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Abstract

We consider a multi-task contextual bandit setting, where the learner is given a
graph encoding relations between the bandit tasks. The tasks’ preference vectors
are assumed to be piecewise constant over the graph, forming clusters. At every
round, we estimate the preference vectors by solving an online network lasso
problem with a suitably chosen, time-dependent regularization parameter. We
establish a novel oracle inequality relying on a convenient restricted eigenvalue
assumption. Our theoretical findings highlight the importance of dense intra-cluster
connections and sparse inter-cluster ones. That results in a sublinear regret bound
significantly lower than its counterpart in the independent task learning setting.
Finally, we support our theoretical findings by experimental evaluation against
graph bandit multi-task learning and online clustering of bandits algorithms.

1 Introduction

Online commercial websites aim to properly recommend their products to their customers, and the
performance of these recommendations depends on the knowledge of users’ preferences. Unlike
traditional collaborative-filtering-based methods [Su and Khoshgoftaar, [2009]], such knowledge is
initially unavailable. Therefore, the online recommender systems need to recommend various items
to the users and observe their ratings to explore their preferences. At the same time, the recommender
system should be able to recommend items that attract users’ attention and receive high ratings by
exploiting the learned knowledge. The contextual bandits frameworks [Li et al.,[2010] have been
popularly used to formalize and address this exploration-exploitation trade-off.

However, the classical form of contextual bandits [Li et al., 2010, |[Chu et al., 2011} |Abbasi-Yadkori
et al., 2011]] ignores the availability of social networks amongst users and solves the problem for
each user separately. Consequently, such algorithms have some drawbacks when applied to problems
with a large number of users. First, such a large number hinders the computational efficiency of
such algorithms. Second, the partial feedback of the bandit settings exposes the algorithms to have
weak estimations and impair their decision-making ability [Yang et al., [2020]. Consequently, to
improve bandit algorithms’ performance for large-scale applications, structural assumptions that link
the different users are usually integrated within bandit algorithms [Cesa-Bianchi et al.|[2013] |Gentile
et al.,[2014, |Li et al., 2019} Herbster et al., 2021]].

The papers of|Cesa-Bianchi et al.|[2013]], Yang et al.|[2020] attempt to integrate the prior knowledge of
social networks into their contextual bandit algorithms. Both papers proposed UCB-style algorithms
and exhibited the importance of using the social network graph to achieve lower regrets using
Laplacian regularization. Consequently, both methods promote smoothness among the preference
vectors of users in order to transfer the collected information between them. However, the Laplacian
regularization does not account for the smoothness heterogeneity introduced by a piecewise constant
behavior over the graph [[Wang et al.,|2016]. On the other hand, algorithms of online clustering of
bandits [Gentile et al., 2014} [Li et al., |2019] start from a graph and gradually add or remove edges to
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form clusters as connected components. However, their clustering can cause overconfidence in the
constructed clusters, potentially leading to error accumulation.

In this paper, we assume access to a graph encoding relations between bandit tasks, and that the task
parameter vectors are piecewise constant over the graph. That means that tasks form clusters. We
propose an algorithm that integrates the prior knowledge of the piecewise constant structure to update
tasks rather than finding the clusters explicitly. That way, we mitigate the limitations mentioned
above: the piecewise constant smoothness is naturally integrated into our regularizer, and we do not
estimate the clusters so our algorithm does not suffer from overconfidence drawbacks.

More precisely, we provide the following contributions

* We analyze an instance of the Network Lasso problem [Hallac et al.,[2015]], where every vertex’s
preference vector is estimated using data generated during the interaction between users and the
bandit. We provide the first oracle inequality in this setting and link it to fundamental quantities
characterizing the relation between the graph and the true preference vectors of the users. Our
result relies on our novel restricted eigenvalue (RE) condition, which we assume for our setting.
This result is of independent interest and can be applied to independently generated data as a
special case.

* We prove how the empirical multi-task Gram matrix of the data inherits the RE condition from
its true counterpart. Both this result and the previous one depend on the sparsity of inter-cluster
connections and the density of intra-cluster ones.

* We provide a regret upper bound for our setting. Our bound highlights the advantage of our
algorithm in high dimensional settings, and for large graphs.

* We support our theoretical findings by extensive numerical experiments on simulated data that
prove the advantage of our algorithm compared to other approaches used for online clustering of
bandits.

The rest of the paper is organized as follows. Section [2]discusses the relation of our work to the
literature. We formulate our problem and state some of our assumptions in Section [3] then we present
our bandit algorithm in Section[d] We analyze the problem theoretically in Section [} and finally, we
demonstrate its practical interest via numerical experiments in Section [6]

2 Related work

Lasso contextual bandits To address the high dimensional setting for linear bandits, several multi-
armed bandit papers solve a LASSO [Tibshiranil |[1996] problem under different assumptions [Bastani
and Bayati, [2019, |Kim and Paik} 2019}|Oh et al.| 2021} |Ariu et al.; 2022]. They all rely on a previously
established compatibility or RE condition [Bithlmann and van de Geerl 2011], that they adapt to the
non-i.i.d case. Such assumptions were also used in the multi-task setting by |Cella and Pontil|[2021]
with a Group Lasso regularization [[Yuan and Lin, 2006], and to impose a low rank structure on the
task preference vectors in|Cella et al.|[2023]. In our case, we provide a novel oracle inequality, rather
than just generalize an existing one to the non-i.i.d setting, with a newly introduced RE assumption.

Clustering of bandits Sequentially clustering bandit tasks was introduced in|Gentile et al.| [2014]
with CLUB algorithm. In CLUB, starting with a fully connected graph, an iterative graph learning pro-
cess is performed, where edges between users are deleted if their preference vectors are significantly
different. As a result, any connected component is seen as a cluster and only one recommendation per
cluster is developed. In another work, |Li et al.| [2019]] generalize the setting of |Gentile et al.| [2014]]
and address its limitations via including merging operations in addition to splitting. In contrast to
these approaches, the algorithm in|Nguyen and Lauw|[2014] groups users via K-means clustering,
and the algorithm in Cheng et al.|[2023]] relies on hedonic games for online clustering of bandits.
Furthermore, Yang and Toni|[2018|] make use of community detection techniques on graphs to find
user clusters. |Gentile et al.[[2017] study the clustering of the contextual bandit problem where their
proposed algorithm, named CAB, adaptively matches user preferences in the face of constantly
evolving items. Our work fundamentally differs from the previous ones on two aspects. First, we
assume access to a graph encoding relations between users, which is more informative than a complete
graph. Second, we do not keep track of a model for each cluster, but rather we integrate a prior over
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the graph via a graph total variation regularizer that enforces a piecewise constant behaviour for the
estimated preference vectors.

Multi-task learning Several contributions assume some underlying structure that links the bandit
tasks. In|Cella and Pontil| [2021]], task preference vectors are assumed to be sparse and to share their
sparsity support, implying that they lie in a low-dimensional subspace with dimensions aligning with
the canonical basis vectors. This idea is further generalized in Cella et al.|[2023]], where the tasks
are assumed to be confined to an arbitrary unknown low-dimensional subspace. That work improves
upon Hu et al.| [2021]] by not requiring the knowledge of the small dimenson of the task space. The
underlying structure linking tasks can also be a graph encoding relations between them [Cesa-Bianchi
et al.| 2013} [Yang and Toni, [2018]], which is our case. However, while they assume smoothness as a
prior, we assume piecewise constant behavior.

3 Problem setting

We consider a linear bandit setting, with a finite number of tasks representing users in a recommenda-
tion system for example. For each task the agent has to choose among K arms, each associated to a
d-dimensional context vector. All interactions over a horizon of 7" time steps. We further assume
that we have access to an undirected graph G = (V, £), with vertex set ) representing the tasks
and edge set £ encoding the relationships between them. We identify the vertex set ) with the set
of vertex indices [|V|]. Thus, we consider £ to be a subset of V2, where every edge (m,n) € €
has weight w,,,,, > 0, with m < n. The tasks’ preference vectors are denoted by {0, } ey C RY
verifying ||,,|| < 1Vm € V, which we concatenate as row vectors into matrix © € R/VI*?, The
latter represents a graph vector signal, assumed to be piecewise constant over G.

Ataround ¢t € N*, auser m(t) € V is selected uniformly at random and served an arm with context
vector x(t) from a finite action set A(t) C R with size K, depending on their estimated preference
vector ém(t) (t) € R<. We assume the expected reward to be linear, with an additive, o-sub-Gaussian
noise conditionally on the past. Formally, denoting by Fy the trivial sigma-algebra, and for all ¢ > 1,
by F; the sigma-algebra generated by history set {m(1),x(1),y(1),--- ,m(t),x(¢),y(t),m(t+1)},
the received reward y(t) is given by y(t) = (6,,,(1)(t), x(t)) + n(t), where n(t) is F;—measurable
and

E [n(t)|Fi—1] = 0, E [exp(sn(t))|Fi—1] < exp(;0252> vt >1,Vs e R. e

At the end of a round ¢, all preference vectors are updated into a new estimation é)(t) while leveraging
the structure of graph G, formally by solving the following optimization problem:

(':)(t) = arg min 1 Zt: (<0~m(7),x(r)> — y(T))2 + a(t) Z Winn||Om — On,

O¢cRIVIxd T=1 (m,n)€E

@

where ||-|| denotes the Euclidean norm for vectors. The performance of our policy is assessed by the
expected regret over the T interaction rounds for all tasks:

T
R(T) =E [Z <0m(t)a X*(t) - X(t)>‘| ) (3)

t=1
where x* () € arg maxge 4(s) (B,(1), ).

The Optimization problem in (2)) is an instance of the Network Lasso [Hallac et al.l 2015]]. Other
instances of the same type were studied by Jung et al.|[2018]], Jung and Vesselinova| [2019], Jung
[2020]. The objective is characterized by its second term that, while being just the Laplacian
regularization without squaring the norms, promotes a piecewise constant behavior rather than
smoothness. For real-valued signals (d = 1), this regularization has been extensively studied for
image and graph signal denoising, for the problem of trend filtering on graphs [Wang et al., 2016].
According to|Wang et al.| [2016], that regularization better adapts to the heterogeneity of smoothness
of the signal and induces a cluster structure in the data: similar users will not only have similar
models but the same model, which offers a compression of the overall model over the graph. Note



131
132
133
134

135

136
137

138

139
140
141

142

143
144
145
146
147

148
149
150

151
152
153
154

155

156
157
158
159

160

161

162

164
165
166
167
168
169

170

171
172

that our setting is cluster agnostic; our algorithm does not aim to learn the cluster structure explicitly
but to exploit it implicitly using the total variation semi-norm as regularization. The latter’s strength
is controlled via a time-dependent regularization coefficient a(¢), which we will express later in the
analysis.

