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Abstract

As a primary contribution, we present a convergence theorem for stochastic iterations, and
in particular, Q-learning iterates, under a general, possibly non-Markovian, stochastic en-
vironment. Our conditions for convergence involve an ergodicity and a positivity criterion.
We provide a precise characterization on the limit of the iterates and conditions on the
environment and initializations for convergence. As our second contribution, we discuss the
implications and applications of this theorem to a variety of stochastic control problems
with non-Markovian environments involving (i) quantized approximations of fully observed
Markov Decision Processes (MDPs) with continuous spaces (where quantization break down
the Markovian structure), (ii) quantized approximations of belief-MDP reduced partially ob-
servable MDPS (POMDPs) with weak Feller continuity and a mild version of filter stability
(which requires the knowledge of the model by the controller), (iii) finite window approxi-
mations of POMDPs under a uniform controlled filter stability (which does not require the
knowledge of the model), and (iv) for multi-agent models where convergence of learning
dynamics to a new class of equilibria, subjective Q-learning equilibria, will be studied. In
addition to the convergence theorem, some implications of the theorem above are new to
the literature and others are interpreted as applications of the convergence theorem. Some
open problems are noted.

1 Introduction

In some stochastic control problems, one does not know the true transition kernel or the cost function, and
may wish to use past data to obtain an asymptotically optimal solution (that is, via learning from past data).
In some problems, this may be used as a numerical method to obtain approximately optimal solutions.

Yet, in many problems including most of those in health, applied and social sciences and financial mathe-
matics, one may not even know whether the problem studied is a fully observed Markov Decision Process
(MDP), or a partially observable Markov Decision Process (POMDP) or a multi-agent system where other
agents are present or not. There are many practical settings where one indeed works with data and does
not know the possibly very complex structure under which the data is generated and tries to respond to the
environment.

A common practical and reasonable response is to view the system as an MDP, with a perceived state and
action (which may or may not define a genuine controlled Markov chain and therefore, the MDP assumption
may not hold in actuality), and arrive at corresponding solutions via some learning algorithm.

The question then becomes two-fold: (i) Does such an algorithm converge? (ii) If it does, what does the
limit mean for each of the following models: MDPs, POMDPs, and multi-agent models?

Contributions. We answer the two questions noted above in the paper:

The answer to the first question will follow from a general convergence result, stated in Theorem below.
The result will require an ergodicity condition and a positivity condition, which will be specified and will
need to be ensured depending on the specifics of the problem in various forms and initialization conditions.
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While our approach builds on [Kara & Yiksel (2022b)), the generality considered in this paper requires us to
precisely present conditions on ergodicity and positivity, which will be important in applications.

The second question will entail further regularity and assumptions depending on the particular (hidden)
information structure considered, whose implications under several practical and common settings will be
presented. Some of these have not been reported elsewhere and some will build on prior work though with a
unified lens: We will first study fully observed MDPs with continuous spaces, then POMDPs with continuous
spaces, and finally decentralized stochastic (or multi-agent) control problems: (i) We first show that under
weak continuity conditions and a technical ergodicity condition, Q-learning can be applied to fully observable
MDPs for near optimal performance under discounted cost criteria. (ii) For POMDPs, we show that under
a uniform controlled filter stability, finite memory policies can be used to arrive at near optimality, and with
only asymptotic filter stability quantization can be used to arrive at near optimality, under a mild unique
ergodicity condition (which entails the mild asymptotic filter stability condition) and weak Feller continuity
of the non-linear filter dynamics. We note that the quantized approximations, for both MDPs and belief-
MDPs, raise mathematical questions on unique ergodicity and the initialization, which are also addressed
in the paper. (iii) For decentralized stochastic control problems and multi-agent systems, under a variety of
information structures with strictly local information or partial global information, we show that Q-learning
can be used to arrive at equilibria, even though this may be a subjective one.

We thus study reinforcement learning in stochastic control under a variety of models and information struc-
tures. The general theme is that reinforcement learning can be applied to a large class of models under a
variety of performance criteria, provided that certain regularity conditions apply for the associated kernels.

Our Q-learning convergence theorem under non-Markovian settings builds on [Kara & Yiiksel (2022b)), how-
ever with generalizations and technical specifications in view of the generality presented in this paper. We
note that similar studies have been studied in the literature starting with [Singh et al.| (1994), and including
the recent studies |Chandak et al.| (2022) and Dong et al.| (2022)), to be discussed further below.

1.1 Convergence Notions for Probability Measures

For the analysis of the technical results, we will use different convergence and distance notions for probability
measures.

Two important notions of convergences for sequences of probability measures are weak convergence, and
convergence under total variation. For some N € N a sequence {pn,n € N} in P(X) is said to converge
to p € P(X) weakly if [, c(x)pn(dz) — [; c(x)pu(dx) for every continuous and bounded ¢ : X — R. One
important property of weak convergence is that the space of probability measures on a complete, separable,
and metric (Polish) space endowed with the topology of weak convergence is itself complete, separable, and
metric (Parthasarathy}, [1967). One such metric is the bounded Lipschitz metric (Villani, [2008, p.109), which
is defined for p, v € P(X) as

punlnv)i= sw | [ fau— [ g (1)

Ifllzr <1
where
[fllsL = [Ifllec +sup
7Y

and || fllec = sup,ex | ()]

We next introduce the first order Wasserstein metric. The Wasserstein metric of order 1 for two distributions
w,v € P(X) is defined as

Wi(p,v) = inf / n(dz, dy)|z — yl,
nEH(1,v) JXxX
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where H(u, ) denotes the set of probability measures on X x X with first marginal ;4 and second marginal
v. Furthermore, using the dual representation of the first order Wasserstein metric, we equivalently have

Wi (,uv V) = sup
Lip(f)<1

[ t@ntan) - [ rwpian)

where Lip(f) is the minimal Lipschitz constant of f.

A sequence {1, } is said to converge in Wy to p € P(RN) if Wy (i, ) — 0. For compact X, the Wasserstein
distance of order 1 metrizes the weak topology on the set of probability measures on X (see (Villanil 2008,
Theorem 6.9)). For non-compact X convergence in the W metric implies weak convergence (in particular
this metric bounds from above the Bounded-Lipschitz metric (Villani, 2008, p.109), which metrizes the weak
convergence).

