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ABSTRACT

Neural multivariate regression underpins a wide range of domains such as control,
robotics, and finance, yet the geometry of its learned representations remains poorly
characterized. While neural collapse has been shown to benefit generalization in
classification, we find that analogous collapse in regression consistently degrades
performance. To explain this contrast, we analyze models through the lens of
intrinsic dimension. Across control tasks and synthetic datasets, we estimate the
intrinsic dimension of last-layer features (I D) and compare it with that of the
regression targets (I Dy). Collapsed models exhibit /Dy < IDy, leading to
over-compression and poor generalization, whereas non-collapsed models typically
maintain /Dy > I Dy . For the non-collapsed models, performance with respect
to I Dy depends on the data quantity and noise levels. From these observations, we
identify two regimes—over-compressed and under-compressed—that determine
when expanding or reducing feature dimensionality improves performance. Our
results provide new geometric insights into neural regression and suggest practical

strategies for enhancing generalization.

1 INTRODUCTION

Neural multivariate regression has emerged as a cor-
nerstone of modern machine learning, powering a
wide spectrum of applications where the outputs are
continuous and vector-valued. In imitation learn-
ing for autonomous driving, regression models pre-
dict control actions such as speed and steering angle
from human driving demonstrations. In robotics, they
enable agents to replicate expert trajectories. In fi-
nance, regression underlies predictive analytics rang-
ing from risk estimation to stock price forecasting.
Finally, reinforcement learning employs regression
to approximate value functions, with targets derived
from Monte Carlo or bootstrapped returns. The ubig-
uity of regression across these domains underscores
the importance of a principled understanding of the
representational geometry learned by neural networks
in multivariate regression tasks.
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Figure 1: Neural Regression Collapse typ-
ically correlates with high Test MSE. The
smaller the NRC value, the closer the features
lie to the n-dimensional subspace.

In this work, we empirically investigate the geometric structure of neural multivariate regression,
with an emphasis on the geometry of last-layer feature vectors. Prior efforts have largely framed
this problem through the lens of neural collapse. In classification, Neural Collapse (NC) describes
the emergence of a highly symmetric configuration: last-layer features converge to the vertices
of a Simplex Equiangular Tight Frame (ETF), aligned with the classifier weights (Papyan et al.|
2020). In regression, by contrast, Neural Regression Collapse (NRC) manifests as the concentration
of last-layer features within a linear subspace spanned by the top n principal components of the
last-layer feature matrix, where n is the number of target variates. Since n is typically much smaller
than the feature dimension, regression collapse implies a major reduction in representational degrees

of freedom (Andriopoulos et al., 2024)).
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In this paper we first make a key empirical observation: In contrast with classification, col-
lapsed regression models consistently exhibit degraded generalization as compared to their
non-collapsed counterparts.  Figure [I] illustrates this phenomenon, showing high values
of test MSE for models with highly collapsed features (low values of the NRC metric)
for five robotic locomotion tasks. Existing theoretical and empirical treatments of regres-
sion collapse, including the work of (Andriopoulos et al., 2024), do not account for this
degradation. This raises a central open question: Why does neural collapse hinder gen-
eralization in multivariate regression, in contrast to its beneficial role in classification?

Ahs We address this question by employing intrinsic dimension
(ID), which as compared with the methodology of neural
090 regression collapse, is a more refined tool for analyzing the
geometry of multivariate regression. The intrinsic dimen-
y sion of a dataset quantifies the effective dimensionality
< of the manifold in which the data lies. While intrinsic
-0 [046) dimension has been previously studied in the context of
8\/;/ neural classification (Ansuini et al.,|[2019)), to the best of
s our knowledge this is the first work to analyze neural mul-
Q@ n=2 ha tivariate regression from this perspective. As shown in
© Figure 2| and studied in the paper, intrinsic dimension can
capture nonlinearities that the PCA approach of NRC can-
not. Employing the 2-NN global estimator for intrinsic
Figure 2: When the target dimension dimension (Facco et al.,2017), we conduct a systematic in-
is n = 2, the collapsed features (blue vestigation of collapsed and non-collapsed models across
points) lie close to a subspace (yellow diverse regression tasks, including simulated robotic loco-
plane) spanned by the first 2 principal motion in continuous control environments and synthetic
components (red arrows) of the last-layer regression tasks constructed from standard image datasets.
features. Moreover, the collapsed fea-
tures lie in a non-linear manifold of
smaller dimension than n.

Our findings reveal that the intrinsic dimension of the
regression targets, denoted [ Dy, is a critical threshold for
understanding model geometry. We denote the intrinsic
dimension of the last-layer features as I Dy, the intrinsic
dimension of the inputs as /D x, and the intrinsic dimension of the output predictions as /D p. We
observe that in collapsed models, typically /Dy < I Dy, whereas in non-collapsed models, typically
IDy > IDy. This systematic discrepancy explains the poor generalization of collapsed regression
models: the degradation stems from an over-compression of learned representations. Due to this
over-compression, it is not possible to recover the target manifold from the lower-dimensional feature
manifold.

From this perspective, we identify two distinct regimes of generalization in neural regression. In
the over-compressed regime (IDy < IDy), generalization can be improved when the intrinsic
dimension of last-layer features is increased, for example by altering network architectures or
regularization parameters. In the under-compressed regime (I Dy > I Dy ), the opposite holds when
the training set is small or noisy: reducing intrinsic dimension yields gains. Together, these results not
only explain the detrimental role of collapse in regression but also suggest strategies for improving
generalization in practice.

This paper makes the following contributions:

* We provide, to the best of our knowledge, the first systematic investigation of neural
multivariate regression through the lens of intrinsic dimension.

* We empirically demonstrate that regression collapse corresponds to a regime where the
intrinsic dimension of last-layer features falls below that of the targets, explaining its negative
impact on generalization.

* We show that the relative relationship between [ Dy and I Dy identifies two regimes —
over-compressed and under-compressed — and the conditions under which adjusting feature
dimension improves generalization performance.

* Our results yield a more refined geometric understanding of regression representations and
suggest practical strategies for improving generalization in applied regression tasks.
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2 RELATED WORK

NC under varied settings on classification. The phenomenon of neural collapse was first empirically
observed by (Papyan et al.,[2020), who demonstrated its emergence during TPT in deep neural network
models for classification tasks. Building on this empirical finding, researchers have developed
theoretical frameworks to analyze NC such as the Unconstrained Feature Model (UFM) (Mixon et al.|
2020) and the layer-peeled model (Fang et al.,2021). Using these models, numerous studies have
demonstrated that NC provably occurs under diverse conditions (Han et al.| 2021} [Tirer & Brunal
2022} |Yaras et al., 2022; Zhou et al., 2022agb; [Zhu et al., |2021)) and using various loss functions such
as label smoothing (Guo et al., 2024). See also (Hong & Ling, |2023; [Thrampoulidis et al.| [2022;
Yang et al.| 2022).

NC beyond single-label classification. Recent research has extended the principles of NC beyond
its original single-label classification setting. (L1 et al.| [2023a)) demonstrated that in multi-label
classification, embeddings reside within the linear span of their label means. (Andriopoulos et al.|
2024) generalized NC to neural multivariate regression, formalizing it as Neural Regression Collapse
(NRC). Concurrently, (Ma et al., 2025) showed that NC also emerges in deep ordinal regression,
analyzing it through the UFM framework. In large-scale language models, (Wu & Papyan, [2024))
identified a “linguistic collapse". (Sukenik et al., [2025) proved that NC represents the globally
optimal configuration in modern deep regularized architectures, including ResNets and transformers.

Intrinsic dimension in deep neural networks. Several works investigate the intrinsic dimension
of data manifolds and representations in deep neural networks (Denil et al., [2013; [LeCun et al.,
1989). Classical methods estimate intrinsic dimension from local neighborhoods (Allegra et al.,|2020;
Amsaleg et al.,[2015} |[Facco et al., 2017} |Levina & Bickell 2004), which has been extended to neural
settings. For instance, (Ma et al.| 2018a)) show that local intrinsic dimension (LID) can distinguish
adversarial from natural image data. More recently, (Yin et al., 2024) focused on per-sample LID to
identify when LLMs produce untruthful outputs.

A parallel line of research uses tools from topological data analysis to study neural networks. Some
works analyze the final trained network by constructing topological invariants from the layer weights
such as Neural Persistence (Rieck et al,2018]), which can distinguish between models that overfit or
generalize well. Others analyze the underlying graph structure of networks (Corneanu et al.,[2019;
2020). While often empirical, these approaches provide a novel perspective on network properties.
More recent work (Birdal et al.| |2021)) has begun to place these topological methods on a firmer
theoretical foundation using statistical persistent homology.

