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Abstract

Flow and diffusion models generate high-quality
samples in many modalities; however, many net-
work evaluations are required during inference
due to numerical integration of an underlying dif-
ferential equation. Flow maps alleviate this prob-
lem by learning the solution map of the differen-
tial equation directly, enabling few-step sampling.
Yet, current methods are restricted to approximat-
ing the solution map of ODEs. These methods
can be used to learn the transition kernel of an
SDE, thereby obtaining a solution map that recov-
ers the marginal distributions of the process (weak
convergence) rather than the solution path (strong
convergence). We propose STRONG STOCHAS-
TIC FLOW MAPS (SSFMs) as a novel framework
for learning the strong solution map of additive-
noise SDEs, directly generalizing deterministic
flow maps to the stochastic setting. A polynomial
approximation to Brownian motion is introduced
and shown to converge pathwise. These results
enable a simulation-free training objective for the
solution map of diffusion models. We demon-
strate that SSFMs outperform previous flow map
methods on image generation and enable few-step
sampling of molecular systems.

1. Introduction

Deep generative models based on neural differential equa-
tions (Chen et al., 2018; Kidger, 2022) have become one
of the most successful model classes for solving a variety
of problems such as generative modeling (Liu et al., 2023;
Song, Sohl-Dickstein, et al., 2021) and time-series data (Oh
et al., 2024; Walker et al., 2024). The application of neu-
ral differential equations to generative modeling—diffusion
models (Ho et al., 2020; Sohl-Dickstein et al., 2015; Song,
Sohl-Dickstein, et al., 2021) and flow matching models
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(Lipman, Chen, et al., 2023; Liu et al., 2023; Peluchetti,
2021)—have become state-of-the-art for many different
tasks including image (Rombach et al., 2022) and video
(Blattmann et al., 2023) generation, protein design (Rector-
Brooks et al., 2026; Watson et al., 2023), and Boltzmann
sampling (Rehman et al., 2026).

While quite expressive generative models, neural differential
equations often require a large number of function evalu-
ations (NFEs) of the learned vector fields to integrate the
underlying differential equation. As such there has been
great interest in learning how to improve the computational
efficiency of these models, e.g., proposing better numerical
schemes to reduce the number of NFEs whilst maintain-
ing similar performance (Gonzalez et al., 2023; Lu et al.,
2022; Zhang & Chen, 2023). Recently, another direction has
looked at how to learn the solution, or flow, map associated
with a neural ordinary differential equation (ODE) (Boffi
et al., 2024; Geng, Deng, et al., 2025; Heek et al., 2024;
Kim et al., 2024; Liu et al., 2023; Sabour et al., 2025; Song,
Dhariwal, et al., 2023). These methods, which learn a neural
Sflow map, have obtained state-of-the-art performance with
low NFEs in image generation (Geng, Deng, et al., 2025;
Geng, Lu, et al., 2025) and Boltzmann sampling (Rehman
et al., 2026) compared to the 100s of steps required with
diffusion models.

Previous work has focused on learning a deterministic map
from the source noise to the target distribution. Recent
work has extended these deterministic maps to the stochas-
tic setting by approximating the transition distributions of
a stochastic process (Holderrieth, Chen, et al., 2026; Pas-
saro et al., 2026; Potaptchik et al., 2026). However, such
approaches do not allow for the estimation of pathwise ob-
servables as they are fundamentally decoupled from the
underlying stochastic differential equation (SDE) and are
only capable of computing weak (convergence in distribu-
tion) solutions of the stochastic process (Jksendal, 2003).

We introduce STRONG STOCHASTIC FLOW MAPS
(SSFMs), a novel framework which obtains the strong (con-
vergence in path) solution map to additive-noise SDEs. This
naturally extends ODE-based flow maps, which are pathwise
solution maps, to the stochastic setting. Specifically, given
a realization of the Brownian path and an initial condition,
we learn the pathwise solution map of the additive-noise
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Figure 1. Strong vs. weak stochastic flow maps. 7Top: The strong stochastic flow map solution is consistent pathwise for a given
realization of the Brownian motion Wy (w). Bottom: The weak stochastic flow map samples independently from the marginal distribution

at each time.

SDE. To efficiently implement such a model we require a
novel set of tools which we construct in this work. Our main
contributions are summarized as follows:

* We develop a novel framework for learning the strong
solution to additive-noise SDEs in contrast with prior
works which consider weak approximations.

* We formalize a training objective for learning this map
which admits a simulation-free algorithm for obtaining
the strong solution map of diffusion models.

* We introduce a polynomial approximation of the Brow-
nian motion and prove that it converges in a-Holder dis-
tance, has tractable coefficients, and admits closed form
Chen relations.

* We demonstrate this formulation achieves state-of-the-
art performance on CIFAR-10 and enables generation of
equilibrium molecular conformations with as few as 2
NFEs for Alanine-Dipeptide.

2. Background and related work

Neural SDEs. Neural SDE:s are the stochastic extension
of neural ODEs (Chen et al., 2018), independently proposed
by Kidger et al. (2021) and Li et al. (2020) which aim to
learn the drift and diffusion coefficients for an arbitrary
SDE. In this work we will focus specifically on the case
of additive-noise SDEs with known diffusion coefficients,
given by

dX, = fO(t, X;) dt + g(t) dW4, (1

where f? is the drift coefficient we aim to learn. Previous
work has focused on learning these coefficients by integrat-
ing the SDE numerically and then performing backpropa-
gation through the numerical solution. However, for many
SDEs studied in generative modelling we can learn the drift
coefficient via simulation-free training which has under-
pinned the popularity of different matching objectives such
as score matching and flow matching. In this work, we
focus on diffusion SDEs; however, our results hold for any
additive-noise SDE.

Flow matching and diffusion. In this section we intro-
duce the necessary background on flow/diffusion models
(Albergo et al., 2025; Lipman, Chen, et al., 2023; Liu et al.,
2023; Peluchetti, 2021; Tong et al., 2024). We denote data
samples as X; € R? drawn from the data distribution with
density p; = g(x). We take the source distribution to be
a unit Gaussian with density pg = p(x) with Xy ~ pq.
Following Lipman, Havasi, et al. (2024) we consider the
scenario of affine Gaussian probability paths where we de-
fine a random variable X; := ;X7 + ;X with noise
schedule (v, 0¢), where oy, 0 > 0 with ag = o1 = 0,
a1 = o9 = 1, and oy (o resp.) is strictly monotonically in-
creasing (decreasing resp.) and continuously differentiable.

In the flow matching framework we learn the marginal vec-
tor field as

u(X) = /Rd utll(X|X1)p1\t(X1|X) dXi,

pep1 (X | X1 )p1(X7)
Pt(X) 7

@

1 (X1]X) =
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where u,; (| X1) is the vector field conditioned on a data
sample X ;. This vector field can be shown to satisfy,

t
Xo ~ po, X0+/us(Xs>ds=Xt~pt, 3)
0

such that the solution to (3) at time ¢ = 1 yields samples
from the data distribution ¢ = p;.