For probability measures pu, v € P(X), the total variation metric is given by

lpw—vlry =2 sup [u(B)—v(B)|= sup
BeB(X) Fillfllo <1

[ t@tdo) - [ saian).

where the supremum is taken over all measurable real f such that || f|lc = sup,ex |f(z)] < 1. A sequence
n is said to converge in total variation to p € P(X) if || — pl|7v — 0.

2 A Q-Learning Convergence Theorem under Non-Markovian Environments

Q-learning under non-Markovian settings have been studied recently in a few publications. Prior to such
recent studies, we note that Singh et al.| (1994) showed the convergence of Q-learning for POMDPs with
measurements viewed as state variables under certain conditions involving unique ergodicity of the hidden
state process under the exploration. However, what the results mean was not studied.

Recently, [Kara & Yiksel (2022b]) showed the convergence of Q-learning with finite window measurements
and showed near optimality of the resulting limit under filter stability conditions. In the following, we will
adapt the proof method in [Kara & Yiiksel (2022b) to the setup where the environment is an ergodic process
but also generalize the class of problems for which the limit of the iterates can be shown to imply near
optimality (for POMDPS) or near-equilibrium (for stochastic games).

The convergence result will serve complement to two highly related recent studies: |Dong et al.| (2022) and
Chandak et al.| (2022), but with both different contexts and interpretations as well as mathematical analysis.

Dong et al.| (2022]) presents a general paradigm of reinforcement learning under complex environments where
an agent responds with the environment. A regret framework is considered, where the regret comparison is
with regard to policies from a possibly suboptimal collection of policies. The variables are assumed to be
finite, even though an infinite past dependence is allowed. The distortion measure for approximation is a
uniform error among all past histories which are compatible with the presumed state. A uniform convergence
result for the convergence of time averages is implicitly imposed in the paper. |(Chandak et al.[(2022) considers
the convergence of Q-learning under non-Markovian environments where the cost function structure is aligned
with the paradigm in [Dong et al|(2022). The setup in |Chandak et al. (2022 assumes that the realized cost
is a measurable function of the assumed finite state, a finite-space valued observable realization and the finite
action; furthermore a continuity and measurability condition for the infinite dimensional observable process
history is imposed which may be restrictive given the infinite dimensional history process and subtleties
involved for such conditioning operations, e.g. in the theory of non-linear filtering processes |Chigansky &
Handel (2010). (Chandak et al. (2022) pursues an ODE method for the convergence analysis (which was
pioneered in Borkar & Meyn| (2000)).

Regarding the comment on the infinite past dependence, the approximations in both Dong et al.| (2022])
and |Chandak et al| (2022) require a worst case error in a sample-path sense, which, for example, is too
restrictive for POMDPs, as we have studied in |Kara & Yiiksel| (2022b)) and [Kara & Ytksel| (2022a), in view
of the term L; defined below in . Notably, for such problems, filter stability only provides guarantees



Under review as submission to TMLR

in expectation and when sample path results are presented, these typically only involve asymptotic merging
and not uniform merging.

In our setup, there is an underlying model and the true incurred costs admit exogenous uncertainty which
impacts the incurred costs and the considered hidden or observable random variables may be uncountable
space valued. We adopt the general and concise stochastic proof method presented in Kara & Yiksel (2022b)
(and [Kara et al.| (2023))), tailored to ergodic non-Markovian dynamics, to allow for convergence to a limit.
The generality of our setup requires us to precisely present conditions for convergence.

Let {C;}+ be R-valued, {S;}: be S-valued and {U;}; be U-valued three stochastic processes. Consider the
following iteration defined for each (s,u) € S x U pair

Qrr1(s,u) = (1 = as(s, ) Qi(s, u) + ar(s,u) (Cr + BVi(Siy1)) (2)

where Vi(s) = min,ecy Q+(s, u), and oy(s,u) is a sequence of constants also called the learning rates. We
assume that the process Uy is selected so that the following conditions hold. An umbrella sufficient condition
is the following:

Assumption 2.1. S, U are finite sets, and the joint process (Si+1,St, Ut, Ct) is asymptotically ergodic in
the sense that for the given initialization random variable Sy, for any measurable function f, we have that
with probability one,

N-1

% f(St+1vst7 Utact) — /f(sl,s,u,c)ﬂ(dsl,d&du,dc)

t=
for some measure w such that w(B) > 0 for any measurable B C S xS x U x R.
The above implies Assumption ii)-(iii) below:
Assumption 2.2. i. ag(s,u) =0 unless (S, Up) = (s,u). Furthermore,
_ 1
1+ ZZ:O 1{5k:S,Uk:u}

a(s,u)
and with probability 1, 3, oy (s,u) = 0o
7. For Cy, we have

t
Zk:o Ckl{sk:S,Uk:u}
t
Zk:o I{Sk:s,Uk:u}

= C%(s,u),

almost surely for some C*.
ii. For the S; process, we have, for any function f,

S im0 £ Sk )1 (8,50 —u)
t
Zk}:o 1{Sk:S,Uk:u}

— / f(s1)P*(ds1|s,u)

almost surely for some P*.

Note that a stationary assumption is not required. — Under Assumption we have that with
f(St+1; St, Ut, Ct) = Ctl{St:s,Utzu}

N-1
1
-— Ct]-{Sf,:s,Ut:u} — CW(S = S, U = u, dC)
N = Cer

We also have that with f(Siy1,51,Us, Cr) = 1{g,=s,U,=u}

N-1

Z 1{St:s,Ut:u} — W(S =s5U= u)
t=0

1
N
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Hence, we can write

1 t
1 2ok=0 Crlis,=s,Ux=u}

LS %/CW(dCIS:s,U:u) =: C*(s,u)
t+1 > k=0 1{8=s,Un=u}

which implies Assumption (ii). Similarly, one can also establish Assumption (iii) under Assumption

21
As before, let S, U be finite sets. Consider the following equation
Q*(s,u) =C*"(s,u)+ 3 Z V*(s1)P*(s1]s,u) (3)
51€S

for some functions Q*, C*, to be defined explicitly, and for some regular conditional probability distribution
P*(:|s,u), where V*(u) := min, Q*(s, u).

