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Abstract

Exploration is a crucial phase in reinforcement
learning (RL). The reward-free RL paradigm, as
proposed by (Jin et al., 2020), offers an efficient
method to design exploration algorithms for risk-
neutral RL across various reward functions with a
single exploration phase. However, as RL appli-
cations in safety critical settings grow, there’s an
increasing need for risk-sensitive RL, which takes
potential risks into consideration for decision-
making. Yet, efficient exploration strategies for
risk-sensitive RL remain underdeveloped. This
study presents a novel risk-sensitive reward-free
framework based on Conditional Value-at-Risk
(CVaR), designed to effectively address CVaR RL
for any given reward function through a single
exploration phase. We introduce an efficient algo-
rithm named CVaR-RF-UCRL, which is shown
to be (¢, p)-PAC, with a sample complexity upper

bounded by O (44" ) with r being the risk tol-
S?AH? )

erance parameter. We also prove a )

2T

lower bound for any CVaR-RF exploration algo-
rithm, demonstrating the near-optimality of our
algorithm. Additionally, we propose the planning
algorithms: CVaR-VI and its more practical vari-
ant, CVaR-VI-DISC. The effectiveness and prac-
ticality of our CVaR reward-free approach are
further validated through numerical experiments.

1. Introduction

In reinforcement learning (RL), agents learn optimal ac-
tions by iteratively interacting with the environment and
leveraging feedback from reward signals. A critical part of
this learning process is exploration, where agents navigate
through states to effectively gather environment information.
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Despite exploration being widely recognized as a vital as-
pect of RL, simple randomized exploration strategies often
fail due to high sample complexity (Li, 2012). While re-
search by (Dann & Brunskill, 2015; Dann et al., 2017; Azar
et al., 2017; Jin et al., 2018) demonstrates that stochastic ex-
ploration can be sample-efficient, applying these algorithms
across different reward functions can lead to inefficiencies.
To address this, (Jin et al., 2020) introduces the concept of
reward-free RL, in which the goal is to approximate the
near optimal policy under any reward function after a single
phase of exploration, enhancing the efficiency and adapt-
ability of the learning process. (Jin et al., 2020) also derives
upper and lower bounds of the sample complexity of the
risk-free approach.

Building on these insights, subsequent studies such
as (Wang et al., 2020; Zhang et al., 2021; Kaufmann et al.,
2021; Ménard et al., 2021; Chen et al., 2022; Miryoosefi
& Jin, 2022) have sought tighter upper bounds and more
practical algorithms. The focus of these existing reward-
free RL research has been predominantly on the risk-neutral
approach, in which the goal is to maximize the average total
(discounted) reward. In practical scenarios especially in
those safety critical scenarios, however, decision-makers of-
ten have risk preferences that aim to mitigate low-probability
but high-impact outcomes. Thus, the need to consider risks
beyond solely optimizing for the average becomes impor-
tant, leading to the development of risk-sensitive RL.

In risk-sensitive RL, the objective function is shaped by
applying risk measures to reward functions (Delage & Man-
nor, 2010; Biuerle & Ott, 2011; La & Ghavamzadeh, 2013;
Shen et al., 2014; Fei et al., 2020; Prashanth et al., 2022;
Ying et al., 2022), thus is also significantly dependent on
the exploration phase. Various risk measures have been
extensively analyzed and adopted in RL frameworks (Chow
& Ghavamzadeh, 2014; Chow et al., 2015; Tamar et al.,
2015b;a; Chow et al., 2017; Keramati et al., 2020; Ni &
Lai, 2022a;b; Hau et al., 2023). One widely used class
of risk measures is coherent risk measures, which satisfy
a set of natural and desirable properties: 1) monotonicity,
2) translation invariance, 3) subadditivity, 4) positive ho-
mogeneity, ensuring rationality and reliability in capturing
risk preferences (Artzner et al., 1999; Tamar et al., 2015a).
Despite these advancements, efficient exploration, partic-
ularly in contexts without a predefined reward function,
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remains an under-explored area. Existing studies on sam-
ple complexity and algorithm performance in risk-sensitive
RL typically target specific reward functions, potentially
limiting their effectiveness in varied reward settings (Fei
et al., 2021; Bastani et al., 2022; Du et al., 2022; Wang
et al., 2023; Ding et al., 2023). This situation underscores
the urgency for developing efficient exploration methods in
risk-sensitive RL, crucial for its practical deployment and
success in diverse stochastic environments. In this paper,
we study risk-sensitive RL in the reward-free setting, and
aim to answer the following question:

Is it possible to design provably efficient risk-sensitive
reward-free RL algorithm?

In this paper, we design an algorithm with near-optimal
sample complexity to the above question.

Contribution: This paper introduces a CVaR-based risk-
sensitive reward-free RL framework (CVaR-RF RL). For
the exploration phase, we propose CVaR-RF-UCRL to ef-
ficiently explore environments with unknown reward func-
tions. The number of trajectories collected in the explo-

~ 2 4
ration phase is upper bounded by O (S 6{‘5 ), where S is
the number of states, A is the action count, H is the horizon
length, € is the targeted accuracy, and 7 the risk tolerance

level for CVaR. We also prove a lower bound of €2 (%)

for any CVaR-RF exploration algorithm. Subsequently, we
introduce the CVaR-RF-planning algorithm equipped with
CVaR-VI, which is able to solve CVaR RL for given re-
ward function but without interacting with the environment.
We also propose CVaR-VI-DISC, a discretized version of
CVaR-VI for direct implementation in real-world settings
while maintaining an optimization error within €/3. These
developments ensure the efficiency and applicability of our
CVaR-RF framework in advancing the field of risk-sensitive
RL.

Challenges: 1). Compared to risk-neutral reward-free RL
(Jin et al., 2020), CVaR-RF RL focuses only on the tail
distribution related to the risk tolerance parameter 7. But
in a reward-free setup, we can’t access reward information,
including the reward distribution. Therefore, we must adjust
our exploration strategy based on 7. To address this, we
define an adaptive stopping rule for different 7 values during
the exploration phase. Moreover, while the optimal policy
in risk-neutral RL is Markovian, the optimal policy for risk-
sensitive RL is history-dependent, which makes it more
complex. To simplify this, we propose a planning algorithm
with CVaR-VI that can construct a Markovian policy as the
optimal policy for CVaR RL, reducing the added complexity.
2). Compared with CVaR RL (Chow & Ghavamzadeh,
2014; Chow et al., 2015; Tamar et al., 2015b;a; Chow et al.,
2017; Keramati et al., 2020; Ni & Lai, 2022a;b; Hau et al.,
2023), CVaR-RF RL faces challenges due to the absence of

immediate feedback on risks associated with actions during
the exploration phase. In CVaR RL, with rewards given,
the agent doesn’t need to explore every state or action, as
it can immediately adjust its strategy based on the reward.
However, in CVaR-RF RL, where rewards are unknown
during the exploration, it’s necessary to thoroughly explore
the environment by visiting all possible states and actions.
This extensive exploration gathers enough information for
the planning phase, allowing the agent to adjust its strategy
effectively. To facilitate this, we introduce CVaR-RF-UCRL,
a method that efficiently explores all states.

Outline: In Section 2, we introduce the preliminaries es-
sential for the understanding of CVaR-RF RL. Section 3
presents the formal problem statement of CVaR-RF RL. In
Section 4, we present the CVaR-RF-UCRL for exploration
and CVaR-RF-planning algorithms, and present the upper
bound for sample complexity. Section 5 provides our anal-
ysis of the lower bound of sample complexity specifically
for CVaR-RF exploration. Section 6 provides numerical
examples. Section 7 offer concluding remarks.

