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Abstract

Utility preference robust optimization (PRO) has recently been proposed to deal with
optimal decision-making problems where the decision maker’s (DM’s) preference over
gains and losses is ambiguous. In this paper, we take a step further to investigate the
case that the DM’s preference is random. We propose to use a random utility function
to describe the DM’s preference and develop distributional utility preference robust
optimization (DUPRO) models when the distribution of the random utility function
is ambiguous. We concentrate on data-driven problems where samples of the random
parameters are obtainable but the sample size may be relatively small. In the case when
the random utility functions are of piecewise linear structure, we propose a bootstrap
method to construct the ambiguity set and demonstrate how the resulting DUPRO can
be solved by a mixed-integer linear program. The piecewise linear structure is versatile
in its ability to incorporate classical non-parametric utility assessment methods into the
sample generation of a random utility function. Next, we expand the proposed DUPRO
models and computational schemes to address general cases where the random utility
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functions are not necessarily piecewise linear. We show how the DUPRO models
with piecewise linear random utility functions can serve as approximations for the
DUPRO models with general random utility functions and allow us to quantify the
approximation errors. Finally, we carry out some performance studies of the proposed
bootstrap-based DUPRO model and report the preliminary numerical test results. This
paper is the first attempt to use distributionally robust optimization methods for PRO
problems.

Keywords PRO - Multi-attribute decision-making - Piecewise linear random utility
function - Bootstrap ambiguity set - Mixed-integer linear program

Mathematics Subject Classification 90-10

1 Introduction

In decision-making under uncertainty, a utility representation characterizes the deci-
sion maker’s (DM’s) risk attitude towards the risk arising from systemic randomness
[59, 66]. Itis traditionally assumed that the DM makes consistent choices and hence the
utility function representing the DM’s preference is deterministic, i.e., the DM always
makes the same decision in identical choice situations unless the DM is exactly indif-
ferent between alternatives [9]. However, these assumptions are persistently violated
in practice [2, 56, 63, 64]. Indeed, it is usually observed that the DM exhibits muta-
ble and ambivalent preference, particularly without complete information of complex
problems and uncertain environments in the real world [13, 33, 58, 70]. Ambivalent
preference may also be caused by other reasons, e.g, the DM’s preference does not sat-
isfy transitivity in multi-attribute decision-making; the independence axiom in the von
Neumann—Morgenstern’s expected utility theory fails to hold [2]; decision-making is
state dependent [3, 39] and there are inconsistencies in responses in the preference elic-
itation process [7]. This prompts us to adopt a random utility function to describe the
DM’s preference where each scenario corresponds to the DM’s particular preference.
This kind of random utility differs from the well-established random utility theory
in discrete choice models where the latter is used to describe a group of customers’
preferences to a commodity (product) and the randomness characterizes variability
of customers’ preferences and/or idiosyncratic product specific random shock, see
e.g. [25, 41] and references therein. With the random utility function, we may con-
sider the expected (mean) value of the DM’s utility from a modeller’s perspective if
we know the probability distribution of the random parameter. The mean utility value
captures the DM’s average utility preference for the future decision-making. We refer
readers to [25] and references therein for a thorough discussion of random utility rep-
resentations. In the absence of complete information of the probability distribution of
the random parameter, we propose a distributionally robust model where the worst-
case distribution from an ambiguity set is to be considered for the calculation of the
mean of the random utility. The next example explains the basic idea.

@ Springer



Distributional utility preference robust optimization... 521

Example 1 Hannah wants to buy a jacket and hesitates to choose between A and B
while considering price, style and color. Her wavering preference can be reasonably
attributed to the assumption of random utility. Denote by #; and u» respectively the
utility functions which characterize Hannah’s two possible inconsistent preferences
over price, style and color, which are inconsistent. Suppose that 1 (A) = 0.9, u2(A) =
0.4, and u;(B) = ua(B) = 0.5. Hannah’s hesitance is explained mathematically by
u1(A) > ui(B) but ua(A) < u(B). This vague preference can be represented as
a random utility function, which is u#; with probability p and u, with probability
1 — p. Assume that, based on Hannah’s past clothing shopping choices, u; could
be her most likely taste and thus p > 0.5. A natural way is to use the mean utility
function, E,[u] = pui + (1 — p)uy, to reconcile the inconsistency. When the exact
p is unknown, a distributionally robust model would suggest or predict Hannah to
choose A since

in E,[u(A)] =0.65 in E,[u(B)]=0.5.
peI{(l)l.ISl,l] plu(A)] >p61%(1)1_151’1] plu(B)]

Without any prior knowledge of the probability distribution, it leads to a deterministic
worse-case utility approach over the entire sample space {u1, u3} as follows:

in E = i = 4,05} =0.
xé?f,xg}prerhl)l,lu plu(x)] xér{l%}mln{ul(x),uz(x)} max{0.4,0.5} = 0.5,

which means that Hannah should or would go with B. In our view, the mean util-
ity approach is more reasonable, given the information on Hannah’s past shopping
choices.

Research on decision-making based on the worst-case utility may be traced back to
earlier work by Maccheroni [47] who considers a worst-case expected utility model
for a conservative DM with an unclear evaluation of the different outcomes when fac-
ing lotteries. Hu and Mehrotra [35] (also see [36]) look into the issue from the robust
optimization perspective which is later on known as preference robust optimization
(PRO). They propose a moment-type framework for constructing an ambiguity set
of a DM’s utility preference which covers a number of important preference elicita-
tion approaches including certainty equivalent and pairwise comparison. To solve the
resulting PRO model, they develop a step-like approximation scheme for the functions
in the moment conditions and carry out some convergence analysis for the justification
of the approximation.

Armbruster and Delage [4] consider an ambiguity set of utility functions which
meet some criteria such as preferring certain lotteries over other lotteries and being
risk averse, S-shaped, or prudent. Instead of trying to identify a single utility function
satisfying the criteria, they develop a maximin PRO model where the optimal decision
is based on the worst utility function from the ambiguity set and demonstrate how the
maximin optimization can be reformulated as a finite-dimensional linear program. Guo
et al. [28] take it further by proposing a piecewise linear approximation of the utility
function and quantifying the approximation error and its propagation to the optimal
value and optimal solutions of the PRO model. In the case that a DM has a nominal
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utility function but lacks complete information about whether the nominal utility
function is the true one, Hu and Stepanyan [37] propose to construct an ambiguity
set of utility functions neighbouring the nominal one.

Over the past few years, research on the PRO models has expanded in several
directions. Haskell et al. [32] propose a robust optimization model where the optimal
decision is based on the worst-case utility function and the worst-case probability
distribution of the underlying exogenous uncertainty amid both the true utility and the
true probability distribution are ambiguous. Haskell et al. [31, 71] extend the PRO
model from single-attribute decision-making to multi-attribute decision-making and
from utility preference robust models to a broader class of preference robust quasi-
concave choice function models. The latter gets around the Allais paradox concerning
the utility-based PRO models. Liu et al. [43] present a multistage utility preference
robust optimization model and demonstrate how the state-dependent ambiguity set of
utility functions may be constructed and how the state dependence may affect time-
consistency of the dynamic model.

The PRO models are also effectively extended to risk management problems from
convex risk measures by Delage and Li [17, 19] to spectral coherent risk measures
by Wang and Xu [68]. These works deal with the issue that a DM may have several
risk measures at hand but lack complete information as to which one should be used
for his/her decision-making. The authors propose various approaches for constructing
the ambiguity set and demonstrate how to solve the resulting PRO models efficiently.
More recently, Li [42] proposes an inverse optimization approach for solving PRO
models when the DM’s risk preference is obtained in a learning process. Most of these
PRO models consider the worst-case preference. For decision-making with ambiguous
utility functions, minimax regret is an alternative criterion. In the multi-attribute utility
case, Boutilier et al. [11] seek decisions that achieve minimum worst-case regret, that
is, regret experienced by a posterior once the true utility function is revealed. Vayanos
et al. [65] consider the worst-case absolute regret to mitigate the conservatism of
classical robust optimization (which maximizes worst-case utility).

Our approach fundamentally differs from the existing literature. We introduce
the distributional utility PRO (DUPRO) model, which is motivated by the ran-
dom utility theory. In contrast, those existing PRO models are grounded in von
Neumann—-Morgenstern’s utility theorem [66]. This distinction in motivation has far-
reaching implications for our understanding of preference robustness. Von Neumann—
Morgenstern’s utility theory, along with its underlying PRO models, is not suitable
for the problems like Example 1 where a deterministic utility function does not exist
for characterizing the DM’s inconsistent preferences. By contrast, the random utility
effectively addresses the inconsistency issue caused by the random preferences. In
Example 1, Hannah’s vague choice between jackets A and B can be described as
Prob(u(A) > u(B)) = p and Prob(u(A) < u(B)) = 1 — p. However, this incon-
sistent pairwise comparison, used in the PRO models, results in the emptiness of the
ambiguity set of utility functions. As such, our DUPRO model complements the exist-
ing research on PRO models. The main contributions of this paper are summarized as
follows.
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— We investigate the case that the DM’s preference is not only ambiguous but
also potentially inconsistent or even displaying some kind of randomness. Dif-
fering from the classical worst-case utility maximization approaches, we propose
a DUPRO framework where the DM’s preference is represented by a random util-
ity function and the ambiguity is described by a set of probability distributions of
the random utility. An obvious advantage is that the DUPRO model can accom-
modate inconsistencies and randomness encountered in the preference elicitation
process.

— In practice, a utility function is often elicited with a piecewise linear structure. In
this case we show how the randomness can be represented by the increments of
the each linear piece and subsequently propose two statistical approaches which
suit data-driven problems for constructing an ambiguity set of the distributions
of random increments. One is to construct an ellipsoidal confidence region with
sample mean and sample covariance matrix which is widely used in the literature
of distributionally robust optimization (DRO, see e.g. [18]); the other is to spec-
ify a nonparametric percentile-r bootstrap confidence region. While the bootstrap
approach is widely used in statistics, we have not seen the approach used to con-
struct an ambiguity set of probability distributions in DRO models. Here we adopt
it because in practice it is often difficult to obtain samples of a DM’s preference
and hence the sample size is relatively small in our model. Moreover, compared to
the ellipsoidal method, bootstrap has two potential advantages for constructing an
ambiguity set. Unlike the ellipsoidal method which requires an estimation of the
size of the ellipsoid for a given confidence level which could be unusually conser-
vative (very large when sample size is small), the bootstrap-based ambiguity set
is uniquely determined by the specified confidence level and the set of resamples.
Although the two concepts of confidences differ slightly, they are close when the
size of the original sample is sufficiently large. Moreover, we demonstrate the
DUPRO model based on the bootstrap ambiguity set can be reformulated as an
MILP which can be solved fairly efficiently.

