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Abstract

Phylogenetic trees are hybrid objects: branch
lengths vary continuously, while topologies
change discretely through edge contractions and
expansions. Billera—-Holmes—Vogtmann (BHV)
tree space provides a canonical geometry for this
structure, representing each resolved topology as
a Euclidean orthant and topological changes as
motion across shared lower-dimensional bound-
aries. This raises a natural question for genera-
tive modeling: can neural transport models learn
meaningful motion through tree space? We intro-
duce PhylaFlow, a hybrid flow-matching model
for posterior-basin transport in BHV tree space.
PhylaFlow is trained on BHV geodesic paths
from random starting trees to short-run poste-
rior samples, coupling continuous branch-length
motion within orthants with learned boundary
events and discrete topological transitions. We
use Bayesian posterior-basin recovery as an op-
erational test of this learned geometry: if the
flow reaches meaningful regions of tree space,
then finite-budget Bayesian refinement initial-
ized from or guided by its terminal trees should
recover posterior-supported topologies more ef-
ficiently. Across DS1-DS8 benchmarks, Phy-
laFlow substantially reduces initial Tree-KL rela-
tive to random, maximum-likelihood, maximum-
parsimony, and UShER-based initializers. Af-
ter finite-budget MrBayes refinement, direct Phy-
laFlow improves early and intermediate topology-
recovery trajectories on most datasets, while a
split-guided PhylaFlow-MCMC refinement ob-
tains the strongest hard-case results. Compared
with strong posterior-informed and neural con-
trols, the best PhylaFlow variant outperforms
short-warmup on seven of eight datasets and
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PhyloGEN on five of eight datasets under the
same refinement budget. In a separate joint
sequence-conditioned experiment, sequence em-
beddings steer posterior split recovery, although
exact posterior topology recovery remains pre-
liminary. These results show that hybrid flow
matching can learn actionable transport in BHV
tree space and provide a geometry-aware proposal
mechanism for Bayesian phylogenetic inference.

1. Introduction

Phylogenetic inference is central to evolutionary biology,
genomic surveillance, and the interpretation of biological
sequence data(Kapli et al., 2020). It allows us to recon-
struct how pathogens spread, how variants diversify, and
how species and genes have diverged across evolutionary
time (Goig et al., 2025; May & Rannala, 2024; Hadfield
et al., 2018). Yet despite its importance, phylogenetic infer-
ence is still often treated as a difficult combinatorial search
problem over discrete tree topologies, coupled with contin-
uous optimization or sampling over branch lengths (Kapli
et al., 2020).

Phylogenetic inference is a generative biology problem:
from biological sequences, we seek to generate posterior-
supported evolutionary histories over tree topologies and
branch lengths. However, phylogenetic trees are not merely
discrete combinatorial objects; they inhabit a hybrid ge-
ometric space that is neither purely continuous nor dis-
crete. Branch lengths vary continuously, while topolog-
ical changes occur through edge contractions and expan-
sions(Woodman & Nye, 2025). Billera—Holmes—Vogtmann
(BHV) tree space provides a canonical geometry for this hy-
brid object: each topology is an orthant, branch lengths are
coordinates within that orthant, and topology changes occur
by crossing shared lower-dimensional boundaries (Billera
et al., 2001b). By organizing tree topologies according to
shared boundaries, BHV space turns tree search from a set
of isolated combinatorial moves into a structured geometry
in which nearby trees are meaningfully related.

This geometric perspective suggests a natural question for
generative modeling: can neural transport models learn
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Figure 1. Overview of PhylaFlow initialization in tree space.
Traditional MCMC/MrBayes chains initialized from shared ran-
dom starts follow long exploratory trajectories before entering the
posterior basin. PhylaFlow maps the same starts into BHV tree
space and transports them to diverse candidate basin-entry propos-
als. In contrast, maximum likelihood and maximum parsimony
provide single-point initializations. Distinct regions of the poste-
rior basin correspond to different high-posterior tree topologies.

meaningful motion through tree space? Bayesian phyloge-
netic inference offers a stringent way to test this question.
Posterior mass over trees is often concentrated in multi-
ple distant topological basins, and classical Markov chain
Monte Carlo (MCMC) methods may spend substantial fi-
nite compute discovering these regions before likelihood-
based refinement and calibration become effective(Alfaro
& Holder, 2006; Lakner et al., 2008). We therefore study
whether learned BHV motion can transport arbitrary starting
trees toward posterior-relevant basins.

We propose PHYLAFLOW, a hybrid flow model (Lipman
et al., 2023)for posterior-basin transport in BHV tree space,
producing starting trees that enhance Bayesian phyloge-
netic inference. Rather than attempting to replace calibrated
Bayesian inference, PHYLAFLOW learns an amortized ini-
tializer: given a starting tree, it predicts tree-space motion
toward regions supported by posterior samples. The model
is trained from posterior-supervised trajectories between
simple or heuristic starting trees and empirical posterior
trees, learning continuous branch-length motion together
with discrete topological transitions through BHV bound-
aries.

The PHYLAFLOW formulation differs from existing neural
phylogenetic models along both algorithmic and statistical
axes. Some methods learn dataset-specific variational pos-
terior distributions or sequential posterior samplers, often
using alignment-based likelihood objectives during training
(Zhang & TV, 2019; Mimori & Hamada, 2023; Huelsenbeck
& Ronquist, 2001). Others generate or optimize a single
high-scoring tree from an alignment or sequence represen-
tation (Nesterenko et al., 2025; Zhou et al., 2024; Duan
et al., 2024). In contrast, PHYLAFLOW does not attempt
to replace posterior sampling or point-tree optimization. It

learns tree-to-tree motion in the intrinsic BHV geometry of
phylogenetic trees: it transports random initial trees toward
posterior-relevant basins. After training, this proposal step
does not require a multiple-sequence alignment (MSA) or
explicit likelihood evaluation; standard MCMC is then used
for likelihood-based refinement and calibration.

Because a single proposed tree cannot establish whether
the surrounding region of tree space has posterior support
(Alfaro & Holder, 2006; Ronquist et al., 2012), we evaluate
PHYLAFLOW operationally through downstream Bayesian
refinement. If PHYLAFLOW terminal trees are closer to
posterior-relevant regions, then standard MrBayes (Huelsen-
beck & Ronquist, 2001), a widely used Bayesian phyloge-
netic MCMC sampler, initialized from those trees should
reach lower topology error and higher likelihood earlier than
chains initialized from conventional alternatives. We there-
fore measure Tree-KL, a divergence measure comparing
sampled tree-topology distributions to a long-run reference
posterior, and likelihood traces under matched MrBayes
budgets. We compare PHYLAFLOW starts against random
trees, maximum likelihood starts (Nguyen et al., 2014), max-
imum parsimony starts(Ronquist et al., 2012; Turakhia et al.,
2021), and available neural tree-generation baselines (Zhou
et al., 2024).

Across eight phylogenetic posterior benchmarks (Lakner
et al., 2008) spanning diverse evolutionary regimes, PHY-
LAFLOW produces better starting trees and improves down-
stream Bayesian refinement under matched compute bud-
gets. The gains are most pronounced in the early and inter-
mediate MCMC regime, supporting the view that learned
BHYV motion can reduce topology-space burn-in without
replacing likelihood-based posterior calibration. We further
find that learned split structure can guide post-hoc refine-
ment in difficult cases, suggesting that the model captures
actionable posterior geometry rather than merely producing
isolated high-likelihood trees. Finally, we provide early evi-
dence that this transport can be controlled by conditioning
on sequence embeddings. Together, these results suggest
that BHV geometry can be used not only to describe tree
space, but to learn useful motion through it, providing an
early example of differentiable modeling for phylogenetic
inference

2. Related Work

Neural posterior approximation. A major line of work
builds on variational Bayesian phylogenetic inference
(VBPI), replacing MCMC with tractable variational dis-
tributions over tree topologies and branch lengths optimized
against the phylogenetic likelihood and prior (Zhang &
IV, 2019). Subsplit Bayesian networks (SBNs) (Zhang
& Matsen 1V, 2018), ARTree (Xie & Zhang, 2023b), and
ARTreeFormer (Xie et al., 2025a) parameterize increasingly
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flexible topology distributions for posterior approximation
or density estimation, while GeoPhy (Mimori & Hamada,
2023) induces tree distributions from continuous coordi-
nates and optimizes a likelihood-driven variational objec-
tive. These methods aim to represent a posterior distribu-
tion, often for a fixed dataset. PHYLAFLOW instead learns
posterior-informed tree-to-tree motion: its role is not to re-
place MCMC, but to initialize it closer to posterior-relevant
regions.

Neural tree generation and likelihood-guided samplers.
Other neural methods generate trees directly. Phyloformer
predicts phylogenetic structure from multiple-sequence
alignments, while PhyloGen uses genomic language-model
features to generate and optimize tree topology and branch
lengths without aligned sequence constraints or explicit evo-
Iutionary models (Nesterenko et al., 2025; Duan et al., 2024).
These methods provide natural neural start-tree baselines,
but they primarily optimize or generate trees rather than
learning posterior-basin transport. PhyloGEN is closer to
posterior sampling: it learns a GFlowNet policy that sequen-
tially constructs trees and, in its Bayesian version, is trained
with a reward derived from the phylogenetic likelihood and
branch-length prior (Zhou et al., 2024). Thus PhyloGFN
is a strong likelihood-guided neural sampler, whereas PHY-
LAFLOW learns likelihood-free proposal-time motion in
BHYV space.

3. Methods

3.1. Reframing Phylogenetics as an Optimal Transport
Problem

The goal of Bayesian phylogenetic inference is to character-
ize the posterior distribution over tree topologies and branch
lengths given an observed sequence alignment,

P(T,B| S.0),

where T' denotes the tree topology, B denotes branch
lengths, S denotes the observed sequences, and 6 denotes ad-
ditional model parameters or prior specifications, such as the
substitution model, rate heterogeneity model, or tree prior
(Alfaro & Holder, 2006). Many recent machine-learning
approaches focus on a simplified setting in which infer-
ence is primarily conditioned on the sequence alignment
S, with such model parameters treated as fixed, implicit, or
absorbed into the training distribution (Xie et al., 2025b;
Mimori & Hamada, 2023; Nesterenko et al., 2025; Xie &
Zhang, 2023a).

