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ABSTRACT

Score-based reflected diffusion models generate approximations of high-
dimensional data distributions while respecting the known constraints of the data
distribution by learning a reversed reflected stochastic differential equation evolving
within the support of the data. Similar to standard diffusion models, the theoretical
convergence of reflected diffusion models is based on bounded errors of score
estimations. However, the existence and attainability of low-error score estimators
have not yet been studied in the reflected diffusion setting. In this paper, we con-
struct a novel score estimator using the Physics-Informed Neural Network (PINN),
solving reflected diffusion models in a deep-learning fashion. We proceed to derive

a uniform theoretical error bound of O(N~ i) for the score function on a training
dataset of sample size N at any time ¢ € [0, T of the diffusion process. This result
fills the gap between theory and practice in the score estimation of the reflected
diffusion model. Moreover, its independence of dimension ensures the performance
of our estimator in large-sample scenarios under high-dimensional settings.

1 INTRODUCTION

Diffusion models are a powerful family of deep generative models that generate high-quality approx-
imation samples for high-dimensional samples, achieving state-of-the-art performance in various
applications [Sohl-Dickstein et al.| (2015)); |Song & Ermon/(2019); Ho et al.|(2020); |[Song et al.| (2020).
The effectiveness of diffusion models allows it to be widely used in text and image generation [Ho
et al.|(2020); Dhariwal & Nichol| (2021)); Nichol et al.|(2021); [Ramesh et al.| (2022)), text-to-image
synthesis |Jeong et al.|(2021); [Popov et al.|(2021)); Huang et al.|(2022), audio generation, and video
generation |Schneider (2023)); (Gupta et al.| (2025). It has also been proven useful in numerous ex-
tended scientific fields such as biostatistics, neuroscience, and material science, where high-quality
generative modeling is required, covering problems such as molecular generation Xu et al.| (2023));
Luo et al.[(2024) and protein folding Y1 et al.|(2023); Huang et al.| (2024).

Traditional diffusion models map data to Gaussian noise, which does not respect the possible boundary
constraints of the original data; this could result in large errors in the tail probability and generate
highly unnatural samples. To address the mismatch between the data domain and the diffusion
domain, recent studies have brought to the attention of reflected diffusion models Lou & Ermon
(2023). Reflected diffusion models are an extension of traditional diffusion models that incorporate
boundary conditions. It employs stochastic processes that evolve within a bounded domain, with
reflections at the boundary to ensure the process remains within the domain. These models are
particularly useful in applications where the data or process being modeled is confined to a bounded
region, such as physical systems, finance, or constrained optimization problems Fishman et al.[(2023)).
Lou & Ermon|(2023) have shown that reflected diffusion models outperform traditional diffusion
models theoretically and empirically to generate data constrained within a bounded domain.

Closely related to diffusion models, Score-based generative modeling is a powerful framework for
generative modeling that has gained significant attention in recent years. Score-based generative
modeling |Song & Ermon|(2019);[Song et al.| (2020) focuses on learning the score function of a data
distribution, which is the gradient of the log-probability density function. Once the score function is
learned, samples can be generated from a known prior distribution by reversing a forward process
that reconstructs the data distribution with Gaussian noise, using iterative methods such as Langevin
dynamics. The approximation of the score function is typically achieved by minimizing the loss of
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score match [Hyvirinen| (2005) by training neural networks, as seen in works such as|Bond-Taylor|
et al.| (2021); |Chen et al.l Diffusion models can be viewed as a specific instance of score-based
generative modeling. [Song et al.| (2021) unified score-based models and diffusion models under
the framework of SDEs. They showed that both approaches can be described as discretizations of
continuous-time SDEs, providing a deeper theoretical understanding of their connections.

While score-based diffusion models outperform empirically by achieving state-of-the-art results
in a variety of fields, there are still unanswered questions regarding the theoretical guarantee of
score estimation. Prior works employ Girsanov’s Theorem and Pinsker’s Inequality to bound the
total variation distance between the true and approximated reverse diffusion process [Chen et al.
(2022)); |Chen et al.; Benton et al.|(2024), which can be similarly applied to the reflected diffusion
setting|Lou & Ermon|(2023). However, most of the statistical estimation error bound results of the
score-based diffusion models and reflected diffusion models require the assumption that there exists a
score estimator that uniformly-in-time minimizes the score estimation error (Chen et al.; Benton et al.
(2024), while leaving the theoretical guarantee of the existence of such a minimizer undiscussed.
Works such as|Zhang et al.|(2024) fill this gap for the score function in the form of py x N (0, t14),
which corresponds to the diffusion model with an Ornstein-Uhlenbeck process. However, it isn’t
easy to promote this result to more general diffusion models, as well as reflected diffusion models.
In particular, there is still a lack of discussion of theoretical guarantees of the score estimator in the
reflected diffusion setting.