— For the DUPRO model with general random utility functions, we demonstrate how
to use a piecewise linear random utility function to approximate it and derive an
error bound which depends only on the largest distance between two consecutive
grid points of the piecewise linear random utility function for the optimal value and
convergence of the optimal solutions (Proposition 5). With the piecewise linearly
approximated utility maximization problem in place, we move on to discuss how
to solve it with standard sample average approximation method in data-driven set-
ting and derive exponential rate of convergence of the optimal values and almost
sure convergence of the optimal solutions as the sample size increases (Proposition
7). Moreover, we consider DUPRO approaches for the piecewise linearly approx-
imated model and derive exponential rate of convergence of the optimal values
when the ambiguity set is constructed with ellipsoid method (Theorem 1) and
almost sure convergence when the ambiguity set is constructed with the bootstrap
method (Theorem 2). We have also conducted some numerical tests on the pro-
posed DUPRO model and computational schemes via both an academic example
and a practically oriented case study. The test results show that DUPRO performs
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well as expected in the theoretical analysis in terms of asymptotic convergence,
computational time, and out-of-sample performance.

The rest of the paper is organized as follows. Section?2 structures random multi-
attribute utility functions with a piecewise linear additive structure. Section 3 proposes
two DUPRO Models. The tractable reformulation and solution method of the boot-
strap model are developed in Sect. 4. Section 5 extends the DUPRO models to general
random utility function cases without a piecewise linear structure. Section 6 reports
preliminary numerical test results. Section 7 concludes.

2 Random additive piecewise linear multi-attribute utility functions

We consider a multi-attribute decision-making problem where the DM’s preference
is described by an additive utility function. Additive multi-attribute utility functions
are widely used in the literature of decision analysis and behavioural economics, see
e.g. [26, 38, 40, 50, 62] and references therein. Here we use it primarily because
the tractable reformulations and the theoretical results of the DUPRO models to
be developed in the forthcoming discussions rely heavily on the additive struc-
ture. Let x,, be the performance of attribute m, for m € 9 = {1,..., M}, and
x = (x1, -, xm)T € RM be the vector of all attribute performances. Denote by
um : R — R the single-attribute utility function of attribute m. We begin by con-
sidering a piecewise linear utility function (PLUF) of each attribute and then move
on to discuss general utility functions in Sect.5. In this setup, we assume the DM’s
preference can be represented by a PLUF. This is not only because the PLUF will facil-
itate us to derive tractable DUPRO models but also because the DUPRO models with
the PLUF can be conveniently applied in real-world data-driven problems. Indeed,
the PLUF structure is versatile in its ability to incorporate classical non-parametric
utility assessment methods [23, 67] into the random sampling processes required by
the DUPRO models to generate observations of a random utility function. Let u,, be
a PLUF defined over interval [a,,, b;,] with breakpoints

Am =Ino < <Imi, = by, (€))

where 1, ; is a certain level of attribute m and we assume that the DM’s utility value
at t,,,; can be elicited. Assume without loss of generality that u,,(a,) = 0 and let
Um,i = Um(tm,i) — Um(tyi—1) be the overall increment of u,, over [ty i—1, tm,il
fori € 3, .= {1,...,I,} and v, := (vmyl,-'-vm,lm)T € Rin_ If we regard vy,
as a vector of parameters, then we can obtain a class of piecewise linear functions
parameterized by v, for the m-th attribute as follows:

i—1
Um,i
Um (Xm; V) 1= Z t—(xm_[m,i—l)+z Um, j 1 {tm,i—l <Xm = tm,i} s

i€, m,i —tm,i—1 j=1

@)
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(a) ul(x1;111) with I1 =7, a1 =0,b; =0.7 (b) u2($2;v2) with Io =6, az = 0,b2 = 0.6

Fig. 1 PLUF u(x;v) = wuj(x1;vy) + up(xo;vp) with x = (x,x)7, v = (UIT,UZT)T, v =
@ v v = v, v

where 1{-} is an indicator function. In other words, u,, (x,,; v,) defines a class of
PLUFs parameterized by a vector of increments vy,. Let v := (vlT, s, v%)T and ] :=
> mean Im- We can then define the a ggregate multi-attribute PLUF u : R" x R/ - R
with an additive form as

U 0) =Yt (X V). 3)
meM

Without loss of generality, we assume that the utility function is nondecreasing and
normalized to [0, 1] (i.e., u(a; v) = 0 and u(b;v) = 1 witha = (ay, --- ,ap)7T,
b = (by, -+ ,by)T) because the normalization does not affect its representation
of the DM’s preference. Under this assumption, the utility function u,, is uniquely
determined by vector v,, for m € 91 for a given set of breakpoints.' Figure 1 depicts
the PLUF when M = 2. Moreover, the vector v lies in the simplex of R withv > 0
and eIT v = 1, where ey is the /-dimensional vector of all ones. Note that a traditionally
defined additive multi-attribute utility function is the weighted sum of the normalized
single-attribute utility functions of each attribute. The normalization of u# and the
definition of the utility function in (2)-(3) ensure that the criterion weight of the m-th
attribute is included but hidden in u,,.

In practice, the vector v of increments is determined by elicited information on
the DM’s utility scoring at certain levels of the attributes. As we discussed in the
Introduction, we concentrate on the case that the DM’s preferences vary randomly
and they are potentially inconsistent, which means that the values of v obtained as
such cannot be used to construct a single deterministic utility function, rather they
may be treated as the realizations of a random vector V. This motivates us to replace
the deterministic vector of parameters v with a random vector V : (§2, .%, P) — R!
in (3) and subsequently consider a random PLUF mapping from R to R as

! In the numerical tests, these points are generated randomly.
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wOes V)= st (s Vin), )

meM

where each realization of V may be interpreted as a “state variable” signifying the
state of the DM (the DM’s mood, situation, etc.). This effectively randomizes the class
of utility functions parameterized by random vector V with the support set

Vi={veR! [fv=1,vz0]|. )

In this setup, the DM’s preference is described by a random PLUF rather than a
deterministic function. It means that the DM’s utility may change randomly and is
uncertain. The uncertainty may arise from the DM’s inconsistent preferences or from
incomplete and inaccurate observations of the DM’s preference.

In some cases, we may require that a utility function has properties on its shape. For
example, the DM’s risk-averse preference should be characterized as an increasing
concave utility function. The support set in the case of increasing concave utility
functions is described as

chz{veRI elv=1, szo}, (6)
where matrix
Aj
A = . bl
Am (I-M)xI
in which blocks A,, for m € 91 are
=1
tm 1 =tm,0 Im,2—tm,1
S e
Am — tm2—tm,1 tm3—Im2
1 -1
U, Ly —1—tm Ly =2 tm, Ly _tm,lm_l Ip=Dx1Ip,

Before concluding this section, we note that there are a number of ways to represent
a piecewise linear utility function. The specific construction of u(x; v) that we con-
sidered here offers significant advantages in deriving the DUPRO models discussed in
the next two sections. As demonstrated in Proposition 2, the utility form u (x; v) that
we introduce in (3) can be expressed as a linear function of the increment vector v for a
given x. This characteristic facilitates the tractable formulations of the DUPRO mod-
els. Moreover, the specific form of the utility function differs from the conventional
way of representing a multi-attribute utility function as a weighted sum of normalized
single-attribute utility functions. When eliciting each normalized single-attribute util-
ity function and assessing the trade-offs between them from the same DM, we posit
that the criterion weights and these single-attribute utility functions are correlated
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random quantities. The random utility u#(x; V') described in (4) captures this corre-
lated relationship by integrating the criterion weights into the single-attribute utility
functions.

3 Data-driven distributional preference robust model

We consider a multi-attribute decision-making problem which aims to maximize the
overall utility of attribute performances. Since the DM’s utility function is stochas-
tic, we consider the expected utility Ep[u(x; V)] where the expectation is taken with
respect to (w.r.t) the probability distribution P of V. Moreover, since the true proba-
bility distribution P is unknown in some data-driven problems, we may have to rely
on partially available information such as empirical data, computational simulations,
or subjective judgment to construct an ambiguity set of distributions.

3.1 The DUPRO models

Let 22 (R’) denote the set of all probability measures on the space R/ and P ¢ 2 (R!)
represent the ambiguity set of the distributions of V. We consider the optimal decision
based on the worst-case distribution from this set as follows:

max min Ep[u(x; V)], (DUPRO)
xeX PeP

where X € Queomlam, bm] := a1, b1] x - -+ X [ap, by] is the joint region of pos-
sible attribute values. There are some fundamental differences between DUPRO and
the existing PRO models in the literature. First, the true utility function in DUPRO is
random whereas the true utility function in the existing PRO models is deterministic. It
means the former is about ambiguity of the probability distribution of the true random
utility function whereas the latter is about ambiguity of the true unknown (determinis-
tic) utility function. Second, the random utility functions at different scenarios do not
have to be consistent when they are applied to a given pair of prospects. In contrast, the
existing PRO models are built on von Neumann—-Morgenstern’s expected utility theory
[66] which means the true utility function exists and is unique up to positive linear
transformation although in practice it is unknown. Thus the DM’s utility preference
must be consistent. Of course, in practical applications, the DM’s answers to certain
questionnaires may be inconsistent due to mistaken answers or errors in measurements
and there is a way to handle this kind of inconsistency, see [4, 7]. However, the two
models are different in nature. Third, in DUPRO, we assume that a random sample of
V is obtainable explicitly by elicitation on the DM’s utility scoring at a specified set
of levels of attributes. If we interpret V = v as a scenario of V, it means that the DM’s
utility u(x; V') at the scenario is obtainable, there is no ambiguity about u(-; v). The
only ambiguity lies in the true probability distribution of V. Fourth, DUPRO should be
distinguished from distributionally robust expected utility optimization models where
the ambiguity lies in the probability distribution of exogenous random parameters, see
e.g. [49]. Fifth, the random utility model has been widely used to describe customer’s
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choices of certain products, see e.g. [1, 6, 14, 61]. [48] seems to be the first to consider
a distributionally robust choice model where the expected utility of a selected product
is maximized under the ambiguity of correlations between customer’s utility valua-
tions of different products. There are at least three differences between our models
and theirs. (a) In the discrete choice models, the random utility function represents a
group of DMs’ (customers’) utility evaluations of certain products where each realiza-
tion of the random utility represents some customers’ evaluation of a product. In our
models, the random utility function represents a single DM’s utility evaluations in a
multi-attribute decision-making problem where each realization of the random utility
represents the DM’s evaluation of the attributes in a particular “state”. (b) We consider
the expected total additive utilities rather than the expected value of the maximum
utility of the M attributes. (c) The ambiguity in our model is on randomness of the
single-attribute utility function of each attribute rather than correlation between these
utility functions (corresponding to correlation of utility of different products).