Theorem 2.1. Under Assumption Q1(s,u) = Q*(s,u) almost surely for each (s,u) € S x U pair where
Q* satisfies (@

Proof. We adapt the proof method presented in (Kara & Yiiksel, |2022b, Theorem 4.1), where instead of
positive Harris recurrence, we build on ergodicity. We first prove that the process (¢, determined by the
algorithm in , converges almost surely to @Q*. We define

Ai(s,u) = Qe(s,u) — Q" (s,u)
Fi(s,u) := Cy + BVi(Sty1) — Q7 (s, u)
Fy(s,u) = C*(s,u) + B Y _Vi(s1))P*(s1]s,u) — Q*(s, u),

I

where V;(s) = min, Q. (s, u).

Then, we can write the following iteration
Ari1(s,u) = (1 — (s, u)) Ar(s,u) + (s, u) Fi(s, u).
Now, we write A; = é; + w; such that

Si1(s,u) = (1 — ay(s,u))0(s,u) + oy (s, u) Fy(s, 1)

wep1(s,u) = (1 — ap(s,w))we (s, u) + ar(s,u)ri(s, u)

where 7 == F, — F; = BV;(S41) — B, Vi(s1)P*(s1]s,u) + Cp — C*(s,u). Next, we define

ri(s,u) = BV*(S1) — BZ V*(s1)P*(s1]s,u) + Cr — C* (s, u)

We further separate w; = u; + v such that
w1 (s, 1) = (1 — ag(s,u))ue(s, u) + ai(s, u)e(s, u)
ver1(s,u) = (1 — au(s,w))ve(s, u) + ae(s, u)r; (s, u)

where e; =7 — 7}

We now show that v:(s,u) — 0 almost surely for all (s,u). We have
ver1(8,u) = (1 — az(s,u))ve(s,u) + ae(s, u)ry (s, u).

When the learning rates are chosen such that a;(s,u) = 0 unless (S, U) = (s, u), and,

1
= 3
14> ko Lisp=s,Uk=u}

ay(s,u)
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this term reduces to

Zk: OTk:(S u)]]-{Sk s,,Ux=u} +UO(S u)
1+Zk O]l{sk =s,Up=u}

Ve (s, u) =

Recall that

Te(s,u) = BV (Sk+1) 52‘/* (s1)P*(s1]s,u) + Cr — C*(s,u).

Hence, it is a direct implication of Assumption that vy(s,u) — 0 almost surely for all (s, u).

Now, we go back to the iterations:

A

Or1(s,u) = (1 — ap(s,w))de(s,u) + o (s, u) Fi (s, u)
w1 (s, u) = (1 — ag(s,u))up(s,u) + ap(s, u)e(s, u)

ver1(s,u) = (1 — au(s, u))ve(s, u) + as (s, u)r; (s,

£

Note that, we want to show A; = §; +u; + v, — 0 almost surely and we have that v;(s,u) — 0 almost surely
for all (s,u). The following analysis holds for any path that belongs to the probability one event in which
ve(s,u) — 0. For any such path and for any given € > 0, we can find an N < oo such that |[v:||c < € for all
t > N as (s,u) takes values from a finite set.

We now consider the term &; + u; for ¢t > N:
(Brg1 4 ue1)(s,u) = (1 — oy (s,u)) (0 + ur) (s, u) + ar(s,u) (Fr + eq)(s, u). (4)
Observe that for t > N,
(B +e)(s,u) = (Fy = r{)(s,u) = BVi(Sir1) = BV (Ser1) < Bmax|Qu(s,u) — Q" (s, u)| = Bl Atle
< Blloe + utlloc + Be

where the last step follows from the fact that v — 0 almost surely. By choosing C' < oo such that
B :=p6(C+1)/C <1, for ||, + u;|lcc > Ce, we can write that

B8+ w + elloo < Bl + oo
Now we rewrite ({4

(Br1 +uign)(s,w) = (1= ag(s,u)) (8 + up) (s, 1) + (s, u) (Fy + e0) (s, u)
< (1= (s, u)) (8 + ue) (5, ) + cp(s,u) 816, + ]| ()
< 10¢ 4 el oo

Hence max, ,,((04+1 + wi+1)(s, w)) monotonically decreases for ||6; + u¢l|oc > Ce and hence there are two
possibilities: it either gets below Ce or it never gets below Ce in which case by the monotone non-decreasing
property it will converge to some number, say M; with M; > Ce.

First, we show that once the process hits below Ce, it always stays there. Suppose ||0; + ut|loo < Ce,

)
£
4
8

@
£
=
E
+
£

g
+
N

(0441 + wg1) (s, 1)
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To show that M; > Ce, is not possible, we start by , we have that for all (s, u)

|(Bk1 + wnga) (s, w)| < (1= (s, w)) | (S5 +ur) (s, w)] + (s, w) Bl 6k + k|

One can iteratively show that the limit of these iterations are bounded by the limit of the following:
|Gt + ) (s, u)| = (1= (s, w)) | (8 + ure) (5, w)] + (s, w)B]| 6k + w|oo (6)

Assume that the sequence ||0; + uk||oo is bounded by some constant K. The following iterates
|t + tprn) (s, u)| = (1 — o (s, 1)) |3k + ur) (s, u)| + o (s, u) BKo

will converge to the value BKO for any initial point and starting from any time instance ¢. This follows since
the learning rates are assumed to be linear, and under the linear rates, the iterates will be the averages of
the constant AK,. Furthermore, average of any finitely many sample will not change the average of the
infinite sequence. Hence, the sequence ||0x + uk||c Will eventually become smaller than BKy + 6 for any
arbitrarily small . Similarly, once the sequence is bounded by some K; := BKO + 4, they will essentiall
get smaller than 3K 1+ 6 for any § > 0. Repeating the same argument, one can see that the iterates in (EB
will essentially hit below Ce.

This shows that the condition ||d;+u¢|lc > Ce cannot be sustained indefinitely for some fixed C' (independent
of €). Hence, (0; +u;) process converges to some value below Ce for any path that belongs to the probability
one set. Then, we can write ||J; + ut||oo < Ce for large enough ¢. Since € > 0 is arbitrary, taking ¢ — 0, we
can conclude that A; = §; + uy + v; — 0 almost surely.