We formalize our assumption on the context generation as follows.

Assumption 1 (i.i.d action sets). Context sets {A(t)}]_, are generated i.i.d. from a distribution p
over REX4 such that ||x|| < 1V x € A(t) Vt > 1.

In addition to the i.i.d assumption, we assume more regularity.

Assumption 2 (Relaxed symmetry and balanced covariance). There exists a constant v > 1 such
that for all X € RE*4 p(—X) < vp(X). Furthermore, there exists w > 0, such that for any
permutation (ay,--- ,ax) of [K], foranyi € {2,--- , K — 1}, and for any w € R%, we have

E [Xq, %X, [W ' Xay < " < W Xy ]] S WE [(Xay X, + XaXg, )W Xay <0 < W' Xq,]]

aK
where M < N means that N — M is a PSD matrix.

This assumption was introduced in |Oh et al.|[2021]], and has already been used in a multi-task setting
by |Cella et al. [2023]]. Parameter v controls the skewness, as ¥ = 1 corresponds to a symmetric
distribution. w decreases with increasing positive correlation between arms. It verifies w = O(1)
for multi-variate Gaussians and uniform distributions over the unit sphere [Oh et al., [2021]]. The
piecewise constant behaviour of the graph signal ® is formalized in the next assumption.

Assumption 3 (Piecewise constant signal). There exists a partition P of V, such that for any cluster
C € P, signal © is constant on C, and the graph obtained by taking the vertices in C and the edges
linking them is connected.

Assumption 3 basically states that the true preference vectors are clustered and that the given graph
induces the cluster structure. It is required for our approach to be beneficial, as we will detail in the
analysis section. For the sake of clarity, we defer the statement of other technical assumptions to
Section

4 Algorithm

Our policy in Algorithm [I]follows a greedy arm selection rule in a multi-task setting, in the same
vein as those presented in |Oh et al.|[2021]], [Cella et al.| [2023]]. Indeed, as pointed out in |Oh et al.
[2021], exploration is implicitly incorporated into regularization parameter «(¢)’s time dependence.
It has the following expression

a(t) = — Z T ()] 1ogﬁ +2max| n(t)]log 5(1) 4)
mey

where the set of time steps a task m has been selected up to time ¢ is denoted by 7, (t).

S Analysis

This section provides the main steps of the analysis. One of the paper’s contribution lies in finding an
oracle inequality of the network lasso problem given a restricted eigenvalue condition holding for the
true multi-task Gram matrix. In this regard, the next major challenge and contribution is to show that
the empirical multi-task Gram matrix, estimated in the algorithm, satisfies the restricted eigenvalue
condition. We start by proving an oracle inequality for the estimation error of ®, assuming that the
condition given by Definition [2]is verified by the empirical data Gram matrix. Then, we prove that the
latter assumption actually holds with high probability given that true multi-task Gram matrix satisfies
it. Our final contribution in this work is the establishment of a regret bound for our algorithm.

5.1 Notation and technical assumptions

We provide additional notations required for the analysis. We denote by 9P the set of all edges in
& connecting vertices from different clusters from partition P (Assumption [3), and we call it the
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Algorithm 1: Network Lasso Policy

Input : 7, ay > 0,7, function §

Initialization : @(0) = 0 € RIVIxd

fort € [1,T] do

Draw a user m(t) € V uniformly at random.
Observe context set A(t).

Select x(t) € arg MaXge A(r) <ém(t_1), 5(>, breaking ties arbitrarily.

Receive payoff y(t)
Update «(t) via Equation (@)

AN

Update ©(t) via solving the network Lasso problem @

end

boundary of P. Thus, 9P, the complementary set of OP, is formed by edges connecting vertices of
the same cluster. The total weight of the boundary, i.e.the sum of its edges’ weights, is referred to as
w(OP). Given a signal Z € RIVI*? we denote by Zp the signal obtained by setting row vectors of Z
to their mean-per-cluster value w.r.t. P. For any edge subset I € £, we denote the following norms:

||| - as the Frobenius norm, ||z||,; = Vz' Mz as the weighted norm of vector z € R? induced
by matrix M € R¥>? and ||®|, = > (monyer Wmn||@m — 6| as the total variation semi-norm

of ® € RVI*4 over I. Thus, the regularization term of Problem (2) is equal to ||®||. Also, we
define the incidence matrix By C RIEXIVIrestricted to I C £ to be null except at rows with index
i € I corresponding to edge (m, n), where it equals w,,, (€,, — e,,), where e, is the m™ canonical
basis vector of RIVI. We define Ay, (t) := diag (X1(t) " X1(2), ... Xy () "Xy () € RAVIXdV]
and subsequently the empirical multi-task Gram matrix up to time step ¢ is given by %Av(t). The
following definition introduces quantities related to the clusters defined by partition P, with crucial
roles that we will elucidate throughout the analysis.

Definition 1 (Cluster content constants). Let C € P be a cluster.

e We denote by 0,C the inner boundary of C, i.e.the vertices of C that are connected to its comple-

mentary. We define the inner isoperimetric ratio of C as 1g(C) = %.

* By abuse of notation, we denote as B¢ the incidence matrix restricted to edges linking vertices

of C, its associated Laplacian matrix by L¢ = Bch, and its pseudo-inverse by LZ. The
-1

mm:*

topological centrality index of node m € C w.rt C is equal to (LE) We define the topological

centrality index of C by cg(C) = minmec(LE);ﬁn.

The inner isoperimetric ratio of a cluster measures how many “interior” nodes a cluster contains, in
the sense that they are not connected to its complementary. It is at most equal to the isoperimetric ratio
for weightless graphs as the size of the inner boundary is at most equal to that of the edge boundary,
the latter being connected to the algebraic connectivity via the Cheeger inequality [|Cheeger, [1970].

The topological centrality index measures the overall connectedness of a vertex in a network and
indicates how robust a node is to edge failures [Ranjan and Zhang| 2013]]. Also, it can be tied to
electricity spreading in a network according to|Van Mieghem et al.| [2017]]. We refer the interested
reader to the two previously mentioned works for a detailed account of the properties of the topological
centrality index. In the appendix, we show that for binary weights graphs the minimum topological
centrality index is at least equal to the algebraic connectivity theoretically and experimentally, where
we showcase that the difference between the two can be significant.

To proceed, we will need the following definition that introduces several notations to reduce the
clutter.
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Definition 2 (Restricted Eigenvalue (RE) condition and norm). Let {M; }IVI C R4 pe g set of
positive semi-definite matrices. We say that the matrix My = diag(My, --- , M|y)) verifies the
restricted eigenvalue condition with constants k > 0 and ¢ > 0 if

G1Zl5e <D lzillrg, VZ € S with rows {z;}icy,

=%
where S is the cone defined by:
S ={2 e RV 0a1(G,0)||Z] yp < a2(G,0)||Zp||, + (1 — k)T Z] 55},
= 4+ 2kw (9P
a1(G,0) *1—0‘0—(), ax(G,0) = —Jr\fmu(ap)max tg(C),
cg(C) cer

and the RE semi-norm is defined by || Z ||z = ||Z7>HF V(1l-— /ﬂ)+HBT87;BBPZH-

To interpret the previous definition, we point out that the sum on the right-hand side of Definition 2]
can be written as Hvec vAD HM , where vec denotes the operation of stacking a matrix’s columns

vertically. As a result, the cond1t10n is analogous to requiring that My, is invertible with minimum
eigenvalue ¢, but weaker since it holds only for signals Z € S and for the |-||z norm. This
requirement has the same form as the compatibility assumption for the Lasso [Bithlmann and van de
Geer}, [2011}|/Oh et al., |2021]] or the restricted strong convexity assumption [Cella et al., [2023].

We further make the following assumption on the true multi-task Gram matrix:

Assumption 4 (RE condition for the true multi-task Gram matrix). For k € [K], let £ := E [x;x]! |

be the Gram matrix of the k™ context vector’s marginal distribution, let 3y, be the true multi-task
Gram matrix of the context vector generating distribution, given by

K
_ - 1
By =1y @, where EZEZEk. (5)

We assume that X, verifies RE condition (Definition [2) with some problem dependent constants

k€ 0, 21”(87,) mm CQ(C)> and ¢ > 0.

This assumption is common to make for Lasso-like bandit problems [[Oh et al.,[2021} |Ariu et al., 2022}
Cella et al.} 2023]]. We will later show that it can be transferred to empirical multi-task Gram matrix.

5.2 Oracle inequality

This section is dedicated to provide a bound on the estimation error of the Network Lasso problem
given in Equation (2) at a particular step ¢ of Algorithm [[[We assume fixed design, meaning that
the context vectors are given and fixed, and we are not concerned by their randomness (due to the
context generating distribution), nor by the randomness of their number for each user (due to random
selection at each time step).

For a time step ¢, we deliver the oracle inequality controlling the deviation between the estimated
preference vectors @(t) and the true ones ®. For the sake of simplicity, we provisionally assume
that the RE condition holds for the empirical multi-task Gram matrix A (¢).