Estimating this posterior distribution is costly because
it requires marginalizing over a combinatorially large
space of possible tree topologies and continuous branch

lengths(Lakner et al., 2008):

P(S|T,B,0) P(T,B | 6)
Z(S,0) ’

P(T,B|S,0)=
where the marginal likelihood, or model evidence, is

Z(8,0) =

/ P(S|T',B,0)P(T',B" | 6)dB.
1eT, /BI)

Computing it exactly is generally intractable because the
number of possible tree topologies grows rapidly with the
number of taxa, and each topology is associated with a
continuous branch-length space. As a result, classical
Bayesian phylogenetic methods approximate this poste-
rior using Monte Carlo sampling, most commonly Markov
chain Monte Carlo (MCMC), as in MrBayes and BEAST
(Huelsenbeck & Ronquist, 2001; Bouckaert et al., 2014).
Recent machine-learning approaches instead use amortized
or variational inference methods to approximate the poste-
rior more efficiently, for example by optimizing a tractable
lower bound or surrogate objective (Zhang & IV, 2019;
Zhang, 2020); see Appendix A.1.

We propose reframing phylogenetic inference as a trans-
port problem between a simple base distribution and the
intractable posterior over trees and branch lengths. Specif-
ically, PHYLAFLOW learns a transport map that pushes
forward samples from an initial distribution

PO(U’ C)v

where U represents a latent tree-structure variable and ¢
parameterizes positive branch lengths through B = exp((),
to an approximation of the target posterior distribution

P/(T,B | S,6).

3.2. BHV Tree Space as a Geometry for Local Tree
Moves

Tree topologies are combinatorial objects, so they do not
admit ordinary Euclidean gradients. The Billera—Holmes—
Vogtmann (BHV) space (Billera et al., 2001a; Woodman
& Nye, 2025) provides a useful geometric relaxation: for
a fixed fully resolved unrooted topology 7" on N taxa, the
internal branch lengths form a Euclidean orthant

N—
Or =RY;.

Different orthants are glued together along faces where one
or more internal branch lengths are zero. Thus, continu-
ous motion inside an orthant changes branch lengths while
preserving topology, whereas crossing an orthant boundary
corresponds to contracting edges, forming an unresolved
tree, and resolving it into a different topology. We review
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Figure 2. Motion in BHV tree space. Each orthant represents
a fixed tree topology, with coordinates given by internal branch
lengths. Moving within an orthant changes branch lengths without
changing topology. When an internal branch contracts to zero,
the path reaches a boundary corresponding to an unresolved tree;
resolving that boundary in a different way moves the sample into
a new topology. PHYLAFLOW uses this geometry to combine
continuous branch-length transport with learned discrete topology
transitions.

the formal BHV metric and geodesic computation in Ap-
pendix B.

In PHYLAFLOW, we use BHV space as a local coordinate
system for hybrid tree transport. Within the interior of a
fixed topology 7', branch lengths evolve according to a time-
dependent velocity field

B, = V,(T, By, t; (S)), By € 0%,

which is trained by conditional flow matching on supervised
branch-length velocities. This continuous component mod-
els how branch lengths should change while the topology
remains fixed. Topology changes are handled separately
as boundary events. When one or more internal branches
approach zero, a boundary head predicts which branches
vanish, and a discrete autoregressive transition model re-
solves the resulting polytomy into a neighboring topology.
The resulting sampler is therefore hybrid: continuous flow
transports samples within orthants, while learned discrete
transitions move samples between orthants.

3.3. Model Architecture

PHYLAFLOW takes as input a tree state (topology and
branch lengths), the current flow time, and sequence-derived
embeddings to create node and edge tokens to input into a
graph transformer (Kim et al., 2022)(Appendix C.1). The
hidden representation is then passed to three heads: the
first-hit head, the velocity head, and the topology head (Fig-
ure 3).

Velocity head. The velocity head predicts a scalar branch-
length velocity for each active edge:

'E)w,e = gvel(he)a ec E(Tt)

This output parameterizes the continuous vector field within
the current BHV orthant.
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Figure 3. PhylaFlow graph-state encoder and transition heads.
PhylaFlow represents the current tree, sequence information, time,
and start-tree conditioning as graph, node, and edge tokens. A
shared graph transformer encodes this tokenized tree state, after
which separate heads predict continuous branch-length velocities,
boundary first-hit events, and autoregressive topology transitions.
This parameterization couples continuous motion within a tree-
space orthant with discrete transitions across orthant boundaries.

First-hit head. The first-hit head predicts which active
internal edges are expected to collapse first.

e e Eint (Tt)

hw,e - ghit(he7 ka C)a
The resulting logits are used to identify the next boundary
event, where one or more internal branches shrink to zero.

Topology head. After a boundary event, the collapsed
tree may contain an unresolved polytomy. The topology
head resolves this polytomy by predicting a sequence of
structured-subset actions:

Am ~ qu (am ‘ Ttvetaa<mat; (I)(S),C) ’

where each a,, selects a starter pair, an additional member,
a subset size, or a stopping decision.

Two notions of time. PHYLAFLOW distinguishes a con-
tinuous within-orthant time from a discrete phase index.
Within an orthant, branch lengths evolve in a continuous
local time 7 € [0, 1] used by the velocity field; integra-
tion along 7 advances ¢ until the predicted boundary is
reached. Across orthants, trajectories are organized into
discrete phases indexed by k € {0,1,..., K}, where k
increments each time a boundary event is taken. Representa-
tions for both and continuous times are integrated into node
and edge representations, and continuous time is also passed
into the first-hit head.

Start-tree case conditioning. Each training and inference
path is initialized at a random starting tree (Appendix D.2,
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C.4). We precompute a per-start embedding using a frozen
metric encoder trained beforehand on tree-distance probes.
This frozen embedding is injected into the first-hit head and
the topology head receives it additively inside the structured-
subset module.

3.4. Training Objective

Each training example is derived from a supervised BHV
geodesic between a sampled start tree and a target tree.
Rather than training only on the endpoints, we decompose
this geodesic into labeled tree states. A state is written
xy = (Ty, 4;), where T; is the current topology and ¢; are
the active branch lengths. Each state is also associated with
a within-orthant time 7, a discrete phase index k, sequence-
derived embeddings, and the frozen start-tree embedding
c.

This decomposition produces two kinds of supervision. For
states in the interior of an orthant, the topology is fixed
and the model is trained to predict continuous branch-length
motion within that orthant. Specifically, for each active edge
e € E(Ty), the velocity head is supervised with the geodesic
velocity vi. The same state also provides supervision for
the first-hit head: the target is the set H* C FEjn(7};) of
active internal edges that collapse at the next boundary event.
These intra-orthant examples therefore train the velocity
field and the first-hit predictor. At a boundary, the geodesic
specifies a transition between adjacent orthants. The end of
the current orthant contains a set of death edges that collapse
to zero, and the next orthant introduces a corresponding set
of birth edges. We convert each boundary transition into
a supervised autoregressive sequence of structured-subset
actions. Starting from the unresolved polytomy obtained
after the death edges collapse, each prefix aZ,, defines a
partially resolved tree, and the topology head is trained to
predict the next action a},. These inter-orthant examples
supervise the sequence of topology decisions that maps the
boundary tree to the topology of the next orthant. The total
loss combines these three supervised objectives:

L= Avelﬁvel + )\hitﬁhit + )\top‘ctop + )\anchorﬂanchor

Here, L matches predicted and supervised branch-length
velocities on intra-orthant states, Ly,;; trains the first-hit head
to identify the next collapsing internal edge set, and Lyop
is the autoregressive loss for the inter-orthant states. We
additionally include an auxiliary anchor loss on states from
fixed supervised start—target paths to stabilize the direction
of edge contraction. Once trained these heads are used in
a deterministic sampling algorithm to produce movement
in BHV space (Appendix C.7). Detailed definitions and
implementation choices are provided in Appendix C.2.

4. Results

We ask whether learned transport in BHV tree space can
move unseen starting trees toward posterior-relevant regions
of tree space. We evaluate this with complementary diagnos-
tics that capture both topological agreement and likelihood
plausibility. TreeKL measures agreement between the sam-
pled topology distribution and an independent long-run MR-
BAYES posterior, rewarding methods that recover posterior-
supported topologies and multiple topological modes rather
than only a single high-likelihood tree. Split-KL provides a
coarser marginal view by comparing posterior split frequen-
cies. Finally, an optimized-likelihood gap checks whether
sampled topologies lie in a plausible high-likelihood re-
gion under the alignment. Formal definitions are given in
Appendix D.3.

We organize the results around four questions: (i) does
learned BHV transport move unseen starts toward posterior-
supported topologies; (ii) does this remain true under
stronger posterior-informed and neural controls; (iii) can the
transport be conditioned by sequence embeddings; and (iv)
what geometric motion does the model learn? Component
ablations are reported in Appendix D.12.

4.1. Can PHYLAFLOW learn meaningful BHV motion?

Experimental Setup For each benchmark dataset DS1—
DS8 (Lakner et al., 2008), we use two independent MR-
BAYES runs: a short run used only to construct training
targets for PHYLAFLOW, and a longer run used as the ref-
erence posterior for evaluation (Xie & Zhang, 2023a). Let
%fihort denote the empirical topology distribution from the
short run for dataset d. We train PHYLAFLOW on BHV
geodesic paths from random starting trees to target poste-
rior topologies sampled according to 75°™, so topologies
appearing more frequently in the short posterior run are
sampled more often as transport targets.

At evaluation time, PHYLAFLOW is applied to unseen ran-
dom starts (Appendix D.2), and the resulting trees are used
to initialize independent MRBAYES chains. We compare
against classic baselines in Phylogenetics (Appendix D.6)
under the same downstream MRBAYES configuration and
the same 10°-generation budget. We exclude sequence-
derived embeddings from these experiments. At inference
time, PHYLAFLOW receives no sequence or likelihood in-
formation; it is evaluated only on whether learned BHV
transport generalizes to unseen start trees.

Topology-distribution agreement. Table 1 reports ini-
tial TreeKL before MCMC and final TreeKL after the 10°-
generation MRBAYES run. Before MCMC, PHYLAFLOW
obtains the lowest TreeKL on all eight datasets, whereas
most standard initializers have little or no overlap with
the reference posterior topology support. This shows that



Hybrid Flow Matching in BHV Tree Space

learned BHV transport moves unseen random starts sub-
stantially closer to posterior-supported topological regions
before any likelihood-based MCMC correction.

