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ABSTRACT

Score-based reflected diffusion models generate approximations of high-
dimensional data distributions while respecting the known constraints of the data
distribution by learning a reversed reflected stochastic differential equation evolving
within the support of the data. Similar to standard diffusion models, the theoretical
convergence of reflected diffusion models is based on bounded errors of score
estimations. However, the existence and attainability of low-error score estimators
have not yet been studied in the reflected diffusion setting. In this paper, we con-
struct a novel score estimator using the Physics-Informed Neural Network (PINN),
solving reflected diffusion models in a deep-learning fashion. We proceed to derive
a uniform theoretical error bound of O(N− 1

4 ) for the score function on a training
dataset of sample size N at any time t ∈ [0, T ] of the diffusion process. This result
fills the gap between theory and practice in the score estimation of the reflected
diffusion model. Moreover, its independence of dimension ensures the performance
of our estimator in large-sample scenarios under high-dimensional settings.

1 INTRODUCTION

Diffusion models are a powerful family of deep generative models that generate high-quality approx-
imation samples for high-dimensional samples, achieving state-of-the-art performance in various
applications Sohl-Dickstein et al. (2015); Song & Ermon (2019); Ho et al. (2020); Song et al. (2020).
The effectiveness of diffusion models allows it to be widely used in text and image generation Ho
et al. (2020); Dhariwal & Nichol (2021); Nichol et al. (2021); Ramesh et al. (2022), text-to-image
synthesis Jeong et al. (2021); Popov et al. (2021); Huang et al. (2022), audio generation, and video
generation Schneider (2023); Gupta et al. (2025). It has also been proven useful in numerous ex-
tended scientific fields such as biostatistics, neuroscience, and material science, where high-quality
generative modeling is required, covering problems such as molecular generation Xu et al. (2023);
Luo et al. (2024) and protein folding Yi et al. (2023); Huang et al. (2024).

Traditional diffusion models map data to Gaussian noise, which does not respect the possible boundary
constraints of the original data; this could result in large errors in the tail probability and generate
highly unnatural samples. To address the mismatch between the data domain and the diffusion
domain, recent studies have brought to the attention of reflected diffusion models Lou & Ermon
(2023). Reflected diffusion models are an extension of traditional diffusion models that incorporate
boundary conditions. It employs stochastic processes that evolve within a bounded domain, with
reflections at the boundary to ensure the process remains within the domain. These models are
particularly useful in applications where the data or process being modeled is confined to a bounded
region, such as physical systems, finance, or constrained optimization problems Fishman et al. (2023).
Lou & Ermon (2023) have shown that reflected diffusion models outperform traditional diffusion
models theoretically and empirically to generate data constrained within a bounded domain.

Closely related to diffusion models, Score-based generative modeling is a powerful framework for
generative modeling that has gained significant attention in recent years. Score-based generative
modeling Song & Ermon (2019); Song et al. (2020) focuses on learning the score function of a data
distribution, which is the gradient of the log-probability density function. Once the score function is
learned, samples can be generated from a known prior distribution by reversing a forward process
that reconstructs the data distribution with Gaussian noise, using iterative methods such as Langevin
dynamics. The approximation of the score function is typically achieved by minimizing the loss of
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score match Hyvärinen (2005) by training neural networks, as seen in works such as Bond-Taylor
et al. (2021); Chen et al.. Diffusion models can be viewed as a specific instance of score-based
generative modeling. Song et al. (2021) unified score-based models and diffusion models under
the framework of SDEs. They showed that both approaches can be described as discretizations of
continuous-time SDEs, providing a deeper theoretical understanding of their connections.

While score-based diffusion models outperform empirically by achieving state-of-the-art results
in a variety of fields, there are still unanswered questions regarding the theoretical guarantee of
score estimation. Prior works employ Girsanov’s Theorem and Pinsker’s Inequality to bound the
total variation distance between the true and approximated reverse diffusion process Chen et al.
(2022); Chen et al.; Benton et al. (2024), which can be similarly applied to the reflected diffusion
setting Lou & Ermon (2023). However, most of the statistical estimation error bound results of the
score-based diffusion models and reflected diffusion models require the assumption that there exists a
score estimator that uniformly-in-time minimizes the score estimation error Chen et al.; Benton et al.
(2024), while leaving the theoretical guarantee of the existence of such a minimizer undiscussed.
Works such as Zhang et al. (2024) fill this gap for the score function in the form of p0 ⋆N (0, tId),
which corresponds to the diffusion model with an Ornstein-Uhlenbeck process. However, it isn’t
easy to promote this result to more general diffusion models, as well as reflected diffusion models.
In particular, there is still a lack of discussion of theoretical guarantees of the score estimator in the
reflected diffusion setting.

To fill this theory gap and provide a score-estimation methodology for reflected diffusion models with
theoretical guarantees, we introduce the PINNs-score estimator. Physics-Informed Neural Networks
(PINNs) are a framework that combines neural networks with physical laws, typically expressed as
PDEs, to solve scientific and engineering problems Raissi et al. (2019). PINNs leverage the universal
approximation capabilities of neural networks while enforcing physical constraints, making them
powerful tools for solving forward and inverse PDE problems. By using a PINNs-based algorithm to
solve the Fokker-Planck Equation for the density function of the forward reflected diffusion process,
we build a novel score estimator for the reflected diffusion models. Moreover, using the theoretical
convergence properties of PINNs derived by Grönwall’s inequality, we obtain a uniform-in-time
score estimation error for reflected diffusion models under mild assumptions.

1.1 MAIN CONTRIBUTIONS

Novelty of Method. The solution of diffusion models has been tightly connected with the solution of
PDEs by the Fokker-Planck equation derived from the famous Feynman-Kac formula of Stochastic
Differential Equations. There has been some research on using PDE and PINN methods to estimate
generative models (Berner et al. (2022); Máté & Fleuret; Sun et al. (2024)) over the last few years.
However, those works mainly focus on solving the log-density PDE of diffusion models in Rd, where
the instability of data can often happen. In addition, although numerical analyses in those works
have shown that the PINN method can outperform traditional sampling methods such as Path Integral
Sampler (Zhang & Chen) and Schrodinger Bridge, there hasn’t been a thorough theoretical error
analysis regarding this topic. In this paper, we take advantage of the connection between SDEs
and PDEs in a bounded and regular domain and novelly employ PINNs in the solution of reflected
diffusion models, which makes better use of the boundary constraint training feature of PINNs,
avoiding the instability of error when the tail probability is high, and making our theoretical analysis
natural and reasonable.

