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Abstract—This paper studies the event-triggered containment-
formation control problem for nonlinear multi-agent systems.
Neural networks are utilized to approximate uncertain dynamics.
An adaptive neural network controller is designed, and an event-
triggering mechanism based on a relative threshold is con-
structed, which is set on the control channel. By using Lyapunov
stability theory, the bounded stability of the closed-loop systems
is proven, and the formation tracking error converges to a small
neighborhood around zero. It is also shown that the event-
triggered control method used does not cause Zeno behavior.
Finally, simulation results are provided to verify the effectiveness
of the proposed formation control method.

Index Terms—Containment-formation, nonlinear multi-agent
systems, event-trigger control, adaptive neural network control

I. INTRODUCTION

In recent years, formation control has been widely used
in various fields, such as mobile robots [1], spacecrafts [2]
and unmanned aerial vehicles [3]. And the application of
formation control allows agents to share information and tasks
to achieve collaborative work. The principle of formation
control is to design a control strategy to make the intelligences
work according to the envisaged formation [4], and this aspect
is a hot topic in control research.

Nowadays, there are many formation control methods, in-
cluding consensus-based formation control, rule-based forma-
tion control, behavior-based formation control, and so on. In
[5], a consensus algorithm was designed to address forma-
tion control problems by appropriately selecting information
states upon which consensus was achieved. The auther in
[6] considered employing a rule-based strategy to address the
unique estimation issues associated with spacecraft formation
flying. The aricle in [7] discussed a distributed formation
control for networked multi-agent systems. The paper [§]
adopted a simple leader-follower formation tracking control
strategy to address the formation control problem of non-
holonomic mobile robots under communication constraints.
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In [9], the authers proposed the application of behavior-
based formation control, which achieves the formation control
solely by utilizing the relative position information between
robots and their neighbors as well as obstacles. And in [10]
proposed a communication structure design algorithm that
enables followers to form a predetermined formation based
on containment control. The formation control mentioned in
the above article belongs to the category of formation control
with no leader and with one leader. When multi leaders exist
in the multi-agent systems, the formation problem is called
as containment-formation control. For example, the authers in
[11] studied the time-varying output formation for containment
control of linear homogeneous and heterogeneous systems. In
the [12], the authers proposed a communication structure de-
sign algorithm that enables followers to form a predetermined
formation based on containment control. Therefore, studying
containment-formation control is meaningful.

Due to the limited communication network resources in
multi-agent systems, designing event-triggered mechanisms
to reduce communication overhead and enhance system ef-
ficiency is crucial for ensuring optimal system performance
[13]. Consequently, investigating the application of event-
triggered control in multi-agent systems is highly significant,
as it offers a promising approach to optimizing resource
utilization and achieving better overall system performance.
Neural networks are used to approximate uncertain dynamics.
An adaptive neural network controller is designed, incor-
porating an event-triggering mechanism based on a relative
threshold set on the control channel. Using Lyapunov stability
theory, the bounded stability of the closed-loop systems is
proven, ensuring the formation tracking error converges to
a small neighborhood around zero. It is also demonstrated
that the event-triggered control method does not induce Zeno
behavior. Simulation results confirm the effectiveness of the
proposed formation control method.



II. PRELIMINARIES AND PROBLEM FORMULATION
A. Preliminaries

F ={V, W, A} represents a weighted undirected graph of
A orders, where V = {v1,vq,...,v4} is the note set, W C
{(vi,v;) : vi,v; € V} is the edge set, and A = [s;;] C RA*4
is the weighted adjacency matrix. Suppose that there are A
agents, where B of them are followers and A — B > 0 are
leaders. Let F' = {1,2,..., B} be the follower subscript set,
and E = {B+1,B+2,..., A} be the leader subscript set.
For any:,j € £ U F, we can denote s;;

0, i=joruv;¢w
Sij = b >0, jeFEandvy €W (1)
ci; >0, j¢ Eandv; €W

Lemma 1 [14]: The following inequality holds for any ¢ >
0 and z € R™

0 < 27 sign(x) — 27 tac(z) < & ()
where  tac(z;) = zi/\/ T + 5, tas(z) =
[tac(z1),tac(x2), ..., ta-(zp)]T, &1 me, and

sign is the meaning of the sign function.
Lemma 2 [15]: For any vector €3 > 0 and x € R, the
following inequality satisfies

0 < |z| — z tanh <:> < 0.2785¢3. 3)
3

B. Problem Description

Consider multi-agent systems consisting of A agents, where
B of them are followers and A — B > 0 of them are leaders.
Let FF ={1,2,..., B} be the follower subscript set, and F =
{B+1,B+2,...,A} be the leader subscript set.