After standard finite-budget MRBAYES refinement, direct
PHYLAFLOW initialization remains the best non-guided ini-
tialization on DS1, DS2, DS4, DSS5, and DS8. On DS3, DS6,
and DS7, standard MRBAYES refinement from maximum-
parsimony or related starts gives lower final TreeKL. How-
ever, the checkpoint trajectories show that PHYLAFLOW
can reach stronger topology-distribution agreement earlier
in the chain than is preserved at the final checkpoint. On
DS3, PHYLAFLOW reaches TreeKL 2.134 by 20K genera-
tions, but ends at 2.539 by 100K. On DS6, PHYLAFLOW
reaches TreeKL 4.814 by 40K generations, but ends at 5.042
by 100K. These non-monotone trajectories suggest that stan-
dard local MRBAYES proposals do not always preserve or
exploit the basin structure supplied by the learned initializa-
tion under a finite budget.

We therefore also evaluate PHYLAFLOW as a proposal guide
in a PhylaFlow-MCMC refinement scheme. PhylaFlow-
MCMC constructs a guide bank of PHYLAFLOW-generated
trees, estimates split weights from this bank, and uses these
weights to bias local NNI proposals toward PhylaFlow-
supported splits (Appendix D.9). PhylaFlow-MCMC ob-
tains the best final TreeKL on DS3, DS5, DS6, DS7, and
DS8, while direct PHYLAFLOW initialization remains best
on DS1, DS2, and DS4. Longer standard MRBAYES runs
did not eliminate this gap in the tested hard cases: on DS3,
the best baseline after one million steps gives TreeKL 2.365,
compared to 0.117 for PhylaFlow-MCMC; on DS6, base-
line one million steps gives TreeKL 5.006, compared to
4.479 for PhylaFlow-MCMC (Appendix D.7). These results
suggest that PHYLAFLOW provides posterior-relevant pro-
posal information that standard MRBAYES may not discover
efficiently from many starts.

Likelihood-based posterior-basin diagnostic. TreeKL
measures posterior topology-distribution agreement, but it
does not by itself verify that sampled topologies lie in a
plausible likelihood region. To investigate this we compare
the median log-likelihood of generated topologies to that of
the posterior (Appendix D.3). Table 10 shows that before
MCMC, random starts are far outside the posterior-core
likelihood regime, with gaps of thousands to tens of thou-
sands of log-likelihood units. In contrast, PHYLAFLOW
proposes initial topologies with small optimized-likelihood
gaps on most datasets and obtains the smallest initializer-
only gap on DS2, DS3, DS4, DS5, and DS8. 1Q-TREE
remains strongest on DS1, DS6, and DS7, as expected
for a likelihood-optimized initializer. After 105 genera-
tions of MRBAYES, the likelihood gaps become small for
all methods. This indicates that PHYLAFLOW improves
posterior-topology occupancy without sending chains into

likelihood-poor regions.

4.2. Does learned BHV motion remain useful under
stronger controls?

The preceding experiments test the geometric question: can
learned BHV transport move unseen random trees toward
posterior-relevant basins? We next compare against two
stronger controls with more direct access to posterior or like-
lihood information. The short-warmup baseline initializes
directly from the same kind of short MRBAYES posterior
sketch used to supervise PHYLAFLOW. PhyloGFN (Zhou
et al., 2024) is a state-of-the-art likelihood-trained neural
sampler.

Table 2 shows that these controls are strong, but do not
eliminate the value of learned BHV motion. PhyloGFN
gives the best 100K Tree-KL on DS1, DS4, and DSS, while
direct PHYLAFLOW is best on DS2. On the harder finite-
budget cases, PHYLAFLOW-MCMUC is best on DS3, DS5,
DS6, and DS7. To further isolate the role of initialization
from the downstream MCMC procedure, we also evalu-
ate a PhyloGFN-MCMC variant that uses the same refine-
ment procedure as PHYLAFLOW-MCMC, but initializes
from PhyloGFN samples. This variant improves over PHY-
LAFLOW-MCMC on DS3, but PHYLAFLOW-MCMC re-
mains better on DS5, DS6, and DS7, the harder posterior
distributions in this group (Appendix D.10).

Cost also matters. Table 5 reports method-specific setup
time before the shared 10°-generation MRBAYES refine-
ment. Short-warmup is cheapest, but often less accurate.
PhyloGFN is strong, but its estimated setup time grows
sharply on the larger benchmarks, reaching 43—48 hours on
DS7-DSS8. In contrast, even when PHYLAFLOW is charged
for the short-run supervision used to construct training tar-
gets, its setup time stays between 10-26 hours on DS2-DS8
and totals 140.23 hours across all datasets, compared with
235.92 hours for PhyloGFN (Appendix D.5). This test there-
fore supports a quality—cost conclusion: learned BHV trans-
port gives a comparatively efficient path to proposal-useful
posterior geometry.

4.3. Can PHYLAFLOW be conditioned on sequence
embeddings?

To test whether PHYLAFLOW can learn a sequence-
conditioned transport map, we train a single checkpoint
jointly on DS1-DS8 and condition generation on dataset-
specific embeddings of the input alignment. We use Phyla
embeddings (Ektefaie et al., 2026) (Appendix D.11). This
setting is substantially harder than the per-dataset regime
used above: one shared checkpoint must represent multiple
posterior landscapes with different taxon sets and align-
ments.
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Table 1. Initial and final Tree-KL (lower is better) relative to the long-run posterior topology distribution. Panel A reports the Tree-KL of
the supplied initial topology distribution before MCMC. Panel B reports the final Tree-KL after finite-budget MCMC run.

Method DS1 DS2 DS3 DS4 DS5 DS6 DS7 DS8
Initial Tree-KL, before MCMC

Random 15.442 16.169 17.609 17.042 15406 16.852 16.417 16.407
MP 15.442 16.169 12.637 17.042 15406 16.852 14.357 16.407
IQ-TREE 11.775 16.169 17.609 17.042 15406 16.852 16.417 16.407
UShER-s 15442 16.169 17.609 17.042 15.406 16.852 16.417 16.407
UShER-ms 15.442 16.169 17.609 17.042 15406 16.852 16.417 16.407
PhylaFlow 2728 0505 2941 7.631 6.020 8.005 11.345 9.557
Final Tree-KL, after finite-budget MCMC

Random 0403 0.072 2422 0.263 4274 5.108 2.628 0.905
MP 0430 0.071 2.106 0277 4215 4972 2297 0987
IQ-TREE 4.051 0.067 2406 0.184 6.790 5479 2.651 0.989
UShER-s 0.586 0.086 2516 0.294 4823 5.087 2.678 0.939
UShER-ms 0435 0.082 2.650 0.273 4.136 5.057 2456 0.821
PhylaFlow 0.150 0.049 2539 0.169 3.448 5.042 2468 0.787
PhylaFlow-MCMC  0.304 0.139 0.117 0.514 1808 4479 1.071 0.612

Table 2. Tree-KL after 10° generations of finite-budget refinement.

Best classical is the best result from the baselines in Table 1.

Short-warmup initializes directly from the short MrBayes posterior sketch used to supervise PHYLAFLOW.

Method DS1 DS2 DS3 DS4 DS5 DS6 DS7 DS8
Best classical 0403 0.067 2.106 0.184 4.136 4.972 2297 0.821
short-warmup 0.164 0.061 1.956 0.206 2.948 4.949 1.990 0.502
PhyloGFN 0.103 0.051 1.983 0.151 2950 5.337 2.353 0.313
PHYLAFLOW 0.150 0.049 2.539 0.169 3.448 5.042 2.468 0.787
PHYLAFLOW-MCMC 0.304 0.139 0.117 0.514 1.808 4.479 1.071 0.612

The joint conditioned checkpoint achieves low split-KL un-
der native conditioning, indicating that it recovers much
of the dataset-specific posterior split mass. However, its
exact-topology Tree-KL before refinement is substantially
worse than dataset-specific PHYLAFLOW, suggesting that
the model often identifies posterior-relevant splits without
yet assigning accurate joint mass to complete topologies (Ta-
ble 12). The conditioned model gives useful posterior-region
starts, but does not yet achieve state-of-the-art amortized
inference across datasets.

To test whether generation is genuinely controlled by
the sequence conditioning signal, we perform a cross-
conditioning stress test. For each target dataset, we fix
the checkpoint, starting topologies, posterior reference, and
scoring procedure, and vary only the Phyla embedding bank
supplied to the sampler. The diagonal condition uses the
target dataset’s own embedding bank, while off-diagonal
conditions swap in another dataset’s embedding bank. Na-
tive conditioning achieves the lowest split-KL for every
target with at least one valid off-diagonal swap. Averaged
over seven targets, native conditioning gives split-KL 0.236,
whereas the best valid off-diagonal swap gives split-KL

3.596, a mean native advantage of 3.359 (Table 13). Be-
cause only the conditioning bank changes within each target
row, this diagonal dominance shows that the joint check-
point is not merely learning an unconditional prior over
plausible trees. Its flow is actively routed by the sequence-
derived conditioning signal.

4.4. What motion does PHYLAFLOW learn?

To examine the geometry learned by PHYLAFLOW, we
inspected 50 test-time trajectories. Figure 4 shows three
representative examples. These trajectories suggest that
PHYLAFLOW does not simply reproduce the BHV geodesic
between the start and target trees. Instead, it learns a distinct
amortized motion through tree space: the first phase often
collapses many internal splits simultaneously, producing a
low-dimensional boundary tree, and then rebuilds the tree
by inserting many new short splits into a different orthant.
Subsequent phases are smaller and typically add, remove,
or rearrange only a few splits, acting as local refinements
rather than large topological jumps.
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Figure 4. Partial representative topology trajectories learned by PHYLAFLOW. Each phase shows a legal BHV transition from orthant start
to boundary to rebuilt tree. The highlighted phase 1 shows the typical large collapse—rebuild step, followed by smaller refinements. RF

denotes Robinson—Foulds distance to the reference tree.

5. Discussion

This work proposes a hybrid approach to phylogenetic in-
ference in which neural transport improves posterior-basin
discovery while likelihood-based MCMC is retained for sta-
tistical refinement. PHYLAFLOW learns geometry-aware
motion in BHV tree space, where branch-length changes and
topology transitions are represented within a shared struc-
ture. Across DS1-DS8, PHYLAFLOW moved random start-
ing trees toward posterior-relevant regions before MCMC
refinement, improving agreement with posterior split struc-
ture across all benchmarks.

A key challenge in BHV space is that useful movement
between topologies requires coordinated behavior at or-
thant boundaries, where internal edges contract and new
topological structures emerge. PHYLAFLOW was able to
learn transport dynamics that produced useful topology and
branch-length changes from unseen starting trees. These
results suggest that actionable motion in BHV space is learn-
able.