Therefore, the process )¢, determined by the algorithm in 7 converges almost surely to Q*. O

2.1 An Example: Machine Replacement with non i.i.d. Noise

In this section we study the implications of the previous result on a machine replacement problem where the
state process is not controlled Markov.

In this model, we have X, U, W = {0, 1} with

0 machine is not working at time t .

1  machine is working at time t 1 machine is being repaired at time t
Ty = =
i 0 machine is not being repaired at time t .

We assume that the noise variable w; is not i.i.d. but is a Markov process with transition kernel
Pr(wiyr = 0lwy =0) =0.9, Pr(wiq =0wy=1) =04
Give the noise, we have the dynamics zx11 = f(x, uk, wy) for the controlled state process
r1=0ifz=0,u=0,w=0, r1=0ifz=0u=0,w=1
r1=1ifz=0u=1,w=0, r1=0ifz=0u=1L,w=1
ry=1ifz=1u=0,w=0, z1=0ifz=1Lu=0w=1

r1=1ifz=1Lu=1w=0, r1=0ifz=1Lu=1Lw=1

In words, if the noise w = 1 then the machine breaks down at the next time step independent of the repair
or the state of the machine. If the noise is not present, i.e. w = 0 then the machine is fixed if we decide to
repair it, but stays broken if it was broken at the last step and we did not repair it.

The one stage cost function is given by

R+FE z=0,u=1

E z=0,u=0

c(z,u) = 0 B B
r=1u=

R r=1u=
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where R is the cost of repair and F is the cost incurred by a broken machine.

We study the example with discount factor 8 = 0.7, and R = 1, F = 1.5. For the exploration policy, we use
a random policy such that Pr(y(z) =0) = £ and Pr(y(z) =1) = 3 for all z.

Note that the state process x; is no longer a controlled Markov chain. However, we can check that Assumption
[2:2|holds and that we can apply Theorem [2.1] to show that Q learning algorithm will converge. In particular,
one can show that the joint process (z,w;) forms a Markov chain under the exploration policy, and admits
a stationary distribution, say 7 such that

m(e=0,w=0)=0145 w(z=0,w=1)=0127, m(z=1w=0)=0654, n(z=1w=1)=0.0728.

Hence, the Q learning algorithm constructed using s; = x; will converge to the Q values of an MDP with
the following transition probabilities:

Zw l{slzf(s,u,w)}ﬂ(sv u, ’LU)
> (s, u, w)

where 7(s, u,w) = $m(s, w) for the exploration policy we use.

P*(s1]s,u) =

(7)

In Figure [} on the left we plot the learned value functions for the non-Markov state process when we take
st = x¢. The plot on the right represents the learned value function when we simulate the environment as
an MDP with the transition kernel P* given in . One can see that they converge to the same values as
expected from the theoretical arguments.

Value at s=0 for Markov state Value at s=0 for non Markov state
40 40
35 35
30 3.0
25 25
[h) [h)
2 201 =2 20
= =
1.5 15 4
101 101
0.5 A 0.5 A
0o 0o
T T T T T T T T T T T T
0 2000 4000 B000 8000 10000 ] 2000 4000 B000 8000 10000
Number of iterations Number of iterations

Figure 1: Q value convergence for non Markov and Markov state.

A further note is that since the state process is not Markov, the learned policies are not optimal. In particular,
the Q leaning algorithm with s; = x; learns the policy

71(1) =0, 7(0)=1.
Via simulation, the value of this policy can be found to be around 1.66.

However, one can also construct the Q learning with s; = (a¢, x4—1) (which is still not a Markovian state,
however). The learned policy in this case is

72(8) = 0 o.w.

{1ifs:(0,0)

The value of this policy can be simulated to be around 1.59, and thus performs better than the policy for
the state variable s; = x;.

In the following, we will discuss a number of applications, together with conditions under which the limit of
the iterates are near-optimal.
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3 Implications and Applications under Various Information Structures

In this section, we study the implications and applications of the convergence result in Theorem 2.1} some
of the applications and refinements are new and some are from recent results viewed in a unified lens.

We first start with a brief review involving Markov Decision Processes. Consider the model z;11 =
f(z¢, us, w), where z; is an X-valued state variable, u; a U-valued control action variable, w; a W-valued
i.i.d noise process, and f a function, where X, U, W are appropriate spaces, defined on some probability space
(Q,F,P). By, e.g. (Gihman & Skorohod} 2012, Lemma 1.2), the model above contains processes satisfying
the following for all Borel B and t > 0

P(x441 € Bz = a9, v, = bo,g) = P(Te41 € Bloy = ay, up = by) =: T (Blay, by) (8)

where 7 (-|z,u) is a stochastic kernel from X x U to X. Here, x4 := {xo,21,-- ,7¢}. A stochastic process
which satisfies is called a controlled Markov chain. Let the control actions u; be generated via a control
policy v = {v,t > 0} with u; = v;(I;), where I, is the information available to the Decision Maker (DM) or
controller at time ¢. If I; = {xg,- -+ ,x¢;ug, -+ ,us—1}, we have a fully observed system and an optimization
problem is referred to as a Markov Decision Process (MDP). As an optimization criterion, given a cost
function ¢ : X x U — Ry, one may consider Jg(z,7) = EY[> oo, Ble(zt, up)], for some 8 € (0,1) and z¢ = .
This is called a discounted infinite-horizon optimal control problem |Bertsekas| (1976)).

If the DM has only access to noisy measurements y; = g(x¢,v¢), with v; being another i.i.d. noise, and
I = {yo, - ,Ys;u0, -+ ,ut—1}, we then have a Partially Observable Markov Decision Process (POMDP).
We let O(y; € -|x; = x) denote the transition kernel for the measurement variables. We will assume that ¢
is continuous and bounded, though the boundedness can be relaxed.

We assume in the following that X is a compact subset of a Polish space and that Y is finite. We assume
that U is a compact set. However, without any loss, but building on (Saldi et al., 2018, Chapter 3), under
weak Feller continuity conditions (i.e., E[f(x1)|xo = x,up = u] is continuous in (x,u) € X x U for every
bounded continuous f), we can approximate U with a finite set with an arbitrarily small performance loss.
Accordingly, we will assume that this set is finite.

