvalues, and 0 < 7% < - < Y%,

hold. Based on the decomposition of (N(ON®) the following can be written:
(ND)TNO)T(QTQNN® = NONO(Q)TQNND
= Udiag(1,1,...,1,0,00U"(Q) ' QU diag(1,1,...,1,0,0)U" (14)
~ diag(1,1,...,1,0,0)UT(Q) 'QU diag(1, 1,...,1,0,0),

where A ~ B, if the eigenvalues of A and B are the same. Furthermore, denote diag(1,1,...,1,0,0) by
D e RNxN.

Iy [0]nv—2x2
D= 15
[0]oxn—2  [0]ax2 (15)
where [0];x; denotes an all-zeros matrix with dimensions i x j. Let C denote Q' Q.
J
(N(l))T(N(O))TCN(O)N(l)
~DU'CUD
_ UT
1 (0) 1 e
| Vs o "
[ UsubCUSUb \{S ‘Usubc( (0)) ‘{gl‘U;rubC(e(l))
(0T L (T Ce® 1 (e TCe®
=D ﬁlso‘(e ) CUsup i (e ) Cel \SU\|81|(e ) Ce D
i \/@(e(l))TCUsub W( eM)TCel® |51|(e(1))TCe(1)
_ U], CU.  [0]n—2x2 .
[0]2xn—2 [0]2x2

As, (NO)T(NO)TCNON® has the eigenvalues 0 < 77 < -+ < 73,_,, and 73_; = 7% = 0, equation
shows that U;rubCUsub e RN=2XN=2 ha5 the eigenvalues 0 < ’yf << ’y12V_2.

Let R denote UTCU, then R has the eigenvalues 0 < A\? < --- < A\, as R~ C.

. T e 1 T (1)

U, .,CUswp |50|U8ubc( ) \/@Usubc(e )

L_(e(0) 1 eTCe® 1 (g0 TCe®

R= \/\IST\(e . )TCUs“b \510\ (e )1 CTe . |50|\$1‘(1 T) Ce (17)

\/@(e( )) CUsup W(e( )) Ce® \Sl\(e( )) CeM

Further, define matrix A € RV=1*N-1 gych that:
UL, CUsup U/ ,C(el®)

A= \/W as)

S (eO)TCUL  yle®)TCe® |
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together with eigenvalues n; < --- < pny_1. Then, utilizing Lemma [2} equation [17] and equation we can
conclude that

M<m <A <<y <A, (19)

where A\? = n; or A? = 5;_y, if and only if there is a right singular vector a of Q such that (e(l))Ta = 0.
The proof of the condition for A? =1); or )\3 = 1;—1 is presented below in italic.

Proof: Cauchy interlace theorem states that inequalities in equation become equalities if there is a
nonzero z € RV=1 such that Bz = v;z and y'z = 0 or if there is a nonzero z € RN™1 such that Bz = v;_ 1z

and y'z = 0. Therefore, for the result in equatz’on inequalities become equalities, if there is a nonzero
z € RV such that:

Az =nz and [ \/llsfll(e(l))TCUsub W(e(l))TCe(o) ] z=0. (20)

Note that we dropped the subscript of n in equation [20, as it is enough to hold these conditions for any of
the ;s to turn one of the inequalities into equality in equation [I9

u’ b
A= l \/‘1—0‘52(0))T
S
1

Let Uy := [ Usup \/@e(o) ], where Uy forms an orthogonal basis for V). Therefore, A = U] CUj.

c| Uw Zige® | (21)

The conditions presented in equation[20 can be rewritten based on this definition:

U] CU,z = nz and (eM)TCcu,z = 0. (22)

1
VISt
The second condition in equation demonstrates that for inequalities in equation become equalities,

CU,z should lie in the orthogonal complement space of ), which is spanned by Ui. Therefore, if the
second condition in equation is satisfied, there exists a vector b e RV=1 such that:

CU;z = U;b. (23)
In this case, the first condition in equation [2 becomes:
U/CUz=U/Ub=1Iy_1b=b=1yz (24)
Therefore, the following equality should hold to meet both criterion in equation[20;
CU;z = U;b = nU;z. (25)

equation demonstrates that the conditions in equation are met, if Uz is the eigenvector of C = QTQ
associated with eigenvalue 1. This eigenvector Uz lies in the orthogonal complement space of €©) and the
eigenvector of C = QT Q is the right singular vector of Q. Therefore, inequalities in equation become
equalities, if there is a right singular vector o of Q such that (e(l))Ta = 0, which concludes the proof.