Beyond empirical estimations, intrinsic dimension has been studied as a measure of model complexity.
Recent approaches analyze the degrees of freedom in parameter space (Gao & Jojic,|2016; Janson
et al.,[2015)), compressibility via pruning (Blier & Ollivier, |2018)), and intrinsic dimension (Ansuini
et al.| 2019; L1 et al., [2018; Ma et al.| 2018b; [Pope et al.| 2021)). Compression-based generalization
bounds (Arora et al., 2018} [Barsbey et al.| 2021} [Hsu et al.,|[2021; [Suzuki et al., [2018;/2019) have
shown that networks that can be represented in a lower-dimensional space exhibit lower generalization
error. See also (Simsekli et al., 2020; Birdal et al., [2021; |Zhu et al ., [2018)).

3 BACKGROUND AND KEY METRICS

We consider the multivariate regression problem with M training examples {(x;,y;),¢ = 1,..., M'},
where each input x; belongs to R” and each target vector y; belongs to R™. For the regression task,
the neural network takes as input an example x € R” and produces an ouput y = f(x) € R". For
most neural networks, including those used in this paper, this mapping takes the form

fow,b(x) = Why(x) + b,

where hy(-) : RP? — R? is the non-linear feature extractor consisting of several non-linear layers,
W is an x d matrix representing the final linear layer in the model, and b € R" is the bias vector.
The parameters 6, W, b are all trainable.

We typically train the DNN using gradient descent to minimize the regularized L2 loss:

M
1 2 Awb 2 2
S oar 2—31 || fo.w b(x:) = yillz + 5 (16113 + [IW1|%),
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where || - ||2 and || - || 7 denote the Ly-norm and the Frobenius norm, respectively. As commonly
done in practice, in our experiments we set all the regularization parameters to the same value, which
we refer to as the weight decay parameter Ay p.

To characterize the geometric properties of last-layer representations of neural networks in regression
tasks, we consider two central metrics: the NRC1 metric; the 2-Nearest Neighbor (2-NN) intrinsic
dimension estimator.

3.1 THE NEURAL REGRESSION COLLAPSE: NRC1 METRIC
. . . . Halfcheetah (n=6)

Neural collapse in classification describes the convergence of last- ] 107

layer features to a simplex-like structure. In regression, neural col-

lapse is defined by the extent to which the last-layer feature vectors 020

collapse to a subspace spanned by their top principal components

(PCs).

Let h; := hy(x;) be the feature vector associated with example x;,

H
2

Weight Decay
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7 :Nl, ..., M. Further let l~11 be the normalized feature vector, that 0.05 1
is, h; := (h; —h) - |[|h; — h||~! where h := M~ h;,. For

any p X ¢ matrix C and any p-dimensional vector v, le{ proj(v|C) ° ST a————

denote the projection of v onto the subspace spanned by the columns Epoch

of C. Let Hpca be the d x n matrix with the columns consisting of

the first n PCs of H. Figure 3: NRCI1 decreases
with stronger weight decay,

The NRC1 metric is defined as leading to model collapse.

M
1 - s
NRCI := - > | — proj(hi|Hpca)| 13,

i=1

which measures the extent to which the last-layer features concentrate around their top n principal
components. A model is considered collapsed if NRC1 is small, indicating that the features lie almost
entirely within an n-dimensional subspace. Non-collapsed models have higher values of NRCl1,
differing from those of collapsed models by orders of magnitude. Figure [3]investigates NRC1 for
values of the weight decay parameter Ay p. We see that when Ay p is zero or small, there is no
neural regression collapse; but if we increase the weight decay, the NRC1 geometric structure quickly
emerges during training. In Appendix [G] we also empirically show how dropout regularization and
model depth influence NRC1 and [ Dy with zero or mild weight decay.

3.2 INTRINSIC DIMENSION VIA 2-NN ESTIMATION

To uncover the finer geometric structure of the learned features, beyond what linear methods like
PCA reveal, we turn into intrinsic dimension — the minimal number of degrees of freedom needed to
describe the data without significant information loss. To estimate the intrinsic dimension, we use the
2-NN estimator, introduced by (Facco et al.,[2017) and further explored in deep learning contexts
by (Ansuini et al.,[2019; |Pope et al.l 2021) to study the properties of the internal representations of
CNNs. The 2-NN estimator is notable for its minimal assumptions. Unlike the estimates in (Levina &
Bickel, [2004; |Ceruti et al.|[2014), the 2-NN estimator only requires the dataset to be locally uniform
in density, where locally means in the range of the second neighbor.

For a given point, let 7; and re denote the distances to its first and second nearest neighbors,
respectively; define the ratio 1+ := 72/r;. Under the assumption of locally uniform sampling, the
cumulative distribution of the ratio above follows a Pareto distribution with parameter d: F'(1) =
1 — p~% for p1 > 1. The intrinsic dimension d is then estimated by linear regression. Details are
provided in the Appendix [C]

In addition to the minimal neighborhood assumption, the estimator has other key advantages. It
provides stable estimates for intrinsic dimension below ~ 20, even for modest sample sizes and
non-uniform densities. Moreover, it is scale-aware, meaning that by sub-sampling the dataset, 2-NN
can discriminate between “soft" (relevant) and “noisy" dimensions, see Fig. 3 in (Facco et al., 2017).
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4 DATASETS

We perform experiments on robotic locomotion and vision-based datasets in the main body, which are
summarized in Table[5] In Appendix [H] we also examine four more challenging tasks with varying
sizes, increased intrinsic dimensions, and visual inputs.

Table 1: Overview of datasets employed in our experiments.

Dataset Data Size Input Type Input Dim (D) InputID (IDx) Target Dim (n) TargetID (/Dy)

Swimmer 20,000 raw state 8 4.03 2 1.34
Reacher 20,000 raw state 11 3.80 2 1.83
Hopper 20,000 raw state 11 4.51 3 291
Halfcheetah 20,000 raw state 17 6.76 6 5.29
Ant 20,000 raw state 111 7.19 8 7.29
MNIST 50,000 Grayscale image 28 x 28 12.76 25 8.02

CIFAR-10 50,000 RGB image 32%x 32x 3 27.20 10 9.51

MuJoCo locomotion: MuJoCo (Todorov et al.| [2012; Brockman et al.| 2016; Towers et al., [2023))
is a physics simulator that is widely used as a continuous-control benchmark in reinforcement
learning. Following|Andriopoulos et al.[(2024), we adopt the Reacher, Swimmer, and Hopper datasets.
Moreover, the Halfcheetah and Ant datasets of a higher target dimension are included from the
standard D4RL benchmark (Fu et al.|2020). Each dataset consists of expert demonstration trajectories,
where inputs are robotic proprioceptive sensing (x;) and targets are the corresponding actions
(yi)- The states encode joint positions, angles, velocities, and angular velocities, while the actions
correspond to the torques applied to each joint. We subsample a portion of the expert trajectories
to create low-data and high-data settings consisting of 1,000 and 20,000 samples, respectively. In
Appendix[A.T] we discuss more about the MuJoCo environments.

Vision-based regression: We create two regression tasks using the MNIST and CIFAR-10 image
datasets. The goal is to produce one set of regression targets that is low-noise and another that
contains significant task-irrelevant information. We provide a detailed formulation of noisy-target
tasks in Appendix [A2Z] For both tasks, all target vectors are normalized to have zero mean and unit
variance.

MNIST Regression: This task is designed to be low-noise. First, we train a standard CNN on the
MNIST classification task until it achieves over 99% accuracy. We then use this highly accurate
model as a fixed feature extractor. For each input image x, we take the 128-dimensional vector from
the network’s final hidden layer and project it down to a 25-dimensional target vector y using a fixed,
random matrix. The estimated intrinsic dimension of these targets is 8.02.

CIFAR-10 Regression: This task is constructed to include a higher degree of noise in its targets.
We use a ResNet-18 model, pretrained on ImageNet, to extract features from CIFAR-10 images.
Importantly, this model is not fine-tuned on the CIFAR-10 dataset. This mismatch ensures the
extracted features contain information not specific to the CIFAR-10 images, creating noisy targets.
These features are then projected down to 10-dimensional target vectors y using a fixed, random
matrix. The estimated intrinsic dimension of these targets is approximately 9.51.