The same applies when a POMDP is reduced to a belief-MDP and the belief-MDP is weak Feller: POMDPs
can be reduced to a completely observable Markov process [Yushkevich| (1976)); [Rhenius (1974)), whose states
are the posterior state distributions or beliefs: m(-) := P{X; € -|Yy,...,Y:, Uy, ..., Us—1} € P(X), where
P(X) is the set of probability measures on X. We call 7, the filter process, whose transition probability can
be constructed via a Bayesian update. With F(m, u,y) := P{X¢41 € - |m = m,ur = u,yr4+1 = y}, and the
stochastic kernel O(-|m,u) = P{ys41 € -|m = m,uy = u}, we can write a transition kernel, n, for the belief
process [J43]:

n(-Im) = / L Pranye - O(dylm, ). (9)

The equivalent cost function is
é(mey ug) = / c(x, ug)me(de).
X

Thus, the filter process defines a beliefMDP. 7 is a weak Feller kernel if (a) If 7 is weakly continuous and
the measurement kernel O(y; € -|x; = x) is total variation continuous Feinberg et al| (2016]), or (b) if the
kernel T is total variation continuous (with no assumptions on O) [Kara et al.| (2019)).

We will also consider multi-agent models, to be discussed further below.
Recall which is the limit of the Q iterates if they converge:
Q*(s,u) = C*(s,u) + 8 Z V*(s1)P*(s1]s,u).
s1E€S

We note that these @ values correspond to an MDP model with state space S, the action space U, the
stage-wise cost function is C* (s, u) and the transition function is P*(sy|s,u). Hence, the policies constructed
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using these Q@ values are optimal for the corresponding MDP. In the following, we will present some bounds
in terms of how ‘close’ the original control model, and the approximate MDP model the limit Q values
correspond to.

3.1 Finite MDPs

Consider a finite MDP where the state process x; takes values in some finite set X, the control action process
u; takes values in some finite set U. The dynamics for the state process is governed by the following

Ty1 P*('lxtuut)
and at each time ¢, the controller receives a stage-wise cost

c(xy, ug).

It is clear that Assumption and Theorem apply with Cy := ¢(x¢,ut), and Sy = x;. Furthermore,
one can show that the limit Q* is the optimal @Q values of the system. This, of course, is a standard result
Watkins & Dayan| (1992]); Tsitsiklis (1994); Baker| (1997)); [Szepesvari & Littman| (1999); [Szepesvaril (2010);
Bertsekas & Tsitsiklis| (1996).

3.2 Quantized Q-Learning for Weakly Continuous MDPs with General Spaces

In this section, we assume that X is a compact subset of a Polish space and that Y and U are finite sets.

Consider a controlled Markov chain X; whose dynamics are determined by
KXig1 ~ T('|xt7ut)-

Furthermore, let C; := ¢(X¢, Uy) take values from a bounded set. The controller observes the cost realizations
and some noisy version of the hidden state variable. In particular, we assume that the controller observes
the measurement process Y; as

Y = g(Xe, Vi) (10)
for some measurable function g and for some i.i.d. noise process V.

In the following, we let the measurement structure be so that it corresponds to a quantization of the state
variable X;: We discretize continuous MDPs, where the state space X is quantized such that for disjoint
{B;}M, with UM, B; = X, we define a finite set S = {y1,..., ¥} and write

yi = g(z), if x € B;.

We take Si = g(Xk) = Yi. Therefore, the problem can be seen as a POMDP and thus an adaptation of
Assumptionwill guarantee the convergence of the iterations in . In particular, we present the following
assumption that implies Assumption in the context of quantized MDPs.

Assumption 3.1. Under the exploration policy v and initialization, the controlled state and control action
joint process { X, Ui} is asymptotically ergodic in the sense that for any measurable function f we have that

f(Xt,Ut)z/f(w,u)ﬂ'y(dx,du)

t=0

for some ¥ € P(X x U) such that #7(B) > 0 for any B C X x U.

We note that a sufficient condition for the ergodicity assumption, for every initialization of Xy, would be
positive Harris recurrence under the exploration policy.

The limit Q values correspond to an approximate control model (see Kara et al.| (2023))). For near optimality
of the learned polices (Kara et al., 2023, Corollary12) notes the following:

10
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Assumption 3.2. (a) X is compact.

(b) There exists a constant o, > 0 such that |c(z,u) — c(z',u)| < acl|lz — 2| for all z,2’ € X and for
allueU.

(c) There exists a constant ap > 0 such that W1 (T (‘|z,uw), T (-|z', u)) < ar||lz—2'|| for allz,2’ € X and
for allu € U.

Theorem 3.1. (Kara et all |2025, Corollary 12) Under Assumption (i) and Assumption with
Sk = 9(Xk) = Yy, the Qy iterates converges to a limit. Furthermore:

(a) Let Assumption hold . Then, for the policy constructed from the limit Q) values, say 7, we have

. " 20 =
i, Voo ) = T30l < T30~ far)

zo€EX

where

L:= max sup |z—2|.
i=1,...,M z,x' €B;

(b) For asymptotic convergence (without a rate of convergence) to optimality as the quantization rate
goes to oo, only weak Feller property of T is sufficient for the the algorithm to be near optimal.

Remark 3.1. Further error bounds under different set of assumptions, such as for systems with non-compact
state space X and non-uniform quantization and models with total variation continuous transition kernels
can be found in|Kara et al| (2023). Q-learning for average cost problems involving continuous space models
has recently been studied in|Kara & Yiksel (2023).

3.3 Finite Window Memory POMDP with Uniform Geometric Controlled Filter Stability

We now assume that X is a compact subset of a Polish space and that Y and U are finite sets.

Suppose that the controller keeps a finite window of the most recent N observation and control action
variables, and perceives this as the state variable, which is in general non-Markovian. That is we take

St = Y-~ Up—np—11}
and Cy := (X, Uy).

In this case, the pair (S, X, U;) forms a controlled Markov chain, even if (S, U;) does not. Under As-
sumption [2.1} it can be shown that Assumption holds. We state the ergodicity assumption formally
next.

Assumption 3.3. (i) Under the exploration policy v and initialization, and the controlled state and
control action joint process {X¢, Uz} is asymptotically ergodic in the sense that for any measurable
function f we have that

N-1
1
lim

N—oco N —

£ U = [ Fla,u) (de, du)
for some 7 € P(X x U). Furthermore, we have that P(Y; = y|x) > 0 for every x € X.