To fill this theory gap and provide a score-estimation methodology for reflected diffusion models with
theoretical guarantees, we introduce the PINNs-score estimator. Physics-Informed Neural Networks
(PINNSs) are a framework that combines neural networks with physical laws, typically expressed as
PDEs, to solve scientific and engineering problems Raissi et al.[(2019). PINNs leverage the universal
approximation capabilities of neural networks while enforcing physical constraints, making them
powerful tools for solving forward and inverse PDE problems. By using a PINNs-based algorithm to
solve the Fokker-Planck Equation for the density function of the forward reflected diffusion process,
we build a novel score estimator for the reflected diffusion models. Moreover, using the theoretical
convergence properties of PINNs derived by Gronwall’s inequality, we obtain a uniform-in-time
score estimation error for reflected diffusion models under mild assumptions.

1.1 MAIN CONTRIBUTIONS

Novelty of Method. The solution of diffusion models has been tightly connected with the solution of
PDEs by the Fokker-Planck equation derived from the famous Feynman-Kac formula of Stochastic
Differential Equations. There has been some research on using PDE and PINN methods to estimate
generative models (Berner et al.|(2022); Maté & Fleuret; |Sun et al.|(2024)) over the last few years.
However, those works mainly focus on solving the log-density PDE of diffusion models in R, where
the instability of data can often happen. In addition, although numerical analyses in those works
have shown that the PINN method can outperform traditional sampling methods such as Path Integral
Sampler (Zhang & Chen) and Schrodinger Bridge, there hasn’t been a thorough theoretical error
analysis regarding this topic. In this paper, we take advantage of the connection between SDEs
and PDEs in a bounded and regular domain and novelly employ PINNSs in the solution of reflected
diffusion models, which makes better use of the boundary constraint training feature of PINNs,
avoiding the instability of error when the tail probability is high, and making our theoretical analysis
natural and reasonable.

Theoretical Guarantees For Score Estimators. For the score function s;(z) = Vlogp(x) of a
reflected diffusion model for d— dimension data in the bounded domain 2 = [0, 1]¢ with diffusion
time ¢ € [0, T, we construct an estimator §;(z) = V log p:(z), where p;(x) is the estimation of the
probability density function p;(z) of the forward process. We state that p;(x) can be constructed via
PINNSs by solving a Fokker-Planck partial differential equation with Neumann boundary conditions.
We proceed to derive a uniform-in-time theoretical error bound of O(N *%) for the score function
at any time ¢ € [0, T of the finite diffusion process. This is the first score estimation method in the
setting of reflected diffusion models with a specific theoretical error-bound guarantee.

Broad Applicability. Our result only requires mild assumptions on the drift term and diffusion term
of the forward diffusion process, and thus can be applied to various kinds of reflected diffusion models,
including diffusions with more complex coefficients than simple Brownian motion or the Ornstein-
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Uhlenbeck process. In particular, we derived the specific requirements of the diffusion coefficients
for our error analysis in the assumptions of our main theorem. Requiring solely smoothness and
lower boundedness of the original data distribution, our result can also be used in a broad variety of
data generation problems, including generating high-dimensional data in bounded domains.

1.2 RELATED WORKS

Score-based Diffusion Models. Score-based generative models are introduced based on prior works
on generative modeling, notably Denoising Diffusion Probabilistic Models (DDPMs), which were
introduced by [Sohl-Dickstein et al.|(2015) and later refined by |Ho et al.|(2020). DDPMs define a
forward process that gradually adds Gaussian noise to data and a reverse process that learns to denoise
it. The forward process is fixed, while the reverse process is learned using a neural network. Song and
Ermon |Song & Ermon|(2019)); Song et al.| (2020) introduced score-based generative models, which
learn the gradient of the data distribution (the score function) and use Langevin dynamics to generate
samples. These models are closely related to diffusion models and were later unified under the
framework of Stochastic Differential Equations (SDEs) by |Song et al.| (2021)). For a comprehensive
survey of diffusion models, see|Yang et al.| (2023)).

Reflected Diffusion Models. The theoretical background of reflected diffusion models is stochastic
differential equations with reflecting boundary conditions, which is studied in [Lions & Sznitman
(1984); [Tanaka! (1979)); |Costantini| (1992)). [Lou & Ermon| (2023) systemizes the idea of reflected
diffusion models and solves it via a score-matching technique. They also demonstrated the superiority
of reflected diffusion models over traditional diffusion models with thresholding techniques in
preventing the generation of highly unnatural samples in bounded data settings.