Theorem 1 (Oracle inequality). Assume that the RE assumption holds for the empirical multi-
task Gram matrix with constants Kk € |0, 2w(679) Il’llIl cg (C)) and ¢ > 0. Suppose that

maxXmey | Tm (t)| < bt for some b > 0. Then, with aprobablltty at least 1 — §(t), we have

H@—é)(t)HF_ qs?(j\/if(g’@) 1+2b1/|V|log5()+2blog5(1)

ag(g, @) + \/i]lgl(li)’w(alp>
a1(9, ©) min v/¢g(C)

where

1(6,0) = ay (a2(9. ©) + V211 ()w(9P)) +1
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The proof of the previous theorem mainly relies on a decomposition of the estimation error signal
into two parts: one is the projection of the error onto its mean per cluster value, that is, every node
within the same cluster is mapped to the mean estimation error of its cluster. The second part of the
decomposition is simply the residual part i.e. the deviation from the mean per cluster value, which
is related to the incidence matrices of each cluster. The probabilistic statement comes from a high
probability bound on the Euclidean norm of an empirical vector process associated with our problem,
using a generalization of the Hanson-Wright inequality to the subgaussian case [Hsu et al.| 2012}
Theorem 2.1]. Compared to the bound of|Jung|[2020 Theorem 1], we bound a norm of the estimation
error rather than just the total variation semi-norm. Additionally, the bound exhibits different behavior
depending on whether x > 1. Indeed, due to the expressions of a;(®,G) and a2(©,G), in the

case where x > 1, the bound significantly decreases with the products w(9P) mingep +/¢(C) and

w(8P) maxcep cg(C) ™2, which are both small enough for dense intra-cluster edge links and sparse
inter-cluster ones. However, when k < 1, the w(9P) term might dominate if it is moderately large,
and its effect can only be mitigated via a small subgaussianity constant ¢ or a large enough RE
condition constant ¢.

5.3 RE condition for the empirical multi-task Gram matrix

To establish the oracle inequality, we assumed that the RE condition holds for the empirical multi-task
Gram matrix. The goal of this section is to prove this holds with high probability. To this end, we use
the same strategy as in|Oh et al.|[2021]], Cella et al.| [2023]. We prove that on the one hand, given
the empirical multi-task Gram matrix inherits the RE condition from its adapted counterpart since it
concentrates around it. On the other hand, we prove that the adapted Gram matrix verifies the RE
condition due to Assumption [T} [2]and f] made on the context generation distribution.

Theorem 2 (RE condition holding for the empirical multi-task Gram matrix). Under assumptions
andid} lett > 1, and let K, ¢ be the constants from Assumption Assume that maxy,cy |Tm (t)| < bt.

-2
Then, for any v € <O, (1 + a2(g,@)+a(11(7gn)®+)\/§w(673)) >, the empirical multi-task Gram matrix

verifies the RE condition with constants k. and é with

(6

a2(G,0) + (1 — k) TVv2w(0P) ’
a1(Q,®) ’

b=0¢ 1—7<1+

— 3724 (mi ég(C) Neg(C)?)t
with a probability at least equal to 1 — 6d|V| exp( 779" (mincep (& (€) A & (C)) ), where

6b + 2v/2v¢?

b= and ¢g(C) == cg(C) A|C| VC € P.

¢
V2vw
The proof follows the same approach as in|Oh et al.|[2021]], Cella et al.|[2023]]; we prove that the RE

condition transfers from the true multi-task Gram matrix to its adapted counterpart V,(¢), defined as
follows:

Vy(t) = diag (Vi(t), -+, Viy(t)), 7
where
Vi) =7 S E [x(rx(n)IF ). ®)
TETm (t)

This transfer relies on the work of |Oh et al.|[2021} lemma 10]. The other step of the proof is showing
that the empirical multi-task Gram matrix and V,(¢) become close to each other with high probability
after sufficiently many time steps, the respective distance between the two is measured with a matrix
norm induced by the RE semi-norm and the restriction to set S (Definition[2). The bound showcases
a dependence on mingep ¢g(C) A |C|, which is of the same order as |C| for a fully connected cluster
with vertices C. It is also clear that with a higher minimum centrality of a cluster, the probability of
satisfying the RE condition increases.



277

278
279
280

281

282

283

284

285

286
287
288
289
290

291
292
293
294
295

296

297
298
299
300

301
302
303

305
306
307
308
309
310

311

312

314
315

317
318

5.4 Regret bound

To bound the regret, we bound the expected instantaneous regret for each round ¢ > 1. This bound
relies on the oracle inequality holding and on the RE condition being satisfied for the empirical Gram
matrix, both with high probability. These two conditions are ensured and Theorem [I]and Theorem [2]

Theorem 3 (Regret bound). Let the mean horizon per node be T = % Let rcni7r)1 Veg(C)
€

going asymptotically to infinity and maxcep \/tg(C) going asymptotically to zero as well as

maxcep \/1g(C)w(dP) and — 297
min v/cg(C)

and k < 1, the expected regret of the Network Lasso Bandit algorithm is upper bounded as follows:

going asymptotically to zero. Under assumptiongl|to4

ﬁg(@ ( V| + \/log(T|V|) + f/’Vlog(T|V|)|) + %log(dﬂ)\) ,
cep

R(VIT) = ©

39 mineep(G(C) A B(C))

6104‘5(“}\)_’_2 2
©l V2y

Our regret is mainly formed of two parts. The first one is the sublinear time-dependent term and
represents the bulk of horizon dependence. Interestingly, it does not depend on the dimension,
which is a consequence of using the concentration inequality from Hsu et al.|[2012]]. Interestingly, it
decreases as the topological centrality index grows with the graph size, which proves the importance
of intra-cluster high connectivity.

with A =

The second significant term comes from ensuring the RE condition for the empirical multi-task Gram
matrix, and can be interpreted as the number of time steps necessary for it to hold, as pointed out by
Oh et al.| [2021]]. It has a logarithmic dependence in the graph size and in the dimension, which is
a characteristic of regret bound of the "lasso type". Also noteworthy is that the regret grows with
log(d) only in the time-independent term, making our policy useful in high-dimensional settings.

6 Experiments

We provide experiments to showcase the effect on the problem’s parameters on our algorithm’s
performance as well as highlighting its advantageous performance compared to other algorithms. At
each time step, the algorithm solves the network lasso problem (2)) via a primal-dual algorithm used
in|Jung| [2020].

We compare our algorithm to several baselines of the literature. On the one hand, baselines relying
on a given graph, GOBLin [Cesa-Bianchi et al.||2013|] and GraphUCB [Yang et al., [2020]] that use
the Laplacian to smooth the preference vectors. On the other hand, we consider online clustering
of bandits baselines, namely CLUB [Gentile et al.,2014]] and SCLUB [Li et al., 2019]. Since these
latter approaches start with a fully connected graph, we provide them the known graph for a fair
comparison. As a sanity check, we also compare the independent task learning case with LinUCB
(LinUcbITL) where each task is solved independently, and to the case of a LinUCB agent for each
cluster (LinUcbOracle). The graph used is generated using stochastic block models in order to ensure
that the generated graph induces a cluster structure, where an edge is constructed with probability p
within clusters and ¢ between clusters.

Experimentally, we found that normalizing the adjacency matrix, that is we utilize the following
1
normalized edges: wy,, = , where deg(m) denotes the degree of node m, yields
deg(m) deg(n)
significantly better results. Indeed, such a normalization makes the algorithm focus more on edges
between low-degree nodes, which improves the propagation of the collected information within the

graph. In all experiments we have set oig = 0.1.

Our results clearly showcase an improvement compared to the other baselines. Apart from the oracle
that has complete knowledge of all clusters from the beginning, our policy performs significantly
better than the rest beyond the error margins, covering one standard deviation at ten repetitions. We
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Figure 1: Synthetic data experiment showing the cumulative regret of Network Lasso Policy as a
function of time-steps compared to other baselines, for different choices of |V|, d, p and q.

provide results for up to |V| = 500 nodes showing the effective transfer of knowledge within the
graph.

7 Conclusion and future perspectives

In this work, we proposed a multi-task bandit framework that solves the case where the task preference
vectors are piecewise constant over a graph. To this end, we used the Network Lasso policy to estimate
the task parameters, which bypasses explicit clustering procedures. We showed a sublinear regret
bound and as a byproduct, we proved a novel oracle inequality that relies on the small size of the
boundary as well as on the high value of the topological centrality index of each node within its
cluster. Our experimental evaluations highlight the advantage of our method, especially when either
the number of dimensions or nodes increases.

Due to the technical similarity of our problem with the Lasso, a natural extension would be to extend
it to a thresholded approach, in the same vein as 2022]. Another possible extension would
be to use regularization with higher order total variation terms that impose a piecewise polynomial
signal on a graph, as explained for scalar signals in [Wang et al. [2016]], Ortelli and van de Geer]
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A Some helper results

Proposition 1 (Bounds on norms of matrix products). Let M € R™*™ and N € R"*P. Then

IMN,, < Ml 1 [INfl, Vg € [1,00]
IMN[[p < [[M][[N[

IMN[[ < /IMTM]| o [INTl5,

[IMINT] , < [[M]]5, [IN]

Proof.

First inequality For any ¢ € [1, o], we have:

n n
le/ MNJ|, = e/ M} eje/N|| < max |e/Me;| D [le N, = max |(M);][NI,,
Jj=1 - j=1 =J=

Second inequality We have
2 - 2 . 2 2
IMN||7 = > [IMNe;||* < > |[M][|[Ne; | * = [|MJ[|N]]7

j=1 =1

Third inequality We have
IMNIff = THMNNTMT) < [[MTM]|, [NNT], ;
Elements of (i, j) entry of matrix NN is the inner product (e, N, e, N). Hence, we have
INNTl, =D [(e/N,e[N)| <> fle/N||le]N|| = NI,
i irj

Fourth inequality We have

IMNl,; = [eiMN] <> fle;M[[IN]| = | M|l , INJ|

i=1 i=1

Proposition 2 (Decomposition of a signal over a graph). ForanyC € P

12
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460
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462

473

474

475

» Let Z € RVIX4 be a graph signal. Let us denote by Z¢ the signal obtained from Z by
setting rows of vertices outside of C to zeros, and let Zc € RI€I*? pe the signal obtained
from Z¢ by removing the rows of vertices outside of C. Also, let B|c € RI€cIXICl pe the
matrix obtained by taking B¢, and removing rows of edges that link C to its outside, and the
resulting null columns. It is clear that

BcZ =BcZc = BicZc )
e Let Q¢ := B;EBC. Then
Iy =Y Je+Qc (10)
cep
Qope == Bl Bope = Y Qc (11)
CeP

;
wmmkzlﬁaqc:Bg% YC € P and Qope = B}, Bope.

While .. Jc projects each entry of a graph signal onto the mean vector value of its
respective cluster, its residual Qgpe can be interpreted as the projection onto the respective
entries deviation from its cluster mean value.

