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Abstract

In the standard Reinforcement Learning (RL)
paradigm, the action space is assumed to be fixed
and immutable throughout the learning process.
However, in many real-world scenarios, not all
actions are available at every decision stage. The
available action set may depend on the current
environment state, domain-specific constraints, or
other (potentially stochastic) factors outside the
agent’s control. To address these realistic scenar-
ios, we introduce a novel paradigm called Sleep-
ing Reinforcement Learning, where the available
action set varies during the interaction with the
environment. We start with the simpler scenario
in which the available action sets are revealed at
the beginning of each episode. We show that a
modification of UCBVT achieves regret of order
O(H+/SAT), where H is the horizon, S and A
are the cardinalities of the state and action spaces,
respectively, and 7" is the learning horizon. Next,
we address the more challenging and realistic sce-
nario in which the available actions are disclosed
only at each decision stage. By leveraging a novel
construction, we establish a minimax lower bound
of order (/' T'24/2) when the availability of ac-
tions is governed by a Markovian process, estab-
lishing a statistical barrier of the problem. Focus-
ing on the statistically tractable case where action
availability depends only on the current state and
stage, we propose a new optimistic algorithm that
achieves regret guarantees of order O(H+/SAT),
showing that the problem shares the same com-
plexity of standard RL.

1. Introduction

In recent years, Reinforcement Learning (RL, Sutton &
Barto, 2018) has demonstrated remarkable success in solv-
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ing sequential decision-making problems mainly in sim-
ulated environments. Nowadays, we witness an increas-
ing demand to transition its capabilities from simulation to
real-world applications. However, to move RL to practical
domains, we still experience notable challenges that need
to be addressed from both the algorithmic and theoretical
perspectives. One of these challenges concerns actions’
availability. Indeed, in the standard RL framework, the set
of actions that can be played in a given state is assumed to be
known and immutable throughout the interaction. However,
in several real-world sequential decision-making problems,
it may not be possible to play some of the actions under
some circumstances.

Motivation. Consider the scenario depicted in Figure 1a,
in which we want to control a physical system (e.g., a robot)
characterized by a given action space A made of all the
actions the agent can perform. At every stage h, the RL
agent observes the state of the environment s;, and decides
the action aj, € A to play. Then, such an action is usually
validated by a low-level controller (LLC), which checks
whether the action is feasible or not (depending, for in-
stance, on some physical constraints or safety reasons). On
the one hand, if feasible, the action is executed as is. On
the other hand, if the action is not feasible, the low-level
controller overrides it with another action, a;, € A, such as
one suggested by a baseline policy or the “closest” feasible
action (according to some domain-specific metric). From
the agent’s perspective, the LLC can be considered as a part
of the environment. However, when the agent is unaware
that certain actions are infeasible (and may only realize it
after the LLC intervenes), the performance of the learned
policy can be significantly harmed (see Example 1). If the
agent is instead aware of the available actions, we ideally
want it to select an action among those deemed feasible by
the LLC. This scenario can be addressed by adopting a solu-
tion in which a low-level filter makes the RL agent aware of
which actions Aj, € A are available before actually making
a decision (Figure 1b).

This problem of learning in scenarios with varying action
availability is widely studied and discussed for Multi-Armed
Bandits (MABs, Lattimore & Szepesvari, 2020) under the
name of “Sleeping” MABs. This research line comprises
stochastic and adversarial choices for both rewards and
action availability (Kleinberg et al., 2008; Kanade et al.,
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Figure 1. Example of a possible interaction protocol for Classic
and Sleeping Reinforcement Learning.

2009; Saha et al., 2020; Nguyen & Mehta, 2024) and sev-
eral notions of regret (Gaillard et al., 2023). In RL, instead,
this problem remains unaddressed despite its practical rele-
vance.! This work aims to fill such a gap in the literature.

Original Contributions. In this paper, we propose
the novel paradigm of Sleeping Reinforcement Learning
(SleRL) and study it from a theoretical perspective. The
contributions of this work are summarized as follows:

* In Section 2, we formally introduce the framework of the
episodic finite-horizon Sleeping Markov Decision Pro-
cesses (SleMDPs) setting, a generalization of MDPs in
which the available action set changes throughout the in-
teraction. Then, we introduce the two types of action set
disclosure, namely per-episode and per-stage disclosures.
Finally, we present two stochastic models governing the
action availability, namely Markovian and independent.

* In Section 3, we consider the simpler case of per-
episode disclosure, where the agent is informed of
the available action sets at the beginning of each
episode. We introduce the definitions of value func-
tion, optimality, and regret. Furthermore, we present
Action-Restricted UCBVI (AR-UCBVI), an al-
gorithm based on UCBVTI (Azar et al., 2017) and analyze
its regret, showing that it matches the lower bound of stan-
dard RL up to logarithmic factors for sufficiently large T'
(Theorem 3.2).

* In Section 4, we address the more realistic and challeng-
ing setting of per-stage disclosure, where the available
action set is revealed for the current stage only, imme-

'The scenario in which not all the actions are available for
every state in a deterministic manner is discussed under the name
of action masking (Huang & Ontaiidn, 2022), see Appendix B.

diately before the agent selects an action. We address
the general scenario in which the action availabilities are
governed by a Markovian process and illustrate how the
problem can be framed as solving an augmented MDP in
which the available action set is incorporated in the state.
Based on this transformation, we define the value function,
optimality, and regret. Then, through a novel construc-
tion (Figure 3), we demonstrate a statistical barrier of this
setting, showing that an exponential dependence on the
number of actions A is unavoidable in the regret, proving
a lower bound of order Q(H+/ SAT24/2) (Theorem 4.2).
In Section 5, we turn to the tractable case of independent
per-stage disclosure, where the action availabilities are
sampled independently at every stage. We propose a novel
optimistic algorithm, Sleeping UCBVI (S-UCBVI),
that extends the classical UCBVI with the estimate of the
action availability probabilities and appropriately defined
new bonuses. We show that S-UCBVT enjoys a regret
bound of order O(H+/SAT) for sufficiently large 7" (The-
orem 5.2), matching the lower bound, up to logarithmic
factors.

Related works are discussed in Appendix B. Omitted proofs
are provided in Appendices C and D. A numerical validation
of the work is provided in Appendix E.

2. The Sleeping MDPs Setting

In this section, we first introduce the notation and the stan-
dard episodic finite-horizon MDP setting, and then we
present the novel Sleeping MDPs (SleMDPs) framework.

Notation. Given a,b € N with a < b, we define [[a,b] =
{a,a+1,...,b} and [a] := [1,a]. Given a finite set X', we
denote as A(X) the probability simplex over X, with | X|
its cardinality and with P(X) its power set. Let ¢ € A(X),
we denote its support as supp(q) = {x € X : ¢(x) > 0}.

Markov Decision Processes. We define a finite-horizon
undiscounted MDP as a tuple M = (S, A, P, R, H,3),
where S and A are the state and action spaces, respectively,
H is the horizon of the episode, P : S x A x [H] — A(S)
is the stage-dependent transition probability distribution,
R : S x Ax [H] — [0,1] is the deterministic reward
function, assumed to be known,? and 3 € S is the initial state.
We assume the state space and the action space are finite
sets, and we denote their cardinalities as |S| =: S < +©
and |A| =t A < +oco. The agent’s behavior is modeled
with a Markovian policy 7 : § x [H] — A(A). The agent
interacts with the environment for K episodes of length H,
and we denote with T' = K H the total number of decisions.

Sleeping Markov Decision Processes. A SleMDPs is

’This is a mild assumption that can be removed with no addi-
tional complexity, as learning the transition probability P is more
challenging than learning the reward function R.
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Algorithm 1: Interaction Protocol — Per-episode.

1 for k € [K] do

2 Agent observes Ay 1 (s), Vhe[H],s € S
3 for h € [H] do

4 Agent observes state sy 5

5 Agent plays ag,n € Ak, n(sk,n)
6
7
8

Environment returns 7 and Sk n+1
end
end

Algorithm 2: Interaction Protocol — Per-stage.

1 for k € [K] do

2 for h € [H] do

3 Agent observes state si p,
4 Agent observes Ay,

5 Agent plays ax,n, € Ag,n
6
7
8

Environment returns 7 5 and sk 41
end
end

defined as a tuple M = (S, A,C,P,R,H,5), where
(S, A, P,R, H,3) is standard MDP as defined above, and
C is the action availability model, that will be character-
ized later. Formally, for every episode k € [K], at every
stage h € [H], for the current state s, € S, the avail-
able action set Ay (s) < A is an element of the power
set P(A), selected according to the model C. We as-
sume that at least one action can always be played (i.e.,
Ak,h(sk,h) #* {},Vk € [[K]], he [[H]], Sk,h € S).

Action Disclosure. The available actions can be revealed to
the agent either at the beginning of the current episode for
every stage and state, i.e., per-episode disclosure, or when
the agent is asked to choose an action in the current stage
and state, i.e., per-stage disclosure. The two interaction
protocols are presented in Algorithms 1 and 2, respectively.

Example 1. 7o illustrate the effect of the per-episode ( PE)
and per-stage (PS) disclosures of action availability and
the effect of a low-level controller (LLC), we consider the
MDP in Figure 2a, whose goal is to go from initial state
A to the absorbing state C. We have two paths to do so.
First, we can play action F (i.e., forward safe) in state
A, which deterministically leads to C with a reward of —2.
Second, we can play action F (i.e., forward) in state A and
deterministically reach B without costs (r = 0). Then, in
state B, for all subsequent stages, action F is available with
probability p € [0,1]. If F is not available, we can volun-
tarily stay in B and wait (i.e., play action S, ), obtaining a
reward of —1. In state B, there is also another action S ¥
(i.e., stay forced), that makes the agent remain in state B
and receive a reward of —2. Action Sy is employed by the
LLC to override forbidden actions (i.e., the attempt to play
F when it is not available). We now compute and plot as
a function of p (Figure 2b) the optimal value functions for

(a) NMustrative Sleeping MDP. (b) Optimal value functions as a
function of p.

Figure 2. Tllustrative example.

PE and PS disclosure and for LLC (see Appendix A for a
complete discussion):

» PE disclosure. Since we know whether action F is avail-
able in state B at the beginning of the episode, we play
F in state Aif action F' is available in state B in stages
h € {2,3} getting either reward O or —1 (playing S, in
stage h = 2); otherwise we play F getting —2 as reward.

e PSdisclosure. Here, we do not know if action F will be
available in state B. If we play F in state A, we may wait
several stages in B playing action S, until F' becomes
available and getting —(1—p)/p as expected total reward.
Instead, if we play F in state A, we get —2 as reward.

o LLC. Here, when we are in state B, we do not observe
if action F' is available. Since the LLC overrides F' with
Sy when F' is not available, if we decide to go through
state B, we will get —2(1 — p)/p as expected total reward;
otherwise, by playing Fy in state A, we get —2 as reward.

As expected, the value functions are sorted as: Vig(A) >
Vps(A) = Vi o(A), where Vic(A), Vig(A), and V| .(A)
represent the optimal state value function in state A in the
PE, PS, and LLC cases, respectively (see also Section 6).

Action Availability Models. We admit the available action
sets to be chosen in a stochastic way as follows:

* Independent (referred as ind) action availabilities: we
define C = C™ : S x [H] — A(P(A)). For every
action subset B € A, state s € S, and stage h € [H],
Cird(Bls) = Pr(Axn = Blsgn = s) represents the
probability that B is the available action set in state s at
stage h. Notably, the availability of an action does not
depend on whether it was available in the past.

e Markovian (referred as Markov) action availabilities: we
define C = COMakov . §2 x A x [H] x P(A) —
A(P(A)). For every action subsets B,B' < A,
states s,s’ € S, action a € Ap.p, and stage h €
[[H]]’ C}'-\L/larkov(Bl|8/78>a73) = Pr(Ak,h = Bl|8k,h =
s, Sk.h—1 = S,aK,n—1 = @, Ag n—1 = B) represents the
probability that 3’ is the available action set observed in
state s” at stage h, conditioned to the fact that B was the
available action set, s the state, and a the played action at
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stage h — 1, respectively.?

3. Per-episode Disclosure

In this section, we face the simpler case in which the avail-
able actions are revealed at the beginning of the episode for
every state and stage. We start by discussing the notions
of policy, value function, optimality, and regret. Then, we
present an algorithm matching the regret of standard RL.
We highlight that the per-episode disclosure can be seen as
a generalization of action masking (see Appendix B).

Policies, Value Functions, and Optimality. The action
availabilities Ay, 5, (s) are revealed at the beginning of each
episode k € [K], for every state s € S and stage h € [H].
Thus, we restrict the policy space to the policies that play
available actions only, i.e., Il = {r : S x [H] —
A(A)st.V(s,h) € S x [H] : supp(mp(-|s)) S Akn(s)}
For episode k and policy 7 € II;, we denote with V7 (s)
the value function in state s at stage h following policy
m and with Q}(s,a) the state-action value function, re-
stricted to the available actions a € Ay, 1, (s). For episode
k, we denote as optimal policy any policy fulfilling 7} €
argmax, .y, V{"(5) and the optimal value functions as

* *
Vkﬂjh(s) = V;:rk (s) and Qz,h(S,G) = QZ’“ (s,a). An op-
timal policy 7} can be retrieved as the greedy policy w.r.t.
Q7 restricting to the available actions using a variation of
value iteration, namely Action-Restricted Value
Iteration (AR-VI, Algorithm 3).*

Regret. We evaluate the performance of an algorithm 2{ in
terms of cumulative regret over the K € N episodes against
the optimal policy 7} of each episode.

Definition 3.1 (Per-episode Disclosure Regret). Let 2 be an
algorithm playing sequence of policies (1)1 € X o1 1,
we define the per-episode (PE) disclosure regret as:

Ree(@,T) == Y (Vi3 -V (). (1)
ke[K]

Since we know which actions are available at every stage
and for every state in advance, we can afford to compete
against the best policy 7} in every episode. Indeed, re-
gardless of the fact that the action availabilities Ay, 5, (s) are
chosen in a stochastic or adversarial way, we are able to
tackle the problem as if we were in a different MDP (defined
in terms of the available actions) in each episode k.

Lower Bound. We now present a minimax lower bound

3With little abuse, we are using the same symbol even for stage
h = 1, where sp_1, ap—1, and Ay 1 are not defined. In such a
case, we consider C}Y™V(B'|s') = Pr(Ay,1 = B'|sp1 = ') as
the initial-action availability distribution.

“This is totally equivalent to solving an MDP with action sets
that depend on the state and stage.

Algorithm 3: Action-Restricted Value
Iteration (AR-VI) for episode k.
Input : Sleeping MDP M = (S, A,C, P, R, H,3),
Available actions Ay 1 (s), Vh e [H],s€ S

VI:H+1(3) =0
forhe {H,H—-1,...,1} do

Qt,h(s,a) = Ry (s, a’)+E5/~Ph('|Sva) [kahﬂ(sl)] ’

Vae A n(s),s€S

Vk*h(s) = MaXae Ay (s) Q;:,}L(S7 a), VseS

end

W N

wm s

6 return
W;h(s) € arg max Q;’;h(s,a), Vse S,he[H]

a€Ay p(s)

for SleMDPs with per-episode disclosure.

Theorem 3.1 (Lower Bound — Per-episode Disclosure). For
any algorithm A, there exists an instance of Sleeping MDP
such that, for T > Q(H?SA), the per-episode disclosure
regret satisfies:

E[Rpe(,T)] = Q (H\/&TT) .

Proof. The proof directly follows from that of (Domingues
et al., 2021, Theorem 9).> We have to lower bound the
regret on the worst instance of SleMDPs with per-episode
disclosure. Since the SleMDPs per-episode disclosure are
a generalization of MDPs (an MDP is a SleMDP where
Apn(s) = A, Vs e S, he [H] ke [K]), the regret lower
bound for MDPs holds for SleMDPs too. O

Algorithm. To learn in the per-episode scenario, we modify
UCBVTI (Azar et al., 2017) to handle the action availabilities.
We design Action-Restricted UCBVI (AR-UCBVI,
Algorithm 4), the optimistic counterpart of the AR-VI (Al-
gorithm 3). From a high-level perspective, besides the fact
that the maximization in Bellman’s equation is computed
over the available actions Aj, 1 (s) only, AR-UCBVI has to
carefully handle the optimism to guarantee a monotonicity
property of the sequence of estimated state-action value
functions. The algorithm starts by initializing the visitation
counters (line 1). Then, for every episode k € [K], the
algorithm observes the action availabilities Ay, 5, (s) (line 3)

and estimates the transition model ]3;@7 n('|s,a) (line 4):

Nkﬁ(s, a, S/)

Bealsled) = T

@
where Ny, p,(s, a) is the number of times action a was played
in state s in stage h, and Ny 5 (s, a, s’) is the number of
times the next state was s’. Then, AR—-UCBVTI runs opti-
mistic value iteration to obtain optimistic estimates of the op-
timal action-value function @} , (s, a). As mentioned above,
this step requires more attention w.r.t. that of (Azar et al.,

SThis result differs from the one of (Domingues et al., 2021)
due to the different notation adopted.
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Algorithm 4:

(AR-UCBVI).

1 Initialize: No (s, a,s’) =0, No,n(s,a) =0,
Non(s) =0, ¥(s,a,s',h) €S x Ax S x [H]

Action-Restricted UCBVI

2 for k € [K] do
3 Agent observes Ay n(s), Vhe [H],s€ S
4 Estimate P, h( '|s,a) as in Eq (2)
5 //Compute \/ () Q/ for episode k
6 Qoyh(s,a)fothl, V(s,a,h)eSxAx[[H]]
7 for j € [k] do_
8 Initialize V Puia(s) =0,VseS
9 for h = {HH—l .,1} do
10 for s € S do
11 Compute @j n(s,a),Ya e Ak n(s)
as in Eq 3)
12 Compute V n(s) = max QJ n(s,a)
aeAy n(s)
13 end
14 end
15 end
16 //Play optimistically for episode k
17 Agent observes state s, 1
18 for h € [H] do
19 Agent plays ai,, € argmax @ﬁ,h(sk,h,a)
a€Ap n(Sk,n)
20 Environment returns 7 ; and sk 41
21 Increment counters
22 end
23 end

2017). Indeed, the original UCBVT, to ensure a monotoni-
cally non-increasing sequence of the estimates Qk n(s,a),

limits the current estimate Qk, n(s,a) (computed with all
samples up to episode k — 1) to the previous episode esti-
mate Qx—_1,5 (s, a) (computed with all samples up to episode
k—2). This operation makes no sense in a SIeMPD since the
action availabilities Ay, 5, (s) and Ay_1 5, (s) may change be-
tween consecutive episodes, making Q k—1,h($, ) no longer
an optimistic estimate of the true Q , (s, a). For this rea-
son, we have to compute the sequence of optimistic value
functions Q¥ 7 n(s, a) for the action availabilities Ay 1 (s) of

episode k using the estimates ﬁjyh of all episodes j with
j € [k]. This way, we make use of all the samples collected
so far (even in episodes j with action availabilities different
from the current ones Ay, 5, (s)). Furthermore, this ensures
that the sequence of estimates @f 1 (s, a) is monotonically
non-increasing in j. As shown in Algorithm 4 (lines 6-15),
AR-UCBVT starts from & = H and goes backward comput-
ing the optimistic Q?ﬁh(s, a) for every a € Ay, 5, (s):

@?,h(s’a):miﬂ{@?_l,h(s,a), 3)
Ry (s,a)+ Z ﬁj,h(s’|s,a)17j’fh+1(s’)—&—bfl’f(S,a)},
s'eS

where bJQ;Lk (s,a) is the exploration bonus obtained from

a refined analysis of UCBVI (Drago et al., 2025) and is
defined as:

bQ k( ) _ 4LV] h( ) + 7HZ
b B N?ﬁ(s?a) 3N]'7h(87a)
7Q7k~
. 8E5'~ﬁj,h(-\s,a) [bjh41(5)]
Nj’h(s,a) ’
where Vi, = Var, 5 (o 0[Vii(s)] is the

empirical variance of the next-state value estimate,
B4R (s') = min{842HPS? AT/N; 11 (s), H?} is the ad-
ditional bonus, and L = ln(5H SAT/6). Then, we compute
the value estimate as ijh( ) = MaXsed, ,(s) th(s a).
Finally, the algorlthm plays an action greedily w.r.t. the
optimistic estimate Qk (s, a) (lines 17-22).