(ii) Assumption (z) holds with Sy = {Y—n ., Up—nt—1]}-

We note that a sufficient condition for the ergodicity assumption, for every initialization of Xy, would be
positive Harris recurrence under the exploration policy.

The question then is if the limit Q values correspond to a meaningful control problem, and how ‘close’ this
control problem to the original POMDP. We denote by Jz(my,T,v") the value of the partially observed

11
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control problem when the initial prior measure of the hidden state Xy at time N is given by 7, and when
we use finite window control policy. In particular, the costs are incurred after the N-measurements are
collected. (Kara & Yiiksel, 2022b, Theorem 4.1) shows that the limit Q values indeed correspond to an
approximate control problem, and notes the following bound on the optimality gap for the finite window
control policies:

Theorem 3.2. (Kara & Yiiksel, |2022b, Theorem 4.1) Under Assumptz'on the iterations in @) converges
with St = {Yyi—n .4, Up—n—11} and Cy := c(Xy, Uy). Furthermore, if we denote the policies constructed using
these Q values by YN, and apply in the original problem, we get the following error bound:

E [Js(m. ToAN) = Ty, THIY] < (21||C_||§) S B,
t=0

where I is the first N observation and control variables, and the expectation is taken with respect to
different realizations of I under the initial distribution of the hidden state my and the exploration policy 7.
Furthermore,

v = P(Xy € 1))
and
Ly := sup EZO‘ [HPW; (Xt4N € Y pan), Uppan—1]) — P™ (Xpsn € Wit n) Ut e v—1)) v (11)
yel’
and T* is the invariant measure on x; under the exploration policy .

Remark 3.2. The term L; is related to the filter stability problem, and some bounds for it can be found in
(Kara & Yiiksel, (20220, Section 5), notably building on|McDonald & Yiiksel (2020).

3.4 Quantized Approximations for Weak Feller POMDPs with only Asymptotic Filter Stability

As noted earlier, any POMDP can be reduced to a completely observable Markov process (Yushkevich|(1976),
Rhenius (1974)) (see (9)), whose states are the posterior state distributions or beliefs of the observer; that
is, the state at time ¢ is

Trt(') = P{Xt S '|y07"'7ytau07"'7ut—1} GP(X)

We call this conditional probability measure process the filter process.

Recall the kernel 7 @D for the filter process. Now, by combining the quantized Q-learning above and the
weak Feller continuity results for the non-linear filter kernel (Feinberg et al.| (2016)) [Kara et al.| (2019)), we
can conclude that the setup in Section [3.2] is applicable though with a significantly more tedious analysis
involving ergodicity requirements. Additionally, one needs to quantize probability measures. Accordingly,
we take S; = g(m) for some quantizer g : P(X) — P(X)M =: {By, By, -+, Bjpixym| } with [P(X)M] < oo,
and C; 1= (X, Uy).

We state the ergodicity condition formally:

Assumption 3.4. Under the exploration policy v and initialization, the controlled belief state and control
action joint process {m, Uz} is asymptotically uniquely ergodic in the sense that for any measurable function
f we have that

N —oc0

. 1 N-1 ,
i,y 3 Jw0) = [ s an

for some nY € P(P(X) x U) such that n7(B) > 0 for any quantization bin B C P(X).

The condition that n7(B) > 0 requires an analysis tailored for each problem. For example, if the quantization
is performed as in Kara & Yiiksel (2022a)) by clustering bins based on a finite past window, then the condition

12
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is satisfied by requiring that P(Y; = y|z) > 0 for every « € X. If the clustering is done, e.g. by quantization
of the probability measures via first quantizing X and then quantizing the probability measures on the finite
set (see (Saldi et all 2020, Section 5)), then the initialization could be done according to the invariant
probability measure corresponding to the hidden Markov source.

Unique ergodicity of the dynamics follows from results in the literature, such as, (Masi & Stettner, 2005,
Theorem 2) and (van Handel, 2009, Prop 2.1), which holds when the randomized control is memoryless
under mild conditions on the process notably, the hidden variable is a uniquely ergodic Markov chain and
the measurement structure satisfies filter stability in total variation in expectation (one can show that weak
merging in expectation also suffices); we refer the reader to (McDonald & Yiiksel, [2022, Figure 1) for mild
conditions leading to filter stability in this sense, which is related to stochastic observability (McDonald &
Yiiksel, 2022, Definition II.1). Notably, a uniform and geometric controlled filter stability is not required
even though this would be sufficient. Therefore, due to the weak Feller property of controlled non-linear
filters, we can apply the Q-learning algorithm to also belief-based models to arrive at near optimal control
policies. Nonetheless, since positive Harris recurrence cannot typically be assumed for the filter process, the
initial state may not be arbitrary. If the invariant measure under the exploration policy is the initial state,
(van Handel, 2009, Prop 2.1) implies that the time averages will converge as imposed in Assumption A
sufficient condition for unique ergodicity then is the following.

Assumption 3.5. Under the exploration policy ~y the hidden process {X:} is uniquely ergodic and the
measurements are so that the filter is stable in expectation under weak convergence.

Assumption 3.6. The controlled transition kernel for the belief process n(-|m,w) is Lipschitz continuous
under the metric ppr such that

per (12, u),n(-[2' u) < arlz — 2|
for all u, and z,2" € P(X) for some ar < oo for a proper norm on P(X).

The following result from (Kara & Yiiksel, |2022a;, Theorem 7) provides a set of assumptions on the partially
observed model to guarantee Assumption when P(X) is equipped with the weak convergence metrizing
ppL or the total variation metric || - [[7y. We introduce the following notation before the result:

Definition 3.1. (Dobrushin, |1956, Equation 1.16) For a kernel operator K : S1 — P(S2) (that is a regular
conditional probability from S1 to Ss) for standard Borel spaces S1,Ss, we define the Dobrushin coefficient
as:

§(K) = inf Z min(K (z, 4;), K (y, A;)) (12)

where the infimum is over all z,y € S1 and all partitions {A;}7_, of Sa.

We note that this definition holds for continuous or finite/countable spaces S; and Sy and 0 < §(K) < 1 for
any kernel operator.