PHYLAFLOW is therefore best understood as an initializer or
proposal mechanism rather than a replacement for Bayesian
inference. Its proposals maintained plausible likelihood
profiles while improving posterior-topology agreement, sug-
gesting that the model captured reusable posterior structure
rather than simply producing isolated high-scoring trees.
The split-informed refinement results further support this
interpretation. The sequence-conditioned experiments pro-
vide an initial step toward amortized phylogenetic inference,
showing that sequence-derived embeddings can steer trans-

port toward dataset-relevant split structure.

Several limitations remain. First, the current sampling pro-
cedure can be slow because autoregressive topology updates
require repeated model calls, especially when many rear-
rangement or merge steps are needed. More efficient batch-
ing, parallel proposal generation, or non-autoregressive ap-
proximations could substantially improve scalability. Sec-
ond, sequence-conditioned performance remains weaker
than dataset-specific training, indicating that cross-dataset
generalization is still limited. Third, the current implemen-
tation was not optimized for training efficiency, particularly
in how labels and intermediate tree states were loaded. Fi-
nally, while frozen sequence embeddings provided useful
conditioning signal, end-to-end training of the sequence and
tree components may learn representations better aligned
with phylogenetic transport.

Overall, PHYLAFLOW shows that differentiable, geometry-
aware models can learn useful motion in phylogenetic tree
space while complementing existing likelihood-based infer-
ence methods. More broadly, these results suggest a path
toward amortized phylogenetic models that learn reusable
patterns of evolutionary structure across datasets.

Code Availability

Code for PHYLAFLOW is provided in an anonymized repos-
itory at https://anonymous.4open.science/xr/
Anonymous-41D5/README.md. The repository con-
tains implementation details and instructions for reproduc-
ing the main training, generation, and evaluation workflows.


https://anonymous.4open.science/r/Anonymous-41D5/README.md
https://anonymous.4open.science/r/Anonymous-41D5/README.md
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The repository is anonymized for review and will be re-
placed by a permanent public release upon acceptance.
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A. Appendix
A.1. Existing approaches to phylogenetics
Bayesian phylogenetic inference aims to characterize the posterior distribution over tree topologies and branch lengths,

p(S|T,B,0)p(T,B|0)

p(T,B|S,9): p(S\Q) ,

where 7" denotes the tree topology, B denotes the branch lengths, S denotes the observed sequence alignment, and 6 denotes
additional evolutionary-model parameters. The marginal likelihood,

p(S10) = Z/ (S| T, B,0)p(T", B' | ) dB’,
T €T,

is generally intractable because the number of possible tree topologies grows combinatorially with the number of taxa and
each topology has a continuous branch-length space.

Classical Bayesian phylogenetic methods therefore approximate this posterior using Monte Carlo sampling, most commonly
Markov chain Monte Carlo (MCMC) (Huelsenbeck & Ronquist, 2001). Given posterior samples

(THBZ)Np(T?B‘S?e)a 7':17 N

) )

expectations under the posterior can be approximated as

Epr,815,0)[f (T, B)] ~ N Z [ (T, By)

For example, posterior split frequencies, topology probabilities, or summary statistics of branch lengths can be estimated by
choosing an appropriate function f(7', B). In this framework, the likelihood p(S | T, B, 6) is used to evaluate candidate
trees during sampling, while the final output is an empirical approximation to the posterior distribution.

Variational phylogenetic methods take a different approach. Rather than drawing samples from the posterior using a Markov
chain, they introduce a parameterized distribution ¢, (7, B | .S) and optimize it to approximate the true posterior (Zhang &
IV, 2019). A common objective is to minimize the Kullback-Leibler divergence

o = argm(gnDKL (go(T,B | S)||p(T,B | S,86)).

Equivalently, variational inference maximizes the evidence lower bound (ELBO),
ﬁELBO(¢) = Eq¢(T,B\S) [logp(S | Tana)] — DkL (%(TaB \ S) ||p(TaB | 9)) .

The first term rewards trees that explain the observed alignment well under the phylogenetic likelihood, while the second term
regularizes the variational distribution toward the prior over topologies and branch lengths. Recent neural and variational
approaches use increasingly expressive parameterizations of g4, including structured topology distributions and generative
models over trees (Zhang & IV, 2019; Duan et al., 2024; Nesterenko et al., 2025; Zhou et al., 2024; Xie et al., 2025b)

B. The Billera—Holmes—Vogtmann (BHV) Metric

The Billera—Holmes—Vogtmann (BHV) space (Billera et al., 2001a) provides a geometric representation of phylogenetic
trees with a fixed leaf set. For NV taxa, each fully resolved unrooted topology 1" corresponds to a closed orthant

_ mN-3
Or =R5, 7,

whose coordinates are the internal branch lengths of 7'. Points in the interior of Op represent trees with topology 7" and
strictly positive internal branch lengths. Boundary faces, where one or more internal branch lengths are zero, correspond to
unresolved trees and are identified with the corresponding faces of other orthants. The resulting space

Tn = BHVy
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is a piecewise-Euclidean CAT(0) metric space. Consequently, any two trees 1, x5 € T are connected by a unique geodesic
I, ., and the BHV distance dppy (21, z2) is the length of this geodesic.

Within a single orthant, dppy reduces to the Euclidean distance between branch-length vectors. When two trees have
different topologies, the geodesic is a piecewise-linear path through a sequence of orthants. Along this path, edges present
in the first tree but incompatible with the target topology are contracted to zero, the path crosses lower-dimensional faces
corresponding to unresolved trees, and edges of the target topology are expanded. Edges shared by the two endpoint trees
remain present along the geodesic, with their lengths varying continuously.

B.1. Efficient Computation of BHV Geodesics

Although the number of tree topologies grows super-exponentially with N, BHV geodesics can be computed in polynomial
time. Owen and Provan (Owen & Provan, 2011) gave an O(N*)-time algorithm for computing the BHV geodesic between
two trees. The algorithm represents each internal edge by its split of the taxon set and characterizes the geodesic by an
ordered support sequence

(A1, B1), .., (Ak, B),

where A; is a set of edges contracted from the first tree and B; is a set of edges expanded toward the second tree.
Let z1; = (T1,¢1) and 2o = (T3, {3), with internal split sets Fy and Fs. Let
Ecommon = E1 N Eo

denote the splits shared by the two trees. For a set of edges A C F1, define

1/2
[ (A)ll2 = (Z f1(6)2> ;

ecA

and define ||¢2(B)||2 analogously for B C E». Given the geodesic support sequence {(A;, B;)}¥_,, the BHV distance is

dpnv(r1,22)” = Y (fi(e) = lafe +Z (161 (Ad)l2 + [1€2(B)2)* -

€€ Ecommon

The first term accounts for length changes on shared internal edges. The second term accounts for the contraction and
expansion of incompatible edge sets along the geodesic. Owen and Provan compute the support sequence by solving a
sequence of polynomial-time combinatorial subproblems on incompatibility graphs. From the geodesic we derive all labels
for training PHYLAFLOW. We precalculate all geodesics used in training to avoid the computational overhead.

C. Extended Methods
C.1. PHYLAFLOW Input and Tokenization

Each tree state x; = (T3, ¢;) is represented as a sequence of node tokens and edge tokens. For a tree with node set V (T3)
and edge set E(T3), the token sequence has length

= [V(Ty)| + |E(T3)].
Node and edge tokens have different structural content and are constructed separately. For a node v € V(T}),

T, = €% (v) + 9(v) + eP° 4 el (v, v),

and for an edge e = (u,v) € E(T}),

Tp = eedge(e) + ebranch(ge) + eseq(e) + eZ}(flpgNZ + elap<u7,v),

where "¢ and e8¢ embed the node and edge categorical types, P2 encodes the branch length, e* (node cdge) 1S @

learned token-type embedding distinguishing node tokens from edge tokens, e*°? is the sequence-derived cond1t10n1ng
described below, and €' is a Laplacian positional encoding of the tree graph: a learned linear projection of [lap(u) || lap(v)],
where lap(+) collects the leading non-trivial eigenvectors of the tree’s graph Laplacian. A separate sinusoidal index positional
embedding is also added to each token, computed independently over the node and edge sequences.
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Sequence conditioning PHYLAFLOW conditions tree generation on sequence-derived embeddings,
O(S)={z1,.-.,2n},

where z; represents the embedding of taxon .

For leaf tokens, the corresponding sequence embedding is projected into the model dimension and added directly to the leaf
token:

xieaf — :rlieaf + Wieat Zi-

For edge tokens, each internal edge defines a bipartition of the taxa. Let A. and A¢ denote the two sides of the split
induced by edge e. We compute a split-level conditioning vector by averaging the sequence embeddings on each side of the
bipartition and passing their concatenation through an MLP:

. 1 1
zipht = MLPgpi¢ m Z Zi; m Z Z
elicA, el ieAg

This split embedding is added to the corresponding edge token,

J,'(nge « Igdge + Z:pht.

After tokenization and conditioning, a learnable graph-level token is prepended to the token sequence. The final input to the
encoder is

Xt = [xgraph,xl, . ,LI,‘A{].

This sequence is passed through a stack of prenorm transformer encoder layers with multi-head self-attention. The encoder
produces contextualized representations for the graph token, node tokens, and edge tokens that are routed to task-specific
prediction heads.

C.2. Training Objective
Training is performed from supervised tree-transition paths. Each training state is a tree

vy = (Ty, By),
where T} is the current topology and B; are its active branch lengths. We train the model to predict the local continuous
motion inside an orthant and the discrete events that determine when the trajectory reaches a boundary. For each sampled
state along a path, the supervision consists of a target branch-length velocity vy, a first-hit collapse set C*, boundary timing

targets, and a sequence of autoregressive topology actions a, that resolves the polytomy at each boundary into the next
topology along the path.

Continuous velocity loss. Within a fixed topology 77, the active BHV orthant is Euclidean. The velocity head predicts
branch-length derivatives on the active edges:

Ve (xt, t) = (@w,e(l‘ta t))eeE(T,,) .
We regress these predictions against path-derived target velocities:
. 2
Evel =K Z We (vw,e(zta t) - rUZ:g)
ecE(T})

Thus, the continuous component is a local flow-matching objective inside the currently active orthant.
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First-hit collapse loss. Topology changes occur when one or more active internal edges shrink to zero. For each contracting
edge, the target path induces a collapse time

Bt e
TS = —F—, [—v]+ = max(—wv,0).
[_Ut,e]'i‘
The target first-hit set is

C*_{esrggminT]»*—Fe}.
j

The model predicts first-hit logits ]A”Lw’e over candidate collapsing edges, trained with a set-valued binary loss:

Lue=E| > BCEWithLogits (s, 1[e € C*])
e€E(Ty)

An additional false-positive-mass penalty discourages probability mass on edges outside the first-hit set, which we found
necessary to obtain calibrated set-valued predictions;

Boundary timing loss. In addition to classifying the first collapsing edge set, we penalize disagreement between the
predicted velocity-implied hitting times and the supervised boundary times. The predicted hitting time is

Bt,e

Te = .
[—u,el+
The timing loss encourages the predicted collapse event to occur at the correct boundary and discourages spurious earlier

collapses:

L:=E Z o (log 7o — log 75)*| |

e€E(Ty)
with larger weight on edges in the first-hit set. On the first-hit set we additionally apply an asymmetric over-prediction
penalty

over __ A * 72 —
LNV = E{[grel%x log 7. max log 7, L_} , [z]+ = max(z,0),

which discourages first-hit edges from collapsing later than the supervised boundary time but does not penalize earlier
collapses; this term is folded into £ with its own weight.