The ODE in Equation (3) is referred to as the probability
flow ODE (Song, Sohl-Dickstein, et al., 2021) and can be
written as an SDE with the same marginal distributions,
given by

AX, = |2u(X,) — 22X, | dt + v, AW,
€47
“
2 =262 95,5,
Qg

where W, is the standard Brownian motion. This derivation
follows straightforwardly from Anderson (1982) and has
been discussed more recently in the context of diffusion
models (Holderrieth, Singer, et al., 2026; Maoutsa et al.,
2020; Song, Sohl-Dickstein, et al., 2021). The implications
for model performance when sampling from either the SDE
or ODE formulation with equivalent marginals is discussed
in (Albergo et al., 2025; Nie et al., 2024).

Table 1. Comparison of flow-based models.

Y
&’%\QQ \\é@b &}%&\
Method <¢ T o
Flow models X v X
Diffusion models X v v
GLASS flows X X v
Flow maps v v X
Weak SFMs v X v
SSFM (ours) v v v
Flow maps. Since integrating the generative models in

(3) or (4) requires many function evaluations, recent work
has proposed to instead learn the integral, or solution map,
directly at training time. These works include consistency
models (Heek et al., 2024; Kim et al., 2024; Song, Dhariwal,
et al., 2023), shortcut models (Frans et al., 2025), mean
flows (Geng, Deng, et al., 2025), and flow maps (Boffi et al.,
2024, 2025; Sabour et al., 2025). There exists a variety
of techniques for training such models. However, training
can largely be broken down into two loss components: one
term learns the instantaneous behavior at s = ¢ and another
learns the flow map ¢ > s. Training via such an objective is
referred to as self-distillation (Boffi et al., 2025).

Weak stochastic flow maps. Recently, several works
have explored a stochastic extension of deterministic flow
maps (Holderrieth, Chen, et al., 2026; Passaro et al., 2026;

Potaptchik et al., 2026), which can be characterized as learn-
ing the transition kernel p;|,(X;|X) of some underlying
SDE. Specifically, these methods proceed by defining a de-
terministic ODE flow map where each step of the map is
defined by an inner flow model, given by

t
Xs+/ @ (X, X0, 5) dr = Xy ~ pya(1X0). (5)

Since these methods learn the transition kernel p; |, they
are described as exhibiting weak (in distribution) conver-
gence (@ksendal, 2003). This is in contrast to the pathwise
solution map of the underlying additive-noise SDE which
generates X given an initial condition X and a realization
of the Brownian motion {W, }s<,<:. We summarize the
relationship between SSFMs and prior methods in Table 1.

3. Strong Stochastic Flow Maps

In this section we describe the transition from deterministic
flow maps to strong stochastic flow maps. We present a
natural extension of deterministic flow maps by learning the
solution map from both an initial condition and a realization
of the Brownian path. We then show how this solution
map can be obtained by minimization of an appropriate
self-distillation objective.

3.1. The It6 map

Consider the following additive-noise Itd SDE,
dXt = .f(tht) de + g(t) tha (6)

where X; € R? is a continuous-valued stochastic process
with initial condition X, f : R x R? — R? is the drift
function, g : R — RI* ig the diffusion coefficient and
W, € R" is Brownian motion. It is assumed that f and g
are suitably regular such that a unique strong solution X,
exists (see Assumption A.1).

It is natural to consider the solution map of this SDE, ¥, :
(Xs, Wi, 4) = X, where the Brownian path is written as
Wi g = {Wu}s<u<t. This map W ; is known as the It6
map.' For an SDE with additive noise and suitably regular
coefficients, the Itd map is well-posed and continuous (Friz
& Victoir, 2010). It is this map that we aim to approximate
with a neural network, ¥ ;.

Since the It6 map is defined with respect to both an initial
condition, X, and a realization of W/, 4, the convergence
to the solution X is pathwise. In stochastic analysis, a
process approximating such a pathwise solution is called

"Note that for a general SDE with state-dependent diffusion,
g(t, X), the 1td map is not a well-defined continuous function.
This is solved by rough path theory and the It6-Lyons map (Lyons,
1998).
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strongly convergent (@ksendal, 2003). We therefore refer to
our method as Strong Stochastic Flow Maps.

3.1.1. CONSTRUCTING THE ITO MAP

Analogously to the deterministic flow map, we can derive a
tangent condition that the 1t6 map satisfies. This result will
allow us to associate the vector fields of an SDE with the
Itd map.

Lemma 3.1 (Tangent Condition). Let
W, (Xs,Wi4) denote the Ito map for (6).
Then,

lim AW, (X, W) = F(t, Xi) dt+g(t) dW;.
@

To construct the Itd map we therefore propose an Euler-
Maruyama step-like object that satisfies the tangent condi-
tion. We will show that such a parameterization attains the
[td6 map when trained according to the objective in (14).

Proposition 3.2 (Strong Stochastic Flow Map). Con-
sider an Euler-Maruyama parameterization of the
1t6 map,

\Ils,t(Xm W[s7t]) =X+ fs,t(Xsa W[s7t])(t - 5)
+ gs7t(W[s,t])(Wt - Ws),

(8)
where f,g are twice continuously differentiable,
Lipschitz in both time arguments, satisfy the con-
ditions that ft,t(Xt7 W[s,t]) = ft,t(Xt); and
9t,t(Wis4) = Gi¢t (ie. the coefficients are inde-
pendent of W, 4 for s = t). Then, W ; satisfies the
tangent condition (7) if and only if

ft,t(l"t) = f(t,ift), git = g(t)-

The proposed stochastic flow map in Proposition 3.2 intro-
duces a drift f; ; and a diffusion g, ;. The intuition behind
these functions is that they act as the normalized drift and
diffusion integrals, respectively. Therefore, they must de-
pend on the underlying driving path W 4.

We see from Proposition 3.2 that for the stochastic flow
map to satisfy the tangent condition, the drift integral must
collapse to the drift function, f;(x;) = f(¢, ), and the
diffusion integral must collapse to the diffusion coefficient,
g1+ = g(t), as s — t. This indicates that f; ;(z;) and g;
can be estimated by the matching objective in (14).

Next, we must establish an objective that constrains the
finite-time, ¢ > s, behaviour of the stochastic flow map.

Consider the semigroup condition,

‘I’s,t(Xs; W[s,t]) = \I’u,t(‘I’s,u(Xs» W[s,u])v W[u,t])a

&)
for s < u < t. Note this condition is satisfied by the Itd
map (see the proof of Proposition 3.3). It is possible to
show that if the strong stochastic flow map construction
from Proposition 3.2 satisfies the tangent condition (7) and
the semigroup property, then this map is the Itd map. This
is given by Proposition 3.3.