2. Preliminaries

We explore a tabular Markov decision process (MDP) rep-
resented as M = (S, A, H,P,r). Here, S and A are state
and action spaces with sizes S and A respectively, H is the
number of steps per episode, P, (+|s, a) is the state transition
probability at step h for action a in state s, and 1, (s, a) is a
deterministic reward function mapping state-action pairs to
rewards between 0 and 1. Both transition probabilities and
reward function can vary with each step h. We define Il
as the set of history-dependent policies, where each policy
m consists of H functions {7, : & x Hp — A4}. Here,
‘H, is the history up to step h, and A 4 is the probability
simplex over .A. The probability of reaching state s under
policy 7 is P™(s).

In each episode of the MDP, the process starts by choosing
an initial state s; from an unknown initial distribution Py (-).
At every step h, the agent observes the current state s;, from
the state space S, selects an action ay, based on the distribu-
tion 7y, (sp; Hp ), earns a reward 1, (sp, ap, ), and then moves
to the next state s;,4+1 according to the transition probability
Py (-|sh, an). The episode ends when the agent reaches the
state sp41.

We now introduce CVaR, a widely used coherent risk mea-
sure in RL (Rockafellar et al., 2000). For a random variable
X, CVaR at a given risk tolerance 7 € (0, 1] is defined as:

CVaR,(X) :=sup (b— 77 'E[(b— X)*]),
beR

where the notation z+ = max(z,0). CVaR effectively

quantifies the average outcome in the worst 7-percentile of

scenarios. It is noteworthy that for a continuous variable X,
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this definition aligns precisely with outcomes less than or
equal to the 7-th quantile, as elucidated by (Acerbi & Tasche,
2002). This 7-th quantile is also identified as Value-at-Risk
(VaR), another well-recognized risk measure. However, VaR
lacks the coherence property, distinguishing it from CVaR.

It is important to note that the reward function in this context
is deterministic, with its cumulative sum ranging between
[0, H]. Given this constraint and acknowledging that the
optimal b aligns with the VaR (see Lemma D.2), and con-
sidering VaR, € [0, H], we can appropriately restrict the
range of b as follows:

CVaR, (X) := bes[%;;” (b—7"E[0-X)T]). (D)

Reward-Free RL: The RF-RL framework, as proposed
by (Jin et al., 2020), is structured into two distinct phases:
exploration and planning. In the exploration phase, the
goal is to design algorithms that can efficiently explore
the environment without reward information. Formally, in
the exploration phase, each episode commences with an
exploration policy 7, based solely on data from previous
episodes. An episode &; captures a sequence of states and
actions (s}, at, ..., s, al;), starting at initial state s. Ac-
tions are chosen as af, = 7} (st ), with subsequent states
determined as s} ~ Py (s} _,,al ;). Each trajectory & is
added to the dataset D;. Data collection ends at a random
stopping time yop, resulting in dataset Dy, . Based on the

dataset, we are able to get the empirical transition kernel P.

In the planning phase, the agent’s exploration strategy is
critically assessed. During this phase, the agent is no longer
permitted to interact with the environment. Instead, a spe-
cific reward function 7 is given, and the primary goal is
to derive a near-optimal policy tailored to this 7 using the
dataset Dy, gathered during the exploration phase. The
efficiency of the exploration approach is quantified based
on the number of trajectories needed to consistently reach
this objective, effectively measuring the algorithm’s ability
to prepare the agent for diverse reward scenarios without
direct interaction with the MDP.

Our Goal: This paper focuses on establishing an efficient
CVaR based reward-free RL framework, including:

1). Develop a CVaR-RF-Exploration algorithm that effi-
ciently explores the environment without requiring any re-
ward function and is adaptive to different 7.

2). Propose a CVaR-RF-Planning algorithm, which com-
putes near-optimal policies based on the dataset acquired
during the exploration phase and a specified reward function,
without further interaction with the environment.

3). Ensure the efficiency and reliability by analyzing the
sample complexity of exploration algorithm and the opti-
mization error of planning algorithm.

3. Problem Statement

To address the inner objective of CVaR outlined in (1),
which depends on the variable b, we consider an aug-
mented MDP, in which an augmented state is defined as
(s,b) € SAv := S x [0, H]. The initial state for a given
by € [0,H] is set to (s1,b1). Then, for each timestep
h = 1,..., H, the agent selects action a;, based on pol-
icy mp,, and updates by, 1 to by, — 7.

For any history-dependent policy m € Ily, timestep h €
[H], state s, € S, budget by, € [0, H], and history H, we
define the value function as:

‘/}ZT(Sh,a bh; Hh)

H +
=Er (bh - Z Th/(sh',ah/)>

h'=h

Sh, Hn

The CVaR objective following policy , starting at sy, is
then expressed as:

CVaR”(s1) = max {b; — 7 "V (s1,b1)},

b€ [O,H]
and the optimal CVaR objective is formulated as:

* —1ly/m
CVaR}(s1) = Jnax blrél[%,)il]{b —7 V" (s1,b1)} o
-1 : ™
= blgl[%,)iﬂ{bl -7 Wrgll_lr; Vi (s1,b1)}.
The work of (Béuerle & Ott, 2011) significantly advances
our understanding by establishing the existence of an op-
timal policy p* : S**¢ — A, which is deterministic
and Markovian within the augmented MDP, denoted by
SA¥e = S x [0, H]. With a starting point of b; € [0, H] and
initial state (s1, b1), the process unfolds as follows: for each
h=1,2,..., H, the action ay, is determined as p* (s, bp,),
the reward r, as rp(sp, ap), the next state spy1 evolves
according to P} (sp, ap), and the budget by, 41 is updated to
by, — rp,. The additional state by, effectively tracks the resid-
ual budget from by, serving as a comprehensive summary
of historical decisions for the CVaR RL problem.

The adoption of deterministic Markovian policies simplifies
the decision-making process in MDPs, directly associating
states with actions, thereby facilitating implementation and
analytical processes. Consequently, without loss of optimal-
ity, the optimization problem in (2) simplifies to:

max {b; — 77! min V(s1,01)}, (3)

CVaR>(s1) = max i,

where ITA" is the class of deterministic Markovian policies.

We now introduce the function definitions and the Bellman
equations for the augmented MDP proposed in (Bellemare
et al., 2023; Wang et al., 2023). For any policy p € IIA%,
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we define:
V}{D(Shv bh)
" +
4)
=E, (bh -y Th/(Sh',ah')> Shybn |
h=h
and
Q" (sn,bn,an)
" +
®)
=E, (bh - Z Th/(Sh/,ah/)> Shybn,an
h=h

For notation convenience, we introduce the following defi-
nition:

Py Vis1] (8h,bn,an)

=K, ~P(|sn.am) [Vat1(Sht1, bng1)].

These functions adhere to the following Bellman equations:

V2 (Shybn) = Bay o (snbn) 1@ (Shy brs an)]
Q" (s, bn, an) = [PrVhg1] (Sh, b, an),

(6

where b1 = by —7p and V}j |, (s,b) = b := max(0, by).
Similarly, we define the optimal conditions as:

Vi (s, bn) = min Q7 (shyan, b)),
1 (8n,bp) = argming . 4 Q7 (sn, bn, an)], (N
Q1 (sn. b, an) = [PaViry] (s, bas an),

where by 11 = by, — 7, and V5, (s,b) = bf = max(0, by).

Here we introduce a key fact shown in (Wang et al., 2020),
which shows the optimality of ITA%.