The dynamics of follower ¢ and the leader k(k € E)can be
modeled as follows

{ xl(t) = UZ( + qi(z; (t)7 )+ \Illi(t) 4)
0i(t) = si(zi(t),vi(t), 1) +ui(t) + Wou(t)
(t) = vi(t)
i e )
where + = 1, 2, ..., B, k = B+ 1, B +

2, ..., A, x;(t), wv;(t) are the states input vectors of
followers, while vy (t) are the states input vectors of lead-
ers. u;(t), wug(t) represent the control vectors of system.
qi(z;(t),t) and s;(z1(t), w;(t),t) are the uncertain dynam-
ics. Wy;(t) and Wy, (t) are the unknown disturbances.

Defmition 1 : A time-varying formation is specified
by a vector cp(t) [T (@), @),....,cE@®)]T € R*B
with ¢;(t) = [ciz(t), cin(t)]T (i € F) piecewise continuously
differentiable. For the multi-agent system (3) and (4), the
containment formation is achieved, if for any given bounded
initial states z;(0) and v;(0) the following conditions are
satisfied

1) All the states of the ith closed-loop system of the ¢ th
follower are bounded.

2) There is positive scalar €1 and €2, a finite time 7, (V¢ >
T.) such that

i (t) = cia(t) — zp(t)|| < &1

[0i(t) = cio () — vr (D) < €2
where ¢; is called the tracking position error, and e is called
the tracking velocity error.

Assumption 1: All the following containment formation
in this paper must satisfy the time-varying formation condition

tlilg(cv (t) —Cy (t)) =0 @)

(6)

From the models of system, we get that the Laplacian matrix
L can be described as follows

L1 Lo
Sy

where Ly = [s;;] € REXE and Ly, = [sik] € RBXx(A-B)
Let 312( ) = 20 si(2i(t) — cin(t)) — (25(t) — cjz(t)))+
Vi si(@ilt) = clt) = ar(®), 0uilt) = XL sy
((vi(t) — cin(t)) — (0 (1) = cju(®)) + X1 Sik(vi(t)—

Civ(t) — vp(t)) be the two auxiliary variables of the multi-
agent system.

Let aI (t) = [851 (t)a 832 (t)a cey ZB (t) T’
9y (t) = [051(2), 005 (), -, 0L ()],
u(t) = [uf (), ud (t),...,up®)],  cu(t) =
[efu (). €3y (1), - - s g, (D)7, Ca(t) =
[e14(8), 34 (8), -+ e, ()] Cx(t) =
(el (1), e, (), ...¢E ()T, and up(t) =
[ug(t), ua(t),. .., uB(t)]T.

Then, denoting ¢(t) = [x(t),v(t)]T, multi-agent systems
can be written in the following compact form

~
~

0o (t) = 9, (t) + Lig(z(t),t)

Oy(t) = Ly (s(C(t),t) +u(t) + W (t)) + Lougp(t).
where q(z(t),t) = [q1(z1(t), 1), g2(x2(t),¢) ..., g5 (zp (1), )],
FC@),t) = [f1(G(2), 1), fo(Ca(D), ), ..., fB(CB(E), )T —

éu(t), and W, (t) = [U,1(¢), V.a(t),..., V. 5()]T (2 = 1,2).

III. CONTROLLER AND EVENT TRIGGERING MECHANISM
DESIGN

In this section, the containment-formation controller will be
carried out based on the dynamic surface control design. And
the event-triggering mechanism based on a relative threshold
will be constructed on the control channel.

Due to q(z(t),t) and s({(t),t) are uncertain functions,
they can be approximated by using the neural networks.
Denote g(x(t),t) = WiT(t)S1(t) + es and s(C(t),t) =
WiT (1)Sy(t) + €5, we can use W/ to approxiamte W;7T.