Physics-Informed Neural Networks. Before the advent of PINNs, solving PDEs mostly relies on
traditional numerical methods, such as Finite Element Methods (FEM), Finite Difference Methods
(FDM), and Finite Volume Methods (FVM). However, these methods often fall short with high-
dimensional continuous-domain problems. The key motivation of Physics-Informed Neural Networks
was to leverage the universal approximation capabilities of neural networks and their ability to handle
high-dimensional data, using neural networks as function approximators for PDE solutions. The
modern formulation of PINNs was introduced by [Raissi et al.[(2019). The potential of PINNS is
demonstrated by its application in various fields. For example, Jin et al.|(2021]) uses PINNs to solve
the Navier-Stokes equations for fluid flow, including laminar and turbulent flows in fluid dynamics. It
is also used in heat transfer|Cai et al.| (2021)), structural mechanics Bastek & Kochmann|(2023)), and
biomedical engineering Banerjee et al.|(2024). With its early applications, the theoretical analysis of
PINNS has also advanced, with works such as|{Mishra & Molinaro| (2021} [2022); |Shin et al.| (2020);
De Ryck et al.| (2023)); Liu et al.| (2025)) establishing theoretical foundations for PINNSs, including
convergence properties and error bounds.

1.3 BASIC SETTINGS, SYMBOLS AND NOTATIONS

Without loss of generality, this paper studies reflected diffusion models on the d—dimensional unit
cube 2 = [0, l}d. We denote pgya = po as the original target data distribution, which is also the start
of the forward process. All the data points like z, are d—dimensional vectors. We denote R as the
set of non-negative real numbers, N'(D) and U/ (D) as the standard normal distribution and uniform
distribution on a domain D, ”-” as the dot product of vectors, and E[X] as the expectation of random
variable X.

2 BACKGROUND

2.1 DIFFUSION MODELS AND SCORE MATCHING

Diffusion models are a family of generative models that reconstruct the original data by injecting
noise and then use the reversed denoising process to generate data.

In the following discussion, we only consider the case where the distribution of the original data
admits a density function. Under this prerequisite and some necessary regularity conditions, all of
the probability distributions appearing in the discussion have a density function. For the sake of
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simplicity, for a data distribution with probability measure p, we abuse the notation and also denote
its density function as p.

2.1.1 FORWARD AND BACKWARD PROCESS

Given a target data distribution with density pgat, the forward process (X¢);c(o,7] of a diffusion
model is defined as the solution of the stochastic diffusion equation (SDE) with the initial distribution
following Pata:

dX; = f(t, X;)dt + g(t)dB;,  Xo ~ Pdatas ey

where f : [0, 7] x RY — R, a vector-valued function whose output’s dimension matches the data’s
dimension, is called “drift term” of the process, and g : [0, 7] — R is called “diffusion term” of the
process. (B¢):c[o, 1] is a d-dimensional standard Brownian motion which serves as the noise” added
to the data distribution. The forward process is performed on the finite time interval [0, T7].

Denote the probability density function of X; by p;. In order to generate new samples following
the distribution pg.,, We need to reverse the diffusion process equation E] in time, which yields the
backward process

dY, =(—f(T —t,Y,) + ¢*(T — t)Viog pr_:(Y,))dt + g(T — t)dB;, Yo ~ pr, 2)

where (B¢):e[o,7) is another independent d-dimensional standard Brownian motion. (We identify the
notation of all Brownian motions for simplicity.)

As the solution of the above backward SDE, (Yt)te[o,T] satisfies that Y; = X _; in distribution. As
such, learning the backward process equationand sampling Y from a prior distribution pr = pprior.
we can generate samples of the desired data distribution as Y = X ~ Ddata-

2.1.2 SCORE-MATCHING TECHNIQUE

To solve the backward SDE equation 2} the estimation of the function V log pr_; is needed, which
brings out the concept of the score function. Given a probability density function p(z) : R — R,
its score function is defined as s(z) = V,log p(z). By constructing an estimator §;(x) for the
score function s(x) for each ¢ € [0, T, new samples of data can be generated from the score-based
diffusion model

AY, =(—£(T —t,Y,) + ¢*(T — t)sr_(Y4))dt + g(T — t)dBy;, Yo ~ Dprior- (3)

The score-matching technique estimates the score function V log p; by minimizing its L?-loss over a
function class F for each ¢t € [0, 7],

§1 = argming, ¢ 7 Eoop, [[|f1(2) — Vlog pi(2)]%],

where F is usually a class of neural networks. While the L2-loss function is the most widely used
loss function for score-matching, the existence of a uniform-in-time minimizer §, for all ¢ € [0, 7] is
not theoretically guaranteed in general cases. |Zhang et al.|(2024)