The following result provides the regret of AR-UCBVTI,
showing that learning in a SleMDP with per-episode disclo-
sure does not increase the regret w.r.t. standard RL.

Theorem 3.2 (Upper Bound — Per-episode Disclosure). For
any 6 € (0,1), with probability 1 — §, the per-episode
disclosure regret of AR-UCBV1I is bounded by:

< 34HTVSAT + 2500H*S2 AT,
Q(H®S3A), selecting

Rpe(AR-UCBVI,T)

where L = In(5HSAT/$). ForT >
d = 1/T, we have:

E [Rpe(AR-UCBVI, T)] < O (H\/SAT) ,
where the expectation is taken w.r.t. the stochasticity of the
environment.

Proof. The proof of this theorem follows the one of (Azar
et al., 2017, Theorem 2) The key challenge is the com-
putation of the bonus b . Indeed, Lemma 17 of (Azar
et al., 2017) heavily rehes on the fact that the sequence
Vi, 1(8)—V,*(s) is monotonically non-increasing in k. This
is not the case for our sequence Vk’“ n(s) = Vi, (s) since, as
already explained, the action availabilities Ay, 1, (s) change
across episodes. For this reason, we resort to the sequence
Vj’fh(s) — Vj¥,,(s) for fixed k which is monotonically non-
increasing in j. This allows us to apply Lemma 16 of (Azar
et al., 2017) pretending to have played in the MDP with ac-
tion availabilities of episode k, i.e., A, 1 (), for all episodes
j € [k] and, ultimately, getting the bonus as in Lemma 17.
Notice that we apply the pigeonhole principle considering
Ap 1 (s) = A which represents the worst case. O

4. Per-stage Disclosure: Markovian Case

We now analyze the realistic scenario where the set of
available actions is revealed for the current stage only
with no knowledge of future availabilities. In this sec-
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tion, we focus on Markovian availabilities i.e., Ay ~
Mark
CYR™V (|8, Skyh—15 Ok, h—15 Ak, h—1)-

Augmented MDP, Policies, Value Functions, and Opti-
mality. To address this scenario, we can map the SleMDP
with an augmented MDP in which we encode action avail-
ability sets in the state representation.

Definition 4.1 (Augmented MDP). Let M =
(S,A,C,P,R,H,5) be a SleMDP, we define the
augmented MDP M := (S, A, P, R, H, Py), with:

o augmented state space S = S x P(A);

* augmented transition probability, defined for every 5=
(s,B),s = (¢,B') € S, a € A and h € [H] as:
Py(3[3,a) = Py(s|s, a)CMarev(B|s' s, a,B);

* reward function, defined for every 5 = (s,B) € S and
a€ Aas: R(3,a) = R(s,a);

* initial augmented-state distribution, defined for every s =

(5; B) € §as _ﬁ()(g) — Cll\ﬂarkov(3|§)]l{8 _ §}

Note that the augmented MDP has a state space with car-
dinality |S| = S24, exponential in A. The policy space in
the augmented MDP is defined as IT := {% : S x [H] —
A(A)st. V35 = (s,B) € S : supp(F(-3)) < B}, to en-
sure that only available actions are played.® For a policy
7, augmented state S = (s, 3), available action a € B,
and stage h € [H], we denote with ‘N/h% (s) = ‘7,?((3, B))
and @ﬁ(g, a) = @’;((s, B), a) the value and state-action
value functions, respectively, in the augmented MDP, the
latter restricted to the available actions ¢ € B. An opti-
mal policy for the augmented MDP is any policy such that
7T* € argmax; V7 and the optimal value functions as
V*(3) = V7 (3) and Q*(3,a) = Q7" (3,a). An optimal
policy 7* can be obtained as greedy w.r.t. é* .7 The optimal
value functions can be computed using value iteration on
the augmented MDP (see Algorithm 5).

Considering the protocol of Algorithm 2, we define the
value function for the original SleMDP V™ (3) in the initial
state 5 € S as the expectation of that of the augmented MDP
Vi*((3, B)) over the available action sets B € P(A):

Vi (3) = E V7 (3, B))]. 4
[6) =, B B )
Similarly, for the optimal value function, we have:
‘/1* (g) = EBNCMarkov(.‘g) [Vl* ((g, B))].

Regret. We evaluate the performance of an algorithm in
terms of cumulative regret over the K € N episodes against

SNote the fundamental difference w.r.t. the per-episode case,
where the policy space was different for every episode k, while here
in the per-stage case, the policy space is the same for all episodes,
but the policy is conditioned to the actual available actions set 5.

7As usual, we are in an MDP and, therefore, there exists a
policy #* optimal from every state 3.

the optimal policy 7* constant throughout the episodes.

Definition 4.2 (Per-stage Disclosure Regret). Ler 2l be an
algorithm playing a sequence of policies (%y,)K_, € 11X,
we define the per-stage disclosure (PS) policy regret as:

Rps(¥,T) = KVi*(3) — Y, V™ (3).
ke[ K]

Differently from the per-episode case (Definition 3.1) where
comparator 7; changes over episodes, in the per-stage case
(Definition 4.2), we consider a constant comparator 7*.

Algorithm. Given the mapping to the augmented MDP, we
can resort to the original UCBVI (Azar et al., 2017) to learn
in the SleMDP with the following regret guarantees.

Theorem 4.1 (Upper Bound — Per-stage Disclosure: Marko-
vian). For any § € (0, 1), with probability 1 — §, the per-
stage disclosure regret of UCBVI with Bernstein-Freedman
bonuses (Azar et al., 2017, bonus_2) on the augmented
MDP is bounded by:

Rps(UCBVT, T) < 34HLVSAT2A +2500H*S? A2*A 12,

where L = log(5H2S24AT/S). In particular;, for T >
Q(HSS%A%234) and selecting § = 2° /T, we have:

E[Rps(UCBVI, T)] < O (HVSAT2A> :

Proof. The proof is an application of (Azar et al., 2017,
Theorem 2), where we consider the state space cardinality
524 of the augmented MDP and the stage-dependent tran-
sition probabilities (equivalent to increasing the state space
cardinality by a multiplicative factor of H). O

The regret guarantees of Theorem 4.1 are clearly unsatisfac-
tory due to the presence of the exponential dependence on
the cardinality of the action space A. In the following, we
show that such an exponential dependence is unavoidable
when the action availability follows a Markovian process.

Lower Bound. The following theorem presents the lower
bound on the Markovian per-stage disclosure regret.

Theorem 4.2 (Lower Bound — Per-stage Disclosure: Marko-
vian). For any algorithm 2, there exists an instance of
Sleeping MDP with per-stage disclosure and Markovian
action availability such that, for T > Q(HSA24) and
H > Q(A), the per-stage disclosure policy regret satisfies:

E[Rps(A,T)] = Q (H\/ 5AT2A/2) .

Proof Sketch. The instances are made of two parts (see Fig-
ure 3). First, every instance has an A-ary tree MDP as
in (Domingues et al., 2021), where all actions are available.
Then, we attach a partial sleeping lattice to every leaf, in
which the state s; does not change, and whenever an action
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Sleeping Lattice
(ours)

Figure 3. Instances used in the proof of Theorem 4.2. Available
actions are reported next to the nodes.

ap, 1s played, it gets removed from the next set of available
actions, i.e., Ap+1(s;) = An(s;)\{an}. This happens for
A/2 times, until we reach the largest layer of the lattice, i.e.,
the one with ( A%) ~ 24/2 nodes. At this point, whatever
action is played, the next action availability set will be a
singleton either containing a™ or a~ with equal probability.
a™ (resp. a™) leads to an absorbing state with reward +1
(resp. —1). Hard instances are constructed by electing a leaf
state s*, an action a*, a stage h*, and an availability set B*
(with |B*| = A/2) that increase by £ > 0 the probability of
getting singleton {a*} in the next stage. O

This lower bound, using a novel construction (i.e., the sleep-
ing lattice, Figure 3), shows that an exponential dependence
on A is unavoidable when there is temporal correlation
among the sets of available actions. Given this statistical
barrier, we next discuss a tractable scenario in which the
action availability is sampled independently at each stage.

5. Per-Stage Disclosure: Independent Case

We now discuss the scenario in which, at every stage, the
available action set Ay, ;, is sampled independently from
the past, i.e., Agp ~ CiM(:|sg ). The lack of a tempo-
ral structure allows removing the dependence of the value
functions on the available action sets, differently from the
augmented MDP of Section 4. Indeed, looking at the Bell-
man’s equation in the augmented MDP (line 3 of Algo-
rithm 5), we realize that Ci™(|s) does not depend on B,
removing such a dependence from the state-action value
function @} ((s, B), a), that, from now on, we will denote
as Q5 (s, a). Moreover, similarly to what has been done in

Algorithm 5: Sleeping VI for C' = gMakev,
Input : Sleeping MDP M = (S, A, CY*™**", P, R, H,3)
Vi 1((s,B)) =0, VseS,BeP(A)
forhe {H,H—-1,...,1} do
Q5 ((s,B),a) = Ru(s,a)+
ESINPh’(.‘s,a) I:EB’~C;‘f]ark°V(-\s’S,a,B) I:Vh*+1((SI7B,)):|:| )
VseS,BeP(A),aeB

‘7;1*((8,8)) = MaXaeB Qt((S,B), (1),
Vse S,BeP(A)

[ S

IS

end
return 7} ((s, B)) € arg max, .z @:h((s, B),a),
VseS, Be P(A), he [H]

S w

Algorithm 6: Sleeping VI for C' = C™,
Input : Sleeping MDP M = (S, A,C™, P, R, H,3)
Viii(s)=0, Vse8
forhe {H,H—-1,...,1} do

Qi (s,a) = Ru(s,a) +Eyp, (5,0 [Via (8],

Yae A,se S

Vi (s) = Eg- o) [maxees Qf (s,a)], Vse S
end
6 return 7 (s, B) € arg max, 5 Q5 , (s, a),

Vse S, Be P(A), he [H]

W N

N s

Equation (4), it is convenient to introduce the value function
Vi (s) == Eg.com(s)[V' (s, B)]. Given these quantities,
to solve a SleMDP with independent availabilities, we resort

to a simpler value iteration approach (Algorithm 6).

Lower Bound. The following theorem provides a regret
lower bound, by reducing the considered scenario to an
MDP in which all actions are always available.

Theorem 5.1 (Lower Bound — Per-stage Disclosure: Inde-
pendent). For any algorithm 2, there exists an instance
of SleMDPs with independent action availability with per-
stage disclosure such that, for T > Q(H?SA), the per-
stage disclosure regret satisfies:

E[Rps(2,T)] = O (H\/m) .

Proof Sketch. The formal proof is provided in Appendix C.
Similarly to Theorem 3.1, the proof directly follows from
that of (Domingues et al., 2021, Theorem 9). We have to
lower bound the regret on the worst instance of SleMDPs
with independent per-stage disclosure action availability.
Since the SleMDPs with independent per-stage action avail-
ability are a generalization of MDPs (an MDP is a SleMDP
where CiM(Als) = 1, Vs € S, h € [H]), the regret lower
bound for MDPs holds for SleMDPs too. O

Algorithm. To efficiently learn in this setting, we propose
an algorithm that extends UCBV I (Azar et al., 2017) with the
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Algorithm 7: Sleeping UCBVI (S-UCBVI).
1 Initialize: No (s, a,s’) =0, No,n(s,a) =0,
No’h(s) = 0, Noyh(S,B) = 0,
V(s,a,s',h,B) e S x Ax S x [H] x P(A)
Qon(s,a) = H—h+1, ¥(s,a,h) € S x A x [H]
for k € [K] do
// \,\“nfu e \; (), (A);( 4
Estimate P (8’|, a) as in Eq. (2)
Estimate C'”d %(Bls) as in Eq. (5)

Initialize Vy JH+1(s ) =0,Yses$
forh = {H,H — .,1} do
for s € S do
Compute @k,h(s, a),Va € A, as in Eq. (6)
Compute XA/kh(s) as in Eq. (7)
end
end
//Play optimistic for episode k
Agent observes state Sy,1
for h € [H] do
Agents observes action set Ay 1, (Sk,5)

Agent plays ay,p € argmax Qp,n(Skh,a)
a€Ak 1 (Sk,n)

for episode k

-T - - 7L L I )

—-
e

-
(5]

[ T = T S SO,
e ® 9 o 0 R oo

]
=l

21 Environment returns 7. and Sk n+1
22 Increment counters

23 end

24 end

estimation of the action availabilities Ci"(-|s). Sleeping
UCBVI (S-UCBVI, Algorithm 7) is an optimistic algorithm
where the key innovation is using two bonuses, one for
the state-action value functions Qy, 1, (s, a) (as for UCBVI,
to handle uncertainty on P) and one for the state value
functions Vj, n(s) (to handle uncertainty on C) We estimate
the transition model as in Equation (2) (line 7) and we keep
an estimate of the action availability as follows (line 8):

Nk h(S B)
Nih(s)
where Ny, p,(s) is the number of times state s is visited at
stage h and Ny, j, (s, B) is the number of times we observe ac-

tion availability /3. Then, we perform an optimistic value it-
eration (lines 9-15) to obtain the optimistic estimate Vj, 5, (s)

Cird (B|s) = )

and @k,h(S, a) by means of two additive optimistic bonuses.
Going backward from h = H, we compute Qy, (s, a) as:

Qr,n(s,a) = min {@k—m(& a), (6)
Rh(S,a)-‘rkah Z th |S G)Vk h+1( )}
s'eS

where b2, (s, a) is the exploration bonus to account for the
uncertainty on the transition model estimate P

4L@k’h(8, a)
Nin(s,a)

THL

Q
’ 3(Nk,n(s,a) — 1)

kh( ) =

Q
. 4ES/~13,€1,L(.‘57&) [bk,h,+1(5/)]
Nk,h(sv CL) ’

where @k,h = VarS,Nﬁk‘h(i‘Sﬂ) [‘7k,h+1(s’)] is the empir-
ical variance of the next-state estimated value function,
b par(s) = min{29002H3S? A24L3 /Ny, 11 (s), H?}
is the additional bonus term, and L = log(80H S2A24T/§).
Then, we compute the optimistic value function Vi n(s)as:

Vin(s)= > Ot (Bls)maxQun(s,a)+5(s). (7)
BeP(A)

where bkv », 1s a bonus accounting for the uncertainty on the
action set availability defined as:

DY (s) m ALQy 1 (5) THL
koh Niw(s)  3(Nen(s)—1)
-V
4]EB~CV;;‘dh(~‘s)[bk,h(s7Trk-,h(s7Bk7h))]

+ - Nk,h(s) ,
where Qj 5 (s) 5) [Qren (5, 7,1 (5, B))], and

Ekv’h(s,a) = min{13502H3S3A24 L3 /Ny 1 (s, a), H?} is
an additional bonus. Finally, the algorithm plays an action
greedily w.r.t. Q1 (s, a) (lines 17-23).

= VaI‘BNC‘,}Q:ﬂh (‘

We provide the regret upper bound of S-UCBVI for per-
stage disclosure and independent availabilities.

Theorem 5.2 (Regret Upper Bound S-UCBVI with in-
dependent availability and per-stage disclosure). For any
d € (0, 1), with probability 1 — 0, the per-stage disclosure re-
gret of S—UCBVTI on any SleMDP with per-stage disclosure
independent action availabilities is bounded by:

Rps(s-ucBvVI,T) <512HVSATLG
+ 4982 H0S A24 L2 G,
where L = log(80HS?A24T/8) and G = log(HSAT).

In particular; for T > Q(H°S%A*224) and selecting § =
24T, we have:

E[Rps(S-UCBVI,T)] <

O (H\/W) .

Proof Sketch. The proof is provided in Appendix D and
extends (Azar et al., 2017, Theorem 2). The key differ-
ence is the use of two bonus terms to ensure the optimism
of both Vk n, and Qk n due to the estimation of the action

availabilities Cf] '”d and of the transition model Pk, n. Given

zk,h = Vk,h - Vh
cursive dependence, that we unfold since AV can be derived
from A® and A is obtained by upper-bounding A" as:

and Agthhh*Q’g’“, we notice a re-

AY <oy, +5§h +4H?2AL/ Ny, 1 +A§{h,
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Per-stage Disclosure Per-episode Disclosure
Lower Bound ‘ Upper Bound Lower Bound ‘ Upper Bound
Q(HVSAT) O(HV/SAT)
Independent T > Q(H2SA T > Q(H'"0 S5 41924 N
(H'S4) (H5°4 27 Q(HVSAT) | O(HVSAT)
~ T>QH?SA) | T = QHS*A
Q(H\/SATQ‘W) (’)(H\/SATQA) ( 31 ) ( 30 )
Markovian T > Q(HSAQA) > Q(H653A323A)
42 4.1

Table 1. Summary of the results.

where 5,? , 1s a martingale difference sequence that leads
to a lower-order term. As such, we upper bound the two
quantities as done in Lemma 3 of (Azar et al., 2017) at the
cost of a multiplicative e constant, avoiding any exponential
dependency on A in the higher-order terms. Then, extending
the rationale of (Azar et al., 2017), via backwards induction,
we show that the empirical variance is small enough that

the additional bonuses 5,‘; , and Bg , guarantee that Vj, , and
th are indeed optimistic. This is done by deriving an
upper bound on Q, ,(s,a) — Q5 (s,a) in the order of:

@k,h(s,a) —Qj(s,a) <min{(’)(H3S3A2AL3/Nk_,h(s,a)),H}.

Then, we use the latter result to derive an upper bound to
Vie,n(8) —V;*(s) in the order of:

Vien(s) =V (s) <min{O(H>S? A24 L /Ny 1, (s)), H}.

Subsequently, we use these inequalities to show that @k =
Q@ and XA/;C »=V;* hold, thus, demonstrating the optimism.
Finally, we derive the regret bound by combining the terms
in the upper bound of A}, . observing that, when applying
the pigeonhole principle, we consider all the actions in A as
available, as this provides the worst-case allocation. O

This result shows that for a large enough 7', the regret
suffered by S-UCBVI is of the same order as that of
UCBVI-BF (Azar et al., 2017, Theorem 2), matching the
lower bound for standard RL, up to logarithmic terms. Thus,
the need for estimating the action availability C'"9, that is a
distribution over P (.A), results in a minimum value of 7" that
scales exponentially with A. Nevertheless, no exponential
dependence on A is present in the leading term.