Then, multi-agent systems (9) can be written

Dp(t) = 8,(t) + Ly(W1* T (£)S1(t) + £4)
. +La(co(t) = Ea(t)) + L Wa (D),
Dy (t) = Li(Wo*T (£)S5(t) + u(t)) + Ly (g5 + Ua(t))

+L2uE(t). 10)



To design the controller, the error surface can be designed

Z1(t) = 0a(t) (11)
Zo(t) = 0(t) — @ (12)
where Z1(t) = [Z1,, Z1,, .. .,ZlTB]T is tracking error. & =

[df,o‘zQT, e ,o‘zg]T is the virtual controller going to be de-
signed in the following contents.

Firstly, we can take the derivative of the Z;(t), and combine
with (t) in (10). And we can denote L, = D+ E, where D =
diag[L1 11, L1 22, -, L1,Bp] is the positive definite diagonal
matrix of L.

Thus, we can obtain the following expressions

Z1(t) = 8u(t) + DWVTT ()S1(1)) + EWT (1)S1(t))
+ Li(ea + W1(t)) + L1 (co(t)
Since E(W;T

—Co (t))
(t)S1(t)) and L1 ¥4 (t) are bounded, we can
found a positive constant v; which satisfies the following
inequality

13)

|[EWT(£)S1(t) + L1 (8)]| <7 (14)

Building the first Lyapunov function as follows

Vi) = 3 2L (2:()

Then, the derivative of V;(t) can be obtained
Vi(t) = Z{ (t)(Z(t))

= Z{ ()(Za(t) + & + DT (1) 81(1))

+E(WT(£)S1(t) + L1 (24 + W1 (1))

+Li(eo(t) — (1))
Considering the Young’s inequality, we can get
ZT () La(eo(t) = éa(t)) < 0021 (1) Z1(2)

1 2 . 2
il - GO

15)

(16)

E
Z{ () Lrea < 6121 (1) Za (1) + :TA
1

where Jp and §; are all positive scalars, and €4 < €4 4.
Taking (14) and (17) into (16), we can get an inequality
Vi(t) < ZT (t)(Za(t) + DOWTT ()81 (T) +m + an)

T 1 2 . 2
+ 4023 (t)Zl(t)JrEHLlII llew(®) = @I )

2
€4,A
46,

For the above inequality, the virtual controller oy can be
cosntructed

ai(t) = —C1Z(t) — —nta:(Z:1(t))

To avoid taking the derivative of the above virtual controller,
the following low-pass filter is introduced as

Téél (t) + 541(t) = 1 (t)

where T' is a positive time contant.

+ 6.2 () Z1(t) +

DW{'(t)S1(t) (19)

(20)

Denote o(t) = a;(t) — ay(t), the above equation can be
rewritten
o(t)=-T"to(t) —ai(t).
Taking (19) and (20) into (18), we can get
Vi(t) < ZT(0)(Za(t) — C1 Za () + D(WT ()1 (T)
+71 mtac(Zi(t) + o(t)) + 6 Z{ (1) Z1(t) .
+an Ll lles(8) = () + 6121 (6) 20 (1) + 52
where WT(t) = WiT — WT.
By the Lemma 1, we can get
—nZi (tac(Z1(t))
+ZL (E(W](1)S1(t)) + L1P1 (1) <2
According to the Young’s inequality, we can obtain that
P

ZE0o(t) < 22EOZ(0) + 550" ol

21

(22)

(23)

(24)

where J, is a positive scalar.
Define Y2 =71 + 54 A
Then, taking (23) and (24) into (22), we can get

Vi(t) < Z1 (t)(Z2(t) — C1Za(t) + D(W{ ()S1(T))

1 .
+ 92 + 6021 (£) Z1(t) + EHM”ZHC@@) — ()]

5 1 2
A OA0 + goT(t)a(t) +6, 28 (4) 2, (t) ?25%4(;1“

Secondly, the derivative of Z5(t) can be obtained
Z(t) = &(t) — dn (1)
= Ly (WsT(t)Sa(t) + €5 + ult) + W)
+ LQUE(t) - &1(75).