Theoretical Guarantees For Score Estimators. For the score function st(x) = ∇ log pt(x) of a
reflected diffusion model for d− dimension data in the bounded domain Ω = [0, 1]d with diffusion
time t ∈ [0, T ], we construct an estimator ŝt(x) = ∇ log p̂t(x), where p̂t(x) is the estimation of the
probability density function pt(x) of the forward process. We state that p̂t(x) can be constructed via
PINNs by solving a Fokker-Planck partial differential equation with Neumann boundary conditions.
We proceed to derive a uniform-in-time theoretical error bound of O(N− 1

4 ) for the score function
at any time t ∈ [0, T ] of the finite diffusion process. This is the first score estimation method in the
setting of reflected diffusion models with a specific theoretical error-bound guarantee.

Broad Applicability. Our result only requires mild assumptions on the drift term and diffusion term
of the forward diffusion process, and thus can be applied to various kinds of reflected diffusion models,
including diffusions with more complex coefficients than simple Brownian motion or the Ornstein-
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Uhlenbeck process. In particular, we derived the specific requirements of the diffusion coefficients
for our error analysis in the assumptions of our main theorem. Requiring solely smoothness and
lower boundedness of the original data distribution, our result can also be used in a broad variety of
data generation problems, including generating high-dimensional data in bounded domains.

1.2 RELATED WORKS

Score-based Diffusion Models. Score-based generative models are introduced based on prior works
on generative modeling, notably Denoising Diffusion Probabilistic Models (DDPMs), which were
introduced by Sohl-Dickstein et al. (2015) and later refined by Ho et al. (2020). DDPMs define a
forward process that gradually adds Gaussian noise to data and a reverse process that learns to denoise
it. The forward process is fixed, while the reverse process is learned using a neural network. Song and
Ermon Song & Ermon (2019); Song et al. (2020) introduced score-based generative models, which
learn the gradient of the data distribution (the score function) and use Langevin dynamics to generate
samples. These models are closely related to diffusion models and were later unified under the
framework of Stochastic Differential Equations (SDEs) by Song et al. (2021). For a comprehensive
survey of diffusion models, see Yang et al. (2023).

Reflected Diffusion Models. The theoretical background of reflected diffusion models is stochastic
differential equations with reflecting boundary conditions, which is studied in Lions & Sznitman
(1984); Tanaka (1979); Costantini (1992). Lou & Ermon (2023) systemizes the idea of reflected
diffusion models and solves it via a score-matching technique. They also demonstrated the superiority
of reflected diffusion models over traditional diffusion models with thresholding techniques in
preventing the generation of highly unnatural samples in bounded data settings.

Physics-Informed Neural Networks. Before the advent of PINNs, solving PDEs mostly relies on
traditional numerical methods, such as Finite Element Methods (FEM), Finite Difference Methods
(FDM), and Finite Volume Methods (FVM). However, these methods often fall short with high-
dimensional continuous-domain problems. The key motivation of Physics-Informed Neural Networks
was to leverage the universal approximation capabilities of neural networks and their ability to handle
high-dimensional data, using neural networks as function approximators for PDE solutions. The
modern formulation of PINNs was introduced by Raissi et al. (2019). The potential of PINNs is
demonstrated by its application in various fields. For example, Jin et al. (2021) uses PINNs to solve
the Navier-Stokes equations for fluid flow, including laminar and turbulent flows in fluid dynamics. It
is also used in heat transfer Cai et al. (2021), structural mechanics Bastek & Kochmann (2023), and
biomedical engineering Banerjee et al. (2024). With its early applications, the theoretical analysis of
PINNs has also advanced, with works such as Mishra & Molinaro (2021; 2022); Shin et al. (2020);
De Ryck et al. (2023); Liu et al. (2025) establishing theoretical foundations for PINNs, including
convergence properties and error bounds.

1.3 BASIC SETTINGS, SYMBOLS AND NOTATIONS

Without loss of generality, this paper studies reflected diffusion models on the d−dimensional unit
cube Ω = [0, 1]d. We denote pdata = p0 as the original target data distribution, which is also the start
of the forward process. All the data points like xt are d−dimensional vectors. We denote R+ as the
set of non-negative real numbers, N (D) and U(D) as the standard normal distribution and uniform
distribution on a domain D, ”·” as the dot product of vectors, and E[X] as the expectation of random
variable X.

2 BACKGROUND

2.1 DIFFUSION MODELS AND SCORE MATCHING

Diffusion models are a family of generative models that reconstruct the original data by injecting
noise and then use the reversed denoising process to generate data.

In the following discussion, we only consider the case where the distribution of the original data
admits a density function. Under this prerequisite and some necessary regularity conditions, all of
the probability distributions appearing in the discussion have a density function. For the sake of
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simplicity, for a data distribution with probability measure p, we abuse the notation and also denote
its density function as p.

2.1.1 FORWARD AND BACKWARD PROCESS

Given a target data distribution with density pdata, the forward process (Xt)t∈[0,T ] of a diffusion
model is defined as the solution of the stochastic diffusion equation (SDE) with the initial distribution
following pdata:

dXt = f(t,Xt)dt+ g(t)dBt, X0 ∼ pdata, (1)

where f : [0, T ]× Rd → Rd, a vector-valued function whose output’s dimension matches the data’s
dimension, is called ”drift term” of the process, and g : [0, T ] → R is called ”diffusion term” of the
process. (Bt)t∈[0,T ] is a d-dimensional standard Brownian motion which serves as the ”noise” added
to the data distribution. The forward process is performed on the finite time interval [0, T ].

Denote the probability density function of Xt by pt. In order to generate new samples following
the distribution pdata, we need to reverse the diffusion process equation 1 in time, which yields the
backward process

dYt =(−f(T − t,Yt) + g2(T − t)∇ log pT−t(Yt))dt+ g(T − t)dBt, Y0 ∼ pT , (2)

where (Bt)t∈[0,T ] is another independent d-dimensional standard Brownian motion. (We identify the
notation of all Brownian motions for simplicity.)

As the solution of the above backward SDE, (Yt)t∈[0,T ] satisfies that Yt = XT−t in distribution. As
such, learning the backward process equation 2 and sampling Y0 from a prior distribution pT = pprior,
we can generate samples of the desired data distribution as YT = X0 ∼ pdata.