In practice, x is often a vector-valued function of some action denoted by z, that is,
x = h(z). Let 3 be a feasible action space. It follows that

X={(xeR" |x=h(), ze3)
Consequently, we rewrite this variation of DUPRO as

max mi% Eplu(h(z); V)]. (DUPRO-1)

z€3 Pe

In the case that the relation between x and z is affected by some exogenous uncertainties
denoted by a vector of random variables £ with distribution Q, we may obtain a further
variation

max min Ep[Eglu(h(z, §); V)II. (DUPRO-2)
z€3 PeP

We next focus on discussing DUPRO. All the model configurations and correspond-
ing solution methods presented in this paper can be straightforwardly extended to
DUPRO-1 and DUPRO-2.

3.2 Construction of the ambiguity set

A key component of DUPRO is the ambiguity set. In the current main stream research
on DRO models, the ambiguity is concerned with the probability distribution of exoge-
nous uncertainty, see [12, 15, 16, 27, 30, 46, 69] and the references therein. Here, the
ambiguity lies in the probability distribution of endogenous uncertainty (DM’s utility
preference). We outline two main approaches for constructing the ambiguity set P in
a data-driven environment. Denote by p and X' the mean and covariance matrix of
V. Here we consider a situation where the true i and X' are unknown but it is possi-
ble to obtain an approximation with sample data. Let V', ..., V¥ be an independent
and identically distributed (i.i.d. for short) random sample of V and denote by V the
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sample mean and by S a sample covariance matrix approximating their true coun-
terparts i and X. In practice, the random samples can be generated using classical
non-parametric utility assessment methods. In Sect. 6.2, we delve into the utilization
of a generative logistic regression method to assemble a random dataset of consumer
preference in the automobile market.

Note that traditional PRO models are not suitable in this case. This is primarily
because there may not exist a deterministic utility function which fits into the random
samples. For instance, let u(- ; Vl), ...,u(- ; VN) be the N observations of Han-
nah’s vague preference in Example 1. It is highly likely that one observation supports
the choice of jacket A, i.e., u(A; Vi) > u(B; V'), whereas another favors B with
u(A; V) < u(B; V/). Those inconsistent observations result in emptiness of the
ambiguity set of utility functions in the existing PRO models [4, 36].

In what follows, we address how to construct a set of moment uncertainty using a
random sample. The support set V defined as in (5) indicates that the components of
V are linearly dependent, i.e, e,TV = 1 almost surely. Therefore, we can reduce by
one dimension to consider the first / — 1 components of V in the construction of the
ambiguity set. Accordingly, Vs 1,,, which is the /-th component of V, is equal to 1
less the sum of the other components. Let

c=| . . (7
10 (I—=D)xI

Then CV € IR’~! is the vector consisting of the first 7 — 1 components of V. Denote
by @;—1 and X;_; the mean and covariance matrix of CV and by V;_1 and S;_ the
sample counterparts of ;71 and X';_1. Note that

pi-1=Cun, X1 =CXCT, Vj_1 =CV, and S;_; = CSCT.

To facilitate our analysis in the forthcoming discussions, we make a blanket assumption
on X I—1-

Assumption 1 The covariance matrix X;_; is nonsingular.

Under this assumption, S;_1 is nonsingular for a sufficiently large sample size N,
which is needed in the following constructions of the ambiguity set P. The assumption
requires that the components of C'V are linearly independent. If the assumption is not
satisfied, then we will repeat the procedure of dimension reduction until remaining
components are linearly independent.

3.2.1 Ellipsoid approach
A popular approach in the literature of distributionally robust optimization is to specify

the ambiguity set by moment conditions [8, 18, 51, 52, 73]. Here we consider an
ambiguity set with ellipsoidal structure of the first moment:
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s PVeV =1
P ={Pe R _ - 2 8
a(y) RY) HS 12 (CEp[V] - VH)H <y ®)
where || - || denotes the Euclidean norm and S}/_ 21 is a full rank matrix with S;_; =

(S}/_21>T S}/_zl nd S, 1/2 = (S}/_zl) 1. The second condition in the set P4 (y)
specifies the range of C ]E p[V], that is, we consider only the candidate probability
distributions with associated means value of V falling within the specified ellipsoid
centered at the sample mean V;_ . The parameter y determines the size of the ellipsoid
and its choice depends on the DM’s confidence in the sample data. The whole idea of
the ambiguity set is built on the confidence region for multivariate random variables.
The following proposition states conditions under which the true probability distribu-
tion of V falls in the ambiguity set P4 () by a proper setting of y for the fixed sample
size N and confidence level 1 — «.

Proposition 1 For a given o € (0, e 2(2 — e72)), let

1 32R?ZI%(1/(1 — V1 —a))
YN = , &)
N
where R : H 2, 1/ 2 H Then there exists a positive integer Ny depending on a such

that, for the true probability distribution P of the random vector V,
Prob (P € 77,4()/1511))) >1l—a

forall N > Nj.

Proof Let B := 1 — /1 — a. As we discussed earlier, under Assumption 1, we have

—1/2

Hz (CE[V] - V;_ ])H < (I —1DR <ooas.

Hence, the bounded support guarantees the “Condition (G)”in [57],1.e.,forany p > 1,

E[|= v - V|| = 4R p12,
It follows by Proposition 4 in [57] that

—-1/2 - (1
Prob (H s 2RV - v,,l)H <y /2) > 18

On the other hand, since Sy—1 converges to Xy weakly by the weak law of large
numbers, and ” CE[V]— Vi || is bounded by 2 a.s., then there exists Ny depending
on « such that

—1/2

Prob(HS 2(CE[V] - V,_ 1)H<2H2 (CE[V] - V;_ 1)H)>1—,B
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for all N > Ny. Consequently

Prob (Hs;_‘{2<CIE[V1 - VH)H = va”)

> prob (| =P CEVI= Vi | =P 2) - prza-pP =1 -0,

which completes the proof. O

The proposition states that for a fixed sample size N how large the parameter y
should be so that the true distribution falls in P4 (y) with a specified confidence level.
This means that, with probability at least 1 — ¢, the optimal value of the DUPRO model
computed with such an ellipsoidal ambiguity set provides a lower bound for the true
optimal value of the expected utility maximization problem, see Theorem 4 in [18] for
a similar argument. From a decision-making perspective, we want the ambiguity set
to be small (a smaller y) so that the resulting decision based on the worst distribution
from the ambiguity set is less conservative. On the other hand, we also hope the true
probability distribution lies within the ambiguity set with a specified confidence level
so that the model is more relevant. Nevertheless, a smaller y would make this less likely
to happen. If we are able to recover the true probability distribution with a sample of
size N, then we may set y = 0. In practice, however, this is very unlikely particularly
when the sample size is small. A potential drawback of this approach is that when
we use sample covariance to approximate the true covariance, R could be very large
when the covariance matrix is nearly singular (the data are nearly correlated), this will
result in a large y]f,l). We refer readers to discussions in [18, 57] and our discussions
in Sect.5.3 for appropriate setting of y. This prompts us to consider the bootstrap
approach for constructing an ambiguity set.

3.2.2 The bootstrap approach

We propose to use a percentile-f bootstrap method to specify a confidence region of

wr—1.Specifically, we generate K nonparametric bootstrap resamples of the first / — 1
components, denoted by Vl(lill ), el Vl(lilN ), k =1,..., K, based on the empirical
distribution (i.e., the uniform distribution on original sample data Vll_l, e, VIAL -
Let 171*;’(1 and Sffl denote the sample mean and the sample covariance matrix of

Vl(fll ), R VI(EIN ). We consider the studentized statistics

T := “/NSI__I{z(VI—l —r-1)
and its bootstrap counterparts
* *,k -1/2 %,k v
=N (STR) I =V, k=10 K (10)

The literature [5, 29, 72] addresses multivariate bootstrap confidence regions using
data depth and likelihood. Here we state the procedure given by [72]. Recall that
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Tukey’s depth of a point x under some distribution F is defined as

TD(F, x) = l\jﬁli]/l {sT(y —0> O}d]-"(y).

Let .7-';; be the empirical cumulative distribution function built using (77, - - -, T;g)
and calculate dy := TD(Fg,T;), k = 1,..., K. Denote by d1), ...,d) in the
decreasing order of the quantities of d, . .., dg, and let T(’,"{) be the statistics such that

dg) = TD(F}. Tj,). For a given a € (0, 1), let Fiq = [T, Ty | be

an M x [(1 — ) K] dimensional matrix. Here, [-] is the ceiling function. We construct

a convex hull, denoted by 207_,, of T(’,i) forl <k<[(1—-a)K],ie.,

T_a = iTl_aw e RI!

T
el =1, w= 0} (11)
Then a 100(1 — )% bootstrap confidence region for p;_ is obtained as
o= Vi = 8RN | B e i, ) (12)
On this basis, we define an ambiguity set of the first moment as
Py(a) = [P e PR | P(V eV) =1, CEp[V] e C’f_a} . (13)

In this bootstrap approach, « is the critical value of the confidence region. A larger
a means fewer sample points from the bootstrap resampling process are included.
Subsequently, €7_, and Pp(a) are smaller.

Observe that for fixed K, 207 _ o 1s a bounded set and by Corollary 6 in [55], S}/_ 21
converges to Z‘Il i 21 at an exponential rate with the increase of N. Thus S} i 2] w//N —
0as N — oo w.p.1. which implies that the ambiguity set €] _, shrinks to a singleton
at an exponential rate as N — oo. That is, for a fixed «, the size of the ambiguity
set is only determined by N (original sample size). In contrast, the ellipsoidal method
requires one to choose an appropriate size by adjusting y with regard to N, such as
)/15,1) in (9). When N is small, yjfll) could be very large to secure the true probability
distribution to fall into PA()/]E,D) by Proposition 1. However, such a large ambiguity

set Pa (yjf,l)) is too conservative in practice. Indeed, for a given N, the existing liter-
ature lacks a practical method for determining the size of an ellipsoid ambiguity set.
Differently, the bootstrap approach offers the convenience of selecting an appropriate
critical value o with a probabilistic interpretation. Here we illustrate how the confi-
dence region constructed by the bootstrap looks like in the case that the dimension
of Vy_1 is 2, the original sample size is N = 50 and the number of the resamples is
K = 10, 000. Figure2a and b depict 207_,, and €7 _, for different  values ranging
from 0 to 0.25. Figure 2c depicts the minimal ellipsoid containing &7 _, for different o
values. Since each ellipsoid may be regarded as a confidence region, we can see from
the figures the sizes of the confidence regions with specified confidences of 95%, 85%
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Fig.2 K = 1000, N = 50. a convex hull 207_ . b 100(1 — @)% bootstrap confidence region €}_. ¢
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and 75%. Moreover, we can see that sizes of these confidence regions are considerably
smaller than those defined via P4 (y). For example, when N = 50, and @ = 0.25,
) =10.