6. Discussion and Conclusions

We summarize the results presented in this paper in Table 1.
We motivated the introduction of approaches aware of the
action availability in opposition to an LLC since they allow
learning better-performing behaviors. We illustrated this in
Example 1. Now, we formally prove that this is the case.

Per-episode > Per-stage. We restrict to stochastic avail-
abilities sampled independently at every stage, i.e., via C'".
Indeed, in this case, we can imagine availabilities Ay, 1, (s)
to be pre-sampled for every k € [K] and (s, h) € S x [H].
In the per-episode disclosure, Ay, ,(s) is revealed at the
beginning of episode k, while in the per-stage disclosure
Akyh(s) is revealed only when, at episode k, we reach state
s at stage h. This observation allows concluding that the
expected optimal performance in the per-episode disclosure
is superior to that of the per-stage disclosure:
BIVE] = B | o V7 )| > ma v ) - v )

mrelly

Per-episode Per-stage

where the expectation is taken w.r.t. the randomness of
A1 (s), and where II;, and II are defined in Sections 3
and 4, respectively, and the inequality follows from Jensen’s.

Per-stage > LLC. The LLC can be regarded as
a (possibility stochastic) function that, given an un-
available action ayj, ¢ Ap sampled from pol-
icy mn(:|sk,n), overrides it with an available action
a%y n € Apn sampled according to some strategy
P (|sk.ns akny Agn). Thus, the overall effect of the
LLC is equivalent to playing a policy - (+|sy.n, Ak.n) =
Y uen PEECClskns a, Agp)ma(alsy,,) that belongs to the
policy space II on which we optimize in the per-stage dis-
closure case. Thus, the performance of the LLC cannot be
larger than that of the optimal policy of the per-stage case
(ie., Vi (3) < maxren V™ (3) = Vi¥(3)).

Future Works. Interesting future research directions in-
clude investigating action availability structures that are
more general than the independent case while preserving
statistical tractability. Moreover, it is of interest to devise
instance-dependent features to characterize the complexity
of an instance in the regret bounds based on the characteris-
tics of action availability.
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A. Example

Figure 4. Illustrative Sleeping MDP.

In this appendix, we discuss an example of Sleeping MDP, analyze the two disclosure scenarios described in the paper
(i.e., per-episode and per-stage disclosure, indicated with PE and PS, respectively), and the case in which we do not have
information about the available actions, making use of a low-level controller (LLC) to correct taken actions that are not
available, generating an equivalent MDP as depicted in Figure la.

Consider the Sleeping MDP depicted in Figure 4, where the goal is to go from initial state A to the absorbing state C. To
reach this goal, we have two paths, the first (the one below) is safe but costly, the second one is unsafe and may be not always
available, but has no cost. More formally, we consider an undiscounted finite-horizon Sleeping MDP with initial state A, and
absorbing state is C (we assume infinite horizon here since there is probability 1 of reaching state C). To reach the absorbing
state, we have two possible paths, which can be chosen using deterministic actions. The first one is the one following action
F (i.e., forward safe), which deterministically leads to the final state with total reward —2. The second path, instead, leads
to the final state through state B. We assume we can always take action F’ (i.e., forward) in state A and deterministically
reach B without costs (r = 0). Then, when we are in B, the next forward action may be available or not, and we assume it is
available with probability p (formally Pr(F € A (B)) = p, for every stage h). If F' is not available, we can voluntarily stay
in B and wait (i.e., play action \S,), obtaining a reward of —1, or try to go anyway. In state B, there is also another action Sy
(i.e., stay forced), that makes the agent remain in state B and receive a reward of —2. This latter action will be employed by
the LLC to override forbidden actions (i.e., the attempt to play F' in state B when it is not available).

We now compute the value functions of this Sleeping MDP for the three scenarios under analysis.

Sleeping MDP with per-episode disclosure. We first analyze the optimal value function V3L (A) in state A for the
per-episode disclosure scenario. We recall that in this case, we knew the action was available at the beginning of the episode.
It is easy to observe that, considering & = 1 as the moment in which the first decision is made, the path through B will be
convenient if at h = 2 or h = 3 the action F' will be available in state B (if action F’ will be available for the first time in
h = 4 or later, we can choose the safe path).® Knowing that such action will be available with probability p, the probability
that it will be available at time i = 2 is indeed p, while the probability that will be not available in h = 2 but will be
available in h = 3 is (1 — p)p. Given that, the value function for state A is:

Vee (A)=0- p —1- (p(1—=p) —2-(1—(+p(l-p)).

f available f available in h=3 Otherwise
in h=2 and not in h=2

Sleeping MDP with per-stage disclosure. We now analyze the optimal value function V3 , (A) in state A for the per-stage
disclosure scenario, where we do not know the actual action availability in advance. Given the simplicity of the problem, we

8For the sake of precision, it is not relevant if action F' is available in state B when h = 1, because we are not in such a state and we
cannot play it.

12
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Figure 5. Optimal value functions V;*(A) for € {PE, PS, LLC}.

analyze value functions from the final state backward. We first observe how, for absorbing state C, we have Vg5 (C)=0
for every h € N. Then, we move to state B, and we trivially observe that the optimal policy is to go to state C if possible
(i.e., if action F' is available), and use action S,, otherwise. The value function for state B is:

Ves.n(B) =p(0 + Vg5 1,11(C)) + (1 = p) (=1 + VBg 1 (B)).
Since Vgg ;,(B) = Vg5 1,1 (B), by solving for V5 ; (B), we get:

1-p
Ves(B) = T

Given that, in state A the optimal policy will choose the best path in expectation, its value function will be:

1—
VP*S,l(A) = Imax {—2, —pp} .

Sleeping MDP as and MDP with LLC. We finally suppose that we want to handle this Sleeping MDP as if it were a
standard MDP with stochastic actions and rewards depending also on the landing state. We start as before by observing that
Viic(C) = 0. Then, we can reason about state B. It is clearly visible that we have to try to go to state C; otherwise, we will
continue to pay the cost of staying in B (for a sufficiently large horizon). Given that, the expected value of this state is 0 if
we play action F’ and it is available, —2 if we play it when it is not available. Formally:

Vite,n(B) = p(0 + Wic n41(C) + (1 = p)(=2+ Viic n11(B)).
Since, Vi 511(B) = Viic 1 (B) we get:

1-p
Vicn(B) = _27'

As before, in state A, we can select the best action, leading to:

Vifc(A) = max {2, Sn) } |

Comparison of the Results. Figure 5 shows the value functions for the three cases for all the values of p € [0, 1]. We can
observe how, as supported by the intuition, for every p € [0, 1], it is always better to know the action availability in advance
(Vee(A) = VE5(A)), as we have more information and we can take better decisions. This implies that the two notions of
regret must differ (given that the two optimal value functions will be different), in particular in terms of the comparator we
use, which should be appropriate and reachable. Finally, we observe that the performance of the equivalent MDP integrating
the low-level controller is the worst, as expected.
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B. Related Works

In this appendix, we summarize the relevant literature for this work. We start by presenting an overview of the fundamental
works in the sleeping MAB literature, as this problem has never been faced in the RL scenario. Then, we introduce works
on invalid action masking in RL. Finally, we summarize the main results on regret bounds for standard RL.

Sleeping MAB. (Kleinberg et al., 2008; 2010) are the seminal works for the Sleeping MAB setting. In their work, the
authors study both the full and partial information settings, considering both the stochastic and adversarial reward models
and adversarially chosen action sets. (Kanade et al., 2009) presents the first polynomial time algorithm for MAB with
adversarial rewards and stochastic action sets. In the same scenario, (Saha et al., 2020) improves the performance, keeping
the computational complexity polynomial. (Kanade & Steinke, 2014) presents the first polynomial time algorithm bandits
with both adversarial rewards and action sets, and (Nguyen & Mehta, 2024) achieves near-optimal regret bounds in this
scenario. (Chatterjee et al., 2017) studies the setting with adversarial action sets and Bernoulli rewards. (Cortes et al., 2019)
extends the Sleeping framework to consider graph feedback. (Gaillard et al., 2023) studies different notions of regret in the
sleeping MAB setting, and discusses their relation.

Invalid Action Masking for RL. Several works consider the possibility of having not all actions available in all the
states (Vinyals et al., 2017). This deterministic masking operation can be done over several types of algorithms such as
policy gradient solutions (Huang & Ontafién, 2022) and state-of-the-art deep RL algorithms such as DQN (Mnih et al., 2013).
However, in all these works, given a state s, we have a deterministic mapping to the action availability (i.e., C : S — P(A)).
In this work, instead, we consider way more challenging scenarios, as we have, given a state, probability distribution over the
available action sets (i.e., C': S — A(P(.A))), also in the per-episode disclosure scenario, that can be seen as a stochastic
generalization of action masking.

Minimax Regret Bounds for RL. (Auer et al., 2008; Jaksch et al., 2010) present the first minimax lower bound in the order
of Q(v/DSAT) for average reward MDPs with stationary transition probabilities where D is the diameter of the MDP.?!1°
(Domingues et al., 2021) generalize this result by providing a standard proof framework for episodic MDPs and demonstrate
a lower bound in the order of Q(H+/SAT) with stage-dependent transitions and Q(+/ HSAT) with stage-independent
ones. From the algorithmic perspective, (Jaksch et al., 2010) propose UCRL2, which enjoys (7)(DS\/ﬁ) regret with
stage-independent transition. (Azar et al., 2017) propose UCBV I, which enjoys @(\/H S AT) regret with stage-independent
transitions and (5(H /S AT) with stage-dependent ones.!! (Zhang et al., 2024) theoretically improves the result of (Azar
et al., 2017), even if preserving the same (optimal, up to logarithmic factors) rate, by reducing the requirement for the
minimum 7" needed in order to match the lower bound.

C. Omitted Proofs of the Lower Bounds
C.1. Proof of Theorem 5.1

Theorem 5.1 (Lower Bound — Per-stage Disclosure: Independent). For any algorithm 2, there exists an instance of SleMDPs
with independent action availability with per-stage disclosure such that, for T = Q(H?SA), the per-stage disclosure regret
satisfies:

E[Rps(,T)] = (H\/&TT) .

Proof. This proof closely follows the one of (Domingues et al., 2021, Theorem 9). In order to demonstrate the lower bound
for Sleeping MDPs with per-stage disclosure in the case of independent action availability, we first modify the class of hard
MDP instances provided in (Domingues et al., 2021, Section 3.1), and then we follow similar derivations to the original
proof, thus reporting only the relevant modifications.

Definition of the Sleeping MDPs class. We start by modifying the class Cﬁ,e’ provided in (Domingues et al., 2021) to
transform it into a specific class of Sleeping MDPs. As in the original proof, the SleMDPs all have three special states: a

“This result considers a different setting w.r.t. the one of finite-horizon MDPs considered in this work. However, we can generalize this
result by observing that H = O(D), see (Domingues et al., 2021).

]O(Bartlett & Tewari, 2009) present a variant of the lower bound which does not hold in general, see (Jaksch et al., 2010; Osband &
Van Roy, 2016) for a detailed discussion.

"The result of (Azar et al., 2017) is derived with stage-independent transition. However, we can derive the result by considering a
fictitious MDP with augmented state space S x [H].
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waiting state S,,, a good state s4, and a bad state s;,. The remaining S — 3 states are arranged in a A-ary tree of depth d — 1.
The agent starts each episode in s,,, and can select to remain in s,, by playing an action a,, up to stage H, after which it is
forced to transition to state s,.,.¢, Which is the root of the A-ary tree. For every triplet:

(h*,1*,a*) e {1 +d,...,H+d} x L x A\{ay},
we define a Sleeping MDP Mg (j, ;% .+ as follows. The action availabilities in s,, are defined as:
CM™(Alsy,) =1, Yh e [H]
meaning that all actions are available in the waiting state, and the transition probabilities from s,, are defined as:
P (Sw|$ = Sw, apn = ay) = 1{h < H},
Pr(Sroot]S = Sw, kp = @) = 1 — Pp(Sw|s = Sw, k.n = aw),
Pr(Sroot]$ = Sw,ak,p = a) = 1,Va # ay, h € [H].

LetZ = S\{{sw} U L U {sg4, sp}} be the set of internal nodes of the A-ary tree, then the action availabilities inside the tree
are defined as:

C"(Als) =1,Vs e T.

The transition probabilities for any state in the tree are deterministic: playing the a-th action leads deterministically to the
a-th child node of the current node. For every leaf node s; € £, we define the action availabilities such that:

Pr(aw € Ak n(s)) =1, Vse L ke [K],h e [H],

Pr(a e Apn(s)) = > CM(Bls) = ce [0,1], Vs L,a e A\{ay}, k € [K], h e [H].
BeP(A) st aeB

As such, at least one action is guaranteed to be available at every stage of every episode, and every action (except a.,) is
available with probability c. The leaf nodes are the only nodes which can transition to s, and s;, and they do so according to
the following transition probabilities:

1
Ph(*sg‘siya) = 5 + A(h*,l*,a*)(hvsia)a
Pr(sp|si,a) =1 — Py(sglsi,a),

where Ay px %) (h, si,a) = e'1{(h,i,a) = (h*,1*,a*)}. Finally, we also define a reference Seeping MDP M5 o which
has the same structure as the SleMDPs defined above, but with Ag(h, s;,a) = 0. The rewards are defined as:

R(s,a,h) = 1{s = sg,h > H +d + 1},Va € A.

Regret of an algorithm 2( in Mg ;% ;% q%). Following the same reasoning as in (Domingues et al., 2021), it is clear to see
that the learner is required to learn the optimal trajectory, which enables it to play action a* in leaf node s;+ at stage h*.
However, this trajectory is only achievable with probability ¢, due to the availability of action a* in node s;«. Notice that, if
the optimal trajectory is not available in an episode, then the learner does not incur in any regret, as neither the agent nor the
optimal policy can achieve it. We now follow the proof of Th. 9 of (Domingues et al., 2021), adapting to the Sleeping MDP
setting. We report only the relevant modifications. Let Sy, ;, and Ay, j, be the random variables that represent, respectively,
the state occupied and the action selected at stage h of episode k. We start by observing that the average reward gathered by
an algorithm 2/ is again defined as:

K H K
E(h*,l*,a*) Z Z R(Sk,h>Ak,h7h) = (H - H- d) Z Pr(Sk,ﬁerJrl = sg)'
k=1h=1 k=1

For any stage h € [1 + d, H + d], we can rewrite Eq. (7) of (Domingues et al., 2021) as:

(h*yll)*r,a*)(sk,hﬁ-l = 8g) = (h*g’*r7a*)(8k,fb =sg)+ 3 (h*f*r7a*)(5k,}t € L)+
— k¥ _ k| ok
+ ﬂ{h =h }(h*,fl)*r,a*)(sk’h = 51*7Ak,h =a |a € .AkJ,,)

= (h*,lf*r,a*)(Sk’h = Sg) + 5 (h*’ll:’*r’a*)(sk_’h € £)+
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1
+ Eﬂ{h =h*} Pr  (Spn=spx, Agp =a”), ®)

(R*,1%,a%)

where (8) is obtained by applying Bayes’ rule and observing that Pr,x ;% o%)(a* € Ag n|Skn = si%, Apn = a*) = 1.
Following the proof, we obtain that the optimal value in any of the SIeMDPs is p* = (H — H — d(1/2 + ¢))/c. We can
then rewrite the suffered regret as:

— 1
Rr()=K(H — H—d) (1 — KE(h*,l*,a*)[ZK,(h*,l*,a*)]> ,

where Zg (% 1% q%) = Zle 1{Sk nx = six, Ap px = a*|a™ € Ay jx }. Observe that:

K
1 1
2 B 0 [ 21 (o 1% ,0%) ] = 72 D B 0 [L{ Sk = s, Ap s = a¥la* € Ay s }]
k=1
1 %) %
=% (h*,ll)*r,a*)(Sk’h* = Sl*aAk),h* =a \a S Ak7h*)
k=1K
1 &1
— — _— == = *
=% kgl - (h*,llj*r,a*)(SkJL* 5[*7Ak-,h* a )
1

- _E N
K (h*,l*,a*)[ K,(h*,l*,a*)]v

where N (px 1% q%) is defined as in (Domingues et al., 2021). We can then bound the maximum regret over all possible
instances as:

1

(h’g}gﬁ*) RT(Q[) = K(H — F — d) el l-— m Z E(h*,l*,a*)[ZK,(h*,l*,a*)]
(h* 1% %)
— 1
= K(H —H — d) £ —_ = ]E(h*,l*7a*)[NK7(h*,l*,a*)]
HLAKc (h*;ﬂ*)

Following the derivation, we finally obtain:

max Rp(A) > K(H — H —d)e <1

(h# 1%, a%)

1 V2eVHLAK
HLAc HLAc '

Clearly, as c appears only at the denominator of negative terms, and ¢ € [0, 1] by definition, the value of ¢ that maximizes
the regret is ¢ = 1. Intuitively, given a finite number of episodes, and given that the agent does not pay any regret if the
optimal trajectory is not available, the case in which the agent can pay the maximum regret is that in which the optimal
trajectory is available in every episode. Finally, we conclude the proof by plugging in the same optimal values for ¢ and H,

obtaining a lower bound of Q(H+/SAT). O
C.2. Proof of Theorem 4.2

Theorem 4.2 (Lower Bound — Per-stage Disclosure: Markovian). For any algorithm 2, there exists an instance of Sleeping
MDP with per-stage disclosure and Markovian action availability such that, for T > Q(HSA24) and H = Q(A), the
per-stage disclosure policy regret satisfies:

E[Rps(A,T)] = Q <H SATQA/Z') .

Proof. We start the proof by describing the instance. The goal of this proof is to show that an exponential component in the
regret is not avoidable if we consider Markovian action availability and per-stage disclosure.

Construction of the Instances

To build the “hard instances” of SleMDPs we need in order to get the lower bound exponential in the number of actions, we
consider two building blocks, as depicted in Figure 6. In these instances, we consider H > % + 2+ log 4 S, we consider
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Instance used in Theorem 4.2
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Figure 6. Instance used in the lower bound construction for C' =
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the state set to be composed of S states and 3 additional states: s,,, s*, and s~ which we will define later. Moreover, we
consider the action set to be composed by A + 2 action, with A even, where we have 2 special actions a™ and a~ we will
define later.

A-ary Tree. The first building block is the tree structure instance proposed by (Domingues et al., 2021), depicted in the
grey area in Figure 6. In this structure, we have a starting state s,, from which we have to exit at the proper moment, which
is designed to get the proper dependency on the horizon H. Then, we have a A-ary tree structure that we consider in the
same way as (Domingues et al., 2021). For this part, we consider that all the actions are available in all the states. Moreover,
we consider deterministic transitions. We refer the reader to (Domingues et al., 2021) for further details. This construction
gives us a lower bound in the order of €2 (H \ SAT) and, given that we consider full action availability, we are in the same
scenario as for the original paper, so we avoid to report all the derivation, and we refer the reader to (Domingues et al., 2021,
Theorem 9) for the analysis.