A is created in the following way:

UL,CULu FUT C(e®)

o sub
\/ISOI

IS
——(e)TCU,y %( )TCel ’
together with eigenvalues 1; < --- < ny_1. Furthermore, equation shows that UsubCUsub e RN-2xN-2
has the eigenvalues 0 < 77 < --- < 7% _,. Again, we can apply Cauchy interlace theorem presented in
Lemma, [2] which concludes that:

A= (26)

m<Y <<y <Vi_o <nIN-1, (27)

where 1; = v? or 1; = v7_, if and only if there is a right singular vector a of Q such that (e(®)Ta = 0 and
(e(l))Ta = 0. For these conditions leading to equalities 1; = 42 or n; = v2_,, the proof follows in the same
manner as the previous one.
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Finally, by unifying the results of equation [I9] and equation 27, the Theorem [I] can be proved, such that:

A <mn (28)
Ao < 72 (29)
AN—2 S YN_2 S AN (30)

where \; = 7; or Ay = Yyn_2, only if Q have a right singular vector a such that (e(o))Ta = 0 and
(e(l))Ta = 0. Note that A\;s and ;s are defined to be non-negative, thus we can omit the powers of 2 in the
final result.

B Learning Environment and Proof for Theorem (1]

We first introduce the following Lemma that will be utilized in the proof.

Lemma 3 (Theorem 1, (Cui et all, [2019)) Let x1,...,xny ~ N(0,X) be independent Gaussian vectors,
where 3 is an F' x F real positive definite matriz. Let B be a fized symmetric real N x N matriz. Consider
the compound Wishart matric W = X BXT /N with X = [x1,...,xn]. Then for any § = 0, the following

event
32|B|rd + 64| B|26*

N
holds with probability at most 2 exp (—262 + 2F log 3), where | - | denotes the Frobenius norm. Specifically,

for 6 = +/2In(3)V/F,

W —EW|, > (PP

32||B||pd + 64| B| 20>

W —EW ], > . =

holds with probability at most 2 exp (—62).

Model: For the node classification task over a graph G, a linear one-layer GNN-based model is consid-
ered, where the models without and with individual shifts for different sensitive groups are denoted by
franitle(X Q) = w' XQ and fMhH(X Q) = w! XQNOND  respectively for w e RF*1 X e RF*N and
Q e RVXN.

Training loss: Let Zveilla ¢ RFXN and ZMShift ¢ RFXN denote XQ and XQNON® | respectively. The
training loss for both the models without and with individual shifts for different sensitive groups follows as:
1
£(w) = 5127w — I3 (31)
where y € RV denotes the labels of the nodes. Note that this loss is applicable to both Zve#a and ZMShift,
and Z is used interchangeably with ZV*"*¢ for the ease of notation.

Optimization: Gradient descent is utilized for the optimization by initializing wy = 0, where an optimiza-
tion step can be written as:

Wip1 = Wi — TZ(ZZTW:& — Zy) (32)
= (Ip —02ZZ7)w, +nZy.
Note that 1 in Equation equation [32| denotes the learning rate.

In this setting, w; converges to optimal solution w* = (ZZT)Zy according to the solution of least squares
problem (Horn & Johnson [2012), where superscript  denotes Moore-Penrose inverse. The residual of w4
follows as:

IF—nZZ w; +nly — w*

Wiyl — ( )
(Ip —nZZ " )Yw, +n(ZZ")(ZZ") Zy — w*
( )
( )

(33)

Ir —nZZ" )Yw; — (Ip —nZZ")w* , as w* = (ZZ")'Zy
Ip —nZZ")(w; — w*).
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Assumption 1: wy = 0.