2.2 REFLECTED DIFFUSION MODELS

More often than not, the target data distribution has a bounded support on R?. However, the standard
diffusion model projects the data into the unbounded domain R? by adding stochastic noise throughout
the forward and backward process, which could compound the error and result in the generation
of highly unnatural samples Song & Ermon|(2019); |[Koehler et al.|(2023). Many diffusion models
adapt the thresholding technique Ho et al.| (2020); L1 et al.| (2022)) to solve this problem, but this
method leaves a gap between theory and practice due to the mismatch between training and generative
process. Ho & Salimans| (2021)); Saharia et al.| (2022); Lou & Ermon|(2023)

To address this problem, reflected diffusion models Lou & Ermon|(2023) are broadly used for data
with bounded constraints. For data distributions inside a bounded domain 2 € R, like the standard
diffusion models, reflected diffusion models generate data samples by the forward and backward
process, but under this case, the forward process (X¢);c[o,7] becomes the solution of a reflected SDE

dX; = f(t,X¢)dt + g(t)dB; + dL;,  Xo ~ paata; 4
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where (L¢);c[o,7 is the additional stochastic constraint which forces X to stay inside €2 by reflecting
X once it hits the boundary 0f2. Respectively, the backward process is the solution of the reversed
reflected SDE |Cattiaux| (1988)); [Williams| (1988)):

AY; =(—£(T — t,Y¢) + g°(T — t)Vlog pr—:(Yy))dt

= )
+9(T —t)dBy +dL;, Yo ~ pr,

where (Ly);e[0,7 is the reversed stochastic boundary condition.

A thorough introduction of reflected SDEs can be found in Pilipenko|(2014). Particularly, the reflected
SDE has a unique strong solution if f and g are Lipschitz in state and time, and {2 is sufficiently
regular, which holds under this paper’s assumption = [0, 1]%.

2.3 PHYSICS-INFORMED NEURAL NETWORKS

Physics-Informed Neural Network (PINNSs) is a practical and efficient algorithm to solve forward and
inverse problems for PDEs. For a general form of an abstract PDE,

Llu)(z,t) = f(x,t), Yxe, Vtelo,T],
Bilu)(z,t) = hi(x,t), Vrel, CoQ,
tel0, 7], k=1,--- K,
u(z,0) = ¢(z), VYreQ

the loss function of PINNs is constructed based on minimizing the pointwise residuals:
LOF = [ |elug) - e
Qx1[0,7]
+ Z/ |By.[ug] — hy|*ds(x)dt (0)

/ lug(z,0) — ¢(z)|*d.

In practice, the integrals in Equation (6) are approximated by suitable numerical quadratures, which
gives the training loss

N;
2= wp|Llue)(af 1) — f (a7 8]
n=1

K Nf

> D wpBuluo)ay* %) — hu(ap®, 74|
k*lnk—l

+ZW0|UG 5,0) — ¢(z) [Pdz.

3 MAIN RESULTS

3.1 PINNS-ESTIMATION OF THE FOKKER-PLANCK EQUATION

To use PINNS to solve reflected diffusion problems, we need to convert the reflected SDE problem
equation[d]to a PDE problem, which can be derived from the Feynman-Kac formula.
Theorem 3.1. |Lou & Ermon|(2023) Given the (strong) solution (Xt)te 0,1 of the forward reflected

SDE equattonl 4| let p; denote the probability denstty function of X, fort € [0,T]. For Q = [0,1]¢,
let u(x,t) = pi(x), then the function u : [0,1]¢ x [0, T] — R satisfies the Fokker Planck Equatzon
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(FPE) with Neumann Boundary Condition |Schuss|(2013)):

e
Ou=V - (—uf + ?Vu)7

U(', 0) = Po = Pdata,

2
<u(m,t)f — %Vu) ‘n=0,Vx € 9Q,t € (0,T].

Remark 3.2. From the theorem above, it’s not hard to see that when the diffusion coefficients f and g
satisfy the following conditions:

1. f(x,t) converges to some fy(«) uniformly on Q as t — oo.

2. Timy 0 L85 = g > 0.

3. Joexp (Z?:l féj)(x)) dz < cc.

d )
Thenhas a stationary distribution with a density function p.(z) = Z exp (J:lg?(w)> , where

. -1
Z = exp C.l: £ (z 90 . Choosing appropriate drift f and diffusion g, we can compute
Q j=17"0

the stationary distributions of reflected diffusion models using this observation, which make gener-
ating sample by the backward process from pprior = Poo viable. In particular, when €2 is a bounded
convex set, f = 0, and g is bounded, the stationary distribution is the uniform distribution on 2.

For a training function ug € U, where U is a class of neural networks with smooth activation function
(such as o0 = tanh) and 6 € © as tuning parameters, define the FPE residuals as follows:

The PDE residual Rppg

2
Rppp(0,2,t) = dug — V - (—upf + %we),x e, tel0,T],

the boundary condition residual Ry,
_ g(t)?
Ryc(0,2,t) = | ug(z, t)f (2, t) — TVug(x,t) ‘n,z € 90,t € (0,T),

and the initial condition residual R;.