2.1.2 SCORE-MATCHING TECHNIQUE

To solve the backward SDE equation 2, the estimation of the function ∇ log pT−t is needed, which
brings out the concept of the score function. Given a probability density function p(x) : Rd → R+,
its score function is defined as s(x) = ∇x log p(x). By constructing an estimator ŝt(x) for the
score function s(x) for each t ∈ [0, T ], new samples of data can be generated from the score-based
diffusion model

dŶt =(−f(T − t, Ŷt) + g2(T − t)ŝT−t(Ŷt))dt+ g(T − t)dBt, Ŷ0 ∼ pprior. (3)

The score-matching technique estimates the score function ∇ log pt by minimizing its L2-loss over a
function class F for each t ∈ [0, T ],

ŝt = argminft∈FEx∼pt
[∥ft(x)−∇ log pt(x)∥2],

where F is usually a class of neural networks. While the L2-loss function is the most widely used
loss function for score-matching, the existence of a uniform-in-time minimizer ŝt for all t ∈ [0, T ] is
not theoretically guaranteed in general cases. Zhang et al. (2024)

2.2 REFLECTED DIFFUSION MODELS

More often than not, the target data distribution has a bounded support on Rd. However, the standard
diffusion model projects the data into the unbounded domain Rd by adding stochastic noise throughout
the forward and backward process, which could compound the error and result in the generation
of highly unnatural samples Song & Ermon (2019); Koehler et al. (2023). Many diffusion models
adapt the thresholding technique Ho et al. (2020); Li et al. (2022) to solve this problem, but this
method leaves a gap between theory and practice due to the mismatch between training and generative
process. Ho & Salimans (2021); Saharia et al. (2022); Lou & Ermon (2023)

To address this problem, reflected diffusion models Lou & Ermon (2023) are broadly used for data
with bounded constraints. For data distributions inside a bounded domain Ω ∈ Rd, like the standard
diffusion models, reflected diffusion models generate data samples by the forward and backward
process, but under this case, the forward process (Xt)t∈[0,T ] becomes the solution of a reflected SDE

dXt = f(t,Xt)dt+ g(t)dBt + dLt, X0 ∼ pdata, (4)
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where (Lt)t∈[0,T ] is the additional stochastic constraint which forces Xt to stay inside Ω by reflecting
Xt once it hits the boundary ∂Ω. Respectively, the backward process is the solution of the reversed
reflected SDE Cattiaux (1988); Williams (1988):

dYt =(−f(T − t,Yt) + g2(T − t)∇ log pT−t(Yt))dt

+ g(T − t)dBt + dL̄t, Y0 ∼ pT ,
(5)

where (L̄t)t∈[0,T ] is the reversed stochastic boundary condition.

A thorough introduction of reflected SDEs can be found in Pilipenko (2014). Particularly, the reflected
SDE has a unique strong solution if f and g are Lipschitz in state and time, and Ω is sufficiently
regular, which holds under this paper’s assumption Ω = [0, 1]d.

2.3 PHYSICS-INFORMED NEURAL NETWORKS

Physics-Informed Neural Network (PINNs) is a practical and efficient algorithm to solve forward and
inverse problems for PDEs. For a general form of an abstract PDE,

L[u](x, t) = f(x, t), ∀x ∈ Ω, ∀t ∈ [0, T ],

Bk[u](x, t) = hk(x, t), ∀x ∈ Γk ⊂ ∂Ω,

∀t ∈ [0, T ], k = 1, · · · ,K,

u(x, 0) = ϕ(x), ∀x ∈ Ω

the loss function of PINNs is constructed based on minimizing the pointwise residuals:

L(θ)2 =

∫
Ω×[0,T ]

|L[uθ]− f |2dxdt

+

K∑
k=1

∫
Γk×[0,T ]

|Bk[uθ]− hk|2ds(x)dt

+

∫
Ω

|uθ(x, 0)− ϕ(x)|2dx.

(6)

In practice, the integrals in Equation (6) are approximated by suitable numerical quadratures, which
gives the training loss

L(θ)2 =

Nl∑
n=1

ωn
l |L[uθ](x

n
l , t

n
l )− f(xn

l , t
n
l )|2

+

K∑
k=1

Nk
b∑

nk=1

ωnk

b |Bk[uθ](x
nk

b , tnk

b )− hk(x
nk

b , tnk

b )|2

+

N0∑
n=1

ωn
0 |uθ(x

n
0 , 0)− ϕ(xn

0 )|2dx.

3 MAIN RESULTS

3.1 PINNS-ESTIMATION OF THE FOKKER-PLANCK EQUATION

To use PINNs to solve reflected diffusion problems, we need to convert the reflected SDE problem
equation 4 to a PDE problem, which can be derived from the Feynman-Kac formula.

Theorem 3.1. Lou & Ermon (2023) Given the (strong) solution (Xt)t∈[0,T ] of the forward reflected
SDE equation 4, let pt denote the probability density function of Xt for t ∈ [0, T ]. For Ω = [0, 1]d,
let u(x, t) = pt(x), then the function u : [0, 1]d × [0, T ] → R+ satisfies the Fokker Planck Equation
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(FPE) with Neumann Boundary Condition Schuss (2013):

∂tu = ∇ · (−uf +
g2

2
∇u),

u(·, 0) = p0 = pdata,(
u(x, t)f − g2

2
∇u

)
· n = 0,∀x ∈ ∂Ω, t ∈ (0, T ].

Remark 3.2. From the theorem above, it’s not hard to see that when the diffusion coefficients f and g
satisfy the following conditions:

1. f(x, t) converges to some f0(x) uniformly on Ω as t → ∞.

2. limt→∞
g(t)2

2 = g0 > 0.

3.
∫
Ω
exp

(∑d
i=1 f

(j)
0 (x)

)
dx < ∞.

Then 4 has a stationary distribution with a density function p∞(x) = Z exp

(∑d
j=1 f

(j)
0 (x)

g0

)
, where

Z =
(∫

Ω
exp(

∑d
j=1 f

(j)
0 (x)/g0)

)−1

. Choosing appropriate drift f and diffusion g, we can compute
the stationary distributions of reflected diffusion models using this observation, which make gener-
ating sample by the backward process from pprior ≈ p∞ viable. In particular, when Ω is a bounded
convex set, f ≡ 0, and g is bounded, the stationary distribution is the uniform distribution on Ω.

For a training function uθ ∈ U , where U is a class of neural networks with smooth activation function
(such as σ = tanh) and θ ∈ Θ as tuning parameters, define the FPE residuals as follows:

The PDE residual RPDE

RPDE(θ, x, t) = ∂tuθ −∇ · (−uθf +
g2

2
∇uθ), x ∈ Ω, t ∈ [0, T ],

the boundary condition residual Rbc

Rbc(θ, x, t) =

(
uθ(x, t)f(x, t)−

g(t)2

2
∇uθ(x, t)

)
· n, x ∈ ∂Ω, t ∈ (0, T ),

and the initial condition residual Ric

Ric(θ) = KL(pdata, uθ(·, 0)),

Here KL(pdata, uθ(·, 0)) is the Kullback-Leibler divergence (KL divergence, also known as Relative
Entropy) of uθ(·, 0) from pdata. We can train and solve the Fokker-Planck Equation by constructing
the following loss function for PINNs

L(θ) =
1

T

∫ T

0

∫
Ω

|RPDE |2pt(x)dxdt+
1

T

∫ T

0

∫
∂Ω

|Rbc|2ds(x)dt+ λRic(θ), (7)

where λ is a training parameter.