5 INTRINSIC DIMENSION VERSUS NRC

The NRC1 metric measures the degree to which the features collapse to an n-dimensional linear
subspace, where n is the dimension of the targets. As shown in Figure [3] a small amount of
regularization often suffices for such collapse to occur. The NRC1 metric, however, does not provide
insight into whether the features collapse into lower-dimensional non-linear manifolds. To explore
this issue, we measure the intrinsic dimension of the last-layer features via the 2-NN estimator.

Figure [] presents scatter plots for intrinsic dimension versus NRC1 for four MuJoCo datasets. These
plots provide the following insights:



Under review as a conference paper at ICLR 2026

Reacher (n=2) Swimmer (n=2) Hopper (n=3) Halfcheetah (n=6) Ant (n=8) 102
RPN V0 VY S— o — o B ato 8
40y MG Ypl 40 LA °l s 480 % oBoo| 8 I g0 oo A%AD"
3.5 - 3.5 W4 71 TS e BT
. o8 3 O o -
A O%@xﬁ’ w e 10 -
3.0 4 3.0 B A 6 6] ¥ g
° % S
2.5{ «* 5 ° 8
g% 5 oy T A g gs 10+
Q Q Q r Q Q +
I e —— 2.0 @Ao 4 E‘
15 151 ¥ 2 3 4 2
& 1075
1.0 1.0 K . 2 3
®
0.5 0.51 4 1 ,
0.0 0.2 0.4 0.0 0.1 0.2 0.3 0.0 0.2 0.4 06 00 0.1 0.2 0.3 0.4 0.00 0.05 0.10 0.15 0.20
NRC1 NRC1 NRC1 NRC1 NRC1

Figure 4: Relationship between NRC1 and intrinsic dimension of the last-layer features. Dots
correspond to models trained with different architectures and weight decay parameters, with the
colors denoting the degree of weight decay. The horizontal red dashed line is drawn at I Dy .

* The critical value I Dy, the intrinsic dimension of the targets, denoted by the horizontal
dashed-red lines in Figure ] is always below n, the dimension of the targets. Depending on
the dataset, it can be significantly below.

» Highly collapsed models, i.e., those with small NRC1 values, learn last-layer features
that lie on manifolds with intrinsic dimension below or in the vicinity of I Dy, that is,
1Dy < IDy < n. Thus, for collapsed models, the last-layer features lie on a non-linear
manifold that is within a linear subspace of dimension n. These models have a wide range
of I Dy values, but are often clustered on a nearly vertical line below I Dy-. So, although
the NRC1 metric is useful in understanding the linear-subspace structure of the last-layer
features in collapsed models, it is inadequate at uncovering this more refined geometric
structure.

* In contrast, for non-collapsed models, i.e., models with higher NRC1 values, the last-layer
features satisfy I Dy > I Dy . Thus, for non-collapsed models, the last-layer features lie
on a manifold with intrinsic dimension higher than the intrinsic dimension of the targets.
Furthermore, there is (approximately) a monotonic increasing relationship between NRC1
and IDpg. Thus, in this region, in terms of qualitative behavior, NRC1 and intrinsic
dimension are interchangeable.

Thus, the 2-NN estimator has several advantages over the NRC1 metric, including uncovering a
critical soft threshold I Dy corresponding to two NRC regimes, and also quantifying the degree of
collapse (that is, I D) for all ranges of NRC1. For the remainder of this paper, we will therefore
focus on intrinsic dimension.
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Figure 5: Intrinsic dimension of input, output, and hidden layers over training epochs for a collapsed
(left) and a non-collapsed model (right) for the Reacher dataset. Each subfigure shows the evolution
of intrinsic dimension across layers with blue, orange dashed and pink lines denoting the intrinsic
dimension of inputs, targets, and predicted outputs, respectively.

To further understand the behavior of collapsed models and their counterparts, we track the evolution
of the intrinsic dimension throughout training. Figure [5] provides illustrative examples for a collapsed
and a non-collapsed model. Additional training curves are provided in the Appendix. From Figure 3]
we have the following insights:

* For both the collapsed and non-collapsed models, during training, the intrinsic dimension of
the last-layer features invariably decreases monotonically until convergence.
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* For the collapsed model, the deeper the layer in the network, the lower the intrinsic dimension
at the end of training. ReLU activations cause a mild reduction in intrinsic dimension in
comparison with the reduction in intrinsic dimension between consecutive layers (ignoring
ReLU). Notably, the final intrinsic dimension of the output layer, which gives the actual
vector-valued predictions, can be significantly lower than I D .

* For non-collapsed models, we usually see — but not always (see Appendix [B) — I Dy
decrease monotonically as we move from shallow to deep layers. Furthermore, we observe
that during training the intrinsic dimension of the output layer hugs the intrinsic dimension
of the targets. Thus, tracking the intrinsic dimension of the output layer provides yet another
criterion for discriminating between collapsed and non-collapsed models; see Appendix [E]

6 INTRINSIC DIMENSION AND GENERALIZATION

Having now investigated the relationship between neural regression collapse and intrinsic dimension,
we now examine what insights intrinsic dimension can provide about generalization. Among other
issues, we will explore why generalization error increases as I Dy (and hence as NRC1) decreases,
as seen in Figure[I] As we discuss in more detail at the end of this section, this property is in contrast
with classification, for which performance typically improves when neural collapse becomes stronger.

Table 2: Key Takeaways for Generalization.

Regime ID Typical behavior

Over-compressed Dy < IDy Underfitting with large train and test MSE
Balanced IDy =~ IDy Sweet spot in low-data and noisy tasks
Under-compressed 1Dy > IDy  Benign overfitting with enough low-noise data

Figure [6] shows the relationship between I Dy and both training and test MSE for six datasets: four
MuJoCo datasets, the CIFAR-10 dataset, and the MNIST dataset. (The corresponding figures for
the remaining MuJoCo datasets are in the Appendix.) Figure[6]also provides the generalization gap
which is defined to be the test MSE minus the train MSE.

Train MSE decreases when IDy; increases. This property is clearly visible in left column of
Figure[6] To explain this, from Figures[3]and [4] we know stronger regularization reduces /D . From
Theorems 4.1 and 4.3 in (Andriopoulos et al., 2024)), we also know stronger regularization reduces
the dimension of the linear subspace containing the feature manifold. Thus, by reducing I Dy, the
trained features tend to get squashed onto a lower-dimensional and more curved manifold, similar to
the "crowding problem" described by |Maaten & Hinton|(2008). A global linear layer W — which
only performs rotation, scaling, and shearing — cannot "unbend" such a manifold. Thus as I Dy
decreases, it becomes more difficult for WH + b to accurately match Y (which lies on its own
curved manifold), explaining why train MSE decreases when I Dy increases.

Test MSE with respect to IDyy behaves differently according to its relationship to IDy. This
can be seen in the middle column of Figure[6] There are fundamental differences between collapsed
and non-collapsed models:

* (IDg < IDy): In this regime, the model’s features are confined to a manifold whose intrinsic
dimension is lower than that of the targets. This over-compression means the last-layer features lack
information essential for reconstructing the full target manifold; see Section[6.1]for a theoretical
explanation of this claim. This, in turn, leads to poor performance on both train and test data.
The generalization gap is small not because the performance is good, but because the model fails
for both seen and unseen data. In this regime, generalization can be improved when the intrinsic
dimension of last-layer features is increased, for example, by altering the network architecture or
the regularization parameters. We can now answer the question posed in the Introduction: Why
does neural collapse hinder generalization in multivariate regression (as observed in Figure[T))? The
explanation simply follows from (7) the monotonic relationship between NRC1 and I Dy and (i)
the reconstruction loss that arises when (I Dy < IDy ), as just described.

* (IDy > IDy): Here we distinguish between two cases:
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Figure 6: Generalization ability and Intrinsic Dimension for all datasets.

(i) Low-data tasks and noisy-target tasks. In this case (Figs. [f[b), (e), (h)), the test MSE scatter
plots exhibit surprising U-shaped curves relative to I Dy, with minimum error occurring near
1Dy ~ IDy. Why does test MSE increase with I Dy when I Dy > I Dy ? To explain this, we
note that when the amount of training data is small, or when the targets are noisy, fy learns a
feature manifold whose intrinsic dimension is higher than that of the true feature manifold because
of the stronger negative effect of outliers. In these cases, the extra dimensions in the feature
manifold are being used to predict training sample-specific noise, leading to overfitting the training
set. This overfitting is exacerbated when regularization is reduced, or equivalently, when [ Dy is
increased, leading to higher test MSE (Fig.[6). Thus in the low data and high noise regimes with
IDg > IDy, generalization can be improved when the intrinsic dimension of last-layer features
is decreased.