Sleeping MDP Lattice. The second building block is a lattice structure to generate the hard instance in terms of Markovian
action availability sets. In every leaf of the A-ary tree, we add a lattice of depth A/2 designed as follows. We start, as
depicted in Figure 6, in a generic leaf state s; where we will have all the actions available to build the lattice. In the example,
the available actions are reported next to the state. When we are in the lattice and we make an action a;, such an action will
be no more available in the next stage, while we remain in the same s; € S, so the only evolution we trigger is a deterministic
evolution of the available action set 5 which will become B\{a;}. We stop the construction of the lattice when we are in the
layer of the lattice with the maximum extension. It is simple to verify that in such a layer, we have n = ( A?Q) different

availability combinations. Then, at step % + 1 in the lattice, we have that the different instances become distinguishable, and
we will have an action set i* € [n]] which is the optimal one. We call m; the instance in which ¢* is the optimum. Now, if
we are in the optimal action availability set, we have probability % + ¢ to remain in s; and have the chance of playing action
a™, and we have probability % — € to remain in s; and having available only action a~. Then, if we play a™ in s; in the
proper stage h € [H], we get reward 1; otherwise we get 0. If i € [n],i # i*, we have the same probability of going to
good and bad action set, i.e., L

5 .
Given that, an instance is characterized by a tuple (s*, h*, a*, B*). While the first 3 terms are the same of (Domingues
et al., 2021), the last term is the optimal available action set, i.e., the one allowing us, if properly triggered, to play a™ and
get reward 1. B* is the set corresponding to i* € [n].
Analysis
Given that we already know the result of the first building block (i.e., the A-ary tree), we dedicate our efforts to getting the
exponential dependency on A, then combining the results together just requires some straightforward algebra.
Fix i* € [n]. We call N;(K) the number of times we observed ¢ over K episodes. We define i~ € [n] the ones such that:

i~ € argmin E,, , [N;(K)].

weln]\{i*}
Given that, since we are in a loop-free structure, we know that:
> Eum, [N(K)] <K,

ie[n]\{i*}

for the so-called “averaging hammer” we have:
K

n—1

Enm,y [N (K)] <

We now consider instance m,-, which is defined similarly to * but this time the best available action set, i.e., the one with a
probability of activating a™ equal to % + 2¢, is ¢~ . We highlight that in this instance we have a multiplicative term 2 before
e.

We can now compute the regret and optimize the value of £. We use the notation Ry (m) to indicate the regret after T’
interactions on instance m:

max { Ry (m;x ), Rr(m;-)} = 5 (Rr(mgx) + Ry(m;-))

pK (75; <Ni*(K) < 5) + Pr (Ni*(K) > I;))

18

[>l\3\>—l

=



Sleeping Reinforcement Learning

AK 1 1
> ——exp ( E [N;-(K)] Dkr ( + 2, - + s)) )
8 m,x 2 2
K Ke2
> 2K oo (— 2 ) (10)
8 n—1

where A is the value function we will compute later, line (9) is the Bretagnolle-Huber inequality (see Lattimore & Szepesvari,
2020, Theorem 14.2), and line (10) holds for sufficiently small ¢.

1 1
Vi :(2+5>-1+<2—5)-0—5

1 1
V;‘Li—(2+2£>~1+(2—25>~0—25

We can now compute A:

so we have A = ¢.

Now we have to choose € and we choose € = "I_(l and we get:
eK Ke?
max { Ry (mgx ), Rp(mg-)} = ——exp | —
8 n—1
o1
> —/Kn-1
—VE@ 1)

where the last inequality is derived after having observed that:

A2
n = A > i 2 2A/2
A2 A2

Now, applying the same reasoning as (Domingues et al., 2021) we can retrieve the multiplicative factor {2 (H 32/ SA),
leading to a bound in the order of €2 (H VSAT24/ 2). This concludes the proof.

O

D. Proof of Theorem 5.2

In this appendix, we provide the formal proof of Theorem 5.2. The proof follows the one of (Azar et al., 2017, Theorem 2)
and as such, some of the original lemmas which are used as is are reported to increase the readability of the proof.

D.1. Notation

We now collect the notation necessary for the understanding of the proof of Theorem 5.2.

77

]
=
=
S
S

Meaning

State space

Action space

Transition distribution

Action set availability distribution
Reward function

Length of the episode

Total number of episodes

Total number of steps

Total number of steps up to episode k&
Cardinality of the state space
Cardinality of the action space

ERSNNIRQATE®
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Sk.h State occupied at stage h of episode k
aZf‘;fB) Action played at stage h of episode k under policy 73, with action set 3 available
N (s,a) Number of visits to state-action pair (s, a) up to episode k
Ni(s,a,s") Number of transitions to state s’ from state s after playing action a, up to episode k
Nin(s) Number of visits to state s at stage h up to episode k
Ni.n(s,a) Number of visits to state-action pair (s, a) at stage h up to episode k
ﬁk Estimated transition distribution
C Estimated action set availability distribution
be State-action value function exploration bonus
th(3> min{ 290021{{:5;32AL3 H?)
bY State value function exploration bonus
- 2773 g3 Ar3
by n(s,B) min{ IS A 1)
T Policy played during episode &
i Optimal policy
y State-action value function of the optimal policy
3 State-action value function following policy 7
@h h Optimistic state-action value function
fy Value function of the optimal policy at stage h
vir Value function under policy 7 at stage h
XA/k,h Optimistic estimator of the optimal value function at stage h of episode k
A‘k/’ () Regret in state s, at stage h of episode k, following policy 7y,
ﬁ‘k/ w(8) Pseudo-regret in state s, at stage h of episode k, following policy 7,
AR (s, ) Qf(s,a) = Q7 (s,0)
AL (s,a) Qun(s,0) = Q7 (s,a)
& Concentration inequalities event
Qi.n Optimism event
eV, v, ¢v, EV, eQ @ Martingale differences sequences
[kltyps [ltyp,ss [Kltyp,s,a  Sets of typical episodes
Hi.n History of the interactions up to, and including, stage h of episode k, not including the
observed available action set By, 5,
Hi.nB History of the interactions up to, and including, stage h of episode k, including the observed
available action set By, p,
L Logarithmic term log(80H S%A24T/§)
G Logarithmic term log(HSAT)
A\ Next-state variance of V'
% Next-state variance of V'*
RA/;“ h Empirical next-state variance of \A/k, h
@,’: A Empirical next-state variance of V*
Qr* Variance of Q™"
Qy Variance of Q* R
Qx,h Empirical variance of Q) 5,
@: h Empirical variance of Q*

Table 2: Table of notation

We now restate the definitions of the Martingale Difference Sequences:
Vo AV 7k (Bk.,n) AV
€k,h = (PAk,h-H) (Sk,haak}h ) — Ak,h+1(5k,h+1>,

20



Sleeping Reinforcement Learning

-V ’ 7 (Br,n) I{s' € [s ]k n) XV ’
Ekh = Z P(s |5k,h7ak h ) (B B Ak,thl(S)
s'eS Nk(sk,hvak,k}f k’h)) P(8'|sk,n, ak i M))
I{sk,nt1 € [s]kn} XV
- 7% Bron) 7 Bron) Ak,h+1(5k,h+1)a

Ni(8k,ns ay. g, )P(5/|5k,haak h )

&= > C™Blsin) (ZP (s'|s, ap " >>A,¥,h+1<s/>>—A,Z,m(sk,hm,

BeP(A) s'eS

g:,h — Z Cind(B|Sk7h) (Z ( /|S aTFk(B))\/ E{SZ;E [S]k,h} — Ax,h-&-l(sl))
Ni( )

BeP(A) s’eS Sk,hyakfh( ))P(Sl|5k,haakh
sk nt1 € [s]ent v
- : A (Sk,ht1)
(B k,h+1 yh+1)s
\/Nk(sk,haakkff NP |51y ap i)
ind X B
€gh = (C dAkQJL) (Sk’,h) Ath(Sk h’akkh( k) h))

; {Be Bl xa o (B)
C""d([)’|s ) 2 AY (Skn,a,5"7)
Be;(fl) I\ N (s0,0) O (Bl ) — R0 e

_\/ UByn € [Blent 3o N i (B )y

Q)]
O
>

Il

- Sk,h,Q
Ni(sx.)C (B p|skn) " * kR

and of the variance terms:

Vzk (s,a) = Var [VIZTA (S/)]7

s'~P(:|s,a)
V#(s,a) = Var [Vi*(s')],
Hoa)i= | Yar (Vi)
th(s,a) = Yar [Vk,h(sl)],
s'~Py(+]s,a)
Vin(s.a) = Var  [VF()],
’ s'~Py(+]s,a)
Tk = V Tk B
h (3) B~Ci%}2-|s) [Qh (svﬂ-k,h(& )]7
* — \Y % , * .B))],
1=, Var Qs (s.5))
Qin(s) = Var [Qun(s, men(s, B))],
B~Cind([s)
Qin(s) = Var [Q5(s,m;(s,B))]
B~Cipd(-]s)

For ease of notation, we will employ the following notation throughout the appendix. Let ' : X — A(Y) be a probability
distribution over a set Y conditioned to a set X. Let F' : X — A(Y") be an estimator of F,andlet G: X x Y — Rbe a
real-valued function. Then the define the following notations:

= Y, Flyl»)G(z,y),

yey

(F=G) @) =Y (Flle) - Flylo)) Gla.y).

yeyY

Similarly, let F: X x Y — A(Z), F: X xY — A(Z),and G : Z — R be defined with the same meaning as above, then
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we define the following notations:

(FG) (z,y) = ) Flele,y)G(2),

zeZ

(= P)E) @y) = Y, (FGle,y) — Flyle,y)) G,

zeZ

D.2. High Probability Events

In this section, we state the high probability events €2, ;, and €. For ease of reference, we employ the same notation as (Azar
et al., 2017).

Let Qy, 1, be the set of events:

Qk,h = {‘/}i,j(s) > ‘/;*(S) A @i,j(s,a) = Q;‘(s,a),V(z,]) € [ka h]histvs € Saa € A}v

for k € [K] and h € [H], where:

[k, hlnist == {(i,7) =i € [K], 5 € [H], (i <k) v (i = k,j = h)},

under which optimism holds.

Event € is the event defined as:

E=E31¢am() ) {5az(fﬁv,k7h,H,L)ﬂeaZ(F5v7k7h7s,H,L)ﬂ&z(&v’k,h?s,a,H,L)

ke[ K]
he[H]
seS
acA
BeP(A)

/ 1 / 1 / 1
(VEax(Fiv 0 WIAkD (VEax(Fiv pops WiRkS (VEax(Fiv popsa WAL

mgaz(-/—'vﬁvk’h’ga H, L) ﬂ Saz(f£v7k7h,57sa H, L) ﬂgaz(]:ﬁV,kJL,B,s,a’ H7 L)
1 1 1

! ! /
Vel Fav o WiRke eFav s WiRke (Ve Fav on o WiRkd
ﬂ gaz(fAQ7k7},a H, L) ﬂ gaZ(fAQ,k7h7s’ H, L) m g‘&z(]:ﬁf?,k,h,s,a’ H, L)

1 1 1

! ! A
[ €ua(Fia s WiRke [ €ua(Fia s iRkl (€ua(Fra s sa WiRkS
ﬂgfr(gv,k,haH4Tk7H37L) ﬂgfr(gv,k,h,s,H5Nk,h>H3aL)

(&1 (Gvknsar H Niew, H?, L) () Ex(Ggpn, H Tk, H?, L)
() &r(Gaknss H Ny, H?, L) () Eee(G b hos.ar H* Ny, H, L)

2 2
M (]‘%vﬂk,h,H ,L) M éw (]—"vak’h’s,H ,L)

2 2
ﬂgaz (]:Ev,k,h,s,a’H 7L) ﬂgﬂz (]:EQ,k,h’H 7L)

ﬂg‘dz (FEQ,k,h,s’H2’L) ﬂgaz <]:BQ,/c,h,s,a7H27L) }
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The proof that event £ holds with probability at least 1 — ¢ directly follows from Lemma 1 of (Azar et al., 2017).

We now state the definitions of the events that compose €. Events £ p and 5@in concern the estimation of the transition
probability and of the action availability distributions:

b= {ﬁk( "Is,a) € B(k, h, Ni(s,a), s,a,s"),Vk € [K],h € [H], (s,a,s) e S x A x S},
Egina = (CiMd(B]s) € €(k, h, Ny(s), s,B),Vk € [K],h € [H],s € S,B e P(A)}.

B(k, h,n,s,a,s’) is the subset of the set of all transition probability distributions %3 such that:

Bk, h,n,s,a,s) = {15(.|5,a) eP:|P(|s,a) — P(|s,a)|, < 2\/57, (11)
( P(s'|s,a) = P(s'|s,a)) V¥ (s)
< min «/ Vi (&0 g Dl (12)
n—l
@@M@mﬂwﬂ<¢ﬂﬁwﬂm;PW&mL+x} (13)

and €(k, h, Ny (s), s, B) is the subset of all the action availability distributions € such that:

. . . A
(k. h, Ni(s), 5, B) = {cmd(-|s) e |CM([s) — CM(|s) < 24/ 2E, (14)

n

S (EM(Bls) — CM(B]s)Q (s, af )

BeP(A)
20* L *
< i Qf n(s) . _THL 7 2Q(s)L |, 2HL | as)
n 3(n—1) n 3n
~. X ind _ (ind
‘Cmd([ﬂs) o Cmd(B‘S)‘ < \/20 (B‘S)(ln c (B|S))L + ?)’7[;}’ (16)

where Eq. (11) and Eq. (14) follows by applying Lemma 2.1 of (Weissman et al., 2003), Eq. (12) and Eq. (15) follows by
applying both the Bernstein inequality (see, e.g., Cesa-Bianchi & Lugosi, 2006) and the Empirical Bernstein inequality
(Maurer & Pontil, 2009), and Eq. (13) and Eq. (16) derive from the application of the Bernstein inequality for Bernoulli
random variables.

The remaining events concern the summation of Martingale difference sequences. For ease of reading, let us introduce the
following shorthand notation:

I, ==1I{s; r = s},

Is.q == I{sip = s,azh( ih) a},

where I represents the indicator function.
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k H-—1 5: k H-— 1
gaz(fgv7k7ha a { Z Z z]+1 Sl]7 11] ) Z l]+1 517]+1)
i=1 j=h i=1 j=h
< 2Vk(H — h)HQL},
ko H-1 & "=l
gaz(]:AV,k,h,s’H’ {ZHS Z PAYﬁLl Sing> z3 ) ZHS Z AHH (sij+1)
i=1 j=h i=1 j=h
< 24/ Niw()(H ~ h)H?L},
k H-1 (Bi "=t
gaZ(FAV,k,h,s,a’H’L { Z ]Is,a Z l]+1 ,]’ai,} " 3711 Z Az ,J+1 S%J‘Fl)
1=1 j=h =1 j=h

< 2\/Nk7h(s,a)(H _ h)H2L},

/ 1 b / mi(Bi,j) H{s, € [ ]1J} XV /
g (‘FAV k,h’ 77‘[’) = Z Z P(S ‘87« jaaz] ) wi(Bi j) Ai,j+1(s)
L =1 N; (s, IOy J

=1 j=h s’eS i ”)) ( /|Szj’a"] )
k H-1
- Z H{Si7j+1 € [S]iyj} AV 1(8' '+1)
i(Bi,; i(Bi,j LIFLIAEI
i=1 j=h N'(SimaZj( 'J))P(Si,ﬁl\si,jaa;ij( )

H-1
EulFhy D)= 1, P(s'] s, a5)) Mo € [s]ig) AV (o)
AV khe VT 2L P Nilsag, ap ) P(s i gy al )

j=h
k H—-1
B Z I H{Si7j+1 € [ ]',j} AV 1(8' .+1)
s (B, , 2
: Ni(s;.;, ariP (B g)) T

i=1  j=h '7j7ai,j( 1'J))P(5m+1|5Lm 7,;
<2 Nk,h<s><Hh>}7

Ea (./TI —1 L) : { Zk: 1 Pil P(SI|S a‘n’i,(Bi,.j)) ]I{S/ € [8]i,j} &V (S/)
v 8,0’ 7 a o XA ’ i (Bi,j i (B, 7,j+1
B L i=1  j=h s'eS " Ni(sigr ap B0V P55, alsPoay

k
— Y Tea

=1

< 2\/Nk7h(s,a)(H _ h)},

k H—1
7; (B)
5az(}—AV,k,h,B7H7 L):= { Z Z Cmd B|Sm Z P(s |Sua u( )A’Y]+1( ’)
i=1 j=h BeP(A) s'eS

H-1

Z I{s; ;41 € [s]i;} ﬁ‘-/-“(sij-ﬁ-l)
7TL Bi,; B v /7

2 N( ( ) ™ (B J))

i=h Si,5> Q4 5 )P(5i7j+1|51717 z;

1

k H—
XV
- Z 2 Ai,j+1(si,j+1)
i=1 j=

h

k(H — h)H?L},
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k H—-1
in i (B
Ear(Fxv pnpe H.L) = { I C™(Blsiz) Y, P('|si g ars P )AY 4 (5)
i=1  j—h BeP(A) s'€S
k H—-1 -
— 3L Y AY L (sige)
i=1  j=h

k

in 7716
Dlea C™(Bsi ;) Y. P(s'|si5,al PVAY 41 (5))
=1

Eaa(FRV 5,5, 1 L) = {
j=h BeP(A) s'eS
1

< 2\/Nk,h(s,a)(H _ h)HZL},

D{STE 40 s’ < o]} AV ()
P = B~ Cmd( Isi.;) N (3 aﬂl([j’) i (B) 1,j+1 S
YR

i=1 j=h s’~P(\suall(8)) 4 )P (S/‘Si!j’aiyj )

E (]:/AV Jk,h,B?