Rw(a) = KL(pdataa UG('a 0))7

Here KL (pgata, ug(-, 0)) is the Kullback-Leibler divergence (KL divergence, also known as Relative
Entropy) of ug(-,0) from pga,. We can train and solve the Fokker-Planck Equation by constructing
the following loss function for PINNs

17T 17T
L) = 7 /0 /Q (Reslpe(a)dadt + /0 /8 BuPds(@)dt £ AR (0), ()

where A is a training parameter.

In practice, we need to choose appropriate quadratures to approximate the integrals in Equation (7).
In the setting of the reflected diffusion models, it is natural to construct the quadratures using samples
generated by the forward process equation [ for training samples.

Based on FDE residuals, we need to divide our training samples into three parts: Interior training

set {(ngbi)E, tPPEY|i=1,--- ,Nppg;k = 1,---, Ny} for the PDE residual, boundary training
set {(xl(jlz’z), the) |i=1,--+,Npe;k = 1,--- , Ny} for boundary condition residual, and temporal

boundary training set {x%) } fV:ti for initial condition residual. Then we can construct the training loss
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Algorithm 1 PINNs-Estimation of The Fokker-Planck Equation
Require: target data distribution pg,, from which we can sample training points.
forn =1to Mraining,step do
Sample t, ~U([0,T]), k=1, -+, Np.
Sample the temporal boundary training set {xgz)}fi“{ ~ Ddata-

On {tx }1<k<nNy» sample interior training set {(:cgfg};, ti)}; 5P based on {xiz)}fvz“i ~ Pdata DY

the forward process Equation , sample the boundary training set {(a:l(fc), o)} Nee 14 (09).
Compute the training loss ﬁtmm(e) in Equation @)
Optimize network tuning parameter 6 by minimizing Lyrq;n (0). (using methods such as gradient
descent.)

end for

Return: Parameterized estimation function ug(z, t).

function of PINNSs as follows:

N N-
Lirain(6) ___ iEXT]RpDE(Q 20 PDEY|2
NppeNr = — PDE
Nr Npe
o S Runlb a0 )
NeeNr (= ®)

+ A /Q Paata () 10g(Paata () ) da

A (i)
m Z 10g(“9 (mtb ) 0))

Since A fQ Ddata () 108 (Pdata () )da is a constant independent of 6, minimizing Lyyq;, (0) is equivalent
as minimizing

N N-
Lirain(6) - iD:EzT]RPDE(@ T thPE) 2
rain NPDENT — »YPDE» "k
N1 Ny

1 (ki) ybey 2
+ E E Rpc(0, 2y, t;° ©)]

A i
~ 3 2 log(ua(aiy) 0),

which can be computed directly from empirical samples.

We conclude the sampling and training process as Algorithm [I]

3.2 THE PINNS-SCORE ESTIMATOR FOR REFLECTED DIFFUSION MODELS

By solving the Fokker-Planck equation for the forward reflected SDE using PINNs, we obtain an
estimation of the probability density function of the forward process (X¢)c[o,77. We can then
construct the PINNs-score estimator for reflected diffusion models:

Suppose @(x,t) = ug~(x,t) is the estimator of u(x,t) = p;(x) trained by Algorithm |I} then the
PINNs-score estimator for reflected diffusion models can be defined as §:(x) = V, loga(z,1t).
Running the backward reflected SDE with the score function replaced by our score estimator

dYt :(_f(T —t, Yt) + g2(T - t)gT—t(Yt))dt + g(T - t)dBt + dilt, YAvO ™~ Ppriors (10)

New samples of the target data can be generated with the reflected diffusion model.



Under review as a conference paper at ICLR 2026

4 THEORETICAL GUARANTEES

In this section, we derive the theoretical error bound for our PINNSs score estimator.

4.1 ERROR BOUND FOR THE PINNS-SCORE ESTIMATOR

To establish the PINNs-score estimation error bound, we need the following assumptions on the
probability density flow p;(z), the drift term f, the diffusion term ¢ and the training networks.

Assumption 4.1. The probability density function u(x,t) = p;(x) and network training function
ug(z,t), 0 € O are uniformly upper and lower bounded by some positive constants A/ and m. In
addition, u, ug € H*([0,T] x ) for some k > 3, where H*(X) is the Hilbertian Sobolev space of
order k for domain X. (see definition in Theorem[A.3] Appendix Section.)

Remark 4.2. The upper-boundedness and lower-boundedness of the training networks ug can be
realized simply by applying truncations on the networks. We can also apply function smoothing to
the training networks to meet the requirement ug € H*([0,T] x Q).