Proof. Since the proof of the first point is trivial, we directly treat the second point. Denoting BlTc the
pseudo-inverse of B¢ it is a well-known linear algebra result that the matrix Q¢ := BlJch‘c is the
projector onto the null space of Bj¢. Since C is connected, the null space of B¢ is unidimensional,
and is generated by vector 1,¢| € RICl having only ones as coordinates. Since the projector into that

. 101
nullspace is J|¢| := ‘c“q‘c‘ . we deduce that

Zic = Jie|Zic + QieZyc
= Zc =JcZc + QcZc
= JcZ —+ QCZ

where in the last line, Q¢ = BZBC. Consequently, we have

Z:E:Zc
CeP
= Z JeZ + QcZ

ceP

To prove the second point, we recall that Bype is the incidence matrix obtained by setting rows
corresponding to edges in 9P to zero. In other words, Bop- is the incidence matrix of the graph
after removing the boundary edges, and having exactly |P| connected components. Hence, Bype
has a null space spanned by the set {1¢}cep, and the orthogonal projector onto this null space is
> _cep Je. Combining this fact with the fact that Qap-e is the projector onto the orthogonal of the
null space of Byp-, we arrive at the second point. O

Proposition 3 (On the minimum topological centrality index of a graph vertex). Let G be a connected
graph with incidence matrix B and vertex set size N, and let L == B"B. Let ¢(G) denote the
minimum value of inverses of diagonal element of L, called its minimum topological centrality index.
Also let a(G) be its algebraic connectivity, defined as the minimum non null eigenvalue of L. Then

(@) = L) .
« c(G) > a(Q).

* If G is weightless, then c(G) < A],V_Q

1-
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Proof. Since L is PSD, L' is PSD and hence HLJr HOC , 1s equal to the maximum diagonal entry of
L. Taking the inverse proves the first point. Also, this implies that

-1
= L1 = LT = a(@). (12)
where we used the fact that ||-[|, ., < ||| for matrices. This proves the second point of the
proposition.

For the last point, assume G is weightless, let L.omp, be the Laplaciane of complete graph built on the
vertices of G. Then we have Leomp = N(In — Jy ), where J is the square matrix of dimension N
having 1/N as entries. From [Fontan and Altafini|[2021, Lemma 4], we have

1 Iy 1
Llomp = (Loomp + NIx) ™' = LIy = WN — I (13)

which has diagonal elements ~ = ﬁ

On the other hand, LL < Lcomp Hence, by [Fontan and Altafini [2021}, lemma 4] we have for any
uF#0
L' = (L+aln)" —JIn/a sz Leomp +adn) ™" —In/a=Li,,

This implies that the maximum diagonal entry of L is at least equal to that of L]
Taking the inverse of that entry finishes the proof.

1 1
comp? i.e.to N N2

O

B Proofs of the different claims

B.1 Additional notation

The regularization term can be written more compactly using the incidence matrix of the graph
B € RI€IXIVI corresponding to an arbitrary orientation under the following form

Z Winp||Om — On | = HB®H2,1 = 1O (14)

1<m<n<|V|

where the ||-||, ; norm denotes the sum of the Ly norms o the rows of a matrix|'| We provide notations
that we use in the proofs of the different statements, in order to reduce the clutter. We define
E := © — O as the error signal, and its rows by {em}lvl

While Z w—1 Jc projects each entry of a graph signal onto the mean vector value of its respective
cluster, its residual Qgp- can be interpreted as the projection onto the respective entries deviation
from its cluster mean value.

Let ,,, be a vector, vertically concatenated by noise terms of rewards received by node m, then we
define K € R!VI*? a5 the matrix of vertically concatenated row vectors 7, X,

B.2 Oracle inequality

In this section, we present all intermediary theoretical results leading to Theorem |1|stating the oracle
inequality. To reduce the clutter, we omit the dependence on ¢ of several quantities. For instance, we

write o and © instead of «(t) and O (¢).

Lemma 1 (A first deterministic inequality). Let t be a time step. We have

1
e 3 Xl 4 [Bllgpe < - (K B) + B (15)
mey

"It is possible that the notation ||-||,, , denotes the sum of 2—norms of columns in the literature.
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Notation

Meaning

Indpendent of time ¢

1% set of graph vertices
& set of graph edges
B; c RIEXIVI T C £  Graph incidence Matrix obtained by setting rows of edges outside I to zeros
B € RIEXVI cf. Deﬁnition
L € RVIxIVI BB
0,, € R? true preference vector of user/bandit m
© c RIVIxd matrix of true vertically concatenated row preferences vectors
agP Cé& Boundary of P: set of edges connecting nodes from different clusters
cg(C) Minimum topological centrality index of a node of C restricted to the graph having nodes C
w(9P) Total weight of 9P, i.e. sum of weights of edges in P
(|1l Euclidean norm for vectors, largest singular value for matrices
Il A Semi-norm associated defined by PSD matrix A: ||x||2A =x' Ax
Il matrix Frobenius norm
1l 4 g-norm of the vector with coordinates equal to the p—norm of rows
I, I €€ Total variation norm of signal over edges of |
At Moore-Penrose pseudo-inverse of matrix A
vec vectorization operator consisting in concatenating the columns vertically
® Kronecker product
1c € RVI Vector having elements equal to 1 at coordinates corresponding to vertices in C and 0 elsewhere
Jo e RVIXVI equal to %
Qc € RVIXIVI equal to B} B
Q; e RVIXVI T C & equalto BIB;
ex elementary vectors of dimension depending on the context
o Subgaussianity constant / variance proxy
Dependent on time ¢
T (t) set of time steps user m has been encountered before time ¢
0,, € R? estimated preference vector of user/bandit m
€ € R? estimation error for user/bandit m : ém -0,
E € RVIxd vertical concatenation of row vectors €,
N € RITm ()] vector of subgaussian noise of user m
x(t) € R4 context vector received at time ¢
m(t) €N user at time ¢
X,, € RITm(®)xd data matrix of user m
X € Rtxd data matrix of context vectors of all users
A, € Rixd X! X,,, (potentially associated to time #)
AV € Rd‘V‘Xd‘VI dlag(Ala 7Am)
K c RIVIxd matrix of vertically concatenated row vectors 1,}, X,

Table 1: Notation table.

s06 Proof. By optimality of O, we have

(16)

1 ~ 2 1 9
21 2 || X =y all®lls < g5 3 X — 3l + O]l
meV mey

507 where the second line holds by definition of the observed rewards.
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508
509

510
511

512

513
514

515

516

517

519
520

521
522
523

524
525

On the one hand, given a user index m € V), and since by definition of the observed rewards we have
we have for the least squared terms
A 2 . 2
= [ Xm€m — 77m||2
= ”Xmemn2 + [ X O — ym||2 - anquem

where we used the fact that y,,, = X,,,0,,, + 1, which holds by definition of the observed rewards.
Summing over the users, and using the definition of K, we have

1 - 2 1 5 1 s 1
=2 | Y| = 2| Yol = 3 3 IXnenl® -  (K.E)  (17)
meY mey mey
On the other hand, we have for the estimated preference vectors

1©l = Z Wmn

(m,n)e€

0,, — 0,

= Z Wmn ém - én + Z Winn ||Om — Oy
(m,n)edP (m,n)€dPe
= ], +[é.
oP ope

For the true ones, and for any C € P, let £- denote the edges linking the nodes of set of nodes C. It is
clear that 0P = | . &c as a disjoint union, hence

1©]l¢ = Z Winp|[Om — On ||

(m,n)eE
= Z Wi || — O || + Z Wi |G, — O |
(m,n)eoP (m,n)€dPe

= ”@”373' =+ Z Z wmnHOm - 071”

CEP (m,n)E€e
=0l

where the last equality holds due to the cluster assumption.

Hence, we have

ol 161, = 101,» o], o]
181~ I®l: = el — 0], e

<|1Bllo» - | 9| (18)

ope’
where the first inequality holds due to the triangle inequality, and the last one since [|®|| ;. = 0.
Combining Equations (16) to (18], we obtain the result of the statement. O

In the proof for the oracle inequality, we utilize projection operators on the graph signal, that we
define as followed:

While chzl Jc projects each entry of a graph signal onto the mean vector value of its respective
cluster, its residual Qgp- can be interpreted as the projection onto the respective entries deviation
from its cluster mean value.

Lemma 2 (Bounding the error restricted to the boundary). The fotal variation of E restricted to the
boundary verifies

_ E .
|E|5p < w(9P) V2 max \/Lg(C)HEPHF + 27H lop (19)
cePpP Enlfg CQ(C)
€
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526 Proof. The proof relies on a decomposition of the [|E|| 5, term from Proposition[2] We have

527

528
529
530
531
532

533

s34 The result is obtained by combining Equations (20) to (22).

> JcE+QcE

cepr

IEllsp =

oP
- HEP + B‘EPCBBPCEHW

< |Ep||,, + HB})PCBBPCEHW (20)

where E is obtained by setting the error signal on every cluster to its mean.

For the first term on the right-hand side, let us denote by e the value of any row of Ep belonging to
cluster C, which is equal to the mean of errors E over that cluster. Also, we denote by (Ep)gp the
signal obtained from Ep by setting its rows corresponding to nodes that are not adjacent to any edge
in the boundary 0P to zeros. Also, let 9,,C denote the inner boundary of set of nodes C,i.e. nodes of
C that connect it to its complementary. Then it holds that:

HEPHSP = HB(’”’EPHz,l

= HBGP(EP)BPHQJ
< |Boplly||(Ep)ap||  (by Proposition|T)

< Boplly. || (Er)or|

2
= 1Boplloy, | D 10:Clllec]
ceP

0,C
_ ||Ba7>||21\/z| |

cer [l

< [Boplls, max v/eg(C) > [Cllecl?

cepr

= V2w(IP) max \/ 1C||Ep||

Clllec

21

For the second term, we have

-

ININ A

IN

=2

BapngcBachHQ 1

BopBl .

IElgpe
00,1

E| 5pc
B

(B)5) "Bjp || [Blop:

||B8PH21\/HB8PC 8P°THoooo”EHm’C (by Proposition [T)

H or .y
cg(C)
w(9P)

min 1/cg(C)

ceP

BopBl .