Based on Assumption 1 and equation following inequality can be written:
[we —w*|| < |Xr —nZZ")|"|w*]. (34)

For the learning rate n = ﬁ, the following convergence rate can be guaranteed for this problem:

Omin(ZZT)\'
o= wel = (1= 222020 e (35)

Note that 0,5, and oy, output the minimum and maximum positive eigenvalues of the input matrix,
respectively. The same result can also be derived for ZMShift following the same steps, such as:

(ZMShift g MShift\T t
HWt 7W*H < <1 . Umin( ( ) )> ”w*H

O (ZM STt (ZMShifT)T) (36)

Equations equation and equation demonstrate that the convergence rates of the defined node

classification problem for without and with shifts depend on the terms 1 — (M) and 1 —

Omaz(ZZT)
oo (Z]WSh,ift(ZJMSh,ift)T) . . .
(Um”ﬁ(ZMS’“‘f"(ZMS’”'f‘)T))’ respectively. Therefore, the next step examines these factors together with the

following assumptions.

Assumption 2: x € R¥ is a centered Gaussian random variable with covariance matrix
¥ = Ey[xx']. The features of nodes xi,...,xy are independent realizations of x, where

X = [x;---xn]. Z=XQ and ZM5hft = XQNONO),
Assumption 3: E[XQ]:=Y.

(XQ-Y) (XQ-Y) T

Assumption 4: O < E[TT ] <n1Ir

. XQ-Y XQ-Y) T
Assumption 5: O < E[%N(O)N(l)% ] < 61Ir
Assumption 6: Defined Y matrix is full rank.

We will analyze the eigenvalues of %ZZT, as multiplying with a constant does not change the ratio between
the minimum and maximum eigenvalues.

1 1Y
NZZT =¥ Dzz] . (37)
=1

For the analysis of %ZZT, we will first focus on E [%T], which equals to:

] [52) |

based on the Assumption 3. By utilizing Weyl’s inequality and the provided assumptions, following inequal-
ities can be written:

YYT 777 YYT
O-'ma;c(T) < Omax (E [ N ]) < U’max(T) + 61 (39)
) < B |22 ]) < i () 45
Omin N X Omin N X Omin N 1
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Similarly:
. . T
- |:ZZ\/ISh7,ft(Z1\/IShzft) _ (1) (XQN(O)N(l))
N VN
[XQ (NOND)2 (7T , as NON® commutes,
VN VN
(40)
X XQ) "
E [\/%N N )(\/N) 1 as NON® g 4 projection matrix

VN VN

|

..<
Z
Z
b
4{

_|_

es!

XQ —Y) oy (XQ-Y) T]

Again, by utilizing Weyl’s inequality and the provided assumptions, following inequalities can be written for
the shifted case:

YN(O)N(l)YT ‘ZMSh,ift(ZMShift)T YN(O)N(l)YT
Omax T < Omax (E i N ]) < Omazx * + 61 i
YNONOYT [ ZMShift(Z M Shift)T YNON®YT (4D
Omin * < szn(E N :|) < Omin # + 61

Next step in the proof is bounding the errors |{+ZZT — E[ZZ :IHQ and | ZMShift(ZMShiftyT

ZMShlft(z]WShzft . . . . . .
[ ¥ ] |2. Based on Lemma [3[and assumption 2, the following inequality holds with probabil-
ity 176 where ¢ < 2 for eITOrS HNZZT E ZNZ ]”2 and ” NZMShzft(ZMShzft)T E [ZNIShzfi(ﬁNIsmft ] Hz
1 77" log(2
22" B2 || <0 (095\7/6)) : (42)
2

where the constants [QQT|r, [QQT |2, and |X|2 are hidden in O(.) notation for a focus on N, similar to
the approach taken in [Cai et al.| (2021)). Similarly, the followmg bound holds for | NZMSh’ft(ZMShzft)

[ZMSM“(]%,MSMH ] |2 with probability 1 — e, where € < 2
1 _ N ZMShift(ZMShift)T log(2/e)
2 g MShift (gMShift\T _ @ <o (2L 43
‘ N ( ) N 2 N 1)

Based on Lemma [3] Equations equation 2] and equation @3] the inequalities in equation [39] and equation
can be re-organized. Following inequalities hold with probability 1 — € where € < %:

YYT log(2/e) 777 YYT log(2/e)
R R ICASVArA IPS V< [ B S
Omaz N ) (’)( N )\Um,w( N ) < Omaz( N )+51+(’)< N )
YYT log(2/e) 777 YYT log(2/e) (44)
3 - < min < min
Omin( ) O( N ) Tmin( ) <@ (N)+61+0< N )
YNONOYT log(2/e) L arshi :
PR R AT IPS = ift MShift\T
Omaz N ) O( N > Tmaz (2 (z ))
ONDYT
<omn(INNTY st 0 (h)g(%)
N N (45)
YNONDOYT log(2/e) L sk
Y Gtk B RS N LR < iftp MShift
Omin N ) O( N ) Tmin( 572 (Z ")
YNONDOYT log(2/€)
< -
Omin N +41+0 ( N >
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By the same method that proves Theorem [I] and is presented in Appendix [A] it can be shown that positive
eigenvalues of YNONMYT are interlaced between the positive eigenvalues of YY ':

Omin (YY) < 0pnin (YNONOYT) < 0,00 (YNONDYT) < 0,00 (YYT) (46)
where inequalities become equalities, only if there is a right singular vector o of YT that is orthogonal to
both €@ and e,

Assumption 7: None of the right singular vector of Y' is orthogonal to both e¢(® and e
Based on Assumption 7 and result in equation [6] following holds:

YYT YNONDOYT YNONDOYT YYT

T) < Omin N < Omaz N < Umaz(T) (47)

Jmin(

Finally, for small enough §; and large enough N with probability 1 — e with € < %, the following inequalities

can be written:
o —1 77 Y'Y log(2/e

YN(O)N(UYT) o log(2/e)
N N

ZILIS’hift(ZJVIShift)T)

< Jmin(

< O_maI(NZMShift(ZMShift)T) (48)

. T . MShif MShift\T
Therefore, equation [48| proves that 1 — (%) 1-— (Z’“"gMSMfigMSMf:;T)) with probability 1 —e.

Unifying this result with Equations equation [35] and equation [36] concludes that shifted model by matrices
NON® converges faster compared to the vanilla model with high probability in the considered learning
environment for node classification.

C Proof of Theorem

Define the sample mean after normalization layer by @™ € R n = 0,1. Then,

1
=(0 (1)) 2: L _ 2 (1)

jESO jESl

(49)
0 (1)
12© — pOf = | == |50 > Act(h |81| > Act(h N1
JeSO jeST
We can write ]?lgv()) = pO 4+ 5;0)7 Vj =1---|8° and h(l) = pM 4 5 Vj = 1---|S|. If the activation

function Act(j is Lipschitz continuous with Lipschitz constant L (apphes to several nonlinear activations,
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such as rectified linear unit (ReLU), sigmoid), the following holds:

Act(il”) — LI\ < Act(A)) = Act(nl” + 517)

< Act(”) + L8| vi=1,- - F 50)
Act(a©@) — LI8{”| < Act(h\”) = Act(a® + ')

< Act(©@) + L|8\] ¥j =1, S|

where |.| takes the element-wise absolute value of the input. The same inequalities can also be written for
St

Act(a@) — L8] < Act(h{V) = Act(a® +5) < Act(aV) + L|8'V],

(51)
Vj=1,---]S"]
Based on Equations equation [49] equation [0} and equation b1} following holds:
5(0) 1) 5(1) 0) _ @)
|30| z (Act — L3¢ |) |31\ Z (Act )+ )8 |) <p©@_p
) (1) (52
_(0) (0 5(1
50| 3 (Act ) + L5 |) |31| (Act — L3 |)
je8o jest
Act(3®) — Act(z e Z L|8{"| 81 M zjs) < p® — @
s |]€50 e -
< Act(@(?) — Act(f = L8]+ v S rjel]
|5 | 5 |5 orc)

Define a := Act((?) — Act(p(M) — ﬁ 2jeso L\S§0)| - ‘5% 2jest L|5](.1)| and b := Act(2(®) — Act(p™M) +
‘S—lgl 2jeso L|5j(-0)| + ﬁ 2jest L\5§1)|. Equation equation [53| leads to:

8 = V] < max(lagl, |bal), ¥i = 1, F. (54)

If we consider the case, |a;| = |b;|. Then:

I — i) < |Act(a”) - Act(ai") 30| ) Lig |51 > L8|
jeSO JjeST
55
< |Act(7?) — Act( (1)‘ 30 S zisl)|| + 31 AT (55)
5 2, s 2,
~(0) ~(1) A (0) Al
< |Act(p; ) — Act(f, )’—I—L‘Ai ’+L‘Ai
where Ago) = max; |5(4O4)| and AZ( = max; |5( )|
Consider the term Act(f (0)) Act(ﬂ- ):
Act () — Act(rV) = Act(m” + Y — <1>)—Act(g<.1>). (56)

Utilizing Equations equation |50|and equation Act(ﬂio) + ﬂgl) 1 ) Act( ) can be bounded by below
and above:

Act(@M) = L)i® — 5] — Act(a") < Act(” + Y — <.1>)—Act(*(”)

(57)
< Act(it") + L|E” — V] — Act(a{M)
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Ll — iV < Act(a® + a? - ") - Act(p”) < | — | (58)
Act(7") = Act(a)| < L — )| (59)
Therefore: _ _
1 — 1V < Ljp® — 5] + L’AEO)‘ + L‘AE” | > [bi] (60)
Next step is to consider the case, |a;| < |b;]. For this case, following inequalities hold:
1t = 1) < | Act(7”) — Act(ia 2 L|3\)] Z L5y
jGSU jGSl
< |Act(l”) — Act(l” LIs\|| + |5\
< |Act(f;”) — Act(pi;”) OZ | 12 | (61)
1199 |81
jeSO jest
< |Act(al”) — Act(/jl(-l))’ +L ‘Ag”‘ +L ‘AE”‘

< L|u(0) §1)| +L ’A,L(-O)‘ +L ‘Agl)‘ , Vi such that |a;| = |b;|.
Combining Equations equation [60] and equation the following inequality can be written:

i = V) < L = @01+ L|AP] + 1 |AD

Vi=1,...,F. (62)

which concludes:
1@ = pO) < (169 - a0) + A + [AD]). (63)

D Hyperparameters

We provide the selected hyperparameter values for the GNN model and the proposed framework for the
reproducibility of the presented results. In the GNN-based classifier, weights are initialized utilizing Glorot
initialization (Glorot & Bengio, |2010)). All models are trained for 1000 epochs by employing Adam optimizer
(Kingma & Bal, [2014)) together with a learning rate of 1072 and /¢, weight decay factor of 107°. A 2-layer
GCN network followed by a linear layer is employed for node classification. Hidden dimension of the node
representations is selected as 64 on all datasets.

The results for baseline schemes, covariance, adversarial, HT Rppp regularizers, and FairGNN (Dai & Wang;,
2021)) are obtained by choosing corresponding hyperparameters (the multiplying factors for these regularizers
in the overall loss) via grid search on cross-validation sets with 5 different data splits. Specifically, a grid
search on the values 10%,10'?,10'" is executed for covariance-based regularizer. Furthermore, the values
0.01,0.1,1.10 are examined as the multiplier for adversarial regularizer. FairGNN employs both covariance-
based and adversarial regularizers, therefore its parameter selection is the unification of the previous two
hyperparameter selection methods. Finally, the parameters 0.01,0.1,1,10 are examined for the HI'Rppp
regularizer.

Hyperparameter values for the proposed FairNorm whose results are presented in Section can be found
in Table[f] These parameters are selected via grid search on cross-validation sets over 5 different data splits.
The range of the parameters are selected based on the corresponding loss terms. Specifically, the values
10, 100, 1000 values are examined for x in Pokec networks, and the values 0.01, 0.1, 1 values are examined for
k in Recidivism network. After the selection of best k value, the 7 is selected together with the fixed, best
& value. While the values 10~7,1078,1072, 10710 values are examined for 7 in Pokec networks, the values
1078,107?2,1071°, 107! values are examined for » in Recidivism network
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Table 6: Utilized x and 7 values for the presented results in Table

ReLU Pokec-z Pokec-n  Recidivism
KT 100/10~7 1000/107% 0.01/10~10
Sigmoid  Pokec-z Pokec-n  Recidivism

k/T  10/10~7  100/10~%  0.01/10°1
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