Assumption 4.3. f and g are continuous, Lipschitz and sufficiently smooth w.r.t. state = and time ¢,
and satisfies
1£lloo := [1£ll Lo 0,77 2) < 205

) < C x < Q.
tggg]lg()l_ g,max < 00

Assumption 4.4. f and g satisfies that: for V¢ € [0, 7], g(t)? — |||l > 0, and that

e ] 2 —_
% := min (9(8)" = [[fll) > 0.

In conclusion, the convergence of the error bound requires the boundedness and smoothness of w, uyg,
f, g, and their derivatives, which can be satisfied by choosing appropriate drift and diffusion terms
for reflected diffusion models, as well as neural network parameters.

‘We present our main theorem as follows:

Theorem 4.5. (Score-estimation error bound for PINNs-score estimator). Assume all the assumptions
above are satisfied, the PINNs-score estimator §,(x) in Section [3.2| satisfies that for Q = [0,1]%,

Vt € [0,T], Yeo > 0, with probability at least 1 — \/% — \/%tb

18 — V1og pellz2(jo,gx0) S C (60 + (NppE + Ny + Ntb)_l/SN;1/8> )

where C'is a constant dependent on A, m, M, T, k,
dimension d.

Remark 4.6. Denote the total sample size as N = Nppg + Npe+ Ny + N, Theorem guarantees
a uniform-in-time error bound of O(N~3). It is also worth mentioning that the constant C' that
controls the convergence rate of this error bound does not rely on the dimension d of the data
distribution, making our method more efficient in theory in high-dimensional settings compared to
similar results as in for example [Zhang et al.| (2024)).

f||oo and do, independent of sample sizes and

The proof of Theorem 4.5 uses integration by parts technique and Gronwall’s Inequality. The full
proof can be found in the Appendix Section.

4.2 CONVERGENCE OF THE BACKWARD PROCESS

With the error bound for score estimation, we can derive the error bound in KL divergence for back-
ward processes (Y¢);c[o,r] and (Yt)te[o,T] as in Equation (5)) and Equation using Girsanov’s
Theorem. The theoretical guarantees of this topic have been well-studied by the existing literature, as
shown by the theorem below:
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Theorem 4.7. (Reflected Girsanov for KL divergence,Lou & Ermon|(2023))). Suppose we have two
reflected SDEs on the same domain (),

day = fi (24, t)dt + g(t)dB; + dLy,
dyt = fg(.f()t, t)dt + g(t)dBt + st,
fromt =0toT withxy =yo =z € €L

Let u, v be the path measures with respect to x and y. Then,

du
]EN [log @

1

T
=5 [ B o0R1 0 B0 Pt (an

Under our settings, the right-hand side of Equation (TT]) becomes

1 (7 .
5/0 Eeomp, [|8¢ (1) — s¢(4)[?],

which can be bounded using Theorem

5 CONCLUSIONS

In this paper, we employ the powerful PINNs method in deep learning to solve reflected diffusion
models. With the problems of PDE-solving and score estimation bridged by the Fokker-Planck
equation of the backward diffusion process, we propose the PINNs-score estimator for estimating
score-based reflected diffusion models. In comparison with the traditional score-matching technique,
which minimizes the L2-loss of the score function, our method guarantees the existence of an optimal
minimizer with a uniform-in-time error bound of O(N *%) for score estimation. Moreover, this result
has no dependence on data dimension d, which avoids the explosion of error bound when d is large,
ensuring the efficiency of our estimator in high-dimensional settings. Our result is the first score
estimation method in the setting of reflected diffusion models with a specific theoretical error-bound
guarantee, which holds great theoretical significance.

Ethics Statement. All the authors of this paper have carefully read the Code of Ethics. This research
adheres to the ethical standards set forth by the ICLR community. We affirm that no part of this
research was conducted in violation of ethical standards.

Reproducibility statement. The main theoretical results for this research are presented in Section
Ml A complete proof of the claims can be found in the appendix, along with clear explanations
of backgrounds, lemmas and corollaries. All the assumptions are explicitly listed and thoroughly
discussed in Section [4]
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A APPENDIX

A.1 AUXILIARY LEMMAS

To prove the theoretical results in Section[d we need to introduce some auxiliary lemmas first.

Definition A.1. (The Xg—distance,Gibbs & Su|(2002)). For measure space €2, if f, g are densities of
the measure p, v with respect to a dominating measure A, and S(u), S(v) are their supports on 2,
the x2-distance between p and v are defined as

N2
dy2(p,v) ;:/ Md)\.
S(wusw) 9

Lemma A.2. (The KL divergence and x>-distance|Gibbs & Su|(2002)). The KL divergence and
x?2-distance between i and v on measure space §) satisfy

KL(p,v) < dy2 (1, v).
Proof. Since log is a concave function, according to Jensen’s inequality,

KL(, ) = /Q log (f/g) fdA < log /Q (//g) faN).