(ii) High-data tasks and low-noise tasks. In this case, test MSE follows the same trend as train
MSE, decreasing monotonically with 7Dy (Figs. [6](k),(n),(q)). To explain this, we note that with
a large amount of training data and low target noise, fp can fit the training data closely while
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maintaining smoothmness to avoid overfitting, and consequently the manifold for Hy,..,, is similar
to the manifold for H;. ;. Table |Z| provides the key takeaways concerning generalization and
intrinsic dimension.

6.1 MATHEMATICAL ARGUMENT FOR UNAVOIDABLE ERROR IN COLLAPSED MODELS

We now present two theoretical results that explain the fundamental limitations of collapsed models.
First, we explain why weight decay causes neural regression collapse. Second, we show why
collapsed models cannot achieve perfect reconstruction of the target manifold.

Why weight decay causes collapse: Using the Unconstrained Feature Model (UFM) framework
employed in prior work on neural regression collapse (Andriopoulos et al} [2024), we analyze
the effect of weight decay on solution structure in Appendix [F] Theorem [ shows that under the
UFM framework, as weight decay approaches zero while maintaining a fixed ratio between feature
and weight regularization, the learned features converge to the minimum-norm solution of the
unregularized problem, which lies entirely within an n-dimensional subspace. This theoretical result
demonstrates that weight decay fundamentally biases optimization toward collapsed solutions by
eliminating the (d — n)-dimensional null space component of the features. While the UFM framework
predicts collapse from arbitrarily small regularization, in practice we observe that stronger weight
decay values are needed to induce collapse in actual neural networks, as shown in Figure[3]

Why collapsed models fail to generalize: We now provide a result from differential geometry
showing that a smooth map (including a linear map W) from a lower-dimensional manifold to
a higher-dimensional one cannot be surjective, that is, it cannot cover all the points in the target
manifold. The proof follows directly from Sard’s Theorem and is provided in Appendix [D]

Theorem 1. Let M be a smooth m-dimensional manifold and N be a smooth n-dimensional
manifold, with m < n. A smooth map g : M — N cannot be surjective, i.e., g(M) # N.

This theorem provides the geometric foundation for understanding the failure of collapsed models.
In our regression context, the learned features {hy(x)} form a feature manifold Mz of dimension
m = I Dy, while the targets {y} lie on a target manifold Ny of dimension n = I Dy. The final
layer of the network constitutes a smooth map from the feature manifold to the target space.

When a model is in the over-compressed regime (I Dy < I Dy ), the theorem’s condition (m < n) is
met. The direct consequence is that this smooth map cannot be surjective. This means the image of
the feature manifold—the set of all possible predictions the model can generate—is a proper subset
of the target manifold. Geometrically, there will always be points on the target manifold that lie
outside the model’s predictive reach. A perfect reconstruction is therefore impossible, as the model is
fundamentally incapable of generating the full range of target data, leading to an unavoidable error.

6.2 COMPARISON WITH CLASSIFICATION

Previous work on manifold learning for neural classification has demonstrated that the intrinsic
dimension of the last hidden layer is positively correlated with generalization ability. In particular,
models achieving lower intrinsic dimension in the penultimate layer were found to exhibit superior test
accuracy, with the lowest intrinsic dimension-model attaining the highest top-5 accuracy, see Section
3.2 and Figure 4 in (Ansuini et al.,2019). Additionally, (Papyan et al.,[2020) connect neural collapse
to robust decision boundaries, (Galanti et al., demonstrate that collapse patterns improve
few-shot and transfer learning, and 2022) show the degree of collapse in downstream
representations strongly predicts transfer accuracy, Complementing these empirical results, there are
also theoretical results showing the benefits of neural collapse for classification 2023}

Wang & Palmer], 2023}, [Hui et all,[2022)).

In regression, however, our findings indicate a more nuanced picture. We demonstrated the exis-
tence of a “soft" threshold at I Dy, which delineates distinct generalization regimes. In the under-
compressed regime with low-data tasks and high-noise tasks, reducing / Dy improves generalization,
consistent with the monotonic complexity-performance paradigm observed in classification. How-
ever, in the over-compressed regime and in the under-compressed regime with high-data tasks and
low-noise tasks, the opposite holds: increasing /Dy improves generalization, a phenomenon absent
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in classification tasks. Thus, in regression, generalization performance depends non-monotonically
on the relationship between the learned feature manifold and the intrinsic dimension of the targets.

7 LIMITATIONS AND FUTURE WORK

While our work provides new geometric insights into neural multivariate regression through intrinsic
dimension analysis, some limitations remain. Although we provide some theoretical results explaining
why weight decay causes collapse (Appendix [} and why collapsed models often fail (Appendix
D). a complete theoretical characterization of the relationship between intrinsic dimension and
generalization is not yet available. Additionally, the 2-NN estimator we employ provides reliable
estimates for intrinsic dimensions below approximately 20. For extremely high-dimensional target
spaces or feature representations, alternative estimation methods may be necessary. Finally, our
practical guidelines rely on adjusting standard hyperparameters (weight decay, model depth, dropout)
to indirectly control I Dg. A more principled approach would be to optimize [ Dy during training;
however, the 2-NN estimator is non-differentiable and cannot be optimized via backpropagation.

Several promising directions emerge from our findings. Deriving generalization bounds that in-
corporate intrinsic dimension would provide a rigorous theoretical foundation for the empirical
relationships we observe. Theoretical frameworks beyond the UFM could offer additional per-
spectives on how network architecture, training dynamics, and regularization jointly determine the
intrinsic dimension of learned representations. Differentiable intrinsic dimension estimation remains
largely underexplored; developing robust, efficient and scalable differentiable estimators that enable
direct control of I Dy during training via backpropagation represents an important research direction.
Such advances would allow practitioners to explicitly target desired intrinsic dimensions rather
than adjusting hyperparameters indirectly, and would broaden the applicability of our analysis to
higher-dimensional settings. Finally, exploring whether intrinsic dimension provides similar insights
for other learning paradigms, such as generative modeling, reinforcement learning, and multi-task
learning, could offer a unifying geometric perspective across domains.

8 CONCLUSION

In this paper, we provided a systematic geometric analysis of neural multivariate regression, highlight-
ing a fundamental contrast with classification. Using intrinsic dimension, we showed that regression
collapse corresponds to an over-compressed regime where the feature manifold has lower intrinsic
dimension than the target manifold (I Dy < IDy), leading to consistently poor generalization. In
contrast, non-collapsed models typically satisfy /Dy > IDy, with generalization behavior gov-
erned by whether the task is low-data/noisy or high-data/low-noise. These results establish intrinsic
dimension as a principled diagnostic for understanding when collapse hinders regression performance.

Our findings yield two main contributions. First, they explain why collapse, beneficial in classification,
is detrimental in regression: over-compression discards essential information needed to reconstruct
target manifolds. Second, they provide practical guidelines: increasing I Dy improves generalization
in the over-compressed regime, while reducing I D g can help in noisy or low-data settings. Together,
these insights refine the geometric understanding of regression representations and suggest principled
strategies for improving generalization in applied multivariate regression tasks.

REPRODUCIBILITY STATEMENT

To ensure the reproducibility of our research, we provide comprehensive details on our methodology
and experimental settings. The datasets used in our experiments are fully described in Section [4]
and Appendix [A] Our analysis is based on the Neural Regression Collapse (NRC1) metric (Section
[.1I) and intrinsic dimension, which is estimated using the 2-NN algorithm detailed in Algorithm
1 (Appendix [C). All experimental hyperparameters, including model architectures and training
parameters for all tasks, are listed in Appendix [A](Tables [3]and [).
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ETHICS STATEMENT

This research focuses on the fundamental geometric properties of neural networks in multivariate
regression. The datasets used are standard, publicly available benchmarks in the machine learning
and robotics communities and do not contain any personally identifiable or sensitive information. We
do not foresee any direct negative societal or ethical implications arising from our work.

USE OF LARGE LANGUAGE MODELS

We utilized large language models (LLMs) during the preparation of this manuscript. The use of
these models was strictly limited to improving the grammar, style, and overall clarity of the text.
LLMs were not used for generating any of the core ideas, conducting experiments, analyzing results,
or drawing scientific conclusions presented in this work.
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A EXPERIMENT DETAILS

A.1 MUuJoCo EXPERIMENTS

MuJoCo (Multi-Joint dynamics with Contact) is a physics engine designed for research in robotics,
biomechanics, and animation, providing fast and accurate simulations of systems involving complex
contact dynamics. It balances physical realism with computational efficiency to enable reliable
modeling of robot—environment interactions (Towers et al., 2024)). Environments involved in this
work include:

* Reacher: A two-jointed robotic arm tasked with moving its tip to a randomly generated
target in a 2D plane.