1El|gpe-
IEllype- (22)

O

535 Theorem 4 (Theorem 2.1 of [Hsu et al.| [2012]]). At time step t, let A € RY*t where b € N*, and let
v € Rt be a random vector such that for some o > 0, we have

536
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538
539
540

541

542

544

545

546
547

548

549
550

551

552

E [exp((u,v))] < exp(||u||2a2> Yu € R’

Then for any ¢ € (0,1), we have with a probability at least 1 — §:

1 1
|Av|? < o2 <|A|§ +2|ATA| /logg +2||A|] log 5) .

Lemma 3 (Empirical process bound). Let X,,, € RI7"!%? denotes the matrix of collected context
vectors for task m € V), then, given collected context matrices {Xp, }mey, for any 6 € (0,1) we
have with probability of at least 1 — §:

t
K|, < 228
(&%)}

where

ano

1
as(t) = —  [t+2 Z|’T |log +2max|’7'()|logf,

: 5 (23)
mey

Proof. We recall that K € R**< is the matrix obtained by stacking the row vectors n,|, X, vertically.
On the one hand, we have

IKIE = > X5 = [ XS]l 24
mey

where Xy, := diag(Xy, -+, Xy|) € RtxdIV]
On the other one, for any u = (uq, -+ ,us) € R?, denoting P(t) = exp (2321 UTUT), we have

E[P ()] [

[exp{usn: } P(t — 1)|F:—1]] (by the law of total expectation)
[P(t — 1)E [exp(usm;)|Fi_1]]  (because {n,}.—} are F;,_; measurable.)

( o ut> P(t—1)] (by the conditional subgaussianity assumption)
1
< H exp (2021@) (by induction)

1
- exp(202||u|2>. (25)

From Equations and (25), we can apply Theorem [4]to matrix Xy, and random vector 7, which
implies that with a probability at least 1 — &, we have

2 1 1
[Xynl| <o, |Tr <mZEVAm> +2 % 1A | log = + 2 max [| Ar, | log <,

where we used the equalities | Xyl = > Tr(A,,),

mev ? = max | A, | and [|XyXF |7 =

2 .
X5 X[ =Dy A, |3.. To arrive the the statement of the theorem, we use the fact that the
context vectors have Euclidean norms of at most 1.

O
Proposition 4 (Probabilistic inequality). With a probabability at least 1 — §, we have
%o Z IXneml” +a1(G, ©)|Ellype < az(G, ©)|Ep|,+ (1 - w)Elyp,  (26)
mey
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553

555
556

557

558

559

560

561

min v/cg(C)

where 0 < k < %, < Enelg Vcg(C) — 2kw(0P) and
— + 2kw(OP
a1(G,0) =1— —"‘0 (c ) (27)
min v/cg(C)
1
az(G,0@) = o + V2Kw(OP) max tg(C). (28)

Proof. The proof is a combination of the results of Lemmas [I|to[3} We have
Gy Z ”Xmem” + | El[ope
g mey

< o (K,E) + |E[|5p (by Lemmal[T)
s

IN

1
OTOIIEIIF +6l[Elpp + (1= r)[[El5p  (by Lemma[3)

E Gpe ¢
< I PHF—}— 1Ellop + kw(OP) fmaxﬁ”Ep|‘F+2 IElgp + (1= 8)[[Elyp,

ag aoéneig Veg(C) 6171)1 Veg(C)

where the last line is an application of Lemma[2] Grouping the terms by the type of norm applied to
E finishes the proof. O

Theorem 1 (Oracle inequality). Assume that the RE assumption holds for the empirical multi-
task Gram matrix with constants k € |0, m Enig cg (C)> and ¢ > 0. Suppose that
€

maxXmey | Tm (t)| < bt for some b > 0. Then, with a probability at least 1 — §(t), we have

H@ —@(t)H <2257 0(G,©)y | 1420, [[V]log 505

+ 2blog
P2 \/

1
%7

where

a2(G, ®) + V21 <1 (k)w(OP)
f(G,0) = ag (a2(G, ©) + V21 <1 (k)w(IP) ~ +1
( ) a1(9, ©) min v/¢g(C)

Proof. Using the previously established results, we obtain

1 2
S Xl 0Bl o
mey

<a5a2(0,G)||Ep| p + as(1 — k)T ||E| 5p» (by Proposition )
=0502(0,G)||Ep| p + as(1 — k) HBa'pBapBa'pEH2 ) (by properties of the pseudo-inverse)
<0502(0,G)|[Ep | + as|Baplly , 1<1 (£)(1 — n)*HBgPBapEH (by Proposition][T)

<as(a2(0©,G) + 1< (k)V2w(9P))||E|zg  (by definition of the |||y norm)
aa2(®, g) + lgl(H)ﬁW(aP) Z H€m||2A

(using the RE assumption)

a (ﬁ\/% mey
Ba3(a2(©,G) + 1<1(x)|Boplly)* 1 2
< 292 + 35 m% X mem, (29)
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u2+v2

se2 where the last inequality holds for any 8 > 0, and is a consequence of the property that uv <
s63 for any u,v € R.

s64 As aresult, we can bound the norm of Qgp<E as follows:

|Qor-Ellx = [BlpBor-E||

IN

[bo | 1l

- 205(a2(©,G) + 1<1 (k)| Baplly,)?
< - :
¢%a1(0, G) min /¢g(C)

(Equation withf=1). (30)

565 We can also bound the norm of Ep as follows:

|Ep H P <3 ¢2 Z [Xomen|l>  (by RE assumption on empirical multi-task Gram matrix)
mey

102(02(0,G) + 1< (8)

< pr
ses  The result is then obtained by combining Equations (30) and (3T) along with using the fact that
567 E = Ep + Qpp-E and the expressions of a1 (®,G) and a3(0®, G), and bounding «(t) as follows:

W)’

(by Equation with 3 = 2). 31

O[(;(t)2 02 2 2 1 2 1
= | D Xl 2,/ > XX |7 log < + 2max | Xy, [|*log
(% t 1) mey 1)
0 mey mey
< T [ tro S TP 1og - + 2max T (0)] 1og
o m N max m N
— 2 faperd & 1) mey ! J 1)
<

o2 1 1
2 (t+2ty/log6+2t10g5>
2
o? 1
<2— |1 log —
S 2y ( + og5>

568 O

s69  B.3 Inheriting the RE condition from the true to the empirical data Gram matrix

570 B.3.1 From the adapted to the empirical multi-task Gram matrix

571 Lemma 4 (Bounding a quadratic form using projections). Let My, - -+, M, € R?*? be symmetric
572 matrices, and let J := %llT, and Q =1 — J. Then, for any Z € RP*? with rows {z;}!_,, we have:

> DY

i=1 i=1

1 2
{ Mizi| < —|[> M||[|Z]5 + 2 1Z[|QllZ]l5 + max ”MZHHZ”Q

573 Proof. We have

P p
Zz:Mizi = ZZ Mz—|—2z ; — Z) Mz—i—z (z; —2) M;(z; — 2)
1=1 i=1 i=1
p p
<|z' > Mz +2> e/ QZM;z| + Ze}QZMizTQeZ— (32)
=1

=1 i=1
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574

575

576

577

578

579

580

581
582

583

where we used the fact thatz; —z=Z"e; — Z'Je; = Z' Qe;.

Let us now examine every term on the right-hand side of Equation (32). For the first term, we have

p p p
1
21 ) Miz| < |3 Mzl = | > M| 125 (33)
i=1 i=1 i=1
For the second term, we have
p P
> el QZM,z| < Y M,ZT Qe||||z]
i=1 i=1
p
= Z(ej@Mi)vec(ZTQ)
i=1
P
<D (ef @My)||[|[vec(Z"Q)|||zll
=1
= Ze @ M;)||[1QZ| ||z
P P
=[O (el @M)T Y (] @ My)| |QZ|| |12l
i=1 i=1

= 122D (] @My))(e; @ M) |||QZ| p 1z

i=1 j=

—

p
> (el e; @ MM,)||[QZ] ]

1j5=1

[
M@

7

p
- Z M2
=1

Finally, for the last term, we have

1QZ| |z]- (34)

Ep:eZTQZMiZTQei < Ep: VL[] 2" Qe |
< >l qed
o lrg%xp ‘ 4 @i
= max ||M; IIHQZIIF (35)
Combining Equations (33) to (35) yields the result. 0

We also define an operator norm that is induced by the ||| introduced in Definition

Definition 3 ((RE,S)-induced operator norm). Let {M,,}ney € R¥*? be symmetric matrices
associated to the graph nodes V, and let My, = diag (Ml, e ’M\Vl) e RUVIXAVI " For any
cluster C € P, let the cluster mean and mean of squares associated to those matrices be given by

c = |C‘ Z va M2 = |C| Z M2

meC meC
The RE-induced operator norm of My, is defined as

. T : -1 A2 . -1
||M||RE,S=rggg||Mc|\v%Cnelgcg@ max [ M2c | v mincg(€) ™ max M| (36)
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ss4 B.3.2 Linking the adapted to the empirical Gram

585 We first start by establishing that given the closeness of two PSD matrices in a certain sense, the RE
s8s condition can be transferred between them.

ss7  Proposition 5 (Restricted spectral norm). Let Z € RIVIX4 verifying
a1(G, ©)||1Z| gpe < a2(G.©)||Zp || + (1 — k) ¥ Z] 5

ss8 Let {M,, }mey C RY*? be symmetric matrices associated to the graph nodes V, and let My, =
s89  diag(My, -, My)) € RAVIXAVI Then we have:

a2(G,0) + (1 - "{)+||B37’||2,1

2
2 2
Z ZILMmZm < ||MHRE,S <1 + al(g7®) ) ”ZHRE (37)

mey

590 Proof. For any cluster C, we denote by B¢ the incidence matrix obtained by setting the rows of B
s91  outside the edges linking nodes in C to null vectors. The latter’s nullspace is the span of the vector 1.
592 having coordinates 1 at nodes in C and zeros elsewhere. Hence, the projector onto the orthogonal of

53 leis Qe == BEBC.