In this paper, we adopt the bootstrap approach to construct the ambiguity set not
only because the size of the ambiguity set is relatively smaller but also it is often
difficult to obtain a large number of observations of V. Moreover, we will also see in
the next section that DUPRO can be easily reformulated at an MILP which is relatively
easier to solve.

4 Reformulation of the DUPRO model

In this section, we develop computational approaches for solving DUPRO with the
ambiguity sets P4 (y) and Pp(«) defined as in (8) and (13), respectively. Section4.1
addresses the case with increasing utility functions, while Sect.4.2 discusses the
case with risk-averse utility functions. We begin by presenting a reformulation of
the objective function Ep[u(x; V)] of DUPRO as a linear function of the expec-
tation of random vector V in the next proposition. To ease the presentation, we
recall some of the key notations introduced in Sect.2. 1 {tm,,-,1 <xy; < tm,,-} rep-
resents an indicator function of interval (¢, ;—1, tm,il, X = (x1,--- ,xM)T e RM,
um is a PLUF defined over [ay,, by,] with breakpoints {t,,; : i € {0} U J,}, for
me Moo=l - vIHT e RI withJ,, = {1,--, L}, M = {1,---, M},
I=3com Im-and u(x; v) = 3 Con thy (Xims Um).

Proposition 2 Let

m,i tm,ifl

Xm — Im,i—1
gm,i(xm) =1 {tm,i—l < Xm = tm,i} and hm,i(xm) = <u> gm,i(xm)a
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fori € J,,m e M. Let

hm,l (xm) + Zjejm\{l} gm,j(xm)
hm,Z(xm) + Zjejm\{l,z} gm,j(xm)

S (xXm) =
hm,ln; (Xm) Inx1
and £(x) = (i), ..., fuCean)). Then

(i) U (X V) = VL fon (X)), for m € 9 and

u(x;v) = v’ f(x). (14)
(ii) DUPRO is equivalent to
max Irpg%Ep[VT]f(X) (15)
and

max min [uteiv) =2"rm}, (16)

where §(P) :={Ep(V) | P € P}.

Formulation (16) implies that DUPRO can be converted into a maximin robust opti-
mization problem where the ambiguity set §(P) is composed of the expected values
of V each of which corresponds to an expected utility function. The worst-case
expected utility function minpcp Ep[VT]f(x) is determined by the minimum of
(vT f(x) : v € F(P)}. Thus, we may solve DUPRO by solving problem (16). This
is indeed one of the main advantages for us to adopt the particular form of PLUF in
(4). However, the structure of f(x) is still too complex for us to derive a tractable
formulation of DUPRO. To address the issue, we derive an alternative representation
of f(x).Lety = OF,....yI)T e Rl and z = (T, ..., z])T € {0, 1}!, where
Ym = Ym,1s - - ~ym,1m)T € R and z,, = @m,1, - ~-Zm,1m)T € {0, 1}1,,, form € M.
Let

Y] Zl
Y = , Z:= , a7
Ym L1y Zum ]y
where the blocks Y, and Z,, for m € 9 are
1
tm,1—Im,0
Ym = )

.
I, Iy _tm.lm_l I x Iy
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~ln.0 1 1
Im,1—m,0 e
_tm,l 1
tm2—tm,1 T
Zy =
I, Iy —1
U, Iy —tm Iy —1 L, x1I,

Denote five other block-diagonal matrices

By D, e
B = . , D:= . , E:=
Bm 1y Dv 1 ysm €iv Jrxm
(18a)
- +
Hl Hl
H™ = , OHY = , (18b)
— +
HM Ix1 HM Ix1
where the blocks By, Dy, H,,, and H,} for m € 9 are
1 1 tﬂ’l,l
Bm = Co. 5 Dm = s (198.)
111, fnst 17,1
tm,O Im,1
H, = , Hb = . (19b)
=1 g 1, I, {1, %1,
With all these new notations, we are ready to represent f(x) as follows:
fx)=Yy+Zz (20)

under the conditions below
E'z=ey, E'y=x, Hz-y=<0, Hz-y>0, ze{0,1}). @D

It is important to note that for a fixed x, (y, z) satisfying (21) is unique. Representation
of f(x) via (20)—(21) is a crucial step towards tractable formulation of (16) in the rest

of this section. This is another main advantage that we adopt the particular form of
PLUF in (4).
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4.1 PLUF without concavity

We consider the case that the random utility functions are piecewise linear but are
not necessarily concave, and discuss reformulation of DUPRO with the ambiguity set
Pp(a) (see (13))

: T
max min v , 22
xeX veF(Pp(a)) f(X) (22)
where
v>0
FPs@) ={veR!|efv=1 . (23)

Cv="V_1 -8 w/J/N, i eW:_,

The next proposition states that the maximin problem (22) can be reformulated as a
single MILP.

Proposition 3 DUPRO with the ambiguity set Pp(«) defined as in (13) is equivalent
to

x,yr,Izl,%),(n,r VEm+m+t (24a)
st. Clyn+et<Yy+Zz, (24b)
NTIRTT (S}/_21>T N+ e[(1—ayk T <0, (24c)
ETz=ey, (24d)

ETy =x, (24e)

H z—-y =<0, (24f)

H z—y>0, (24¢)

z €0, 1}, (24h)

x € X, (24i)

where Y, Z, H=, HT are defined as in (17)—(19), and f"l_a is defined as in (11).

Proof By Proposition 2, DUPRO with the ambiguity set Pp () is equivalent to (16)
with F(Pg(a)). Also, for any Cv € €*_ | there exists a w € RIT=®KT gych that

1—a
~

Cv=V_ — N’I/ZS}/_ITl_aw, erT(]fa)K]w = 1, and w > 0. Hence, the inner
minimization problem of (16) is written as

min v7 £ (x)
v, W
st.Co+ N7V28) 2 fy_quw =V,

T
efa-ak1? = 1,
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Let n € R'™!, 7 € R, and 7 € R be the dual variables regarding the first three
constraints in the problem above. We obtain the dual problem as

max \_/IT_ln +r+7
n,m,t
st.CTn+et < fx),

124 12\T
NPT, (51/_1) n+era-ak17 < 0.

The conclusion follows by using the unique representation of f(x) via (20)—(21). O

From (24), we can see that as « increases, there will be fewer inequality constraints
in (24c) and consequently the optimal value of (24) will increase. Problem (24) has /
binary variables. Its scalability is contingent on the number of attributes and the number
of pieces in each piecewise linear single-attribute utility function. The number of pieces
depends on the complexity of the problem, empirical data, expert judgment, or various
mathematical and statistical techniques. In some cases with relatively straightforward
and homogeneous preferences, a PLUF may have just a few pieces or segments to
capture the essential variations in utility. In other cases, analysts may choose to use
more complex PLUFs with multiple segments to better capture the nonlinear nature of
preferences. In Sect. 6.1, we conduct an experiment to test the computational time of
problem (24). The test results exhibit that the computational time has an exponential
growth rate as / increases.

4.2 Random concave PLUF case

We now turn to discuss the case that the random utility function of each single-attribute
is concave. In this case, V. defined as in (6) is the support set of the random vector V
of increments. In this section we substitute V. for V in the ambiguity set Pp (o) given
in (13). We discuss a reformulation of DUPRO with the ambiguity set Pp(«) in the
proposition below.

Proposition 4 DUPRO with the ambiguity set Pp(«) is equivalent to

max VI n4+rm+t (25a)
X,n,7,T,C,h

T T T

st. CTn+er+ATc—B A <0, (25b)

1A 12\T

N-verlr (SI/_I) n+era-—ak1m <0, (25¢)

DT < x, (25d)

ET) < ey, (25e)

>0, 12>0, (251)
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x € X, (25g)

where A is defined as in (6), B, D, and E are defined as in (18)—(19).

Proof We first prove that the inner minimization problem of DUPRO can be repre-
sented as

min xTy + e;,,z (26a)
y,Z2,v,w

st. Co+ N7V28) 2 _qw =V, (26b)
el ax = 1. (26¢)
elv=1, (26d)

Av > 0, (26€)

Dy + Ez — Bv > 0, (26f)
v>0, w>0,y>0, z>0. (26g)

The F-mapping of Pp () with the support V. is written as
SPp(a)) = {v € Ri ‘ v satisfies conditions (26b) — (266)} .

For any given v € §(Pp(a)), tm (Xm; vm) i a piecewise linear increasing concave
function with breakpoints #; and values le=1 Um,j»i =1,..., I, It can be written

as the minimization of all subgradients at points (t,-, ZS-:] Upn, j) as

W (X V) =  MIN - Xy Vi + Zm
Ym>Zm>Vm

st. Dpym+ Zimé€l, — Byv, >0,
ym Z 07 Zm Z 09

where D,, and B,, are given in (19). Therefore, we combine all u,, into the multi-
attribute utility function

LY — . o T T
u(x;v) = Z um(xm,vm)—)I]I’IZI’ITIJX y+eyz
meM
s.t. Dy + Ez — Bv > 0,

y>0,z>0.

This gives the objective (26a) and constraints (26f) and (26g).

Letting n € RI-L 7z e R, t € R, ¢ € RI=™ and A € R! be the dual vari-
ables regarding the constraints, respectively, in the problem above, we can derive the
Lagrange dual

max V_T_ n+m+rt
I—-1
n,7,7,8,A
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s.t. CTn +ert+ AT§ — BT <0,
12 12\T
ey i (S,fl) n+era-ak1m <0,
DT <x,

ETASeM,
>0, 2>0.

A combination of the above dual program with the outer maximization problem yields
(25). O

As in Proposition 3, the optimal value of (25) increases as « increases. Note that
Proposition 3 states the MILP reformulation of DUPRO when considering general
increasing piecewise linear single-attribute utility functions. Proposition 4 shows the
LP reformulation of DUPRO if all the single-attribute utility functions are increasing
and concave. This phenomenon is consistent with the reformulations in the literature
of deterministic PRO models albeit our DUPRO framework is significantly different
from deterministic PRO frameworks. This is primarily because we use the increment-
based piecewise linear random utility function, which allows us to recast DUPRO
as a deterministic maximin robust optimization problem (16). In the case when the
piecewise linear random utility function is concave, we can use the support func-
tion method, as in the deterministic PRO reformulations, to reformulate the problem
min,ez(p)y u(x; v), where §(P) :={v =Ep(V) | P € P},asanLP.