* Swimmer: A chain-like robot with three body segments connected by two rotors, aiming to
propel itself forward in 2D as quickly as possible.

* Hopper: A one-legged, four-part robot that seeks to hop forward at maximum speed in 2D.

* HalfCheetah: A planar, bipedal robot with a torso and two legs, each consisting of two
joints. It aims to run forward as quickly as possible along a 2D track by coordinating its leg
movements.

e Ant: A quadrupedal robot with four legs and multiple joints, designed to move in a 3D
plane. Its goal is to walk or run forward efficiently, despite the challenge of balancing
and coordinating many degrees of freedom. Although Ant’s state space consists of 111
dimensions, 84 of the dimensions related to external contact forces are always zeros in the
dataset. Thus, the effective input dimension is 27.

Half Cheetah Hopper Humanoid Standup

Inverted Double
Humanoid Pendulum Inverted Pendulum Pusher

Reacher Swimmer Walker2D

Figure 7: Screenshot of various MuJoCo environments (Towers et al., 2024)).

All environments introduce stochasticity by perturbing a fixed initial state with Gaussian noise. Their
state spaces combine positions of body and joint with corresponding velocities. Control is achieved
by applying joint torques, which serve as the actions. Expert datasets are generated by first training
policies through online reinforcement learning (Fu et al., [2020; Gallouédec et al., |2024) until high
performance, then executing these policies to produce trajectories of states x; and actions y;. Here,
x; encodes robot positions, joint angles, velocities, and angular velocities, while y; denotes the
applied joint torques.

An episode of expert demonstration has a length of 50 for Reacher, and it has a length of 1,000 for
all other environments. Thus, by taking 20,000 data points from each expert dataset, the regression
model learns from at least 20 complete trajectories to clone the expert’s behavior. For evaluation, we
retain a subset of the full validation dataset, keeping the number of data points at 20% of the training
data size. For small datasets (1K) used in Figures |§| and@ the test datasets contain 1,000 unseen
samples.
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There is no absolute threshold for what constitutes "low-data" versus "high-data," as this depends on
problem complexity and data structure. In our experiments, we operationally define this distinction us-
ing datasets of 1,000 samples versus 20,000 samples—a 20-fold difference that produces qualitatively
different generalization behavior. In the low-data regime, the training set provides sparse coverage
of the true data manifold, introducing sampling artifacts such as spurious correlations and outlier
effects that do not reflect the true underlying distribution. Models trained on such small datasets,
particularly without sufficient regularization, tend to memorize these sample-specific patterns rather
than learning generalizable structure. In the high-data regime with 20,000 samples, the training set
provides denser coverage, the effect of sampling artifacts diminishes, and the empirical distribution
more closely approximates the true underlying distribution.

Table 3] summarizes all model hyperparameters and experimental settings for MuJoCo datasets. A
subset of possible hyperparameter combinations is used for each figure:

* Figure[I]plots the min-max normalized Test MSE as a function of the min-max normalized
NRCI1 values for the model architecture 3-256 (3 hidden layers and 256 hidden units) and
all possible weight decay values.

* Figure [3] and [§] record NRCI1 values along the training process. The model archi-
tecture is fixed to 3-256 for all datasets. And we show 10 weight decay values in
{0,0.0001, 0.0003, 0.0005, 0.0007, 0.001, 0.003, 0.005,0.007,0.01}.

» Figure [4] establishes the relationship between NRC1 and IDy. Each subplot includes
all weight decays listed in Table 3] And each weight decay is combined with 9 model
architectures in {3-64, 3-128, 3-256, 3-512, 3-1024, 1-256, 2-256, 4-256, 5-256}.

* Figure[5)and 0] depict how intrinsic dimension evolves for each network layer. The model
architecture is fixed at 3-256 and the title of each subplot annotates the weight decay value.

* Figure[6] and [I0]empirically reveal how generalization ability is affected by 7.D 5. We focus
on a single model depth of 3, and vary the model width among {64, 128, 256,512, 1024}
For each model architecture, we evaluate all possible weight decay values listed in Table [3]

* Figure[TT|and[T2]follow the same experimental setup as above (Figs.[6|and[T0), but emphasize
on the comparison between I Dy and I Dp.

Table 3: All hyperparameter settings involved for experiments on MuJoCo datasets. Each figure
employs a subset of possible hyperparameter combinations.

Hyperparameter Value
Number of hidden layers {1,2,3,4,5}
Model Architecture  Hidden layer dimension {64,128,256,512,1024}

Activation function ReLU

Number of linear projection layer (W) 1

Epochs 3 x 10° (20K-datasets)
5 x 10° (1K-datasets)

Batch size 4096 (20K-datasets)
1000 (1K-datasets)

Optimizer SGD

Learning rate 1x10-2

Training Weight decay {0,1e7°,1e74,3e74, 574, 7e™*, 1e73, 3¢ ™3}, Reacher

{0,1e7°,1/3/5/7e=*,1/3/5/7e~3,1e~2, 3e 2}, Otherwise

Seed 0

Compute resources NVIDIA A100 40GB

Number of CPU compute workers 4

Requested compute memory 16 GB

Average training time per model 20 hours
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A.2 MNIST/CIFAR10 EXPERIMENTS

The regression models for both the MNIST and CIFAR-10 tasks were trained across a spectrum of
hyperparameters to thoroughly investigate the effects of architecture and regularization on the learned
representations. The specific settings for model architecture, optimizer, and other training parameters
are detailed in Table 4.

Table 4: All hyperparameter settings involved for experiments on MNIST and CIFAR-10 datasets.

Hyperparameter Value
Number of hidden layers 3

Model Architecture  Hidden layer dimension {32,64, 128,256,512}
Activation function ReLU
Epochs 200
Batch size 64
Optimizer Adam
Learning rate {1x1073,5 x 1073}

Training Weight decay (MNIST) {0,1072,107%,3 x 1074,5 x 1074, 7 x 107%,10723,3 x 1073,7 x 1073}

Weight decay (CIFAR-10) {0,107°,1074,3 x 1074,5 x 107%,7 x 107%,1073}
Seed 0
Compute resources NVIDIA A100 80GB

Average training time per model 2 hours

We define noisy-target tasks as tasks where the regression targets contain information that causes
models to learn patterns that do not generalize to unseen data. The term "noise" here does not refer
to random measurement error or label corruption, but rather to information that varies between
semantically similar examples due to instance-specific characteristics rather than reflecting the true
underlying function.

The synthetic MNIST regression task represents a low-noise setting. The feature extractor is a CNN
trained specifically on MNIST until achieving over 99% classification accuracy, creating a self-
consistent target-generation pipeline. During training, the CNN learns to discard instance-specific
variations (such as stroke thickness, slight rotations, or pixel-level noise) that are irrelevant for
predicting the target label, retaining only the semantically meaningful information. As a result, the
mapping from MNIST images to projected features is smooth and well-aligned with the data domain,
enabling models to generalize effectively (Figs.[6] (p).(q),(r)).

In contrast, the synthetic CIFAR-10 regression task is a noisy-target setting due to domain mismatch.
CIFAR-10 images are processed through a ResNet-18 pretrained on ImageNet to extract features,
which are then projected to 10-dimensional targets. The ImageNet encoder captures fine-grained
visual details—texture patterns, color distributions, edge structures—optimized for ImageNet’s 1,000
classes. When applied to CIFAR-10’s 32x32 images, these features encode not only semantic content
but also instance-specific characteristics: two images of cars may differ in color, lighting, rendering
artifacts, or background elements, all of which significantly influence the extracted features. Models
can fit these instance-specific components during training, achieving low training error. However,
at test time, new images from the same semantic classes exhibit different instance-specific details.
The learned mappings for these non-generalizable components do not transfer, resulting in poor
generalization. This is evident in Figs. |§| (2),(h),(1), where models achieve low training MSE but high
test MSE, characteristic of overfitting to target noise.
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B ADDITIONAL EXPERIMENTS

This section lists additional results that complement the experiments in the main body for all
considered datasets. Figure 3] and [§] depict NRC1 evolution along the training process. Then,
Figure[5)and [Q]record ID evolution along the training process. Finally, Figure[6]and [T0]shows how
generalization power correlates with I D ;.
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Figure 8: NRC1 decreases as weight decay becomes stronger, leading to model collapse.
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Figure 10: Generalization ability and Intrinsic Dimension for the MuJoCo datasets
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C INTRINSIC DIMENSION AND THE 2-NN ALGORITHM

The intrinsic dimension (ID) of a dataset is the minimum number of coordinates needed to represent
the data faithfully. If data points lie on or near a d-dimensional manifold M embedded in R” with
d < D, then d is the intrinsic dimension. For example, a circle in 3D space has d = 1 and a sphere
surface in 10D has d = 2.