Theorem 3.1. (Optimality) For any by €
Vit(s1,b1) = VI (s1,b1) = infrem, V™ (s1,b1).

(0,1],

Theorem 3.1 suggest that we could compute V;* and p*
using dynamic programming (DP) if the true transitions P
were known, following the classical Value Iteration proce-
dure in standard RL. By executing p* starting from (s1, b})
where b} := arg maxy, cjo, g{b1 —7'V{*(s1,b1)}, we can
attain the optimal CVaR value.

Based on these arguments, the goal of our paper is to iden-
tify a probably approximately correct (PAC) algorithm for
CVaR-RF RL, characterized by specific performance and
accuracy parameters (¢, d), which is defined as follows:

Definition 3.2. (PAC algorithm for CVaR-RF) A CVaR-
RF exploration algorithm is (e, §)-PAC with a given risk
tolerance 7 if for any reward function r,

P (Eslel [CVaR:(sl; T) — CVaRﬁ(slgr)] < e) >1-6.

Here, CVaR (s1; ) is derived by executing optimal policy
p* starting from (s, b7) under the true transition probabil-
ities P and the reward function r with optimal initial bud-
get b := argmaxy, ¢, g){b1 — 771V (s1,b1;7)}. Con-
versely, CVaRﬁ(sl; r) is derived by executing the output
policy in the planning phase p starting from (sq, 51) under
the empirical transition probabilities IP and the reward func-
tion r with the near optimal initial budget obtained in the
planning phase.

4. Main Results

In this section, we first analyze the exploration phase by
assuming the optimization error during the planning phase
is bounded. Inspired by (Fiechter, 1994; Kaufmann et al.,
2021), we propose the CVaR-RF-UCRL, which is an (¢, §)-
PAC algorithm for CVaR-RF exploration, with the sample
complexity upper bounded by O(S2AH*/e272). Then, in
the planning phase, we propose a CVaR-RF-planning al-
gorithm, adopting CVaR-VI and CVaR-VI-DISC, which
satisfy the optimization error assumption.

Notation: Consider (s,,aj,,s},,,) as the state, action,
and next state observed by an algorithm at step h of
episode i. For any step h € [H] and any state-action pair
(s,a) € S x A, we define n},(s,a) = S\ T{(s},a}) =
(s,a)} as the count of visits to the state-action pair (s, a)
at step h in the first ¢ episodes, and n}(s,a,s’) =
S T{(sh, b, sh41) = (s,a,s')}. The empirical tran-
sitions are defined as:

nt (s,a,s")

P (s'|s,a) = { G

S

if nf (s,a) >0

otherwise

We denote by V,f”’(sh, by;r) and Qf{p(sh, b, ap;r) the
value and action-value functions of a policy 7 in the MDP
with transition kernels IP; and reward function 7.

4.1. Exploration Phase

We first present a lemma that will be useful for the study
of the objective within the CVaR-RF exploration context.
Prior to delving into this lemma, we make an assumption
regarding the planning phase.

Assumption 4.1. The optimization error during the plan-
ning phase is bounded, i.e.,

*

C/VEZ (s1;7) — @i(sl;r) <er/3,

where C/Vﬁf_ (s1;7) is derived by executing the opti-
mal policy p* starting from (51,3{) under the empiri-
cal transition probabilities P and the reward function r
with optimal initial budget b} := arg maxy, ejo, 7]101 —
T W (51, b; 1)}
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Notice that, Assumption 4.1 focuses on the optimization
error based on same emprical transition probability P and
given r. This assumption is not about the error with re-
spect to the optimal policy for the true underlying MDP.
Theorem 3.1 justifies the existence of an optimal policy p*
for MDP specified by P and given reward function (more
technical details could be found in Appendix A.1). Fur-
thermore, there exist many CVaR RL works capable of
generating such a near-optimal policy p that satisfies this
assumption, such as (Chow et al., 2015; Tamar et al., 2015b;
Wang et al., 2023). We also propose our algorithms in the
planning phase that satisfy this assumption. Therefore, As-
sumption 4.1 could be immediately satisfied based on these
facts.

The following lemma is useful for subsequent discussions
and analyses related to our primary objective.

Lemma 4.2. An algorithm is (€,0)-PAC for CVaR-
RF exploration with a given risk tolerance T if for
any reward function r and for any by € [0, H],

VY (s1,b137) — ‘71‘)(51,171;7')‘ <er/3.
Proof. Please refer to Appendix A.1 for more details. [

For simplifying the exposition of our algorithm, we posit
that the initial state distribution Py is supported solely on
a singular state s;. This assumption incurs no loss of gen-
erality (Fiechter, 1994). If this is not the case, one might
contemplate an augmented MDP that includes an additional
initial state sg, paired with a unique action a¢ yielding a
null reward. Thus, by = b;. In this scenario, the transitions
from s using ag are defined as Po(-|sg, ag) = Po.

The error upper bounds in the CVaR-RF-UCRL algorithm
are derived from an upper bound on the estimation error
for each policy p, each initial budget b € [0, H] and each
reward function . The complete procedure is outlined in
Algorithm 1. Before discussing the details of this algorithm,
we introduce the definitions for the estimation error and its
upper confidence bound.

Definition 4.3. For a given policy p, reward function r,
and episode ¢, we define this error for any (s, by, ap) €
S x A as

é;{p(slu bha Qp; T)

= Q4" (shy bry an; ) — Qb (s, bny an; )| -

Definition 4.4. The upper confidence bound Ef (sp, ap)
for the error, recursively defined as follows: Ef; (s a) =
0 for all (s,a), and for all h € [H], with the convention

L= 4o,

26(nt (s,a),0)

t _ .
E; (sh,an) —mm{H,H nl (s, a)

®)
+Z]P’t (s'|s,a mathH(s a)}

where (§(n, d) is a threshold function, an input to the algo-
rithm, the choice of which will be discussed later.

It is important to note that the error upper bound only de-
pends on the state s and action a, and is independent of the
policy p, initial budget b; and reward function r. Lemma 4.5
estabhshes that E (s, a) serves as the upper bound on the
error eh (s, b, a; r) for any p, b, r with a high probability.

Lemma 4.5. With the Kullback-Leibler divergence be-
tween two distributions over S defined as KL(p || ¢q) =
> ses b(s)log E g consider the event

& z{Vt € N,Vh € [H],V(s,a),

. ¢ 5)
KL Pt . Ph . < ﬁ(nh(s7 (Z),
( h( |Saa)7 ( |57a)) = nz(s’a) ’
it is established that for any policy p, any reward function r
and any b, €;°(s,b,a;r) < E (s, a) holds on event £.

Proof. Please refer to the Appendix A.2 for more details.
O

We now introduce the proposed CVaR-RF-UCRL algorithm,
which operates on the principle of uniformly reducing the
estimation error across all budgets, policies and potential
reward functions by adopting a greedy approach based on
the upper bounds E? on these errors. The stopping criterion
for CVaR-RF-UCRL is defined as reaching an error in step
1 that is smaller than e7/3:

» Sampling rule: the exploration policy 7**! is the
greedy policy with respect to E?(s, a), such that for all
seSandh € [H]:

7TZ+1(S}L) = argmaxaEfL(s, a). 9)

¢ Stopping rule: the algorithm stops at

tsiop = inf{t : E} (s1,7 (s 1)) <er/3}.

Now, we have the following Lemma showing that CVaR-
RF-UCRL is an algorithm with (¢, §)-PAC.