Let
5(T) := inf §(T(-|-,u)).

u€elU

Theorem 3.3. (Kara & Yiiksel, |2022d, Theorem 7)

i. Assume that
1T (|2, u) = T (2", u)llrv < axle — |
for some ax < oo for all u € U. We have

par (n(-12,u), (-2, u)) < 3(1+ ax)ppL(z, 2').

13
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.

Assume that
I7Clyu) = TC|', w)llry < axle — 2|
for some ax < oo for all w € U. Then we have
paL (-2, u), (2", u)) < (3 = 20(Q))(1 + ax)ppL(z,2").
Without any assumption
pBL (]2, w), (12 u)) < 3|1z = 2'|l7v.

paL (N(:12,u),n([2,u)) < (3 —26(Q))(1 = o(T))llz = 2'll7v-.

Theorem 3.4. (a) Suppose that under the exploration policy and initialization the controlled filter pro-

cess satisfies Assumption and (z) with Sy = g(m¢), and Cy = ¢(X¢,U;). Then, the Q iterates
converge almost surely.

(b) Let Assumption hold such that arf < 1 and assume that the cost function c(x,u) is Lipschitz

(c)

continuous in x such that
le(z, u) — e(@’,u)| < aclz — 2.
For the policy constructed using the limit Q values, say 4 we have the following bound:

20, =

- P20 far) "

J5(m0,4) — J5(mo) <
for some K < oo where

L = sup ||m — g()]|

For asymptotic convergence (without a rate of convergence) to optimality as the quantization rate
goes to oo (i.e., L — 0), only weak Feller property of n is sufficient for the the algorithm to be near
optimal.

Remark 3.3. We now present a comparison between the two approaches above: filter quantization vs. finite
window based learning:

()

(ii)

For the filter quantization, we only need unique ergodicity of the filter process under the exploration
policy for which asymptotic filter stability in expectation in weak or total variation is sufficient. The
running cost can start immediately without waiting for a window of measurements. On the other
hand, the controller must run the filter and quantize it in each iteration while running the Q-learning
algorithm; accordingly the controller must know the model. Additionally, the initialization cannot
be arbitrary (e.g. the initialization for the filter may be the invariant measure under the exploration
policy).

For the finite window approach, a uniform convergence of filter stability, via Ly, is needed and it does
not appear that only asymptotic filter stability can suffice. On the other hand, this is a universal
algorithm in that the controller does not need to know the model. Furthermore, the initialization
satisfaction holds under explicit conditions; notably if the hidden process is positive Harris recurrent,
the ergodicity condition holds for every initialization; both the convergence of the algorithm as well
as its implementation will always be well-defined.

For each setup, however, we have explicit and testable conditions.

Remark 3.4 (Further Models: Continuous-Time and Applications). We note that the richness of the con-
vergence theorem manifests itself also in the applications involving continuous-time models|Bayraktar &€ Kard
(2025) where quantized Q-learning finds a natural application area, and applications to optimal quantization
Cregg et al.| (2023) which also studies several subtleties with regard to ergodicity of belief dynamics.

14
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3.5 Multi-Agent Models and Joint Learning Dynamics: Subjective Q-Learning and an Open Question

As our final application, we consider multi-agent models. Multi-agent reinforcement learning (often referred
to as MARL) is the study of emergent behaviour in complex, and strategic environments, and is one of the
important frontiers in artificial intelligence research. Consider an environment with N-agents, each of which
generate actions, and whose rewards impact one another. Notably,

‘Tll;Jrl = f(xivuivu;ivm;ith)

with cost criteria

> Ble(at, up,up )
t

or mean-field models with
‘Ti+1 = f(x;7u’éﬂ ‘ui\l, wt)
and sample path costs

N
> Ble(a),uf, py)),
t
where

N
k=1

We assume several information structures, for each m = 1,--- ,N: (i) I]* = {x[o,t],uﬁ}t]}, (ii) I =
{xfg’t],uf&t]}, (it) 1" = {@}", ug 4} Accordingly, for each agent ui"” = ~"(1;") for all ¢ € Z;. Given
these policies, one would like to minimize the expected values of the cost functions defined above.

Study of such decentralized systems is known to be challenging both for stochastic teams and stochastic
games, where the cost functions above may depend on individual agents. Learning theory for such systems
entails two primary challenges:

The first immediate challenge for learning in such models is due to decentralization of information: some rel-
evant information will be unavailable to some of the players. This may occur due to strategic considerations,
as competing agents may wish to hide their actions or knowledge from their rivals, or it may occur simply
because of obstacles in communicating, observing, or storing large quantities of information in decentralized
systems and agents may be oblivious to their environment or the presence of other agents.

The second difficulty inherent to MARL comes from the non-stationarity of the environment from the point
of view of any individual agent. As an agent learns how to improve its performance, it will alter its behaviour,
and this can have a destabilizing effect on the learning processes of the remaining agents, who may change
their policies in response to outdated strategies. Notably, this issue arises when one tries to apply single-
agent RL algorithms—which typically rely on state-action value estimates or gradient estimates that are
made using historical data—in multi-agent settings. A number of studies have reported non-convergent play
when single-agent algorithms using local information are employed, without modification, in multi-agent
settings. Thus, for such models the main obstacle to convergence of Q-learning is due to the presence of
multiple active learners leading to a non-stationary environment for all learners.

3.6 Two time scales and a Markov chain over play path graphs

To overcome this obstacle, also building on inspiration from prior work [Foster & Young] (2006); (Germano &
Lugosi| (2007)); |Arslan & Yiksel (2017) modifies the Q-learning for stochastic games as follows: In the varia-
tion of Q-learning, DMs are allowed to use constant policies for extended periods of time called exploration
phases. This is also referred to as two-time scales approach.

As illustrated in Figure [2] the k—th exploration phase runs through times ¢t = t,...,fr4+1 — 1, where

thrr =t + T} (with to = 0)
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for some integer T, € [1, 00) denoting the length of the k—th exploration phase. During the k—th exploration
phase, DMs use some constant policies 7, . .. ,W,i,v as their baseline policies with occasional experimentation.

The essence of the main idea is to create a stationary environment over each exploration phase so that DMs
can almost accurately learn their optimal Q-factors corresponding to the constant policies (which is also
slightly randomized to make room for exploration) used during each exploration phase and update their
policies.