Proposition 3.3 (Semigroup condition). Let
W, (X5, Wis4) denote the strong stochastic flow
map satisfying (7) and (8). Then ¥, (X, Wi, 1)
is the Ito map if and only if the semigroup property
(9) holds.

3.1.2. CONSTRUCTING THE BROWNIAN MOTION

Since the It6 map requires a realization of the Brownian path
W[s,t] , 80 too do the drift and diffusion integral functions
fs.t,9s,¢- These functions will ultimately be parameterized
as neural networks. We therefore require an efficient char-
acterization of W/, ;) that we can pass as input.

A naive approach is to simply pass a piecewise linear ap-
proximation to W, ;) over N intervals. However, to obtain
any reasonable approximation to the path, too many inter-
vals would be required. We instead look to pass the coef-
ficients of a polynomial expansion of W/, ;. Specifically,
we consider a piecewise polynomial expansion to Brownian
motion in terms of shifted Legendre polynomials (Foster
et al., 2020; Habermann, 2021).

This polynomial expansion has a number of desirable prop-
erties: (1) the coefficients of this expansion appear in the
stochastic Taylor expansion of the SDE in (6) enabling
larger time-step approximation; (2) the coefficients are in-
dependently and normally distributed allowing for tractable
and exact sampling; (3) the coefficients admit closed-form
Chen relations (Chen, 1954, 1957) such that two coefficients
over the sub-intervals [s, u], [u, t] combine into a single co-
efficient over [s,t]. This property enables the semigroup
objective to be implemented. These results are shown in
Theorem 3.4.

The following results are theoretically dense, relying on
elements of rough path theory (Lyons, 1998). However,
the polynomial expansion of Brownian motion is visually
intuitive; see Figure 3.

Definition 3.1 (Polynomial approximation for Brow-
nian motion). Let P, : [0,1] — R denote the n-th
shifted Legendre polynomial on [0, 1]. We define the
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n-th coefficient of the polynomial expansion as,

t —_—
5% :/ P, <;‘_Ss> AW,.  (10)

As introduced in (Foster et al., 2020; Habermann,
2021), the degree-N polynomial approximation of
the Brownian motion on [s, ] takes the form,

N-1

2 1 v~ —
Wi = 3 5 [T (25 o

n=0

for each increment [u, v]

N
)
=,

Theorem 3.4 (Properties of Wi\)). The polyno-
mial approximation of the Brownian motion in Defi-
nition 3.1 has the following properties:

1. Converges to Brownian motion in the a-Holder
distance, with o € [0, 3),

2. The coefficients I 5(7? are independently and nor-
mally distributed with

I~ N (0, é’;_:’i I) (12

3. The coefficients 1 5? admit closed form Chen
relations.

3.2. Training

Given the polynomial approximation in Definition 3.1, we
can write the Strong Stochastic Flow Map as

0 (X, IV = X, + fuX, It — s)

(13)
+g% (I W, —wy),

. . N
where the coefficients up to degree N, given by I ;t) =

{Iifi)}n,g ~, are passed to the neural network terms
ff,t,gg)t. Note that W; — W, = Iﬁf?.

3.2.1. SELF-DISTILLATION OBJECTIVE

We have seen that the stochastic flow map in (8) is the Itd
map if and only if the diagonal integrals are equal to the
SDE coefficients, f;.(z;) = f(t,2¢), g1t = g(t), and the
semigroup condition is satisfied.

These two properties allow us to write down an objective
for the 1t6 map. This is shown by Theorem 3.5.

Theorem 3.5 (Self-distillation Objective). Let
W, (X, Wi,4) denote the Ité map for (6). Then,
this map is given by the strong stochastic flow map
in (8) where vs; = [fs+,9s,t) is the unique global
minimizer over ¥ of

Lsp(0) = L5 ¢() + Lp(D), (14)

where

Ls0(6) =Evx, [f(t,xo Fr (X2
+ llg(t) — gt,tllé], (15)
£D(IA}> = ]Es,u,t,Xs,W[S7t] |:||li’s,t(Xs; W[s,t])

- ‘i’u,t(‘i’s,u(Xs» W[s,u])» W[u,t])”g o
(16)

The objective in (14) is written in terms of the drift and
diffusion coefficients of the SDE for which we wish to learn
the Itd6 map. In the case of flow models (flow matching,
diffusion, stochastic interpolants) the drift coefficient is
known conditioned on an end-point sample, X; (and/or
X)), obtained from the marginal at ¢t = 1 (and/or t = 0).

The results presented in this section are proved in Ap-
pendix A.

3.2.2. GENERAL TRAINING METHOD

By Theorems 3.5 and 3.4, this parameterization trained
according to (14) converges to the Itd map as N — oo. In
practice, as the variance of the coefficient terms decay with
1/n, we can obtain a sufficient approximation using a finite
number of coefficients.

Note that Lf 4 provides a training signal for s = ¢ (i.e.
£, g7 ,), but Lp evaluates the model at ¢ > s. This forces
the network to generalize from s = ¢ to ¢ > s via continuity.
To alleviate this, we instead match a small Euler-Maruyama
step (with ¢ > s) of the ground truth SDE rather than match-
ing coefficients. This can be shown to result in a weighted
coefficient matching objective (see Lemma B.1).

The general training algorithm is given in Algorithm 1. This
requires a ground truth for f and g which can be constructed
based on the task; for diffusion this is obtained by the reverse
SDE with f(t, X;) derived from the conditional score —
resulting in a simulation-free objective (see Appendix B.2).
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Algorithm 1 Strong Stochastic Flow Map Training

Require: Batch size M, split € (0, 1), polynomial degree N, threshold A¢, EMA decay S € (0, 1)

0: repeat

0: Sample s ~ U[0,1], X ~ ps
> Matching objective (batch size [nM |)

0:  Sample t ~ U[s, s+At] and I} ~ (12)

0:  Xi+ X+ f(s, X:)(t—5) + g(s)(W,— W)

_ iy 2

Ly.g = (t=5) " || X — @ (XL, 1))

> Distillation objective (batch size M — [nM )
Sample t ~ U[s+At, 1] and set u < % (s+1)

(N) (N) (N) .

Sample I, I, ; ~ (12) and compute I, via (22)
Xigt < stopgrad(\Ilgyt(XS,Igﬁf)))
Xpred <~ ‘Ilg.,t(\:[!g,u(stIS(z)L Izg{\i))
Lp « (t*S)_l Htht - XpredH2

> Update

0 0+ 60—-XVy(Lsg+ LD)

0: 0« po+(1-p)0

0: until 0 converges =0

e

e

> Simulate or interpolate

4. Experiments

We consider three experiments that demonstrate the proper-
ties and performance of the SSFM model. Firstly, we ablate
the algorithmic properties on a non-linear SDE and verify
the effectiveness of the polynomial approximation to Brown-
ian motion. Second, we apply the model to CIFAR-10 image
generation and show that SSFMs outperform previous de-
terministic and stochastic flow maps. Third, we consider
generation of equilibrium molecular conformations on the
Alanine-Dipeptide dataset, where the SSFM model is capa-
ble of generating accurate samples in as few as two network
evaluations.