(26)

Since €5, Ly ' Loug(t), ¥ and L '@y (t) are bounded, we
can obtain that

|(Wa(t) + &5 + Ly ' Loup(t) — Ly an (1)l L < v 27)
We can construct u(t)
ut) = =CaZs(t) — Z1(t) = W3 (8)S2(t) =4 (28)

Due to the event-triggering mechanism shuld be set on the
control channel, the event-triggering can be built

o(t) =u(ty), Vte [tk,tk+1)
—inf{t > tylle(t)] = 9 [o(t)| + m)

where e(t) = wu(t) — o(t) represents the measurement error
casued by event trigger, 0 < ¥ < 1, €,0,m are all positive
constants, and m > %.tk, k € zT, represents the moment
when the event is triggered.

That is when (22) be sparked while this moment marks as
tx, and the control signal u(tx1) of this moment can apply to
the system. In the gap between two event-triggered moments
t € [k, tx+1), the control signal u(ty) remains unchanged.

Denote I(t) = —WJ (£)Sa(t) — CoZy(t) — Zy (t) —

Y3(t).

(29)

th+1



Thus, u(t) can be rewritten

u(t) = —(1+ O)[i(1) tanh (W)
Zs(t)in ’ (30)
+ m tanh( 253 )

Triggering inerval between two events [tg, tx+1), (23) can
be obtained

lo(t) —u(t)| < 9 |o(t)| +m 31
u(t) = (1+ p1(t)9)o(t) + p2(t)m (32)
where |p1(t)] < 1 and |p2(¢)| < 1.
Then, we can obtain that
u(t) p2(t)m
t) = — 33
O =0 @0 T4 Gy
Consider the second Lyapunov function
1 1
Va(t) = §Z2T(t)Z2(t) t3 ;(%ﬂ —731)/%0 (34)
Then, substituting «(t) into (26) yields
Zg(t) = Ll(WQ*T(t)SQ(t) + €5
u(t) — p2(t)m . (35)
——+ VU L —aq(t
ETAOTEARS
Taking the derivative of V5(¢) yields
. t)my
Va(t) = ZE () (W™ (£) St ul) = palthm g
2(t) = Zy (1)(Wy™ (£)S2(t) + €5 + T 2)
B
+Z3 (t)(Ly ' Loug — Ly "G () + Y (3 — 73i)3si/%0
i=1
B
+ Z(%i - 73i)|ZzT(t)|
i=1
(36)
Due to A () € [—1,1], A\2(t) € [—1, 1], we can obtain
zZU < zZU
T+, ~ 1+9
p2(t)m m (37)
L+p ()9~ 1-9
According to Lemma 2, we can get
u(t)—pa(t)m
Z;(t)(#)

< Z3 (t)(=1(t) tanh(%il(t)) + m tanh(

< 0.557e3 4+ ZT (£)I(t)

Then, we can obtain

M
- Z%HZQTZ‘(U
=1

+ Z3 (t)(Va(t) +e5 + Ly Laup(t) —

B
< *ZV2¢|Z2Ti(t)| + Z’Y3i|ZzTi(t) =
=1 =1

Lita(t)  (39)

s}

Noting that o, /so + | ZZ ()| = 0, and substituting I(¢) into
(36), we can obtain
Va(t) < —Z3 ()CaZa(t) — Z3 (1) Z1 (1)
+ ZX ()WL (t)Sa(t) + 0.557¢e3.

IV. STABILITY ANALYSIS

(40)

Theorem I: For nonlinear second-order systems (4) and (5),
if the controller (28), virtual controller (19), and the adaptive
laws (28), (21), (46) and (47) are applied. Then, all signals in
the closed-loop system are bounded and the formation tracking
error will converge to a small range.