Autoregressive topology loss. See Appendix C.3.

Anchor direct-set auxiliary loss. The first-hit head predicts the set of active non-pendant internal split coordinates that
collapse at the next BHV orthant boundary. This target is not a function of topology alone: within the same topology,
different branch-length vectors can imply different boundary directions. However, along a fixed oracle geodesic phase, the
branch lengths vary while the next boundary event remains fixed. We therefore add direct set supervision on precomputed
anchor states along each oracle phase.

For each orthant/phase visited by the oracle geodesic, we generate four anchor states by sampling the local BHV geodesic
before the next boundary. Each anchor is stored with its phase index, tree state, target tree, oracle velocity labels, and
next-boundary tree metadata. During training, we convert each anchor into a direct first-hit target set: the active internal
splits that should collapse at the next boundary. The anchor states are passed through the same model as ordinary velocity
states, and are supervised with a multi-label first-hit loss on this target set.

Overall objective. The reported model is trained with the weighted objective

L= )\vcl»cvcl + )\hit»chit + )\T»C'r + >\AR£AR + )\anc»cano
This objective should be interpreted as a hybrid path-supervision objective on BHV tree space: continuous flow matching is
used within orthants, while topology changes are handled through learned first-hit and autoregressive transition heads rather

than through a globally smooth vector field across orthant boundaries.
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C.3. Autoregressive topology head.

The autoregressive topology head is invoked only after a boundary collapse has created a polytomy. It does not predict
branch lengths. Instead, given the components incident to the polytomy, it predicts which subset of components should be
merged in order to introduce the next split.

Let
H={hy,...,hg},  h; € R'*®

denote the variable-size set of component embeddings incident to a polytomy. These embeddings are produced by the graph
transformer and therefore already contain information about the current tree topology, branch lengths, sequence conditioning,
and discrete phase/time conditioning. Before applying the structured-subset head, each component embedding is further
augmented using a learned projection of the component split bitmask, global Phyla context, clade-level Phyla context, and
the frozen start-tree code. The start-tree embedding is used additively: the 64-dimensional frozen code is projected to 128
dimensions and added to each component embedding. Given a tree with multiple polytomies this head must choose which
polytomy to merge and which components within that polytomy to merge.

With this in mind, it first scores every unordered starter pair (¢, j) by applying a two-layer MLP to
[his gy i = hyl, hi © Byl

producing a starter-pair logit. Second, conditioned on each starter pair, it constructs a pair context and scores every
component for membership in the merge subset. This permits merge subsets of size larger than two. Third, a mean-
pooled representation of the polytomy is passed through a size head that predicts the merge-subset cardinality; in the final
configuration the maximum allowed subset size is 64. A separate scalar group_head scores which polytomy should be
acted on when more than one polytomy is present.

At sampling time, decoding is deterministic. The model selects the highest scoring starter pair, predicts the subset size, adds
the top-scoring additional components under the membership head, takes the union of the selected component masks, and
inserts that union as the new split. The newly inserted split is assigned birth length 1073,

Autoregressive topology loss. For a target merge subset S* C {1,..., G}, the structured merge loss decomposes as

Emerge(s*) - Lpa,ir(S*) + ‘Cmember(s*) + ‘Csize(S*)-

The starter-pair term is a log-softmax loss over unordered component pairs. Because any starter pair fully contained in the
target merge subset is valid, we marginalize over all such pairs:

Dicji {ijycs OXP Uij
Za<b €XP Uab

Lpair(5*> = _1Og

where u;; is the starter-pair logit. The membership term is a binary cross-entropy over component inclusion indicators,
Emember(S*) = BCE({?)k}kC-;zlv {1[k € S*]}qul) )

where the membership logits are conditioned on the starter-pair context. The size term is a cross-entropy loss over the target
cardinality:

»Csize(S*) = - 10gpsize(|5*‘) .

When several target merge subsets are valid for the supervised continuation, the loss is evaluated for each candidate subset
and the minimum is used:
ACmerge = Sllneiﬂ* ACmerge(S*)v

where A* is the set of valid target merge subsets. If multiple polytomies are present, the model also receives a binary
cross-entropy loss from the polytomy-selection head. Thus the total autoregressive loss is

EAR = Emerg‘e + )\polyﬁpoly-

In the final configuration, Apo1y = 1.0. Practically PHYLAFLOW almost always predicts binary merges.
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C.4. Frozen start-tree metric encoder

The first-hit and autoregressive heads are conditioned on a per-start-tree embedding produced by a small encoder that is
pretrained before PhylaFlow training and frozen thereafter. The same encoder weights and the same embedding table are
used throughout PhylaFlow training and at sampling time; only the embeddings indexed by the current trajectory’s start are
retrieved.

Architecture (SplitSetEncoder). A start tree is represented by its set of internal splits (bipartitions of the taxa).
Each split is encoded as a fixed-width bitmask, projected by a small MLP, and a global tree embedding is obtained by
sum/mean/max pooling over splits, concatenated with a 2-dimensional taxon-count feature (normalized count and log-count),
and projected to the final embedding dimension. The output is L2-normalized. Default sizes used for the reported model:
hidden width 256, embedding dimension 64, bitmask width 256.

Training objective. The encoder is trained by metric distillation against the normalized Robinson—Foulds distance
drr € [0, 1]. For a pair of trees (T, T) on the same taxon set, with embeddings w,, up, the loss is

Lene = Lsim + Waist Ldist + Whin Lbin + Wvic Lyic,

where Lg, is an MSE between the predicted cosine similarity (u,,up) and the target similarity exp(—dgrr/7) with
7 = 0.25; Lgist regresses a sigmoid-bounded MLP read-out of (u,,up) onto drp; Lpin is a cross-entropy loss over
discretized drr bins {0.05,0.15,0.30,0.50,0.75}; and L. is the VICReg variance/covariance regularizer applied to the
batch of embeddings. Default loss weights: wqist = 1.0, wpin = 0.25, wyic = 0.02.

Training data. Pairs are sampled on the fly from a uniform random tree generator over unrooted topologies, with three pair
types: identical pairs (10%), label-swap pairs differing by 1-3 leaf relabelings of the same topology (40%), and independent
pairs (50%). All pairs share a common taxon count drawn from {8, 16,32, 50}. Optimizer: AdamW, learning rate 10~3,
weight decay 10~%, batch size 64. Training is short by design (a few hundred to a couple thousand steps); the “100step”
suffix in the released checkpoint filenames refers to the number of training steps used to fit the encoder for that artifact.

Embedding-table export. After training, the encoder is applied to the dataset-specific start-tree bank (the same bank
used to initialize PhylaFlow trajectories), and the resulting L2-normalized embeddings are saved as a . pt table indexed by
case ID, alongside metadata (tree hashes, source checkpoint path, and diagnostic statistics such as inter-embedding cosine
similarity and effective rank). PhylaFlow’s first-hit head consumes a 16-dimensional adapter projection of these embeddings,
and the autoregressive head consumes a 64-dimensional adapter projection (Section C.6).

C.5. Frozen branch-length relaxer

Topology generation determines the final BHV orthant, but the branch lengths within that orthant remain continuous degrees
of freedom. We therefore train a separate topology-preserving branch-length relaxer. Given a fixed topology, the relaxer
predicts a within-orthant displacement from an initial branch-length assignment toward the branch lengths obtained after a
short fixed-topology MrBayes warmup. The relaxer is not trained to add, remove, or rearrange edges.

For a tree with topology 7" and branch lengths b = {b. }, the relaxer predicts an additive update
Ay(T,b,Ep)e

for each represented edge e, conditioned on the target dataset’s Phyla (Appendiex D.11) embedding bank Ep. Training
targets are obtained from topology-frozen MrBayes branch-length warmups. If b¥*™ denotes the branch lengths after the
fixed-topology warmup initialized from b, the supervised target is

g = b — .
The relaxer is trained with mean-squared error over matched edges,
1
Erelax = o Z (Aw(Ty b» ED)e - (bzvarm - be))2 .
€M S
Edges are matched by their split masks, identifying each split with its complement. The dummy full-mask edge introduced

by the rooted encoding is excluded from both the loss and the evaluation-time update.
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Relaxer architecture. The relaxer reuses a small TreeDenoiserTokenGT graph-transformer trunk to produce topology-
aware per-edge features. The trunk uses embedding dimension 64, hidden dimension 64, 2 transformer layers, 4 attention
heads, prenorm transformer blocks, exact attention, and zero dropout. Phyla conditioning is supplied through leaf-token
additions with 256-dimensional Phyla embeddings. For each edge e, the trunk produces an edge embedding z, € R5%. This
embedding is concatenated with three scalar edge features: the current branch length, the normalized split size, and an
indicator for pendant edges. The delta head is

LayerNorm — Linear(67,128) — GELU — Linear(128,128) — GELU — Linear(128, 1),

and outputs a raw additive branch-length delta A, rather than a log-length delta.

Relaxer training. We construct DS1-DS8 branch-relaxation banks by drawing dataset-specific source topologies, perturb-
ing their branch lengths, optionally applying local NNI perturbations to broaden the range of fixed topologies, and then
running short topology-frozen MrBayes warmups to obtain target branch lengths. The warmup topology is fixed after these
perturbations; the warmup changes only branch lengths. MrBayes uses a JC likelihood model (‘nst=1°, equal rates, fixed
equal state frequencies), initializes from the input topology and branch lengths, disables topology-changing proposals, and
keeps only branch-length movement.

In the final all-dataset relaxer, training uses 5,376 start/warmed tree pairs and 960 heldout pairs across DS1-DS8, with
balanced sampling over datasets. The trunk and delta head are optimized jointly with AdamW, batch size 32, learning
rate 2 x 1073, weight decay 10™%, and gradient clipping at 1.0. The archived checkpoint is selected by heldout relaxed
likelihood after applying the predicted branch-length update.