5 Quantification of modelling errors of the PLUF-based DUPRO

In the preceding sections, we focus on DUPRO with the DM’s true utility function of
each attribute having a piecewise linear structure. In practice, the true random utility
function is unknown and does not necessarily have a piecewise linear structure. What
one can usually do is to use nonparametric utility assessment methods to obtain the
DM’s evaluation (scoring) at different levels of attributes and then construct a PLUF
as an approximation. This means that we may treat the proposed PLUF-based DUPRO
as an approximation of general expected random utility maximization problems. In
this section, we quantify the model (approximation) errors. Specifically, we consider
the following expected utility maximization problem with deterministic attributes

9 1= max E[U (x)]. Q7

where U (x) = Zm e Um(x), Uy, is the DM’s true single-attribute utility function
of attribute m. Without loss of generality, we assume that U,, is a general continu-
ous and nondecreasing random utility function of attribute m defined on the domain
[am , by, ] for attribute m € 901 but it does not necessarily have a piecewise linear struc-
ture. Let X € Quemnlam, bm] = [a1, b1] X -+ X [ap, by] be a compact set. To
ease the exposition, we assume that U is normalized with U(ay, ...,ay) = 0 and
Uy, ...,by) =1 almost surely.
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5.1 Static piecewise linear approximation

We begin by discussing the piecewise linear approximation of U (x) and its impact on
the optimal value and optimal solutions. For each fixed m € 9, let ¢, ;, fori € J,,
be defined as in (1). Let

Vm,i = Um(tm,i) - Um(tm,i—l)v S jm»

be the increment of U,, over the interval [, j—1, typi]and Vi = (Vi i, -+, Vm,lm)T.
Throughout this section, we let the set of the breakpoints {t,, ; : i € T, m € 9} be
fixed. We construct a piecewise utility function over [ay,, b, ], denoted by u,, (+; Vi),
with breakpoints #, ;, i € Jp, and

um(tm,i§ Vi) = Um(tm,i), fori € J, (28)

and use uy, (-; Vy,) to approximate U, form € 9. Let V := (VlT, S, VAZI)T and

ulx; V)= Z Um (Xms Vin).

meM

Note that the dimension of vector V is [ = ZZIZ 1 Im. We propose to obtain an
approximated optimal value and optimal solution of problem (27) by solving the
following piecewise linear approximated expected utility maximization problem:

Y7 = max E[u(x; V)]. 29)
xeXx

Let X* and X; be the respective sets of optimal solutions of problems (27) and (29).
The subscript / indicates the optimal value depends on the total number of breakpoints
I in the piecewise linear approximation. Of course, it also depends on the location of
these points. Let

A= max max(ty,,; — tm.i—1)- (30)

meMied,,

Obviously in order to secure a good approximation of ¢ by ¥y, we need A to be
sufficiently small. In the case when the breakpoints are evenly spread, this is equivalent
to setting / to a large value. To see this more clearly, let us consider the simplest case
that Iy = I, = --- = Iy where [, is the number of breakpoints in piecewise
approximation of the random utility function of attribute m. In that case I,, = %,
where [ denotes the total number of breakpoints of piecewise linear utility functions
of all attributes. The requirement on A < € means that

bn — am by —am
max ———— = max ——
meM 1, meM I/M

The latter is equivalent to I > maX,,con w, whichmeans I = O(1/¢). Unless
specified otherwise, we assume in the rest of discussions that / — oo ensures A — 0.
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The following proposition addresses the approximation of problem (27) by problem
(29) in terms of the optimal value and optimal solutions.

Proposition 5 Suppose that form € 9N, Uy, is Lipschitz continuous over [a,,, by, | with
random Lipschitz modulus L,, almost surely, where E[L,,] < 0o and the expectation
is taken w.r.t. the probability distribution of the random factors underlying U (x). Then
the following assertions hold.

(i) Forany e > 0,
|0 — 9] < E[L]A, (3D

where L =" on L.

(ii) Let {x1} be a sequence of optimal solutions obtained from solving problem (29).
Then every cluster point of the sequence is an optimal solution of problem (27),
that is,

lim D(X;, X*) =0, (32)
I—o0

where D(A, B) denotes the access distance of set A over set B.

Proof Part (ii) follows directly from Part (i) and the well-known stability results in
parametric programming, see e.g. [45, Lemma 3.8]. We only prove Part (i). Observe
first that

|0 —01] < Sug [ELu(x; V)] = E[U@)]].

By the monotonicity, Lipschitz continuity of the utility function, and equality (28),

[ (Xms Vi) — U (xp)| < |Um(tm,i) - Um(tm,ifl)l < Lmltm,i - lm,ifll <L,A, a.s.

for any x,,;, € [t,i—1, tm,;], Which ensures that

sup |Elttm (Xm: Vin)] — E[Up (xm)]| < E[L,]A4,

Xm €lam ,bm]

for m € M and hence,

sup [E[u(x; V)] = E[UX)]] < sup [E[u(x; V)] = E[U @]

xeX XEQmenmlam,bm]
< > ElLn]A=E[L]A.
meIN
The proof is complete. O

The result provides a theoretical guarantee for using a piecewise linear utility func-
tion model parameterized by a vector of random increments to approximate the true
random utility function in absence of complete information on the latter. In other
words, one may use a random PLUF as we discussed in Sect.2 to represent a DM’s
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true random utility function provided that it is Lipschitz continuous over the specified
compact set and the breakpoints of the PLUF are sufficiently dense in the set. Lipschitz
continuity over a compact set is fulfilled by most utility functions in the literature.

5.2 Sample average approximation

In practice, the true probability distribution of V is often unknown, but it is possible
to obtain some observations from empirical data such as scoring. This means that
instead of solving problem (29), we often solve the sample average approximation
of the problem. Research on SAA is well-documented, see e.g. [34, 53, 54]. Let
V1, ..., VN denoteaniid random sample of V and V the sample mean. By Proposition
2, we propose to approximate E[U ()] using the sample average

N N

1 1 - -

T2 UGV =23 fOTV = FOIV =u(; V).
n=1 n=1

The following proposition gives a qualitative description of such approximation.

Proposition 6 Under the settings and conditions of Proposition 5, for any € > 0 and
6 > 0, there exists No > 0 such that

Prob <sup lu(x; V) = E[Ux)]| > e) <3, (33)
xeX

folr. all5N > Ny(e,8) = O(In 5/62) and A < ﬁ[”, where A is defined as in Propo-
sition 5.

Proof We write V = (V[, ..., VI)T, where V,, is the associated sample average for
the vector of increments regarding the single-attribute utility function of attribute m.
By the triangle inequality, we have

1 (x; Vm) — E[Un (]| < |t (x; ‘_/m) — Efu (x5 Vi)l
+Elum (x; V)] = E[Up(X)]], form =1,---, M.
(34)

By the monotonicity, Lipschitz continuity of the utility function, and equality (28),

[t X Vin) — U ()| < |Um(tm,i) - Um(tm,i—l))| = Lm|lm,i - tm,i—1| <LnAa.s.,
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for all x;, € [ty,i—1, tm.i], which implies that

sup  |Efupm (x; Vi)l = E[Un)]l = sup  Elup (x; Vi) — Un(x)| < E[Ln]A.

Xm €lam bm] Xm €lam bm]

Thus

sup [Efu(x: V>]—E[U<x>]|sE{Z SUp  Jutn (x; Vm>—Um(x)|}

xeX memxme[amybm]

< E[L]A. (35)
Let A be sufficiently small such that E[L]A < €/2. By (34) and (35), we have

sup |u(x; V) = E[U ]| < sup u(x; V) — Elu(x; V)] +E[L]A

xeX xeX
< sup Ju(x: V) — Elu(x: V)] + <.
xeXx 2

Together with Proposition 2, we obtain

Prob (sup lu(x; V) = E[Ux)]| > e) < Prob (sup lu(x; V) = Efu(x; V)| > f)
xeX xeX 2

< Prob (IIV —E[V]]l sup | f ()| = 5) .
xeX 2

By the definition of f in Proposition 2, we know that sup, .y || f(x)|| < oo. Thus
by Cramér’s large deviation theorem, there exists a positive integer Ny and positive
constant 7 (¢) (depending on € with 7" (0) = 0) such that for all N > N

Prob <||V —E[VI]| sup [ f(0)]l = 5) <e 7OV, (36)
xeXx 2

Specifically, it follows by Hoeffding’s inequality (see e.g. [55, Theorem 2]), for fixed

8 € (0, 1), we can set Ny(e, §) := —12—25 and subsequently obtain

_ €
Prob (IIV —E[VIisup I f (Ol = 5) <3é (37)
xeX

for all N > Ny(e, §). The proof is complete. O

With the theoretical justification of approximation of E[U (x)] with u(x; V), we
consider the sample data-based utility maximization problem

max u(x; V). (38)
xeX
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Differing from the standard sample average approximation scheme in stochastic pro-
gramming, problem (38) consists of two layers of approximation: piecewise linear
approximation of utility function U (x) by u(x; V') and sample average approximation
of E[u(x; V)]. Let ¥y ; denote the optimal value of problem (38) and Xy ; the set
of the optimal solutions. Here the subscripts N and [ are used to indicate that these
quantities depend on both the sample size N and the number of breakpoints /. By
combining Propositions 5 and 6, we can establish convergence of u(x; V) to E[U (x)]
and associated optimal values and optimal solutions as both N and I go to infinity.
The following proposition addresses this.

Proposition 7 Assume the settings and conditions of Propositions 5 and 6. Then the
following assertions hold.

(i) Let I (the set of breakpoints) be fixed. For any € > 0 and § > O, there exists
No(e, 8) = O(In8/€?) such that

Prob (|9n,7 — 9] = €) = 6, (39)

forall N > Ny(e, 8) and A < ﬁ[”.
(ii) For any positive number ¢,

lim Prob (|19N,1 — 9| > e) =0 (40)
N,I—o0
and
lim Prob(D(Xy.7, X*) > ¢€) =0. 41)
N,[—o00
Proof Observe that
[9n.1 — B] < sup [u(x; V) — E[U)]]. (42)

xeX

Part (i) follows directly from (33) and (42). Part (ii). Equality (40) follows from (31),
(39) and (42) whereas (41) follows from (40) and classical stability results (see e.g.
[10]). O

The proposition provides a theoretical guarantee that one can solve problem (38)
to obtain an approximation of the optimal value and optimal solution with specified
confidence provided that the sample size is sufficiently large.