A critical distinction exists between PCA dimensionality and intrinsic dimension. Consider a 1D
spiral embedded in R'° parameterized by ¢. The spiral winds through space with substantial variance
across all 10 axes, requiring multiple PCA components to capture the signal. Yet, the intrinsic
dimension is exactly d = 1, because specifying a single scalar value, such as the arc length from the
origin, is sufficient to uniquely locate any point on the curve. This illustrates that curved or folded
manifolds can require many linear directions to approximate while having low intrinsic dimension.
Figure 2] demonstrates this for neural regression: collapsed features lie near a 2D linear subspace
(yellow plane) yet occupy a nonlinear 1D manifold within it.

Intrinsic dimension has emerged as a powerful tool for quantifying representational capacity in neural
networks. [Ansuini et al.] (2019) showed that ID evolves systematically across CNN layers, with
models achieving lower ID in penultimate layers exhibiting superior generalization. (20T9)
used ID to measure effective dimensionality of parameter spaces, finding that models traversing
lower-dimensional solution manifolds generalize better. (2021) demonstrated that ID of

image datasets directly impacts sample complexity, while [Yin et al.| (2024) recently used per-sample
ID to identify untruthful LLM outputs.

We estimate ID using the 2-NN estimator (Facco et al][2017), which exploits a fundamental geometric
property: in a d-dimensional space, the probability of finding neighbors within a given distance scales

with dimension d. The key insight is to consider not absolute distances, but the ratio p = ro /1y > 1
of the second to first nearest-neighbor distances. Remarkably, under the assumption of locally
uniform density (density approximately constant within the range of the second neighbor), this ratio
has a distribution that depends only on the intrinsic dimension d, with the local density completely
canceling out. Specifically, the cumulative distribution function of x is

Fp)=1-p7% p>1

This property makes the estimator robust to density variations, since we never need to estimate density
itself. Taking logarithms yields the linear relationship

log(1 = F(p)) = —dlog

The 2-NN algorithm estimates d by computing 1; for each point, constructing the empirical CDF Fpp,
and performing linear regression on the transformed coordinates {(log ft;, —log(1 — Femp(it:))) }-
The requirement of local uniformity only within the second-neighbor distance is much weaker than
global uniformity, making the estimator practical for real datasets with varying density and curvature.

Algorithm 1: 2-NN Intrinsic Dimension Estimation
Input: Dataset X = {x;},.

Qutput: Estimated intrinsic dimension d.

for i < 1to M do

Compute Euclidean distances to the first and second nearest neighbors, r1(x;) and 72 (x;);
Compute ratio p; < 72(x;)/71(X:);

Sort the ratios such that fi,(1) < pio(2) < -+ < Ho(ar)s
for i < 1to M do

|_ Assign empirical CDF value Fernp (o)) < 17
Construct the coordinate set for regression:

M—1
S « {(log Loy, —log(1l — Femp(ﬂa(i))))}

Fit a line through the origin to S using least squares;
return Slope of the fitted line (cf);

i=1

22



Under review as a conference paper at ICLR 2026

D PROOF OF THEOREM 1
The proof of Theorem 1 follows directly from Sard’s theorem.

Proof. Let g : M — N be a smooth map where dim(M) = m and dim(N) = n, under the
condition m < n. Consider an arbitrary point p € M. The differential of the map at this point,
dgp : TyM — Ty, N, is a linear transformation from the m-dimensional tangent space of M at p
to the n-dimensional tangent space of N at g(p).

By the rank-nullity theorem, the rank of dg, is bounded by the dimension of its domain, so it holds
that rank(dg,) < m. Given that m < n, it follows that rank(dg,) < n. A linear map is surjective if
and only if its rank equals the dimension of its codomain; thus, dg, is not surjective.

As the choice of p was arbitrary, this holds for all p € M. By definition, a point is critical if its
differential is not surjective. Therefore, every point in the domain M is a critical point of g. The
image of the set of critical points is the set of critical values. In this case, the set of critical values is
the entire image of the map, g(M).

By Sard’s Theorem, the set of critical values of a smooth map has Lebesgue measure zero in the
codomain. It follows that the image g(,M ) has measure zero in /. However, a smooth n-dimensional
manifold (for n > 1) has positive Lebesgue measure. Since a set of measure zero cannot be equal to
a set of positive measure, it must be that g(M) # N

Therefore, the map g is not surjective. O

E INTRINSIC DIMENSION AND THE OUTPUT LAYER

We consider here the intrinsic dimension of the outputs (equivalently, the final predictions), I Dp.
We will see that here too the relationship between intrinsic dimension and generalization exhibits key
differences between classification and regression.

With respect to the output layer, a structural constraint arises from the classification setting. Specifi-
cally, the intrinsic dimension of the output layer necessarily satisfies

logo, C < IDp < C,

where C'is the number of classes. Empirical results consistently show I Dp equals the lower bound
of this inequality if the model generalizes well. We refer the reader to the discussion in Section 3.1 of
(Ansuini et al., 2019). Conversely, saturation of the upper bound, i.e., I Dp ~ C, is associated with
poor generalization performance, suggesting that maximal output layer dimensionality corresponds
to overfitting in classification tasks, see Section 3.5 in|Ansuini et al.| (2019)).

In contrast, for neural multivariate regression, the structure of the output leads to the trivial bound
1 S ID P S n,

where 7 is the number of output variates. Interestingly, our empirical findings reveal a departure
from the classification setting. As shown in the middle column in Figures when test MSE is
low, the intrinsic dimension of the output layer, I D p satisfies I Dp ~ I Dy, which can be close to n,
saturating the upper bound of the inequality above. Notably, unlike in classification, this saturation
is associated with improved test performance. By contrast, when I D p falls below I Dy, test MSE
performance deteriorates, see Figures [[T{I2]
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Figure 11: Comparison between I Dy and I Dp for Halfcheetah, Hopper, CIFAR-10, and MNIST
datasets
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Figure 12: Comparison between I Dy and I Dp for Reacher, Swimmer and Ant datasets
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F  WHY WEIGHT DECAY LEADS TO COLLAPSE: ANALYSIS VIA THE
UNCONSTRAINED FEATURE MODEL

In this section, we provide a theoretical explanation for why weight decay causes neural regression
collapse through the lens of the Unconstrained Feature Model (UFM). The UFM is a simplified
mathematical abstraction that does not capture all aspects of practical neural networks, but provides
insight into the geometric mechanisms by which regularization constrains learned representations.

The UFM abstracts the neural regression problem by treating the feature extractor hy(+) as producing
arbitrary feature vectors h; € RY for each input x;, collected into a feature matrix H € R¥*M
The final prediction is obtained via a linear map W € R™*¢ and bias b € R", giving predictions

Y = WH + bl T. The UFM objective is:
1 T 2 AW 2 A 2
V{,flllff’lbmHWH‘Fbl Y||F+7||W||F+7HH||F (h

The model is “unconstrained” because H can be any matrix in RIXM ynlike in actual neural networks
where H is constrained by the input data and network architecture. In the UFM we typically have
d > n, mirroring the overparameterized regime where feature dimension greatly exceeds target
dimension.

The optimal bias is b* = y where y = ﬁ Zf\il y;. Defining the centered target matrix Y =
Y —y1T € R"*M the problem reduces to:

.1 - Aw AH
lfv{/{ll{f}WHWH—Y||fw-FTHWH?v*'THH”%7 @)

We denote the empirical covariance by X = ﬁ}N/YT € R™ " and assume ¥ is full rank with
eigenvalues \; > Ao > --- > A\, > 0. A key quantity is ¢ = Ay Ag.

We first restate the characterization of global minimizers when regularization is present, adapted
from Theorem 4.1 of [Andriopoulos et al| (2024). We focus on the regime where ¢ < \,, since we are
interested in the limiting behavior when Az — 0 and Ay — 0.

Theorem 2 (Regularized UFM Solution, adapted from [Andriopoulos et al| (2024). Suppose 0 < ¢ <

An. Define A = ¥1/2 — Vcl,,. Then any global minimizer (W, H)) ofequationglcan be expressed
as:

Ao\ 174
Wy = <H) AV2R 3)
Aw
>‘W 1/4 T 41/2 1/2 1y
HA:<)\H> RTAY2 (V2= ly 4)

where R € R™*? is any matrix satisfying RRT = I,,.