Use at evaluation time.
edge,

After the sampler generates a tree, the relaxer is applied once. For each represented non-dummy

b, = max(be + Ay (T, b, Ep)e, 107°).

The topology T' and its split set are held fixed exactly; only the branch-length coordinates are rewritten. Consequently,
topology-only metrics such as Tree-KL, Split-KL, and RF distance are unchanged by the relaxer. The relaxed trees are used
only for branch-length-sensitive likelihood evaluation and for downstream MrBayes-start evaluations that require initialized
branch lengths.

C.6. Hyperparameters and Model Settings

Table 3. Architecture hyperparameters of PHYLAFLOW.

Component Value
Encoder hidden / embedding dimension 128
Encoder depth 4 layers
Attention heads 8
Layer-norm style prenorm
Dropout (attention / activation / drop-path) 0
Tokenizer Laplacian-PE dimension 8
Tokenizer encoder depth 4
Per-taxon sequence embedding dimension (®(5)) 256
First-hit head case-embedding dimension 64
First-hit head phase-MLP hidden dim 256

First-hit head case adapter
Autoregressive head conditioning code dim
Autoregressive head case adapter

2-layer MLP (hidden 128)
64
2-layer MLP (hidden 512)

C.7. Deterministic event-based sampling

We generate trees with a deterministic event-based rollout in BHV tree space. The sampler takes as input an initial tree
T, precomputed Phyla sequence embeddings ®(.9) for the dataset, a start-tree case embedding ¢, and a trained PhylaFlow
checkpoint with parameters w. We write the tree at discrete phase k as

Tk — (3(/@)7 g(k)) 7
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Table 4. Optimizer and loss-weight settings of PHYLAFLOW. The “boundary log-time” weights correspond to £, with a larger multiplier on
edges in the first-hit set; the first-hit-edge weight is applied to an asymmetric over-prediction term [maxcec+ log Fe — maxecc+ log 723
that penalizes only late collapses (7 > 7*) on the first-hit set, while the all-edges weight is applied to the symmetric squared log-time
error over all active edges.

Setting Value

Optimizer AdamW, Ir 2x 1073
Gradient clip 1.0

Velocity / autoregressive optimizer steps separated

Training epochs up to 200 (best checkpoint by validation)
Batch size 1 path

Warmup steps 0

Random seed 42

Avel (continuous velocity MSE) 1.0

AAR (autoregressive cross-entropy) 0.2

First-hit BCE weight 10.0

Boundary log-time weight (all edges) 2.0

Boundary log-time weight (first-hit edges, over)  10.0

Event precision margin / weight 1.0/10.0

Probe direct-set anchor loss

enabled (target-negative weight 1.0)

where S(®) denotes the topology/split set and £(*) denotes branch lengths. The reported experiments use at most Kax = 8
discrete phases, at most R,,,x = 128 continuous rollout steps, and at most M,,,x = 500 autoregressive split-insertion
events.

Model evaluation at a phase. At phase k, the current tree state is tokenized together with the sequence-derived embeddings,
the continuous within-orthant time 7, the discrete phase index k, and the start-tree case embedding c. The resulting graph,
node, and edge tokens are passed through the graph transformer, producing hidden edge representations h.. The velocity
head predicts a scalar branch-length velocity for each represented edge,

’IA)w’e = gvel(he)a e e ‘E’(T‘("C))7

while the first-hit head predicts a logit for each active internal edge,

hw,e = ghit(h€7 T, ka C)v ec Eint (T(k))

Pendant edges are included in the representation and may receive velocity predictions, but they are not treated as topology-
changing coordinates.

Decoding the boundary-collapse set. Let

Cr = {e € Eint(T(k)) : @é}“) > e}, e=10"%,

be the set of active internal edges. If C is empty, the rollout terminates. Otherwise, the first-hit logits are decoded
deterministically. We first form the positive-logit set

B ={eeChihue >0},

The predicted collapse set is then

F, if £, 0,

Fi = .
{arg maXeec, h%e} , otherwise.
The sampler proceeds only if at least one selected edge has negative predicted velocity. Define

F, ={e€ F:0,<0}.

If F,, = 0, the rollout terminates.
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Exact-boundary branch-length update. We use exact-boundary mode rather than a fixed step size. The boundary-

collapse step size is
o)

AT, = max —
e€l,” —Vw,e

Branch lengths are first updated according to the predicted velocity field,
lo =0 4+ Ar, .

All edges in the predicted collapse set Fj, are then clamped exactly to zero. Active internal edges that were not selected for
collapse are floored to remain positive:
p {Q e € Fy,

max{le, ¢}, €€ Ey(T™)\ Fj.

The tree is then reconstructed from the remaining positive internal split coordinates, together with the updated pendant
branch lengths. Collapsing one or more internal edges may create an unresolved polytomy.

Autoregressive topology resolution. If the boundary collapse creates a polytomy, we resolve it with the topology head.
The current polytomous tree is passed back through the same graph transformer at phase k, using the same Phyla sequence
conditioning ®(S), continuous time input, and start-tree conditioning c. For each polytomy, the structured-subset topology
head scores candidate component merges. This head predicts a starter pair, a subset size, and component membership scores.
Decoding selects the highest-scoring valid subset of polytomy components.

The union of the selected components defines a candidate new split. If the split is valid and is not already present in the tree,
it is inserted with fixed birth length
Coiren = 10772,

and the tree is rebuilt. By default, we apply only one planned autoregressive merge per topology-head forward pass. We then
repeat topology decoding until the current tree has no remaining polytomy, no valid merge is available, or the autoregressive
event budget is exhausted.

Stopping criteria and generated distribution. After the boundary collapse and any autoregressive topology resolution,
the phase index is incremented, k <— k + 1. The rollout terminates when the maximum number of phases is reached, the
rollout-step budget is exhausted, the autoregressive event budget is exhausted, no selected first-hit edge has negative velocity,
or no valid topology merge can be found. The final generated tree is the output of this deterministic rollout. After this we
then run the branch-length relaxer and return the tree.

D. Additional experimental details
D.1. Benchmark datasets and posterior references

We evaluate on the DS1-DS8 benchmark datasets used in prior phylogenetic posterior-inference studies (Lakner et al., 2008).
For each dataset, we use two MRBAYES posterior runs. A short run is used to construct training targets for PHYLAFLOW,
while a longer run is used as the reference posterior for evaluation. The long-run posterior defines the empirical topology

distribution %}f“g used when computing TreeKL.

For each dataset, we extract the unique topologies observed in the short-run posterior and their empirical frequencies.
Training pairs are then constructed by sampling target posterior topologies in proportion to their empirical frequency and
pairing each target with a random start tree. We compute the BHV geodesic between each start tree and target tree and train
PHYLAFLOW on these start-to-posterior paths.

At evaluation time, PHYLAFLOW is applied to unseen random start trees. The number of generated start trees, and hence the
number of downstream MRBAYES chains, is dataset-specific based on the number of unique topologies in the posterior,
for DS1 this was 78, DS2: 42, DS3: 243, DS4: 573, DS5: 525, DS6: 219, DS7: 1344, and DS8: 1122. For each dataset,
every initialization method is evaluated using the same number of starting trees and the same downstream MRBAYES
configuration, except for PhyloGFN where we used 1000 trees for each dataset due to the recommendation of the paper. We
found sub-sampling PhyloGFN trees did not substantially change results.
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D.2. Random start tree generation

A random start tree is generated on the dataset taxon set by sequential random edge insertion. We first sort the taxa by
their dataset labels and initialize the tree with the unique fully resolved unrooted topology on the first three taxa. For each
remaining taxon in sorted order, we choose one current edge uniformly at random, subdivide that edge with a new internal
node, and attach the new taxon to that node. This produces a fully resolved unrooted topology. Branch lengths for all
non-artificial-root edges are sampled independently from the continuous uniform distribution on [0.1, 1.0].

D.3. Metrics

Tree-KL Our primary topology-distribution metric is a smoothed TreeKL divergence between the long-run reference
posterior topology distribution and the topology distribution induced by a finite-budget chain. Let ¢yef(x) and csampie ()
denote the number of times topology x appears in the reference and finite-budget samples, respectively, with totals N..¢ and
Nsample. We compare the two empirical distributions on the union of their observed supports,

A= Supp(cref) U Supp(csample)a
using additive smoothing with o« = 1076:

Cref(w) + « (x) _ Csample(l‘) + «

pa(x) - Nrof + 0[|A|’ N Nsamplc + Q|A‘ -

The reported TreeKL is the reference-to-sample KL divergence

x
TreeKL = KL(pa||9a) = Z Dol El’))
zeA o

Thus, TreeKL measures how well the finite-budget sample covers the topology mass of the long-run reference posterior.
Topologies present in the reference but absent from the finite-budget sample are assigned small but nonzero smoothed
sample probability, so their contribution is large but finite. Lower TreeKL indicates closer agreement with the reference
posterior topology distribution.

Split-KL.  TreeKL compares distributions over exact topologies. As a coarser diagnostic, we also report SplitKL, which
compares the induced distributions over nontrivial bipartitions of the leaf set. For leaf set L, a split is an unordered bipartition
of L of the form B | L \ B, where B C L is a subset of leaves. We call a split nontrivial if both sides contain at least two
leaves, i.e.,

2 <|B| < |L| -2,

and identify B | L \ B with its complement(L \ B) | B. For an unrooted topology x, let S(x) denote the set of nontrivial
splits induced by deleting internal edges of =, with each split represented in this canonical complement-invariant form. For a
fully resolved unrooted tree with n leaves, |S(z)| = n — 3.

For a collection of sampled topologies, define split counts by accumulating split occurrences over trees:
1 1
ch (s) Z Crei(@)1{s € S(@)}, () Z Csample(7)1{s € S(z)}.

Let

spht split
YCf - Cref ’ samplc - Csample
and compare the two split distributions on the union of observed nontrivial spht supports,

"
Aspht = 5uPp( ref ) U Supp( zir;tple)'

Using the same additive smoothing parameter o = 107, define

i split
C:tht (S) ta split _ C:I;I;plc(s) +a

= P(s) = :
( ) Mref + a|-Asplit| ( ) Msample + a|Asplit|

split
Pa
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The reported SplitKL is
SplitKL, = KL (psplit ||qulit) _ Z pSplit (s)log pipl?t(s)
@ @ @ qipht (S)

SEAsplit

For fully resolved unrooted trees with n leaves, each topology contributes n — 3 nontrivial splits, so before smoothing this
count-based split distribution is equivalent to the posterior split marginal normalized by n — 3. Lower SplitKL indicates
closer agreement with the reference posterior at the level of individual posterior splits. Unlike TreeKL, SplitKL ignores
correlations among splits and therefore does not require exact topology matches; it measures whether the sampled trees
recover the reference posterior split mass.