Lemma 4.6. (Correctness) On the event £, given T, for any
r,pand by, |V} "””’p(sl, by;r) — ‘7;_\,,0,,,,)(81’ by; r)‘ <er/3,
which implies CVaR*(s1;7) — CVaR? (s1;7) < .
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Algorithm 1 CVaR-RF-UCRL
1: Given: risk tolerance T € (0, 1]
2: Initialization: t = 1, Dy, = 0, initialize E° with (8)
and 7} with (9)

3: while ' (s1,7%(s1)) > er/3 do

4:  Observe the initial state s} ~ Py

5 forh=1,...,H—1,Hdo

6: Play a}, ~ 7} (s})

7: Observe the next state sj,1

8: end for

9:  Compute E? according to (8) and 7**! according

t0 (9)
10:  Dy=D; U (st al,... st al)
11: t=t+1

12: end while
13: Return the dataset Dy,

Proof. By definition of the stopping rule and the sampling
rule, we have for all a € A, Ei* (s1,a) < €/3. Hence,
b;/ Lemma 4.5 on the event &, for all p, by, 7, and all a,
éf”"’p(sl, b1, a;r) < er/3. In particular, for all p, b1, and 7,

‘Vf“”"’p(sl, by;r) — Vf‘“‘”"’p(sl, b1;7)| < er/3. The conclu-

sion follows from Lemma 4.2 by choosing p to be p*. [

We are now able to state our main results for CVaR-RF-
UCRL, which show that with a proper chosen threshold
B(n,d), CVaR-RF-UCRL achieves (¢, d)-PAC for CVaR
RL. Furthermore, an upper bound on its sample complexity
can be established under these conditions.

Theorem 4.7. (Upper Bound for Sample Complexity) Using
threshold 3(n,d) = log(2SAH/§) + (S — 1) log(e(1 +
n/(S —1))), the CVaR-RF-UCRL is (¢, §)-PAC for CVaR-
RF exploration. The number of trajectories collected in the

exploration phase is bounded by O (5‘22;471;1 4)

Proof. Please refer to Appendix A.3 for more details. [

Compared with the risk-neutral reward-free approaches (Jin
et al., 2020; Kaufmann et al., 2021; Ménard et al., 2021),
the denominator of the bound we obtained is related to the
risk tolerance parameter 7. This is expected since CVaR is
interpreted as the mean of the tail distribution with an area
under the curve equal to 7, it requires more trajectories for
smaller 7 values and fewer trajectories for larger 7 values.

4.2. Planning Phase

In the planning phase, the reward function is provided, and
the goal is to find a near-optimal policy based on the given
reward function and the dataset generated during the ex-
ploration phase. Following a similar approach to (Jin et al.,

2020), we now introduce our planning algorithm, as outlined
in Algorithm 2.

Algorithm 2 CVaR-RF-Planning

1: Input: a dataset of transition D;
accuracy e, risk tolerance 7.

2: forall (s,a,s',h) € S x Ax S x [H] do

3 Nh(Sv a, 5,) — Z(s;L,u;L,s;L+1)€D ]I[Sh = 50anp =
a, sp+1 = 5]
Np(s,a) < > . Nu(s,a,s").
Ph(s'|s,a) = Nu(s,a,s')/Np(s,a).

end for

p, b < APPROXIMATE-CVaR-SOLVER (P, 7, ¢, 7).

return policy p, and initial budget b.

reward function r,

stop

A A

In Algorithm 2 , we first compute the empirical transition
matrix P based on the collected dataset Dy,,,- Then, for
each reward function r, we find a near-optimal policy by
employing a APPROXIMATE-CVaR-SOLVER that utilizes
transitions PP, the given reward function r, an accuracy pa-
rameter € and the given risk tolerance 7. It’s worth noting
that the solver can be any algorithm designed to find an
¢/3-suboptimal policy p for CVaR RL when both the transi-
tion matrix and the reward are known. One straightforward
approach to achieve this is by using the Value Iteration
algorithm, which iteratively solves the Bellman optimal-
ity equation (6) in a dynamic programming manner. The
greedy policy induced by the resulting Q* yields the opti-
mal optimal policy without errors. We present Algorithm 3,
which generates an optimal policy exactly according to The-
orem 3.1 (Wang et al., 2023). This algorithm satisfies our
Assumption 4.1 about the optimization error.

Algorithm 3 CVaR-VI

1: Input: transition matrix P, reward function r, risk tol-
erance T
forall s € S,b € [0, H] do
Set Vigy1(s,0) = b
forh=H,H—1,...,1do
Qh(sh, bh, ah) = [PthH] (Sh, bh, ah), where
bhy1 =bp —1p
P}, (8n, bn) = argmin, Qp,(sn, by, an)
Vi (sn,bn) = ming Qn(sn, by, an)
end for
end for
Calculate b* = argmax, (o1 {0 — 7 "Vi(s1,0)}
return policy p* and b*

DY e

—_— —

4.2.1. DISCRETIZATION

Algorithm 3 faces computational challenges due to the dy-
namic programming step, which requires optimization over
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all b € [0, H], involving the maximization of a non-concave
function (Wang et al., 2023). Following the approach pro-
posed in (Bastani et al., 2022; Wang et al., 2023), we in-
troduce a discretization of rewards, which allows the men-
tioned steps to be performed over a finite grid. This offers
computational efficiency while preserving the same statisti-
cal guarantees.

We fix a precision € (0, 1) and define ¢(r) = n[r/n] A 1.
This rounding function maps r € [0, 1] to an n-net of the in-
terval [0, 1], commonly referred as the grid. The discretized
MDP dis(M) is an exact replica of the true MDP M with
one exception: its rewards are post-processed using ¢, i.e.,
(s, a; disc(M)) = ¢(r(s, a; M)). We now introduce the
CVaR value iteration with discretization algorithm.

Algorithm 4 CVaR-VI-DISC

1: Input: transition matrix PP, reward function r, precision
parameter 7, risk tolerance 7.
2: Discretize the reward funtion r by

F=¢(r) =nlr/n A1

3: forall s ES,EA:n-An,n:OJ,..; do
4:  SetVgy1(s,b) = bT := max(0,b)
5 forh=H,H—1,...,1do

6 Qn(8h,bn,an) = [PthH} (8h,bn,an), where

bhi1 =0bn —Th

7: [Z}*L(sh,, bAh) = argmingQA;«L(shA7 Eh,ah)
8: Vi (sh,bn) = ming Qn(sn, bn, an)
9: end for

10: end for

11: Calculate b* = argmax;, {5 - 7_1\71(51, I;)}

12: return policy p* and b*

4.2.2. COMPUTATIONAL COMPLEXITY

In disc(M), the 7-th quantile of the returns distribution
(the argmax of the CVaR objective) will be a multiple of 7.
Therefore, it suffices to compute V; (s1, b1) and maximize
line 9 over the grid. Since b; transitions by subtracting re-
wards, which are multiples of 7, b;, will always stay on the
grid. Hence, the entire dynamic programming procedure
only needs to occur on the grid. This approach demonstrates
that CVaR value iteration via discretization is computation-
ally tractable.

Theorem 4.8. The CVaR-VI-DISC has a run time of
O(S?AHn~?) in the discretized MDP. Setting ) = et /3H,

2 3
as suggested in Theorem 4.9, the run time is O(244-).

Proof. Please refer to Appendix for more details. O

4.2.3. DISCRETIZATION ERROR

Next, we evaluate the impact of errors resulting from the
discretization step. Following a similar method as previous
works (Wang et al., 2023), we can relate the errors within
disc(M) to equivalent errors within M using a coupling
argument. This leads us to introduce the CVaR-VI-DISC
algorithm, which is tailored for practical applications.