To prove the Theorem 1, we can consider V()

V() = Vi(t) + Va(t) + 507 (t)o (1)
n 2tr [Wl ‘1W1 (41)
1
+ 5tr [Wg W (t) ]
By(22)-(40), taking the derivative of V' (¢), we can get
V(t) =Vi(t) + Va(t) + o (t)o(t)
+ir[W (teg Wi ()] + tr[Wy (H)er "W (t)]

<—Z{(t) (01 - (522 +50+51) )Zl()

1
—Z¥(t)CaZs(t) + 0.557e3 + ﬁaT(ze)a(t)
2

+oT ()5 (t) + Z{ () DWY (8)S1(t) + Z3 ()W
—tr [WlT (t)eglﬁ/l (t)} — tr [WQT (t){-j;lﬁ/g(t)}

()52 (t)

1
+72 + EIILlellcu(t) — ()%
0
(42)
From (21), it follows that
ol (t)o(t) = =T Lo(t) — o (t)au (t)
B) 1
<070 (T = 1) o) + 55l O
(43)

where d, is a positive scalar.By the property of the
trace of a matrix, which has ZT (t)DW{ (t)Si(t) =
erWE(OS()ZED]  and  ZFOWF()Sa(t) =
(W (1) (1) 22 ().

Substituting (38) into (37), we can obtain

. 0

v <20 (e - (F+a+a)n) 20

— ZT ()02 Zy(t) + 0.557¢e3

~oT(0) (T - 5 - 51 ) (0
+ oo [WE(8)(S1(1) 2T (1)D — 5 Wa (1) |
+tr [ W (1) (S2(6) 28 (1) — 5 Wa (1)

1
KHL”'QHCU(t) - Cl(t)HQ
0
(44)

1
+*||a1()ll2+w+



We can get
Wi(t) = 2651 ()21 ()D — esE0 ()W () (45)
WQ(t) = E7SQ(ﬁ)Z2T(t) — E?EQ(t)WQ(t). (46)

So taking (45) and (46) into (44), the equation about W1
changes

o [WF @102 (10D - 511 (1)]
— tr [VV]T (t)an(t)}

(47)
i~ =~ >\max E1 *
< —pute [T (1)) + 22 E ey 2
231
where 0 < 1 < %gb) P1 =
()\min(El) - %,Ud)\max(al))- 5
By the same reasoning, we can build Ws.
From (44), we can get
. T 02
VI(t) < —Zy (t) (01 — (5 +do+ 61)12> Z1(t)
— Z¥(t)CyZ5(t) + 0.557¢3
1 )
_ T -1_ - 04
ST~ 5 = Ta(t)
— putr W (WA (8)] - atr [WF ()W (t)]
Ammx( ) 2 Am%x( ) 2
+ 2 ||W1()||F+ 21z W2 ()%
1 .
+ o5, lat ) + 72 + o HL1|| lew () = é ()11
< —agV + fi + 4750HL1|| lew(t) = o (O]
(48)

where (1 = laa(t)||?/262 + 2 + 0.557e3 +
)\max(El)HWI*( )H%‘/(Zu’l) + AmaX(EQ)”W;( )||F/(2/1“2>

(675} min{)\l,)\g,)\g,)\47)\5}, )\1 =
—/\min(C1 — ( /2 =+ (50 + (51) ),)\2 = /\mm( )
)\3 = —Amm(E (1/2 + 54/2) ) A4 = ¥1 and )\5
Denote ®;(t) = (1/(460))||L1|? HCW(P i (8)]12 and we
can define ®(t) = (1/(400))|[ L1 [ 275" lew(t) = o (0)]%
Then, inequality (48) can be rewritten as
V(t) < —aoV(t) + 1 + B(t). (49)

Then, we should prove the prerequisities before anlysis the
system stability.
Firstly, integrating (49) gives

& _ _—apt ! —ao(t—7) Ndr
(I—e )+/0 (e o(7))d

Qo

1

Qg

V(t) < e ™'V(0) +

= V() + B e et e

(50)

One has lim;_,oo ®(¢) = 0 and ®(¢) is uniformly bounded,

which means that there is a positive constant ®( such that

®(t) < Py. Denote a positive constant o > 0, there exists a
fixed time T > 0, such that 0 < ®(t) < w/4, Vt > Ty

Then, we can obtain that

V(t) — & < *O‘UtV(O) — &e*‘lot
o (%))
+ ety (e = — 1) (51)
+ %e—aot(eaot—eaoTW )
Found a time constant 7p which satisfies V¢ >
Tp > To. One obtains e *'V(0) <  w/4, | —
e~ By /ag] < w/4,e"tPy(ewT= — 1) < w/4,

and (1 — e @ ToNm/4 < w/4
Thus, (51) can be changed to V(t) < g—; + o, for the reason
lim; 0o o = 0 and lim; o, V() < B1/ .