se4  On the one hand, for any signal Z € R!VI*4 we have

||Z||a7>ﬂ = Z ||BCz||2,1
cep

[Bteez|
> b - JF

& /et
00,00

> mi C Z
> iy Ve O 3 W2l

595 Hence, by the proposition’s assumptions, Z verifies

min /¢g(C)a1(G,©) Y |1Z]q, < (a2(G. ©)[Zp| , + (1 = 0)|Zllp)

ceP

cep
< 42(0,0)|Zp|. + (1 = )" [Bopll,,, [BlpBorZ|
< (a2(G,0) + (1 = &) [Bll, )1 Zlpg
se6 From Lemmald] we have

Z z,—;Mmzm

mey

< 2|2 ZnMunzn

ceP Imec

~r 2 EV 7l 2
< Y IMef1215, +2 7 ) [MPe||IiZllq 12l + D7 max ML IZIG,.  (39)
cepr cep cep
so7  where we used Equation (9).
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se8  This allows us to bound every term in Equation (38). For the second term on the right-hand side, we
599 have

>/ [zl 1,
ceP

<paxy [V 122 |3 12

min0g(C)_%
ceP =~ 13 o )
- w(G,0) cer HM CH(Q2(g’ ©) + (1 — &) By ) Zllzg (39

600 As for the third term, we have

2
2
CEEP{gggHMmIIIIZIIQC < max ||Mp <§ IZIIQC>

cep
Icni%wg(C)*l )
€
< fgg% HMmHW(CQ(Q 0)+ (1—- “)+HB||2,1)2||Z||RE (40)
: a2(G,0) + (1 = k)" [Blly, . .
601 Consequently, denoting v = G.0) , and combining Equations (38)) to (40),
a1 )

602 We obtain

T
E Z,, M2,
mey

Me| +2 HW H 2 M| | 1z
@gu el + 20 /[ V] + o7 ma I ) 1212

< Me||) V 4 /mincg(C)~! HWHV )t M| ) (1 +0)?|Z|*,
_(IgleagH el \/gggCg() max | M?c|| V min g (C) ™" max M| ) (1 +v)°[|Z]qe

603 which finishes the proof. O

604 Proposition 6 (Inheritance of a RE condition from a close matrix). Assume that the matrix Vv,

A
605 verifies the RE condition with constant ¢ > 0, and that Tv -Vy < ~¢? for some

op,RE

606 Y € (O, (1 + (L?(g’@)+;11(_gﬁ)@+)\/§“)(ap)) ) Then Tv verifies the RE condition with constant

2
N ag7®+1—f$+\/§w873
0=0 1—7<1+ 26.9) ag(g@)) ( )> (41)
607 Proof. From Proposition[d] we know that
1 T L+ T
EEVAVEV = MEVVVEV +epAypey
1
> Me;V\)GV — |€$Av€v|
2
a2(G,0) + (1 — k)" Boaplly, 2
> | ¢ — A 1 : E
B (b 7n2§” VOp’RE< + a1(97®) ” ”RE
2
a2(G,0) + (1 — k)" Baplly,
> 0?2 — 02 |1 2 E|?
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608

609
610
611

612

613
614
615

616

617

618
619

620

621
622

623
624
625
626

where the third inequality is an applicaiton of Proposition 3] O

Theorem 5 (Matrix Freedman Inequality, [Tropp|[2011]]). Consider a matrix martingale {M(¢) }41>1
with dimension dy X da. Let {IN(t) };>1 be the associated difference sequence. Assume that for some
A >0, we have |[N(t)|| < AVt > 1 almost surely. Define for any t > 1:

col ZE T|F'r 1]
row ZE )|‘F"' 1]

Then, for any u,v > 0,

3u?
P33t > 1; |M(t)|| > d ||Weo||(t Woow < di +d -
51 2 L M) 2 1 and [ W) [Won (0] < 0] < a1+ ) (525 )

Corollary 1. Let {N( )}, by a sequence of matrices of dimension dy x ds, adapted to filtration
{Fr}_y. Let {t; }Z 1 an increasing sequence with elements in [t] for some N < t. Consider the
sequence {M(n)}N_, of random matrices defined by

n

M(n) = Y  N(t;) — E [N(t;)|F;, 1] (42)

=1

Then {M(n)})_, is a martingale adapted to the filtration {F; }1_,.
Moreoverif |N(7)|| <b V7 € [t] for some b > 0, then we have

3u?

Proof. We denote E [-|F;] as E; [-] for any s € N. Also, let C(s) = E,_; [N(s)], which is
Fs—1-measurable by construction. We have for any n € [N],

Ei, , [C(tn)] = Et, , [Eg,—1 [N(tn)]] = Eq,,_, [N(Z0)] (44)
B, [N(t) — C(t)] = 0 (45)

where the first equality is due to the tower rule since F;, , C F;, _1. Also, we have forany 7 > 1

IN(7) = C(7)|I” = ||(N(r) — C(7))? (46)
< Tr((N(1) — C(1))?) 47)
= Tr((N(r) - C(7))?) (48)
= [N(7)||% — 2 Tx(C(r)N(7)) + Tr(C(7)?) (49)
<IN()|IF + Tr(C(r)?) < 207 (50)

Hence N(7) — C(7) is integrable for any 7 > 1. This shows that M (n) is a sequence of partial sums
of matrix martingale differences, hence it is a matrix martingale.

The second part of the corollary statement is a consequence of Theorem [5] The boundedness of
the sequence of martingale differences has already been established above. To verify the second
requirement of the theorem, let us compute bounds on the norms of W, and W,,,, from Theoreml
Notice that the two matrices are equal since the difference sequence matrices IN(¢,) are symmetric.

24



627 Hence, for any n € [N], we have

HWcol(N)” \ ||Wr0W(N)|| < Tr(wcol(N)) N Tr(wrow(N)) (51)
N
=Tr (Z Er,—1 [(N(t,) - C(tn>)2]> (52)
N
= 3 Eo, o [IN(t) 5] = Be, -1 [2T0(C(8)N(ta))] + Tr(C(ta)?)
n=1 (53)
N
= > Eia [ING) 7] - Tr(C()?) 54
N
< 3B [ING)I] < Ve (55)

n=1

628 By Theorem 5] we have for any u > 0

3u? ) 2
> P [[IM(N)]| > v and [|Weo (N)|| < NV?] (57)
— P[IM(N)] > (58)

629 where the last line holds because we showed that the inequality ||[W (V)| < Nb? holds almost
630 surely. O

631 Proposition 7 (Concentration of the empirical multi-task Gram matrix around the adapted one). Let
632 t>1,b> 0. Then we have:

P U Ap(t) vy,

> | max [T (1) < bt | < d2[Ple” M H([VI+Pe 2 +2[V]e 42",

t op,RE

633 where
3y?min |C|t
cep‘ |

A =

6b + 2v/27
2 .
3y ICn€171310g(C)t
Ay =
2. 2
3y gél%Cg(C) t
A= 6b + 2+/2ymin c¢g(C)
’yCeP g
634 Proof. For vy > 0, let us define
A 1
A7n = TV - VV and GGram,'y = {t”AV”RE,S < '7} P

635 where Ay, is block diagonal matrix formed by { A, };necy. We also define Ac and A2; in the same
636 pattern of Definition[3] We can express the complementary of this event as the disjunction of a finite
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637 number of events as follows:

CG.‘rram,",/ (59)
— Al i -1 HF H V mi -1 m
{g%ucﬂ ¢%ymm max | &%[ v mineg(€) max A > 1y (60)

= U {HACH >t} U {HA2 H > 1242 InlIng(C)} U U {|Am > t’yrcréi%CQ(C)}

mey
(61)

633 The first and third event can be bounded by considering the sequence xx ' (7) adapted to the filtration
ss0  {F,}, verifying ||xx " (7)|| <.

640 Bounding the probability of the first event Let C € P be a cluster. By definition, we have

IC|Ac(t) Z Z xx(7 xx(7)| Fr-1]

meC 7€T,, (t)

= Z xx(7) — E [xx(7)|Fr-1]

TGUmeC T (t)

s41 We will apply Corollary 1| for the sequence of time indices in C, i.e. |J,,cy, T (t). Hence |C|A¢ is a
642 martingale sequence, and we have

_ —3y2|C*t2
P || Ac(t)|| > vt| max [T ()| < bt < 2dexp
13wl > g e Tl + VIR

—3y2|C?¢2
P 6|C|bt + 2v/2v|C|t

=3y2C|t )
6b+2\f’y
—372 rcrgg IC|t

6b + 2v/2y

< 2dexp (62)

643 Bounding the probability of the third event Let m € ) be a task index. We apply Corollary T] for
44 the sequence of time steps in 7T, (¢). We have

At = Z xx(7) — E [xx(7)| Fr-1]

TETm (1)

645 1is a martingale sequence, hence

-3 C)%t?
y Hgg%( )

6/ 7n ()] + 2v2ymin cg (C)¢

P ||| A (t i t ()] <bt] <
8] > 11min (€)e| mag 7, (1] < ] < 2o

—3+2mi C)%t?
o gg;wg( )

< 2dexp
B bt + 2+/2~y mi t
6bt + \fvrcrg;wg(C)
a2 2
3y ICHGI%CQ(C) t
= 2d exp - (63)
6b + 2v/2 min cg )

26



646
647

648
649
650

651

652
653
654

655

Bounding the probabilitFé ‘of the second event LetC € P be a cluster, and let us denote e,,, the

m" canonical vector of RICl, We have
2
3 1
HA%(ﬂH = i Z Z xx(7) — E [xx(7)|Fr_1]
meC \7€Tn(t)
2
1
= ﬁ Z e; ® Z xx(7) — E [xx(7)|Fr_1]
mec TE€Tm (1)
2
1
e > epn ® (xx(7) — E [xx(7)| Fr 1))
T€Umec Tm (1)
2
1
=Tl 22 e ®xx() —E [en S xx(n)|Fr]

TeUmec Tm(t)

where the last equality holds since m(7) is measurable w.r.t. 7,_1. We will apply the Corollary to
the set of time steps (<. T (t) and the adapted sequence e,), ) @ xx(7) of matrices in R**%Cl.

Hence we have
P [\/ HFc(t)H > ~tmin Veg(C)] max |7 (t)| < bt]

—372(C] min cg ©)?