In practice, we need to choose appropriate quadratures to approximate the integrals in Equation (7).
In the setting of the reflected diffusion models, it is natural to construct the quadratures using samples
generated by the forward process equation 4 for training samples.

Based on FDE residuals, we need to divide our training samples into three parts: Interior training
set {(x(k,i)

PDE , t
PDE
k ) | i = 1, · · · , NPDE ; k = 1, · · · , NT } for the PDE residual, boundary training

set {(x(k,i)
bc , tbck ) | i = 1, · · · , Nbc; k = 1, · · · , NT } for boundary condition residual, and temporal

boundary training set {x(i)
tb }

Ntb
i=1 for initial condition residual. Then we can construct the training loss

6



324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377

Under review as a conference paper at ICLR 2026

Algorithm 1 PINNs-Estimation of The Fokker-Planck Equation
Require: target data distribution pdata from which we can sample training points.
for n = 1 to Ntraining step do

Sample tk ∼ U([0, T ]), k = 1, · · · , NT .
Sample the temporal boundary training set {x(i)

tb }
Ntb
i=1 ∼ pdata.

On {tk}1≤k≤NT
, sample interior training set {(x(k,i)

PDE , tk)}
NPDE
i=1 based on {x(i)

tb }
Ntb
i=1 ∼ pdata by

the forward process Equation (4), sample the boundary training set {(x(i)
bc , t

bc
i )}Nbc

i=1 ∼ U(∂Ω).
Compute the training loss L̂train(θ) in Equation (9).
Optimize network tuning parameter θ by minimizing L̂train(θ). (using methods such as gradient
descent.)

end for
Return: Parameterized estimation function uθ(x, t).

function of PINNs as follows:

Ltrain(θ) =
1

NPDENT

NPDE∑
i=1

NT∑
k=1

|RPDE(θ, x
(k,i)
PDE , t

PDE
k )|2

+
1

NbcNT

NT∑
k=1

Nbc∑
i=1

|Rbc(θ, x
(k,i)
bc , tbck )|2

+ λ

∫
Ω

pdata(x) log(pdata(x))dx

− λ

Ntb

Ntb∑
i=1

log(uθ(x
(i)
tb , 0)).

(8)

Since λ
∫
Ω
pdata(x) log(pdata(x))dx is a constant independent of θ, minimizing Ltrain(θ) is equivalent

as minimizing

L̂train(θ) =
1

NPDENT

NPDE∑
i=1

NT∑
k=1

|RPDE(θ, x
(k,i)
PDE , t

PDE
k )|2

+
1

NbcNT

NT∑
k=1

Nbc∑
i=1

|Rbc(θ, x
(k,i)
bc , tbck )|2

− λ

Ntb

Ntb∑
i=1

log(uθ(x
(i)
tb , 0)),

(9)

which can be computed directly from empirical samples.

We conclude the sampling and training process as Algorithm 1.

3.2 THE PINNS-SCORE ESTIMATOR FOR REFLECTED DIFFUSION MODELS

By solving the Fokker-Planck equation for the forward reflected SDE using PINNs, we obtain an
estimation of the probability density function of the forward process (Xt)t∈[0,T ]. We can then
construct the PINNs-score estimator for reflected diffusion models:

Suppose ũ(x, t) = uθ⋆(x, t) is the estimator of u(x, t) = pt(x) trained by Algorithm 1, then the
PINNs-score estimator for reflected diffusion models can be defined as ŝt(x) = ∇x log ũ(x, t).
Running the backward reflected SDE with the score function replaced by our score estimator

dŶt =(−f(T − t,Yt) + g2(T − t)ŝT−t(Ŷt))dt+ g(T − t)dBt + dL̄t, Ŷ0 ∼ pprior, (10)

New samples of the target data can be generated with the reflected diffusion model.

7
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4 THEORETICAL GUARANTEES

In this section, we derive the theoretical error bound for our PINNs score estimator.

4.1 ERROR BOUND FOR THE PINNS-SCORE ESTIMATOR

To establish the PINNs-score estimation error bound, we need the following assumptions on the
probability density flow pt(x), the drift term f , the diffusion term g and the training networks.

Assumption 4.1. The probability density function u(x, t) = pt(x) and network training function
uθ(x, t), θ ∈ Θ are uniformly upper and lower bounded by some positive constants M and m. In
addition, u, uθ ∈ Hk([0, T ]× Ω) for some k ≥ 3, where Hk(X) is the Hilbertian Sobolev space of
order k for domain X . (see definition in Theorem A.3, Appendix Section.)

Remark 4.2. The upper-boundedness and lower-boundedness of the training networks uθ can be
realized simply by applying truncations on the networks. We can also apply function smoothing to
the training networks to meet the requirement uθ ∈ Hk([0, T ]× Ω).

Assumption 4.3. f and g are continuous, Lipschitz and sufficiently smooth w.r.t. state x and time t,
and satisfies

∥f∥∞ := ∥f∥L∞([0,T ]×Ω) < ∞,

max
t∈[0,T ]

|g(t)| ≤ Cg,max < ∞.

Assumption 4.4. f and g satisfies that: for ∀t ∈ [0, T ], g(t)2 − ∥f∥∞ > 0, and that

δ0 := min
t∈[0,T ]

(g(t)2 − ∥f∥∞) > 0.

In conclusion, the convergence of the error bound requires the boundedness and smoothness of u, uθ,
f , g, and their derivatives, which can be satisfied by choosing appropriate drift and diffusion terms
for reflected diffusion models, as well as neural network parameters.

We present our main theorem as follows:

Theorem 4.5. (Score-estimation error bound for PINNs-score estimator). Assume all the assumptions
above are satisfied, the PINNs-score estimator ŝt(x) in Section 3.2 satisfies that for Ω = [0, 1]d,
∀t ∈ [0, T ], ∀ϵ0 > 0, with probability at least 1− 2NT√

NPDE
− 2√

Ntb
,

∥ŝt −∇ log pt∥L2([0,t]×Ω) ≲ C
(
ϵ0 + (NPDE +Nbc +Ntb)

−1/8N
−1/8
T

)
,

where C is a constant dependent on λ, m, M , T , k, ∥f∥∞ and δ0, independent of sample sizes and
dimension d.

Remark 4.6. Denote the total sample size as Ñ = NPDE+Nbc+Ntb+NT , Theorem 4.5 guarantees
a uniform-in-time error bound of O(Ñ− 1

4 ). It is also worth mentioning that the constant C that
controls the convergence rate of this error bound does not rely on the dimension d of the data
distribution, making our method more efficient in theory in high-dimensional settings compared to
similar results as in for example Zhang et al. (2024).

The proof of Theorem 4.5 uses integration by parts technique and Grönwall’s Inequality. The full
proof can be found in the Appendix Section.