(f=9?  _ [ _ [P
/Q ; d)\—/Q(g 2f+g)d)\—/di)\ 1,

KL(,v) < log(1 + dye (1, 1)) < dy (1, ).

On the other hand,

SO
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Definition A.3. (Sobolev spaces and Hilbertian Sobolev spaces). Letd € N;, ke N, 1 <p < o0
and let Q € R? be open. With LP(€) the usual Lebesgue measurable space, we define the Sobolev
space W¥P(Q) as

WhP(Q) = {f € LP(Q) : D*f € LP(Q),Ya € N with o] < k}.

For p < oo, we define the the following norms on W (),

. 1/p
”fHW’C’P(Q) = Z Z ||Daf‘|ip(sz) )
m=0 |a|=m
and for p = oo we define the norm
”f”W’c)OO(Q) = max HDaf”LDO(Q)-

0<m<k,|al=m

The space W*?(Q) equipped with the norm || - ||y« (o) is a Banach space. Define the Hilbertian
Sobolev spaces for k € Nas H*(€) = W*2(Q) with corresponding norms | || g2y = |- lwr.2()-
If k is large enough, the space H*({2) is a Banach algebra.

For functions in Hilbertian Sobolev spaces, we have the following two properties:

Lemma Ad4. Ford, k € Ny withk > &, H*(Q) is a Banach algebra i.e., there exists cy, > 0 such
that for all u,v € H* (),

wvllzr @y < erllullmr @ llvllar@)-

Lemma A.5. (Multiplicative trace inequality, e.g. |\De Ryck et al.|(2023), Lemma A.3). Let d > 2,
Qe R let vy : HY(Q) — L?(09) : u — u|aq be the trace operator. Denote by hq, the diameter
of Q and by pq the radius of the largest d-dimensional ball that can be inscribed into ). Then it

holds that
2max{2hq,d
Ivoull 22 (00) < \/ #HUHH%Q)-

The next lemma shows that functions in the Hilbertian Sobolev spaces can be approximated by tanh
neural networks in Sobolev norms.

Lemma A.6. (De Ryck et al.|(2023), Theorem B.7). Let d,n > 2, m > 3,0 > 0, a;,b; € Z with
a; <bjfor1 <i<d Q= H?:ﬂaiv b;] and f € H™ (). Then for every N € N with N > 5 there
exists a tanh neural network fN with two hidden layers, one of width at most 3 [mtn—21 (erdd*l) +

_1(b; —a — 1) and another of width at most 3| =5+ ._1(b; — a;), such that for
¢ (b N — 1) and another of width 3[LEn] (LY NI, (b h that
k =0,1,2, it holds that

If— fNHHk(Q) < 28390y a,p (14 6) In® (Br 5,0, NUTT2)N—mHE

where we define

5 26 max{[T¢_, (b; — a;), d} max{|| |y (e, 1}
3d5min{1,Ck,m7d,f} ’

di—1\3(m-0)% (3va\""
+I=1\2((m—=10[)!)=
Creym,d,f = 10ax ( ; ) ( ) | £1l £rm (52

= (=) \

Moreover, the weights of f~ scale as O(N In(N) + N7) with v = max{m?d(24mid)}

n

Br,o,d,f =

A.2 PROOF OF THEOREM 4.5

In this section, we provide the proof of Theorem 4.5 First, we need to prove the following corollary:
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Corollary A.7. Letn > 2, Q) = deNL k>3 In Theorem let u be the solution of the
FPE problem. Under Theorem - to Theoremu assume that u € H"([0,T] x Q), then for every
N € Nwith N > 5, there exist tanh neural network ug, with two hidden layers, of widths at most

3[E2=2] () 4 [TN] + dN and 3[H332] (3IFP) TN, such that

L(0) < CraquIn® NN72EF (12)

where L(0) is as in equationlﬂ C‘hd,T’u is a constant depending on k,d, T and u.

Proof. Using Theorem [A.6] we have that for every N € N with N > 5, there exist tanh neural
network ug, with two hidden layers, of widths at most 3 [££2=27 (“**~1) 4 [TN] + dN and

3 [%1 (2;1:—13) TN+ such that for every 0 < 1 < 2,

flu— U9||Hl([o,T]xQ) < Cl,k,d+17u)\l(N)N_k+la

where A\ (V) = 24134(1 + 8) In' (8,04 1. N4TF+2), § = 1/100, and the definition of constants are
as in Theorem The weights can be bounded by O(N” In N) where v = max{1, d(2 + k? +

Now we can bound the residuals in L(6):