5.3 DUPRO approximation and convergence

The convergence results established in Proposition 7 are based on the assumption that
the sample size N can be arbitrarily large. In some practical data-driven problems, this
assumption may not be fulfilled. This motivates us to use DUPRO with a piecewise
linear random utility function to approximate problem (27). In Sect. 3.2, we propose
two approaches to construct an ambiguity set of DUPRO: an ellipsoid moment region
P4 in (8) and a bootstrap confidence region Pp in (13).
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We begin with P4 based DUPRO and move on to the one based on Pp. To facilitate
reading, we repeat the definition of P4 (yn)

PR PVeV) =1
73 _1p R B _ 2 43
A(YN) € ZRY H 51_1{2 (CEp[V]— Vi) H <VN @

By Proposition 2, we can reformulate DUPRO with P4 (yy) as

Delp :=max _min  u(x; v), (44)
xeX veF(Palyn))

where
§Patw) i={veviCo- VDTS Co-Viiy s . @)

The reformulation is sensible in that the objective function only depends on E[V]
and so does the moment constraint in the ambiguity set. Analogous to )/15,1) defined
as in (9), we require that yy decreases to 0 as N goes to co. Then the ambiguity set
S(Pa(yn)) converges to the singleton {u = E[V]}. We investigate convergence of
Velp to ¥ (the optimal value of problem (27)) as N and I go to oo and yy is driven to
0. The next theorem states the convergence.

Theorem 1 (DUPRO with ellipsoidal ambiguity (45)) Let yy in (43) monotonically
decreasetoOQas N — oo. Then forany o € (0, 1) and small € > 0, there exist positive
numbers Iy(€), No(€, @) such that

Prob (|deip — 9| > €) < @ (46)

forall N > No(e, @)= O ((Ina)/e*), I = Ip(e) = O(1/e).
Proof For fixed v € F(Pa(yn)), it follows by (14) that

(s v) = BLU O < Ju(x; v) = u(x; V)| + Jux; V) —E[U(x)]|
= f)" (v = V)| + |u(x; V) — E[Ux)]]. (47)

Let E denote the event that S,_JI - X 1_1)_l and F denote the event that
SUP,cx lu(x; X_/) — E[U(x)]| < €/2. Since 2X;_1 > Xj_1, by Corollary 6 in [55],
there exists 1\70 (@) = O(—In ) such that

Prob(E) = Prob (S,—_l1 >~ (22,_1)*‘) >1—a (48)

forall N > No (). Moreover, it follows by Proposition 6 and its proof, that there
exists No(e/2, a)= 0((11’105)/62) such that

Prob(F) = (sup |u(x; V) — E[UMX)]| < e/2> > o 49)
xeX
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forall N > No(e/2, «). Thus
Prob(ENF)>1—« (50)
forall N > Ny(e, @) := max{]%(oz), 1%(6/2, o)}= 0((1110{)/62). By (47),

Prob (|9erp — 9| > €)

< Prob sup lu(x; v) —E[UMX)]| > €
xeX,veF(Palyn))

= Prob ( sup lu(x; v) = EIU)]| = e[ J(EN F))

xeX,veF(Pa(yn))

+Prob sup uGx;v) —E[U®)] = e[ JENF
xeX,veF(Pa(yn))

xeX, veF(Palyn))
Prob(E N F) 4+ Prob(E N F)

< Prob( sup lu(x; v) — u(x, V)| + lu(x; V) —E[Ux)]| > €

EﬂF)

ST

< Prob sup |u(x; v) — u(x; V)l >
xeX,veF(Palyn))

+Prob(E N F) (By (49))

) Prob(EN F)

< Prob ( sup lf ) (v—V)| > 6) +a. (By (50)) (51)
XeX,0eF(Pa(y)) 2

Let f;_1(x), v;j—1 and Vi denote_respectively the vectors which consist of the first
I -1 components of f(x),vand V,let f;(x), v;, Vi denote the /-th component of
f(x),vand V, and e;_1 denotes an (/ — 1)-dimensional vector with all ones. Then

v -Vi=1- €1T_1vl—1 - (- 617_1‘71—1) = €1T_1(‘_/1—1 —vr_1)
and subsequently
FOI=V)= fioiT oy = Vim) + fr@el_ 1 (Vi—1 — vi-y).

By the Holder inequality

F O W=V < 1222 fia @ IIRE), P iy = Vi)
FAONRE) e @), iy — Vi)

< T =DICDZINFONCE) P @1 = Vil (52)
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Let N > Ny(e, ) be sufficiently large such that

€
21 = DIICE) 2 supyex ()

> JYN (53)

for all N > Ny(e, @). Combining (51)—(53), we have

Prob(l elp — U] > e)

<P b( sup IS -V = 6) +a
eX,veF(Palyn)) 2
12 71/2
< Prob sup =D, COMEE), 27 (-1 — Vienll = ) +a
xeX,veF (Palyn))
. - €
< Prob < sup  1Q22); P oy = Vol = T ) +a
VeF(Pa(yn) 2sup,cx (I — DICE) GOl
=P b( sup ||(22)1__1{2(v171 Vi)l > \/VN) +a
veF(Pa(yn))
<P sup (Cv—Vi_)TS; (Co=Vis) >y | +a
veF(Pa(yn))
=04+ua=aqa,
where the last inequality is due to (48) and the last equality is because of (45). O

The theorem provides a theoretical guarantee that the optimal value obtained from
solving problem (44) approximates the true one with a specified confidence when the
sample size goes to infinity and yy — 0. This kind of convergence result should be
distinguished from those in the literature of DRO (see e.g. [60]) in that here problem
(44) is a robust optimization model instead of a DRO model, and the ambiguity set
F(Pa(yn)) in terms of v in (45) shrinks to a singleton whereas the ambiguity set in
terms of P in (43) does not. One of the main challenges that we have to tackle in the
proof is that the ellipsoid in (45) is defined for v;_ rather than v whereas the objective
function u (x; v) depends on v. The mismatch requires us to derive an upper bound for
|£ ()T (v — V)] in terms of S, /> (v;—_1 — Vi_1).

We now move on to investigate convergence of the optimal value of DUPRO to
¥ when the ambiguity set is constructed by the bootstrap samples. Recall that 207 _,
defined as in (11) is the convex hull of points 7% - T(r(1 Here we consider
the case that K = oo and use 20 _, to denote the 100(1 — a)% 1nterior points of the

convex hull of T(”I), o T, based on Tukey’s depth. Consider DUPRO with

Pi@ =[P e2®)| PV eV) =1, CEpV]= Vit — 5 50/V/N, b e Wo .
(54)
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The difference between Pz () and Pp(e) in (13) is that Pp(«) is defined with 207_,
while Py (a) is based on 2. The next lemma refers to Theorem 1 in [72] and the
comments following the theorem.

Lemma 1 If P, the true probability measure of V, is absolutely continuous with respect
to Lebesgue measure in R!, then there exists 81—_q > 0 depending on o such that

Iim 20)_o, € B(S_q), a.s., (55)
N—o0

where B(81—y) is an I-dimensional ball centered at O with radius 81—.

The lemma indicates that §(Pj(«)) is contained in an ellipsoid centered at Viog
when N goes to infinity. We will use this fact and Theorem 1 to establish the conver-
gence property of DUPRO with P («) in the next theorem.

Theorem 2 (DUPRO with bootstrap ambiguity (54)) Let

s = max min  u(x;v) (56)
xeX veF(Py(a))

and t € (0, 1), where

v>0
FPs@) =JveR! |efv=1 . (57)
- 1/2 -~ -
Cv=Vi1 =S8 w/VN, weW_o

Suppose that P, the true probability measure induced by V, is absolutely continuous
in RY. Then for any small positive number €, there exist positive numbers Iy, No such
that

Prob (|0ps — 9 =€) < 7 (58)

forall N > ]\70, 1> 1.

It is important to highlight that (56) is a maximin robust optimization problem
rather than a DRO problem. Moreover, by Lemma 1, 20;_, is a bounded set a.s. as N

goes to infinity and by Corollary 6 in [55], 511 é 21 converges to X 11 i 21 at an exponential

rate with the increase of N, then Sll/_z1 W/~/N — 0as N — oo w.p.1. This means the

ambiguity set §(Pp(«)) shrinks to a singleton w.p.1 as N — oo.

Proof The thrust of the proof is to show
F(P5(@) S F(Pary)) (59)

for some yli,z) when N is sufficiently large and then the conclusion follows from
a similar proof to that of Theorem 1. To this end, we choose n € (0, t) and let
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B =1—(r —n). It follows by Lemma 1 that there exist §j_, > 0 and N; > 0 such
that

Prob(W;—o € B(1-a)) = B, (60)
forall N > Nj. Let )/15,2) = 8%_a/N. Note that
F(Ps@) ={v eV S 1 (Cv— Vi) = —ib/VN, b € Wi_y)
and
FPa) = (v e VIS 1(Co— Vi) = —i/v/N, b € B(1-a)).
Let G denote the event that (59) holds. We then obtain

Prob (§(P4(@) S §(Pa(ry)) = B (61)

for N > Njp. Consequently, for N > Nj, we have

Prob (|9 — 9| > €) < Prob sup lu(x; v) —E[U(x)]| > €

xex,UGE(Pé(a))

< Prob sup lu(x; v) —E[U(x)]| > € | G | Prob(G)
xe%.veS(Pé(a))

+ Prob sup lu(x; v) —E[UX)]] > € | G | Prob(G)
xe%,veS(Pé(a))

< Prob sup lu(x; v) — E[U(x)]| = € | + Prob(G),

xeX veF (P \P))
(62)

where G is the complement. It follows from a similar analysis to the proof of Theorem
1 that, there exist N and [ such that

Prob sup lu(x; v) —E[UX)]| > €] <n, (63)
xeX veF(Patr2))

for N > Ny and I > Ij. Let ]\70 = max{Ny, Nz}. Then for N > 1%, we have from
(61)—(63) that

Prob (|0ps — 9 =€) <n+ (1 - p) =T.
The proof is complete. O

@ Springer



550 J.Huetal.

(a) N =20 (b) N =50 (¢) N =100

Fig.3 N =20, N =50, N = 100, K = 10, 000. The sets of coloured points represent the set QUT_O[ with
different values of «

x Veors

+ True mean + True mean

_03
s
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v v U1

(a) N =20 (b) N =50 (e) N = 100

Fig.4 N =20, N =50, N =100, K = 10, 000. The sets of coloured points represent the set CT_a with
different values of «