4.2 CONVERGENCE OF THE BACKWARD PROCESS

With the error bound for score estimation, we can derive the error bound in KL divergence for back-
ward processes (Yt)t∈[0,T ] and (Ŷt)t∈[0,T ] as in Equation (5) and Equation (10) using Girsanov’s
Theorem. The theoretical guarantees of this topic have been well-studied by the existing literature, as
shown by the theorem below:

8



432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485

Under review as a conference paper at ICLR 2026

Theorem 4.7. (Reflected Girsanov for KL divergence,Lou & Ermon (2023)). Suppose we have two
reflected SDEs on the same domain Ω,

dxt = f1(xt, t)dt+ g(t)dBt + dLt,

dyt = f2(xt, t)dt+ g(t)dBt + dLt,

from t = 0 to T with x0 = y0 = z ∈ Ω.

Let µ, ν be the path measures with respect to x and y. Then,

Eµ[log
dµ

dν
] =

1

2

∫ T

0

Epxt (y)
[g(t)2∥f1(y, t)− f2(y, t)∥2]dt. (11)

Under our settings, the right-hand side of Equation (11) becomes

1

2

∫ T

0

Ext∼pt
[|ŝt(xt)− st(xt)|2],

which can be bounded using Theorem 4.5.

5 CONCLUSIONS

In this paper, we employ the powerful PINNs method in deep learning to solve reflected diffusion
models. With the problems of PDE-solving and score estimation bridged by the Fokker-Planck
equation of the backward diffusion process, we propose the PINNs-score estimator for estimating
score-based reflected diffusion models. In comparison with the traditional score-matching technique,
which minimizes the L2-loss of the score function, our method guarantees the existence of an optimal
minimizer with a uniform-in-time error bound of O(N− 1

4 ) for score estimation. Moreover, this result
has no dependence on data dimension d, which avoids the explosion of error bound when d is large,
ensuring the efficiency of our estimator in high-dimensional settings. Our result is the first score
estimation method in the setting of reflected diffusion models with a specific theoretical error-bound
guarantee, which holds great theoretical significance.

Ethics Statement. All the authors of this paper have carefully read the Code of Ethics. This research
adheres to the ethical standards set forth by the ICLR community. We affirm that no part of this
research was conducted in violation of ethical standards.

Reproducibility statement. The main theoretical results for this research are presented in Section
4. A complete proof of the claims can be found in the appendix, along with clear explanations
of backgrounds, lemmas and corollaries. All the assumptions are explicitly listed and thoroughly
discussed in Section 4.

REFERENCES

Chayan Banerjee, Kien Nguyen, Olivier Salvado, Truyen Tran, and Clinton Fookes. Pinns for medical
image analysis: A survey, 2024. URL https://arxiv.org/abs/2408.01026.

Jan-Hendrik Bastek and Dennis M. Kochmann. Physics-informed neural networks for shell structures.
European Journal of Mechanics - A/Solids, 97:104849, 2023. ISSN 0997-7538. doi: https:
//doi.org/10.1016/j.euromechsol.2022.104849. URL https://www.sciencedirect.com/
science/article/pii/S0997753822002790.

Joe Benton, Valentin De Bortoli, Arnaud Doucet, and George Deligiannidis. Nearly $d$-linear
convergence bounds for diffusion models via stochastic localization. In The Twelfth International
Conference on Learning Representations, 2024. URL https://openreview.net/forum?
id=r5njV3BsuD.

Julius Berner, Lorenz Richter, and Karen Ullrich. An optimal control perspective on diffusion-
based generative modeling. Trans. Mach. Learn. Res., 2024, 2022. URL https://api.
semanticscholar.org/CorpusID:253255370.

9

https://arxiv.org/abs/2408.01026
https://www.sciencedirect.com/science/article/pii/S0997753822002790
https://www.sciencedirect.com/science/article/pii/S0997753822002790
https://openreview.net/forum?id=r5njV3BsuD
https://openreview.net/forum?id=r5njV3BsuD
https://api.semanticscholar.org/CorpusID:253255370
https://api.semanticscholar.org/CorpusID:253255370


486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539

Under review as a conference paper at ICLR 2026

Sam Bond-Taylor, Adam Leach, Yang Long, and Chris G. Willcocks. Deep generative modelling:
A comparative review of vaes, gans, normalizing flows, energy-based and autoregressive models.
IEEE Transactions on Pattern Analysis and Machine Intelligence, 44:7327–7347, 2021. URL
https://api.semanticscholar.org/CorpusID:232147810.

Shengze Cai, Zhicheng Wang, Sifan Wang, Paris Perdikaris, and George Em Karniadakis. Physics-
informed neural networks for heat transfer problems. Journal of Heat Transfer, 143(6):060801,
04 2021. ISSN 0022-1481. doi: 10.1115/1.4050542. URL https://doi.org/10.1115/1.
4050542.

Patrick Cattiaux. Time reversal of diffusion processes with a boundary condition. Stochastic
Processes and their Applications, 28(2):275–292, 1988. ISSN 0304-4149. doi: https://doi.org/
10.1016/0304-4149(88)90101-9. URL https://www.sciencedirect.com/science/
article/pii/0304414988901019.

Hongrui Chen, Holden Lee, and Jianfeng Lu. Improved analysis of score-based generative model-
ing: User-friendly bounds under minimal smoothness assumptions. In International Conference
on Machine Learning, 2022. URL https://api.semanticscholar.org/CorpusID:
253264876.

Sitan Chen, Sinho Chewi, Jerry Li, Yuanzhi Li, Adil Salim, and Anru R. Zhang. Sampling is as easy as
learning the score: theory for diffusion models with minimal data assumptions. International Con-
ference on Learning Representations. URL https://par.nsf.gov/biblio/10407029.

Cristina Costantini. The skorohod oblique reflection problem in domains with corners and application
to stochastic differential equations. Probability Theory and Related Fields, 91:43–70, 03 1992.
doi: 10.1007/BF01194489.

Tim De Ryck, Ameya D Jagtap, and Siddhartha Mishra. Error estimates for physics-informed neural
networks approximating the navier–stokes equations. IMA Journal of Numerical Analysis, 44(1):
83–119, 01 2023. ISSN 0272-4979. doi: 10.1093/imanum/drac085. URL https://doi.org/
10.1093/imanum/drac085.

Prafulla Dhariwal and Alex Nichol. Diffusion models beat gans on image synthesis. In Proceedings
of the 35th International Conference on Neural Information Processing Systems, NIPS ’21, Red
Hook, NY, USA, 2021. Curran Associates Inc. ISBN 9781713845393.

Nic Fishman, Leo Klarner, Valentin De Bortoli, Emile Mathieu, and Michael John Hutchinson.
Diffusion models for constrained domains. Transactions on Machine Learning Research, 2023.
ISSN 2835-8856. URL https://openreview.net/forum?id=xuWTFQ4VGO. Expert
Certification.