We can easily get that from (6) and (8):
lzi(t) = cia(t) — 2O = HL 0ni(t)]  and
||Ui (t) — Civ (t) — Vg (t)H = HLl_lavz H It is easy to

get that the above equations are bounded.
Due to the introduction of event triggers, Zeno should be

prevented. From (23) we can obtain e(t) = u(t) — o(t), Vt €
[t tit1)-
Then, the derivitivate of e(t)
\ | = (e €)? = sign(e)é < |1 (52)

Since u is a continuous function, and the variables in the
function are all globally bounded. So there must be a constant
X which satisfies |&| < x. When e(t;) = 0 and , lifm e(t) =

—lr41

Ju, hence a positive constant ¢t* which satisfies t* > 197“ can
be found. Moreover, the Zeno phenomenon does not occur.
From all the analysis above, it is concluded that all closed-loop
signals of multi-agent systems are bounded. The containment-
formation control protocols and event-triggering mechanism
are designed.

V. SIMULATION

Consider multi-agent systems combining six followers and
two leaders. The mathematical models of followers can be
constructed

xl(t) =Gy * ’Ui(t) + qi(xi(t), t) + \Illi(f,) (53)
'Di (t) - G2 * Uy (t) + 8; (xz (t), Ui(t), t) + \Ifgi (t)
where ¢ = 5,6, Gi = 15 Go = 5, Uy(t)

and Wo,(t) represent the disturbances. Suppose Wy;(t) =
2 + 0.3sin(0.2t) + 0.2cos(2t) and Wy(t) = 2cos(0.2t).
And ¢;(z;(t),t) and s;(z;(t),v;(t),t) are the nonlinear
parts, we set them as ql(x,() t) = dicos(z;(t))?* and
si(wi(t),vi(t),t) = n;sin(x;v;)?. The constants d; and n; be-
long to [—1;1;1.5;2; —1.5; —2] and [2;0.3; 1.6 ; 0.6; 0.8; 0.4],

respectively.
The leaders are modeled as T =
sin(t)? +1 cos(t)® +0.6

-]

2sin(t)? +0.8 1.2cos(t)? +0.5



The follwer adjacency matrix is

SO = O =O
O =R O = OO
— O = O OO
O R O OO

L}

COrRrFPFOF o0 O RO

and the leader adjacency matrix is

SCorHrOoOFocOoOOR O

The desired containment-formation of followers are pre-

sented )
Coi = [0.8cos(t + Flm)]
Coi = |—0.8sin(t + S

The parameters could be chosen C; = 50, Cy = 50, T' =
0.001, eg = 0.01, e; = 0.01, =; = 0.005, 25 = 0.005,
vy =25 m=1m=2,9=0.5,e3 =0.5.

The simulation resluts are shown, Figs. 1-4 describe snap-
shots of the states of six followers and two leaders at t=0s,
t=5s, t=15s, and t=20s.

(54)

> > 05
5 « \
0 0 i
“ b
0 -0.5 4
2 3 4 5 6 0 5 10 15 2 25
X X
Fig. 1. 0s Fig. 2. 10s
L5 1
* i3
. 0.5
1 A
X 0 / )
> i . oy
05 05 /
s
-1 ;
0 nmmmmaest -15 -
0 10 20 30 40 50 “o 20 40 60 80
X X
Fig. 3. 15s Fig. 4. 20s

Figs. 5-8 are the diagrams of continuous controller, event-
triggered controller, and control moments shows that event-
triggered control effectively reduces the update frequency of
the controller.

VI. CONCULSIONS

This paper studied the containment-formation control
for second-order nonlinear multi-agent systems via event-
triggering. An adaptive neural network controller and a relative
threshold event-triggered mechanism based on control signals
have been designed to control multi-agent systems. In the
multi-agent systems, neural networks are used to approximate
unknown dynamics. In terms of stability, Lyapunov’s method
is adopted to prove it. Furthermore, it is demonstrated that
there is no Zeno phenomenon in the multi-agent systems.

event-triggering point

—U

05 ~rul
event-trigger
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Finally, simulation results are presented to validate the effec-
tiveness of the proposed formation control method.
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