Likelihood We evaluate all methods under a common fixed-topology optimized-likelihood diagnostic. For each candidate
topology 7" and alignment X, we run IQ-TREE (Nguyen et al., 2014) with topology fixed and score

gopt(T) = m]?x IOgP(X | Tv bv QF81(7§‘—)) 9

where b are branch lengths optimized by IQ-TREE, Qg1 is the F81 substitution model, 7 are empirical nucleotide
frequencies from the alignment (IQ-TREE F81+F), and among-site rates are uniform. We fix the topology, optimize branch
lengths, and use no gamma-rate heterogeneity, invariant-sites component, topology prior, or branch-length prior.

Because the provided posterior for the DS1-DS8 runs had no .p files from the MRBAYES run we had to approximate
the likelihood of the posterior trees. The posterior-likelihood reference is built from the highest posterior-mass unique
topologies in the long-chain reference .trprobs files. We score these reference topologies with the same fixed-topology
‘F81+F* procedure and use their posterior-weighted median optimized log-likelihood as the reference location.

We then define the gap to the reference median log-likelihood as:

Aopt - medianref (‘gopt) - rnedianmethod (eopt)'

Smaller values indicate that the method’s topology distribution lies closer to the posterior-core optimized-likelihood basin;
negative values indicate that the method median is above the reference median. We chose representation topologies from the
posterior by sampling topologies from the final portion of the MRBAYES chains, retaining samples with generation at least
80K and subsampling up to 150 topologies.

D.4. MrBayes evaluation protocol

All initialization methods are evaluated by running MRBAYES from method-specific starting trees. Unless otherwise stated,

all runs use:

* ngen=100000,
e samplefreg=200,
* one independent chain per starting tree,

» cumulative pooling of samples across chains.

For each method, dataset, and checkpoint, we pool all sampled topologies from generation O up to the checkpoint and
compute the empirical topology distribution. We report TreeKL against the long-run reference posterior at 20K, 40K, 60K,
80K, and 100K generations. We also compute the average log likelihood of sampled states at each checkpoint.

D.5. Estimating the runtime of PhyloGFN and short-runs

PhyloGFN training runtime estimate. We estimate the wall-clock training time for the 24% PhyloGFN setting using
theruntime measurements reported in Appendix G of the PhyloGFN ICLR paper (Zhou et al., 2024). The paper reports
full-training runtimes for DS1-DS8 in Table S6 and directly reports the DS1 24% runtime in Table S7. For DS1, we therefore
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Table 5. Pre-refinement setup time for strong controls. Times reported in hours. For short-warmup, we report the lower-bound runtime.
For PHYLAFLOW, we report a conservative setup cost equal to PHYLAFLOW training time plus the optimistic short-run supervision cost
used to construct training targets (Appendix D.5).

Method DS1 DS2 DS3 DS4 DS5 DS6 DS7 DS8

short-warmup  0.72 077 095 105 047 056 1.00 0.30
PhyloGFN 15.67 17.32 20.08 2597 3197 33.80 43.52 47.60

PuyLAFLow 1873 1273 13.63 995 2587 19.02 14.68 25.62

Dataset One 1M chain time Optimistic wall time Cap-case wall time
10M, 10 runs parallelized  100M, 10 runs parallelized

DS1 4.3—4.6 min 43-46 min 7.2-7.7h

DS2 4.6-4.9 min 46-49 min 7.7-8.2h

DS3 5.7 min 57 min 95h

DS4 6.3—-6.7 min 63-67 min 10.5-11.2h

DS5 2.8-4.1 min 28—41 min 4.7-6.8 h

DS6 3.36-3.40 min 33.6-34.0 min 5.6-5.7h

DS7 6-9 min 60-90 min 10-15h

DS8 1.89-2.04 min 18.9-20.4 min 3.15-3.40h

Table 6. Estimated wall-clock runtimes for the MrBayes short-run reference chains under two stopping assumptions. The optimistic
estimate assumes convergence by 10M iterations. The cap-case estimate assumes that the runs reach the 100M iteration cap. Both
estimates assume that the 10 independent MrBayes runs are parallelized.

use the reported 24% runtime directly. For DS2-DSS8, where 24% runtimes are not separately reported, we extrapolate from
the full runtime using the empirical DS1 scaling factor:

. TDS1,24% B 15h 40m —0.25
~ Tpsi,pan 62h40m

Thus, for each dataset d € {DS2,...,DS8}, we estimate

fd, 24% = 0.25 - Ty, Fun-

These estimates are intended only as training wall-clock estimates under the hardware and implementation settings reported
by the PhyloGFN paper (Table 7). They do not include additional time for posterior sample generation, our 1000-sample
evaluation procedure, or downstream MrBayes refinement.

Short-run runtime estimate The MrBayes short-run reference procedure used in our comparison consists of 10 inde-
pendent MrBayes runs, each run until the average standard deviation of split frequencies (ASDSF) is below 0.01 or until
a maximum of 100 million iterations is reached. Tree topologies are sampled every 100 iterations, and the first 25% of
iterations are discarded as burn-in. The exact stopping iteration and hardware used for the original short-run references were
not available. Therefore, we estimate the short-run runtime by scaling same-hardware measurements of one cold MrBayes
chain run for 1 million iterations. Let T s 4 denote the wall-clock time for one cold 1-million-iterationMrBayes chain on
dataset d.

We report two estimates. The optimistic estimate assumes that each of the 10 independent MrBayes runs converges by
10 million iterations, that the 10 runs are executed in parallel, that runtime scales linearly with iteration count, and that
scheduling, sampling, I/O, and post-processing overheads are negligible. Under these assumptions, the wall-clock time for
dataset d is 10 * T' s ¢ with corresponding total compute of 100 * T/ 4 because the protocol runs 10 independent chains.
The pessimistic estimate assumes that the runs reach the 100-million-iteration cap, but still assumes that the 10 independent
runs are parallelized. Thus, the pessimistic estimate is 1000 * 77 5,4 (Table 6).

D.6. Initialization methods

PHYLAFLOW. For each dataset, we train PHYLAFLOW using BHV geodesic paths from random start trees to topologies
sampled from the short-run posterior distribution. At evaluation time, we apply the trained model to unseen random start
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Table 7. Estimated PhyloGFN 24% training runtimes. DS1 is the runtime directly reported in Table S7 of the PhyloGFN ICLR paper;
DS2-DS8 are extrapolated as 0.25x the full-training runtimes reported in Table S6.

Dataset  Full training runtime  24% training runtime  Basis

DS1 62h 40m 15h40m  Reported

DS2 69h 16m 17h 19m  0.25x Full
DS3 80h 20m 20h 05m  0.25x Full
DS4 103h 52m 25h 58m  0.25x Full
DS5 127h 52m 31h58m 0.25x Full
DS6 135h 12m 33h48m 0.25x Full
DS7 174h 04m 43h31m  0.25x Full
DS8 190h 24m 47h 36m  0.25x Full

trees and use the resulting trees to initialize MRBAYES. These evaluation starts are not present in the training bank.

Random initialization. As a baseline, we initialize MRBAYES from random trees sampled independently from the same
start-tree distribution used for PHYLAFLOW evaluation.

IQ-TREE maximum likelihood. We compute a maximum-likelihood tree using IQ-TREE with automatic model
selection:

igtree3 -s alignment.nex -m MFP —--runs 10 -T 4 —--seed

This produces a single ML topology. For datasets requiring multiple chains, the same ML topology is reused as the starting
topology across chains, with independent MRBAYES trajectories thereafter.

MrBayes parsimony. We generate parsimony-based starting trees using MRBAYES’ built-in parsimony initialization:
starttree=parsimony nperts=0

For each chain, we extract the generation-0 parsimony tree and use it as the starting tree for the corresponding 100K-
generation run.

UShER + matOptimize. We construct parsimony-refined start trees using a UShER/matOptimize pipeline (Turakhia et al.,
2021). The alignment is converted into UShER-compatible input, an initial tree is constructed from a closest-pair cherry,
taxa are added by greedy placement with USHER, and the resulting mutation-annotated tree is refined with MATOPTIMIZE.
In the single-start variant, the optimized topology is reused across all chains.

UShER + matOptimize multistart. We also evaluate a multistart version of the UShER/matOptimize pipeline. Instead
of using a single initial cherry, we sample multiple initial taxon pairs and run the full greedy-placement and matOptimize
refinement procedure from each. This produces a diverse collection of parsimony-refined classical starting trees, which are
then used to initialize separate MRBAYES chains.

D.7. Tree-KL Extended Results

Longer MRBAYES Chain Sensitivity Analysis To test whether the 10°-generation MRBAYES runs used in the main
experiments were artificially short, we repeated the fixed-start MRBAYES evaluation with substantially longer chains. For
each dataset and initialization condition, we reran the same fixed-start MRBAYES harness used in the main 105—generation
comparison, changing only the chain length to 10 generations. Each start tree was run as an independent cold MRBAYES
chain with nruns=1, nchains=1, starttree=current, and npert s=0. We sampled every 200 generations and
recomputed the pooled topological posterior after 100K, 250K, 500K, and 1M generations by aggregating samples across all
independent chains for that condition. Thus, the intermediate columns in Table 8 are prefixes of the same 10°-generation
runs, not separate shorter reruns.
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Table 8. Sensitivity of fixed-start MRBAYES results to extending chains from 100K to 1M generations. TreeKL is computed against the
golden posterior over tree topologies. Each row pools samples from all independent chains in that condition.

Dataset Initialization 100K 250K 500K 1M

DS1 PhylaFlow  0.143 0.114 0.100 0.088
DS1 Bestnon-PF  0.405 0.207 0.140 0.110

DS2 PhylaFlow  0.054 0.054 0.055 0.055
DS2 Bestnon-PF  0.061 0.056 0.052 0.052

DS3 PhylaFlow 2343 2451 2457 2427
DS3 Bestnon-PF  2.079 2.279 2.324 2.365

DS4 PhylaFlow  0.174 0.164 0.164 0.163
DS4 Bestnon-PF  0.188 0.171 0.164 0.163

DS5 PhylaFlow  3.508 3.461 3.441 3.397
DS5 Bestnon-PF  4.049 3.792 3.631 3.509

DS6 PhylaFlow  4.899 4.970 4.992 4.993
DS6 Bestnon-PF  5.002 5.012 5.009 5.006

We evaluated two initialization conditions: the PhylaFlow-selected start set used in the final results, and the strongest
non-PhylaFlow MRBAYES-100K baseline for that dataset. The non-PhylaFlow baseline was chosen separately per dataset
from the best 100K endpoint among the classical and random initializations. Runtime was measured as wall-clock time for
the full block using up to 10 parallel workers; it is therefore not the runtime of a single chain. Lower TreeKL is better.