The following theorem guarantees that the optimization er-
ror assumption is met when when Algorithm 4 is employed.

Theorem 4.9. By selecting ) < et /3H, we ensure that
|CVaR? (s1;7) — CVaR? (sy;71)| < ¢/3,  (10)

where p* represents the policy generated by Algorithm 3 and
p is the output of Algorithm 4. Consequently, the optimiza-
tion error is bounded by € /3, which satisfies Assumption 4.1.

Proof. Please refer to the Appendix for more details. [

4.3. Adaptability to Varying Risk Tolerances

We further introduce an important proposition that under-
scores the adaptability of our exploration process to different
levels of risk tolerance 7:

Proposition 4.10. For any 7’ > T, the exploration dataset
obtained through Algorithm 1 at risk tolerance T contains
the requisite information for conducting CVaR-RF RL with
any higher risk tolerance 7'. Consequently, the planning
phase is also compatible with any given 7" > T.

Proof. Utilizing Lemma 4.2, we observe that as e7/3 <
er’ /3, the CVaR-RF exploration algorithm configured with
arisk tolerance of 7 also satisfies the (e, §)-PAC criterion for
CVaR-RF RL when operating under a higher risk tolerance
7/ > 7. Furthermore, invoking Theorem 4.9, we have that
the stipulated optimization error condition is met since n <
7’. This implies that the planning phase remains efficacious
under these adjusted parameters. [

5. Lower Bound

In this section, we develop a lower bound of the sample
complexity for CVaR-RF exploration. We present a theorem
that delineates this lower bound, applicable to any algorithm
operating within the CVaR-RF exploration framework.

Theorem 5.1. Consider a universal constant C' > 0. For
a given risk tolerance T € (0,1], if the number of ac-
tions A > 2, the number of states S > Clogys A + 2,
the horizon H > C'logy S + 1, and the accuracy param-
eter ¢ < min{l/4r, H/487}, then any CVaR-RF explo-
ration algorithm that can output e-optimal policies for an
arbitrary number of adaptively chosen reward functions
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with a success probability § = 1/2 must collect at least
Q(S?2AH?/7€?) trajectories in expectation.

Proof Sketch. Here we highlight the main idea of our lower
bound proof, while the detailed proof can be found in the
Appendix. Our proof is inspired by the lower bound con-
struction in for the reward-free RL (Jin et al., 2020). The
key idea is that any reward-free risk neutral problem can be
transformed into a CVaR-RF RL problem. If a CVaR-RF
exploration algorithm that can output e-optimal policies in
the transformed CVaR-RF RL problem, it can also solve the
original reward-free risk neutral problem. Specifically, for a
MDP M with initial state s;, we consider a new MDP M’
with an initial state so. For any action a, P(s1|so,a) = 7,
P(s'|sg,a) =1 —7,P(s'|s',a) =1, and r(s’,a) = 1. For
any adaptively chosen reward function for M and a policy
m, the CVaR with tolerance 7 following policy in the new
MDP M’ is equal to the cumulative rewards in the original
MDP M. (Jin et al., 2020) shows that any reward-free ex-
ploration algorithm that output e-optimal policy from initial
state s1 must collect at least Q(S? AH? /7€?) trajectories in
expectation. Thus, from the initial state sg, the CVaR-RF
exploration algorithm must collect at least (S AH? /7¢?)
trajectories in expectation. (|

This theorem illustrates that, compared with the lower
bound, the upper bound established in Theorem 4.7 has
by an additional factor of H? and 1/7, while being tight
with respect to the parameters S, A, e. If 7 is a constant, our
result is nearly minimax-optimal with an additional factor
on H?2. An interesting direction of the future work is uti-
lizing the empirical Bernstein inequality to further improve
the sample complexity. The H factor can potentially be
optimized by adopting an approach similar to (Ménard et al.,
2021) by introducing an empirical Bernstein inequality de-
rived from a control of the transition probability. As shown
in (Wang et al., 2023), the Bernstein inequality could also
potentially improve the dependence on 7 under a continuity
assumption. Furthermore, compared with the risk-neutral
reward-free RL, our derived lower bound for any CVaR-RF
exploration algorithm includes an additional 7 in the de-
nominator. This is because CVaR focuses on the 7 worst
outcomes. Additionally, the CVaR setting poses challenges
due to non-Markovianity, requiring more efforts in achiev-
ing a minimax optimal sample complexity bound.

6. Experiments

In this section, we provide numerical examples to evaluate
the proposed CVaR-RF RL framework. In these examples,
we use similar experimental setup as in (Kaufmann et al.,
2021). Our environment is configured as a grid-world con-
sisting of 21 x 21 states, where each state offers four possible
actions (up, down, left, right), and actions leading to the
boundary result in remaining in the current state. The agent

will move to the correct state with a probability of 0.95.
However, there is an equal probability of % for the agent
to move in any one of the other three directions. Initially,
the exploration algorithm CVaR-RF-UCRL runs without
reward information, collecting n = 30, 000 transitions. The
empirical transition probability P is then estimated. We
use the 5(n, d) threshold from Theorem 4.7 with 6 = 0.1
and set a time horizon H of 20. Using the obtained dataset
and PP, the planning algorithm derives near-optimal policies,
employing CVaR-VI-DISC as the solver.

Reward Setup 1: The first one is similar with (Kaufmann
etal., 2021), where the agent starts at position (10, 10). The
reward structure is primarily set at O for most states, except
at (16, 16) where it is 1.0. Here we choose e = 0.1. Then
we executing the output policy of CVaR-VI-DISC in the
same grid-world for K = 10, 000 trajectories and plot the
number of state visits following the policy. For comparison,
we also generate the optimal policy using true transition
probability. Figures la displays the number of visits to each
state following the policy generated from IP, while Figure 1b
shows for IP. Additionally, Table 1 presents the CVaR values
under both true and empirical transition probabilities.

W

(b) CVaR-VI-DISC

(a) Optimal policy

Figure 1. Number of state visits following policies generated under
P and P in reward setup 1 with risk tolerance 7 = 0.05.

6,7 | CVaRp | CVaR; | Error

0.1,0.05 | 4.308 4.258 | 0.05
0.1,0.95 | 4.960 4.954 | 0.006

Table 1. CVaR values under reward setup 1 with different 7.

These visitation patterns, shown in Figures la and 1b, are
notably similar, indicating that the agent tends to favor states
with higher rewards. This behavior is consistent with the
objective of maximizing CVaR. The similarity in patterns
under both true and empirical transition probabilities un-
derscores the reliability of the data collected during the
exploration phase. Moreover, with e = 0.1 and 7 = 0.05,
the difference between true and empirical CVaR is —0.05,
which is below the anticipated error threshold of € = 0.1.
Similarly, with ¢ = 0.1 and 7 = 0.95, the error is only
0.006, again less than the threshold of 0.1. These results
align with our theoretical analysis.
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Reward Setup 2: We consider a more complex case as
the reward structure is primarily set at 0.5 for most states,
except at (16, 16) where it is 1.0, and a zero-reward zone
marked "x’ from (12, 10) to (12, 16).

uuuuu

=

(b) CVaR-VI-DISC

(a) Optimal policy

Figure 2. Number of state visits following policies generated under
P and PP in reward setup 2 with risk tolerance 7 = 0.05.

€T ‘ CVaRp ‘ CVaR; ‘ Error

0.1,0.05 | 1.852 1.829 | 0.023
0.1,0.95 | 1.993 1.990 | 0.003

Table 2. CVaR values under reward setup 2 with different 7.