J-

k H-1
- Z H{Si7j+1 € [ ]l]} &V 1(8' '+1)
Ni(s; ™ (B)) p m(B)y T

i=1 j=h i3> @i j )P (5/|5mvazg )

<2 k(H—h)},

ko H-1
. (]_-/ L L) . Z I Z E ) H{S/ € [S]l}j} AV (S/)
a2\ AV hB,s? T s B~C'"d(-|si,j()8) Ni(s 7:(B) ™ (B)y T~ hItl
) T

=1 j=h  ¢aP(|si;al o iy VP (80, a357)

I 5 I{sij+1 € [s]is} AV (s
- Z s 2 75 (B) 7(B) ii+1(8ij+1)

i=1  j=h Nl(slj?azj )P(s/|si7j’ai,j )

< 24/ Nien(s)(H — h)}7

H—
Ear(F} —= = Z ind s’ € [s]i) AY; 1(8)
AT kB sl \F i=1 =h - |Slwf()3>) Ni(si am-(B))P(qui j am-(B)) ot

J s~P( |8i,5.a; 5], 5],

4 I = I{sij+1 € [sli;} AV N
- La 2 (B p ), Big (i)
i=1 ji=h

N(slj7az] ) (Sl|si7j’ai,j )

< 2\/Nk,h(3»a)(H - h)}7

k H-— k H—l~ Bi)
g (IAQ o { Z C'ndAQ 517_]) Z AZJ(S%],CLZ; i, )
i=1 j=h i=1 j=h
< 2Vk(H — h)HQL},
k H—-1 k Hflw (Bis)
Ear(Faa o p o Ho L) = { 2L DL (C™AR)(sig) = Do Ls D3 A(sigealy )
i=1  j=h i=1  j=h
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< 24/ Nica(s) (H — h)H2L},

—1

k H k H_
gth(F&Q,k,h,s,a’ H7 L) = { Z ]Is,a 2 (CindBQ Sl j 2 2 EZQ 31 g :7](61 J))

i=1 j=h

< 24/ Niy (s, 0)(H — h)H2L},

Ear(F5 1 ,L) = zk: Hi:l 2 C'"(Bls; ;) I{B e [B]i,j} AQ (505, a™ )
He VL i=1 j=h BeP(A) W7\ Ni(si,) O (B]si ) v T
_iH—l I{B; ; € [Bli;} AQ (s am(Bi,j))
a5\ Nilsi 3)CM(Blsi;) 9T
<2 k(Hh)},
! 5 - HBe (Bl ®
5 .F/ 7,[/ = ]Is Clnd B Si i 0J AQ S; 4’a7"r’t‘( )
( AR k,h,s’ \E ) {; j=h BeP(A) ( ‘ ’J)\/ (S”)C'"d(8|s ) ,( Jr Wi g )
B Zk:]l H-1 I{B;,; € (8]} A9 (s, ; am_(si,_j))
27 2\ Nilsig) O (Blsi ) T

k H-1
/ R ind (12l B e [Blij} xa (B)
5 (]:AQ Jk,h,s,a’ \/E’ L) T { 2 ]IS,U« . Z C (B|S’L,J) Ni(Si,j)Oind(B|si,j)A (Slaﬁ a’L N )

k H-1
{B;; € [Blij} % 7i(Bi ;)

- I, J = »J AQ i(Bij
Z * Z N;(s;;)C™(B]s; ;) (815> a; )

i=1 j=h

< 2\/Nk,h(3»a)(H - h)},

k H-1 E H—1
T4 urs B‘L] T Bi,j

5fr<gV,k,haH4TkaH3aL) = { Z Z V]H( ,Jaai,j( |Hz h] Z Z ]+1 Si,js u( ))

=1 j=h i=1 j=h

4
< 20/ HAT, L + 3H3L},
H-1 5 k H-1 5
E(Gy sonss H* Ny, H3 L) 1= { M LE Z VT (sig, ap ”))|H7;7h] =LY VI (sig,al )
i1 j=h i=1 j=h

< 24/H3Nyp(s)L + 3H3L},
k H-1

Z Vit (sig, 17] o )H’h] - EHM 2 Vﬁl(‘slma%(&’j))

i=1 j=h

k
E(Gv k,hys,as HO Ny, H? L) = { D LsaE

i=1

4
< 24/H°N (s, a)L + 3H3L},
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k — k H-—1
Ex(Garn H* T, H | L {ZE l > Qi (si)|Hs, hl =20 2 QFsiy)

i=1

4
< 20/ HATLL + 3H3L},

k k H-1
& (G khss H Ny, H? L) 1= { > LE l D QY (s )M, h] — > I > QFi(sig)
i=1 j=h
4 3
<2 H5Nk,h(S)L+ gH Ly,
k k H-1
5fr(g(@,k,h,s,a7 H5Nk,h7 H37 L) = { Z ]Is aE [ Z Qﬂ'z sz J |H7, h‘| - Z s,a Q;l (si,j)
i=1 j=h

< 24/ H5Ny, (s, a) L + 3H3L},
k H-— k H-— 0
Enz (ngyk,h,HQ,L) :_{Z Z (PB?) (54,5, a] (%) Z Z b (sij+1)

k  H-— H-
o G 8) = 30 S ) - S0

< 2¢Nk,h<s>(H - h>H4L},

-1

k H-1 k H —Q
Eu (]:Q,k,h,s,a’Hz’L> = {ZHS’G Z 8ig> Z”J(Bi’j)) - ZHW Z b7 (sij+1)

i=1 j=h i=1 j=h

< 24/ Nic(s,a) (H — h)HAL

——

k H—-1 v k Hfliv 5 )
gaz (-FEV,}c,h’HQ,L> = { Z (Cb )(si,j) — Z b (si,j7azlj i, )
i=1 j=h i=1 j=h

k H-1 v k H_]',V (Bis)
Eaz <f5v7k7h,s,H2,L> = { DL D (Ch )(sig) = DT b (sigoary 7))
i=1  j=h i=1  j=h
< 24/ Nica(s) (H — h>H4L},
k H—-1 v k H_17V (Bi)
Eaz (J’gv’k,h}sﬁa,HQ,L> = { Diloa 23 (CB )(sig) = D Tsa Db (sigrary )
i=1 j=h i=1 j=h
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The choice of L derives from a union bound over the 40 events, for every episode k € [K], stage h € [H], state s € S,
action a € A, and action subset B € P(.A), noting that each event holds with at least probability 1 — 4.

D.3. Technical Lemmas

Lemma D.1 (Regret decomposition upper bound A} ). Let k € [K] and h € [H]. Assume events £ and Q. , hold. Then,
the regret from stage h onward of all episodes up to k, in terms of state value function, can be upper bounded as follows:

k k -
Z ih 57 h Z AXh(Si,h)

1=1
£ (B) (Bis)
< 62 Z [b:{] (37;1]‘) + EB,\,Cind(A‘Si’j)[sz] (57, g9 af; )] be (81 j,af; ©J )
i=1 j=h

+¢V ”+xﬁ§”+r"+\ﬁQ

+ Ep~cind(|s; ;) [((P P) ;+1)( i :E(B))] Vi ((P P)Vﬁ_l) (si a’.”,(B'iJ))

330 7,9

TR l SH2SL ] .\ SHSL
B~Cind(-[s,5) o (B) +(Bi
3N S%J’ i j( ) SZ Jr @y ]( )>
2H22AL 2H2AL 2Q7 (siy)L  2HL
Ni(sij) 3N (sij) Ni(si,5) 3N (si,5)

Proof. Considering a single value of k € [ K], we first observe that, under Qe

AL (sen) = ViE(sen) = Vir (sen)
< Vin(sin) = Vi (si.n)
= Agh(skﬁ)'

As such, we can then bound the pseudo-regret AL/ n(Sk.n):

Akv,h(sk,h) Vieon (s ) Vir* (sk.n)
by ( ( CirdQy, h) skn) — (CMQRF) (skn)
(G0 — C™30n) () o o W 5
(a) ’
+ Bpomio ) [ (Piensr) (e afi®) = (PYEL) (ool
— (@) + B 1 (5k) + B oy (b (51 075 )]

+ Eg~cind([spn) [((ﬁk - P)f}k,thl) (5k7h>ak7258))] +E gocng. .0) [AKh+1(S/)]

s’ ~P(|sk, ;L,ak A

_bkh Skh

B ~
= (a) + bx,h(sk,h) + EBNCind(,|Sle)|:b§h(Sk h»akkh( ))] +E B~C™ (| s1.n) [Al‘c/,h+1(5/)]

S/NP(~‘S)C hs Wk(B))

A b

+ Eg~cimd(|sy.n) [((ﬁk - P)Vh*+1) (sk, haakkh( ))]
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+ Epcina(|sp.n) [((ﬁk — P)(Vis1 — Vh*+1>) (Sk,hs %kff ))]
= (a) + bl‘c/,h(sk,h) + EB~cind(-|Sk,h)[bg,h(sk,h,akkffg))] + Ak,h+1(3k,h+1)
+ f/‘c/,h + Ep~cimd(|sy.1) [((ﬁk - P)Vh*+1> (8k,hs aZ’“h(B))]
+ B ag [(Pe = P)Pnrs = Viti)) (ks ™)) (a7

©)

We now bound term (b) following the procedure of (Azar et al., 2017, Lemma 3), obtaining the following bound:

_Vv 1~ SH2?SL
(b) < V2LEy py + 7 AN i1 (38,041) + Epacm(ls ) [ >)]

7 (B
3Nk(3k,h; a,m

To bound term (a) we first derive that:

(@) = ((C* = ™) Qun) (s1)
= (€ = ™) Q= Q7)) (srn) + ((Cir = ™) Q7 ) (1)
(e)

QQZk (Sk,h)L 2HL
Ni(sk,n) 3Nk (Sk,n)

< (c) +

(18)

where Eq. (18) is obtained by applying Bernstein’s inequality. We now bound term (c¢):
() = Cir(Blsin) = C™(Blsin)) A2, (s afi ™)

Be’P(A)
20'”d Bls 1 — C'"d Bls 2L
\/ | kh Skh | kh» + )> Ath(Sk h7ak h(B)> (19)

3Nk (sk.n

2(C'nd( B|s;€h ~Q 7 (B)
A k
A/ o (Skn) 3Nk (Si) k,h(sk,hvak,h )

BeP(A)
C'nd B|Sk h) ~Q ﬂ'k(B) 2H2AT,
< V2L WA]C h(Sk hy,@ k,h )-‘rm (20)
BeP(A) k\°k,h k\9k,h

- _

(d)

2 Al
(e

where Eq. (19) is obtained by applying Bernstein’s inequality for Bernoulli Random Variables, and Eq. (20) follows by
upper bounding Ak 1 (Sk.hs akkh( )y with H. Let [Bli., = {B € P(A) : Ni(sx.0)C™(B|sg.n) > 2H2L}. To bound term
(d), we first rewrite it as:

C’lnd B|5k h) k(B C’md B|Sk h) (B
= ) WAgh(sk,hvakkh ) Z Tﬁg’h(shh,ak’k}f ), 21
Be[Blk,n k\2k,h B¢[B] k,h

_

(e) ()
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we can then bound term (f) as:

Nk Skh B|3k h) 7, (B
= ) v AL (stnapi™)

Ak h
B¢[Blw,n Nk( )

H?244/2L

S
Ni(Sk,n)

by applying the condition of [B] 5, and term (e) as:

Clnd Bls -
- 2 MAgh(Sk,hvakkh(B))

BE[B]k'h Nk(Sk h)
_ UByn € [Blen}  x
Q k,h k,h Q (Bk n)
—z9 4 A s ,a (22)
e \/Nk(sk r)C(By,n|5k,n) o Sk B )
1~
-Q Q 7k (Bre,n)
SEin T ogag SRSk G ), (23)

where Eq. (22) is obtained by applying the definition of E,? 1 Eq. (23) follows from the definition of [B]y ;. Plugging the
bounds of terms (¢) and (f) into Eq. (21), we get:

1 AQ (Skh aﬂ'k(Bk h)) H?24V2L )
ofzL kMM TR Ni(sen)

(d) <EZ, +

We can then bound ﬁkQ 5 (Sk,hs aZkh(B’” ")) as in Lemma 3 of (Azar et al., 2017) and plug the bound of term (d) into Eq. (20),
thus obtaining:

1 1
() < V2 Ekh+ kh(skhvakkiL(Bk’Z))J’_( + )Akh+1(skh+1)

H ' H?
1/ - (B 1 V2L
+ I ((Pk - P)Vh*+1) (s, hvakkh( " h)) + HE k nt 7%‘%
8HSL 2H?224L 2H2AL

+ + :
3Nk(8k7h’a2j‘h(8k,h)) Nk(sk,h) SNk(Sk),h)

Finally, putting together, the bounds of terms (a), (b), and (¢), and plugging them into Eq. (17), we obtain:

X 7 (B (B
Akv,h(sk,h) < blg,h(skvh) + EB"Cind('|3k,h)[bgh(sk h’akkh( ))] + 7bk 1 (Sk,hs akkh( " h))

2 1\« 1
<1 + T + H2> A/‘f/,h+1(3k7h+l) + ﬁl‘c/,h + E€X,h

— V2L
+ \/2L§,€V7h, + ot V2LED,
~ B 1 ~ (B
+ B oneronn | (B = PViE) G afi™) ] + 2 (B = PIVEL ) (ns a0

3Nk(sk,h,a2§53)) 3Nk(skh,akk(6kh))

+ EBNCind(.Bkﬁ) l
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+2H22AL+ 2H24L N 2@;k(sk7h)L+ 2HL
Ni(sk,n)  3Nk(skn) Ni(Sk,n) 3Nk (sk.n)

By applying the same inductive argument of (Azar et al., 2017, Lemma 3), we can isolate the term A,‘; ;, and rewrite:

H—
™ (B 1 Tk (B, j
Ak Sk,h) Z lbk] Sk;) +Ege cid(|sp 5 )[bQ,J(SkaJ’akkj( ))]+Eb§,j(skd7akkf k ))

+£kh+ +\/7£kh+\/75k:j+\/7

B 1 /.5 75 (B,
+Eneom(isn [ (P = PV ) G aif™) | + = (B =PIV (sngs ™)
SH2SL ] 8HSL
3Nk(Sk,55 aZf}(B)) 3Nk (sk.5 GZ'}(Bk )

2H224L  2H2AL 2Q7* (k)L 2HL 1

+ ]EBNCind(,‘Sk’j) l

24
Ni(sk.5) " 3Nk (sk.5) " Ni(sk,5) " 3Nk (sk.5) @9

s

observing that our multiplicative constant is 2 instead of e due to the (1 + 2/H + 1/H?) coefficient of the recursive term.
Finally, recalling the definition of €, p,:

Qo _{f/ (5) = Vj*(s)A@m(s,a)>Q;‘(s,a),\1(z‘,j)e[k,h]hist,ses,aeA},

where [k, Rnise == {(4,7) : i € [K],j € [H], (¢ < k) v (i = k,j = h)}, we observe that if {, , holds then also the events
Q, ; for (i, j) € [k, h]nist hold. As such, we can sum up the bound of Eq. (24) over all the episodes ¢ € [k], thus concluding
the proof. O

Lemma D.2 (Regret decomposition upper bound Ag w)e Let k € [K] and h € [H]. Assume events £ and Qy, 1, hold. Then,

the regret from stage h onward of all episodes up to k, in terms of state-action value function, can be upper bounded as
follows:

i=1 i=1
k H—1 (Bi) 1
<e 2 lbgj(si’j’aZ} i,J ) + (1 + H> ijJrl(Si_ijl)
i=1 j=h
1
+V2LEY + el + (1 + H) e
- (B,
+ (( )Vj+1) (s ,Jv%j( J))
8H?SL 1 24L

Ni(si,j,ai} o7 ) H Ni(5i7j+1)

Proof. Considering a single value of k € [ K7, we first observe that, under €, 5,

B B B
Agh(sk h’a;crkh( k.h) ) _ Qz(sk,h,azkh( k, h)) h (Sk h,a‘;:k;f kh))

A 5 B
< Qk,h(sk,hvakjch( 1) - Qpk (s, h,akkh( )
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= AQ (Sk h>s akkh(Bk h))

As such, we can bound the pseudo-regret ﬁg 1 (Sk.hs az’“h(Bk "):

~ B A B B
Afh(sk h»azkh( kh)) = Qk,h(sk,haazkh( kh)) W (s, h,(lzkh( * h))

= 52 @ 2) 4 (Pelhonsn) (sem afid ) = (PVIE) (s aid )
2 (51 55+ (B = PV s a5
+ (P(vk,hﬂ ~ V) (ks 0 ™)
= 02 (st apn ™) + (P = P P = Vi) ) (ks agn ™)
- (P(Vk’hH B Vﬁl)) (sk’h’azf’fgm)) + ((]3’“ - P)Vh*+1) (Sk.hs aZﬁka h))
< bgh(sk h,a:"h(B’“ ")+ V2LE], +el, + (1 + Ii[) AY pir(skni)+

8H?2SL

‘ﬂ'k(
Nig(8k,ns gy,

3 7k (B n
B, h)) + ((Pk - P)Vh*+1) (sk, hvakkh( " )), (25)

where Eq. (25) is obtained by bounding (ﬁk —P) (‘A/hh“ — V3 1) according to the procedure of (Azar et al., 2017, Lemma
3). Observing that:

Akv,h+1(5k,h+1) = by i1 (Skone1) + (C;L"ko,hH) (skyne1) — (C™MQT% L) (k1)

) —
_ 1V Aind |nd ind/ A T
= bg py1(Sk,hr1) + ((Ck -C Qk h+1) (Sk,h+1) (C (Qr,ht1 — Qh+1)) (Sk,h+1)

24L XQ 7k (B, h+1)) (26)

\% Q
< b py1(Skpt1) 65540 +2H (ornen) + A i1 (Skpts ag

where Eq. (26) is obtained by applying the definition of €kQ,h and by bounding (CA’,;”d — C‘"d)@k7h+1 using Thr. 2.1 of
(Weissman et al., 2003), then we can rewrite:

X T (B T (B _ SH2SL
Agh(sk h,akkh( kh)) Sbg (Sk h,akkh( koh) ) + V2L5}€/,h+5¥,h+ o (Br )
Ni(Sk,nyapy, ")

- S 1 1
+ ((Pk _ P)Vh*Jrl) (k. h?“kkh(Bk ! )) + (1 + H) bx,h+1<5k,h+1) + (1 + H> ng,h-H
1 24 1 ~ K (B
+ <1+H> 2H m+ (1+H) Ath+1(Sk h+1,akkh(+li h+1)).

By applying the same inductive argument of (Azar et al., 2017, Lemma 3), we can isolate the term ﬁg ;, and rewrite:

X 7 (B 7 (B 1
Agh(sk hvakkh " h) se 2 l k.j (sk Jvak};( M)) N (1 * H> ijH(Sk,jH)

1
=V \%
+V2LE) +el i+ (1 + H) R
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Finally, recalling the definition of €, 5,:

Qg p = {17”(5) =>VF

s (B
+ <(Pk - P)VﬁH) (Sk,j’ak,kj( k)

H?SL 1 24L
8 SB, +<1+>2H e 27)
N (s, ap'y ") H Ni(skj+1)

(S) A @i,j('S?a) = Q;(S,a),V(Z,]) € [ka h]his‘.taS € S,CL € A} )

where [k, hlnise == {(4,7) : 1€ [K],j € [H], (i <k) v (i =k,j = h)}, we observe that if {2, ;, holds then also the events
Q, ; for (i, j) € [k, h]nist hold. As such, we can sum up the bound of Eq. (27) over all the episodes ¢ € [k], thus concluding

the proof.

Lemma D.3. Let k € [K] and h € [H]. Let events € and Q, j, hold. Then the following bounds hold:

O

k H-1
D) el; <2WHTL,
i=1 j=h
k H-1
DY <2H/HTLL,
i=1 j=h
k H-1
D e <2WVHTL,
i=1 j=h
k H-—1
D E < AT,
i=1 j=h
k H_1,V
DY &G, < AT,
i=1 j=h
k H-1
i=1 j=h

(28)

Moreover, for every s € S and a € A, the following bounds also hold:

k H-1
Z H{51 h = 5} Z €Yj <2 HBNkJL(S)L,
=1 j=h
k H-1
Dilsin = s} Y. & <24/H3Npn(s)L,
i=1 j=h
k H-1

I{s;n = s} ef?] < 24/ H3 Ny n(s)L,
i=1 j=h

H-1

Z ]I{Sljh = s} ng < HNkJL(S),
i=1 j=h
k H*liv
Z [{sin = s} gi,j < A/HNy i (s),
i=1 j=h
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k H—1
2 I{sipn = s} &' < A/HNyn(s),
i=1 j=h
k H—1
Z [{s;in = SﬂZih(Bi,h) =a} ) el; <24/H3Nyp(s,a)L,
i=1 j=h
k H-1
M Ifsin = 5,055 = a} 3 € <24/ BN u(s,0) L,
i=1 j=h
k H—1
2 ]I{Si,h = s, a:’h(BL ") = a} he < 21/H3Nk7h(8, G)L,
i=1 j=h
k H—1
D Msin =s,al, 0" = a} 3 & < A/HNea(s,a),
i=1 j=h
k 5 Ho1
Z H{Si,h =S, :rlh( i) = a} gz,] < \/ HNk,h(sva‘)7
i=1 j=h
k H—1
S Hsin = 5.5 —ay Y 22 <y [HN (s, 0)
i=1 j=h

Proof. The proof follows a similar reasoning as that of Lemma 5 of (Azar et al., 2017), observing that under £ and €y, j, the
following events hold:

gaz(fﬁv’k’thv L)agaz(fﬁv’k’h’svHv L)agaz(fﬁv’k’h’s’a,H,L)v
5az(F5v7k7h)BaHa L)ygaz(fﬁv’k7h)g’s7H7L)vgaz(fﬁv’k)h’gys’a7H7 L),
gaz(*FAQ,k,h;H; L)7gaz<‘FAQ,k,h7s7H7 L)vgaz(fAQ7k7h,s7a7H7 L),

1 1

1

! / /

gaz(‘/—-vﬁvyk)hj \/Z’L)’gaZ(FAV,k,h,s’ \/Z’L)’gaZ(FAV,k,h,s,a’ L,L)’
1 1 1

! ! !

gaz(]:ﬁwk,h,s’ \/Z’L)’gaz(‘rﬁv7k,h,87s’ \/Z’L)’gaz(fﬁv,hh,B,s,a’ ﬁ’L)’
1 1 1

! ! !