Firstly,
2 2 C
||%AU9 - %AUHL?([O,T]XQ) Sg’T\/gHU — gl m2(0,71x9),
IV - (upf) =V - (uf)|| 2 (0,r1x ) SIEl Loe (o, 71x ) [1we — wllm1 o, 71x0)
+ IVEl Lo (0, 71x ) [l — wll o0, 77x ).
|0rug — OpullL2(j0,11x ) <llwe — ullm(jo,ryx0)-
So

IRppE|L2(j0,11x0) C,ilﬁlTuln NN—F2,

One the other hand, by Theorem[A.3]

9 g9’
H?Vug — 5Vu||L2([o,T]xaQ) < luo — ull 2 (j0,11x )5

Cg,maw 2max{2h[O,T]><de}
2 P[0, T]x 0

2 max{2h[07T] %y d}

Plo,T1xQ

= / / | Rye|?ds(z oIt NN

Also using Theorem[A.2]and Theorem [A3]

[fue — fullL2(j0,71x00) < ||f||L°°([O,T]><Q)\/ luo — ull i1 (0,11 x )

SO

1 1
R;c(0) = KL(pgata, uo (-, 0)) SE”pdata —up(-,0)||20) < EHW — |l 2 (a([0,7]x2))
<1\/2 max{2h[o 7xq,d}

m Do, T]x

g — wll mr (o, 11x )

SO
Ric(0) S O 1, n NN L

Finally, notice that & fo Jo |RppE|*prdzdt < mT |RppE HL2 (0.7]%Q)* combining those equations

above, we can ﬁmsh the proof. O
Proof of Theorem 3] For @ defined in Section[3.2] denote @ — u. Then 4 satisfies the following
equations:
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2
Oyt = V - (—af + %Vﬂ) + Rppe, (13)
(x,0) = @(-,0) = Paaa =t Ric(), (14)
2
(ﬁ(x,t)f(x,t) - 9(;) Vﬁ(x,t)) ‘0 = Rye(0%, 2, 1), Yo € 09 (15)

Multiply @ on both sides of Equation (T3)), then integration by parts and divergence theorem yields

10

YO i t)Pde = — L2 / IValPdz + Lg? / (a(z, £) — u(x, £))(Va - n)ds(z)

—/ﬂV'(ﬂ,f)dx—F/RpDEﬂdx
Q Q

1
:_792/ HVﬁHde—/aV-(ﬂf)dx—&-/RpDEﬂdx
2 Q Q Q

+ /(m(fLQf ‘n — Ry (0%, 2,t))ds(x)

1

:,,g2/ HVﬁH2dx+/RpDEﬂdx—/ Rpe (0%, x,t)ds(x)
27 Ja Q o0

f/ﬁV~(ﬂf)dx+/V~(ﬂ2f)dx
Q Q
1
- = 2/ |\Vﬁu2dx+/ RPDEadx—/ Ry (0%, z,t)ds(z)
27 Ja Q 80
+/aVﬁ~fdx
Q
1 g ~112 1 2
<5(=9" +ifll) [ [IVal~dz + |Rppel“de + [ |Rpc|ds(z)
2 Q 2 Ja o0

45U Itlo) [ JaPds
Q

N =

So
10 ~ 2 1 2 ~112 1 2
557 [ @) dz + 59" = [Ifllee) [ [IVall"d <5 [ |Rpppl*dz+ [ [Ryc|ds(z)

1
45 Nlo) | faPda.
Q
Integrating the above inequality over [0, 7] for VO < 7 < T, since g — ||f||s > 0, we obtain
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Using Gronwall’s inequality, we have
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For V8 € ©, by the convergence of Monte-Carlo integrals, we have that

Nt Ny
, | Rpe|?ds(z)dt — o NT DD | Rue(0 L) 1)2| < (N Np) 12,
k=1 1i=1
On the other hand, since for V& € {1, -- NT} the samples in {xP[iE NPDE are all i.i.d, and 4,
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with probability at least 1 NI

Similarly, we have

Ny
Ric(0) — (/Q Pdata () 10g (Paata () )dx — m Zlog (ug xtb J )) S

with probability at least 1 —
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Consider 6y such that ug, satisfies Equation @ (the existence of 0y is guaranteed by Theorem [A.7)),
since & = wg+ is the minimizer of Ly;.q;y, (thus the minimizer of Ly,qipn), We have Liyqin (6%) <

Lirain(60). Concluding from above, we have that with probability at least 1 — \/% - ]2th’
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As a result, with probability at least 1 —
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Finally, since min,¢ (o 1)(9(t)* — [|f]|oc) = do > 0, we have that for V¢ € [0, T], with probability at
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Let €g = (Charu)"*In NN~5+1, then ) can be arbitrary small by choosing large enough N (i.e.
the width of the training neural networks), thus proving the desired error bounds. O
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