Alison L. Gibbs and Francis Edward Su. On choosing and bounding probability metrics. International
Statistical Review / Revue Internationale de Statistique, 70(3):419–435, 2002. ISSN 03067734,
17515823. URL http://www.jstor.org/stable/1403865.

Agrim Gupta, Lijun Yu, Kihyuk Sohn, Xiuye Gu, Meera Hahn, Fei-Fei Li, Irfan Essa, Lu Jiang, and
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A APPENDIX

A.1 AUXILIARY LEMMAS

To prove the theoretical results in Section 4, we need to introduce some auxiliary lemmas first.

Definition A.1. (The χ2-distance,Gibbs & Su (2002)). For measure space Ω, if f, g are densities of
the measure µ, ν with respect to a dominating measure λ, and S(µ), S(ν) are their supports on Ω,
the χ2-distance between µ and ν are defined as

dχ2(µ, ν) :=

∫
S(µ)∪S(ν)

(f − g)2

g
dλ.

Lemma A.2. (The KL divergence and χ2-distance,Gibbs & Su (2002)). The KL divergence and
χ2-distance between µ and ν on measure space Ω satisfy

KL(µ, ν) ≤ dχ2(µ, ν).

Proof. Since log is a concave function, according to Jensen’s inequality,

KL(µ, ν) =

∫
Ω

log(f/g)fdλ ≤ log(

∫
Ω

(f/g)fdλ).

On the other hand, ∫
Ω

(f − g)2

g
dλ =

∫
Ω

(
f2

g
− 2f + g)dλ =

∫
Ω

f2

g
dλ− 1,

so
KL(µ, ν) ≤ log(1 + dχ2(µ, ν)) ≤ dχ2(µ, ν).
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Definition A.3. (Sobolev spaces and Hilbertian Sobolev spaces). Let d ∈ N+, k ∈ N, 1 ≤ p ≤ ∞
and let Ω ∈ Rd be open. With Lp(Ω) the usual Lebesgue measurable space, we define the Sobolev
space W k,p(Ω) as

W k,p(Ω) = {f ∈ Lp(Ω) : Dαf ∈ Lp(Ω), ∀α ∈ Nd with |α| ≤ k}.

For p < ∞, we define the the following norms on W k,p(Ω),

∥f∥Wk,p(Ω) =

 k∑
m=0

∑
|α|=m

∥Dαf∥pLp(Ω)

1/p

,

and for p = ∞ we define the norm

∥f∥Wk,∞(Ω) = max
0≤m≤k,|α|=m

∥Dαf∥L∞(Ω).

The space W k,p(Ω) equipped with the norm ∥ · ∥Wk,p(Ω) is a Banach space. Define the Hilbertian
Sobolev spaces for k ∈ N as Hk(Ω) = W k,2(Ω) with corresponding norms ∥·∥Hk(Ω) = ∥·∥Wk,2(Ω).
If k is large enough, the space Hk(Ω) is a Banach algebra.

For functions in Hilbertian Sobolev spaces, we have the following two properties:

Lemma A.4. For d, k ∈ N+ with k > d
2 , Hk(Ω) is a Banach algebra i.e., there exists ck > 0 such

that for all u, v ∈ Hk(Ω),

∥uv∥Hk(Ω) ≤ ck∥u∥Hk(Ω)∥v∥Hk(Ω).

Lemma A.5. (Multiplicative trace inequality, e.g. De Ryck et al. (2023), Lemma A.3). Let d ≥ 2,
Ω ∈ Rd, let γ0 : H1(Ω) → L2(∂Ω) : u 7−→ u|∂Ω be the trace operator. Denote by hΩ the diameter
of Ω and by pΩ the radius of the largest d-dimensional ball that can be inscribed into Ω. Then it
holds that

∥γ0u∥L2(∂Ω) ≤

√
2max{2hΩ, d}

pΩ
∥u∥H1(Ω).

The next lemma shows that functions in the Hilbertian Sobolev spaces can be approximated by tanh
neural networks in Sobolev norms.

Lemma A.6. (De Ryck et al. (2023), Theorem B.7). Let d, n ≥ 2, m ≥ 3, δ > 0, ai, bi ∈ Z with
ai < bi for 1 ≤ i ≤ d, Ω =

∏d
i=1[ai, bi] and f ∈ Hm(Ω). Then for every N ∈ N with N > 5 there

exists a tanh neural network f̂N with two hidden layers, one of width at most 3⌈m+n−2
2 ⌉

(
m+d−1

d

)
+∑d

i=1(bi − ai)(N − 1) and another of width at most 3⌈d+n
2 ⌉
(
2d+1

d

)
Nd
∏d

i=1(bi − ai), such that for
k = 0, 1, 2, it holds that

∥f − f̂N∥Hk(Ω) ≤ 2k3dCk,m,d,f (1 + δ) lnk(βk,δ,d,fN
d+m+2)N−m+k,

where we define

βk,δ,d,f =
5 · 2kd max{

∏d
i=1(bi − ai), d}max{∥f∥Wk,∞(Ω), 1}
3dδmin{1, Ck,m,d,f}

,

Ck,m,d,f = max
0≤l≤k

(
d+ l − 1

l

) 1
2 ((m− l)!)

1
2

(⌈m−l
d ⌉ 1

2 )

(
3
√
d

π

)m−l

∥f∥Hm(Ω).

Moreover, the weights of f̂N scale as O(N ln(N) +Nγ) with γ = max{m2,d(2+m+d)}
n .

A.2 PROOF OF THEOREM 4.5

In this section, we provide the proof of Theorem 4.5. First, we need to prove the following corollary:

14
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Corollary A.7. Let n ≥ 2, Ω = [0, 1]d, d ∈ N+, k ≥ 3. In Theorem 3.1, let u be the solution of the
FPE problem. Under Theorem 4.1 to Theorem 4.4, assume that u ∈ Hk([0, T ]× Ω), then for every
N ∈ N with N > 5, there exist tanh neural network uθ, with two hidden layers, of widths at most
3
⌈
k+n−2

2

⌉ (
d+k−1

d

)
+ ⌈TN⌉+ dN and 3⌈d+n+1

2 ⌉
(
2d+3
d+1

)
TNd+1, such that

L(θ) ≲ C̃k,d,T,u ln
4 NN−2k+4, (12)

where L(θ) is as in equation 7, C̃k,d,T,u is a constant depending on k, d, T and u.

Proof. Using Theorem A.6, we have that for every N ∈ N with N > 5, there exist tanh neural
network uθ, with two hidden layers, of widths at most 3

⌈
k+n−2

2

⌉ (
d+k−1

d

)
+ ⌈TN⌉ + dN and

3⌈d+n+1
2 ⌉

(
2d+3
d+1

)
TNd+1, such that for every 0 ≤ l ≤ 2,

∥u− uθ∥Hl([0,T ]×Ω) ≤ Cl,k,d+1,uλl(N)N−k+l,

where λl(N) = 2l+13d(1 + δ) lnl(βl,d+1,uN
d+k+2), δ = 1/100, and the definition of constants are

as in Theorem A.6. The weights can be bounded by O(Nγ lnN) where γ = max{1, d(2 + k2 +
d)/n}.