4.1. Non-linear SDE

We first investigate the performance of the SSFM model on
a toy system: a non-linear drift, additive-noise SDE, given
by

dX; = [X, — X}] dt + /Bt AW, (17)

where [, is a linear interpolation between [, = 0.1 and
Bmax = 20. This system is intended to mimic the variance
preserving reverse diffusion SDE. The SSFM is learned via
Algorithm | with the ground truth constructed from (17).

In Figure 2, we ablate the SSFM accuracy as a function
of the polynomial degree. As the number of coefficients
passed to the model increases, the strong convergence error
decreases; this is most pronounced at larger step sizes. It can
also been seen that the accuracy gained by each additional
coefficient added diminishes, but is far from saturated at
N =4.

In Figure 3, we show the underlying 4-th degree polynomial
expansion of Brownian motion and the learned flow map
evaluated at 16-steps. We see that the SSFM is capable

=
5
|
1

Strong Error, E|| X, — X:OHZ
s
‘,
1

H

9
™
1

Steps

Figure 2. Strong error of the SSFM as a function of the polynomial
degree.

—— Ground truth X;  —— Flow Map X/

Brownian Path
Solution

Time Time

Figure 3. Left: Ground-truth Brownian path W, and 4-th degree

polynomial approximation Wt(4) over 16 intervals. Right: Ground-
truth SDE solution driven by W; and learned 16-step flow map

driven by Wt(4).
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Table 2. FID (|) on CIFAR-10 across NFE step counts.

NFE
Method 2 4 8 16
Deterministic flows
Consistency training (Song, Dhariwal, et al., 2023) 5.83 — — —
Flow map (LSD) (Boffi et al., 2025) 4.37 3.34 333 357
Flow map (PSD-M) (Boffi et al., 2025) 8.43 5.96 507 4.64
Flow map (PSD-U) (Boffi et al., 2025) 7.95 6.03 532 516
Flow map (Holderrieth, Chen, et al., 2026) 4.60 418  4.88 —
Weak stochastic flows
GLASS (Holderrieth, Singer, et al., 2026) 157.55 3947 11.60 —
Diamond Map (Holderrieth, Chen, et al., 2026) 5.80 5.80 6.73 —
Strong stochastic flows
SSFM (Ours) 4.93 3.49 329 335

Same W,
3
Il
DN
3
Il
N

Different W,

Figure 4. Top: SSFM with fixed X and same W, across step
counts. Bottom: SSFM with fixed X, different W, across step
counts.

of accurately coarsening the SDE dynamics. We include
additional plots for this system in Appendix D.1.

4.2. Image generation

We demonstrate the strong stochastic flow map construction
for image generation on the CIFAR-10 dataset (Krizhevsky,
Hinton, et al., 2009). The training procedure follows Al-
gorithm 1, where the ground truth SDE is obtained via the
reverse time variance preserving diffusion SDE (Song, Sohl-
Dickstein, et al., 2021). See Appendix B.2 for a description
of this SDE. The f?, g networks are independently param-
eterized with the EDM2 architecture (Karras et al., 2024).
The number of polynomial coefficients was chosen to be
N =3.

The results can be seen in Table 2. The strong stochastic
flow map models outperform the weak formulations across
all step sizes considered. Additionally, under the strong
construction we find that stochastic flow maps become com-
petitive with deterministic flow maps and often outperform.

We verify the strong convergence property of the SSFM in
Figure 4. Here, we see that for a fixed initial condition X
and the same Brownian path W, the resulting sample is the
same for all step counts. Further, the stochasticity of the
flow map is retained; for the same X with different W,

we obtain different generated samples.

4.3. Molecular systems

We demonstrate the strong stochastic flow map on the molec-
ular system Alanine Dipeptide (ALDP) (Plainer et al., 2025).
See Appendix D.3 for full details. We compare SSFM to reg-
ular diffusion baselines established in (Plainer et al., 2025).
The results can be seen in Table 3. As expected, the SSFM
enables markedly more efficient sampling than the diffusion
baselines for step counts < 1000. As Steps — 1000, the
methods converge to achieving comparable performance.
Notably, the SSFM at 100 steps is competitive with the
diffusion baselines at 1000 steps, a factor 10 reduction in
NFEs.

Ground truth

SSFM

Figure 5. Ramachandran plots for Alanine-Dipeptide showing
ground truth data, diffusion mixture baseline and SSFM prediction
across step counts.

For illustration, the dihedral angles of the SSFM generated
samples are shown in Figure 5. The SSFM samples accurate
molecular configurations and is able to capture all modes
even at just 2 coarse steps. In comparison, the diffusion
baseline is unable to sample accurate configurations with
fewer than 100 steps.
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Table 3. PMF squared error () and JS divergence (J) on Alanine-Dipeptide across step counts.

NFE

2 4 10 20 100 1000

Two-for-One 16.682 15714 11.410 3.564 0.087 0.068

Diffusion 16.728  15.667 11.347 3.400 0.084 0.066

PMF Error Mixture 22.070 17.266 11.556 3394  0.078 0.058
Fokker-Planck 15475 15.709 11.345 3.498 0.092 0.069

Both 21.830 17.094 11.571 3.393  0.087 0.065

SSFM 0.235 0.168 0.101 0.089 0.067 0.062

Two-for-One 48.188 48.569 38.476 16.783 0.813 0.665

Diffusion 48.735 48377 38309 16293 0.787 0.618

1S (x10-2) Mixture 52432 49500 38.709 16.279 0.770  0.609
Fokker-Planck 47.157 48250 38307 16.569 0.836 0.638

Both 52.340 49.270 38.660 16370 0.830 0.640

SSFM 1.990 1.480 0.950 0.860 0.640 0.590

5. Conclusion

In this work, we have introduced a novel theoretical frame-
work for learning the Itd map to any additive-noise SDE.
This framework was used to construct a class of flow maps,
termed STRONG STOCHASTIC FLOW MAPS (SSFMs), that
approximate the Itd6 map to compute a strong solution to
additive-noise SDEs. On image generation experiments,
this parameterization was shown to outperform both deter-
ministic and stochastic flow map models. When applied
to sampling molecular conformations, the model obtained
accurate results in as few as two network evaluations and
matched the performance of current diffusion based genera-
tive models using 10 times fewer steps. We expect this work
to open up further improvements in reward alignment of
generative models via pathwise estimators, and to accelerate
molecular simulation and generative modeling tasks.
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A. Proofs

In this section we prove the results provided in the main text. Throughout, we assume that the stochastic differential
equations studied satisfy the following assumption.