<d(1+C|)exp .
6Em€C ‘Tm(t” + 2\/5’7 IC| ICHGI’E cg(C)t

—37%|Clmin g (C)t

<d(1+1C|)ex
Ariche | Sorove, Clin ()

—3v% min cg(C)t
=d(1+4|C|)exp cep

min ¢g(C)
6b + 2v/2y\| CFror—

—3v%2min cg(C)t
ceP (64)

< d(1+[C[) exp :

tpeotd)
min |C]
CeP

6b + 2v/2v

Union bound We conclude the result of the statement via a union bound using Equation (61). [

Proposition 8 (Concentration of the empirical multi-task Gram matrix around the adapted one,
simplified). propEmpCovConcentrationSimplified Let t > 1, b > 0. Assume that max,cy | T (t)] <
bt. Then we have:

A

—37*(mincep (¢g(C) A ég (C)Q)t) 7

>
7 6b + 2v/2

< 6d|V| exp(
op,RE

where ¢g(C) = cg(C) AN|C| VC € P.
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656
657

658
659

660

661

662

663
664

665
666

667
668

669

670

671

672

673

Proof. The proof will rely on simple calculus inequalities. Hence, let © = mingep cg(C),v =
mincep |C|, f = 3%, g = 6b, h = 21/27, which are all positive. Then, we have

_ fu (unv)f (IAuAv)f

e T Tre ST eauny)

_fu (wAu)f _ (wAu)f (IAuAv)f
R ErE Era A F (Y YNF
A fo? S (v Au)? > (u A o) (LAuAv)f

T frgv T Fr(vAuyg T f+ @ Aunv)g
where we used the fact that functions of the form x — m for positive 31, B2 are increasing on
R,.

1 1
(IAx)f S ZA

[+ Az)g — f+g
exp(— - t) function and we use the result of Proposition[/| we deduce the result. O

As a final step, we use the inequality

taken for x = u A v, we apply the

B.3.3 From the true to the adapted Gram matrix

For all of the proofs in this subsection, we follow an approach similar to that of |Oh et al.| [2021]]. In
particular, we use their Lemma 10.

Theorem 6 (Lemma 10 of [Oh et al|[2021])). Under Assumption[2)on the context generating distribu-
tion, lett > 1. We have for any 0 € R%:

> E

x€A(t)
Proposition 9 (RE condition from the true to the adapted Gram matrix). Under Assumption|2] for
any t > 1, the adapted Gram matrix V,(t) verifies the compatibility condition with constants x and

¢
vV Qvw

Proof. Fort > 1, we have

X€A(t)

1 —
xx'1 {x € arg max(&fc)}] = (65)
2vw

E[x(t)x(t) | Fa] =B | Y x()x(t)"|F (66)
x€A(t)
Letm € V. We have
1
V. (t) = - Z E [x(T)X(T)TU:T,l]
TETm ()
1 .
=7 Z E [E [X(T)X(T)T|0m(7' —1), Fr1] [Fr—1]  (law of total expectation)
TETm (t)
1
== Z E [X(T)X(T)T|0m(7' —1)]  (x(r) is fully determined by 8, (7 — 1))
TETm (t)
= 1 Z E Z xx 1 {XEargmaX<0,i>}9m(Tl)
TETM(t) | xeA(n) XeA()

1 —
= 2—2 (by Theorem 6)). (67)
vw
Now, let Z € S, where S is defined with constant s of Assumption Then

1 .
>zl @ > > lzmls by Equation (67)

2vw
mey meV
> ¢—2 1Z|%,  (by Assumption [)
~ 2w RE ’
which finishes the proof. O
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675

676

677

678

679

680

681

682

683

684
685

686

Theorem 2 (RE condition holding for the empirical multi-task Gram matrix). Under assumptions
and[| let t > 1, and let k;, ¢ be the constants from Assumptionl] Assume that max,cy | Trn (t)] < bt.

—2
Then, for any v € | 0, (1 + az(g,@)+a(11(fg»?();)\/§w(a7:')) , the empirical multi-task Gram matrix

verifies the RE condition with constants k and qAS with

©(0,0) + (1 - m>+ﬁw<ap>>2 ©

¢=0¢ 1—V<1+ 01(C.©)

with a probability at least equal to 1 — 6d|V| ex =
p 1y q V| p( 61 232

— 37234 (mincep (E6(C) A ag<c>2>t>
, Where

b= Land ég(C) =cg(C)N|C| VC eP.

2vw
Proof. For the sake of readability, let ¢ = \/;wa the compatibility constant of the adapted Gram

matrix, according to Proposition[9] Then:

92040 s ~ N 9
1— 6d|V]exp 2212 (mincep(g(C) A cg(C)7)t (68)
6b + 2v/27¢?
<P AV V < 72 .
=+ " <~¢*| (by Proposition|[3) 69)
op,RE

A R
<P [tv satisfies the RE condition with constant x and qﬁ} (by Proposition @), (70)

ey (14 2 im ) .

B.4 Regret bound

Lemma 5 (Concentration of the fraction of observations per task). lemma Assume that |V| > 2. Then
Soré € (0,1), we have with a probability at least 1 — §:

[Tm ()] _ 1 1 v, 4. PV
< — 4+ 24/ —log — + — log —. 71
ST S T % TR D

Proof. We have |T,,(t)| = 3¢ _,[m(r) = m], where ¥t,¥Ym € V,P [m(t) = m] = ﬁ, meaning
that the binary variable [m(t) = m] follows a Bernoulli distribution B(s5). Then, the random variable
X = [m(t) = m] — ‘71| has mean 0, variance ﬁ(l — \Tlfl)’ and verifies | X;| < 1 — \Tlfl since

[V| > 2. As aresult, via the Bernstein inequality, we have for any m € V, and for any w > 0,

Tuldl o 1, 1o (- u? A w
e e mt ]S p( 2<1li,><l+2§>>§ p( 2<3,|+7~;>>

t— - > log —
Qﬁ T) )
2 23.logi 2 9ulog L
<=w—2 Vi g(Sandw— W85
2 t 3t
1 1
—w—2 ‘y|10g5 4log 5
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Hence, and via a union bound, we get

| T (1)) 1 1 1 4 1
P > 42 1 —log=| <§
[ ¢ DRI TR
Bl @ o 1 [Brloss | dlogg | o
ST It R T
The result is obtained by adjusting the value of §. O

Theorem 3 (Regret bound). Let the mean horizon per node be T = Let mln cg(C)

T
VI
going asymptotically to infinity and maxcep /tg(C) going asymptotically to zero as well as

maxcep \/tg(C)w(OP) and M going asymptotically to zero. Under assumptions ] to
min v/cg(C)

and k < 1, the expected regret of the Network Lasso Bandit algorithm is upper bounded as fo ows

. T - ) - 1
R(VIT) =0 W ( V| + \/log(T|V|) + \/yv1og(T|V|)|) + 7 log(dV]) | ,

37 mingep (¢g(C) A G (C))

GloeD | o
T2V

Proof. For any time step ¢, we will define a list of good events under which the Oracle inequality and
the RE condition for the empirical multi-task Gram matrix both hold with high probability. Then, we
will use those bounds to sum up over time steps until horizon 7.

with A =

Good events We formalize these requirements as three families of time-depending "good" events.

* Gpro(t) is the event that the mean of the empirical process bounded by a/(t) up to a constant c,
which is equivalent to saying that it converges:

1 t
Gamt) = { 1K < 20} ™

* Gyl (t) is the event that the number of selections of all tasks is bounded by its expected value up
to a small constant p(t)

Gaa(t) = {max 78] ¢ 1 ""(t)}

7
mey 1 vt 73)

* GRrg(t) is the event that the empirical multi-task Gram matrix %Av (t) satisfies the RE condition.

1 R
Grg(t) = {tAv(t) verifies the RE condition with constants &, qb} (74)

Event Gy (t) is the most straightforward to cover since our bound on the empirical process given in
Lemma [3|holds with a probability of at least 1 — &(¢), thus:

]P[ prO( ) |Gsel( )] < 5(t)7 (75)

where we included the time dependency on 0(¢) in contrast to the previous section. This way we
emphasize to adjust §(¢) after each round, to guarantee a sub linear regret bound. The probability of
event Gy (t) can be determined using Bernstein’s inequality:

From Lemmawe can select p(t) = 2 I—tl log 5521)('” + % log 55‘:1;(‘” as well as P [Ge1 ()] < dsel (2)-
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709 B.4.1 Instantaneous regret decomposition

710 Now, given the event probabilities, we condition the instantaneous regret 7 (t) on the good events at a
711 time t > tp. We have for its expectation:

E
E

7(t)|Gser ()] + 2P [Gser(t)°]
T(t)|Gpro t) N Gre(t) N Gsel ()]
2 (P[Gpro(t)°|Gser(t)] + P [Gre(t)|Gse (1)] + P[Gser (1)°]) (76)

712 where we used the worst case bound r(t) < 2 if any one of the good events does not hold.