Now we can bound the residuals in L(θ):

Firstly,

∥g
2

2
∆uθ −

g2

2
∆u∥L2([0,T ]×Ω) ≤

Cg,max

2

√
d∥u− uθ∥H2([0,T ]×Ω),

∥∇ · (uθf)−∇ · (uf)∥L2([0,T ]×Ω) ≤∥f∥L∞([0,T ]×Ω)∥uθ − u∥H1([0,T ]×Ω)

+ ∥∇f∥L∞([0,T ]×Ω)∥uθ − u∥H0([0,T ]×Ω),

∥∂tuθ − ∂tu∥L2([0,T ]×Ω) ≤∥uθ − u∥H1([0,T ]×Ω).

So
∥RPDE∥L2([0,T ]×Ω) ≲ C̃

(1)
k,d,T,u ln

2 NN−k+2.

One the other hand, by Theorem A.5,

∥g
2

2
∇uθ −

g2

2
∇u∥L2([0,T ]×∂Ω) ≤

Cg,max

2

√
2max{2h[0,T ]×Ω, d}

p[0,T ]×Ω
∥uθ − u∥H2([0,T ]×Ω),

∥fuθ − fu∥L2([0,T ]×∂Ω) ≤ ∥f∥L∞([0,T ]×Ω)

√
2max{2h[0,T ]×Ω, d}

p[0,T ]×Ω
∥uθ − u∥H1([0,T ]×Ω),

so
1

T

∫ T

0

∫
∂Ω

|Rbc|2ds(x)dt ≲ C̃
(2)
k,d,T,u ln

4 NN−2k+4.

Also using Theorem A.2 and Theorem A.5,

Ric(θ) = KL(pdata, uθ(·, 0)) ≤
1

m
∥pdata − uθ(·, 0)∥L2(Ω) ≤

1

m
∥uθ − u∥L2(∂([0,T ]×Ω))

≤ 1

m

√
2max{2h[0,T ]×Ω, d}

p[0,T ]×Ω
∥uθ − u∥H1([0,T ]×Ω),

so
Ric(θ) ≲ C̃

(3)
k,d,T,u lnNN−k+1.

Finally, notice that 1
T

∫ T

0

∫
Ω
|RPDE |2ptdxdt ≤ 1

mT ∥RPDE∥2L2([0,T ]×Ω), combining those equations
above, we can finish the proof.

Proof of Theorem 4.5. For ũ defined in Section 3.2, denote û = ũ−u. Then û satisfies the following
equations:
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∂tû = ∇ · (−ûf +
g2

2
∇û) +RPDE , (13)

û(x, 0) = ũ(·, 0)− pdata =: R̃ic(x), (14)(
û(x, t)f(x, t)− g(t)2

2
∇û(x, t)

)
· n = Rbc(θ

⋆, x, t), ∀x ∈ ∂Ω. (15)

Multiply û on both sides of Equation (13), then integration by parts and divergence theorem yields

1

2

∂

∂t

∫
Ω

|û(x, t)|2dx =− 1

2
g2
∫
Ω

∥∇û∥2dx+
1

2
g2
∫
∂Ω

(ũ(x, t)− u(x, t))(∇û · n)ds(x)

−
∫
Ω

û∇ · (ûf)dx+

∫
Ω

RPDE ûdx

=− 1

2
g2
∫
Ω

∥∇û∥2dx−
∫
Ω

û∇ · (ûf)dx+

∫
Ω

RPDE ûdx

+

∫
∂Ω

(û2f · n−Rbc(θ
⋆, x, t))ds(x)

=− 1

2
g2
∫
Ω

∥∇û∥2dx+

∫
Ω

RPDE ûdx−
∫
∂Ω

Rbc(θ
⋆, x, t)ds(x)

−
∫
Ω

û∇ · (ûf)dx+

∫
Ω

∇ · (û2f)dx

=− 1

2
g2
∫
Ω

∥∇û∥2dx+

∫
Ω

RPDE ûdx−
∫
∂Ω

Rbc(θ
⋆, x, t)ds(x)

+

∫
Ω

û∇û · fdx

≤1

2
(−g2 + ∥f∥∞)

∫
Ω

∥∇û∥2dx+
1

2

∫
Ω

|RPDE |2dx+

∫
∂Ω

|Rbc|ds(x)

+
1

2
(1 + ∥f∥∞)

∫
Ω

|û|2dx

So

1

2

∂

∂t

∫
Ω

|û(x, t)|2dx+
1

2
(g2 − ∥f∥∞)

∫
Ω

∥∇û∥2d ≤1

2

∫
Ω

|RPDE |2dx+

∫
∂Ω

|Rbc|ds(x)

+
1

2
(1 + ∥f∥∞)

∫
Ω

|û|2dx.

Integrating the above inequality over [0, τ ] for ∀0 ≤ τ ≤ T , since g2 − ∥f∥∞ > 0, we obtain∫
Ω

|û(x, τ)|2dx+

∫ τ

0

(g2 − ∥f∥∞)

∫
Ω

∥∇û∥2dxdt

≤
∫
Ω

|R̃ic(x)|2dx+ (1 + ∥f∥∞)

∫ τ

0

∫
Ω

|û(x, t)|2dxdt

+ 2

∫ τ

0

∫
∂Ω

|Rbc(θ
⋆, x, t)|ds(x)dt+

∫ τ

0

∫
Ω

|RPDE |2dxdt.

≤(1 + ∥f∥∞)

(∫ τ

0

∫
Ω

|û(x, t)|2dxdt+
∫ τ

0

∫ t

0

(g2 − ∥f∥∞)

∫
Ω

∥∇û(x, s)∥2dxdsdt
)

∫
Ω

|R̃ic(x)|2dx+ 2

∫ τ

0

∫
∂Ω

|Rbc(θ
⋆, x, t)|ds(x)dt+

∫ τ

0

∫
Ω

|RPDE |2dxdt.
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Using Grönwall’s inequality, we have∫
Ω

|û(x, τ)|2dx+

∫ τ

0

(g2 − ∥f∥∞)