Assumption A.1 (Unique strong solution). We assume that the additive-noise stochastic differential equation given by
dX; = f(t, Xy) dt + g(t) AW,

where f : R x R = R4, g : R — R with W, € R™ and initial condition X with finite second moment, has the
following properties such that a unique continuous solution X exists. Let f, g be measurable functions satisfying

[f(t2)[+g(t)] < C(1 + |o)
[f(t.z) = f(t,y)| < D]w —y|

for constants C, D. See @ksendal (2003) for a full discussion on the existence and unique of strong solutions to SDEs.

A.1. Constructing the It6 map
A.1.1. PROOF OF LEMMA 3.1

We first prove a simple lemma that relates the Itd map to the SDE.

Lemma A.1 (Stochastic Lagrangian equation). Let W, (X, Wi, 4) denote the It6 map for (6). Then,

d\I’s,t(Xsa W[s,t]) = .f(ta \Ils,t(Xsa W[s,t]))dt + g(t)th (18)
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Proof. Consider the derivative of the stochastic flow map,

d\I’st(Xs;Ws t]) d)(t7
= f(t, X,)dt + g(t)dW;,
= f(t7 ‘I’S,t(Xm W[q,f]))dt + g(t)th

Now, we are able to prove Lemma 3.1 which we restate here.

Lemma 3.1 (Tangent Condition). Let W, (X, Wi, ;) denote the Ito map for (6). Then,

lim AW, (X, Wie) = F(t, X2) dt + g(t) AW (7)

Proof. By Lemma A.1 we have that the Itd map satisfies the stochastic Lagrangian equation. Taking the limit as s — ¢, then
given the continuity of the It6 map we have

lim dW, (X, Wi i) = lim £(2, W (X, Wi )t + (1) AW,

= f(t, 4 ( Xy, Wy 7))dt + g(t)dW;
= f(t, X;)dt + g(t)dW;

O
A.1.2. PROOF OF PROPOSITION 3.2
Next, we prove Proposition 3.2.
Proposition 3.2 (Strong Stochastic Flow Map). Consider an Euler-Maruyama parameterization of the Ité map,
W 1 (Xs, Wisg) = X + F,t(Xs, Wig ) (t — 5) ®)

+ gs,t(W[s,t])(Wt - Ws)a

where f,g are twice continuously differentiable, Lipschitz in both time arguments, satisfy the conditions that
Fit(Xe, Wis ) = fi.0(Xt), and g 1(Wis ) = gu.t (i.e. the coefficients are independent of W, 4 for s = t). Then,
W, ; satisfies the tangent condition (7) if and only if

Jei(xe) = f(t,20), gee = g(t).
Proof. Consider the application of It6’s lemma to W (X, W/, 47), given by

dw, t(stw[at ) (at st(Xsaw[at ) + aW st(XsaW[s,t])) dt+8Wt\Ils,t(XSaW[s,t])tha

(fs (X, Wis ) + (t = 5)0c fot (X, Wi ) + (Wy — Wi )0igs.t(Wis g)
L1
2

1
(t — 5)0%, Fs.t (X5, Wis ) + §(Wt — W,)0%, 95t (Wis ) + aths,t(W[s,t]))dt
(= 50w, Fort (X, Wiss) + 9ot Wis.) + (Wi = W), gt (Wi ) ) AW,

Now, taking the limit s — ¢, we obtain
}gl_% dW, (X, Wisy) = (ft,t(Xta Wi ) + 0w, ge,t (W t]))dt + g 1AW

13
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Finally, using the conditions that f; ;(X;, W, ) = f1,:(X;) and g¢ ¢ (W/ 1) = g1.4. this reduces to
ll_% AW, (X, Wisy) = fr0(X1)dt + g¢ o dW.

To satisfy the tangent condition (7) we must have f, ,(X,;) = f(¢t,X,) and g;; = g(t). Conversely, substituting
fii(Xy) = f(t, X4), g1.r = g(t) recovers the tangent condition. O

A.1.3. PROOF OF PROPOSITION 3.3
Now onto the proof that the strong stochastic flow map attains the Itd map when satisfying the tangent and semigroup

conditions.

Proposition 3.3 (Semigroup condition). Let W (X, W/, 4)) denote the strong stochastic flow map satisfying (7)
and (8). Then W, (X, Wi, y) is the Ito map if and only if the semigroup property (9) holds.

Proof. First observe that the Itd map satisfies the semigroup condition,

\I’s,t(XSa W[s,t]) = ‘Ilu,t(llls,u(Xsa W[s,u])a W[u,t])
= ‘I’u,t(Xuv W[u,t})
= Xt

Next, we want to show the inverse implication. Let ¥, ;( X, W/, ;) denote the strong stochastic flow map satisfying (7),
(8) and (9). We show that this map is the Itd map for (6). This follows by considering the semigroup condition,

Wi n(Xe, Wistan) = Crorn(Ws,o(Xs, Wis ), Wiean))
=W, (X, Wi ) + 0t ten(Ps,e(Xs, Wis ), Wit 44m))
+ (Wi — Wt)gt,tJrh(W[t,t—o—h])

Define X; = W (X, Wi, 4) and re-arrange to get

Xipn — Xt = hfein(Xe, W) + Wiin — W) geeon(Wiion)-

Next consider taking the following sum over a partition t = ug < u; < --- < up =t + h,

ZXM+1 - XU7 = Z(ui-‘rl )fu7 u7+1(XumW[u,,u1+1] + Z Uit1 — Wui)guiyui+l(W[u1',7ui+1])

The LHS of this sum telescopes to Xt+h — X}. We now take the limit of this partition with max;(u;+1 — u;) — 0.

Since we have f,, u(Xu, W, u]) fu, u( ) and gy o« (Wiy,u)) = Gu,u by the independence assumption on (8), consider
the following equivalent expression obtained by adding and subtracting the diagonal coefficients,

XtJrh - Xt - Z(uiJrl - ui)fu“u ( + Z Ui+1 — uz)(ful, Uit1 (X Ui W[ul Wig1] ) - fuL,u1 (XuL)>

+ Z Wip1 u7 gm u; T+ Z Uip1 )(gm u7+1(W[ul,ul+1}) - guq‘,,ul)

The two difference terms (in both f and g) decay to zero as max;(u;+1 — u;) — 0. This follows from the Lipschitz-in-time
assumption on f, g. Specifically, for the f residual we have

‘ Z(ui-‘rl - ul) (fuivu'H»l (qu W[uiyui+1]) - fui7ui (Xuz)) ’ < Lf Z |ui+1 - ui”ui-‘rl - ui|7
<Ly m;ch(|Ui+1 — ;) Z it — gl

i

< Lyhmax([uitr —uil),

14
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which tends to zero as max;(u;+1 — u;) — 0. For the g residual, we have
‘ Z(Wui+1 - Wuz) (gu'i7ui+1 (W[ui7ui+1]) - guzﬂh)‘ < L!] Z |(Wui+1 - Wui)||ui+1 - ul|