Eas(Fae a2 D&l TR oner 0 ) €0 Fae s 0 1

Remark D.1. With a slight abuse of notation, but to benefit the ease of reading, we will refer to the following lemmas also
for the summations in which the action set is not fixed but is taken in expectation over C™™. As an example, we will refer to
Lemma D.4 when upper bounding the summation:

k H-1

T4 T B
Z Z EBNCind(_lsiJ) [Vﬂl(si,j,ai’j( ))] . (29)
i=1 j=h

Considering the summations of the random variables that define the events (see Lemma I of Azar et al., 2017) and changing
the conditioning from

mathcal Hy, , g to Hy, p, (i.e., removing By, 1, from the history) we see that the quantities in play retain the properties that
make them Martingale difference sequences. As such, we can apply the same derivations, obtaining the same bounds.

Lemma D.4 (Lemma 8 of Azar et al. (2017)). Let k € [K] and h € [H]. Let wy, be the policy followed during episode k.
Under the events € and Qy, 1, the following holds for every s € S:
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1

k H—
ZZ T (sig, z}(”) < HTy, + 20/ HAT, L + H3

i=1

<.
=

m

E]I{szh VT (s0gyalPo0)) < H2Nj () + 24/ HO Ny ()L + H3

<.
>

k

Z]I{Si,h s,aj’h(& h) = a} V;rj_l(sm, l;( ”)) Hszh (s,a) + 24/ H Ny n(s,a)L + H3

i=1

T

<.
Il
>

Proof. The proof of this Lemma directly derives from the one of Lemma 8 of (Azar et al., 2017), observing that under event
&, the following events hold:

Exe(Gv,kns H Ty, H®, L),
gfr(gV,k,h,sa H5N]/q,ha HS) L)v
5fr(gV,k:,h,s,aa H5Nllg,ha H3a L)’

and by taking the expectation over both the states and the action availabilities. Eq. (43) and Eq. (44) of (Azar et al., 2017)
hold under this modified expectation since the cumulative reward is bounded with H. O

Lemma D.5 (Lemma 9 of Azar et al. (2017)). Let k € [K] and h € [H]. Let 7y, be the policy followed during episode k.
Under the events £ and Qy, j, the following holds for every (s,a) € S x A:

1

SES i (Bi, ;) (Bij)

i (Bi, T i (Bi,;
Z Z ( J+1 Szmazg )= V]H( igs @iy ))
i=1 j=h

k H-—
<4 H4TkL+2HZ 2 AV (si,

k
i BL T4 TG BL
Z ]I{S/’:7h = S} <V]+1(51 Js z]( ])) V]+1(57 Js z]( ])))

=1 h
k H—-1 -
<A\ HONpp(s)L +2H Y I{sip = s} >, AY

i=1 j=h

k H—
’t s Bz T i Bz
ZH{Si,h = 87a’zh h) 2 ( J+1 sl]’ z]( J)) Vj-ﬁ-l(slj’az]( J)))

H—
< 44/ HO Ny 1 (s, a)L+2HZ]I{slh = s,a Bin) Z AY (si

1=1

T

<.
Il

Proof. The proof directly follows from the proof of Lemma 9 of (Azar et al, 2017), observing that events
Ear(Fxv g Hi L), Ear(Fxv 1 py oo H, L), and E,, (Fxv b, +»H, L) hold under &, and €2y, 5, holds. O

Lemma D.6 (Lemma 10 of Azar et al. (2017)). Let k € [K] and h € [H]. Let 7y, be the policy followed during episode k.
Under the events € and Qy, 1, the following holds for every s € S:

<7 i (B, 5 i (B,
(V J+1(8i5,a; J( )) VJ+1( ,J7ai,j( )>)
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k H-—
< TH?S ATkL+2HZ 2 i+1(8i+1);

k
v i (Bi, s i (Bi,j
Z ]I{Si,h, = s} (V1 J+1(5ma a; J( ])) V]+1( - ai7j( ])))

h
k H-— -
< TH?S\/HANy 1(s)L + 2H Z I{sip=s Z AV (sige1)s

T

i=1 j

H—
n) _ Tr:(B:,v) i (Bi, )
EH{Szh—Sv a; Z (Via (i aly®0) = VT (51, )

H—
< TH2S\/HANy 1,(s,a)L + 2H Z I{sin = s,a Bin) Z AV 1 (siga1)-

1=1

Proof. The proof directly follows that of Lemma 10 of (Azar et al., 2017), observing that under €2, », and &, the following
events hold:
gaz(fﬁv’k,h; H; L)a gaz(-/tzvyk)h’sa H; L)a gaZ(FAV,k,h,s,a’ H, L)

O

Lemma D.7. Let k € [K] and h € [H]. Let my, be the policy followed during episode k. Under the events £ and Qy, j, the
Sfollowing holds for every s € S:

k H-1
Z QT (sij) < HTy + 2¢/HAT} L + - H®
i=1 j=h
k H-1
Dilsin = s} Y. QF(si;) < H*Nin(s) + 20/ H3 Ny n(s) L + H3
i=1 j:h
k H—
Z]I{slhfs,a?h(g’h) = a} Z (@ "(si,5) < H? Nin(s,a) + 24/ HPNg (s, a) L + H3
i=1 j=h

Proof. This proof follows a derivation similar to that of Lemma 8 of (Azar et al., 2017). Let us first recall the definition of

Q7 (si5):

@;” (Si,j) = Var I:Q;'L (slm azr;(B))] '

B~Cind(:s5,5)

Under event &£, the following events hold:

En(Gokn, H* Ty, H3, L), Ex(Go.k hsy H> Nipy H3L), and Ex(Gg k. hs.as H° Ny, HPL).

Event &, (G k.n, HTy, H?, L) implies that:

k

H—-1

v 4
Z Q? (Si,j)“'[k,h] + 24/ H4TkL + §H3L
j=h

Observing that, conditioned to Hy, n, Q7 (si ;) = V7i,(si 5, a; 3( B J)) since there is no variance on the reward at stage 7,

we can then recursively apply the Law of Total Variance (see e.g., Thr. 9.5.5 of Blitzstein & Hwang, 2019) as done in (Azar
et al., 2017, Eq. 26) to obtain the following bound:
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k H-1 H—-1 5
ZE[Z @;i(si,j)erJL] = Var > R (sig,ali ") | < HT,.

8i,5:Bi,5) jelh+1,H-1] Jhtl

Putting everything together, we obtain the following bound:

k H—1

4 .
Z Z Q;L(Sm) < HTy, + 2/ H4T, L + ngL.
i=1 j=h

In a similar manner, from events a,(Fxq 4, 5 oo H, L) and Eay(Fxq .o 00 1, L) we can derive the bounds for the two
remaining summations, thus concluding the proof. O

Lemma D.8. Let k € [K] and h € [H]. Let my, be the policy followed during episode k. Under the events & and Qy, j, the
Jfollowing holds for every s € S:

—1

k H
X (@i,j(5i7,j)_(@] S ) < H2\/S2AT, L + TH2S\/AT, L + AH*SLG

i=1 j=h

i=1 j=h i=1 j:h
k H—-1 N
PRICTEEISY (@z‘,j(sz‘,j) - Q}”(Si,y’))
i=1 j=h
< \/H5S2AN;€ W(s)L + 7\/H552ANk w(s)L + AH?SLG
+ QHZH{Szh = s} Z b i(sij,a Z;( z"j))
i=1 j=h
H ~
+ QHZ Ksin=s Z A”H Sij+1)s
i=1 j=h
k ( ) H—-1
D Hsin = s.ain ™ =a) 3 (Quslsig) — Q(si))
i=1 iz

h
< \/H5SQANk n(s,a)L + 7\/H5SQAN;€ w(s,a)L + AH?SLG

+2HZH{slhfs,am(B”’ =a} Z b 5”7 z; ’7))

i=1 j=h
B, & X
+2H2H{szh = S,am( ) Z A”4-1 51J+1)
i=1 j=h

Proof. We first provide an upper bound to @Z j(si,5) — Qj*(si,5), and we then bound its summation over episodes and
stages.

PN T AN T B A TG B 2
Qi,j(si,j> — Q]— (Si)j) = ]EB'NCA';"d('ISi,j) [Qi,j(«%,j,did_( ))2] — EB~éi."d(-‘Si . [Qi’j<si’j’ai,j( ))]

—E B2 | g T o mi(B) 2
BcCind(s,;) | @] (51,04 )| + Eg~cimd(fs; ;) Q7 (sij.a;5")
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;i (B 7; (B)
< IElia’~CA',iL.“d(~|s [Q%J (S%J’ zg( ))2] _EB~Ci"d(~\Si,j) [Qj Si,5s zg( ]

T (B B
B~Cind (s, .)[ 5 (834, u( ))] +]EB~C'""(\5”)[ (84,5 ”( ))] (30)

< Epépays, [QW sigsaly ) ] Epcini(.[s; ;) [Qm(s”, ”(B))Q]
B omifss) [QW(SW’ :71(8))2] Eg~cimi(|s; ) [Q;i(si,jvaZ;(B)F]
+ 20 (G = Q¥ ) (s:,5)

< Ep g pon) | @is (505 73| = Boocmsqran,y [Qri(signali )]

B T4 T B
+ EB,\,Cmd( |S ]) [Ql,] (87/’]76% j( ))2] — EB"’Ci"d("Si,j) |:Q‘7 (Si’j7ai,j( ))2]

H2L
+4H——, (31)
Ni(si ;)

—E

where Eq. (30) follows from observing that, under Q2 5, @” > Q;’-‘ > Q}” ,V(s,a) € S x A, and Eq. (31) is obtained via
Hoeffding’s inequality. Putting this bound in the double summation, we get:

k H-1 k H-1 5 N )
2 2 (Qussia) = @ (50) < 35 35 (Bt [ Qs sis TP | = Bswcmiony [Quasiaal i)
i=1 j=h i=1 j=h
(@
k H—-1 R 5 5
20 2 (Boeomiron ) |Qualsigaly™®)? = Q7 (sivaly ™))
i=1 j=h
(©)
k H-1 2
H*L
2
L 5 (n5) o
i=1 j=h

(e)

We can bound term (a) with H?+/S24T}, L by bounding @i’j with H and applying Thr. 2.1 of (Weissman et al., 2003), and
term (c) with 4H3SLG by applying a pigeonhole argument. We now bound term (b) as follows:

k H-—1
=32 Y EMBlsig) ((Qu s aly ™) + QF (s, Ty (@i (515471 = QF (s, a75™)))
i=1 j=h BeP(A)
H—-1 R
< 2H Z Cc'ind (B|Si,j)(Qi,j(5i,j7CLZ}(B)) _ Q;n (s, az;(l’ﬁ’)))
i=1 j=h BeP(A)
k H-1 k H-1
<2H Z e +2H 2 b2, (si s, a;jg.(Bw))
i=1 j=h i=1 j=h
k H-1
* ZHE th <Es el (¢]ss, ,,aﬂ’wl 9 V’J+1( ) Es'~P( [si, J,a:’(B”)) J+1

1: k H-1 k H-1 H—-1
QHEZb (81,4, af{59)) +2H225”+2 >

i=1 j=h j=h i=1 j= i=1 j=h

A
=
M?r
Mm
“m
k-l-

AY ig+1(8i5+1)
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k
+2H 3 3 [BiClsi gyl ™) = P(Clsigali ) (33)

k H-— k H-—
<2H2«/TkL+2HZ Z (55, al (%)) + H2S\/AT,L + 4H?*\/ T, L + 2H Z Z AV 1 (sig11), (34)

where Eq. (33) is obtained by adding and subtracting 2H Y, Zj 5 (PVJH)(sm,aZ;(Bi”')) and
2H Zl 1 ZH ! A”H(SHH) and Eq. (34) is obtained since event £.,(Fxq 1, H, L) holds under £. Plugging

the bounds of terms (a), (b), and (¢) into Eq. (32), we finally obtain:

—1

k H k H—1
Z Z (@i,j(Si,j)*QJ 57,]) H?\/S2AT, L + 2H?*\/T\. L +2Hz Z b (sigya :;(Bu))

=1 j=h i=1 j=h
k H-—1
+ H2S\/AT, L+ 4H*\/TL +2H Y Y AV (sij41) + 4HPSLG
i=1 j=h
H—-1
< H*/S2AT, L+ TH2SA/ATLL + 2H ) Y 02 (si5, a7 5
i=1 j=h

k H-—
HZ Z Vi1 (sije1) + 4H?SLG.

In a similar manner, and observing that events &, (Fxq 1. j, v H, L) and Ea,(Fxa 1 s.a» Hs L) hold under £, we can
derive the bounds to the remaining summations, thus concluding the proof. O

Lemma D.9 (Summation over typical episodes of state-action wise model errors, see Lemma 11 of Azar et al. (2017)). Let
k € [K] and h € [H]. Let y, be the policy followed during episode k. Under events £ and Uy, j, the following inequalities
hold for every (s,a) € S x A:

k H-1 (B: )
ZH{ZE Jeyp} Z ( jﬂll) (Si,jvai,} ")
i=1 j=h
) k H-—1
é«/6HSATkLG+§HSALG+2 HSALG Y > AV.(si;), (39)
i=1 j=h
k H—-1 R (B:.))
D€ Kliypssin = s 2, (B PV (sigaly ™)
i=1 j=h
2
< \[6H2S AN, 1 (5)LG + SHSALG
k H— N
+2,| HSALG )  I{sip = s Z AV (si
i=1 j=h
. 5 (B:5)
D€ Rliypsiar sin = 5,ain " =a} Y ((B= PV ) (sigoaly ™)
i=1 j=h

< \[6H2SAN; (5, )LG + %HSALG
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H—
+2 HSALGZ]I{SM —s,aﬂ‘(B”‘ Z 5}/ (i)

i=1

where:

[Kleyp = {z € [k] : (sinal %) € [(5,@)]k,é > 11600H 53 A2 LG, Vh € [[H]]}
[Kleyp.s = {z & [k] : (sinr @l ) € [(5, )]k, Ni(s) = 11600HS® A2 [2G, ¥h e [[H}]},
[Kleypos.a = {z € [K] = (55,0, a7 %) € [(5,@) ]y Ni (5, @) = 11600H3S® A24 LG, Vh [[H]]},
[(s,a)]k = {(s,a) € S x A: Ni(s,a) = H, Ny p(s) = H,Yh e [H]}.

Proof. We adapt the proof of (Azar et al., 2017, Lemma 11). We begin by demonstrating the bound of Eq. (35):

. S (Bi,;)
ZH{ZE typ} Z ( 1) (5137%; ")
i=1 j=h
k H— TFZ(B@ )
2V¥ 1 (sij,a;; )L 2HL
< D I{i € [Kliyp) Z e(ig m(JBl ,) ) + ) (36)
i=1 Jj=h Ni(si7j’ai,j N ) 3N; (Sz]a a; 7 )
k H-1 WL(B”) k . 9
Z Z VJ+1 Si,55Q; 5 ) Z H{Z € typ} —111) + gHSALG, 37
i=1 j=h i=1 j=h Ni (Sv,jv i.j )

_

(a) (b)

where Eq. (36) follows from the application of Bernstein’s inequality and Eq. (37) follows from the application of Cauchy-
Schwarz’s inequality together with a pigeonhole argument.

Using another pigeonhole argument, we can bound term (b) with SAG. By adding and subtracting V7 , (s; ;, a; ;( B ]))
term (a), we can rewrite it as:

1 —1

S ) £ (Bi,5) (Bi,5)
— t tJ . s BL] T4 T4 Bi,j
= Z Z ji(sigha;) *Z Z je1(sig,0;) ) = Viia(sig,a; ) -

i=1 j=h i=1 j=h

(e (d)

_

As events £ and ), ;, hold, we can apply Lemma D.4 and Lemma D.5 to bound terms (c¢) and (d), respectively, thus
obtaining:

1

H—
a) & k 4k i S’L
(a) < HTy, + 67/ HAT, L + H3L+2 HY Y AV

i=1 j=h
k H-1
<BHT, +2H Y. Y A (si5), (38)
i=1 j=h

where Eq. (38) holds under the condition of [k]¢yp. Plugging the bounds of terms (a) and (b) into Eq. (37), rearranging the
terms, and applying the subadditivity of the square root, we finally get:
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E H—
S I{i € [Kliyp) Z (B = PV} ) (si 0l ™)) < VOHSATLLG + HSALG
i=1 j=h
k H—1
+2,| HSALG Z Z (si)-
In a similar manner, we can demonstrate the bound on the remaining summations, thus concluding the proof. O

Lemma D.10 (Summation over typical episodes of state-action value function bonus term). Let k € [K] and h € [H]. Let
my, be the policy followed during episode k. Let the UCB bonus for the state-action value function be defined as:

4Lvars’~ﬁk(-|s,a) [ﬁk'yh"rl(s/)] n THL
Nk(saa) 3(Nk(saa) 71)

ka’h(&a) =

AR [mln{ 29002H3SJA2ALd H2 }]

Nina(s)

Ni(s,a)

. s'~Py(s,a)

Under the events & and Qy, , the following inequalities hold for every (s,a) € S x A:

k
. TG Bi)j
ZH{Z € [kliyp} Z b Sw’ ”( ))
=1
< A/28HSAT,LG + ZHSALG + 5800V H3 S5 A22A [3 G2
k H-—1
+ 8HSALGZ Z Vi1 (8ige1),
: (Bis)
Zﬂ{ie[]typﬂ’slh_s}zb 51]? Zn] “7)
=1 j=h
< \[28H2SAN; 4 (5) LG + ZHSALG + 5800/ H3 55 A22A 32
+ 8HSALGZ]I{5”L — s} Z AV 1 (sije1),
=1
k 5 H-1 5
D i € [Klipsassin = ssan ") = a} 3 b2 (si5,a5 )
i=1 j=h
7
< \/ 28H2S ANk (5,0)LG + 3 HSALG + 5800V H3S7 4224 LG
k H— -
+ SHS’ALGZ s;p = s7allh Bin) _ Z A”H Sij41)-
=1 j=h
where:

[Kleyp == {z € [k] : (sinal %) € [(5,@)]1, i > 11600H 53 A2 LG, Vh e [[H]]}
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[Kleyp.s = {ie %] : (s ali%) € [(5, )]k, Niw(s) > 11600H3S3 A24 L2 G, Vh € ﬂHﬂ},
[Kleyps.a i= {z € [k] : (sin ali %) € [(s, )]k, Niw(s, @) > 11600H>S® A2A LG, Vh € [[H]]},
[(s,a)]k ={(s,a) €S x A: Ni(s,a) = H,Ny 1(s) = H,Vh e [H]}.