∫
Ω

∥∇û∥2dxdt

≤
(
1 + (1 + ∥f∥∞)Te(1+∥f∥∞)T

)
(
T

∫
Ω

|R̃ic(x)|2dx+

∫ T

0

∫
Ω

|RPDE(θ
⋆, x, t)|2dxdt+ 2

∫ T

0

∫
Ω

|Rbc(θ
⋆, x, t)|ds(x)dt

)
≤
(
1 + (1 + ∥f∥∞)Te(1+∥f∥∞)T

)
(
2MT · TV(pdata, ũ(·, 0)) +

∫ T

0

∫
Ω

|RPDE(θ
⋆, x, t)|2dxdt+ 2

∫ T

0

∫
Ω

|Rbc(θ
⋆, x, t)|ds(x)dt

)
≤
(
1 + (1 + ∥f∥∞)Te(1+∥f∥∞)T

)
(
√
2MT

√
KL(pdata, ũ(·, 0)) +

∫ T

0

∫
Ω

|RPDE(θ
⋆, x, t)|2dxdt+ 2

∫ T

0

∫
Ω

|Rbc(θ
⋆, x, t)|ds(x)dt

)
≤
(
1 + (1 + ∥f∥∞)Te(1+∥f∥∞)T

)
(
√
2MT

√
Ric(θ⋆) +

∫ T

0

∫
Ω

|RPDE(θ
⋆, x, t)|2dxdt+ 2

∫ T

0

∫
Ω

|Rbc(θ
⋆, x, t)|ds(x)dt

)
≲C1T

2eC2T
(
L(θ⋆)1/2 + L(θ⋆)

)
For ∀θ ∈ Θ, by the convergence of Monte-Carlo integrals, we have that∣∣∣∣∣

∫ T

0

∫
∂Ω

|Rbc|2ds(x)dt−
1

NbcNT

NT∑
k=1

Nbc∑
i=1

|Rbc(θ, x
(k,i)
bc , tbck )|2

∣∣∣∣∣ ≲ (NbcNT )
−1/2.

On the other hand, since for ∀k ∈ {1, · · · , NT }, the samples in {x(k,i)
PDE}

NPDE
i=1 are all i.i.d, and û,

∂tû, ∥∇û∥, ∆û, f and g are all bounded functions, we have∣∣∣∣∣
∫
Ω

|RPDE |2ptk(x)dx− 1

NPDE

NPDE∑
i=1

|RPDE(θ, x
(k,i)
PDE , tk)|

2

∣∣∣∣∣ ≲ N
− 1

2

PDE

with probability at least 1− NT

N
1
2
PDE

uniformly for all k = 1, · · · , NT .

Consequently,∣∣∣∣∣ 1T
∫ T

0

∫
Ω

|RPDE |2ptk(x)dxdt−
1

NT

1

NPDE

NT∑
k=1

NPDE∑
i=1

|RPDE(θ, x
(k,i)
PDE , tk)|

2

∣∣∣∣∣ ≲ (NPDENT )
− 1

2

with probability at least 1− NT√
NPDE

.

Similarly, we have∣∣∣∣∣Ric(θ)−

(∫
Ω

pdata(x) log(pdata(x))dx− 1

Ntb

Ntb∑
i=1

log(uθ(x
(i)
tb , 0))

)∣∣∣∣∣ ≲ N
− 1

2

tb

with probability at least 1− 1√
Ntb

.

Consider θ0 such that uθ0 satisfies Equation (12) (the existence of θ0 is guaranteed by Theorem A.7),
since ũ = uθ⋆ is the minimizer of L̂train (thus the minimizer of Ltrain), we have Ltrain(θ

⋆) ≤
Ltrain(θ0). Concluding from above, we have that with probability at least 1− 2NT√

NPDE
− 2√

Ntb
,
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|Ltrain(θ
⋆)− L(θ⋆)| ≲ (Nbc +NPDE +Ntb)

−1/2N
−1/2
T ,

|Ltrain(θ0)− L(θ0)| ≲ (Nbc +NPDE +Ntb)
−1/2N

−1/2
T .

As a result, with probability at least 1− 2NT√
NPDE

− 2√
Ntb

,∫
Ω

|û(x, τ)|2dx+

∫ τ

0

(g2 − ∥f∥∞)

∫
Ω

∥∇û∥2dxdt

≲C1T
2eC2T

(
L(θ⋆)1/2 + L(θ⋆)

)
≲C1Te

C2T
(
Ltrain(θ

⋆)1/2 + Ltrain(θ
⋆) + 2(Nbc +NPDE +Ntb)

−1/4N
−1/4
T

)
≲C1T

2eC2T
(
Ltrain(θ0)

1/2 + Ltrain(θ0) + 2(Nbc +NPDE +Ntb)
−1/4N

−1/4
T

)
≲C1T

2eC2T
(
L(θ0)

1/2 + L(θ0) + 4(Nbc +NPDE +Ntb)
−1/4N

−1/4
T

)
≲C1T

2eC2T

(√
C̃k,d,T,u ln

2 NN−k+2 + (Nbc +NPDE +Ntb)
−1/4N

−1/4
T

)
.

Finally, since mint∈[0,T ](g(t)
2 − ∥f∥∞) = δ0 > 0, we have that for ∀t ∈ [0, T ], with probability at

least 1− 2NT√
NPDE

− 2√
Ntb

,

∥ŝt −∇ log pt∥L2([0,t]×Ω) =

(∫ t

0

∫
Ω

∥∇uθ⋆(x, τ)

uθ⋆(x, τ)
− ∇u(x, τ)

u(x, τ)
∥2dxdτ

)1/2

≲
M

m2

(∫ t

0

∫
Ω

|û(x, τ)|2dxdτ +

∫ t

0

∫
Ω

∥∇û∥2dxdτ
)1/2

≤
M
√
min{T, 1/δ0}

m2

(∫
Ω

|û(x, t)|2dx+

∫ t

0

(g(τ)2 − ∥f∥∞)

∫
Ω

∥∇û(x, τ)∥2dxdτ
)1/2

≲
M
√
min{T, 1/δ0}

m2

√
C1T 2eC2T

(
(C̃k,d,T,u)

1/4 lnNN− k
2+1 + (Nbc +NPDE +Ntb)

−1/8N
−1/8
T

)
≲C

(
(C̃k,d,T,u)

1/4 lnNN− k
2+1 + (Nbc +NPDE +Ntb)

−1/8N
−1/8
T

)
Let ϵ0 = (C̃k,d,T,u)

1/4 lnNN− k
2+1, then ϵ0 can be arbitrary small by choosing large enough N (i.e.

the width of the training neural networks), thus proving the desired error bounds.

18


	Introduction
	Main Contributions
	Related Works
	Basic settings, Symbols and Notations

	Background
	Diffusion Models and Score Matching
	Forward and Backward Process
	Score-Matching Technique

	Reflected Diffusion Models
	Physics-Informed Neural Networks

	Main Results
	PINNs-Estimation of The Fokker-Planck Equation
	The PINNs-Score Estimator For Reflected Diffusion Models

	Theoretical Guarantees
	Error Bound For The PINNs-Score Estimator
	Convergence of the Backward Process

	Conclusions
	Appendix
	Auxiliary Lemmas
	Proof of Theorem 4.5