The theorem guarantees that the optimal value obtained from solving problem (56)
converges to the true one with a specified confidence as the sample size N of the
original sample and the number K of bootstrap resamples go to infinity. The constant
No depends heavily on N; to ensure (61), and this is essentially down to the rate
of convergence in (55). In the literature of statistics, it is shown that the empirical
cumulative distribution function of statistical estimator based on bootstrap resamples
converges to the one based on the original sample at a rate of o(N ~!/2) in single variate
case, see Theorem 3.10 and follow-up discussions in [20]. The situation here is much
more complex since here v;_1 is multivariate and the ambiguity set is constructed via
Tukey’s depth which trims down some of the resamples. It remains an open challenging
question as to whether the classical result may be generalized to this case, we leave this
for future research. However, we have done some numerical studies on the convergence
of 27 _, as N increases. We further set K = 10, 000 and such a large K guarantees
that 207_, can closely approximate 20 . On this basis, we examine the convergence
of 27 _, as N increases from 20 to 50 and 100 for different o values. Figure 3 displays
the tendency of the convergence. Figure 4 depicts the respective ambiguity sets €7_,
in (12). We can see that when original sample size N reaches 50, the true mean lies
within the ambiguity set €} _ , with o = 0.25.
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Table 1 The breakpoints of the

. Attributes [/ [/ t, t, t, t,
tree attributes m,1 m,2 m,3 m,4 m,5 m,6

Attribute 1~ 0.0667 0.4 0.6667 1 - -
Attribute 2 0.05 0.3 0.4 0.5 075 1
Attribute 3 0.0667 0.2 0.5333  0.6667 1 -

6 Numerical tests

We have carried out some numerical studies of the proposed DUPRO model. In this
section, we report the test results. We begin by examining the performance of DUPRO
with bootstrap ambiguity set where we look into the effect of the sample size of the
random parameter V, the number of the bootstrap resamples, and the critical value
determining the size of Pp (see (13)) and then move on to comparative analysis of
DUPRO relative to the sample average approximation model.

6.1 Performance studies of the bootstrap-based DUPRO model

The first set of tests are aimed to analyse the performance of DUPRO with the ambi-
guity set Pp(«) defined as in (13):

(a) Report the optimal values, worst-case expected utility functions, and computa-
tional time of DUPRO based on different settings of the critical value «.

(b) Investigate the impact of increase of the original sample size N in relation to the
convergence result in Theorem 2.

(c) Validate the reliability and performance of DUPRO using out-of-sample tests.

The test problem has three attributes with a feasible set X := {x € Ri | e3T x =1}
The set of breakpoints of the piecewise utility functions can be set arbitrarily and we
fix them here, see Table 1. Thus I1 = 4, [ = 6 and I3 = 5 and I = 15. We assume
that the true probability distribution of vector V (of dimension I = 15) follows
Dirichlet distribution with order 15 with parameters (0.5, 0.5, - -+, 0.5) € R'>. Thus,
E[V] = (1/15,---,1/15) € R, In this subsection, we report our findings. All of
the tests are carried out by Matlab 2022a installed on a PC (16GB RAM, CPU 2.3
GHz) with Intel Core i7 processor. We use Gurobi solver to solve the mixed integer
problem (24).

6.1.1 Test case (a): Optimal value, worst-case expected utility function and
computational time

We generate a random sample, v1 ... V39 with Dirichlet distribution and then
generate K = 10, 000 bootstrap resamples V51, ... vk30 k= 1 ... 10, 000.
Table 2 displays the sample mean of V.

With the sample data, we are able to calculate Tukey’s depth d(1), - - - , d(k) and

then construct a 100(1 — o) % bootstrap confidence region QZT_&, based on which, we

can obtain the ambiguity set Pp () in (13) (or §(Pp(e)) in (23)). Next, we solve
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Table2 The sample mean ‘_/m,k at the breakpoints

Attributes Vm 1 ‘_/m,Z Vm,3 Vin.4 Vin,s Vin,6
Attribute 1 0.0591 0.0537 0.0642 0.0719 - -
Attribute 2 0.0514 0.0592 0.0756 0.0551 0.1052 0.0686
Attribute 3 0.0706 0.0675 0.0594 0.0830 0.0555 -

0.54 . . 0.3
0.52 Optimal value | | —*= bootstrap a=0.15
. O (0.55,0.440) = “#-bootstrap a=0.30 ﬁ/“
(0.300425) || = - _ P2
05 O (15030 ko 0.25 bootstrap a=0.55 ///,.a
@ 048 2 >
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(a) optimal values (b) utility function of attribute 1.
0.4 0.4

—»* bootstrap a=0.15
Lo bootstrap a=0.30
—=bootstrap a=0.55

—»* bootstrap a=0.15
0.35 | |""*bootstrap a=0.30
—*-bootstrap a=0.55

e
%
&

=4
[

S
)
G

=3
S =
- w

°
=3
S
(=]
(=3
S
N

Worst-case expected utility function u,
(=]
5]

Worst-case expected utility function uy
(=]
S

=
o

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
£ T3

(c) utility function of attribute 2. (d) utility function of attribute 3.

Fig. 5 a The optimal value of DUPRO with ambiguity set by bootstrap; b—d The worst expected utility
functions when o = 0.15, « = 0.30 and « = 0.55

problem (22), equivalent to DUPRO, via solving program (24) and obtain an optimal
solution x*. By substituting x* into the inner problem min,cg P, ) v’ f(x*), we
obtain the worst v* and subsequently the worst expected utility function. Figure Sa
depicts convergence of the optimal value of problem (24) as « reduces from 99.99%
to 2%. For example, we present the worst-case expected utility functions u1, u> and
u3 when o =0.15, 0.30, and 0.55, respectively, in Fig. 5b—d.

Next, we test the scalability of DUPRO when I, the total number of the linear
pieces of the utility functions, increases. Concomitantly, the complexity of problem
(24) increases with more binary variables. We equally partition each of the intervals
between the breakpoints given in Table 1 into t subintervals with / = 157. In the study,
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Fig.6 Running time of DUPRO (problem (24))

we vary t from 1 to 6. Figure 6 depicts the running CPU time for solving problem
(24) with N = 50, K = 10, 000, and « varying from 0.15 to 0.55. It shows that the
increase in / yields an exponential increase of the running time.

6.1.2 Test case (b): convergence analysis

We investigate the convergence result in Theorem 2. In the test problem, the true
random utility function is step-like which means

els f(x)

Efu(x; V)] = E[V]! f(x) = T

where f(x) is defined as in (14) and all of its breakpoints are given in Table 1. Let
¥ = maX,ex eIT f(x)/15. We use the bootstrap approach to construct the ambiguity
set Pg(e) in (13). Let Dy be the optimal value of DUPRO (problem (24)). The set
Pp (@) is an approximation to Pz () defined as in (57), and thus Db approximates
Dpis defined as in (56). We choose K = 10, 000 replications for bootstrapping in this
test. Such alarge K guarantees the quality of the approximation. Hence, we can obtain

Prob (|9bs — 9] > €) ~ Prob (|§th — 9> e) , (64)

where the right-hand side is the complementary cumulative distribution function (ccdf)
of |l§bts — | with respect to €.

We run a Monte Carlo simulation to generate 1000 observations of |l§bts — 9.
On this basis, we depict the empirical distribution to approximate the probability
distribution function (pdf) of |9pts — ©|. Note that the ccdf is the area under the pdf
on the right of a given critical value €. To ease the exposition, we omit “empirical”
in the statement below. Figure 7 depicts the pdfs when « is 0.05 or 0.15, and N (the
size of the original random sample) varies from 30 to 200. In comparison, we also
plot the pdf’s of |, — | in the case of using ellipsoidal ambiguity set in (46). For
a fixed «, an increase of N results in a narrower and more concentrated pdf curve,
which shifts to the left and its right tail gradually diminishing or becoming lighter.
This shows the convergence of Dy to ¥ in probability as Theorem 2 claims. That is,
the right-hand-side probability in (64) dwindles for any given €. For example, when
a = 0.15and € = 0.05, the probability is 0.999, 0.994, 0.882, 0.758, 0.558 and 0.390,
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Fig.7 p.d.f. of [Ops — ¥/ ] and p.d.f. of [Jerp — V|

respectively, as N increases from 30 to 200. Moreover, we observe that the pdf differs
with respect to varying o value when N is small (N = 30, 40 in this case), becomes
indifferent N is large. Theorem 1 indicates that the probability of convergence of e,
relies on a sequence of yy in infinite descent. We choose yy regarding N to obtain
the results similar to the case with @ = 0.15. It is worth noting that Proposition 1
recommends too large y, under which we would have ¢, = 0 in our tests.

6.1.3 Test case (c): out-of-sample test

Analogous to [22], we analyze the out-of-sample performance of the bootstrap-based
DUPRO. In the out-of-sample performance tests, we change the true probability distri-
bution of vector V (of dimension / = 15) to an asymmetric Dirichlet distribution with
order 15 with parameters (O.ZSeST , 0.75€5T , O.SOeST ) € R!5. For a given random sam-
ple, vl ..., V¥ wesolve DUPRO (problem (24)) with a fixed « to obtain an optimal
solution xy («) and then examine its performance via the conditional expectation of
the utility value

In(@) =EuGy@):; V)| V..., vV (65)

This study runs a Monte Carlo simulation to generate 300 observations of Jy («).
Figure 8a—c, depicts the 20-80% sample quantiles of Jy(«) (shaded area) and the
sample means (solid curve in the area) when 1 — o varies from 1073 to 1, for N =
20, 100, and 200, respectively. Also, the dotted curves visualize the reliability that
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Fig. 8 The out-of-sample performance of DUPRO ((i) the solid line for the sample mean of Jy (), the
shaded area for its 20-80% sample quantiles, the dotted line for its reliability; (ii) the out-of-sample per-
formance of the SAA solution given in the caption of each subfigure in the form of (sample mean, [20%
sample percentile, 80% sample percentile]))

represents the empirical probability of the event Jy(a) > Dy via the simulation.
Recall that Dy is the optimal value of DUPRO (problem (24)).

The out-of-sample performance improves until 1 — « reaches a large critical value
(close to 0.8 in this test) and then deteriorates. Note that Fig. 8 uses a log-scale axis
to draw the effectiveness of DUPRO with a small-sized ambiguity set. The concave
curves of sample mean indicate that the out-of-sample performance has a higher rate of
improvement when 1 — ¢ is small, while DUPRO becomes too conservative when 1 —«
approaches 1. The robustness of DUPRO is also reflected by the range between the
20-80% sample quantiles shrinking as 1 — « increases. We also investigate reliability
of Jy (). In Fig. 8, the reliability attains the maximum when 1 — o = 0.8.