Proof. The proof of this lemma closely follows that of (Azar et al., 2017, Lem. 12). We can rewrite the summation as:

A~

k ) k H—- 4LV3.I'6 1By Iss am(zsl ]))[‘/i,j+1(8/)]
Z]I{ie Jeyp } Z b 51]7 z; ”) ZH{ZG typ} Z = T (Bi)
i=1 i=1 j=h Ni(Si,j,ai,j )
(a)
k H-1
THL
+ Y I € [Kliyp} Y. — 5
— j= 3( z(Slj;alS( lj)) 1)

(b)

7Q
4Es,~p.(.|s,~, _f,a”g(si»ﬂ)bi jr1(s)

k H—
St b S : o
= = N(szjvazz(lg”))

()

where b, g+1( s') = mim{w7 H?}. First of all, we bound term (b) with 2 HSALG by applying a pigeonhole
i+l

argument. To bound term (a), we apply Cauchy-Schwarz’s inequality to obtain:

k H—-1 5 k H—
Z Z i,j+1 Szja Zr;( 1J)> ZH{ZG typ} Z Biin " (40)
i=1 j=h i=1 j=h (5 7J7a"Lj )
(d) (e)
By applying a pigeonhole argument, we bound term (e) with SAG, and we rewrite term (d) as follows:
Sk (B ) Skl (Bi ;) (Bi,j)
:ZZ _]+1 (Si; ?3 " +Z ( i.+1(8i5, Zrlg ") = V;T-Lrl(smaa;rlg ”))-
i=1 j=h i=1 j=h
€] (9)
By applying Lemma D.4 and Lemma D.6 to bound terms (f) and (g), respectively, we obtain the following bound:
4 H-1
(d) < HTy, + 2v/ HAT}, L + gH?’L + TH?S\/AT, L+ 2H >, 7 AV (sij41)
i=1 j=h
k H-1 _
< 4HT + 2H Z Z AV (sigi1), (41)

where Eq. (41) holds under the condition of [k]¢y,. Combining the bounds of terms (d) and (e) into Eq. (40) and applying
the subadditivity of the square root, we obtain:

42



Sleeping Reinforcement Learning

k H-—
(a) < V/16HSAT, LG + 8HSALGZ Z Vi (Sigan)-

To bound term (c), we first apply Cauchy-Schwarz’s inequality, obtaining:

k H-1 k H-
7Q / .
¢) <2 Z Z Es%ﬁi(-\sw,a:i_(siv-f))bi,j+l(s) Z I{i € [kiyp} Z N 42)
i=1 j=h »J =1 i=h (5 ,]7a1j )
(h) ()
Similar to term (e), we bound term (¢) with SAG. To bound term (%), we first rewrite it as:
 Hol o 5 )
=2 % (PBen) Gsugnaly™)
i=1 j=h
k H-1 o - k H-1 5 )
:Z ((Pz_P)szJrl) (Smaaz} o) +Z Z ( zg+1) S5 z; w7
i=1 j=h i=1 j=h
@)
H-1 - i =@ B OH-L
=)+ 2 2 ((PB) i @l ) =B sie)) + 30 D B (si1) (43)
i=1 j=h i=1 j=h

(k) O]

By bounding Egj 41 with H 2 and combining the application of (Weissman et al., 2003, Theorem 2.1) and of a pigeonhole
argument, we can upper bound term () as:

H?S+\/ AT} L.

To bound term (k), we first observe that it is a Martingale difference sequence, and as such we can bound it via the event
Eoz (]:EQ Eh? H?, L), which holds under £, thus obtaining:

(k) < 2H?+/T}, L.

By applying the definition of Egj +1 together with a pigeonhole argument, we can bound term (/) as:

(1) < 29002H3S*A24L3G.

By applying the bounds of terms (), (k), and (/) into Eq. (43), we obtain:
(h) < H2S+/ AT, L + 2H?\/ T, L + 2900 H3S* A2 L3G.

By applying the bounds of terms (k) and (7) to Eq. (42), applying the definition of [k]iyp, and applying the subadditivity of
the square root, we get:
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¢) < 24/3HS AT}, L + 5800V H3 S5 A22A [3G2.

Finally, we can combine the bounds of terms (a), (b), and (c¢) into Eq. (39), obtaining the following bound:

k

k H-—
N 1fi € [Kley) Z b2, (sig,apP)) < \/I6HSAT, LG + 8HSAL3GZ Z AV, 1 (sig41)

i=1

+ gHSALG + 24/3HS AT\, L + 5300V H3 S5 A22A 32

k H-—
< \/28HSAT,LG + SHSALGZ Z Vi (sige)

+ gHSALG + 5800V H3S5 A22A[3G2.

In a similar manner, observing that events &,, (FEQ wne H 2, L), and &, (fEQ e hsar H 2, L) also hold under &, we can

derive the bounds for the remaining summations, thus concluding the proof. O

Lemma D.11 (Summation over typical episodes of state value function bonus term). Let k € [K] and h € [H]. Let 7, be
the policy followed during episode k. Let the UCB bonus for the state value function be defined as:

~

ALVary g (1) [Qk.n(s, Tk n (s, B))] THL
th(S) = Ni(s) + 3(Ni(s) — 1)

: 13502 H3S3 A2A 3
AEg e mind o Gmy o HP

Nk(S)

=+

Under the events € and Qy, 1,, the following inequalities hold for every s € S:

k H—1
7
DL€ [Rlyp) ) b (s0) < VABHSATLLG + gHSLG + 2100V HS® A22A L3 G2
i=1 j=h
k H-—1
+ 31H2S52ALG? Z 2 7,]+1 sz,]Jrl)
i=1 j=h
k H—-1 7
Z 1{i € [kliyp.s) Sin = 5} Z b}fj(si,j) < \/45HQSAN;€,;,,(5)LG + gHSLG + 2700V H3S5 A22A[3G2
i=1 Jj=h
H-1
+ | BLH2S?ALG? ZH{SZ =5} 5 Al (i),
i=1 j=h

k ) H—
. mi(Bin
Z H{Z € [k]typ,s,au Si,h = 8,05 2 i.j (si, ]
. iZh

< \J45H2SAN; ,(5,a)LG + HSLG + 2700V H3 55 A22A [3 G2
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k
+ . |31H252ALG? Z I{sin =s, af‘h(Bl ) a} ﬁxjﬂ(si,jﬂ).
i=1 j=h

where:

[K]eyp = {z € [k] : (sinal %) € [(s,@)]k,d > 11600H 53 A2 LG, Vh € [[H]]}
[Kleyp.s = {ze k] : (sinr @l )Y € [(5, )]k, Ni(s) = 11600HS3 A2 [2G, ¥h [[H}]},
[Fleypos.a = {z € [K] = (55,0, a7 ) € [(5,@) ]y Nio (5, @) > 11600H3S® A24 LG, Vh € [[H]]},
[(s; )]k = {(s;a) € S x A: Ny(s,a) = H, Ny n(s) = H,Vh e [H]}.

Proof. We can rewrite the summation as:

k H-1 k H-1 | AL Var pind . [Q (i m(l’ﬁ’))]
i B~CM(-|s; 0,5 51,55 Ay
DiI{ie [Klayp} D) bY(s05) < DT € [kluyp} D, N (S )
1=1 j=h i=1 j=h AV
(a)
k
+ Z tvp} Z
i=1 j= h 573 1)
®)
B Hol 1 4B o s, j)BZj(si,j, B)
+ Y i€ [Klyp} Y, Nl : (44)
: i—h 1\2%,]

(e)

where b (84, B) = mm{%, H?}. First of all, we can bound term (b) by applying a pigeonhole argument
5,55 5
as:

(b) < gHSLG.

We now focus on bounding term (a). By applying Cauchy-Schwarz’s inequality, we obtain:

H-1 k

H-1
(CL) < \/E Z @i,j(si,j) Z ]I{Z € [k]typ} Z L . (45)
j=h

i=1 j=h i=1 Ni(si;)

(d) ©

Using the pigeonhole argument, we bound term (e) with SG. We can rewrite term (d) as follows:

1 1

H— k H-—
D Qi)+ > (Qlsi) - Qi) (46)
1 j=h 1\=1 j=h

~

() (9)

||
Mw

ros.
Il
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We can bound term (f) by using Lemma D.7 as:

H—
Z
+ 24/ HAT, L + %HgL,

II
1 Mx-

and term (g) by using Lemma D.8 as:

,_.

= Zk: HZ: (Qw Sij) Q}T(s”))

i=1 j=h
< H?A\/S2AT, L + TH2SA/ AT, L + 4H3SLG
k H-1 (B ) k H—1~
+ QHZ Z b S%]a :'LJ i )+ QHZ Z ij+1(si,j+1)
i=1 j=h i=1 j=h

By plugging the bounds of terms ( f) and (g) into Eq. (46) we get:

(d) < HT}, + 2+/ HAT, L + H3L+H2«/52AT;€ + TH?S\/AT,L + 4H3SLG
k H-—1

k H—
+2HZ Z bQJ(s”’aZ;( ”) +2HZ:1 Z}LAZJJrl Sij+1)
i=1 j=h 7 J

< HTy, + 24/ HAT L + H3L + H?\/S2AT, L + TH?S\/ AT} L + 4H*SLG
k H—
+2H/28HS AT LG + 2H SHSALGZ Z Vit (sije)

k H-1
14
+ 5 H?SALG + 11600V H> S5 A22A[3G?2 + Z Z Vi1 (sige1) (47)

—1

k H
< 8HT), + 2H Z Z
i=1 j=h

k H—
A1 (sije1) + | 32H3SALG Z Z Vi (sijs1); (48)

where Eq. (47) follows by applying Lemma D.10 and Eq. (48) holds under [k]iyp. By plugging the bounds of terms (d) and
(e) into Eq. (45), rearranging the terms, and applying the subadditivity of the square root, we obtain:

k H-—
(a) < \/32HST, LG + 31H2S2ALG22 Z Vi (i) (49)

The derivation of the bound of term (c) is similar to the derivation in Lemma D.10 from Eq. (42) onward. First we apply
Cauchy-Schwarz’s inequality, rewriting the term as:
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k H-1 H—
2 Z EBNC'nd( |S ]) i.j S’L Jﬂ Z ]I{'L E typ Z 5 (50)
i=1 j=h j=h 1 17.7
(h) ©)
With a pigeonhole argument, we bound term (%) with SG. We now rewrite term (h) as:
k H-1
= Z Z (Cmdb ) S’L,j)
i=1 j=h
k H-1 = BOHZL
_ Z ((C;nd Clnd ) 517] + Z Z (Cmdbi,j) (si,j)
i=1 j=h i=1 j=h
()
k H-1 o B koH-1
=)+ 25 5 ((O"5) (s00) = Bisi) + 25 35 Byl (51)
i=1 j=h i=1j=h

(k) )

By bounding EZ j4+1 With H 2 and combining the application of (Weissman et al., 2003, Theorem 2.1) and of a pigeonhole
argument, we can upper bound term () as:

(j) < H?\/S2AT, L.

To bound term (k), we first observe that it is a Martingale difference sequence, and as such we can bound it via the event

& (.Fbv " h, L), which holds under &, thus obtaining:

(k) < 2H?+/T},L.

By applying the definition of EZV ; together with a pigeonhole argument, we can bound term (/) as:

(1) < 13502H35* A% 3G

By putting together the bounds of terms (j), (k), and (1) into Eq. (51), we get:

H?\/S2AT. L + 2H?*\/T\.L + 13502 H3S* A224 L3 G. (52)

By applying the bounds of terms (%) and () to Eq. (50), applying the definition of [k]p, and applying the subadditivity of
the square root, we get:

(¢) < \/HSAT,LG + 27007 H3 55 A22A L3G2. (53)

Finally, we can combine the bounds of terms (a), (b), and (c¢) into Eq. (44), obtaining the following bound:
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k k H—
DI € [kliyp) Z by ;(sij) < /32HSTLLG + , | 31LH2S?ALG? | Z Vi1 (8ige1)
i=1 i=1 j=h
+ gHSLG +/HSAT, LG + 2700V H3S5 A22A L3G>
H-1
ABHSATLLG + , | 3LH2S?ALG? Y > AV, (s j41)
i=1 j=h
+ gHSLG + 2700V H3 S5 A22A[3G2.
In a similar manner, observing that events &, (F3v , , . H 2 L) and &,,(F, W khsa 2 L) also hold under &, we can
derive the bounds for the remaining summations, thus concludmg the proof. O

Lemma D.12 (Upper bound of state-action value function estimation error). Let k € [K and h € [H]. Let my, be the policy
followed during episode k. Under € and Qy, 1, the following holds for every (s,a) € S x A:

H3S3A2412@G }

@k’h(s’a) Q5 (s,a) < mm{1350 Nen(s,a)

Proof. We begin the proof by observing that, under €2, 5, @k,h(s, a) = Q5 (s,a) for every s € S and a € A. We can
rewrite:

k
H 1 (B i Bin)
_ % S I{s; Bin) _ ( y i(Bi,n)y _ . i(Bi,n )
Qr.n(s,a) — Q(s,a) Nk,h(s,a);l {si,n = 57azh = a} (Qrn(sin ay, ") = Qh(sin,a;, ")
1 S (Bin) (Bin)
< ]I 7 5 7 lh - ( 7 i,hy m o 7,hy AN ) 54
Nk,h(&a)iZl fsin =m0, = a} (Qunlsin agh ") = Q' (sins @iy ™) ) G
1 B;, i (Bin)
" Nia(s,a) ;H{Sm =S i = a}A, (sipnagy, "), (55)

where Eq. (54) follows from the fact that @k,h is monotonically decreasing in k£ by definition and by observing that
Q=

Recalling the upper bound of 3% T{s; , = s, aijBi’h) = a}AP, (sin, azrlh(Bl w):

k
;i (B; 7T7, B‘L
Z H{Si,h =S, az’,h( ’h) a’}Ak h(SZ hy @ 7 h( h))
i=1
k & (5:.)
<e Q) Houn=anali™ =a) 3 [ B0 2B (s10)
i (Bs SH2SL 24L
((P P) g+1> (Si,jvai,}(gw)) + . miBin +4H
Ni(sij,a;5 7") Ni(sij+1)

+ 26\/H3Nk7h(8, a)L + 46\/HN1€7}L(S, a)L + 4eq/H3 Ny, (s, a)L,

we can apply two pigeonhole arguments, obtaining the following upper bound:
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k
mi(Bi,n) i (Bi,n)

Z ]I{Si,h = s,ai”h G}Ak h(sz hy Zlh )

=1
$ (Bi,n) & (Bi,;)

i (Bi.n i (Bi,j 1%
<62H{sivh :s,al’h b = a} Z Si gy 117 i, )+2b17j+1(5¢7]‘+1)

i=1 j=h

J

+ 26\/H3Nk7h(8, a)L + 46\/HNk,h(s, a)L + dex/H3Ny, (s, a)L (56)

= Uk,h,s,w

((P P)V; +1) (i, agjg.(&*”)} + 8H2SALG + 4\/H352ANk,h(s, a)L

We now bound the summations over episodes and stages of the different terms. By applying Lemma D.11, we can bound the
summation over typical episodes of the state value function bonus term as:

u:

k

Z H{Z (S [k]typa Si,h S, CLZ h 1 h Z 7] ’J

i=1 =h

\/45H28AN;€ W(s,a) LG + 3HSLG + 2700V H3S5 A22A [3 G2

H—

+ 31H252ALG22H{SM = s,a7; ") = Z Vi (sige1). (57)
i=1 j=h
(a)
By applying the same procedure as in Eq. (26), we can bound term (a) as:
H-
. i (Bi,n)
a) < Z I{i € [kliyp, sin = 5,05 = a} Z hi+1(Sigt1)
j=h
k 5 H-
—|—Z]I{ie[ typy Si,h = Sva:rlh(lh = Z i+l
k ) _ H—
+2H » I{i € [kltyp, Sin = s,aZL Bin
; { [ ]typ h ; N, Sll-‘rl)
(B ES (Bi,j+1)
"‘EH{ie[ Jtyps Si,h = 5’azlh wn) o Z ij+1 (8i4+1, :34-1”“ )

< \/45H2SANk,h(s, a)LG + gHSLG + 2700V H3S5 A22AL3G?2 4 V31 H3 52 ALG?

n 2\/H3N,f,h(s, )L + 2\/H352AN,€7;L(5, a)L + HUp s ar (58)

where Eq. (58) follows from the application of Lemma D.3 and Lemma D.11, the application of a pigeonhole argument, and
by bounding Y2 I{s;s = s,a] )" = a} AL (sigansal iy ™)) with HUg ps.a.
By applying the bound of term (a) into Eq. (57), applylng the condition of [k]iyp,, and rearranging terms, we obtain:
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k 1

H—
. i (Bi,n
ZH{ZG [Eltyp, Sin = 57a’zh( Y= a} Z b, i (8i5)

i=1 =h
< A\JA5H2S AN 1 (5,0) LG + \[BUH?S2ALG2Up
+ 3014V HAS5 A22A[3G2.

<.

By applying Lemma D.10, we can bound the summation over typical episodes of the state-action value function bonus term
as:

k H-1

. TG B,, h T BIJ
i € [klogp, sin = s,app " = a} > b2, (505,075

i=1 j=h

< \/28H2S AN 1 (5.0)LG + §HSAL2 + 5800V H3 S5 A22A[3G2

k
+ |SHSALG Y. I sin = 5,073 °") = a}AY 1 (sij41)). (59

i=1

_

(a)
By applying the bound of term (a), as computed in Eq. (58), and plugging it into Eq. (59), we get:

1

k H—
. 1 T Bz
EH{ZE [EJeyps sin = s,azh & = a} 2 sz Sijr @ ZJ( J))
~ i—h

< 4\J28H2S AN 1 (5,0)LG + A [SH2SALGUj .0

AN

+ 5961V H3S5A22A[3G2,

By applying Lemma D.9 we can bound the summation over typical episodes of the state-action wise model errors as:

k

H-1
. U3 Bz (O,
ZH{Z € [ ]typaslh = Saazh( g a} Z ( j+1) ( 1,59 z]( J))
j=h

i=1

2
< \[6H2SAN; (s, 0)LG + HSALG + 2/ H2SALGUp 0

By applying two pigeonhole arguments, combining the bounds, and accounting for the regret of non-typical episodes, we
can then upper bound Eq. (56) as:

Uk < 926\ H¥SA2AN 1 (5,0) LG + 16eA [ H3S2 ALG2Uj 00

+ 11996V HAS5 A22A3G2 + 11600H2 S A24 L3,

Letting:

a=e [92\/H35A2ANk7h(s, a)LG + 11996\/H4S5A22AL3G2] + 11600H3S% A24 LG,
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B = 16eV/H3S2ALG?,

we can solve for Uy 5, 5.4 as U h.s,0 < 200 + (32, and obtain the following bound:

Uk,hysia < 1846\/ H3SA2AN; (s, a) LG + 23992eV HAS5 A22AL3G? + 23200H°S% A2A L2G + 2562 H®S? ALG?