Proof. This follows from Theorem 4.1 of [Andriopoulos et al| (2024)) with ¢ < \,, implying j* =
n. ]

The regularized solution has a specific dimensional structure. Since A'/2(21/2)~1y € R"*M and
RT € R¥" the matrix Hy € R?*M has columns lying in the column space of R ", which is at most
n-dimensional. Even though H lives in a d-dimensional ambient space with d >> n, its columns are
confined to an n-dimensional subspace.

When regularization is absent, the problem has infinitely many global minimizers, characterized by
the following theorem from [Andriopoulos et al| (2024).

Theorem 3 (Unregularized UFM Solutions, from|Andriopoulos et al.|(2024)). When \yy = Ag =0,
a pair (W, H) is a global minimizer of equationHif and only if WH =Y and W has full row rank.
For any such W, the corresponding global minimizers in H are:

Hupreg = WY + (Iy — WiW)Z (&)

RdxM

where W is the Moore—Penrose pseudoinverse and Z € is arbitrary.
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Proof. See Theorem 4.3 of [Andriopoulos et al| (2024]). O

The structure in equationdecomposes solutions into two orthogonal components: WTY lies in the
row space of W (dimension at most n), while (I; — WTW)Z lies in the null space of W (dimension
exactly d — n). The Frobenius norm satisfies || Hyueg||% = [|[WTY |2 + |(Is — WIW)Z||2 by
orthogonality. The minimum-norm solution is achieved when Z = 0, eliminating the (d — n)-
dimensional null space component. When Z = 0, the null space allows H to span up to d dimensions,
whereas Z = ( confines H to at most n dimensions.

We now investigate what happens to the regularized solution as weight decay vanishes, examining
the limit Ay, Ay — 0 while maintaining Ay /Ay = k > 0.

Lemma 1 (Limiting Reconstruction). Suppose limy,, 0 xyw—0(Ax/Aw) =k > 0and let (W, Hy)
be as in Theorem[2] Then:

Aw,)\H*)O

Proof. Since ¢ = Ay Az — 0, Theorem 2]applies for sufficiently small Ay, A . Multiplying:

Ay 1/4 A 1/4 B
WiH, = (Z2)  AYV2R. (X)) RTAV2(RYH)-ly (7)
Aw Ay
_ Al/Q(RRT)Al/Q(El/Q)—lY _ A(zl/?)—li/ (8)
Substituting A = X1/2 — \/cI,,:
WiHy = (BY2 — /el (2Y?)7Y = (I, — VeX~V2)Y )
As ¢ — 0, this yields Y. O
Theorem 4 (Limiting Solution Structure). Under the assumptions of Lemmal[l] define:
Wo= lim W, =kY*SYR (10)
Aw A —0
Hy= lim H,=k '*RTY "4y (1)
Aw,)\HA)O

Then (Wy, Hy) is a global minimizer of the unregularized problem with:
Hy=W]Y (12)

In particular, Hy has no null space component (i.e., Z = 0 in Theorem ).

Proof. From Lemma WoH, =Y, so (Wo, Hp) is a global minimizer. Since W, = k'/4X1/4R
has full row rank, its pseudoinverse is:

Wi =Wy (WoW, )t = (kVASVAR)T (K282~ = VAR TR /A (13)

Thus WJY/ = k~VARTR -4y = H,, confirming Z = 0. For any H satisfying WoH =Y, we
have H = WY + (I; — Wl W,)Z with:

1H |7 = WY1 + [|(Ta = W{Wo) Z|3 > [ Hol% (14)

by orthogonality, with equality if and only if Z = 0. Thus H is the minimum-norm solution. [

These results explain why weight decay causes dimensional collapse. Without regularization, H can
utilize the full d-dimensional space through the arbitrary null space component (I — W W) Z, where
the null space has dimension d —n. With any positive regularization, Theorem[2]shows H is confined
to an at most n-dimensional subspace. Theorem@proves that even as Ay, Ay — 0T, the limiting
solution has Z = 0, eliminating the (d — n)-dimensional null space component. This demonstrates
that even infinitesimally small weight decay induces dimensional collapse by biasing toward the
minimum-norm solution of the unregularized problem, which lies entirely in the n-dimensional row
space of . Since typically d >> n, this represents a massive dimensional reduction from the ambient
feature space to a low-dimensional subspace determined by the target structure.
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G NEURAL REGRESSION COLLAPSE WITHOUT WEIGHT DECAY

Weight decay is a canonical and widely adopted model regularization technique for preventing large
models from overfitting to data. Real-world applications include but are not limited to (1) regularizing
transformer backbones for large language models [2020) and robotic generalist policies

en et al. ; (2) participating, by default, in the common Pytorch implementation of AdamW
optimizer 3 Los chilov utter, 2019 [PyTorch Contributors| 2023) with weight_decay=0.01;
(3) improving sample efficiency of online reinforcement learning algorithms 2021}

et al, ; (4) and facilitating research in model plasticity in deep learning (Lyle et al.| [2023}
auman et al] 2024} [Ceron et al [2024). In this section, we examine other factors that can affect

neural regression collapse under minor control of, or in the absence of, weight decay.

G.1 DROPOUT REGULARIZATION

Modern implementations, across deep learning domains, continue to rely on dropout regulariza-
tion (Srivastava et all 2014) to mitigate overfitting, underscoring its persistent role in practical
training, such as computer vision (Dosovitskiy et al]} 202T), NLP (Devlin et al]] 2019} [Wolf et al]
[2020), and reinforcement learning (Hiraoka et al. . We empirically analyze how dropout
regularization influences neural regression collapse by varying its strength from a large range
(e {0,0.0001,0.0005,0.001, 0.005, 0.01, 0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8}). No weight de-
cay is applied. In this section, datasets include Hopper, Halfcheetah, and Ant with two sizes, 1K
(Figure[[3) and 20K (Figure[T4). The horizontal red dashed line represents I Dy-.

Figure [I3Ja) and Figure[T4]a) show the relationship between /Dy and NRC1. We first confirm
the same conclusion as made in Section 5, despite the new regularization. /Dy provides a more
refined geometric structure than NRC1. Collapsed models with near-zero NRC1 values have varying
I Dy below or in the vicinity of /Dy < n, while non-collapsed models with non-trivial NRC1
maintain their /D to be above I Dy and to be positively correlated with N RC'1. Interestingly,
dropout regularization differs from weight decay in that mild dropout (e.g., < 0.01) can effectively
prevent models from collapse by increasing both NRC1 and I D. This observation sheds light on a
geometric interpretation of the effectiveness of mild dropout in reinforcement learning as proposed

by [Hiraoka et al] (2022).

Figure[I3b) and Figure[T4|b) show the relationship between I Dy and test MSE. The results again
verify the three regimes discussed in Section 6. For both data sizes, models over-compress features
when I Dy < I Dy and thus lead to increasing test MSE (and thus poor generalization). Then, for
small datasets with 1K samples, I Dy ~ I Dy identifies the sweet spot where test MSE tends to be
the lowest and exhibits the ‘U-shape’ plots. Note that models trained with Hopper datasets have not
collapsed yet, so they only exhibit the upper part of the ‘U-shape’. Finally, with more samples, e.g.,
20K, I D > I Dy achieves the best generalization with under-compressed models.

In summary, dropout regularization offers an alternative approach to adjusting the degree of model
collapse, while all conclusions drawn from the main body remain intact and inclusive. In addition,
mild dropout regularization is more effective than weight decay regularization in increasing NRC1
and I Dy metrics for the under-compressed regime.
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Figure 13: Relationship between I Dy and NRC1 and Test MSE for Hopper-1K, Halfcheetah-1K,
and Ant-1K datasets, when applying model dropout regularization. The horizontal red dashed line
represents [ Dy .
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G.2 MODEL DEPTH

With mild weight decay regularization, we find that increasing model depth leads to smaller NRC1
and /Dy and thus to more collapsed features. In Figure[I3] we examine the relationship between
IDy and NRCI1 for Hopper-20K and Halfcheetah-20K datasets. We fix the model width to be
256 and vary the model depth (€ {2,3,4,5}). For each model depth, we show five mild weight
decay values: 0.0001, 0.0003, 0.0005, 0.0007, 0.001. The figure shows that increasing model depth
gradually pushes points to the region on the bottom left, where both NRC1 and I Dy are small. For
example, Halfcheetah-20K with a depth of 5 can result in collapsed models with I Dy < I Dy .