The long-chain sensitivity analysis supports two conclusions (Table 8). First, some standard MRBAYES baselines do improve
with longer chains, as expected; for example, the best non-PhylaFlow DS1 baseline improves from TreeKL 0.405 at 100K
generations to 0.110 at 1M generations. Second, this improvement does not explain away the main hard-case gains from
PhylaFlow-guided refinement. On DS3, the best completed non-PhylaFlow fixed-start baseline reaches TreeKL 2.365 after
1M generations, while PhylaFlow-MCMC reaches 0.117 under the main finite-budget setting. On DS6, the best completed
non-PhylaFlow fixed-start baseline reaches TreeKL 5.006 after 1M generations, while PhylaFlow-MCMC reaches 4.479.
Therefore, the observed benefits of PhylaFlow-MCMC are not solely attributable to the standard MRBAYES baselines being
truncated at 100K generations.

Table 9. Best Tree-KL attained during the finite-budget run, relative to the long-run posterior topology distribution. Smaller values
indicate closer agreement with the posterior topology distribution. Best values per dataset are bolded.

Method DS1 DS2 DS3 DS4 DS5 DS6 DS7 DS8
Random 0403 0.072 1945 0.263 4.274 5.097 2.620 0.905
MP 0.430 0.071 1.106 0.277 4.215 4951 2.217 0.987
IQ-TREE 3.699 0.060 1.689 0.184 6.790 5.255 2.651 0.989
UShER-s 0.586 0.084 2476 0.294 4823 5.063 2.676 0.939
UShER-ms 0435 0.082 2.489 0.273 4.136 5.057 2.451 0.821
PhylaFlow 0.150 0.049 1.081 0.169 3.264 4.814 2.468 0.787

PhylaFlow-MCMC 0.304 0.139 0.117 0.514 1.659 4.432 1.071 0.612

D.8. Likelihood Results
D.9. PhylaFlow-MCMC details

Our fixed-budget results suggest that learned initialization and posterior refinement solve related but distinct problems. A
PhylaFlow start bank can place MRBAYES close to high-posterior regions of tree space, improving the finite-budget tree
distribution in many datasets. However, initialization alone is passive: after the start trees are handed to MRBAYES, the
subsequent trajectory is controlled by the standard proposal kernel. On difficult datasets, the chain may still spend much of
its budget in an incomplete or suboptimal posterior basin, even when the initial trees contain useful posterior signal. This
motivates a second use of the learned model: not as a replacement for Bayesian sampling, but as a proposal guide that
biases local moves toward tree topologies whose splits are supported by the learned PhylaFlow distribution. The goal of
PhylaFlow-MCMC is therefore to increase finite-budget posterior basin occupancy: enter high-posterior topology regions
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Table 10. Optimized log-likelihood shortfall relative to the posterior-core reference median. Panel A evaluates the initial topology
before any MrBayes updates. Panel B evaluates median tail-sampled topologies after finite-budget MCMC. Smaller gaps indicate closer
agreement with the posterior-core optimized-likelihood basin; negative values indicate optimized likelihoods above the reference median.

Method DS1 DS2 DS3 DS4 DS5 DS6 DS7 DS8

Initial topology, before MrBayes
Random 2316.633 5218.048 7945339 3847.616 2324.115 4423.504 21250.269 5293.962

MP 171.299  183.554 44832  353.745 96.568 99.920 55.334  222.996
IQ-TREE -1.429 38.782 35.054 23.979 22.324 3.452 40.349 13.031
UShER-s 53.801 372558 977.494 3475298  245.546 75.432 777.055  178.183

UShER-ms 161952  389.393 622486 9233.202 213.853 148411 855.326  150.154
PhylaFlow 11.011 2.395 -1.627 -1.265 -0.580 14.932 164.745 -1.367
100K-step tail samples, after finite-budget MCMC

Random 0.757 0.000 1.061 1.183 10.286 2414 2.772 1.584
MP 0.692 0.000 1.061 0.000 9.427 2.086 2.772 1.585
IQ-TREE -0.925 0.000 1.061 0.000 10.978 2.084 2772 1.200
UShER-s 0.692 0.000 1.061 0.000 9.349 1.690 1.728 1.704
UShER-ms 0.692 0.000 1.061 0.000 10.169 2.086 2.770 1.009
PhylaFlow 0.555 0.000 1.061 0.000 8.246 2.766 1.801 2.950

earlier and remain there for more of the run.

Let x = (7, b) denote a phylogenetic state consisting of a topology 7 and branch lengths b, and let

m(z) o< p(Y | 2)p(x)

be the target posterior density under the same likelihood model used by the evaluation runs. PhylaFlow first produces a bank
of guide trees G = {7; }. From this guide bank we estimate split weights

where ¢ (s) is the count of split s in the guide bank and ¢ is a floor. For a candidate topology 7, define the guide score
S(r)= Y logp(s).
seS(1)

At each sweep over the current chain states, a chain attempts a proposal with probability py,.p,. If a proposal is attempted, we
enumerate local NNI neighbors N (), optionally relax branch lengths locally after the NNI move, and sample a candidate
x' € N(z) from a mixed proposal

S exp{A[S(r') — S()]}
A 1) = = O S, B ) = ST

Here A controls the strength of split guidance and p mixes guided and uniform local proposals. We then apply the

Metropolis-Hastings correction
!/ /
a(x,2’) = min {1, 777(33 )q(a:/ | 2) } ,
m(z)q(z" | x)
where the reverse proposal probability is computed over the reverse NNI neighborhood. Thus the learned model affects
proposal efficiency, while the acceptance decision remains likelihood- and proposal-corrected. In the reported runs we use

the branch-state split-guided mixed NNI kernel with p,o, = 0.05, p = 0.1, A = 0.5, BHV split scoring, and local branch
warming/relaxation.
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Table 11. Tree-KL comparison for branch-warmed MCMC runs. Lower is better.

Dataset PhyloGFN-MCMC PhylaFlow-MCMC

DS3 0.047422 0.127418
DS5 2.045933 1.661833
DS6 9.218921 4.564091
DS7 3.854252 1.070613

Table 12. Joint DS1-DS8 conditioning results. A single checkpoint is trained jointly across DS1-DS8 using dataset-specific Phyla
embedding banks. We report the number of sampled starts, the split-KL and Tree-KL of the native conditioned samples, and the final
Tree-KL after 10° MrBayes generations initialized from those samples.

Dataset  Starts  Sample split-KL ~ Sample Tree-KL. ~ MB 10° final Tree-KL

DS1 234 0.170466 12.364656 0.418221
DS2 42 0.083351 6.418691 0.066534
DS3 243 0.077111 9.737936 2.550395
DS4 573 0.291568 16.980017 0.283246
DS5 525 0.119899 14.936400 3.697866
DS6 219 0.188916 16.852033 5.140047
DS7 1344 0.105480 14.259826 2.543646
DS8 1122 0.271230 16.406969 0.856555

D.10. PhylaFlow-MCMC versus PhyloGFN-MCMC

To assess whether the advantage of PhylaFlow-MCMC on D3, DS5, DS6, and DS7 was due to the MCMC procedure itself
rather than the PhylaFlow initialization, we ran a branch-warmed variant of PhyloGFN, which we call PhyloGFN-MCMC.
This variant used the same MCMC procedure as PhylaFlow-MCMC, but with initial trees and splits provided by PhyloGFN.
As shown in Table 11, PhyloGFN-MCMC achieved lower tree-KL than PhylaFlow-MCMC on DS3, but PhylaFlow-MCMC
achieved substantially lower tree-KL on the harder posterior distributions DS5, DS6, and DS7.

D.11. PHYLAFLOW Conditioning Results

We utilized Phyla embeddings because previous work (Ektefaie et al., 2026) has shown that these embeddings capture
evolutionary relationships, specifically phylogenetic tree structure, better than existing protein language models. Since Phyla
was only trained on proteins, we trained a variant of Phyla on both proteins and nucleic acids, utilizing the orthomam (Ranwez
et al., 2007) dataset and following the training procedure described in the paper.

Per-taxon sequence conditioning ®(.5). The model implements two paths that inject per-taxon sequence embeddings
into the encoder input: a leaf-token addition :z:ﬁeaf — xieaf + Wieatz; and a split-bipartition MLP added to each internal-edge
token. For the DS1-DS8 results reported in this paper, both paths are disabled and the model is conditioned only on the
starting tree through the frozen case embedding.

D.12. Ablations

To assess the contribution of each component, we performed ablations on the DS1-trained model for computational efficiency.
Removing any component degraded performance, indicating that each part contributes to accurate tree prediction. The full
model achieved the lowest Tree-KL of 2.728 (Table 14). Among the ablations, removing the velocity head caused a moderate
increase in Tree-KL, while removing start-tree conditioning or the first-hit head led to substantially larger degradation. The
largest drop occurred when removing the AR-head, increasing Tree-KL by 13.813 over the full model, suggesting that
autoregressive conditioning is the most critical component for modeling tree structure accurately.

26



Hybrid Flow Matching in BHV Tree Space

Table 13. Cross-conditioning stress test for the jointly trained checkpoint. For each target dataset, the checkpoint, starts, posterior
reference, and scoring procedure are fixed; only the Phyla embedding bank is changed. Native conditioning is the diagonal condition.
Off-diagonal swaps are included only when leaf-position compatibility permits. Lower split-KL is better.

Target Native split-KL.  Best valid swap Best swap split-KL.  Native gap
DS1 0.473 DS6 3.475 3.003
DS2 0.126 DS6 3.101 2.975
DS3 0.087 DS7 3.507 3.419
DS4 0.392 DS6 3.539 3.148
DS5 0.185 DS7 4.036 3.851
DS6 0.176 DS7 3.623 3.447
DS7 0.215 DS8 3.889 3.674
DS8 0.278 none valid - -
Mean over evaluable targets 0.236 - 3.596 3.359

Table 14. DS1 ablation results. Lower tree-KL is better.

Variant Tree-KL A vs. full
Full model 2.728 0.000
No velocity head 6.282 +3.554
No start tree conditioning 9.634 +6.906
No first-hit head 12.097 +9.369
No AR-head 16.541 +13.813

27