This machinery has been adopted under two types of policy updates: (i) Best response dynamics with inertia
for weakly acyclic games |Arslan & Yiksel| (2017)) considered for the case where each agent has access to the
global state but only local state (requiring typically deterministic policies), and (ii) a variation of it which is
referred to as satisficing paths dynamics |[Yongacoglu et al.| (2022; [2023) which assumes that the agents have
access to a variety of information states and the policies may be randomized.

Theorem with the following memoryless updates for each agent, ensures convergence under each explo-
ration phase, under the required conditions.

i [Global State] S/* = X, U, = U™, Cy = (X}, UL, U7 X% or e(X}, U}, ulN) for the mean-field
setup

ii [Local State] S7* = X[, Uy = U™, Cy = (X}, Ui, U X% or (X}, Uf, ud)

iii [Local and Compressed Global/Mean-Field State] S;* = {X/",F(X\)} U = U" Cy =
C(X‘Z7 UZ’ Ut717 X;Z)'

Subjective Satisficing Paths and Subjective Q-Learning Equilibrium

Consider the following subjective win-stay/lose-shift algorithm: At the end of each exploration phase, if
agents are e-satisfied, then they do not alter their policies. However, if they are not in an e-equilibrium, they
randomly select a policy mapping their local perceived state to their actions, possibly with some inertia,
where the policy space is quantized. In particular, the selected policies may be randomized (as they are not
best responses or near best responses).

Definition 3.2. |Yongacoglu et al. (2022; 2023) Let € > 0 and let w=" € T's. A policy 7* € T'% is called a
(V*, W*)-subjective e-best-response to = if

VA _(y) <min WX __i(y,a) +e, Vye.

i —1i i —1i
T aicl T

Definition 3.3. |Yongacoglu et al| (2022; |2025) Let € > 0. A joint policy ©* € T's is called a (V*,W*)-
subjective e-equilibrium if, for every i € N, we have

Vi pemi(y) < min Wi pei(y,a’) +e, VyeY.

Yongacoglu et al.| (2023)) introduced such a paradigm and presented conditions under which equilibrium or
subjective equilibrium is arrived at. The limit in which each agent is e-satisfied with respect to the computed
value functions, as a result of the Q-learning iterations is referred to as a subjective (Q-learning) equilibrium.

Accordingly, each agent then applies during exploration phases. This is stated explicitly in the following
Yongacoglu et al.| (2022):

k - th exploration phase

L G

Figure 2: An illustration of the k—th exploration phase.
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Algorithm 1: Independent Learning via e-Subjective Satisficing: Subjective Q-Learning [Yongacoglu
et al.| (2022)

Set Parameters
II' C Y : a fine quantization of stationary policies I'y : S — P(U), where s* € S, u' € U
{T%}r>0: a sequence in N of learning phase lengths
set to = 0 and tg 1 =ty + T for all k > 0.
e’ € (0,1): random policy updating probability
d* € (0,00): tolerance level for sub-optimality

Initialize 7 € I’ (arbitrary), Q% =0 € RS*V, Ji =0 e RV
for k > 0 (k' exploration phase)

for t =tp,t+1,... ,tpp1 —1

Observe s}

Select uf ~ i (-|si)

Observe ¢} = c(z},u}, z; ", u;*) and s},
, ; A S
Set ny =37y, H(sp,ur) = (s3,u)}
Set mf = 31y, st = 51}
Qia(siyui) = (1= %) Qilsiug) + % [cf + Bmings Qj(sin,a”)]

Tinalsh) = (1= 22) Tish) + & [ + BT (i)

7
t

if :]\tikﬂ(y) < ming; @ikﬂ (y,a’) + e+ d' Vy € S, then
‘ Th1 = T},
else

‘ Ty~ (1— ei)éwi + e Unif(IT%)
Reset fka =0¢€ RS and @ikﬂ =0¢eRS¥U

Theorem 2.1 shows that the exploration phase in Algorithm [I]is such that the two-time scale and satisficing-
paths paradigm is applicable to a much broader class of setups.

Building on the general approach presented in |Yongacoglu et al.| (2022]), it follows that under mild numerical
parameter selection conditions, if (i) a subjective Q-learning e-equilibrium exists (with sufficiently fine quan-
tization of the randomized stationary policy space) and (ii) if there is a finite e-subjective satisficing path
from any initial policy profile to subjective Q-learning e-equilibrium equilibrium, Algorithm [I] will converge
to a subjective equilibrium with arbitrarily high probability by adjusting the T} terms accordingly.

Beyond the setups in which the limit may be close enough to each agent’s objective equilibrium (case with
global state, or mean-field state information) [Yongacoglu et al.| (2022), and symmetric games [Yongacoglu
et al| (2023)) conditions for the existence of subjective Q-learning equilibria is an open problem and requires
further research. In particular, an application of Kakutani-Fan-Glicksberg theorem (Aliprantis & Border)
2006, Corollary 17.55) would entail a detailed study on the continuous dependence of the limit of Q-learning
iterates in Theorem 2.1

We hope that Theorem will provide further motivation for research in this direction.

4 Conclusion

In this paper, motivated by reinforcement learning in complex environments, we presented a convergence
theorem for QQ-learning iterates, under a general, possibly non-Markovian, stochastic environment. Our
conditions for convergence were an ergodicity and a positivity condition. We furthermore provided a precise
characterization on the limit of the iterates. We then considered the implications and applications of this
theorem to a variety of non-Markovian setups (i) fully observed MDPs with continuous spaces and their
quantized approximations (leading to near optimality), (ii) POMDPs with a weak Feller continuity together
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with a mild version of filter stability and quantization of filter realizations (which requires the knowledge
of the model but more restrictive conditions on the initialization), (iii) POMDPs and the convergence
to near-optimality under a uniform controlled filter stability plus finite window policies (which does not
require the knowledge of the model and with an arbitrary initialization though under a more restrictive filter
stability condition), and (iv) for multi-agent models where convergence of learning dynamics to a new class
of equilibria, subjective Q-learning equilibria; where open questions on existence are noted. We highlighted
that the satisfaction of ergodicity conditions required an analysis tailored to applications.
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