)Z|Uz‘+1 - uil,
i

= hLymax(|Wy,,, — Wy,|),
7

< Lymax(|Wy,,, — Wy,

i+1

which tends to zero as max;(u;+1 — u;) — 0 by the uniform continuity of W;. We are left with

max; (ui+1 —ub)—)O

Xt-l-h - Xt = lim Z(ui—H - ui)fumuqt (Xm) + Z(Wui+l - Wuq)guu%

Therefore, both Riemann and It6 (Stratonovich, equivalently) converge (@ksendal, 2003) to give

R . t+h R t+h
Xt+h = Xt + / fu,u(Xu)du + / gu,udmL
t t

R t+h R t+h
X+ [ fluXu)du+ / g(w)dW,,
t

t

where f, (X)) = f(t, X;) and g, ; = g(t) follows from Proposition 3.2. Since this holds for any ¢ > s and h > 0, X, isa
strong solution to the SDE with coefficients f(t, X;), g(t). By uniqueness, this implies that W (X, W/, ) is the Itd
map for (6).

A.1.4. PROOF OF THEOREM 3.5

Given the results above, we are able to prove Theorem 3.5.

Theorem 3.5 (Self-distillation Objective). Let W, (X, Wi, 4) denote the 1t6 map for (6). Then, this map is given
by the strong stochastic flow map in (8) where Vs = [fs.1, gs.1] is the unique global minimizer over v of

Lsp(0) = L,g(0) + Lp(0), (14)

where
L1(6) =Eix, [nf(t, X0) — Fud(X0)I3
+la(t) ~ gue1B), (s)
Lp(9) =By x.. W 4 [|\irs,t<XS7 Wisa)

- ‘ilu,t(‘i’s,u(st W[s,u])7 W[u,t})”% . (16)

Proof. We have that for any v,

This follows since L¢ g is convex in ¥, ; with unique global minimizer v, ;. Note that the Itd map satisfies Lp(v) = 0. This
implies that for the Itd map we obtain the minimum of the objective, given by

ESD(’U) =0.
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To show that the minimizer is unique, consider any v (and associated W) that obtains the minimum,

Lsp(v)=0
Then we must have
@t,t = Ut
Lp(0) =0.

By Propositiczns 3.2 (since ¥; + = vy, the tangent condition holds) and 3.3 (since Lp = 0, the semigroup condition holds),

this implies W is the 1t6 map for (6). L]

A.2. Constructing the Brownian motion

A.2.1. PRIMER ON ROUGH PATH THEORY

A (step-2) rough path is an element of GZ(R?) = R? @ R?*9, We define a metric on X = (X(1), X(?)) € G2(R?) by,
A%, Xe) = X+ (X2,

where we have used | - | to indicate the Euclidean norm on R®* for the appropriate choice of k& € {1,2}. To measure the
“difference” between two rough paths X, Y € G?(R?) we define a pathwise metric, for each « € [0, %) the a-Holder metric
by,

dons1(X,Y) == sup
0<s<t<1

1 1 2 2),1
(|X£,2 ~Y+ x® - v®)s )
[t — s '

To avoid ambiguity of indices being used to represent both the level of a rough path, and in Definition 3.1 the order of
our approximation, we will sometimes use the projection operator, 73 : G2(RY) — (RY)®F for k = 1,2, to explicitly
distinguish the first and second levels of the rough path respectively, i.e. 7 (X) = X (),

For both Brownian motion W; and the polynomial approximation Wt(N) from Definition 3.1, we lift the paths to rough
paths W and W) respectively by defining the canonical Stratonovich lifts,

t
WQ(Ws,t) ::/ Ws,u ® qua

)

t
ma (W) = / W @ daw M.
A.2.2. PROOF OF THEOREM 3.4

Theorem 3.4 (Properties of WﬁfY,’). The polynomial approximation of the Brownian motion in Definition 3.1 has
the following properties:

1. Converges to Brownian motion in the a-Holder distance, with « € |0, %)

2. The coefficients I S(Z) are independently and normally distributed with

(n) (t—S)
Is,t fv./\/(()7 2n—|—lI) , (12)

3. The coefficients I 57? admit closed form Chen relations.

Proof. Property 2 is simply an application of Itd’s isometry, using the fact that the n'" (shifted) Legendre polynomial has a

normalisation constant of =——,
2n+1

t
F :/ ]3”(7; - S) AW, ~ N'(0, K (s,1)),
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where,
t _ t _
K(s,1) = H«:[/ Pn(” 5) dw, ®/ Pn(r s) dWr}
s t—s s t—s
t —5\2
=T / Po(=) dr
s t—s
_t—s
C2n+1
Property 1 and 3 require slightly more work, so are proven individually as Proposition A.3 and Proposition A.5 respectively.

O

The following lemma will be required to establish rough-path convergence of the polynomial approximation W.

Lemma A.2 (Uniform bounds on W). For a € [0, 3), there exists Co, € L*(IP) such that for all [u,v] C [s, ],
Wyl < Colv —ul® (19)

where || - || : G?(R?) — R denotes the norm,

Ko oll = mase (X 2]

x2I%).

Proof. This is a standard application of the Garsia—Rodemich—Rumsey lemma (Garsia et al., 1970, Lemma 1.1), which can
be generalised to any metric as seen in (Friz & Victoir, 2010, Proposition A.8). Choosing p(u) = |u|'/2, ¥(u) = ud for

some ¢ > 5~ and B = fo fo (ZIJXU“ uH)) du dv, we obtain,

Wl < Calo — /7210 < Culo — uf,

8q(4B)

where C,, = qi To verify Co, € L*(P) we use [|[W,, || r2(p) = |v — u|'/?

E[C?] < E[B¥1]
/ /1 W, v”LZ(]P’) dudo
v — ul?
:/ / |v — u[' 72 dudv
o Jo
< 00

Proposition A.3 (Rough path convergence of the polynomial approximation). The polynomial expansion of Brownian
motion given in Definition 3.1 converges in the rough-path sense, i.e. for any o € [0, %),

da—Hiil(Wa WN) ﬂ> 07

as N — oo.

Proof. As shown in (Foster et al., 2020, Theorem 2.4), we can define the following filtration,

{(Fn=o({I) i n=0,1, N} ysor
so that the polynomial approximation admits the representation,

W) = E[W,,, | Zn],
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for any [u,v] C [s, t]. Thus, by taking expectations with respect to %, in Lemma A.2,

W < Calv —ul, (20)
where C,, = sup,, > E[Cq | #,] and where we continue to use || - || as defined in Lemma A.2. By Doob’s maximal

inequality CN'Q is finite a.s. since E[C,, | %,] is a (discrete) martingale.