< 1350\/H3S3A2AN;€7;L(3,a)LQG, (60)

where Eq. (60) follows from the application of the [k]¢y,, condition. Plugging this result into Eq. (55), and observing that
the error cannot be greater than H, we get the following bound to the estimation error of the state-action value function due
to the optimistic approach:

Nk,h(s, a)

- H3S3A2AL2
Qi.n(s,a) —Qf(s,a) < mm{1350 HSPAVLG },

thus concluding the proof. O

Lemma D.13 (Upper bound of state value function estimation error). Let k € [K] and h € [H]. Let 7y, be the policy
followed during episode k. Under £ and Qy, 1, the following holds for every (s,a) € S x A:

<> H3 3A2AL2
Vin(s) = Vi (s) < mln{2900 H5°A2°L°G }

Nk)h(s)

Proof. We begin the proof by observing that, under €2, p,, @k7h(8, a) = Qjf(s,a) forevery s € S and a € A. We can
rewrite:

~ 1 k
Ton() = ViE () = 5 s = s} (Vo) = ViF o))
! =1
k
< (17' n(sin) — th(si,h)) 61)
k
_ RV, (sin): (62)

where Eq. (61) follows from the fact that ‘A/ML is monotonically decreasing in k by definition and by observing that
V> Vi

Recalling the upper bound of Zle sip = s}ﬁ}{h(si’h):

k k H-—
i (Bi,j i (B
2, Hoon = s}l (ou) < € 3, Z [ 513) + 202 (514, a5 ) + 2 (P = PV ) (sl ™)
i=1 i=1 i=h
Lk [ SH2SL 1 . SHSL 2R QH2AL
B~Cind(-]s;,5) (B 7 (Bi; e . e .
3Ni(sigrali®) | 3Ni(sig,afitP0))  Nisig)  3Nilsiy)

| 2H2L
A% ( )1 + 4e*\ | H3Ny 1 (s)L + 6€21/ HNy, 1, (s)L + 4e*y ) HNy 1 (s) L,
i\5i,j
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by applying several pigeonhole arguments, we can derive the following upper bound:

k

k H-—
i i, s B’iy'
M sin = s}AY (1) Z Z |67, (s1.9) + 262, (515,075 %) 4 2 (P = PYVL) (si,afy ™) |
=1 i=1 j=h
+ 8e2H2S?24 LG + €2\/2H3S Ny, 1,(s)L + 4e*y/ H3 Ny 1, (s)L + 10e*y/ HNj, p(s)L
(63)

= Up.ns,

where Eq. (63) is obtained observing that, when applying the pigeonhole argument over a summation in which the argument
depends on the expectation over 3, the worst-case allocation of summation terms is the one in which all actions are available.
We now bound the summations over the typical episodes of the different terms.

By applying Lemma D.10, we can bound the summation over typical episodes of the state-action value function bonus term
as:

k
S i € [Fliyps sin = s} Z b2 (51,5, a7 %7)) < \[28H2S AN, (5)LG + A [SH2SALGUp .

i=1

7
+ g HSALG + 5800V H3S5 A22A[3G2.
By applying Lemma D.11, we can bound the summation over typical episodes of the state value function bonus term as:

k H-1
S i € [kluprsin = 53 3 0Y(515) < \/AOH2S AN 4 (s) LG + /3LH3S2ALG2 U 1

i=1

+ %HSLG + 2700V H3S5 A22A[3G2.

By applying Lemma D.9 we can bound the summation over typical episodes of the state-action wise model errors as:

k H-1

. EaN i (Bs,
DT € Rliyps sin = sb Y (P = PV ) (i aly )
i=1 j=h

2
< \SH2S AN (5) LG + S HSALG + 2/ H2SALGUp ..

By combining the bounds into Eq. (63), we get:

Uk s < 38¢3\ HISA2AN, 1 (5) LG + 1662\ H3S2 ALG2Up. .

+ 14317¢*VH3S5A22AL3G2 + 11600H>S% A24 L3 (64)

Letting:

o= 38e2\/H35A2ANk7h(s)LG +14317e*V H3S5 A22AL3G2 + 11600H° S% A24 L2G,
B = 16>V H3S2ALG?, (65)
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we can solve for Uy, j, s as U p,s < 2a0 + (32, and obtain the following bound:

Uk,hys < 7662\/ H3SA2AN,, 1, (s) LG + 286342V H3S5 A22AL3G2 4 23200H°S° A2 LG + 256e* H3S? ALG?

< 2000,/ H3S3 A24 Ny, 5 (5)L2G, (66)

where Eq. (66) holds if Ny, 1, (s) = v11600H3S3 A2AL2G. Plugging this result into Eq. (62), and observing that the error
cannot be greater than H, we get the following bound to the estimation error of the state-action value function due to the
optimistic approach:

N H383A24L2
Vin(s) — Vi¥(s) < min {2900 HAS7 A2 LG } ,

Nk,h(s)

thus concluding the proof.

O
Lemma D.14 (Optimism). Let the optimistic bonuses be defined as:
b2 (s,0) — ALVar, p (g0 Venii(s)] N THL
kR A Ni(s,a) 3(Nk(s,a) — 1)
< {29002 H3S53 A2A L3
oo b I G )
Nk(sa a) 7
BV (s) 4LVa’I‘B~éi’:d('|s)[@k7h(8,Wk,h(S7B))j| N THL
S =
e Ni(s) 3(Nk(s) —1)
. 2353 A2A3
o | iy i R P
Ni(s) '
Then, under event &, the following set of events hold:
Qk,h = {‘2,](3) = ‘/;*(S) N @i,j(s>a) = Q;‘(S,a)7V(Z,]) € [ka h]histas € S,CL € -’4} )
fork € [K] and h € [H], where:
[, Plnise = {(i,4) - i € [K],j € [H], (i <k) v (i=Fk,j=h)}
Proof. We demonstrate this result by induction. We begin by observing that ‘A/k H+1(s) = Vi, (s) = 0 and

@kﬂ“(s,a) = Qf;41(s,a) = 0forevery k € [K], s € S, and a € A. To prove the induction, we need to prove
that, if 0 ;41 holds, then also 2, ;, holds. We prove this result for a generic k € [K], and we observe that we can then
apply this procedure recursively for all values of k, starting from k& = 1.

We begin by demonstrating that @k,h(& a) = Q5 (s,a). Let us recall the definition of @k’h(s, a):
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~

Qr.n(s,a) = R(s,a) + bgh(s,a) + (ﬁkﬁk7h+1) (s,a),

observing that if @k,h(s, a) = H — h, the optimism holds trivially. We can write:

@k,h(s, a) — Qi (s,a) = bgh(&a) + (ﬁkﬁk,hH) (s,a) — (PVi¥1) (s,a)
= b2,(5,0) + (PVinsr = Vit)) (s,0) + ((Pe = PYViE ) (s5,0)

>0, (5,0) + ((Pe = PYVit, ) (s,) (67)

where Eq. (67) follows from the induction assumption. Under event £, we can apply the empirical Bernstein inequality
(Maurer & Pontil, 2009):

2V% o1 (s,a)L .\ THL
Nk(saa) 3(]\%(5;&)71)7

(Be= PV (5,0 <
where \A/;C",Hl(s, a)=Var, 5 sq) [ViE 1 (s")]. As such, we obtain:

2V5 .1 (s,0)L THL

Qrnls, @) = Qji(s.a) > bﬁh(& @) - Ni(s,a)  3(Ni(s,a) —1)

_ 4@k7h+1(5aa)L7 2Vy pia(s,a)L
Ni(s,a) Nk (s,a)

(a)

D (ot . 29002 H353 A22A[3 2
4% s Pr(s']s,a) mm{—Né ) JH

Ni(s,a)

N (68)

Observing that:

\/2@fvh+l(s,a)4§/k,h,+1(s,a)

NG if Vigny1(s,a) < Vi (s,a),

(a) >
0 otherwise,

we now bound WA/Z htl in terms of @k n+1 from above. Observing that:
Var[X] = E[X — E[X]]?

E[X +Y —E[X] + E[Y]]

E[(X —Y)—-E[X —Y]+Y —E[Y]]?

E[(X —Y)—E[X —Y]]?+2E[Y —E[Y]]

Var[X — Y] + 2 Var[Y], (69)

N

2
2

we can then write:
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Vini(s,0) <2Vipii(s,0) 2 Var [V () = Vi (s))]

y~Py(-|s,a)
A~ ~ ~ 2
<2Wnii(s,0) +2 Y Puls'ls,a) (Vnsn () = Vit ()
s'eS

By combining this bound with the result of Lemma D.13, we obtain the following bound on term (a):

1 Ses Pue o) min{ 2002 HISNTALY 2| N
k,h+1%% : *
(@) =< — Nk (s,a) if Vk7h+1(5a a) < Vk,h+1(5’a)a

0 otherwise.

By plugging this result into Eq. (68), we obtain that @k,h(s, a) — Q¥ (s,a) = 0.

We now demonstrate that ﬁkyh(s) > V*(s). Let us recall the definition of ‘7k7h(5):

ﬁk,h(s) = min{‘/}k—l,h(s)a H, bkv,h(s) + EBN@}:d(.M [@k,h(sa aZ,";fB))]}-

Again, observe that, if f/k,h(s) = H, the optimism holds trivially. Moreover, if XA/k,h(s) = Vk—1,h(s), the opti-

mism holds trivially under €y ,. As such, we only need to demonstrate the case in which ffkyh(s) = bxh(s) +

EB~@}Q‘*(-|S) [@k»h(sa aZf)fB))]. We can write:

V() = Vi (s) = ba(s) + (CQun) (5) = (C™Qf) (s)
=0 a(s) + (O @un — Q1) () + ((C? = ™)@ ) (s)
> b0 () + Y, Ci(Bls) (Quals, mi (5. B)) = Qi (s, i (5. B) )

BeP(A)
+ (G2 = c™)Qx) (5) (70)
> 0) () + (Gt = ™) Q1) (), )

where Eq. (70) derives by observing that 7y, is the greedy policy w.r.t. ‘A/;ﬁ n, and Eq. (71) follows from the optimism over the
state-action value function we just demonstrated.

Under event £, we can apply the empirical Bernstein inequality:

2Qf ,(s)L . THL
Ni(s) 3(Nk(s) = 1)

(G = c™az) ()] < 72

where @;’;h(s) = Vargwé}:d(_ls) [Qr (s, a’kfjl(B))], As such, we obtain:

% 20% , (s)L
Vian(s) = Vii'(s) = bion(s) = ijf:((s)) - 3(NZ£)L— 1)
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_ \/4@k,h(S)L B \/2@th(3)L

(b)

Ni,n (s, A b )

Aind : 13502 H3S3 A224 L3
42 gep(a) Oy (Bls) min {° ) H2}

. 73
+ Ni(s) (73)
Observing that:
20 ), (5)=4Q.n(s) .. A A
0= N mm i Qeals) <QEL(),
0 otherwise,

we now bound @z ;, in terms of @k, r from above. By applying the result of Eq. (69), we get that:
Qen® <2un(s) +2, Var [QF(s00®) = Qunlo.af®)
~Cind(.|s

<2Quns)+2 Y, Cr(Bls) (@i (s af5") = Q. agkh“g)))z. (74)

BeP(A)

By combining this bound with the result of Lemma D.12, we obtain the following bound on term (b):

4 pep(a) Ci(Bls) min{—13°°2HsssA22z;;L3 HQ}

Ngp(siaph®) A ~
(0) = — N (9) Rl if Qp,n(s) < QZ,h(S),
0 otherwise.
By plugging this result into Eq. (73), we finally obtain that ‘Afh n(s) = V;*(s), thus demonstrating optimism. O

Theorem 5.2 (Regret Upper Bound S-UCBVI with independent availability and per-stage disclosure). For any 0 € (0, 1),
with probability 1 — 6, the per-stage disclosure regret of S-UCBVTI on any SleMDP with per-stage disclosure independent
action availabilities is bounded by:

Rps(s-UcBVI,T) <512HVSATLG
+ 4982 H6S3 A24 LG,

where L = 1og(80H S? A24T /) and G = log(HSAT). In particular, for T = Q(H°S° A*224) and selecting § = 24T,
we have:

E[Rps(s-UCBVI, T)] < O (HVSAT) :

Proof. This proof adapts the result of (Azar et al., 2017, Theorem 2) to the Sleeping MDP setting in the case of i.i.d. action
set availability and per-stage disclosure. We start by considering a Sleeping MDP in which the transition probabilities are
stage-independent, as the generalization is straightforward and we consider it at the end of the proof.

Let events £ and ), ;, hold. Under these events, Lemma D.14 holds.

As such, we define the regret suffered by an algorithm 2/ after 7" time steps as:
Z (Vi (si1) = Vi (si,1)) = A1 (s0)-
i=1
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We can define a pseudo-regret suffered by an algorithm 2 as:

~

K
RP () = ) (‘71,1(81-,1) - Vfi(si,l)) = A7 (si1)-
=1

By applying Lemma D.1, we first observe that Zle AXl (si1) < Zle szl (si,1), and we decompose the pseudo-regret as:

K K H-—
~ (B 1 mi(Bi,
Z AY SZ h Z Z l 31,] + EBNCmd( |s; J)[bQ (sz,j,ai)j( ))] + Ebgj(si’ﬁai,j( '))
1 V2
+ ]EBNCind(.‘siyj) [EXj,B] + Esz + EBNCind(,|S ) [\/ E” B] H V + V2 E
i (B 1 fa ;i (B;
+ ]EBNCi"d("Si,j) [((P P) ]+1) ( 0,99 11( ))] + E ((PZ - P) jﬂ;l) (81 ERZA j( J))
8H?SL 8HSL
+EB~Cind(_‘si)j) 7r1(B + (B
3Ni(sij,a;5 ") 3Ni(sija;; )
. 2H22AL 2H2AL 2Q7 (si,;)L 2HL
Ni(si,j) 3N 52 J Ni(Sl 7 3N 513

By applying several pigeonhole arguments, we obtain:

i (Bi,;
lbv (81,]) + EB~C'""( |s; J)[bQ (81,]? ai,j )] 7bQ ( ( ))

8%37a1,J

K N K
Z Al (sin) < € Z
=1 !

Z] +EB~0ind(_|S [V EZJB:l V + V2 E

1
Vv
+Epcona, ) [55,8] + 7€

35 T B T 81]
4 Esemige [ (B = PIVEL) (5100l ®) | + 2 (P - P>vj+l) <si,j7ai,j< | >>
+ 205 (s0g)L +9e?H%5%A24 LG (75)
Ni(sw)
(a)
= UK,1~

We can bound the summation of term (a) over typical episodes as follows:

K H— K H-1 2(@7@' i L
Z I{i € [kliyp} Z Z I{i € [K]typ} Z J\Jf((':J;
i=1 j=1 i=1 i=1 B
K H- K H—
; ; (50) Z-le € [Kliyp} ; N5 (76)

< \/2L\/HT+2VH4TL+ %H3L\/SG (77)
< V4HSTLG, (78)

where Eq. (76) is obtained by applying Cauchy-Schwarz’s inequality, Eq. (77) follows from the application of Lemma D.7
and of a pigeonhole argument, and Eq. (78) holds under [£]¢yp.
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By applying this bound, together with Lemmas D.3, D.9, D.10, D.11, the condition of [k]yp, accounting for the regret of
non-typical episodes, and rearranging terms, we get that:

Uk < 2564/ HSAT, LG + 117392H3S3 A24 L2 G + 113\/ H2S2ALG2Uk ;. (79)
By letting:
o = 256vVHSATLG + 117392 H3 5% A24 LG,
8 =113VH2S2ALG?, (80)

we can solve for Uk 1 as U1 < 2a + (32, and obtain the following bound:

Uk < 512VHSATLG + 247533 H3S3 A24 L*G,

which we can plug into Eq. (75) to get the following upper bound on the regret:

Rps(S-UCBVI, T) < 512VHSATLG + 4982 H3S3 A2A L2G.

Considering now stage-dependent state transitions, we can address this generalization by considering a new Sleeping MDP
with state space X such that |X'| = SH. As such, the regret in this case is upper bounded by:

Rps(s-UCBYT,T) < O (VH?SATLG + H°S® A2 [*G)) = UBps (9),

w.p. at least 1 — 4.

To obtain an upper bound for the expected regret in the case of stage-independent transitions, we select § = 24/T’, and
obtain that, if 7' > 24, it holds that:

E [Rps(S-UCBVI,T)] = E[Rps(s-UCBVT, T)I{Rps(S-UCBVI,T) < UBps(4)}]
+ E[Rps(S-UCBVI, T)I{Rps(S-UCBVI,T) > UBpg(d)}]
< UBps(é) +T6 (81)

< 512\/ HSAT log (80H 52 AT?)? log(HSAT)
+ 4982 H3 5% A2 1og(80H S? AT?)? log(HSAT) + 24, (82)
where Equation (81) follows by applying the high probability regret upper bound and by observing that

Rps(S-UCBVI,T) < T. Moving to stage-dependent state transitions, we can generalize as above and rewrite Equa-
tion (82) as:

E [Rps(S-UCBVI,T)] < 512H\/ SAT log (80H352 AT?)* log(H2S AT)
+ 4982 H583 A24 10g(S80H>S? AT?)? log(H?SAT) + 24
-0 (H\/SAT + H653A2A) . (83)

Finally, we observe that whenever 7' > Q(H'°55 A4224), the upper bound of the expected regret is of order O(H+/SAT),
thus concluding the proof. O
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E. Numerical Validation

In this appendix, we propose the StochasticFrozenLake setting and numerically validate our S—-UCBVI against UCBVI,
showing the efficacy of exploiting the knowledge of action availability. The code to reproduce the experiments is available
at https://github.com/marcomussi/SleepingRL.

Setting. The StochasticFrozenLake environment is a modification of the well-known FrozenLake to allow holes in the
lake to open and close stochastically, effectively limiting the action availability of the agent stochastically during the episode.
The probability of a cell of the grid being a hole at any given stage is denoted via parameter p, except for the goal cell and
the cell in which the agent is located at the beginning of the stage, which cannot be holes. We vary the probability of holes
in the lake as p € {0,0.5,0.75} and the grid size of the lake as G € {2,3,4}. We consider a horizon H = 10 to ensure
that the agent can reach the goal. We consider K = 2 - 10° episodes, and we compare S—-UCBVI and UCBVTI in terms of
instantaneous reward averaged over 5 runs, with a 95% confidence interval. We also report the optimum computed apriori
for reference.

Results. The results of the experiment are reported in Figure 7. We observe that, when p = 0, i.e., there are no holes in the
lake, both S-UCBVI and UCBVI manage to achieve the optimum instantaneous reward. As p and G increase, we observe
that S-UCBVI manages to achieve the optimum, whereas UCBVI settles to a suboptimal value, with the gap between the
two algorithms increasing in a directly proportional manner w.r.t. the two parameters.
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Figure 7. Performances in terms of instantaneous reward in the StochasticFrozenLake environment with horizon H = 10, number of
episodes K = 2 - 10°, hole probability p € {0, 0.5, 0.75} and grid size G € {2, 3, 4} (5 runs, mean + 95% C.L).
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