Figure 2 and Table 2 illustrate that CVaR-RF RL effectively
avoids traversing zero-reward regions, and the observed
errors remain within the pre-defined thresholds. These out-
comes are also consistent with the CVaR’s property as the
agent is more risk-averse compared to risk-neutral case.

7. Conclusion

In this paper, we have introduced a novel risk-sensitive
reward-free RL framework based on CVaR (CVaR-RF RL),
which is able to solve CVaR RL for given any reward func-
tion after a singular reward-free exploration phase. We have
proposed CVaR-RF-UCRL as the exploration algorithm and
established upper and lower bounds for the sample com-
plexity. We have developed a CVaR-RF-planning algorithm,
equipped with CVaR-VI and CVaR-VI-DISC to generate
near-optimal Markov policies solely based on the explo-
ration dataset and given reward function. Through our nu-
merical experiments, we have validated the effectiveness
and practicality of this CVaR-RF-RF framework.
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A. Proof of Exploration Phase
A.1. Proof of Lemma 4.2

Recall the definition of value function V' for various policy types:

N
m € Iy : Vi (sn, b H) = Ex (bh - ZH) ShyOn, Ha |
t=h

H +
pE HAUg : V}f(sh, bh) =[E* (bh - Z?}) Sh,bh

Notice that executing p, b in the augmented MDP is equivalent to executing policy 7”* in the original MDP, where
wZ’b(sh, Hp) = pn(sp,b—r1 — ... —rp_1). Consequently, their V' functions should be equivalent.

Therefore, by Lemma D.3, we have
CVaR%(s;7) — CVaR?" (sy;7)
= CVaR’TTp*’bI (s1;7) — CVaR;r’S’b1 (s1;7)

i ARG i
= CVaRI " (sy;7) —CVaR_ (s1;7)+CVaR (s1;7) —CVaR_  (s1;7)
Evaluation error I <0 by definition
R _ghb _ahbr Spb
+ CVaR | (s1;7) —CVaR_  (s1;7)+CVaR,  (s137) — CVaRT  (s1;7).
optimization error <e/3 by Assumption 4.1 Evaluation error II

By the triangle inequality, we have

kwmx&nq—cwmﬁ@um

Ak Tk
_—ghTb

< ‘CVaR:p ! (s1;7) —CVaR,  (s1;7)|+ |CVaR,  (s1;7) —CVaR:ﬁ ’ (s1;7)].

For the evaluation errors, by the definition of CVaR, we have

‘CVaR:p " (s1;7) —CVaR, 1 (s1;7)

* —1yme” b *. —1¢rmr Tt .
by — 7 V] (s1,b7;7) — max by —7 V] (s1,b1;7)
b1€[0,H]

<

* * * *
* —1y 7P b1 *. * —1yrmP b1 *.
b=V (s = (01— b

<V bt = 07 (s, b )

i

and similarly,

_—_ghh

CVaR.  (s1;7) — CVaR™ "™ (s1:7)| < 71 ‘v;r”““ (s1,b1:7) — VI (51, by r)( .

Therefore, if an exploration algorithm that satisfies

‘le(slablﬂ’) - ‘A/lp(slabl;r) S ET/B,VP € HAug7Vbl € [OvH]7

or equivalently,

@751, b, ps1,b1)i7) = Qf (s, b, pls, bu)s )| < e7/3,p € TV, ¥y € [0, H],

it further ensures ’CVaR:(sl; r)— CVaRﬁ: (s1; r)‘ < ¢, which completes the proof.

12
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A.2. Proof of Lemma 4.5

We first consider the case where the initial budget b; is fixed and for convenience, we omit the index h + 1 by using (s', ).
Referring to the Bellman equations in both the empirical augmented MDP and the true augmented MDP,

h P(shybn,an;T) ZIP’ s|s,a Qh+1(5 b, p(s',b');r),

and Qf(sn,bn,an;r) =Y Pu(s'|s,a)Qh 1 (s', 6, p(s',b);m),
we have

QP (s, bnyan;r) — QZ(Shabhaah§7")
—Z]P’t (s']s, aQ,H_l(s’,b’, (s',b); Z]P’h "5,a)Qf 11 (s, b, p(s',0);7)

—Z(P '[s,a) Ph<s’|sva>)c2h+1<s,b,p<s,b’>;r>
+Z}P’t "Is,a ( h+1(8 V,p(s',b');r) — Q1 (57,0, (Sl,b,);’/‘)).
Thus, for n}, (s, a) > 0, we obtain

eh (Sh7 bh7aha )

= \Qh’ (Shybrsan;m) — Qh (Sh, bay an; )|

(1)
Z‘Pt "Is,a) — Py (s |sa’Qh+1s b, p(s',0');r)
3 B, 0) [ Q24 . 5 D) Qa5 )

(2 R
< bi|IPh([s, a) = Pu(-]s, a)llx +Z]Pt (5|5, a)epf (s, V' a'sm)

© 28040,
< b n;{l— ZIP"‘ |saeh+1(s b,a';r),

)

where (1) is due to the Pinsker’s inequality; (2) is due to the fact that Q7 (sp,, by, an; 1) < b1 (QF (sh, bp, ah, r) < (bp)*t
as b1 = by, —1y) forall s, a, b, r and the definition of L; norm; (3) is due to the fact that TV (P, Q) = 1[|P(-) — Q(: )||

\/ 3KL(P, Q) and the definition of £.

Notice that é’,i’p(sh, bh, ap;r) < by, then for all nf (s,a) > 0, we have
nz s, a

2 t ,a
€y (shy an, by;7) < min {b17b1 2B(m(5,0),9) + Zpt |s,a eh+1(s/,a/,b/;r)} .

Notice that b; € [0, H], in order to find the upper bound of the estimation error over all the initial budgets, we extend the
inequality to

2 t
&y’ (shyan, bp;r) < pax {min {blabl 5(:5 + Zpt Is,a ehH(S/’a/’b/;r)}}
. 2B(nj, (s,
gmm{H,H n{—, ZPt |saeh+1(s a b r)}
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Now we prove Lemma 4.5 by induction. For i + 1, since
é?f;l(s, a,b;r) = |Q?ﬁrl(s, a,b;7) — Q41 (s,a,b;7)| = max{0, b1} — max{0,b;} =0

and EY;_ (s, a) = 0forall (s, a), the result is true. Assume the result holds for h 41, i.e., ehJrl (s,a,b;7) < E} (s a;b1)
for all (s, a), we have

¢ 0)
é;p(&a,b; r) < min {H H B(nh(s,a), + ZIP’t (s'|s,a eh+1(s’,a’,b';r)}

< min {H H —|—Z]P’t (s'|s,a math+1(s a)} = E!(s,a)

holds for h, which complete the proof.

A.3. Proof of Theorem 4.7

Notice that in the exploration phase, we follow the exploration policy 7 rather than p. We begin by introducing some
notations. Let P} (s, a) represent the probability that the state-action pair (s, a) is reached at the h-th step of a trajectory
under the exploraion policy 7. We use the shorthand pf(s, a) = p’ (s, a) for simplicity. The pseudo-counts 7}, (s, a) are
defined as 22:1 P! (s,a), and we define the event

EM = {Vt € N*,Vh € [H],Y(s,a) € S x A:nl(s,a) > 1 t(s,0) —ﬁcm(é)},

N)

where S (6) = log(2SAH/6). Recalling the event £ defined in Lemma 4.5, we let 7 = £ N ™ and introduce the
following lemma.