Combining Equation (19) and Equation (20), the sequence {W,, , — Wq(fx,)} ~N>0 is uniformly bounded and uniformly
equicontinuous. Thus, invoking the Arzela-Ascoli theorem, we conclude that there exists a uniformly convergent subsequence
and since pointwise convergence is proven in (Foster et al., 2020), we know that this limit is zero, so,

WELA;) L5 W v uniformly as N — oo.

Finally, defining C* = max(Cj, CN'/g) 5, use the following inequality,

e (Woy — W) (W, — W) B -5
Im( |U’u|kj’”)”“§(” (o "’”)||L2) (sup (W = WD)

v — U|ﬁ 0<s<t<1

< C*< sup ||7Tk(Wu,v —W&{?)HLQ) ’

0<u<v<1

250 uniformly as N — oo.

Thus, dg s (W, WV)) 2% 0 as N — oo. O

Finally, we move to deriving the explicit Chen relations for the integrals I S(T;) To achieve this, we first establish the following
related dilation rules for the (shifted) Legendre polynomials.

Lemma A .4 (Dilation rule for shifted Legendre polynomials). Let f’n () denote the n™ shifted Legendre polynomial
on [0,1]. Then,

Po(z) = tnm Pm(22) = Y (1) ep i P (27 — 1), 1)
m=0 m=0
where,
(1) - N (n+k)!
Cnym = (=1)"(2m + 1) k; (-3) =Rk —m)(ktm+ D)

Proof. Using the orthogonality relations for Legendre polynomials, we derive the following integral expression for ¢, p,,

(2m+1) /01 ﬁn(%>}5m(u) du=(2m+1) i Cn,m /01 P, () Py (u) du = Cnom-

m=0

We can evaluate the integral explicitly. By substituting Rodrigues’ formula for 13m (u), before applying integration by parts
m-times (noting that the boundary terms always vanish),

1 1 m
~ 1 ~ d
/ Pn(E)Pm(U) du = 7/ Pn(g) [z"(z —1)"] du
0 2 m! 0 2 dU"L
., md" =~ ru
Next, substituting the explicit form for the shifted Legendre polynomial,
n
~ /u n\ (n+k T\
P2) - (-2
() - ()3
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we obtain,

;
=Gr X DO [ma-amimena
-CF ) @) e
S (e
=(-1)" é ( - %)k (n—k)\(k (jlnt)]f()l; +m+1)!

For the second equation, use the symmetry of the Legendre polynomial,
Po(z) = (-1)"Pu(1 - x)

= (D)"Y cnmPm(2(1 - 7))

=(-1)" Z Cn,mﬁm(l —(2z — 1))

m=0

The proof of Proposition A.5 now follows naturally, by splitting the domain of the integral I S(T;) into two and applying the
relations we have just derived.

t
Proposition A.5 (Chen relations for I(™). Let u = % be the midpoint of times s < t. Then,

n
I = 3 e (152 + (110D, @2)

m=0

where ¢y, ., are defined as in Lemma A.4.

Proof. By splitting [s, t] into the two half-domains [s, u] and [u, t], we can apply the dilation rules for the Legendre
polynomials given in Lemma A.4. We use the identities,

2(7‘—5):7“—37
t—s uU—Ss
2(1‘—3)_1:7‘—117

t—s t—u
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so that,
t J—
IEZ):/ Pn<r S)dWr
B t—s
n u . t -
= chﬂn(/ Pm(r S>dVV7+( 1)n+m/ Pm(r u)dm)
m=0 S - u —u
=3 o (I + (—1 ),
m=0
as required. O

B. Training
B.1. Euler-Maruyama step objective
Here we show that matching an Euler-Maruyama step with the strong stochastic flow map model is equivalent to a weighted
coefficient loss.
Lemma B.1 (Euler-Maruyama objective). Consider the following objective

2

)

Ley = HXt - Xt

where X; = W, (X, Wi, ) via (8) and
X=X+ (s, Xs)(t — s) + g(s) (W — W).

Since the true coefficients f(s, Xs), g(s) depend only on s, it suffices to restrict the model to coefficients fs (Xs)
and g 1 that are independent of Wi, ;. Then

E[Lem | Xs] = (t —8)°Ly + (t — 5)Ly,

where Ly = (f(s, Xs) — fs,t(Xs))2 and Lq = (g(s) — gS,t)Q'

Proof. Under the independence assumption, fs ;(X) and g, ; are independent of W/, ;, so
X; — Xi = (£(5,X) = Far(X0) (t = 5) + (g(s5) — ge.t) (W — W),
Expanding the square,

Lem = (t —5)2 (f(5,Xs) — fou(X,))?
+ 2(t - S) (f(sa Xs) - fs,t(Xs)) (g(s) - gs,t) (Wt - Ws)
+(g(s) — gst)? (W, — W)%

Taking E[- | X] and using E[W; — W, | X;] = 0and E[(W, — W,)? | X ] =t — s,
IE[EEM | XG] = (t - 5)2 (f(s, XG) - fs,t(Xs))2 + (t - 5) (g(s) - gs,t)2 .
Substituting for Ly, L, gives the result. O

B.2. Diffusion SDEs

To apply Algorithm 1 to diffusion SDEs, we must derive the ground truth reverse diffusion SDE. Consider the variance
preserving formulation,

1
dXt = _iﬁtXt dt + \ 5)5 th
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The reverse diffusion SDE is given by

1
dX; = [—§5tXt — BiVx, logp(t, X;)] dt + /B, AW,

where Vx, log p(t, X) is the score.

Given a data sample X, an expression for the score can be obtained. Specifically, we sample the forward process via
X: =y X1 + o€, e ~ N(0,I), where

¢
at:exp<—§/ﬁsds), o2 =1-a?
0

€
Vx, logp(t, X;) = o
t

Then, the score is given by

We are therefore able to build the ground truth SDE required for training the stochastic flow map by

1 €
dXt == [_iﬂtXt + 51507} dt+ \V4 Bt th

C. Extended related work
C.1. Few-step models

The training objectives for SSFMs with small step sizes are related to generator matching, i.e., matching the drift and
diffusion coefficients (Holderrieth, Havasi, et al., 2025). The semigroup loss is the stochastic analogue to the one used in
deterministic flow maps studied by (Boffi et al., 2025; Frans et al., 2025). Consistency models (Song & Dhariwal, 2024;
Song, Dhariwal, et al., 2023) use a small Euler step which is related to our small stochastic Euler-Maruyama step; however,
the actual loss itself is quite different as we predict the small jump rather than using consistency. Other methods (Boffi et al.,
2025; Geng, Deng, et al., 2025; Geng, Lu, et al., 2025) train with losses which require time derivatives of the flow map, a
requirement that does not extend naturally to the stochastic setting, as the Brownian motion is nowhere differentiable w.r.t.
time.