713 Bounding the regret Inserting our results of the event probabilities, the oracle inequality and the
714 decomposition of the expected instantaneous regret in Equation (76) and bounding the sum over
715 rounds, yields the final result. Thus, we start by bounding the sum over the first term i.e. the expected
716  regret in case all good events hold:

T

> E[r(0)|Gono(t) N Gre(t) N Cra(t Zi: |e-ew],

t=1

717 Taking the result of our oracle inequality in Theorem (I} we point out that only «(t) is time dependent
71 such that the rest of the terms can be pulled outside the sum:

T T
Y- lle -0, < 320,00 12 Wit g7+ 1o 75

2 T 4b
= gf(@ 0) Z PRRY 2[V|log(t) + ry log(t)
t=1

20 T 2b
< ¢32f(g’®)/o AR (\/2\V|log(T) +210g(T)) dt

20 ,[32log(VIT)T /7
< é (g, )(2f+< v +4 — log(|V|T) log(T )

(V2DVT10g(T) + v/2108(T ))
=0 (f(@;)\/f ( V] + \/log(TWD + </|Vlog(T|V)‘>> ,

719 where

- (az(g, o \/ﬁﬂgl(n)w(ap)) as(G, (@g) (+9 )Ji?lgl(mg)?é()ap) +1
B gep Ve

720 We upper bounded the sum with an integral i.e. Et L ft) < fo t)dt for monotonically decreasing
721 functions f(t) in the last inequality. Also b is the bound on the concentratlon of the fraction of

722 observation per task provided by Lemma For tg = 1/|V| we find by inserting the result to Lemma
723 forallt > ty:

31



1 IVI
— +2 log —
V| tIVI

PR 2log(IVIVIV)  s1os(VIv/V)
IW VIV 3VIVI

_ |Tl)| + \% l \/Tv'log(VD +2log(|V|)]
:Oc%mm>:
VI

724  Finally we bound the sum over the instantaneous regret term for the bad events:

1

T
> 2(P [Gpro(t)°| Gsea ()] + P [Gru(t) | Gser ()] + P [Guer(£)°])

t=1

725 By construction, we have max(P [Gpro(£)¢|Gsel (t)] , P [Geer (£)]) < 6(t) = 5. Hence,

a L T dt
ZP [Gpro(t)c|Gsel(t)} +P [Gsel(t)c] < 22 t72 < 2 <1 +/ t2> < 4 (77)
t=1 1

t=1

372 minep (g (C) A E3(C))

, we have for any tg > 1
6 + 2v/2+ o

726 As for the RE condition event, letting A :=

T
Z P [Gre(t)°|Gsa(t)] < 6d[V| ) exp(—At) (by Theorem[2)
t=to t=to
e*Ato
< 6d[VIs——

1
< 6d[V]e Mo (14 —
< 6d|Vl]e < +A)

1
< —Atg 1
< 6d|V|e ( + A)

727 where in the last line, we used the inequality exp(A) > A + 1. Hence, for any u > 0, choosing
1 6dV|(1+ 4
to = [ /Wﬂ v [A 10g(||(A)ﬂ
U

728 implies that ZtT:tO P [GrE(t)¢|Gsel(t)] < u. Before we continue with the regret bound, we need to
729 find an appropriate bound on % Given our result in Theorem and assuming that K > 1, we

730 get:
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732
733
734

f(gv 9) _ aoag(g, 9) a2(g7 9) +1
¢ #  \@(9,0)miny/cg(C)
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leep VO

2

1=~ |14 V2kw(9P) maxcep y/tg(C)ao+1

Oz(l 2rw(9P) _ 1
i C i C
min /¢g(C) | min /eg(C)

_ 0 maxcep tg(C) + maxeep 1/tg(C) + 1 + max 1g(C) + 1
Icni71)1 cg(C) cep
S

o[ —L ).
(m Cg“f))

The first big O notation is obtained due to the fact that for for large £n17r)1 ¢g(C) and small
€

maxcep v/ tg(C) the denominator term i.e. ¢EQ behaves like 1 — -, which leaves the numerator
dominating the rest of the term. Now, we simply have to insert all our results into the sum of
instantaneous regrets:

R(T)<toy+2u+8+0 (f(g?\/f ( V| + \/log(TM) + {‘//Vlog(ﬂw) y))
]+ [ Lo (EILE D]

+
f)\ﬁ ( VI + \log(TIV]) + {‘/Wlog(TIVI)D)
+

< [V H 1og(12dV|(1+A))] -

) (W ( V[ -+ log(TIVI) + (‘/IVlog(TIVI)|>>

< [VIV] + [ S ogtazavi + ap] + 5+

o) (ﬂg’;)ﬁ < V] -+ log(TIVI) + (‘/IVlog(TIVI)I>>

—0 (illog(dh)) + %Tg(c) ( V] + /log(TIV]) + VIVIog(TiVDD) :

1 . . .
735 where we set u = 5 in the third inequality.
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C Additional related work

Homophily and modularity in social networks Given the large number of users on social networks,
one may be able to learn their preferences more quickly by leveraging the similarities between them.
This idea relies on the notion of homophily in social networks |McPherson et al.[[2001]], [Easley et al.
[2010]. In modelling social networks, users’ preferences relationships are encoded in a graph, where
neighboring nodes are users with similar preferences. This graph can be known a priori or it can
be inferred from previously collected feedback Dong et al.|[2019]. Exploiting this information and
integrating them into bandit algorithms can lead to a significant increase in performance |Yang et al.
[2020]. Indeed, the knowledge of user relations allows the algorithm to tackle the data sparsity issue
that is inherent to bandit settings.

Another fundamental point that can be used for integration of information from social networks is
that, social networks show large modularity measures Newman|[2006] [Borge-Holthoefer et al.| [2011]].
This implies that we have high density of edges within clusters and low density of edges between
clusters. As a result, users can be clustered based on the graph topology and a preference vector
can be learned for each cluster, substantially reducing the dimensionality of the problem. In other
words, discovering the clustering structure of users can reduce the computational burden of large
social networks. Consequently, there have been attempts in exploiting the clustered structures of
social networks in bandit algorithms |Gentile et al.|[2014]], Nguyen and Lauw| [2014],|Yang and Toni
[2018], L1 et al.| [2019]], Nourani-Koliji et al.|[2023]], Cheng et al.|[2023]].

Bandit meta-learning In contrast to the multi-task setting, meta learning deals with sequentially
arriving tasks that have to be learnt and generalizing the gained information to improve performance
for future tasks. Here, as in the multi-task setting, it is assumed that the tasks share some common
structure that is ought to be learnt and exploited. In the work of |Bilaj et al.[[2024] it is assumed that
the tasks were sampled from a common distribution such that they are concentrated around an affine
subspace, which is learnt through PCA algorithm. The resulting projection matrices could then be
exploited to improve learning for new tasks in an adapted UCB and Thompson sampling approach.

Other lines of work are (Cella et al.| [2020]], Kveton et al.|[2021]], Basu et al.| [2021]], which learns the
mean of the distribution under the assumption that the covariance of the prior is known or [Peleg et al.
[2022] which generalizes this assumption and attempts to learn the covariance as well.

D Additional experimental details

D.1 About experiments of the main paper

The experiments have been conducted with an intel i7 CPU with 12 2.6 GHz cores and 32 GB of
RAM. The two experiments with the highest number of tasks (200) and dimension (80) take about 8
hours, parallelized over the 12 cores.

To generate clusters, we generate |P| variables v;;cp from the uniform distribution, then we use
them to construct a categorical distribution with probabilities proportional to e":. These probabilities
defines the cluster proportions.

D.2 Solving the Network Lasso problem

We implement the Primal-Dual algorithm proposed in Jung| [2020] to solve the Network Lasso
problem but we do not vectorize the matrices (in the sense of stacking their columns into a vector),
which speeds up computation.

D.3 Algebraic connectivity vs topological centrality index

Given two fully connected graphs weightless G; and G, with size 100 each, we progressively link
them by edges, we construct the Laplcian L of the resulting graph G. We measure the minimum

topological centrality index minlgiezoo(LE) ;1, and the algebraic connectivity, i.e. the minimum
non-null eigenvalue of L.
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Figure 2: Minimum Topological centrality index vs Algebraic Connectivity, for a graph formed by
connecting two fully connected initial graphs Gy, G» with size 100 each.

783 Clearly, the minimum topological centrality index grows faster than the algebraic connectivity in
784 this case, and seems to saturate at some level that is reached in a linear progress by the algebraic
785 connectivity.

786 D.4 Limitations

787 The first limitation of the paper is the restriction to the setting of i.i.d generated action sets. This
788 restriction is common to all papers relying on Lasso-type optimization objectives [Bastani and Bayati|
789 [2019,|0Oh et al., [2021] |Cella and Pontil, 2021} |Ariu et al.| 2022} (Cella et al., 2023|]. Also, we do not
790 provide a lower bound for the regret, a challenge that we let for future work. Besides, our optimization
791 problem is not strongly convex, which can be mitigated by adding a squared L? norm regularization.
792 However, such an addition would probably drastically change the theoretical analysis.

793 D.S Broader Impacts

794 As our method can be applied to transfer knowledge between users of a recommender system, it has
795 the potential to improve their overall experience by learning their preferences quickly. However, one
796 must be careful with the strength of the integrated prior knowledge as it can lead to an adverse effect
797 of slowing down the learning process.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The piecewise stationarity on a graph assumption is mentioned in Section [3]
and formalized in Assumption[3] Theorem [I]states the oracle inequality, and Theorem
provides the regret bound after using the result of Theorem[2} Experiments are carried out
at Section

Guidelines:
¢ The answer NA means that the abstract and introduction do not include the claims made
in the paper.
* The abstract and/or introduction should clearly state the claims made, including the

contributions made in the paper and important assumptions and limitations. A No or NA
answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Appendix is dedicated to such discussion.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was only
tested on a few datasets or with a few runs. In general, empirical results often depend on
implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be used
reliably to provide closed captions for online lectures because it fails to handle technical
jargon.

* The authors should discuss the computational efficiency of the proposed algorithms and

how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to address

problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an important
role in developing norms that preserve the integrity of the community. Reviewers will be
specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: We state the main assumptions in an Assumption environment. Full proofs
are available in the supplementary material and some proof ideas in the main material.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

¢ All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

 All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they
appear in the supplemental material, the authors are encouraged to provide a short proof
sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: The code is included as a zip-file and all results are reproducible.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of whether
the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the
case of closed-source models, it may be that access to the model is limited in some
way (e.g., to registered users), but it should be possible for other researchers to have
some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We use only simulated data.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: While training and testing sets are not part of our paper as it is about bandit
algorithms, we provide the source of the optimization algorithm we use to solve Equation (2).

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Error bars are provided in the plots.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula, call
to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error of
the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% ClI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Computation resources used are mentioned in Appendix
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

 The paper should disclose whether the full research project required more compute than
the experiments reported in the paper (e.g., preliminary or failed experiments that didn’t
make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: Our results are theoretical, and their potential harm largely depends on their
application.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

 The authors should make sure to preserve anonymity (e.g., if there is a special considera-
tion due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: It is provided in Appendix [D.5]in the appendix.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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11.

12.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
being used as intended but gives incorrect results, and harms following from (intentional
or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Only simulated data are used.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith
effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All relevant work is properly cited and code is provided to reproduce the
results.

Guidelines:

* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets|has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer:
Justification: [NA]
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [NA|
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: [NA|
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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