P(E) + P(EM) — P(E U £™) >

By Lemma D.4 and the principle of inclusion-exclusion, we have P(F) = P(E N &™) =
*(s1;7) — CVaR? (s1;71) < e forall

P(E) + P(E™) — 1 = 1 — 4. From Lemma 4.6, on the event F, it is shown that CVaR
reward functions r, thereby proving that CVaR-RF-UCRL is (e, §)-PAC.

We now proceed to upper bound the sample complexity of CVaR-RF-UCRL on the event F. The first step involves
introducing an average upper bound on the error at step h under policy 7!, defined as

L= B (s,a)El(s,a).
(s,a)

By Lemma D.1, the average errors can be related as follows:

B(ny(s,a
Q< 3HZPZ+1(57G) [ n%T + Z Z Pyt (s, a)Pp(s]s,a)l(a’ = 7T (") E 1 (s, d')
(s,a) (s,a) (s',a’)
t+1 5(?12(8,(1),5)
§3H(Z)Ph+ (s,a)l W/\l + Q1
For h = 1, observe that P{™!(s1,a)Et(s1,a) = Ef(sy, 707 (s1))I(xiT (s1) = a), as the policy is deterministic.

Now, if ¢ < tyop, Et(s1, 7T (51)) > €/3 by definition of the stopping rule, hence Q; = >, Pit!(s1,a) Et(s1,a) >
(€7/3) > e 1(my t+1(s1) = a) = er/3. Thus, we have

H t
T E8Y D HE (s.0) [ mnh(s’a)’d)ml

t
= G
for t < tsop. Summing these inequalities for ¢ € {0,...,T} where T < Lstop giVes:
H T
B(nj, (s, a),d)
T+1)er<9y H pitl D A
RS LD D e
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The next step involves relating the counts to the pseudo-counts, taking into account that the event £™ holds.
Using Lemma D.5, it can be stated that, on the event F', for T' < tp, the inequality

H T P
T+ Ver <183 HS SR (5, a), [ D020 0)
h

h=1 (s,a) t=0

<18\/B(T +1,9) ZHZZ"hlsa ?é(f’a),

h=1 (s,a) t=0 nhsa

is derived, where the relation P! (s,a) = n} ' (s,a) — 7l (s, a), as per the definition of pseudo-counts, is used.

Applying Lemma D.6 to bound the sum over ¢, we get:

(T + 1)er < 18(1+ vV2)/B(T +1,6) ZHZ ny (s

h=1 (s,a)

<18(1 + V2)y/B(T + 1,0) ZHx/Tl ZnT'H

Giventhat ) , n} T (s,a) = T + 1, the inequality simplifies to:

VT + ler < 18(1 + V2)VSAH*\/B(T + 1,6).

For sufficiently large 7', this inequality cannot hold, as the left-hand side grows with v/T', while the right-hand side is
logarithmic. Therefore, £y is finite and satisfies (applying the inequality to T" = tp — 1):

H4S2A)

€272

qtop < O (

The conclusion follows from Lemma D.7.

B. Proof of Planning Phase
B.1. Proof of Theorem 4.8

The utilization of discretization in the algorithm significantly impacts its computational tractability, and it is applied in two
main areas:

1. In the dynamic programming step at each timestep h, the algorithm exclusively computes Qp, (sn, by, ap,) for all sy, ay,
and by, within the grid. This leads to a total runtime of O(SAH7n~ btep) where T, represents the time required for each
step. The time complexity here arises from discretization and is a function of the state space size, action space size, and the
horizon length.

2. When computing b, the algorithm searches over the grid to find the solution. Since the returns distribution is supported
on the grid, the 7-quantile of the return distribution (the optimal solution) exists on the grid. This computation has a time
complexity of O(n~1), which is considered a lower-order term compared to the first part.

It’s important to note that the most time-consuming part of the algorithm is the computation of expectations, specifically the
term:
[PrVit1] (8hsbny an) = Eg, (- snan) Vg1 (Sha1, bat1)]-

In the discretized MDP, this expectation can be computed using only grid elements, implying Ty, = O(Sn™1). As aresult,
the overall time complexity of this algorithm is approximately O(SAHn *Tyep,) = O(S2AHn?).

B.2. Proof of Theorem 4.9

The proof draws inspiration from (Bastani et al., 2022; Wang et al., 2023). To facilitate the discussion, we introduce
the following notation. Let Z, x4 represent the returns from executing p in the MDP M. For random variables X, Y,
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we say Y stochastically dominates X, which is denoted X =< Y. This dominance implies that for any real value ¢, the
probability that Y is less than or equal to ¢ is greater than or equal to the probability of X being less than or equal to ¢, i.e.,
VteR: Pr(Y <t) < Pr(X <t).

1) From disc(M) to M:

Consider any policy p € 11" and b € [0, 1] (which we use in disc(M)). Define an adapted policy for use in M as follows:
adapted(p, b1)n(sn,T1:n—1) = pr(sn,br — é(r1) — - — ¢(rn — 1)).

The adapted policy simulates the evolution of b in disc(M) by using the history. Let Z,, ;, gisc(A1) be the returns from running
p, b in disc(M). Let Zygopied(p,b), M be the returns from running adopted(p, b) in M. According to Lemma H.1 in (Wang
et al., 2023), we almost surely have

Zpbdisc(M) — HN = Zadopted(p,b),M = Zp,b disc(M)-
Thus, for any = € R, it follows that

F b dise M) (%) < Fadapied(p,0), M (%) < Fp b gise(m) (2 + Hn)
where Fp,b,disc(./\/l) is the CDF of Zpﬁb,diSC(M) and Fadapled(p,b),disc(./vl) is the CDF of Zadapted(p,b),M~

Based on these arguments and Theorem H.3 in (Wang et al., 2023), we conclude:
CVaR, (adapted(p, b); M) > CVaR,(p, b; disc(M)) — 7~ Hn. (11)

2) From M to disc(M): Let’s introduce the memory-MDP model as defined in (Wang et al., 2023) first. The memory-MDP
mode augments a standard MDP with a memory generator M},, which produces memory items my, ~ My, (sp, an, Th, Hp)
at each timestep. These memories are stored into the history H;, = (s, at,rt,mt)te[h,l]. The process of execut-
ing 7 in this memory-MDP is as follows: for any h € [H], ap ~ 7h(sh, Hp)s Sh+1 ~ P(:|Sh,an), rn = r(sh,an)
and my ~ Mp(sp,an,rh,Hp). As a result of this process, the augmented MDP with memory has a history
H’,?ug = (s, by, ay, rt,mt)te[h,l]. This memory-MDP model allows us to capture and model dependencies on past
experiences through the memory items.

Building on the framework presented in (Wang et al., 2023), consider a scenario where we have a policy p € IIA"¢ and
an initial budget b € [0, 1], which we intend to use in the original MDP M. To adapt this policy to run in disc(M), we
introduce a discretized policy, which is history-dependent and incorporates memory. This policy operates in the discretized
MDP disc(M) and is defined as follows:

disc(p, b)n(sn, m1:n—1) = pu(sn,b—my — -~ —mp_1).

Indeed, this definition of the discretized policy disc(p, b) is designed to ensure that, despite receiving discrete rewards 7%, in
the discretized MDP disc(M ), the memory element my, is carefully generated to imitate the reward that would have been
received in the true MDP M.