On the other hand, we can see that the increase of original sample size N improves
the out-of-sample performance entirely, not only lifting the curve of the sample mean
but also narrowing down the range of the 20—80% sample quantiles. The results are
consistent with the convergence analysis in Sect.6.1.2. Moreover, Fig.8 shows that
DUPRO, as adata-driven approach, is affected by the level of distributional uncertainty.
As N increases, we deduce from (12)—(13) that the gap between the ambiguity sets
Pp(0) and Pp(«) diminishes for any o € (0, 1], thereby compromising the superior
performance of DUPRO in comparison to the sample average approximation (SAA)
approach (a trivial DUPRO case with the singleton ambiguity set §(Pp(0)) including
the sample mean only). Given that 1 — o changes in [1073, 1], the largest relative
improvement of DUPRO over the SAA approach is (0.6322 — 0.3994)/0.6322 =
36.82% when N = 20 in Fig.8a and is (0.6656—0.5841)/0.6656 = 7.23% when
N =200 in Fig. 8c.

6.2 Project investment

We now illustrate how to implement DUPRO into a project investment problem. In
this problem, an automotive manufacturer needs to learn consumer preference towards
passenger vehicles, and on this basis, to pursue the best portfolio investment with a
fixed budget among the 10 projects listed in Table 4, see Appendix A. These candidate
projects include

@ Springer



556 J.Huetal.

— safety promotion: design a new structure to alleviate the impacts of the collision;

— new car model development: create a concept car with the aim of a more fashion
style and higher market acceptance before actually producing it;

— engine upgrade: upgrade the current engine and its vibration sensor system to
achieve more horsepower and less engine noise;

— e-platform development: improve the human-vehicle interaction experience and
visualize the performances of the car;

— computational fluid dynamics (CFD) testing system development: implement
related fluid mechanics and numerical analysis into a testing platform to analyze
the performance of concept cars;

— common modular platform (CMP) development: develop a platform used for
subcompact and compact car models with internal combustion engine and
battery-electric cars;

— checking fixture promotion: enhance the performance of checking fixture to
control the dimensions of auto parts (such as trim edge, surface profile, flatness,
etc.) in a more convenient way for mass production of parts detection;

— noise, vibration, harshness (NVH) digitalization: incorporate the characteristics
of the noise, vibration and harshness of vehicles to a digital platform with the
target of more efficient computation in evaluating the driver satisfactions;

— driving assistance system development: incorporate the latest interface standards
and running multiple vision-based algorithms to support real-time multimedia,
vision co-processing, and sensor fusion subsystems;

— digitalization of marketing network: build a digital platform used for all the
dealers across different regions to share the customer resources, the service
standards and the marketing strategies.

These projects may lead to enhancement of eight attributes related to vehicle per-
formance, economy, after-sales service, etc, among which the attributes including sale
price, fuel consumption, depreciation rate (yearly), and estimated maintain and repair
(M&R) fee (in five years) are related to consumers’ major economic considerations
when purchasing new cars, wheel base, acceleration, comfort rating are related to con-
sumers’ major consideration of vehicle performance, and dealership, represented by
the number of dealers able to deal with certain services, directly influences consumers’
satisfactions on after-sale services. Table 4 displays the estimated consequences and
costs of the projects. The column of “Base model” gives the baseline attribute values
before the investment, of which the vector is denoted by xY, while the other columns
show the vectors of attribute increment values, denoted by yd ford =1, ..., 10, after
the investment on the projects.

Application of DUPRO: Denote by z € {0, 1}!° the decision vector of which a
component z; = 1 means the project d is selected in the investment and otherwise
z4 = 0. Assume that the improvement on the attributes yielded by each project is
independent of the one by any other project. As a result, the attribute values achieved
in the investment are obtained as

10
@) =204y (66)
d=1
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Let @ be the budget limit of the investment and b, the cost of project d given in
Table 4. A budget constraint is thus described as

Zbdzd < @. (67)

Combining (66) and (67), we formulate the feasible region of the attribute value
achieved by the investment as

= {(2) | z € {0, 1}'° satisfies (67)}. (68)
Consequently, DUPRO in this case is specified as

max min Eplu(x; V)], (69)
xeX PePp(a)

where u(-; V) represents the uncertain consumer preference and Pp(«) is the ambi-
guity set of the distribution specified by means of bootstrap given in (13).

Sample Generation: We next generate a random sample of V using a logistic
regression method and construct Pp(cr). The logistic regression method is developed
in [24] to assess the consumer preference toward passenger vehicles in the US market.
The dependent variable of the logistic regression model is the market share of the car
industry in years 2013 and 2014, which is regarded as the probability distribution of
consumers’ choices among major vehicle brands. The independent variables are the
performance of those brands regarding the attributes listed in Table 4. Following the
approach in [24], we select a set of representative car brands and survey the monthly
market shares and attribute values for each brand during two years. Let Sf be the

market share of brand j at the ¢-th month, xJ be the vector of the attribute values
of brand j, and u(-; v*), the utility function with the parameter vector v’, represent
the consumer preference at the £-th month. The probability that consumers purchase
brand j in month ¢ is

Joot
st exp(nu(x’; v°)) (70)

Ty explpu(xi; )

where 7 is the parameter ensuring the normalization of u. Estimating the parameters
n and v’ in the logistic model (70) using the survey data, we generate a random
sample of V including 24 month-wise observations, i.e., the estimate of v’ for £ =
1, ..., 24. The case of “Sample mean” in Fig. 9 draws each single-attribute component
of u( V) parameterized by the sample average V. Note that, with attributes such as
Price, Fuel Consumption, Acceleration, Depreciation Rate, and M&R fee, a lower
utility value corresponds to a higher attribute value. To enhance readability, we present
their disutility functions in Fig.9. The utility functions, employed in DUPRO, are
the reflections of these disutility functions over the y-axis. In addition, we interpret
a population of customer’s preferences as a single idiosyncratic customer’s random
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Fig. 9 The single-attribute components of average consumer preference. These components include the
disutility functions for Price (a), Acceleration (d), Depreciation Rate (g), and M&R fee (h), and the utility
functions for Fuel Consumption (b), Wheelbase (c), Comfort (e), and Dealership (f)
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preference at different “states” whose average utility captures the one of the population.
This kind of approach is used by [44] in their recent work on Stackelberg risk preference
design.

Computational Results: In this study, we choose the size of bootstrap samples
K = 1000 and budget limit @ = $200 million. The value of « is varied from
0.10 to 0.30 in the setting of Pp(«). Note that the size of Pp(«) shrinks with the
increase of o and subsequently the level of robustness dwindles. Table 3 presents the
results of model (69) showing the best investment portfolio and the optimal value of
consumer preference, and Fig.9 displays the worst-case utility functions. For com-
parative purposes, the last row in Table 3 gives the baseline attribute values x° before
the investment. When « is small, the ambiguity set is large. The robust approach with
a high level of confidence requires the DM to take a more conservative action than
the bottom line of the majority of customers would prefer. Note that the SAA case
represents the maximization of the observed sample mean of the random utility func-
tion, a method that does not incorporate considerations for distributional ambiguity.
In the SAA case, the proposed strategic recommendations include the implementation
of “CFD testing system development”, “CMP development”, “NVH digitalization”,
and “Digitalization of marketing network”. These initiatives are aimed at enhancing
attributes such as “Acceleration”, “Comfort”, “Dealership”, “ Depreciation rate”,
and “M&R fee”. It should be acknowledged, however, that these recommendations
are made with the observation that there could be a potential trade-off, notably a sacri-
fice in the “Wheelbase” attribute. In practical terms, the “Wheelbase” attribute often
receives less attention during the vehicle purchasing process by customers. When
the value of « is set to 0.30, there is a noticeable shift towards investments that aim
to improve “Price” competitiveness and “Fuel consumption” through the “New car
model development” project. Historical data shows that retail gasoline prices peaked
in both current and constant dollars during the years 2013 and 2014, making fuel effi-
ciency a priority at that time [21]. This trend also supports the observed investments in
enhancing acceleration and dealership services, which contribute to the overall optimal
value of the expected car utility. As « is further decreased to 0.20, a more conserva-
tive strategy emerges, suggesting the replacement of “New car model development”
with “Engine update”. Although this approach yields a smaller improvement in “Fuel
consumption”, it simultaneously reduces the risks and costs associated with the devel-
opment of a new car model. An even more conservative stance is taken when o = 0.10,
where the “Comfort rating” attribute gains prominence. This attribute enjoys stable
demand from customers and is less susceptible to random economic fluctuations.

7 Conclusions

The past decade has witnessed a surge of research interest in PRO which handles
decision-making problems under ambiguity of the DM’s utility preferences. The
traditional utility theory, which existing PRO models rely on, assumes preference rep-
resentations to be deterministic and consistent. Here we propose a novel PRO model
which, combining the stochastic utility theory and distributionally robust optimization
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techniques, is capable of dealing with decision-making problems with inconsistent and
mutable utility preferences.

We concentrate on the case that the samples of the random utility function are diffi-
cult to obtain and use the well-known bootstrap method for constructing the ambiguity
set with relatively small sample size. We reformulate the resulting DUPRO model as
an MILP when the random utility function is piecewise linear and represented in the
specific increment-based form, and LP when it is concave. We conduct some numer-
ical tests to analyze the effects of the crucial parameters in the bootstrap method such
as the size of original sample data, the number of the bootstrap resamples, the critical
value of the confidence region, and the variance of the underlying true distribution.
The preliminary results show that the proposed model and computational scheme
work very well. Of course, there is a gap between bootstrap confidence region (based
on resamples) and the confidence region based on the original samples. In order for
the two confidence regions to be close, the size of the original samples should be
sufficiently large, see [72, Theorem 1].

To extend the scope of applicability of the proposed model and computational
schemes, we consider the PRO model with general random utility functions and dis-
cuss approximation of general random utility functions by piecewise linear random
utility functions. Specifically, we quantify propagation of the error of the approxi-
mation to the optimal value and optimal solutions. In the case when the data of the
piecewise linear random utility functions are obtained from samples, we demonstrate
convergence of the optimal value obtained from solving the sample-based piecewise
linear approximated PRO model to its true counterpart as the sample size increases.

While this work effectively extends the existing research of PRO from deterministic
utility to random utility, it also advances the literature of random utility theory by pro-
viding new modelling paradigms, computational schemes and underlying theory if we
interpret a single DM’s random preferences as a population of customer preferences.
We leave it for future research as to how we may use them to study discrete-choice
demand models.

Appendix A Data of project investment problem—Sect. 6.2.

See Table 4.
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