Hopper-20K (n=3) Halfcheetah-20K (n=6)
5.01 g 8.0 9‘(@ Model Depth
o fez
go & _— é —-— 2
4.5 —&— 3
’ 7.01 —=— 4
f 65l —— 5
54.@« QI : B ——- IDy
6.0
3.5 B 5.5
5.04
3.0«__é ______________ XI.\_\
. 4.51,
0.0 0.2 0.4 0.0 0.1 0.2
NRC1 NRC1

Figure 15: Relationship between I Dy and NRC1 for Hopper-20K and Halfcheetah-20K datasets,
when varying model depth. All models have a hidden size of 256. The horizontal red dashed line
represents [ Dy .

H EMPIRICAL ANALYSIS ON MORE TASKS

We extend our empirical analysis to more challenging tasks with varying data sizes, increased intrinsic
dimensions, and visual inputs.

Table 5: Overview of additional datasets employed in this section.

Dataset Data Size Input Type InputDim (D) InputID (/Dyx) Target Dim (n) TargetID (/Dy)
Humanoid 500,000 raw state 348 11.02 17 9.85
Relocate 500,000 raw state 39 6.90 30 19.82
Cheetah_run 80,000 RGBimage 84 x 84 x @ 8.26 6 6.00
Humanoid_walk 100,000 RGB image 84 x 84 x 9.41 21 14.84

Humanoid (MuJoCo locomotion) The Humanoid dataset 2024) is generated from
the MuJoCo physics simulator, introduced in the main body and Appendix [A.1} Each state consists
of high-dimensional proprioceptive information, and the corresponding targets are the expert control
torques applied at each joint. The goal is to enable the humanoid to run forward stably while
maintaining balance, which is substantially more difficult than all previously considered MuJoCo
tasks due to its high degrees of freedom and complex contact dynamics. Among all MuJoCo
environments, Humanoid is widely regarded as the most challenging.

Relocate (Adroit manipulation) The Relocate dataset comes from the Adroit
suite (Rajeswaran et al][2018)) of dexterous manipulation tasks. Adroit uses a simulated 24 degrees
of freedom (24-DoF) robotic hand, combined with an arm of up to 6-DoF, with rich contact and
articulation dynamics. In the Relocate task, the state includes joint positions, velocities, hand pose
information, and kinematic information about the ball and target. The action corresponds to the joint
torques for the 24 actuators and to the arm movement. The objective is to grasp a small object and

"Frame stack is commonly applied for visual control tasks. A single observation is of shape 84 x 84 x 3. A
frame stack of 3 is used in our experiments, resulting in visual inputs of dimension 84 x 84 x 9.
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relocate it to a specified target position. It is a long-horizon manipulation task requiring precise
coordination and contact control. Among the four Adroit tasks in the D4RL benchmark(Fu et al]
[2020), Relocate is widely considered the most difficult due to its combination of dexterity, precision,
and exploration complexity.

Cheetah_run & Humanoid_walk (Visual continuous control) The Cheetah_run and Hu-
manoid_walk datasets [2023)) are visual control benchmarks constructed from demon-
strations generated in the DeepMind Control Suite (Tassa et al.| [2018)). Inputs consist of raw image
observations (e.g., 84x84x3 RGB frames), and targets correspond to the continuous control com-
mands. In this section, the Cheetah_run dataset consists of expert demonstrations, as is the case for
all previous datasets, while the Humanoid_run dataset contains some noisy suboptimal behavior in
addition to the expert demonstrations (‘medium-expert dataset’). This adds difficulty in extracting
a good policy by imitating the dataset’s behavior. We use a CNN image encoder (consisting of 4
conv2d layers and ReLU activation), followed by a 3-layer MLP policy network.

Visual control is particularly interesting and challenging because each frame provides only partial
information about the system state, effectively forming a Partially Observed Markov Decision Process
(POMDP) (Yarats et al][2022)). As a result, the model must infer underlying transition dynamics and
identify salient visual features directly from high-dimensional pixel inputs. Within the visual D4RL
tasks [2023)), Humanoid_walk is the most challenging due to the humanoid’s instability and
high-dimensional dynamics, whereas Cheetah_run is comparatively easier but still nontrivial.
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Figure 16: Relationship between I Dy and NRC1 and Test MSE for Cheetah_run-20K, Cheetah_run-
80K, Humanoid_walk-50K and Humanoid_walk-100K. The horizontal red dashed line represents
IDvy.

H.1 VISUAL CONTROL TASKS

Figure[[6]a) shows the relationship between /Dy and NRC1 for the visual control datasets with vary-
ing sizes. Consistent with the conclusions in Section 5, I Dy provides a more refined geometric struc-
ture than NRC1. Collapsed models with small NRC1 values have varying I D below or in the vicinity
of I Dy < n, while non-collapsed models with non-trivial NRC1 maintain their I Dy to be above
I Dy and to be positively correlated with NRC1. Notably, for the most challenging Humanoid_walk
task, which has a substantially higher I Dy due to its complex high-dimensional dynamics, models
trained with zero weight decay initially exhibit neural regression collapse with I Dy < I Dy-. This
explains the extremely large test MSE observed for Humanoid_walk in Figure [I6]b) and its negative
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correlation with I Dy, which matches the over-compressed regime (/ Dy < IDy) summarized
in Table P} In comparison, the two Cheetah_run datasets exhibit the ‘U-shape’ in the relationship
between [ Dy and test MSE. This emphasizes the sweet spot with I Dy ~ I Dy, which approaches
the lowest test MSE in noisy and challenging tasks.

Cheetah_run-20K (n=6) 10 Cheetah_run-80K (n=6)

Dy
g

g
Weight Decay

10

20 40 60 [ 25 50 75
Performance Performance

Figure 17: Relationship between I Dy and normalized model performance (€ [0, 100]; the higher, the
better) trained on Cheetah_run-20K, and Cheetah_run-80K. The horizontal red dashed line represents
IDvy.

Practical guideline in control tasks Our empirical results have direct implications for evaluating
real-world control models, where evaluation is often expensive, unsafe, and risky (Cevine et al.} 2020).
Validation MSE provides little indication of actual control performance in the real tasks. Practitioners
must therefore rely on costly real-environment interactions to tune hyperparameters and assess the
policy. In Figure[T7} we show that the relationship between I Dy and I Dy not only predicts test
MSE but also aligns with the true control performance obtained from environment interaction. In
particular, the relationship between I Dy and normalized model performance exhibits the opposite
‘U-shape’ behavior, achieving its best score when I Dy ~ I Dy, mirroring the sweet-spot identified
in Section 6.

In this way, intrinsic dimension provides a lightweight surrogate for policy evaluation, reducing
reliance on frequent, costly, and potentially unsafe real-environment testing. During training, one
can monitor the relationship between I Dy and I Dy to narrow down the hyperparameter search by
avoiding the I Dy < I Dy scenario. When I Dy > I Dy, the correlation between I Dy and the test
MSE can also reflect its correlation with the real performance.

H.2 RELOCATE & HUMANOID

Humanoid In Figure@, we show ‘NRC1 - I Dy’ and ‘Test MSE - I Dy’ plots for Humanoid
datasets with varying sizes. In Figure[T9)a), we observe that /Dy provides a more refined geometric
structure than NRC1. Collapsed models with near-zero NRC1 values have varying I Dy below or in
the vicinity of /Dy < n, while non-collapsed models with non-trivial NRC1 maintain their / Dy to
be above /Dy and to be positively correlated with NRC1. Then, Figure [T9)b) again verifies the three
regimes discussed in Section 6. For all data sizes, models over-compress features when I Dy < I Dy
and thus lead to increasing test MSE (and thus poor generalization). Then, for small datasets with
1-50K samples, I Dy =~ I Dy identifies the sweet spot where test MSE tends to be the lowest and
exhibits the ‘U-shape’ plots. Finally, with more samples, e.g., 100-500K, I Dy > I Dy achieves the
best generalization with under-compressed models.

Relocate For the Relocate task with varying data sizes, which have the highest I Dy due to its
complex task dynamics, models trained with zero weight decay initially exhibit a severe collapse with
both NRCI1 ~ 0 and /Dy < IDy. Unsurprisingly, Test MSE remains large for all data sizes and
decay values, and it also negatively correlates with /Dy, uncovering the over-compressed regime.
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Figure 18: Relationship between I Dy and NRC1 and Test MSE, for Humanoid locomotion task,
when varying data size (€ {1K, 20K, 50K, 100K, 500K}). The red dashed line represents I Dy-.
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Figure 19: Relationship between I Dy and NRC1 and Test MSE, for Relocate manipulation task,
when varying data size (€ {1K, 20K, 50K, 100K, 500K }). The red dashed line represents I Dy .
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