By applying Lemma H.2 in (Wang et al., 2023), we almost surely have
Zpb,M 2 Ldisc(p,b) disc(M) -

Consequently, if we define F, , pq as the CDF of Z, , aq and Fiise(p,p) disc(Mm) @S the CDF of Zgie(p,p) disc(A), WE can
establish that,
Vo € R Fiise(p,p),disc(M) < Fpp, M-

Based on these observations and utilizing Theorem H.4 in (Wang et al., 2023), we obtain
CVaR (disc(M)) > CVaR:(M). (12)
Combining Eq. (11) and Eq. (12), we have
|CVaR? (s1;7) — CVaR? (s1;7)| < 7' Hp. (13)
We can satisfy the assumption about the optimization error by selecting < e7/3H to ensure

|CVaR?" (s1;7) — CVaR? (sy;7)| < ¢/3.
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C. Proof of Lower Bound

In this section, we prove our lower bound presented in Theorem 5.1. First, we develop the connection between the
reward-free problem and the CVaR-reward-free RL problem.

Lemma C.1. For any MDP M = (S, A, H,P,r) with initial state s1 and any policy w, there exists another MDP
M' = (8" A, H+ 1, ¢') with initial state so, we have

H

Z T (Shes ans)

h'=1

CVaR:’Ml (so) =E,

51,/\/1] . (14)

Proof. We set horizon h starting at 0 in M’. We can build sucha M’ = (§’, A, H + 1,P',+/), where S’ = S U s, ¢/,
P'(-|s,a) = P(-|s,a) forany s € S and a € A, P'(s1|s9,a) = 7 for any a € A, P'(s'|sg,a) = 1 — 7 for any a € A,
P'(s'|s',a) = 1 forany a € A, 7'(s,a) = r(s,a) forany s € Sand a € A, r(sp,a) = 0forany a € A, and r(s1,a) =1
for any a € A.

For any policy , 25:1 rh (Sh, ap) equals to H with probability at least 1 — 7. Thus, the 7-VaR following by any policy
7 in the transferred MDP M’ is H. We have

CVaR™ M (s4) —bolg[%%]{bo — 7 WM (50, b0)}

H
=H —T_lEﬂ- [(H Z ’I“;l/ Sh’ Qp )
h’=0

=H — 7 7E, [(H 0 (Spry ap >
h'=1

S0, MI‘|

M:

Sl,M/]

H
— 7 (1= 17)E, [(H — Z T;L,(sh/,ah/)> S/,./\/l/‘| (15)
h'=1
=0
H
w[f bt
"
lz Shy, Gy |S1,M] )
O

Now we can prove our lower bound, Theorem 5.1. Here, we restated Theorem 4.1 in (Jin et al., 2020), which show that
any reward-free exploration algorithm that output e-optimal policy must collect at least Q(S? AH? /7€) trajectories in
expectation.

Theorem C.2. (Theorem 4.1 in (Jin et al., 2020)) Consider a universal constant C > 0. For a given risk tolerance T € (0, 1],
if the number of actions A > 2, the number of states S > C'log, A, the horizon H > C'log, S, and the accuracy parameter
e < min{l/47, H/487}, then any reward-free exploration algorithm that can output e-optimal policies for an arbitrary
number of adaptively chosen reward functions with a success probability § = 1/2 must collect at least Q(S* AH? /7€%)
trajectories in expectation.

Thus, any CVaR-RF exploration algorithm must collect at least 2(S2AH? /€?) trajectories from the state s1, in expectation,
and then collect at least Q(S? AH? /7€?) trajectories from the initial state so.

D. Technical Lemmas
D.1. An Essential Lemma for Upper Bound

The following crucial lemma establishes a relationship between the errors at step h and those at step i + 1.
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Lemma D.1. On the event &, for all h € [H] and (s,a) € S x A,

Bt (s,.0)
b

E! <3H
h(S,Cl) = [ nt (s,a

+ Z Ph(8,|57 a’)Eh+1(8/7 pt+1(3/))'
s'eS

Proof. By the definition of Y (s, a) and the greedy policy p'*1, if n! (s,a) > 0,

26(nt (s,a),d s, ,
Ei(s,a) < H W £ 3 Bu(s'15,0) B (5, 54 ()).
R\ s'eS

By the definition of £ and Pinsker’s inequality, we further have

Y Pul(s'ls,a)Ef i (s, p ()

s'eS
< 3PS, @) B (550 () + D0 (Buls'ls,0) = Ph(s']s,0)) Epaa (0741 (5))
s'eS s'eS
< ST Bu(Is,a) Bl (s, 9 () + [ (Bals.a) — P (s, 0 - H
s'eS
2 t 1)
< Z Py (s'|s,a)Ef 1 (s, p" T H(s))) + H M7
s'ES nh(87a’)

where we use the fact that E}, | (s, p'*!(s") < H. Therefore, plugging in this inequality and using 21/2 < 3, we have

5t (5,),8)

El(s,a) < Z Pr(s'|s,a)Ef 1 (s, p" 1 (s))) + 3H L
ny, (s, a)

s'eS
Notice that
Bf(s,a) <H <3H <3H+ Y _ Pu(s'|s,a) B}y, (s, o7 (")),
s'€S
and this is also true for n}, (s, a) = 0 with 1/0 = +o0, which leads to the conclusion. O

D.2. Auxiliary Lemmas

Lemma D.2. VaR, = b* := arg maxeg(b — 7 E[(b — X)T]).
Proof. Recall the definitions of CVaR and VaR, we have CVaR (X ) = sup, {b — LE[(b — X)T]}, VaR,(X) = inf{x €
R :P(X < z) > 7}. By Theorem 6.2 in (Acerbi & Tasche, 2002), we have
CVaR,(X) = E[X|X > VaR,(X)].
Firstly, we define f(b) = b — LE[(b — X)T], thus the derivative of f(b) with respect to b is:

Fo)y=1- %IF’(X > b).

By setting the derivative equal to zero, we have P(X < b) = 1 — 7. According to the definition of VaR, b is the 7-th
quantile of the distribution of X, which means b = VaR (X). Therefore, the critical point b* that maximizes f(b) is equal
to VaR, (X ). Now we prove f(b*) = CVaR,(X).

F(0°) = VaR,(X) — ZE[(VaR(X) - X)7]
VaR - (X)
= VaR.(X) ~ © / (VaR,(X) — 2)dF ()

—0Q0

1 o0
= f/ xdF(z) = E[X|X > VaR.(X)] = CVaR,(X).
T JVaR, (X)
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O

Lemma D.3. (Lemma F.1 in (Wang et al., 2023)) Given any p € 11", h € [H|, augmented state (sy,, by,), and history Hy,
we have V}’ (s, bp,) = V;fp’b(sh, bp; Hp) for b= by + 11 + ...+ 1h_1. Particularly, VI (s1,-) = Vfrp’b(sl, ).

Lemma D.4. (Lemma 10 in (Kaufimann et al., 2021)) Given 3(n,d) = log(25AH/J) + (S — 1) log (e (1 + ﬁ)), it
holds that P(€) > 1 — g. Furthermore, P(E") > 1 — %.

Lemma D.5. (Lemma 7 in (Kaufmann et al., 2021)) On the event £, for all h € [H| and (s,a) € S X A,

Bnt(s,0),8) | _ Bk (5,a),9)

Vvt € N* .
SR nk (s, a) - al(s,a) V1

Lemma D.6. (Lemma 19 in (Auer et al., 2008)) For any sequence of numbers z1,...,2, with 0 < z, < Zp_1 =

k—1
max {1,205 %},
n

k< (14 V2)\/Zn.
=1V Zk-1

Lemma D.7. (Lemma 15 in (Kaufimann et al., 2021).) Let n > 1 and a,b, c¢,d > 0. If nA% < a + blog(c + dn) then

n < é {a+blog <c+ %(a+b(ﬁ+ \/E))2>} .
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