C.2. Few-step sampling of SDEs

An active area of research has been accelerating inference with diffusion SDEs via more efficient numerical schemes
(Blasingame & Liu, 2026; Gonzalez et al., 2023; Zhang & Chen, 2023), thereby decreasing the NFE to use these models;
however, all these techniques are at inference time and use the same models. Recent work by Jiang et al. (2025) looks
at using partial signatures of the Brownian motion to distill pre-trained diffusion SDEs into taking larger step sizes by
learning a hyper-solver (Poli et al., 2020). This is significantly different from our work as it requires numerically integrating
the entire SDE, i.e., it does not have a simulation-free manner of training even for flow/diffusion models and relies on a
pre-trained diffusion model teacher. SSFMs on the other hand enable scalable training of stochastic flow maps and can be
trained without a pre-trained teacher model.

C.3. Stochastic few-step models

Recent work by Holderrieth, Chen, et al. (2026), Passaro et al. (2026), and Potaptchik et al. (2026) has looked at weak
approximations to the diffusion SDE. As mentioned in the main text these works all learn an “inner” flow map to learn the
transition kernel; Passaro et al. (2026) discusses the nuances between these works in more detail. Beyond providing a strong
solution, SSFMs also work for arbitrary additive-noise SDEs, whereas existing weak approaches are typically formulated
for specific diffusion model SDEs.

D. Experimental details and further experiments

In the image and molecule generation experiments we take the number of polynomial coefficients N = 3. We use the Virtual

Brownian Tree (VBT) implementation in Diffrax to generate the coefficients I E’t) (Jelindic€ et al., 2024; Kidger, 2022). It
should be noted that the VBT implementation introduces a constant scaling factor on each coefficient.
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D.1. Non-linear SDE

We include additional informative plots for the non-linear SDE experiment that would not fit in the main text. In Figure 6 we
show the polynomial approximation of Brownian motion for varying degree polynomials. In Figure 7 we show the SSFM
predictions for many step sizes when trained with the N = 4 degree polynomial.
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Figure 6. Brownian path W; and associated polynomial approximations Wt(N) over 16-steps.
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Figure 7. Ground truth SDE and SSFM prediction for many step counts.
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D.2. Image generation

For the image generation experiments we setup the variance preserving SDE (see Appendix B.2) as the ground truth and
follow Algorithm 1 to train the SSFM. The drift and diffusion networks are parameterized with the EDM2 architecture
(Config C) (Karras et al., 2024) with hyperparameters given in Table 4.

For evaluation, we generate 50k samples with the SSFM and compute FID against the CIFAR-10 dataset. Uniform step
placement is used so that for n steps, the step size is given by (1 — t.) /N, where t. = 1075,

On two NVIDIA RTX A6000s, this model takes ~ 5.5 days to train.

Table 4. Image generation hyperparameters.

Hyperparameter CIFAR-10
Drift network (EDM2 U-Net)

Base channels 128
Channel multipliers (2,2, 2)
Attention resolutions 16 x 16
Attention head dimension 64
GroupNorm groups 8
Dropout 0.13
Diffusion network (EDM?2 U-Net)

Base channels 64
Channel multipliers (2,2, 2)
Attention resolutions 16 x 16
Attention head dimension 64
GroupNorm groups 8
Dropout 0
Loss

Step size split At 0.01
Max distillation step A ax 0.52
Batch split n 0.75
Optimization

Optimizer Adam (82 = 0.99)
Peak learning rate 1073
Min learning rate 107°
LR schedule warmup + cosine decay
Warmup steps 5,000
Gradient clip (global norm) 10
Batch size 512
Training steps 400,000
EMA decay 0.999

D.3. Molecular systems

The alanine dipeptide dataset follows (Plainer et al., 2025) with 50k samples from a molecular dynamics simulation in
implicit solvent (Kohler et al., 2021), coarse grained to five atoms [C, N, CA, C, N]. It is available from the ScoreMD
repository accompanying (Plainer et al., 2025).

The evaluation metrics calculated are the potential of mean force (PMF) squared error and the Jensen-Shannon (JS)
divergence. These metrics both compare the difference in the equilibrium free energy surfaces of the ground truth system
and the model prediction.

A graph transformer architecture is used with hyperparameters listed in Table 5. The variance preserving SDE is used as the
ground truth to construct the SSFM following Algorithm 1.
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The diffusion baseline models were obtained from the ScoreMD repository and results collected via the evaluation code
provided. The SSFM model evaluation was also computed from the ScoreMD code to ensure a fair comparison.

On one NVIDIA RTX A6000s, this model takes ~ 6 hours to train.

Table 5. Molecule generation hyperparameters.

Hyperparameter ALDP
Drift/Diffusion network (graph-transformer)

Hidden dim 96
Transformer blocks 32
Attention heads 8
Head dim 64
Feed-forward multiplier 4
Time-embedding dim 64
Uncertainty MLP Fourier dim 64
Loss

Step size split At 1073
Max distillation step Ay ax 0.52
Batch split n 0.75
Optimization

Optimizer AdamW
Peak learning rate 1073
Min learning rate 1075
LR schedule warmup + cosine decay
Warmup steps 1,000
Gradient clip (global norm) 10
Batch size 1,024
Training steps 400,000
EMA decay 0.999

D.4. Hardware
All experiments were run on one/two NVIDIA RTX A6000 GPUs.

D.5. Repositories

‘We made use of the following repositories and resources:

1. patrick-kidger/diffrax (for VBT)
2. patrick-kidger/equinox (for neural networks in JAX)
3. Lightning—-AI/torchmetrics (for FID)

4. noegroup/ScoreMD (for Alanine-Dipeptide dataset and diffusion baselines)

E. Discussions
E.1. Broader impacts

We propose a framework for few-step generation of additive-noise SDEs, with demonstrated applications in image generation
and molecular dynamics. The primary positive impacts of this work is the acceleration of molecular dynamic simulations
relevalent to drug discovery and other ai4science applications which use diffusion models. Improvements to image generation
efficiency also reduce inference-time energy consumption. As with all advances in generative modelling, there is a risk that
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improved image generation could be misused to produce harmful synthetic media; however, SSFMs represent an efficiency
improvement to existing pipelines rather than a new capability, and we do not believe this work introduces risks beyond
those already present in deployed diffusion models.

E.2. Limitations

The current framework is restricted to additive-noise SDEs; extending this framework to state-dependent SDEs would
require the full machinery associated with the It6-Lyons map from the theory of rough paths and may require approximating
the space-space Lévy area. We leave this to future work. The polynomial approximation of the Brownian path introduces a
truncation error controlled by the degree /N, which in practice requires tuning as a hyperparameter. Our image generation
experiments are conducted on CIFAR-10; scaling to larger datasets and higher resolutions remains to be demonstrated.
Finally, the empirical comparison to weak stochastic flow maps focuses primarily on generative performance metrics; a more
detailed empirical study of the pathwise consistency properties and their downstream implications is left to future work.
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